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Hybrid bounds for twisted L-functions
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Abstract. The aim of this paper is to derive bounds on the critical line <s ¼ 1=2 for
L-functions attached to twists f n w of a primitive cusp form f of level N and a primitive
character modulo q that break convexity simultaneously in the s and q aspects. If f has
trivial nebentypus, it is shown that

Lð f n w; sÞf ðNjsjqÞeN
4
5ðjsjqÞ

1
2
� 1

40;

where the implied constant depends only on e > 0 and the archimedean parameter of f . To
this end, two independent methods are employed to show

Lð f n w; sÞf ðNjsjqÞeN
1
2jsj
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and

Lðg; sÞfD
2
3jsj

5
12

for any primitive cusp form g of level D and arbitrary nebentypus (not necessarily a twist
f n w of level D jNq2).

1. Introduction

In the past two decades, powerful methods have been obtained to study the growth of
L-functions on the critical line <s ¼ 1=2. Depending on the application, one usually tries to
break the convexity bound in one of the parameters of the L-function while keeping the
dependence of the other parameters polynomial. By now there are only two results where
subconvexity in two parameters has been achieved simultaneously: Heath-Brown [HB]
combined Burgess’ and van der Corput’s method to obtain

Lðw; sÞfe ðjsjqÞ
3

16
þeð1:1Þ
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for Dirichlet L-functions for a character w modulo q on the line <s ¼ 1=2. Very recently,
Jutila and Motohashi [JM] managed to obtain uniform subconvexity in the archimedean
and the s-aspect for L-functions for cusp forms on GL2. They showed

Lð f ; sÞfe ðjsj þ jmjÞ
1
3
þe

for any holomorphic or non-holomorphic cusp form f for the full modular group where we
write

m ¼ tf :¼

ffiffiffiffiffiffiffiffiffiffiffi
l� 1

4

r
when f is a Maaß form of Laplacian eigenvalue l;

ð1 � kÞi
2

when f is a holomorphic form of weight k;

8>>><
>>>:

ð1:2Þ

and refer to m as the archimedean parameter of f . This was a major breakthrough, and the
proof is long and very elaborate. For most arithmetic applications, however, the focus lies
on the non-archimedean parameter (‘‘conductor’’) of the L-function. For L-functions at-
tached to general cusp forms for a congruence subgroup G0ðqÞ, the authors and Philippe
Michel [BHM2] recently obtained

Lð f ; sÞfs;m q
1
4
� 1

1889;

but by present technology it seems to be out of reach to break simultaneously the convexity
bound in q and one of the other parameters. We can, however, get hybrid bounds, if we
restrict ourselves to a special subfamily of cusp forms, namely those that occur as a twist
of a fixed form. In analogy with (1.1), we shall prove the following hybrid estimate.

Theorem 1. Let f be a primitive (holomorphic or Maaß) cusp form of archimedean

parameter m as in (1.2), level N and trivial nebentypus, and let w be a primitive character

modulo q. Then for <s ¼ 1=2 and for any e > 0 the twisted L-function Lð f n w; sÞ satisfies

Lð f n w; sÞfm; e ðNjsjqÞeN
4
5ðjsjqÞ

1
2
� 1

40;

where the implied constant depends only on e and m.

Note that f n w is a primitive cusp form of level dividing Nq2 and nebentypus w2. A
thorough examination of the proof shows that the dependence on the archimedean param-
eter m of f can be made polynomial. In order to prove Theorem 1, we combine two meth-
ods each of which gives subconvexity in only one of the parameters. Theorem 1 will be a
simple corollary from Theorems 2 and 3 below. Pushing a method of Bykovskiı̆ [By] to its
limit, we shall show

Theorem 2. Let f be a primitive (holomorphic or Maaß) cusp form of archimedean

parameter m, level N and trivial nebentypus, and let w be a primitive character modulo q.

Then for <s ¼ 1=2 and for any e > 0 the twisted L-function satisfies

Lð f n w; sÞfe
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if f is holomorphic, and
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In [BHM1] the authors obtained

Lð f n w; sÞfe

�
jsjð1 þ jmjÞNq

�ejsjað1 þ jmjÞbN gq
1
2
�d

with a ¼ 503=256, b ¼ 1221=256, g ¼ 9=16, d ¼ 25=256 in the more general setting where
f was allowed to have any nebentypus. Theorem 2 is now a complete analogue of Burgess’
result [Bu] for Dirichlet L-functions in the q-aspect; note that it is—unlike its predecessor in
[BHM1]—independent of the Ramanujan-Petersson conjecture. As in [BHM1], Theorem 2
can also be used as an input for certain automorphic functions on GL4. Together with the
convexity bound, we obtain

Lð f n w; sÞfe

�
jsjð1 þ jmjÞNq

�ejsj1
2ð1 þ jmjÞ3

N
1
2q

3
8ð1:3Þ

from Theorem 2. Changing exponents in [HM], we obtain1)

Corollary 1. Let f and g be two primitive (holomorphic or Maaß) cusp forms of re-

spective levels q, D and respective nebentypus wf , wg such that wf wg is non-trivial. Then for

<s ¼ 1=2 the associated Rankin-Selberg L-function satisfies

Lð f n g; sÞf
�
ðjsj þ jtf j þ jtgjÞD

�A
q

1
2
� 1

1413;

where A > 0 is an absolute constant.

Waldspurger’s theorem translates bounds for twisted modular L-functions into
bounds for the coe‰cients of half-integral weight modular forms. Theorem 2 gives

Corollary 2. Let k;M A N, and let w be a character modulo 4M. Let

f ðzÞ :¼
Py
n¼1

rf ðnÞð4pnÞ
k

2
þ1

4eðnzÞ

be an L2-normalized cusp form in S 0
kþ1

2

ð4M; wÞ, where S 0
kþ1

2

ð4M; wÞ denotes the orthogonal

complement in Skþ1
2
ð4M; wÞ of the space of theta series in one variable2). Then for any e > 0

and any nf 1 we have

ffiffiffi
n

p
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8:

The first nontrivial bound for Fourier coe‰cients of half-integral weight was proved

by Iwaniec [Iw1]:
ffiffiffi
n

p
rf ðnÞfk; e n3=14þe uniformly in M. For k þ 1

2
f

5

2
, Bykovskiı̆ [By] ob-

1) Mathematica source code available upon request.

2) Note that S 0
kþ1

2

ð4M; wÞ is the entire space Skþ1
2
ð4M; wÞ if k f 2, while for k ¼ 1 it equals the subspace

Vð4M; wÞ defined in [Ue].
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tained
ffiffiffi
n

p
rf ðnÞfM;k; e n3=16þe with an unspecified dependence on k and M. Various appli-

cations of Corollary 2 to ternary quadratic forms can be found in [Bl2]. The proof is based
on a careful calculation of the Kohnen-Zagier constant appearing in Waldspurger’s theo-
rem. This has been carried out by Zhengyu Mao in [BHM1], Appendix 2, for every index n

whose square part is coprime with 2M. In Section 9 we give some refinements of the argu-
ment in [BHM1], Appendix 2, and indicate how to cover all indices n, as kindly communi-
cated to us by Zhengyu Mao.

Since Theorem 2 is on the edge with respect to s, we obtain a version of Theorem 1 as
soon as we have subconvexity in s with polynomial growth in q. There are several methods
to break convexity in the s-aspect, but all of these have only been carried out for cusp forms
for the full modular group. Although it is clearly known to experts in the field that a result
of this kind for congruence subgroups can be achieved, the generalization is not completely
straightforward. Probably the most elementary approach is due to Jutila [Ju1], [Me], using
only Voronoi summation and estimates for certain exponential integrals. It turns out, how-
ever, that this method is not directly applicable for congruence subgroups, since Voronoi
summation is only available for certain fractions, and it is not clear what approximation
properties Farey fractions with congruence restrictions have. Chronologically the first to
obtain subconvexity (for holomorphic cusp forms of full level) in the s-aspect was Good
[Go1], [Go2] who deduced it from an asymptotic formula of the kind

ÐT
0

L g;
1

2
þ it

� �����
����

2

dt ¼ c1T log T þ c2T þ OðT 1�dÞ:ð1:4Þ

Evaluating this integral leads to a shifted convolution problem in the coe‰cients lðnÞ of
Lðg; sÞ. There are several ways to obtain good bounds for such sums. Good [Go1], [Go2]
and many others (see, for example, [Ju2], [Ju3], [JM], [Sa], [LLY]) used a spectral decom-
position for the Dirichlet series

P
lðnÞlðn þ hÞðn þ hÞ�s. This approach has certain di‰cul-

ties3) in the non-holomorphic case (see e.g. [Sa]), but it can be made work since the shifting
parameter is not too large. However, we prefer to use a more elementary method based on
Jutila’s variant of the circle method and Kuznetsov’s trace formula that is readily available
in the general case and does not require much calculation. Theorem 2 in [Bl1] yields

Proposition 1. Let g be a primitive (holomorphic or weight zero Maaß) cusp form of

archimedean parameter m, level D and arbitrary nebentypus. Let ye 7=64 be as in (2.4).

(a) Let K , T be large parameters such that

DeK
y
2T�y

4; D
9

10�8yT
4�2y
5�4y eK < T ;

or

K
y
2T�y

4 eDeT
1
5; DT

4
5 eK < T :

Then the L-function attached to g satisfies

3) Very recently the authors found an alternate spectral decomposition that avoids these di‰culties, see

[BH].
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ÐTþK

T

L g;
1

2
þ it

� �����
����

2

dtfm; e ðDTÞeK :

(b) If DfT 1=5 then

ÐT
0

L g;
1

2
þ it

� �����
����

2

dtfm; e ðDTÞe minðD
5
2T

1
2;D

1
2TÞ:

A more careful reasoning would give an asymptotic formula as in (1.4). As a simple
consequence we obtain

Theorem 3. Let g be a primitive (holomorphic or weight zero Maaß) cusp form of ar-

chimedean parameter m, level D and arbitrary nebentypus. Let ye 7=64 be as in (2.4). For

<s ¼ 1=2 we have

Lðg; sÞfm; e ðDjsjÞeD
13
20jsj

2�y
5�4y fD

2
3jsj

5
12:

Precisely,

Lðg; sÞfm; e ðDjsjÞe �
D

9
20�16yjsj

2�y
5�4y; if De jsj

3y
20�25y;

D
1
2jsj

2
5; if jsj

3y
20�25y eDe jsj

1
5;

D
5
4jsj

1
4; if jsj

1
5 eD:

8>><
>>:ð1:5Þ

Remark. Inequality (1.5) breaks the convexity bound as long as De jsj
1
4.

Acknowledgements. This paper was worked out in part during the theme year
‘‘Analysis in Number Theory’’ held in Montréal in Spring 2006. We thank the Centre de
Recherches Mathématiques for excellent working conditions.

2. Overview: automorphic forms

In this section we briefly compile some results from the theory of automorphic forms
and introduce the relevant notation.

2.1. Hecke eigenbases. Let Df 1 be an integer, c be an even character to
modulus D; let k f 2 be an even integer. We denote by SkðD;cÞ, L2ðD;cÞ and
L2

0 ðD;cÞHL2ðD;cÞ, respectively, the Hilbert spaces (with respect to the Petersson inner
product) of holomorphic cusp forms of weight k, of Maaß forms of weight zero, and of
Maaß cusp forms of weight zero, with respect to the congruence subgroup G0ðDÞ and
with nebentypus c. These spaces are endowed with the action of the (commutative) algebra
T generated by the Hecke operators fTn j nf 1g. Moreover, the subalgebra TðDÞ generated
by fTn j ðn;DÞ ¼ 1g is made of normal operators. As an immediate consequence, the spaces
SkðD;cÞ and L2

0 ðD;cÞ have an orthonormal basis made of eigenforms of TðDÞ and such a
basis can be chosen to contain all L2-normalized Hecke eigen-newforms (in the sense of
Atkin-Lehner theory). We denote these bases by BkðD;cÞ and BðD;cÞ respectively. For
the rest of this paper we assume that any such basis satisfies these properties.
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The orthogonal complement to L2
0 ðD;cÞ in L2ðD;cÞ is the Eisenstein spectrum

EðD;cÞ (plus possibly the space of constant functions if c is trivial). The adelic reformula-
tion of the theory of modular forms provides a natural spectral expansion of this space in
which the basis of Eisenstein series is indexed by a set of parameters of the form4)

fðc1;c2; f Þ jc1c2 ¼ c; f A Bðc1;c2Þg;ð2:1Þ

where ðc1;c2Þ ranges over the pairs of characters of modulus D such that c1c2 ¼ c and
Bðc1;c2Þ is some finite set depending on ðc1;c2Þ (specifically, Bðc1;c2Þ corresponds to
an orthonormal basis in the space of an induced representation constructed out of the pair
ðc1;c2Þ, but we need not be more precise). We refer to [GJ] for the definition of these pa-
rameters as well as for the proof of the spectral expansion of the following form: for
g A EðD;cÞ one has

gðzÞ ¼
PP
c1c2¼c

f ABðc1;c2Þ

Ð
R

hg;Ec1;c2; f ; tiEc1;c2; f ; tðzÞ
dt

4p
:

An important feature of this basis is that it consists of Hecke eigenforms for TðDÞ: for
ðn;DÞ ¼ 1 one has

TnEc1;c2; f ; tðzÞ ¼ lc1;c2; tðnÞEc1;c2; f ; tðzÞ

with

lc1;c2; tðnÞ ¼
P

ab¼n

c1ðaÞaitc2ðbÞb�it:

2.2. Hecke eigenvalues and Fourier coe‰cients. Let f be any such Hecke eigenform
and let lf ðnÞ denote the corresponding eigenvalue for Tn; then for ðmn;DÞ ¼ 1 one has

lf ðmÞlf ðnÞ ¼
P

d j ðm;nÞ
cðdÞlf ðmn=d 2Þ;

lf ðnÞ ¼ cðnÞlf ðnÞ:

In particular, for ðmn;DÞ ¼ 1 it follows that

lf ðmÞlf ðnÞ ¼ cðnÞ
P

d j ðm;nÞ
cðdÞlf ðmn=d 2Þ:ð2:2Þ

By [DFI], Proposition 19.6, we have

P
nex

jlf ðnÞj2 fe

�
ð1 þ jtf jÞDx

�e
xð2:3Þ

for any xf 1, e > 0.

We write the Fourier expansion of a modular form f as follows ðz ¼ x þ iyÞ:

4) We suppress here the independent spectral parameters
1

2
þ it with t A R.
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f ðzÞ ¼
P

nf1

rf ðnÞnk=2eðnzÞ for f A BkðD;cÞ;

f ðzÞ ¼
P

n30

rf ðnÞW0; itf
ð4pjnjyÞeðnxÞ for f A BðD;cÞ;

and for a basis Eisenstein series

Ec1;c2
z; f ;

1

2
þ it

� �
¼ c1; f ; ty

1=2þit þ c2; f ; ty
1=2�it þ

P
n30

rf ; tðnÞW0; itð4pjnjyÞeðnxÞ:

Here tf denotes the spectral parameter (1.2) for which the currently best approximation is
due to Kim-Sarnak [KS]5):

j=tf je y :¼ 7

64
:ð2:4Þ

When f is a Hecke eigenform, there is a close relationship between the Fourier coef-
ficients of f and its Hecke eigenvalues lf ðnÞ: one has for ðm;DÞ ¼ 1 and any nf 1,

lf ðmÞ
ffiffiffi
n

p
rf ðnÞ ¼

P
d j ðm;nÞ

cðdÞ
ffiffiffiffiffiffiffi
mn

d 2

r
rf

mn

d 2

� �
;ð2:5Þ

in particular, for ðm;DÞ ¼ 1,

lf ðmÞrf ð1Þ ¼
ffiffiffiffi
m

p
rf ðmÞ:ð2:6Þ

Moreover, these relations hold for all m, n if f is a newform.

We will also need the following lower bounds for any L2-normalized newform f in
either BkðD;cÞ or BðD;cÞ:

jrf ð1Þj
2 ge

ð4pÞk�1�ðk � 1Þ!D
��1ðkDÞ�e; for f A BkðD;cÞ;

coshðptf ÞD�1ðD þ jtf jÞ�e; for f A BðD;cÞ;

(
ð2:7Þ

cf. [DFI], (6.22)–(6.23), (7.15)–(7.16), and [HM], (31).

2.3. The trace formula. Let f : ½0;yÞ ! C be a smooth function satisfying
fð0Þ ¼ f 0ð0Þ ¼ 0, fð jÞðxÞfe ð1 þ xÞ�2�e for 0e j e 3. Let

_ffðkÞ :¼ ik
Ðy
0

Jk�1ðxÞfðxÞ
dx

x
;

~ffðtÞ :¼ i

2 sinhðptÞ
Ðy
0

�
J2itðxÞ � J�2itðxÞ

�
fðxÞ dx

x

ð2:8Þ

be Bessel transforms. Then for positive integers m, n the trace formula of Bruggeman-
Kuznetsov holds:

5) For Maaß cusp forms f of weight 1, tf A R.
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P
D j c

1

c
Scðm; n; cÞf 4p

ffiffiffiffiffiffiffi
mn

p

c

� �
¼

PP
kf2 even

f ABkðD;cÞ

_ffðkÞ ðk � 1Þ!
ffiffiffiffiffiffiffi
mn

p

pð4pÞk�1
rf ðmÞrf ðnÞð2:9Þ

þ
P

f ABðD;cÞ
~ffðtf Þ

4p
ffiffiffiffiffiffiffi
mn

p

coshðptf Þ
rf ðmÞrf ðnÞ

þ
PP
c1c2¼c

f ABðc1;c2Þ

Ðy
�y

~ffðtÞ
ffiffiffiffiffiffiffi
mn

p

coshðptÞ rf ; tðmÞrf ; tðnÞ dt;

where the right-hand side runs over the spectrum of the Laplacian of weight zero in (2.9)
acting on forms of level D and character c (cf. [Iw2], Theorems 9.4 and 9.86)). The holo-
morphic counterpart of (2.9) is Petersson’s trace formula (cf. [Iw2], Theorem 9.6)

dmn þ 2pi�k
P
D j c

1

c
Scðm; n; cÞJk�1

4p
ffiffiffiffiffiffiffi
mn

p

c

� �
ð2:10Þ

¼ ðk � 2Þ!
ffiffiffiffiffiffiffi
mn

p

ð4pÞk�1

P
f ABkðD;cÞ

rf ðmÞrf ðnÞ:

2.4. Approximate functional equation. For the proof of Proposition 1 we shall need
to express L-functions as finite sums. Let g be a primitive (holomorphic or Maaß) cusp
form of archimedean parameter m, level D and arbitrary nebentypus. Define

m1; m2 :¼

im; �im when g is an even Maaß form of even weight;

im; �imþ 1 when g is an even Maaß form of odd weight;

imþ 1; �imþ 1 when g is an odd Maaß form of even weight;

imþ 1; �im when g is an odd Maaß form of odd weight;

im; imþ 1 when g is a holomorphic form:

8>>>>><
>>>>>:

Observe that (2.4) implies

<m1;<m2 f�y ¼ � 7

64
:

For <s > 1 the L-function of g is defined in terms of the Hecke eigenvalues lðnÞ as

Lðg; sÞ :¼
Py
n¼1

lðnÞn�s:

The completed L-function, given by

6) In [Iw2] the basis of the Eisenstein spectrum is indexed by the set fag of cusps of G0ðDÞ which are sin-

gular with respect to c. The proof for the basis indexed by (2.1) is identical. Note also that in [Iw2] equation (9.15)

should have the normalization factor
2

p
instead of

4

p
, and in equation (B.49) a factor 4 is missing.
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Lðg; sÞ :¼ Ds=2Lyðg; sÞLðg; sÞ; Lyðg; sÞ :¼ p�sG
s þ m1

2

� �
G

s þ m2

2

� �
;

is entire and satisfies the functional equation

Lðg; sÞ ¼ oLðg; 1 � sÞð2:11Þ

for some o ¼ oðgÞ of modulus 1, cf. [DFI], (8.11)–(8.13), (8.17)–(8.19). This leads to the
following representation of Lðg; sÞ as an essentially finite series for s on the critical line; the
following approximate functional equation holds:

L g;
1

2
þ it

� �
¼
Py
n¼1

lðnÞ
n

1
2
þit

V
nffiffiffiffiffiffiffiffiffi
CðtÞ

p
 !

þ k
Py
n¼1

lðnÞ
n

1
2
�it

V
nffiffiffiffiffiffiffiffiffi
CðtÞ

p
 !

ð2:12Þ

for t A R where k ¼ kðg; tÞ has absolute value 1,

CðtÞ :¼ D

ð2pÞ2

1

2
þ it þ m1

����
���� 1

2
þ it þ m2

����
����ð2:13Þ

is the analytic conductor, and V is a smooth function satisfying

x jV ð jÞðxÞfj;k ð1 þ xÞ�kð2:14Þ

for each pair ð j; kÞ A N2
0, see [Ha], Theorem 2.1 and Remark 2.7.

3. Amplification

In the next three sections we give a proof of Theorem 2. The method is based on a
paper by Bykovskiı̆ [By]. Let f0 be a primitive (holomorphic or Maaß) cusp form of Hecke
eigenvalues lðnÞ, archimedean parameter m, level N and trivial nebentypus, and let w be
a primitive character modulo q for which we want to prove Theorem 2. We shall embed
f0 into the spectrum of G0ðDÞ with trivial nebentypus, where D is an integer satisfying
½N; q� jD and D > 2q; we take

D :¼ 3½N; q�:ð3:1Þ

More precisely, we shall choose the bases BkðD; 1Þ and BðD; 1Þ described in Section 2 in
such a way that one of them contains the L2-normalized version of f0ðzÞ:

f1ðzÞ :¼
f0ðzÞ

h f0; f0iD

¼ f0ðzÞ
½G0ðqÞ : G0ðDÞ�h f0; f0iq

:

Then (2.7)—applied for q in place of D—shows that

jrf1
ð1Þj2 ge

ð4pÞk�1�ðk � 1Þ!D
��1ðkDÞ�e; for f1 A BkðD; 1Þ;

coshðpmÞD�1ðD þ jmjÞ�e; for f1 A BðD; 1Þ:

(
ð3:2Þ
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We shall consider an amplified square mean of the ‘‘fake’’ twisted L-functions7)

Lð f n w; sÞ :¼
Py
n¼1

ffiffiffi
n

p
rf ðnÞwðnÞn�sð3:3Þ

for f either in BkðD; 1Þ or BðD; 1Þ and

LðE
c;c; f ; t

n w; sÞ :¼
Py
n¼1

ffiffiffi
n

p
rf ; tðnÞwðnÞn�sð3:4Þ

for c any character modulo D; f A Bðc;cÞ and t A R. The justification comes from (2.6):
apart from invertible Euler factors at primes dividing D,

Lð f0 n w; sÞA
Py
n¼1

lðnÞwðnÞn�s;

hence for <s ¼ 1=2 we have

jLð f1 n w; sÞjge D�ejrf1
ð1Þj jLð f0 n w; sÞj:ð3:5Þ

For integers 0e b < a let us define

fa;bðxÞ :¼ ib�aJaðxÞx�b:ð3:6Þ

In order to satisfy the decay conditions for Kuznetsov’s trace formula, we assume bf 2. If
a1 b ðmod 2Þ, then using [GR], 6.574.2, it is straightforward to verify that

_ffa;bðkÞ ¼
b!

2bþ1p

Qb
j¼0

ð1 � kÞi
2

� �2

þ a þ b

2
� j

� �2
( )�1

�a;b Gk�2b�2;

~ffa;bðtÞ ¼
b!

2bþ1p

Qb
j¼0

t2 þ a þ b

2
� j

� �2
( )�1

�a;b ð1 þ jtjÞ�2b�2

ð3:7Þ

with _ff and ~ff as in (2.8). In particular,

_ffa;bðkÞ > 0 for 2e k e a � b;

~ffa;bðtÞ > 0 for all possible spectral parameters t;
ð3:8Þ

since j=tj < 1=2. For

t A R; u A C; k A f2; 4; 6; . . .g; ðl;DÞ ¼ 1

7) [By] considers true L-functions over the whole spectrum which is, technically speaking, incorrect as the

spectrum includes old forms. Similarly, the ‘‘normalized orthonormal basis’’ considered at the bottom of [By], p.

925 is problematic as the first Fourier coe‰cient vanishes for old forms. We avoid these troubles by a more careful

setup here and in Sections 2.1–2.2.
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let us define the quantities

Qholo
k ðlÞ :¼ ikðk � 2Þ!

2pð4pÞk�1

P
f ABkðD;1Þ

lf ðlÞLð f n w; u þ itÞLð f n w; u þ itÞ;

QðlÞ :¼
P

kf2 even

_ffðkÞ2ðk � 1Þi�kQholo
k ðlÞ

þ
P

f ABðD;1Þ
~ffðtf Þ

4p

coshðptf Þ
lf ðlÞLð f n w; u þ itÞLð f n w; u þ itÞ

þ
PP
cmod D

f ABðc;cÞ

Ðy
�y

~ffðtÞ 1

coshðptÞ lc;c; tðlÞLðE
c;c; f ; t

n w; u þ itÞ

�LðE
c;c; f ; t

n w; u þ itÞ dt

with the notation (2.8) and with f :¼ f20;2, cf. (3.6).

For u ¼ 1

2
þ e and k f 4 we shall show in the next section

Qholo
k ðlÞfe

0
@ 1ffiffiffi

l
p þ l

1
4ðN; qÞ
q

1
2N

1
2

þ l
1
2ðN; qÞ

3
2

q
1
2N

 !
1 þ jtj

k
þ 1

� �1A�ð1 þ jtjÞDl
�e
;

QðlÞfe

0
@ 1ffiffiffi

l
p þ l

1
4ðN; qÞ
q

1
2N

1
2

þ l
1
2ðN; qÞ

3
2

q
1
2N

 !
ð1 þ jtjÞ

1
A�ð1 þ jtjÞDl

�e
;

ð3:9Þ

with implied constants depending only on e. Theorem 2 then follows by standard amplifi-
cation: let us define the amplifier

xðlÞ :¼ lðlÞ for Le le 2L; ðl;DÞ ¼ 1;

0 else;

�
ð3:10Þ

where L is some parameter to be chosen in a moment. Let o be a smooth cut-o¤ function
supported on ½1=2; 3�. Then

P
ðl;DÞ¼1
l@L

jlðlÞj2 go
1

2pi

Ð
ð2Þ

LðDÞð f0 n f0; sÞôoðsÞLs ds

ge L
�
qð1 þ jmjÞD

��e þ Oe

�
qe
�
Lð1 þ jmjÞN

�1
2
þe�

;

where the superscript ðDÞ indicates that the Euler factors of the Rankin-Selberg L-function
at the primes dividing D have been omitted. The lower bound for the residue follows from
[HL], while the error term uses the standard (convexity) bounds for the symmetric square

L-function on the line <s ¼ 1

2
þ e. Therefore,
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P
l

xðlÞlðlÞ ¼
P

ðl;DÞ¼1
l@L

jlðlÞj2 ge LðLDÞ�e;ð3:11Þ

provided Lf qe
�
ð1 þ jmjÞN

�1þe
. Assume first that f0 is a Maaß cusp form of weight zero or

a holomorphic cusp form of weight 2. Then by (3.5), (3.2), (3.7) with b ¼ 2, (3.8) and (3.11),
we obtain

L2ðLDÞ�e

ð1 þ jmjÞ6þe
D

L f0 n w;
1

2
þ eþ it

� �����
����

2

fe

PP
kf2 even

f ABkðD;1Þ

j _ffðkÞj ðk � 1Þ!
pð4pÞk�1

����P
l

xðlÞlf ðlÞ
����

2

L f n w;
1

2
þ eþ it

� �����
����

2

þ
P

f ABðD;1Þ
~ffðtf Þ

4p

coshðptf Þ

����P
l

xðlÞlf ðlÞ
����

2

L f n w;
1

2
þ eþ it

� �����
����

2

þ
PP
cmod D

f ABðc;cÞ

Ðy
�y

~ffðtÞ 1

p coshðptÞ

����P
l

xðlÞl
c;c; t

ðlÞ
����

2

L E
c;c; f ; t

n w;
1

2
þ eþ it

� �����
����

2

dt;

so that by (2.2) and (3.8)

L2ðLDÞ�e

ð1 þ jmjÞ6þe
D

L f0 n w;
1

2
þ eþ it

� �����
����

2

fe

P
l1;l2

jxðl1Þxðl2Þj
P

d j ðl1; l2Þ

�
Q

l1l2

d 2

� �����
����þ P

kf20 even

4kj _ff0ðkÞj Qholo
k

l1l2

d 2

� �����
����
�
:

Now we substitute (3.9). Note that the k-sum converges by (3.7). Changing the order of
summation, we get the bound

fe

�
ð1 þ jtjÞLD

�e�P
d

P
l1;l2

ðl1l2Þ�
1
2jxðdl1Þxðdl2Þj

þ ð1 þ jtjÞðN; qÞ
q

1
2N

1
2

P
d

P
l1;l2

ðl1l2Þ
1
4jxðdl1Þxðdl2Þj

þ ð1 þ jtjÞðN; qÞ
3
2

q
1
2N

P
d

P
l1;l2

ðl1l2Þ
1
2jxðdl1Þxðdl2Þj

�
:

In each term we have, by Cauchy-Schwarz ða A RÞ,

P
d

P
l1;l2

ðl1l2Þajxðdl1Þxðdl2Þj ¼
P
d

�P
l

lajxðdlÞj
�2

e
P
d

� P
le2L

l2a

��P
l

jxðdlÞj2
�

¼
� P

le2L

l2a

�P
l

tðlÞjxðlÞj2 fa ð1 þ L2aþ1Þ
P
l

tðlÞjxðlÞj2;
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so that

L2ðLDÞ�e

ð1 þ jmjÞ6þe
D

L f0 n w;
1

2
þ eþ it

� �����
����

2

fe

�
ð1 þ jtjÞLD

�e
1 þ L

3
2ðN; qÞ
q

1
2N

1
2

ð1 þ jtjÞ þ L2ðN; qÞ
3
2

q
1
2N

ð1 þ jtjÞ
 !P

l

tðlÞjxðlÞj2:

This yields, by (3.1), (3.10) and (2.3),

L f0 n w;
1

2
þ eþ it

� �����
����

2

fe ð1 þ jmjÞ6 qN

LðN; qÞ þ L
1
2q

1
2N

1
2ð1 þ jtjÞ þ Lq

1
2ðN; qÞ

1
2ð1 þ jtjÞ

� ��
ð1 þ jtj þ jmjÞNq

�e
;

provided Lf qe
�
ð1 þ jmjÞN

�1þe
. For such L, the second term in the parenthesis is domi-

nated by the third one which motivates our choice

L :¼ q
1
4N

1
2

ðN; qÞ
3
4ð1 þ jtjÞ

1
2

þ qe
�
Nð1 þ jmjÞ

�1þe
:

We obtain

L f0 n w;
1

2
þ eþ it

� �

fe ð1 þ jmjÞ3�ð1 þ jtjÞ
1
4N

1
4q

3
8ðN; qÞ�

1
8

þ ð1 þ jtjÞ
1
2ð1 þ jmjÞ

1
2N

1
2ðN; qÞ

1
4q

1
4

��
ð1 þ jtj þ jmjÞNq

�e
:

By the functional equation and the Phragmén-Lindelöf convexity principle, we obtain The-
orem 2 in the non-holomorphic case as well as in the case when f0 is holomorphic of weight
2. Analogously, if f0 is holomorphic of (even) weight k f 4, we get

L2ðkLDÞ�e

kD
L f0 n w;

1

2
þ eþ it

� �����
����

2

fe

P
l1;l2

jxðl1Þxðl2Þj
P

d j ðl1; l2Þ
Qholo

k

l1l2

d 2

� �����
����

fe

�
ð1 þ jtjÞLD

�e 
1 þ L

3
2ðN; qÞ
q

1
2N

1
2

1 þ jtj
k

þ 1

� �

þ L2ðN; qÞ
3
2

q
1
2N

1 þ jtj
k

þ 1

� �!P
l

tðlÞjxðlÞj2;

provided Lf qeðkNÞ1þe. Choosing
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L :¼ q
1
4N

1
2k

1
2

ðN; qÞ
3
4ð1 þ jtj þ kÞ

1
2

þ qeðkNÞ1þe

and using (3.1), (3.10) and (2.3), we obtain

L f0 n w;
1

2
þ eþ it

� �

fe k
1
2

�
ðjtj þ kÞ

1
4k�1

4N
1
4q

3
8ðN; qÞ�

1
8 þ ðjtj þ kÞ

1
2N

1
2ðN; qÞ

1
4q

1
4

��
ð1 þ jtjÞkNq

�e
:

This completes the proof of Theorem 2.

4. Variations on a theme of Bykovskiı̆

In order to show (3.9), we perform the following steps, cf. [By], Section 5.

Step 0. For later purposes let us define, for u; s A C, t; x A R, h1;2 A fG1g and fa;b as
in (3.6),

E h1;h2
u; t ðsÞ :¼ �exp

�
h1piðs=2 þ uÞ

�
; for h1 ¼ h2;

expðh1ptÞ; for h1 3 h2;

�

and

Xh1;h2
u; t ðxÞ :¼ 1

2pi

Ð
ðsÞ

E h1;h2
u; t ðsÞG 1 � s

2
� u � it

� �
G 1 � s

2
� u þ it

� �
ð4:1Þ

� f̂fa;bðsÞ21�sx�s

2 ds:

The Mellin transform of fa;b equals ([GR], 6.561.14)

f̂fa;bðsÞ ¼ ib�a2s�b�1G
a � b þ s

2

� � 
G

2 þ a þ b � s

2

� �!�1

:ð4:2Þ

Thus the integrand in (4.1) is holomorphic and by Stirling’s formula the integral converges
absolutely if

b � a < s < 2 � 2<u < 1 þ b:ð4:3Þ

Moreover, in this range we have, uniformly in a, t, and =u,

Xh1;h2
u; t ðxÞ

fb;s;<u x�s
2

Ðy
�y

ða þ jtjÞs�1�b 1 þ t

2
þ =ðu þ itÞ

����
����

� �
1 þ t

2
þ =ðu � itÞ

����
����

� �� �1
2
�s

2
�<u

dt:

Breaking the integration into jtje 4ð1 þ j=uj þ jtjÞ and jtj > 4ð1 þ j=uj þ jtjÞ we find, for
integers 0e be 2 < a and s satisfying (4.3),
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Xh1;h2
u; t ðxÞ

fs;<u x�s
2

as�1�bð1 þ j=uj þ jtjÞ2�s�2<u þ ð1 þ j=uj þ jtjÞ1�2<u�b; for s < 1 þ b;

as�bð1 þ j=uj þ jtjÞ1�s�2<u þ ð1 þ j=uj þ jtjÞ1�2<u�b; for s < 1 � 2<u:

(

In particular, for u ¼ 1=2 þ e we obtain

Xh1;h2
u; t ðxÞfe x�1

2
þ2eð1 þ jtjÞ2e;ð4:4Þ

Xh1;h2
u; t ðxÞfe x

1
2
þe 1 þ jtj

a
þ 1

� �
;ð4:5Þ

upon choosing s ¼ 1 � 4e and s ¼ �1 � 2e, respectively, while for

1=2 < <u < ða � b þ 1Þ=2 � e

we have

Xh1;h2
u; t ðxÞfa; t;<u; e x

a�b

2
�eð4:6Þ

upon choosing s ¼ b � a þ 2e. For a A R let

zðaÞðsÞ :¼
P

nþa>0

ðn þ aÞ�s

be the Hurwitz zeta-function. It satisfies a functional equation

zðaÞðsÞ ¼ ð2pÞs�1Gð1 � sÞ �ie
s

4

� �
zðaÞð1 � sÞ þ ie � s

4

� �
zð�aÞð1 � sÞ

� �
;ð4:7Þ

where

zðaÞðsÞ :¼
Py
n¼1

eðanÞn�s:

Step 1. Let us first assume 5=4 < <u < 3=2. By combining (2.5) with Petersson’s
(resp. Kuznetsov’s) trace formula (2.10) (resp. (2.9)) we obtain the following expressions
for Qholo

k ðlÞ (resp. QðlÞ), cf. [By], (5.3):

a
ðwÞ
1=2þit

ðlÞ
2pi�klu

Q
p j q

1 � 1

p2u

� �
zð2uÞð4:8Þ

þ
P
D j c

1

c

P
m1;m2

Sðm1;m2;�l; cÞ
ðm1m2Þu

m2

m1

� �it

wðm1Þwðm2Þf
4p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2l

p

c

� �
;

where
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a
ðwÞ
1=2þit

ðlÞ :¼
P

l1l2¼l

wðl1Þwðl2Þ
l2

l1

� �it

;

Sðm1;m2;m3; cÞ :¼
1

c

P
a1;a2;a3ðcÞ

e
a1a2a3 þ m1a1 þ m2a2 þ m3a3

c

� �
;

and

f :¼
Jk�1 ¼ fk�1;0 if f is holomorphic of weight k f 4;

f20;2 otherwise:

�
ð4:9Þ

The diagonal term in the first line of (4.8) only appears in the holomorphic case. The sum in
the second line converges absolutely once <u > 5=4. In the following we transform the o¤-
diagonal term further.

Step 2. We open f and write it as an inverse Mellin transform

f
4p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2l

p

c

� �
¼ 1

2pi

Ð
ðsÞ
f̂fðsÞ c

4p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2l

p
� �s

ds:

By (4.2) the integrand is holomorphic and the integral converges absolutely if
�3 < s ¼ <s < 0 in both the holomorphic (note k f 4) and the non-holomorphic case;
the m1;m2-sum converges absolutely if <u þ s=2 > 1, and the c-sum converges absolutely
if s < �1=2 (Weil’s bound, cf. [By], Lemmata 1 and 3). If we impose 2 � 2<u < s < �1=2,
we can interchange the s-integration and the m1;m2-sum. Now splitting into residue classes
modulo c, we write the m1;m2-sum as a linear combination of a product of two Hurwitz
z-functions getting

P
D j c

1

c2uþ1

1

2pi

Ð
ðsÞ
f̂fðsÞð4p

ffiffiffi
l

p
Þ�s P

b1;b2ðcÞ
Sðb1; b2;�l; cÞwðb1Þwðb2Þ

� z�b1
c

� s

2
þ u þ it

� �
z�b2

c

� s

2
þ u � it

� �
ds:

By standard bounds for the Hurwitz z-function the s-integral and the c-sum converge abso-
lutely if <u > 5=4 and �3 < s < 0.

Step 3. We shift the integration to any line �3 < s < �2<u. By [By], Lemma 6, if

t3 0 and by [By], Lemma 2, if t ¼ 0, we pick up poles only if
c

q

����l. Since ðl;DÞ ¼ 1, D j c

and
D

q
> 1, this does not happen8). Now we apply the functional equation (4.7) for the two

Hurwitz z-functions9), and write them as Dirichlet series getting (cf. [By], (5.8))

8) It can be shown ([By], (5.10)) that the residues in the case
c

q

����l would be harmless.

9) I.e., we apply Poisson summation to both m1 and m2 in (4.8).
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P
D j c

ð2pÞ2u�2

2c2uþ1

P
m1;m2 AZnf0g

jm1ju�1þitjm2ju�1�it P
b1;b2ðcÞ

Sðb1; b2;�l; cÞwðb1Þwðb2Þe
m1b1 þ m2b2

c

� �

� Xsgnðm1Þ; sgnðm2Þ
u; t

l

jm1m2j

� �
;

where Xsgnðm1Þ; sgnðm2Þ
u; t with f as in (4.9) was defined in (4.1). This expression converges

absolutely if <u > 5=4. Note that when we apply (4.4)–(4.6) in the following, we have
ða; bÞ ¼ ðk � 1; 0Þ with k f 4 or ða; bÞ ¼ ð20; 2Þ.

Step 4. We transform the b1; b2-sum by [By], Lemma 2, obtaining

P
D j c

ð2pÞ2u�2

2c2u�1q

P
m1m230

m1m21lðc=qÞ

jm1ju�1þitjm2ju�1�itP
dðqÞ

� w m1 þ
c

q
d

� �
w m2 þ

m1m2 � l

c=q
d

� �

� Xsgnðm1Þ; sgnðm2Þ
u; t

l

jm1m2j

� �
:

We will see in a moment that this term can be analytically continued to <u > 1=2. Let us
start with the terms m1m2 3 l. Their contribution equals

1

4pq

2p

q

� �2u�1 P
m1m2�n1n2¼l
m1m2n1n230

D=q j n1

X

jm1m2j1=2

m1m2

n2
1

����
����

u�1=2
m1

m2

����
����

it

Xsgnðm1Þ; sgnðm2Þ
u; t

l

jm1m2j

� �
;ð4:10Þ

where

X :¼
P
dðqÞ

� wðm1 þ n1dÞwðm2 þ n2dÞfe q1=2þeðm1;m2; qÞ1=2ðn1n2; qÞ1=2:ð4:11Þ

This estimate strengthens [By], Lemma 4, and follows essentially from the Riemann Hy-
pothesis over finite fields. We provide a detailed proof in the next section, see Proposition
2. The condition ðl; qÞ ¼ 1 is crucial here and in the sequel. By (4.6), the term (4.10) is
holomorphic in 1=2 < <u < 3=2. Let us take u :¼ 1=2 þ e. We split the sum in (4.10)
into two parts: jm1m2j > l, jm1m2j < l. Notice that m1m2 ¼ �l cannot happen, since
m1m2 1 l ðmod D=qÞ and (3.1) would then imply ð2l;DÞfD=q > 2 which contradicts
ðl;DÞ ¼ 1.

Using (4.5), the terms jm1m2j > l contribute at most

fe ðlqÞe l

q

� �1
2 1 þ jtj

a
þ 1

� � P
d1;d2 j q
ðd1;d2Þ¼1

ðd1d2Þ
1
2

P
m>l

m10ðd 2
1
Þ

m1Glð½d2;D=q�Þ

1

m1þe
;

where a :¼ 20 in the non-holomorphic case and a :¼ k � 1 in the holomorphic case.
The smallest element in the arithmetic progression given by the inner sum is at least

max l; d 2
1 ;

1

2
d2;

D

q

	 
� �
, therefore the above is at most
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fe ðlqÞe l

q

� �1
2 1 þ jtj

a
þ 1

� ��P
d j q

d
1
2

½d;D=q� þ
P

d1;d2 j q

ðd1d2Þ
1
2

l
1
4d

1
2

1½d2;D=q�
1
2

�

fe ðlqÞe l

q

� �1
2 1 þ jtj

a
þ 1

� �
ðN; qÞ

3
2

N
þ ðN; qÞ

l
1
4N

1
2

 !
:

ð4:12Þ

In the last step we used the definition of D (cf. (3.1)).

By (4.4), the terms jm1m2j < l contribute at most

fe

�
lqð1 þ jtjÞ

�e
ðlqÞ

1
2

P
d1;d2 j q
ðd1;d2Þ¼1

ðd1d2Þ
1
2

P
0<m<l

m10ðd 2
1
Þ

m1Glð½d2;D=q�Þ

1

fe

�
lqð1 þ jtjÞ

�e
ðlqÞ

1
2

P
d1;d2 j q
ðd1;d2Þ¼1

ðd1d2Þ
1
2

l

½d 2
1 d2;D=q�

þ 1

� �

fe

�
lqð1 þ jtjÞ

�e l

q

� �1
2ðN; qÞ

3
2

N
þ 1ffiffiffi

l
p
!
:

ð4:13Þ

Finally the contribution of the terms m1m2 ¼ l is

P
D j c

ð2pÞ2u�2

2c2u�1ql1�u

P
m1m2¼l

wðm2Þ
m1

m2

����
����

itP
aðqÞ

� w m1 þ
c

q
a

� ��
X1;1

u; t ð1Þ þ X�1;�1
u; t ð1Þ

�
ð4:14Þ

¼
ð2pÞ2u�2�X1;1

u; t ð1Þ þ X�1;�1
u; t ð1Þ

�
2D2u�1ql1�u

P
m1m2¼l

wðm2Þ

� m1

m2

����
����

itP
c

1

c2u�1

P
aðqÞ

� w m1 þ
D

q
ac

� �
:

We write r :¼ ðD=q; qÞ. Then the c; a-sum equals

q

r

� �1�2u P
bðq=rÞ

P
aðqÞ

� wðm1 þ rabÞz� b

q=r

�ð2u � 1Þ

which is holomorphic for Cnf1=2g. By the functional equation (4.7), this is for <u > 1=2

�i
q

r

� �1�2u

ð2pÞ2u�2Gð2 � 2uÞe 2u � 1

4

� �P
n

1

n2�2u

P
bðq=rÞ

P
aðqÞ

� wðm1 þ rabÞeðbrn=qÞ

þi
q

r

� �1�2u

ð2pÞ2u�2Gð2 � 2uÞe 1 � 2u

4

� �P
n

1

n2�2u

P
bðq=rÞ

P
aðqÞ

� wðm1 þ rabÞeð�brn=qÞ:

The a; b-sum decomposes into Ramanujan sums,
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P
b

P
a

. . . ¼
P
dðqÞ
r j d

wðm1 þ dÞ
P
aðqÞ

�
e G

adn

q

� �
¼
P
dðqÞ
r j d

wðm1 þ dÞ
P

s j ðdn;qÞ
sm

q

s

� �
;

showing that both n-sums equal

P
dðqÞ
r j d

wðm1 þ dÞ
P
s j q

sm
q

s

� � P
s

ðd; sÞ

��n
1

n2�2u
¼ zð2 � 2uÞ

P
dðqÞ
r j d

wðm1 þ dÞ
P
s j q

m
q

s

� �
ðd; sÞ2�2u

s1�2u
:

We substitute this back into (4.14), and obtain by (4.4) that this term for u ¼ 1=2 þ e is
bounded by

�
lqð1 þ jtjÞ

�e
q
ffiffiffi
l

p
P
dðqÞ

ðd; qÞfe

�
lqð1 þ jtjÞ

�effiffiffi
l

p :ð4:15Þ

Collecting the first line of (4.8), (4.12), (4.13), and (4.15), we arrive at (3.9) for u ¼ 1=2 þ e.

5. A character sum estimate

In this section we state in more precise form the bound (4.11) and provide a detailed
proof.

Proposition 2. Let w be a primitive character modulo q and let m1, m2, n1, n2 be arbi-

trary integers satisfying ðm1m2 � n1n2; qÞ ¼ 1. Then we have the uniform bound10)

Xðm1;m2; n1; n2Þ :¼
P
aðqÞ

� wðm1 þ n1aÞwðm2 þ n2aÞf q1=2tðqÞðm1n2
1 ;m2n2

2 ; qÞ1=2;

where the implied constant is absolute.

By the multiplicative nature of these sums it su‰ces to show that

jX ðm1;m2; n1; n2Þje q1=2ðm1n2
1 ;m2n2

2 ; qÞ
1=2ð5:1Þ

� 2; q ¼ pb for a prime p > 2;

25=2; q ¼ pb for p ¼ 2:

�

Case 1. First we discuss the case when b ¼ 1 (that is, when q is prime). We apply
[IK], Theorem 11.23, with the parameters n ¼ 1, F :¼ Fq, and

f ðxÞ :¼ xðm1x þ n1Þd�1ðm2 þ n2xÞ;

where d > 1 is the order of w. The only thing we have to check is that f is not a d-th power.
If d > 2 then f can only be a d-th power if n1 ¼ n2 ¼ 0 in F in which case the displayed
bound is trivial. If d ¼ 2 then f can only be a d-th power if n1 ¼ n2 ¼ 0 or m1 ¼ m2 ¼ 0
in F in which case the displayed bound (5.1) is again trivial. Otherwise (5.1) follows from
[IK], Theorem 11.23.

10) Note that ðm1m2 � n1n2; qÞ ¼ 1 implies ðm1n2
1 ;m2n2

2 ; qÞ ¼ ðm1;m2; qÞðn2
1 ; n2

2 ; qÞ j ðm1;m2; qÞðn1n2; qÞ.
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Case 2. Now we discuss the case when b > 1 is even, say b ¼ 2a. We apply [IK],
Lemma 12.2, for the rational functions

f ðxÞ :¼ x
m2 þ n2x

m1x þ n1
; gðxÞ :¼ 0:

Then

f 0ðxÞ ¼ m1n2x2 þ 2n1n2x þ m2n1

ðm1x þ n1Þ2
;

therefore it su‰ces to show that the congruence

m1n2y2 þ 2n1n2y þ m2n1 1 0 ðmod paÞð5:2Þ

under the restriction

yðm2 þ n2yÞðm1y þ n1ÞE 0 ðmod pÞð5:3Þ

has at most 2ðn1; n2; paÞ solutions when p > 2 and at most 4ðn1; n2; paÞ solutions when
p ¼ 2. We can clearly assume that ðn1; n2; paÞ < pa for otherwise the assertion is trivial.
Let us first assume that p > 2. If p jm1 and p jm2 then the condition ðm1m2 � n1n2; qÞ ¼ 1
shows that (5.2) has no solution satisfying pF y. Therefore, without loss of generality, we
can assume that pFm1. We multiply both sides of (5.2) by m1 to see that the congruence is
equivalent to

n2ðm1y þ n1Þ2 1 n1ðn1n2 � m1m2Þ ðmod paÞ:

By assumption, the parentheses on both sides are coprime with p, hence a solution can only
exist if pg k n1 and pg k n2 for some 0e ge a� 1, and then the number of solutions of (5.2)
under (5.3) is at most 2pg ¼ 2ðn1; n2; paÞ by the structure of the group ðZ=pa�gÞ�. For
p ¼ 2 we adjust the above argument slightly. First of all, we can assume that a > 2 for
otherwise (5.2) trivially has at most 4 solutions. If 4 jm1 and 4 jm2 then the condition
ðm1m2 � n1n2; qÞ ¼ 1 shows that (5.2) has no solution satisfying 2F y. Therefore, without
loss of generality, we can assume that 4Fm1. We multiply both sides of (5.2) by m1 to see
that the congruence is equivalent to

n2ðm1y þ n1Þ2 1 n1ðn1n2 � m1m2Þ
�
mod 2aðm1; 2Þ

�
:

If 2 j n1n2 then 2Fm1m2 and we conclude, similarly as in the case of p > 2, that the number
of solutions of (5.2) under (5.3) is at most 4ðn1; n2; 2aÞ. If 2F n1n2 then the number of solu-
tions of the congruence

n2x2 1 n1ðn1n2 � m1m2Þ
�
mod 2aðm1; 2Þ

�
is at most 4 while the map Z=2a ! Z=2aðm1; 2Þ given by y 7! m1y þ n1 is injective, hence
the number of solutions of (5.2) under (5.3) is also at most 4.

Case 3. Finally we discuss the case when b > 1 is odd, say b ¼ 2aþ 1. We apply
[IK], Lemma 12.3, for the rational functions
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f ðxÞ :¼ x
m2 þ n2x

m1x þ n1
; gðxÞ :¼ 0:

Then

f 0ðxÞ ¼ m1n2x2 þ 2n1n2x þ m2n1

ðm1x þ n1Þ2
; f 00ðxÞ ¼ 2n1ðn1n2 � m1m2Þ

ðm1x þ n1Þ3
;

hence for pF 2n1 the bound (5.1) follows from the already proven fact that (5.2) under (5.3)
has at most 2 solutions and for p ¼ 2 the bound (5.1) follows from the already proven fact
that (5.2) under (5.3) has at most 4ðn1; n2; paÞ solutions. For p j n1 ðp > 2Þ it su‰ces to
show that in any complete residue systems modulo pa there are at most 2p�1ðn1; n2; paþ1Þ
solutions of the congruence

m1n2y2 þ 2n1n2y þ m2n1 1 0 ðmod paþ1Þð5:4Þ

under (5.3). We can clearly assume that ðn1; n2; paþ1Þ < paþ1 for otherwise the assertion
is trivial. By the condition ðm1m2 � n1n2; qÞ ¼ 1 we have pFm1, hence (5.4) is equivalent
to

n2ðm1y þ n1Þ2 1 n1ðn1n2 � m1m2Þ ðmod paþ1Þ:

By assumption, the parentheses on both sides are coprime with p, hence a solution of (5.4)
can only exist if pg k n1 and pg k n2 for some 1e ge a, and then the number of solu-
tions of (5.4) under (5.3) is at most 2pg by the structure of the group ðZ=paþ1�gÞ�. In
particular, n1 and n2 are both divisible by p and the solutions of (5.4) under (5.3) form
2pg�1 ¼ 2p�1ðn1; n2; paþ1Þ complete residue classes modulo pa. This completes the proof
of Proposition 2.

6. A shifted convolution problem

The main ingredient for the proof of Proposition 1 is the following result:

Proposition 3. Let lðnÞ be the Hecke eigenvalues of a primitive (holomorphic or weight

zero Maaß) cusp form of level D, arbitrary nebentypus and archimedean parameter m. Let N,
P, H be real numbers greater than 1=2 satisfying HP2 eN 1�e. For 1e heH let Wh be a

smooth function supported on
1

3
N; 4N

	 
2

such that uniformly kW
ði; jÞ
h kyfi; j ðP=NÞ iþj

for all

i; j A N0. Then we have

P
heH

P
m1�m2¼h

lðm1Þlðm2ÞWhðm1;m2Þfm; e ðHNÞ
1
2P

3
2D

5
2

 
P

1
2 þ N

PH

� �y
H

D

� �1
2

!
ðHNPDÞe

for all e > 0 and y as in (2.4).

This is [Bl1], Theorem 2, with l1 ¼ l2 ¼ h1 ¼ aðhÞ ¼ 1, where we have made the de-
pendence on the level D explicit. To this end, we just note that in [Bl1], equation (3.1), we
have L � Q2=D, and in the display following [Bl1], (3.20), we have
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P
rez

jAyðrÞj2 fm; e

�
D4yðz þ yÞ

�1þe

by [Bl1], (2.6). By the large sieve inequality [Bl1], Lemma 2.5, (3.21) of [Bl1] is bounded by

fm; e
N 2

ffiffiffiffiffi
H

p
Qe

LQP

Ð2H

1=2

ÐM
1=2

Ð
IðZ;yÞ

X

Z
Z þ

ffiffiffiffiffi
H

pffiffiffiffi
D

p
� �

Z þ
ffiffiffi
z

pffiffiffiffi
D

p
� �

D2 ffiffiffi
y

p ðz þ yÞ1=2
dz dy dx;

analogously to the first display on [Bl1], p. 127. After the same calculation as on [Bl1],
p. 127, we arrive at Proposition 3.

We shall need the following corollary:

Corollary 3. Use the same notation as in Proposition 3, but let ~WWh be a smooth func-

tion supported on
1

2
N; 3N

	 

such that uniformly k ~WW

ð jÞ
h ky fj ðP=NÞ j

for all j A N0. Then we

have

P
heH

P
m

lðmÞlðm � hÞ ~WWhðmÞfm; e ðHNÞ
1
2P

3
2D

5
2

 
P

1
2 þ N

PH

� �y
H

D

� �1
2

!
ðHNPDÞe

for all e > 0 and y as in (2.4).

This follows immediately on choosing any smooth function f supported on
½�N=P;N=P� satisfying fð0Þ ¼ 1 and kfð jÞky fj ðP=NÞ j for all j A N0, and applying Pro-
position 3 with

Whðx; yÞ :¼ ~WWhðxÞfðx � h � yÞ:

7. Proof of Proposition 1

Let g be a primitive cusp form as in Proposition 1 and Theorem 3; let T , K be large
parameters such that

T f 2ð1 þ jmjÞ and T
2
3
þe

eK eT :ð7:1Þ

Let c be a smooth function, supported on T � 1

2
K ;T þ 2K

� �
such that cðxÞ ¼ 1 if

x A ðT ;T þ KÞ and kcð jÞkfj K�j for any j A N0. By the approximate functional equation
(2.12) we have

Ðy
0

cðtÞ L g;
1

2
þ it

� �����
����

2

dte 4
Ðy
0

cðtÞ
P lðnÞ

n
1
2
þit

V
nffiffiffiffiffiffiffiffiffi
CðtÞ

p
 !�����

�����
2

dtð7:2Þ

with CðtÞ as in (2.13) satisfying

CðtÞ � DT 2;
q j

qt j
CðtÞfj DT 2�jð7:3Þ
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and V as in (2.14). Hence up to a negligible error we can assume

neN :¼ ð
ffiffiffiffi
D

p
TÞ1þe:ð7:4Þ

With K ¼ T we get from Montgomery-Vaughan’s variant of Hilbert’s inequality (see e.g.
[Br], Satz 4.4.3)

Ð2T

T

L g;
1

2
þ it

� �����
����

2

dtfT
P

neN

jlðnÞj2

n
þ
P

neN

jlðnÞj2 fm; e ð
ffiffiffiffi
D

p
TÞ1þe

by (2.3) and partial summation. This gives the second estimate of part (b) of Proposition 1.
Let us now open the square in (7.2). The diagonal term contributes

f
P

neN

jlðnÞj2

n
K fm; e KðTDÞeð7:5Þ

by (2.3). We write the o¤-diagonal term as

P
NeN

P
n�N

P
h30

hen�1

lðnÞlðn � hÞ ~WWh;NðnÞ;ð7:6Þ

where N runs over powers of 2 and

~WWh;NðxÞ :¼
rNðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðx � hÞ

p Ðy
0

cðtÞe
 

t

2p
log 1 � h

x

� �!
V

xffiffiffiffiffiffiffiffiffi
CðtÞ

p
 !

V
x � hffiffiffiffiffiffiffiffiffi

CðtÞ
p

 !
dt

for a smooth function rN supported on
1

2
N; 3N

	 

such that krð jÞkfj N�j for all j A N0. By

(2.14) and (7.3) we have

q j

qt j
V

xffiffiffiffiffiffiffiffiffi
CðtÞ

p
 !

fj T�j

for all j A N0; hence partial integration shows

~WWh;NðxÞfj

Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðx � hÞ

p
 

log 1 � h

x

� �����
����K
!�j

for all j A N0 and x � N. In particular, choosing j su‰ciently large, we see that ~WWh;NðxÞ is
negligible unless

jhjeH :¼ N

K

� �1þe

;ð7:7Þ

and for such h we have
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðx � hÞ

p
� N. Furthermore, in this range we have

q j

qx j
~WWh;NðxÞfj

K

x

1

x
þ hT

x2

� �j

fj; e T e K

N

T

Kx

� �j
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for all j A N0. Now we apply Proposition 3 with H ¼ H and P ¼ T=K to the two inner
sums in (7.6). Note that the condition HP2 eN 1�e is satisfied if K fT 2=3þe which is en-
sured by (7.1). By Corollary 3, (7.7), and (7.4) we see that (7.6) is at most

fm; e ðDTÞe max
NeN

 
K

N

N 2

K

� �1=2

1 þ T

K

� �3=2

D5=2

 
T

K

� �1=2

þ K 2

T

� �y
N

DK

� �1=2
!!

fm; e ðDTÞe T 2D5=2

K 3=2
1 þ K 2y

T yD1=4

� �
:

Together with (7.5) we see that for any K satisfying (7.1), we have

ÐTþK

T

L g;
1

2
þ it

� �����
����

2

dtfm; e

 
K þ T 2D5=2

K 3=2
1 þ K 2y

T yD1=4

� �!
ðTDÞe:

This gives the remaining estimates of Proposition 1.

8. Proof of Theorems 3 and 1

From the functional equation (2.11) one can deduce the following essentially well-
known lemma (see for example [Go2], p. 294):

Lemma 1. For g as in Theorem 3 and for <s ¼ 1=2 we have

Lðg; sÞfe

�
ð1 þ jmjÞDjsj

�e�
1 þ

Ðy
0

jLðg; s þ itÞj2e�
1
2
t2

dt

�1=2

:

The second part of Theorem 3 now follows immediately from Lemma 1 and Proposi-
tion 1. The first part can be verified by checking the cases De jsj1=5, jsj1=5

eDe jsj1=4, and
using the convexity bound for Df jsj1=4.

It is now an easy matter to prove Theorem 1. Let N, q and s be as in Theorem 1. We
combine Theorems 2 and 3, the latter with g :¼ f n w and its conductor D j ½N; q2�. For
convenience we write

D ¼ N0q2; N0 eN;

and we distinguish between various cases, depending on the relative size of N0, q and jsj. If

qe jsj
3y

40�50yN
�1

2

0 ;ð8:1Þ

then

Lð f n w; sÞf ðN0jsjqÞeN
9

20�16y

0 jsj
2�y

5�4yq
9

10�8yð8:2Þ

f ðN0jsjqÞeN
32�25y

160�188y

0 ðjsjqÞ
1
2
� 4�11y

40�47y fN
1
4ðjsjqÞ

1
2
� 1

13
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by Theorem 3, (8.1), and (2.4). If

jsj
3y

40�50yN
�1

2

0 e qe jsj
1

10N
�1

2

0 ;ð8:3Þ

then

Lð f n w; sÞf ðN0jsjqÞeN
1
2

0jsj
2
5qf ðNjsjqÞeN

1
4ðjsjqÞ

1
2
� 1

22ð8:4Þ

by Theorem 3 and (8.3). If

jsj
1
10N

�1
2

0 e qe jsj
1
9N

�2
9

0 ;ð8:5Þ

then

Lð f n w; sÞf ðN0jsjqÞeN
5
4

0jsj
1
4q

5
2 f ðNjsjqÞeN

4
5ðjsjqÞ

1
2
� 1

40ð8:6Þ

by Theorem 3 and (8.5). If

jsj
1
9N

�2
9

0 e qe jsj2;ð8:7Þ

then

Lð f n w; sÞf ðN0jsjqÞeN
3
4

0jsj
1
2q

1
4 f ðNjsjqÞeN

4
5ðjsjqÞ

1
2
� 1

40ð8:8Þ

by Theorem 2 and (8.7). If finally

qf jsj2;

then

Lð f n w; sÞf ðNjsjqÞeN
3
4jsj

1
4q

3
8 f ðNjsjqÞeN

3
4ðjsjqÞ

1
2
�1

8ð8:9Þ

by Theorem 2. Here all implied constants depend only on e and the archimedean parameter
m of f . Theorem 1 now follows from (8.2), (8.4), (8.6), (8.8), and (8.9).

9. Proof of Corollary 2

The proof of Corollary 2 follows along the lines of Appendix 2 in [BHM1]. We indi-
cate some small improvements and extensions to cover all indices n regardless of their
square part.

Let us first note that Theorem 7 in [BHM1], Appendix 2 holds for all integers D of
the form D 0t2 where D 0 is square-free and t j ð2MÞy. Now, in the line following [BHM1],
Lemma 7.3, we obviously have jDjp ¼

���D; ð2MÞy
���

p
, since p j 2M. This and Theorem 7

are the only places in [BHM1], Appendix 2, where it was used that D was assumed to be
square-free. Thus Lemma 7.4 reads for integers D ¼ D 0t2 as above

Epðjp; ~jjp;cp;DÞe 2

j2jp
ð1 þ p�1Þð1 þ p1=2Þ2ð1 � p�1Þ�3

���D; ð2MÞy
����1

p
:
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With these adjustments, [BHM1], (7.15) reads

ffiffiffiffi
D

p
rf ðDÞfe ðkMDÞe

 
G k þ 1

2

� �!�1=2�
D; ð2MÞy

�1=2
L gn wD 0 ;

1

2

� �1=2

;ð9:1Þ

valid for special cusp forms f A S 0
kþ1

2

ð4M; wÞ as described in the beginning of [BHM1], Sec-

tion 7.1, and for integers D ¼ D 0t2 as above. We use Theorem 2 to bound the L-function
and we also note [BHM1], Lemma 7.1, that is, we apply Theorem 2 with N replaced by
N 2. By Shimura’s correspondence, applied to square factors coprime with 2M, (9.1)
holds for all integers D ¼ D 0t2 without restriction on t. Finally, at the cost of a factor�
dim S 0

kþ1
2

ð4M; wÞ
�1=2

fe k1=2M 1=2þe, we extend the estimate to arbitrary cusp forms

f A S 0
kþ1

2

ð4M; wÞ.
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