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A polinomialis-inverz kép mddszer és annak alkalmazasai a
matematikai analizisben
c. ,,Tudomanyos Iskola" OTKA palyazatroél
Témavezets: Dr. Totik Vilmos

A palyazat erésen kapcsolodik a komplex fiiggvénytanhoz, a sorelmélethez
és potencialelmélethez. A kutatéas az alabbi f6bb kérdések koré csoportosult.

1. Harmonikus mértékek és Green fliggvények becs-
lése végtelenszer G6sszefiiggs tartomanyon

A {6 kutatési eredményeket egy elkésziilt, és a Memoirs of the American Mat-
hematical Society kdnyvsorozatban 2006-ban megjelené monografia (Totik V.,
Metric Properties of Harmonic Measures) tartalmazza ([1]). Ennek alapkérdése,
hogy metrikus tulajdonsagok hogyan befolyasoljak Green fiiggvények és harmo-
nikus mértékek simasigat. ElsGsorban Green fliggvények, egyensulyi mértékek
és harmonikus mértékek pontos becsléseit tekintjiik olyan tartomanyokon, ame-
lyek végtelen sokszorosan osszefiiggdk. Ilyen tartoményokra nagyon kevés ismert
pl. a harmonikus mértékekrdl, igy a felhasznalandé eredményeket is meg kell
talalni és igazolni kell.
A C\ E Green fliggvényének simasigat azzal a

©p(t) = 10,1\ E|

fliggvénnyel mérjiik, amelynél E* azon r sugarak halmaza amelyekre az origd
koriili r sugard kor metszi az E halmazt. Marmost igazoléasra keriilt, hogy

1 2
(5) go\e(2) < CV/z] | Ieigt) dt,

és ez méar pontos abban az értelemben, hogy minden © monoton névekvé fligg-
vényhez van olyan E C [0, 1] halmaz, hogy ©g(t) < O(t), és

t

go\e(=r) = C\/;/ 6(?26”-

Hasonlé allitasok igazak egyensilyi mértékekre. Ha pp az egyensilyi mérték,
akkor

1£([0,8]) < CVdexp (0/51 @E(t)zdt) ;
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valamilyen abszolut C konstanssal, és ez mar pontos abban az értelemben, hogy
ha © adott, akkor van olyan E, hogy Og(t) < O(t) minden t-re, de

115([0,6]) > evVdexp (0/51 @b;igtydg

igaz minden d-ra valamilyen ¢ > 0 konstanssal. Teljesen analég eredmények
igazak harmonikus mértékek becslésére kompakt E C C esetén.

A fentemlitett monografisban a masik végletet is megvizsgaltuk, amikoris
Lebesgue mértékre nézve a halmaz nagyon kicsi, viszont szép struktdaraval ren-
delkezik. Ezen Cantor-tipusi halmazokra vonatkozé eredmények parhuzamos-
nak mondhaték a siriiséget hasznalé eredményekkel, de megengedik, hogy a
halmaz (mérték szempontjabol) egyaltalan ne legyen stird, akar nullamértékd is
lehet. Legyen {e,} egy sorozat a [0, 1) intervallumbol, és készitsiik el ezzel a
sorozattal a szokasos Cantor halmaz megfelelGjét azzal a valtoztatassal, hogy az
n-edik lépésben a még megmaradé (2" darab) intervallumok kozépsé e€,-ed ré-
szeit tavolitjuk el (az €, = 1/3 valasztassal adodik az eredeti Cantor halmazt).
Az deriilt ki, hogy az igy megkonstrualt F halmazra C \ E Green fiiggvénye
akkor és csakis akkor Lip 1/2 (ennél simabb nem lehet) ha )" €2 < co. Ezen
eredmény erGsségét mutatja, hogy az €, = 1/n valasztéssal olyan nullmértéki
kompakt halmazt kapunk, amelyre a Green fiiggvény optimélis simasaga.

A fenti eredményeket alkalmaztuk Bernstein és Markov tipusta egyenlGtlen-
ségekre; Phragmén-Lindelof tipusi tételekre; gyorsan cstkkend polinomokra és
Remez és Schur tipusi egyenlGtlenségekre.

A beszamol6 végén, mellékletként az I. Fiiggelékben, csatoljuk az [1] mo-
nografia f6bb eredményeinek osszefoglalojat (maga a monografia 163 oldalas,
sziikség esetén az is elérhetG). Bar ez a monografia még csak kézirat formaban
létezett eddig, mar eddig is t6bb dolgozatot motivalt (pl. V. V. Andrievskii,
The highest smoothness of the Green function implies the highest density of a
set, Arkiv for Matematik, 42(2004), 217-238; V. V. Andrievskii, On the Green
function for a complement of a finite number of real intervals, Constr. Approz.,
20(2004), 4, 565-583; V. V. Andrievskii V.V., On sparse sets with the Green
function of the highest smoothness, Comput. Methods Funct. Theory (to ap-
pear); V. V. Andrievskii, On optimal smoothness of the Green function for the
complement of a Cantor-type set, Constr. Approz. (to appear)).

2. A polinom-inverz kép médszer és polinom-app-
roximacio
Ugyancsak az [1] monografia tartalmazza a palyazat cimében szerepld polinomia-

lis-inverz kép moédszer egy alkalmazéisat. Ennek segitségével sikeriilt az alabbi
eredményt igazolni. Jeldlje &,(f, E) az f figgvény E halmazon legfeljebb n-

majd’ egy évszazados tétele szerint ha p pozitiv de nem péros egész szam, akkor

lim nP&,(|z?,[-1,1]) =0,



létezik, pozitiv, és véges, tovabba zp € (—1,1)-re
lim nP&,(|x — xolP,[-1,1]) = (1 — I%)p/Qap.

Marmost tetsz6leges kompakt halmazra a polinomilis-inverz kép mddszerrel
ennek kiterjesztéseként igazoltuk: ha £ C R kompakt és zg € E az E bels6
pontja, akkor

Tim n?E, (| — wol?, E) = (rwn (o)) Poy,

ahol wg az egyensulyi mérték strtiségét jeloli.
Cantor halmazokra a megfelel6 kérdéskorben kaptuk, hogy ha E az {¢;}
paraméterekkel elGallitott Cantor halmaz, akkor (p > 0 nem egész esetén)
liminf n?P &, (x7, E) > 0.
akkor és csakis akkor 4ll fenn, ha ), €7 < cc.
A polinom-inverz kép modszerrdl a témavezetd a Fourth European Congress
of Mathematicians konferencian meghivott eladast tartott (Id. [35]).

3. Polinom-inverz kép mdédszer és polinom-egyen-
16tlenségek

Ugyancsak a polinom-inverz kép modszert alkalmaztuk a komplex sik gdrbéin
illetve gorbékkel hatarolt tartomanyain Bernstein-Markov tipust eredmények
igazolasara. Ez a moddszer miikodik lemniszkatak esetén [24], és onnan altala-
nos halmazokra lemniszkatéval valo kozelitéssel sikeriilt tovabblépni [26]. Ennek
lényege a Hilbert-féle lemniszkata-tétel kiterjesztése érintkezd lemniszkatak ese-
tére. A lemniszkita-tétel azt mondja ki, hogy két gorbesereg kozé, amelyekbdl
az egyik a masik belsejében van, mindig elhelyezhets lemniszkata (egy polinom
szintvonala). Az emlitett kiterjesztés szerint ez még akkor is megtehetd, ha a
gorbék véges sok pontban érintik egymaést, de ott a gorbiiletiik kiilonbdzs, 1d.
[26]. A {6 eredmény ezen a teriileten a kovetkezs: ha K bizonyos tulajdonsagu
kompakt halmaz a sikon (K belsejének a lezartja K, és K komplementere 3ssze-
fiiggs), és 2o € OK a K hataranak egy pontja amely kornyezetében K hatara
C?-sima, akkor

390\1((27 00)

Pl < (1+0(1)n =S

([Pl

ahol P, tetszéleges n-ed foka polinom, gc\x(z,00) a K komplementerének
Green fliggvénye végtelen polussal, a jobb oldalon e Green fiiggvénynek a norma-
lis iranti derivaltja szerepel, és a o(1) egy olyan mennyiséget jelol, ami fiiggetlen
P,-t6l, és P,-ben egyenletesen tart 0-hoz ha n — oo. Itt a dgc\ (2, 00)/0n.,
faktor pontos, semmilyen kisebbel nem cserélhet§ fel, és az is igaz, hogy a o(1)
tag sem hagyhaté el. A fenti becslés tehat sima hatar esetén megadja az aszimp-
totikusan pontos Markov faktort, ami, altalanossagat tekintve, igen figyelemre
mélts eredmeény.



Egy kapcsolddo teriilet LP-egyenlGtlenség bizonyitasa ezzel a modszerrel. A
kezdeti lépések biztatok arra, hogy ez a modszer sikerrel alkalmazhaté ebben az
iranyban is; de az ez iranyu foly6 kutatdsok még nem zarddtak le.

4. Green fliggvények Holder-folytonossaga

Sikeriilt egy fontos problémat megoldanunk: ez Green fiiggvények Holder folyto-
nossaganak jellemzése hatarpontokban. Az eredmények a Lennart Carlesonnal
ko6z6s [1] dolgozatban keriiltek publikilasra 2004-ben. Ez egyrészt egy Wiener
tipust karakterizaciojat adja annak, hogy ha a hatar a [0, 1] intervallumnak ré-
sze, akkor mikor lesz a Green fliggvény Lip 1/2 az origé koriil, mésrészt jellemzi
a Lip « simasagot (valamilyen pozitiv o > 0-ra) pl. olyan tartoményok esetén
amelyek teljesitik a kupfeltételt. Jelolje D, = {z||z] < r} az origd kdzépponti
r sugard korlapot, és egy sikbeli ' kompakt halmazra legyen

E" = EN (Dy-ns1 \ Dy-n) = {z cE ’ 27" < 2] < 2*”“}

valamint
Ng(e) = {n € N| cap(E™) > 27"}

[1]-ben az egyik f6 probléma a relevans Green fiiggvény Holder-folytonossaganak,
jellemzése, azaz
ga(z,00) < Clz|"

mikor igaz valamilyen C,x szamokkal. Itt 2 az E komplementerének végtelen
komponense, és gqo(z,00) ennek Green fliggvénye végtelen tavoli polussal. Igaz
méarmost a kovetkezg tétel. Legyen E olyan kompakt halmaz a sikon amelyre a
0 pont az ) hatarpontja. Feltételezziik tovabba, hogy ) tartalmaz egy 0 csiicsii
kapot, vagy pedig van olyan v < 1/4, hogy

cap(END,) < vr, 0<r<mry (1)

fennall valamilyen rq > 0-val (itt cap(-) a logaritmikus kapacitast jeloli). Ekkor
a kovetkezok ekvivalensek:

a) A gqo Green fiiggvény Holder-folytonos 0-ban.
b) NEg(e€) pozitiv also stiriségt valamilyen € > O-ra.

Tovabba b)-bdl a) minden feltétel nélkiil igaz, de a forditott implikacidhoz kell
tovabbi feltétel, mint pl. a kupfeltétel vagy (1).

[1] méasik f6 tétele az optiméalis Holder 1/2 tulajdonsag karakterizacidja a
szdmegyenesen: Legyen E C [0,1], I}, = [0,27%], és rogzitett 0 < ¢ < 1/3-al
legyen

E,=(ENL)U0,e27Fu[(1—e27F 27",

valamint 0 = 2¥(cap(I}) — cap(E})). Ekkor a ge\p Green fiiggvény akkor és
csakis akkor Holder 1/2 folytonos az origéban, ha >, 6, < oo.



Hasonl6 kérdéseket magasabb dimenziéban és Newton-potencialra, Tookos
Ferenc vizsgalt. [32] karakterizaciot ad kupfeltétel mellett Holder-folytonosségra,
amellyel megoldja M. Mazy’a egy 40 éves problémajat. [33] quantitativ becslése-
ket tartalmaz a halmaz stirtiségére a Green fiiggvényen keresztiil, amely eredmé-
nyek altalanositjak V. V. Andrievskii megfelel tételét, miszerint a Green fiigg-
vény optimalis (Holder 1/2) simasiga maga utan vonja, hogy az adott pontban
a halmaz 1 strdségl kapacitas szempontjabol (Lebesgue-mértékre nézve akar 0
stirtiségi is lehet).

[34] harom dolog ekvivalenciajat igazolja:

o A Green fiiggvény gc\ (2, 00) Lip 1 a 2o-ban (lehetd legsimabb viselkedés)

e |P(z0)| < Cn||P,||g (minimé&lis, O(n) nagysagu lokalis Markov konstan-
sok)

e up(Dr(20)) < Cr, ahol ugp az E egyensulyi mértéke (Lipshitz-tipusa fel-
tétel az egyensilyi mértékre).

5. Ortogonalis polinomok

Egy Turan P&l &ltal kezdeményezett kérdéskor végleges megoldisaként Barry
Simon és a témavezet$ igazolta ([30]) a kévetkez6t. Legyen 1 < n < N, legyen
adott egy ®,, 1 fGegyiitthatos polinom amelynek minden zérushelye az egység-
kérben van, legyen tovabbé ai,...,an_, N — n pont az egységkorben. Ekkor
van olyan p mérték az egységkordn, hogy a p-hoz tartozé n-edik ortogonalis po-
linom éppen ®,,, és a megfelel§ N-edik ortogonalis polinomnak az aq,...,an_p,
mind zérushelyei. Jelben: ha @, (u,2) a p-hoz tartozé n-ed foku (1 f6egyiitt-
hatos) polinom, akkor ®,(p,z) = ®,(2) és Pn(p,a;) = 0,1 < j < N —n;
azaz az n-ed fokd polinom, és e mellett az N-ed fokd polinom N — n zérushelye
szabadon el&irhaté.

Ebbdl az eredménybdl kdvetkezik univerzalis mérték létezése az egységkdron:
van olyan p, hogy barmely, az egységkdrlemezen adott v valészintségi mértékhez
van olyan {ny} sorozat, hogy a ®,, (i, z) aszimptotikus zéruseloszlasa éppen a
v mérték. Turan eredeti kérdése az volt, hogy van-e olyan p az egységkoron,
hogy a hozza tartoz6 ortogondlis polinomok zérushelyei az egységkorben stirtin
helyezkednek el.

[2] egy 1j moOdszert fejlesztett ki ortogonalis polinomok zérushely-eloszlasanak
vizsgalatara. Az eddigi modszerektdl eltérSen ez kozvetleniil hasznélja az orto-
gonalitést, és elénye az, hogy nem pozitiv definit belss szorzat esetén, valamint
a Green esetben is alkalmazhato.

A [29] dolgozatban egy Gj modszert adtunk annak igazolasara, hogy ha a
mérték tardja [—1,1] plusz egy sorozat amelynek csak +1 a torlodasi pontja,
akkor a rekurzios egyiitthatok 1/2-hez ill. 0-hoz tartanak. Ez a bizonyitas tette
késébb lehetGve (B. Simon &ltal) hogy az analég problémét koriven megoldjak.



Tovabbi ortogonélis polinomokkal kapcsolatos tamogatott dolgozatok a [36]
és [5].

6. Beagyazasi tételek

Kiilénb6z8 bedgyazasi tételek szerepelnek az [6]-[9] és [27] dolgozatokban. Ezek
a sorelmélethez és approximéciéelmélethez kapcsolédnak, és Leindler Laszlo
e teriilet legkiemelkeddbb képviselGje. [6] egyik eredménye a kovetkezs. Le-
gyen p > 1, w folytonossagi modulus és {\,} olyan sorozat amelyre w(1/n) =
O((n\,)~Y/P). Ha f(x) = Y, bnsinnz olyan szinusz-sor amelyre

Z b1 — bn] = O(n"tw(n™1h)), m=12,...,

k=m

akkor
S Aalsa(@) = f@)P < K < oc.

Ez a tétel bizonyos egyiitthatofeltétellel definialt sorok és (erds) approximécios
osztalyok kozott létesit bedgyazési relaciot. Az eredmény pontos, ez szintén
[6]-ben keriil igazolasra.

[7] er6s kozepek nagysagrendjével definidlt approximécios osztalyok és az
an. WT"HY simasagi osztalyok kozotti beagyazast targyal. Az eredmények S.
M. Mazhar tételeit altalanositjak.

A [8] dolgozat sziikséges és elegendd feltételt ad a HY C A{py}BV beé-
gyazasra. Itt H“ azon fiiggvények halmaza amelyek folytonossagi modulusat
w majoralja, és A{pr} BV két A = {\;} és {pr} sorozatra azon [ fiiggvények

sup Y on(| £(br) — Flar) DAy
k

véges. Az emlitett sziikséges és elegendd feltétel az, hogy
D erwte)Ayt < oo
k

minden t;, > 0, Y, ti < 1 feltételt kielégits {¢} sorozatra. Ez messzemenden
altalanositja U. Goginava és M. V. Medvedeva idevagd eredményeit.

[9] S. Tikhonov eredményeit élesiti Fourier-sorokkal és erés approximéacioval
kapcsolatos beagyazéasokrol.

Ugyancsak approximécios osztalyok és simasagi osztélyok szoros kapcsolatat
targyalja bedgyazasokon keresztiil a [27] dolgozat. Azt igazolja, hogy az, hogy az
r-edik derivalt simasagi modulusat w majoralja (ez a W™ HY osztély) azzal ekvi-
valens, hogy az r-edik derivalt legjobb trigonometrikus polinom-approximécidja
w(1/n)-rendd. Ugyanakkor, ez utobbi nem ekvivalens azzal, hogy maganak a
fiiggvénynek az approximécidja n~"w(1/n) rendd (itt egyiranyd beagyazas all
fenn).



7. Sorelmélet

A monotonitas kiilonféle altalanositésaival és azok 6sszehasonlithatésagaval fog-
lalkozik a [10] dolgozat. [12] a monotonitas egy Gjfajta altalanositisat targyalja,
és azt szinusz-sorok konvergencia-tulajdonsagainél hasznalja fel. [11] szinusz és
koszinusz sorokkal kapcsolatban alkalmazza a korlatos valtozasa sorozatok egy
ujfajta altalanositasat. [15] szinusz és koszinusz-sorok integralhatdésagat tar-

[17] pozitiv operator-sorozatokat vizsgal Hilbert-tereken. Ezekre a klasszi-
kus sorelméleti tételek nem igazak, pl. a szerzéknek sikeriilt megadni egy olyan
névekbd pozitiv operator-sorozatot, amelynek van L2-norma konvergens részso-
rozata, de az egész sorozat nem konvergal.

[18] ismeretterjeszt$ dolgozat végtelen sorok és szorzatok kapcsolatarol.

[16] tn. |N,p, |, abszolit sz7ummalhatéségra ad elegendd feltételt, mely egy
korabbi eredményt élesit abban az értelemben, hogy egy 1ényeges feltételt kihagy
a korébbiak koziil. Az eredmény azon mulik, hogy ha {\,} olyan valds sorozat
amelyre

> Aal/n < o0,
n=1

és van olyan pozitiv kvazi-névekvs {X,,} sorozat amellyel

> XulAng1 = Al < 0,

n=1

akkor A\, — 0.
[14] szintén abszolut szumméciot targyal altalanos feltételek mellett.

8. Statisztikus konvergencia

Ez egy viszonylag djkeletii dolog, amely a konvergencidnak olyan altalanositasa,
ahol az indexek egy nulla mértékd halmaza elhanyagolhat6. Fourier-sorokkal
kapcsolatban ez kézenfekvs fogalom, és az utébbi években jelentGs irodalma
alakult ki. T6bbszoros sorokra Méricz Ferenc altalanositotta a statisztikus kon-
vergencia fogalméat. A [19]-[22] e téméban irt dolgozatok.

[19] azt vizsgalja, hogy tobbszords sorok esetén statisztikus szummalhato-
sagbol milyen tovabbi feltételek mellett kovetkezik statisztikus konvergencia.

[20] a statisztikus konvergenciat hasznalja annak igazolasara, hogy ha f €
Llog™ L(T?), akkor a Fourier-sor téglalap-részletdsszegeibsl 4llé kettds sorozat
(regularisan) statisztikusan konvergél f-hez majdnem mindeniitt. [21] hasonl6
eredményt igazol akdrhany dimenziéban az f € LP, p > 1 feltétel mellett,
tovabb4 azt vizsgalja, hogy a statisztikus limesz iteraciéval hogyan szamithatd
ki.

Végezetiil [22] a statisztikus hatarérték fogalmat kiterjeszti fiiggvényekre, és
ezt alkalmazza tobbvaltozds Fourier-integralokra.



9. Kiilonbo6z6 dolgozatok Fourier-sorokkal és app-
roximacioval kapcsolatban

[4] azt igazolja, hogy a maximaélis konjugalt és Hilbert-operatorok nem korléato-
sak a valés Hardy térbél L'-be (itt akar a koron, akar R-en lehetiink).

[23] valos H!(R™) Hardy terekben és a BMO(R") terekben vizsgalja Haus-
dorff-operatorok korlatossagat. Ezen operatorok és bizonyos Riesz-transzformél-
tak felcserélhetGsége az itt kapott eredmények alapja.

[28] pontos becsléseket ad altalanositott Lipschitz fiiggvények esetén bizonyos
Fourier-kozepek approximécios rendjére.

[37] a kovetkez6 szép (Kro6 Andrastol és A. Shnoltél szarmazo) probléméaval
kapcsolatban ér el kimagaslé eredményeket: Ha adott egy K C R”™ central-
szimmetrikus konvex tartomdany, akkor annak hatardn minden péaros folytonos
fiiggvény egyenletesen approximalhaté-e homogén polinomokkal? [37] igazolja,
hogy a valasz "Igen" ha

o 1 =2, vagy
e K (?%-sima, vagy
e K politop.

A [3] dolgozat kiils§ erdtér jelenlétében képzett egyensilyi mérték tardja-
nak és simasiginak vizsgalataval foglalkozik. Ezek hatarozzdk meg a w"P,
alaku silyozott polinomokkal torténé approximécié viselkedését, ahol log 1/w
éppen a kiils6 erétér. Ebben a dolgozatban korabbi eredmények lényeges al-
talanositasaként bevezetésre keriilnek altalanositott konvex fiiggvények, és ezen
feltétel mellett sikeriilt belatni, hogy az egyensilyi mérték tartoja ekkor min-
dig egy I, intervallum. Ez a helyzet pl. ha loglog1/w konvex (korabban ez
csak log1/w konvexitésa esetén volt ismert). Ugyanezen feltétel mellett az is
igaz, hogy azok és csakis azok a folytonos fiiggvények approximalhaték, amelyek
elttinnek I,-n kiviil.

10. Szamitogéppel taAmogatott matematika

Bar a {6 kutatastol kissé tavol esik, megemlitjiik, hogy Kovacs Zoltan térs-
vezetésével intenziv kutatasok folynak a matematika WEB-es megjelenitésére,
illetve WEB-en keresztiil térténé alkalmazasara (WEB Mathematics Interface
a rendszer neve, és széles korben elérhetd). Errdl egy rovid beszamolé a IL
Fiiggelékben talalhato.

11. Konferenciak

A palyazat tamogatasaval 2003. nyaran Szegeden, 2004. nyaran Kecskeméten,
majd 2005. nyardn Debrecenben keriilt sor doktoranduszok és fiatal kutatok



szaméara potencidlelméleti nyari iskolara (fGszervezd és Gtletgazda Révész Szi-
lard), amelyekre az egész orszaghbol (s6t az utolsora az USA-bdl, Kanadabdl,
Lengyelorszagbol és Uj-Zélandrol is) érkeztek résztvevsk. Ezen nyéari iskoldkon
egy-egy héten keresztiil magas szinvonala eladésok hangzottak el tébbek kozott
a palyazatban szerepls kutatoktol (pl. a témavezets harom elGadassal szerepelt
ezeken a nyari iskolakon, és a résztvevs fiatal kutatok koziil is Todkos Ferenc,
Nagy Béla, Benks David és Varju Péter mindannyian 1-2-3 elGadést tartottak).

2005-ben keriilt sor a Fejér Lip6t és Riesz Frigyes sziiletésének 125. évfor-
duléjat iinnepls konferencidra Egerben. Erre a vilag minden részébdl érkeztek
matematikusok, t6bbiik téméja szorosan kapcsolodik a jelen palydzathoz. A
konferencia fGszervezéje a palyazat témavezetGje volt, és a palyazatban résztve-
vGk tobbsége aktivan kivette részét a konferencia sikerében.

12. Fiatal kutatok tevékenysége

A palyazatban résztvevok kozott tobb doktorandusz volt. Doktori kutatésaikhoz
a palyazat jelentGsen hozzajarult. Az elkészitett disszertaciok:

e Tookos Ferenc, Green fliggvények simaséga (védés 2005. december; téma-
vezetd Totik Vilmos)

e Nagy Béla, Aszimptotikus Bernstein-tipust egyenlGtlenségek (védés 2006.
februéar; témavezetd Totik Vilmos)

e Fekete Arpad, Statisztikus konvergencia (védés elérelathatélag 2006. ma-
jus; témavezeté Moricz Ferenc)

e Benkd David, Az egyensilyi mérték és Saff sejtése (védés eldrelathatolag
2006. majus; témavezets Totik Vilmos)

Bar a palyazatboél utazast nem lehetett megvalésitani, a tdmogatéas jelentGsen
hozzajarult ezen fiatalok szakmai fejlédéséhez, és ahhoz, hogy eredményeiket
nemzetkozi forumokon is bemutathassak.

13. A palyazati 6sszeg felhasznalasa

A palyazat keretében két kutato alkalmazasara keriilt sor (Nagy Béla és Kovacs
Zoltan). Mindketten fiatal matematikusok, és intenziven dolgoztak a palyazattal
Osszefiiggs teriileteken.

E két alkalmazason kiviil a (Kuratérium &ltal csokkentett) palyazati Gssze-
get konyvek és folyoiratok, valamint szamitastechnikai eszk6zok beszerzésére
forditottuk (1d. a pénziigyi beszamolét). A pélyazat téméjaval kapcsolatos iro-
dalom beszerzése jelentGsen segitett a Bolyai Intézet kdnyvtaranak beszerzési
gondjain.
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15. 1. Fiiggelék: Metric properties of harmonic
measures (0sszefoglald)

Totik Vilmos

Megjelenik 2006-ban az American Mathematical Society Memoirs sorozatdban

Abstract

Smoothness properties of Green functions and harmonic measures on
infinitely connected domains C \ E is investigated. The smoothness at a
boundary point S is measured in terms of the (linear Lebesgue) density
function ©g(t) of the circular projection of the boundary onto a half line
emanating from S. We shall use the density condition

/ Op(t) 4 < o0, (0.2)

13

which will result in optimal order of smoothness. The results are also
closely connected with estimates for the distribution of equilibrium me-
asures of compact sets. Disregarding constants, the estimates are sharp,
although for sets with some special structure the structure may lead to a
better smoothness. In this connection it is proven that for Cantor type
sets C = C(e1, €2, ...) formed with parameters {¢;} the Green function of
C\C is of (optimal) Lip 1/2 smooth if and only if ), €] < co. In particu-
lar, this results in a set (say C'(1/2,1/3,1/4,...)) which is of zero Lebesgue
measure but the Green function of its complement is in the Lip 1/2 class.

The conditions can be extended to ensure higher order of smoothness.
Applications are given for Phragmén-Lindeldf type theorems on infinitely
connected domains; for Markov and Bernstein type polynomial inequali-
ties for general compact sets; for fast decreasing polynomials on compact
sets; for Remez and Schur type inequalities and to polynomial approxi-
mation of |z — zo|” on compact sets. Most of the results have two faces:
on the one hand the density condition (0.2) used in the estimates of har-
monic measures and Green functions is sufficient for the classical results
to be valid for such more general compact sets. On the other hand, they
are also valid for the aforementioned Cantor sets (for which (0.2) does not
hold). It is quite remarkable, that though (0.2) is not necessary in strict
sense, in all of our applications it turns out that regarding the density of
the set, this condition cannot be weakened.

1. Introduction

In this paper we are interested in smoothness properties of Green functions and
harmonic measures on infinitely connected domains. Several applications will be
given in different directions, such as Phragmén-Lindeldf type theorems; Markov
and Bernstein type polynomial inequalities; fast decreasing polynomials; Remez

13



and Schur type inequalities and polynomial approximation of |z — x¢|?; all these
on general compact sets.

Let E be a compact set on the complex plane, 2 the unbounded component
of C\ E and gq(z) = ga(z,00) the Green function of 2 with pole at infinity
(if the Green function does not exist, set go to be identically oo). Suppose
that 0 is a boundary point of €2, and our interest is in the smoothness of the
Green function gg at 0. We shall measure the density of E at 0 via the circular
projection

Ec={r|C.(0)NE #0} (1.1)

of F onto the positive real line, where C,(a) denotes the circle with radius r
about the point a. More precisely the density is measured by the function

Or(t) = O(t) = |[0,¢] \ E°,

where | - | denotes linear Lebesgue measure. A theorem of Beurling [1, Theorem
3-6] implies that we have for > 0 the inequality

ga(—r) < go\pe(—7),

i.e. among those sets E that have a given circular projection E° the worst
behavior of the Green function occurs for £ = E°. Furthermore, if E< C [0, 4],
then

go\e<(2) > go\jo,4)(2) =log |(22/A - 1) + /(22/A - 1)2 -1

)

which has a /z behavior for 2 = —z, z > 0 around the origin. Thus, in terms
of ©g(t) the best we can hope for the Green function is a Lip 1/2 behavior
around the origin. We shall be interested in (possibly best) conditions on ©
that guarantee this optimal behavior.

There is a general estimate for harmonic measures/Green functions due to
M. Tsuji [18, Theorem II1.67, p. 112]: if E is a subset of the unit disk and E is
of positive capacity, then

1
m(2) < Coxp ;[ CaN
2 Jregenz1] T

and here integration by parts gives that the right hand side equals (modulo a
factor that is bounded away from zero and infinity)

1 ! @E(u)
|z| exp (—/ du | .
2 2| u?

/1 o) du < o0, (1.2)

w2

This shows that if
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then the Green function is in Lip 1/2 about the origin. We shall see however,

that already the condition
1 2
/ o) du < o0 (1.3)
0

u3

implies the Lip 1/2 property (recall that ©(u) < u, so (1.3) is a weaker condition
than (1.2)), and this is already the best condition in a certain sense. There
cannot be a necessary and sufficient condition for the optimal smoothness in
terms of the metric measure ©(t), since a structure in the set can result in much
better estimates for the Green function than what one can get for general sets.
In fact, in Chapter 5 we shall characterize those Cantor type sets F for which
gc\k is Lip 1/2 smooth, and as a result we shall get sets £/ C [0, 1] of Linear
Lebesgue measure 0 for which g\ g is Lip 1/2 smooth (for such sets O p(u) = u,
hence (1.3) is not satisfied).

There have been several motivations for this work. One was the extension of
some well-known polynomial inequalities to general compact sets. T. Erdélyi, A.
Kro6 and J. Szabados in [8] introduced the density function © g and with it they
proved a local version of the Markov inequality (see Chapter 7). Our original
motivation was to find the correct form of this local result, and this is where
the condition (1.3) emerged. Later it has turned out that the same condition is
decisive in many other problems, as is manifested in the different parts of this
work. During writing we came across the book [24] by R. K. Vasiliev, where the
same condition (1.3) (in a different form) is used in polynomial approximation
on general sets. We shall elaborate on Vasiliev’s results in Chapter 10.

The main results of this work are about smoothness properties of Green
functions and harmonic measures on infinitely connected domains C\ F and on
distribution of equilibrium measures of compact sets, as well as several applica-
tions of these. Disregarding constants, the estimates will turn out to be sharp,
although for sets with some special structure, namely for Cantor-type sets, the
structure leads to better results. Applications are given for Phragmén-Lindel6f
type theorems on infinitely connected domains; for Markov and Bernstein type
polynomial inequalities for general compact sets; for fast decreasing polynomi-
als on compact sets; for Remez and Schur type inequalities and to polynomial
approximation of |x — |P on compact sets.

This work has two faces. On the one hand we shall work with the density
function ©p and prove results under condition (1.3). In all problems the fi-
niteness of the integral in (1.3) will be sufficient for the given result to hold,
while without exception this finiteness turns out to be crucial, i.e. it cannot be
replaced by any weaker condition. The other face of this work is about Cantor
type sets. Their structure implies stronger results than the ones one can get
using the density function ©p. If we form a Cantor type set with parameters
€1,€2,... (see Chapter 5), then the results that hold under the condition (1.3)
will be true if and only if >, €7 < co. Since this allows the set E to have zero
measure (indeed, such a Cantor set is of zero measure if and only if ), ¢; = 00),
here we witness a family of compact sets for which the main results are true
even though the sets can be of zero measure (for such sets (1.3) does not hold).
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2. Metric properties of harmonic measures, Green
functions and equilibrium measures

Let P be a point on the plane and let C,.(P) resp. A,(P) denote the circle resp.
the open disk with center at P and with radius r.

Suppose that F is a compact set on the plane. We shall measure the density
of £ at P by the function

Op.p(t) = [[0,7]\{r|C:(P)N E # D}, (2.1)

where | - | denotes linear Lebesgue measure. Thus, the larger F is, the smaller
is the function ©g p, and a very small ©g p(t) means that for most r € [0, ]
the circle C..(P) intersects F. In what follows without loss of generality we may
assume that E is a subset of the unit disk and P is the origin, in which case we
write @E(t) = @Ey()(t).

We recall the definition of harmonic measures. Let G be a domain with
bounded boundary and F' C 9G a closed subset of its boundary. The harmonic
measure w(z, F, G) is the unique harmonic function in G that lies between 0 and
1 and has boundary values (with the exception of a set of zero capacity) that are
equal 1 on F and 0 on 0G \ F. In local behavior of harmonic measures we can
always assume that G is a domain obtained by removing from a disk a compact
set. Exactly as for Green functions, if G = A;(0) \ E where E C [0,1],0 € E is
a compact set, then for z = —r, r > 0 we have w(z,C1(0), A1(0)\ E) > ¢/, i.e.
such a harmonic measure cannot be smoother than Lip 1/2 about the origin.
The first theorem gives an estimate for local smoothness of harmonic measures
about a point of the boundary.

2.1. Theorem. There are absolute constants C, D such that if E is a compact
subset of the unit disk of positive capacity and 0 < |z| < 1, then

w(z,C1(0),A1(0) \ E) < C/|z| exp (D/ @%gu) du) , (2.2)

|2|
where O is the © function (2.1) with respect to E and the origin.

This implies that for any 0 < r < 1

w(0,C1(0), AL (0)\ E) < Cv/rexp (D / @?35@ du> . (2.3)

Actually (2.2) and (2.3) are equivalent.

In particular, if
1 52
)
/ £(v) du < o0, (2.4)
0

us
then the harmonic measure w(z, C1(0),A1(0) \ E) satisfies a Lip 1/2 condition

at the origin:
w(z,C1(0),A1(0) \ E) < C|z|*/2. (2.5)
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Let
Ec={r|C.(0)NE#£0} (2.6)
be the circular projection of E onto the positive half line defined in (1.1), and

let 7, = 2¥|[27% 27k+1]\ E¢| be the relative size of the complement of E° in the
interval [27%,27%*1]. Then condition (2.4) is equivalent to

> 7 < oo,
k

which shows that in order that (2.4) holds, the circular projection E¢ should
,cover most of the intervals" [27% 27%+1] k=1,2,....
For Green functions the preceding theorem takes the following form.

2.2. Theorem. There are absolute constants C, D such that if E is a compact
subset of the unit disk of positive capacity and 0 < |z| < 1, then

go\e(z) < Cy/|z|lexp <D/|| @igU) du) log capQ(E)' (2.7)

It follows that for any 0 < r < 1 we have

1
sor5(0) < Cvre (D [ FWa)iog 2 2g)

Actually we shall prove (2.8) first and deduce (2.7) from it.
In particular, if (2.4) holds, then the Green function gc\ g satisfies a local
Lip 1/2 condition at the origin:

go\g(z) < C|2|'V2. (2.9)

We remark (and shall also use) that the factor log 1/cap(F) on the right of
(2.7) appears only to cover pathological cases (like when F = [1/2,1/2+ a] with
some very small a). In fact, the proof gives the following: Let 6 > 0 be fixed.
There are constants C, D depending only on d such that if ' is a compact subset
of the unit disk, |z| < 1, and if there is an s with |z| < s such that

[s,2s] N E| > b, (2.10)

where E° is the circular projection of E given in (2.6), then

go\e(z) < Cy/|z|exp (D/ G%EU) du) , (2.11)

|2l

i.e. in this case the factor log 1/cap(FE) on the right of (2.7) can be omitted.

We shall deduce all these results from the E C [0, 1] case of the next theorem,
where ug denotes the equilibrium measure of the set E (see the next section for
its definition).
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2.3. Theorem. There are absolute constants C, D such that if E is a compact
subset of the unit disk of positive capacity and 0 < r < 1, then

' 0% (u)
pe(AR(0)) < Cy/rexp <D/ 53 du) . (2.12)
In particular, if (2.4) is true, then up(A.(0)) = O(/T).
Compare this with the fact that duo 1)(t) = dt/m+/t(1 — t), and hence
2
110,11([0, 2]) = ;\/;

forall 0 <r < 1.

3. Sharpness

In this chapter we show that the theorems in Chapter 2 are best possible. One
cannot expect a full converse in the sense that e.g. if

/1 %du =00 (3.1)
0

u3

then (2.9) is not true. Indeed, disregarding the fact that gc\ p(2) may be identi-
cally zero in a neighborhood of the origin, let us note also that there are compact
subsets E' C [0, 1] with zero linear measure for which the Green function gc\ g
is in Lip 1/2 (see e.g. Corollary 5.2 below), and for these E we have Og(t) =t,
i.e. (3.1) is true. For such E’s, though (3.1) is true, E is dense at the origin
in the sense that the complement of the circular projection of E contains in
[0,t] only very short intervals compared to ¢t as ¢ — 0. However, regarding the
structure of the estimates the theorems are sharp.

3.1. Theorem. There are absolute constants c,d > 0 for which the following
is true. If © is a nonnegative increasing function on [0,1] with the property
O(t) <t for all t, then there is a compact set E C [0, 1] of positive capacity such
that

Or(t) <O(t) for all t € [0,1] (3.2)
and for all 0 < r <1 we have
un((0,7]) > ev/rexp (d Je= du) 7 (33)
1 92(y
(=1, C1(0), A1 (0) \ E) > ev/rexp (d | =S )du> , (3.4)
and Lo
go\e(—r) > c\/T exp (d/ GHE),U) du) ) (3.5)

18



The next corollary gives a necessary and sufficient condition for the Lip 1/2
property of Green functions for a wide class of compact subsets of the real line.

3.2. Corollary. Let 1 =ty >ty > --- be a positive sequence with property
t
0<a§%§ﬂ<1, (3.6)
k

and let E C [0,1] be a compact set. If |[ti,tx—1] \ E| = yiti and
D i <o, (3.7)
k=1

then the Green function go\g of C\ E satisfies a Lip 1/2 condition at the origin,
i.e. we have (2.9).

Conversely, if for every k the set [tg,tx—1]\ E contains an interval of length
Z ’Y;tk with

> (1) =, (3.8)
k=1
then
490\3(;—@ -0 (3.9)
asr — 0+0.

Similar results hold for the harmonic measure w(z,C1(0),A1(0) \ E) and
for the equilibrium measure pp. For example, assume that for all but finitely
many k we have |[ty,tr—1] \ E| < Yitr with some 7; < v < 1 and that the
set [tr,tk—1] \ E contains an interval of length > ~;t; with v; ~ ;. Then
15 ([0,68]) = O(V/9) is satisfied if and only if 3°, 72 < oco.

4. Higher order smoothness

Until now we have considered /|| order of smoothness for the Green functions
and harmonic measures. In this chapter we show that the results from Chapter
2 can be used to detect higher order of smoothness. The claims here depend
on the results from the previous section and on a symmetrization theorem of
Baernstein [2].

First we mention a result that we shall use for sets lying on the real line and
that uses less hypothesis than our main theorem. By simple symmetrization
one can get from the results of Section 2 conditions that provide Lip 1 behavior
of Green functions and harmonic measures. In fact, let £ C [—1,1], and let us
consider its two-sided density

Ok (t) = [[-t.t]\ E|. (4.1)

Now the following corollary easily follows from the results in Chapter 2.
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4.1. Corollary. There is an absolute constants C such that if E is a compact
subset of [—1,1] of positive capacity and 0 < |z| < 1, then

w(z,C1(0), Ar(0)\ E) < 2| exp (C/| %ﬁm) , (4.2)
Lo (u)? 2
go\e(z) < Clz|exp <C’ /|z| %du) log can(®)’ (4.3)
and for 0 <r <1
pe([-r7]) < Crexp (C/ @i#du) : (4.4)

In particular, if

1 * 2
/ Mdu < 00,
0

w3
then we get a local Lip 1 behavior.

Corollary 4.1 is sharp in the sense of the preceding section. In fact, the
following corollary easily follows from the results of Section 3.

4.2. Corollary. There is an absolute constant ¢ > 0 for which the following
is true. If ©* is a nonnegative increasing function on [0,1] with the property
©*(t) < 2t for all t, then there is a compact set E C [—1,1] of positive capacity
such that E is symmetric onto the origin,

O%(t) < 0%(t) for all ¢ € [0,1] (4.5)

and for all 0 < r <1 we have

pe([=r,r]) > crexp (c /Tl @*u(;f)zdu> , (4.6)
w(—r,C1(0), A1(0)\ E) > crexp (c / 1 @*If;f)zdu) : (4.7)

and Lo (u)?
gons(—r) > erexp (c / G du>. (4.8)

After that let again E C C be a compact set on the complex plane, and for
0 < a < 1 consider the set

E,={r||ENC.(0)| > 2rra} (4.9)

of those r for which the circle C.(0) about 0 and of radius r intersects E in a
set of (arc) measure > 2rra. The o = 0 case would correspond to the circular
projection of E onto [0, c0).
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4.3. Theorem. There is an absolute constant C' depending only on o such that
if E is a compact subset of the unit disk of positive capacity and 0 < |z| < 1,
then

' oL, (u)
w(z,C1(0),A1(0) \ E) < C|z*/20=9) exp o/ e —du |, (4.10)
|2|
1 @2 (u) )
< 1/2(1-a) / Eo 1 4.11
gC\E(Z) = C‘Z| exp (O » ud du 0og cap(E)’ ( )
and for 0 <r <1
1 @2
pe(A-(0)) < Crl/20-9) exp (C’/ %du) . (4.12)
In particular, if
1 2
/ %#dt < o0, (4.13)
0

then both w(z,C1(0),A:(0) \ E) and gc\r(z) satisfy a local Lip 1/2(1 — «)
smoothness at the origin.

5. Cantor-type sets

Theorem 3.1 shows that in a sense Theorems 2.1-2.3 and their corollaries are
sharp. If, however, the set in question has a structure, then this structure may
result in much better estimates. As an example consider Cantor type sets. Let
{€;} be a sequence with 0 < ¢; < 1, and consider the Cantor construction
with this sequence. By this we mean that starting from [0, 1] first we remove
the middle €; part of this interval, then in the second step we remove the
middle €5 part of both remaining intervals, then in the third step we remove the
middle €3 part of each remaining 4 intervals, etc. Let us denote the so obtained
Cantor type set by C = C(eq, €a, .. .). The classical Cantor set corresponds to the
sequence €¢; = 1/3, j = 1,2,.... Since after the n-th step there are 2" intervals
of total length (1 —€1)(1 —€2) -+ (1 —€,), the set C(e1,€a,...) is of zero linear
measure if and only if 37 ¢; = oc. It is known (see e.g. ([13, V.6.6, Theorem
3])) that C(ey, €2, ...) is of positive capacity if and only if

EOO —1 lo ! < 00
N 23 g ]. — 6]' ’
Jj=1

The Green function of C\ C(e1, €2, ...) is in a Lip « class for some positive « if
and only if (see ([20]))

].—Gj

u 1
Zlog = O(k). (5.1)
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We would like to determine when the Green function of C \ C(ey,€q,...) is of
optimal smoothness, i.e. when it belongs to the class Lip 1/2. Corollary 3.2
easily implies that if sup; €; = 1, then this is not the case, hence in what follows
suppose that 0 < ¢; < e <1 for all j with some fixed ¢ < 1. Then the sequence
{tk} with
b — 1—611—62_“1—6;C

T2 2
satisfies the condition (3.6), and for the function ©¢(t) we have

o0

Oc(tr) =tx [1— [ 01 —¢)

j=k+1

Then condition (2.4) for (2.9) takes the form 3, ©2(t;)t; > < oo, and this is
easily seen to be the same as

2
o0 00

D\ 2 a <o

k=1 \j=k+1

Thus, Theorem 2.2 does not necessarily give the Lip 1/2 property even for Can-
tor sets of positive measure. But, as the next theorem shows, for all C(ey, €a,. . .)
of positive measure the Green function gc\c¢ is Lip 1/2 smooth. When compa-
red with condition (5.1), this theorem also shows that the Green function of
C\ C(e1,€2,...) to lie in the optimal class Lip 1/2 is a much severe condition
than to lie in some Lip «, a > 0 class.

5.1. Theorem. Let {¢;} be a sequence of numbers from the interval [0,1). The
Green function of C\C(e1, €2, . . .) is in the class Lip 1/2 if and only if > e? < 0.

Note that while Theorems 2.1-2.3 give non-trivial estimates only for sets
of positive measure (more precisely for sets with the property ©g(t) = o(t)),
Theorem 5.1 can be applied to sets of zero measure as well. Indeed, we have

5.2. Corollary. The compact set C = C(1/2,1/3,1/4,...) is of zero linear me-
asure, but its complement has a Lip 1/2 Green function.

Such a set was constructed by a different method in ([21]).

Theorem 5.1 dramatically illustrates how the structure of a set can influence
the behavior of the Green function. Indeed, consider the Cantor construction
with the modification that we only omit at the n-th step the middle ¢, part of
the leftmost remaining interval (i.e. we omit this time only one interval instead
of the 2"~ ! intervals as in the original construction). Let the so obtained set be

C(eq,é€a,...). Thus,

C~(61, €2, .. ) = [0, 1] \ (U (tk, tr + ektk_1)> , (5.2)

k=1
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and clearly C is a much thicker set than C. Now it easily follows from Theorem
3.1 (cf. also the proof of Theorem 5.1) that the Green function of C\C(ey, €2, .. .)
satisfies a Lip 1/2 condition at the origin only if >, e? < oo, while Theorem
5.1 shows that this condition is already sufficient for the Lip 1/2 property of
the Green function of C\ C(ey, €a,...); and this latter domain has much thinner
boundary than C\ C(ey, e, .. .).

It is worth recording the following variant of Theorem 5.1.

5.3. Theorem. Let {¢;} be a sequence of numbers from the interval [0,1). For
the equilibrium measure jc of C = C(e1,ea,...) we have uc([0,5]) = O(V3) if
and only if Ze? < 0.

Although this follows from Theorem 5.1, the sufficiency part in the proof of
Theorem 5.1 goes through the proof of Theorem 5.3. Thus, the sufficiency part
of Theorem 5.3 will be proven during the verification of the sufficiency of the
condition ), €2 < oo in Theorem 5.1, Part 1. Actually, in the proof of Theorem
5.1 we shall verify the somewhat more general inequality: if Zef < oo then
pe([a, a + 8)) = O(V/$) uniformly in a.

The necessity of the condition Y, €? < co in Theorem 5.3 is an immediate
consequence of the necessity of the same condition in Theorem 5.1, which in
turn is a simple consequence of Corollary 3.2 (see the beginning of the proof of
Theorem 5.1 below).

6. Phargmén—Lindelof type theorems

The following Phragmén—Lindeldf type theorem is classical (see e.g. [18], [15]):
if f is analytic on C\ [0, 00), has boundary values of modulus < 1 on [0, c0) and

i 08/ (2)]

=0, 6.1
|z] =00 |Z|1/2 ( )

then |f(z)| < 1 for all z. The function eV shows that this is sharp regarding the
condition (6.1). In this section we consider the problem if there are analogous
results when f is analytic on an infinitely connected domain, and how large
boundary will force the above result to be valid.

Let E C C be a closed set such that C\ E is connected. We shall again
measure the density of £ by the function

Op(t) = 0,t]\ {r|Cr(0) N E # 0},
but this time we shall be interested in the behavior of © g around ¢ = oo.
6.1. Theorem. Let f be analytic on C\ E such that for each zp € E

limsup |f(2)] <1, (6.2)
z—2z0, 2¢FE
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and

log | f(2)]
_— = 0 -
|z| >0, 2¢E |Z|1/2 (6 3)
If
* Op(t)?
/1 ig) dt < oo, (6.4)

then these imply |f(2)] <1 for all z.

This theorem is sharp as is shown by

6.2. Theorem. Let us suppose that 0 < O(t) < t is an increasing function with

/Oo G(t)zdt = 0. (6.5)

3

Then there are a closed set E C [0,00) and an analytic function f on C\ E
with the properties (6.2) and (6.3), and yet |f(z)| > 1 for some z.

Theorem 6.1 can be considered to be the case a = 0 of the next result, in
which we use again the set (cf. (4.9))

E, ={r||C-(0) N E| > 2nra}.

6.3. Theorem. Let 0 < a < 1, and let f be an analytic function on C\ E with
the properties (6.2) and

log | f(2)|
—e L . .
A o720 (6.6)
If
* O, (t)?
/1 E;; ot < o0, (6.7)

then these imply |f(2)| <1 for all z.

Since log|f(z)| is subharmonic, both of Theorems 6.1 and 6.3 immediately
follow from the following version, in which we set © g, (t) = O (t).

6.4. Theorem. Let 0 < o < 1 and let u be a subharmonic function on C\ E
such that u is bounded from above on every set Cr(0) \ E, R > 0, for each
20 € F
limsup |u(z)] <0, (6.8)
z—z0, 2¢&FE

and

: u(z)
S o =% o9

If (6.7) is satisfied, then these imply u(z) < 0 for all 2.
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7. Markov and Bernstein type inequalities

In this chapter we give an application of our results to polynomial inequalities.
Markov’s inequality

1Pallfo.y < 20| Pallo,y,  deg(Pn) <m, (7.1)

is one of the basic inequalities connecting on an interval the size of the derivative
of a polynomial P, of degree at most n with its supremum norm || P,|[o,1]- If E
is a compact set on the plane the analogue of Markov’s inequality, namely

1Pl < Cr?|[Pallp,  deg(Pn) <n, (7.2)

may or may not hold depending on the structure of E. For Cantor type sets we
have a complete answer:

7.1. Theorem. Let {¢;} be a sequence of numbers from the interval [0,1). The
Markov inequality

||P7/z||C(e1,627...) < CnQHP’nHC(q,ez,...)a deg(Pn) < n, (73)
is true with some constant C' if and only if > e? < 00.

In particular, the Markov inequality (7.2) may hold even for sets of measure
Z€r0.

For general compact sets our results give a local version of Markov’s ine-
quality. Naturally, if the conditions of the next theorem hold uniformly for the
points of a set F, then one gets a global Markov inequality on that set.

7.2. Theorem. Let E be a compact set on the plane, S € E, and let O 5(t)
be the function (2.1) with respect to E and the point S. If

1 @2 (u)
E,S
is true, then at S the local Markov inequality

|PL(S)] < Cn®||Pallp,  deg(Pn) <m, (7.5)

is true with some constant C'.
Conversely, if © is a nonnegative increasing function on [0, 1] with the pro-
perties O(t) <t for all t and

/0 1 92&“) du = 0, (7.6)
then there is a compact set E C [0,1] such that
Oro(t) < O(%) for all t € [0,1], (7.7)
and for some polynomials P,, of degree n =1,2,... we have
PLO)] # O(n?Pulg)- (7.8)
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This whole work has emerged from Markov-type inequalities. T. Erdélyi, A.
Kro6 and J. Szabados [8] proved several local versions of the Markov inequality.
They have also introduced the density function ©g g and with it they proved
an inequality which implies (7.5) provided

/1 7“GEf(u)du < 00, (7.9)
0 u

is true. However, this result is not sharp (note that ©p s(u) < u, hence the
integrand in (7.9) is always bigger than the one in (7.4)), and the original
motivation for this work was to find the correct form of the integrand. As
an example consider for 0 < « and a + 1 < (3 the set

<1 1 1
E = — = .
U |:ka + kB’ (k_ 1)a:|
k=2
In this case we have
1
Opo(t) ~ ) "~ 1=/

ko<t

hence the aforementioned result in [8] is applicable exactly when 8 > 2a + 1,
and so it implies that for 5 > 2« + 1 the local Markov inequality

|P;,(0)] < Cn®||Palle (7.10)

is true. However, Theorem 7.2 gives that (7.10) is actually true for all 8 > a+1.
The following symmetric variant of Theorem 7.2 tells us under what condi-
tions the analogue of the Bernstein inequality is true for general compact sets.

7.3. Theorem. Let E C [—1,1] be a compact set, and let O%(t) = |[—t,] \ F]
be the function (4.1). If
1 * 2
/ wdu < o0, (7.11)
0 u

is true, then the Bernstein inequality
[P, (0)] < Cn||Pullp deg(Pn) <n, (7.12)

is true with some constant C'.
Conversely, if ©* is a nonnegative increasing function on [0,1] with the
properties ©*(t) < 2t for all t and

/01 6:53)2@ = oo, (7.13)
then there is a compact set E C [—1,1] such that
O%(t) < O*(t) for all ¢ € 0,1], (7.14)
and for some polynomials P,, of degree n =1,2,... we have
PL0)] # O(nll Palz)- (7.15)
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8. Fast decreasing polynomials

In this chapter we give an application of the main results to fast decreasing or so
called pin polynomials. These are ,,Dirac delta" like polynomials, i.e. polynomi-
als that decrease fast away from the origin. They play a significant role in several
disciplines of mathematical analysis such as approximation theory, orthogonal
polynomials, moment problems, etc. These applications require polynomials P
that take the value 1 at the origin and are fast decreasing on [—1,1]\ {0} in the
sense that

P(0)=1, |P(zx)|<e ?@  ge[-1,1], (8.1)

where ¢ is a given even function that typically involves the degree of P. For
example, the Markov-Bernstein-type inequality

|wR'||r(—o0,00) < CllWR| £r(—00,00) R a polynomial,

with an absolute constant C for weights like w(x) = exp(—|z|?), 0 < 3 < 1,
follows from the existence of polynomials P,, of degree at most n satisfying

P,(0) =1, [Pu(2)] < Cexp(—(n\xDB), z € [-1,1]

(see [12]).

The importance of such polynomials lies in the fact that their integrals pro-
vide good approximation to the signum function and thereby they serve as the
building blocks for well localized ,,polynomial partition of unity". They are also
optimal convolution kernels, for they imitate the Dirac delta as close as possible.

The problem can be formulated in two different ways: find the fastest dec-
reasing polynomials of a given order, or alternatively, find the smallest possible
degree for the polynomial P in (8.1). This degree is denoted by n.,.

The order of n, can be estimated by an explicitly computable quantity as
follows (see [10]): Let ¢ be an even function, right continuous and increasing on
[0,1]. Then

1
Vo <np < 12N,

where N, = 0if ¢(1) <0 and

1/2
N,=2 sup \/@Jr/ &?d:r+ sup &Jrl,
p~1(0)<z<Dd T b € 1/2<z<1 — IOg(l - w)
b= min(¢%(1),1/2) , otherwise.
Here, for u > 0,

o~ (u) = sup{r|T €[0,1], ¢(r) < u}.

If N, = oo, then the statement of the theorem means that there are no polyno-
mials whatsoever with the stated properties.
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As a special case the following holds. Let ¢ be an even and on [0, 1] increasing
function with ¢(0) = ¢(0+ 0) = 0 and ¢(z) < Cyp(z/2) for x € [0,1]. Then
there are polynomials P,, of degree at most n satisfying

P(0)=1, [Pu(2)| < Dexp(~dnp(x), ze[-11, n=01... (82)

for some constants D > 0 and d > 0 if and only if

/1 2 gy < oo, (8.3)

u?

For example,
[P(0) =1, [P(z)] < Crexp(—nlz|”)

with 8 > 1 can be achieved by polynomials of degree < Cn, but for ¢(z) = |z|
we get that the minimal degree n, of the polynomials P satisfying

|P(0) =1, |P(z)] <Cie ™l zel-1,1]
satisfies

1
anlogn <n, < Cnlogn.

The substitution = — 22 changes the problem into fast decreasing polyno-
mials on [0,1]. E.g. in this case (8.2) takes the form

P,(0) =1,  |Py(2)| < De @ 4 e 0,1], (8.4)
and for this (8.3) will change into the necessary and sufficient condition

/O %dt < 0. (8.5)

Now suppose, that E C [0,1] is a closed set, and we want
| P, (2)] < De~nel®)

only on E (besides the property P,(0) = 1), i.e. we care only for the decrease
of P, on E. It is clear that a thinner F will allow faster decrease for P,, and
we are going to show that the denseness condition used in this work is precisely
the condition under which a full analogue of (8.4)—(8.5) holds.

8.1. Theorem. Let E C [0,1] be compact, and ¢ an increasing function on
[0, 1] with ©(0) = 0. If

1 2
Op(t
/ ’”;g gt < o0, (8.6)
0
then for n = 1,2, ... there are polynomials with
P,(0) =1, |P,(z)| < Cre~ @) e E (8.7)
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with some constants C1,c1 > 0 if and only if

/1 0 4 < oo, (8.8)

$3/2

Conversely, if 0 < ©(t) <t is an increasing function on [0, 1] with

1 2
/0 @g) dt = oo, (8.9)

then there are a compact set E C [0,1] such that Og(t) < O(t) for all t and a
monotone © with

/0 %dt =00 (8.10)

for which there are polynomials P, with property (8.7).

2

By the standard symmetrization * — 2= one can immediately deduce the

following corollary.

8.2. Corollary. Let E C [—1,1] be compact, and ¢ an even function on [—1,1]
such that ¢ is increasing on [0,1] and ©(0) = 0. Let furthermore

Op(t) = I[-t,1\ E|

be the symmetric density function from (4.1). If

1 * 2
O%(t
/ B() dt < oo, (8.11)
t3
0
then for n = 1,2, ... there are polynomials with
P,(0) =1, |P,(z)| < Cre~ @)z e E (8.12)

with some constants C1,c1 > 0 if and only if

/0 @dt < o0. (8.13)

Conversely, if 0 < ©*(t) < 2t is an increasing function on [0, 1] with

/1 (1) 1y _ e, (8.14)
0

13

then there are a compact set E C [—1,1] such that ©%,(t) < ©*(t) for all t and

a monotone v with
1
t
/ 20 gt = oo (8.15)
O t

for which there are polynomials P, with property (8.12).

29



For Cantor type sets we prove the following. Let ¢; € [0,1), and consider
the Cantor set C(eq, €, ...) formed with these numbers.

8.3. Theorem. Let ¢ be an increasing function on [0,1] with ¢(0) = 0 and
E =C(e1,€2,...). If Y, €2 < oo, then there are polynomials with the property
(8.7) if and only if (8.8) is true.

Conversely, if >, €2 = oo, then there is a o with (8.10) for which there are
polynomials P,, with the property (8.7) for E = C(e1,€a,...).

9. Remez and Schur type inequalities

Remez-type inequalities estimate the norm of a polynomial. The simplest case
of it says that if |P,(x)| < 1 for = € [n~2,1], then with an absolute constant C
we have | P, (x)| < C for x € [0,n2]. Of course, this is just a simple appearance
of the Bernstein-Walsh lemma and of the \/|z| behavior of the Green function.
Connected with the aforementioned inequality are the Schur type inequalities
that estimate the norm of a polynomial provided its weighted norm is known.
For example, if 0 > 0, then

1P|

0,11 < Cn*[|27 Pa () j0,17-

The results from the other chapters of this work give easy extensions of these
summarized in

9.1. Theorem. Let E be a compact subset of the plane and let us suppose that

/1 Oh(v) du < o0, (9.1)
0

us

holds. Then
|Pn(2)| < Cr||Pallm\a

where Cr depends only on R; furthermore if o > 0, then

2| < Rn ™2 (9.2)

Rn—2(0)’

[ Pnlle < CJnQU”ZUPn(Z)”E (9:3)
Conversely, if 0 < O(t) < t is an increasing function on [0,1] with the
property
1 2
C]
/ Egu) du = o0, (94)
0 u

then there is a compact set E C [0,1] such that Og(t) < O(t) for all t € [0,1],
and for each n there are polynomials P,, of degree at most n such that

[P (0)]
| Pnll Enfn—2,11
and for any o > 0

[1Pnll
02|z Py (z)]|

30



Similar proofs give that if E = C(e1,€2,...) is a Cantor set, then the Remez
type inequality (9.2) holds if and only if >_ €7 < 0o, and this is also the necessary
and sufficient condition for the validity of the Schur inequality (9.3).

10. Approximation on compact sets

The approximation of the |z| function by polynomials is a key to many problems
in approximation theory. For example, both the Weierstrass theorem and the
Jackson theory can be based on it, and the problem is also fundamental in spline
theory. Let &,(f,[—1,1]) denote the error of best approximation to f on [—1,1]
by polynomials of degree at most n. S. N. Bernstein [3] proved in 1914, that
the limit

Jim néy (x|, [-1,1]) = o (10.1)
exists, finite and positive. This is a rather difficult result (with a proof over 50
pages). For o he showed 0.278 < o < 0.286, and based on that he conjectured
that o = (2y/m)~!, but that was disproved in [23] by high precision calculations,
which also gave o up to 50 decimal places. The exact value of ¢ is still unknown.
Bernstein returned to the same problem in the period 1938-46 in the papers [4],
[5] and he established that for p > 0, p not an even integer the finite and nonzero
limits

lim nP&,(|z?,[-1,1]) =0, (10.2)

nlgr;o P&y (sign(x)|z|?, [-1,1]) = o,
exist, furthermore that for 2o € (—1,1)
Tim 0P, (| — wol?, [~1,1]) = (1 - z2)P %0, (10.3)
holds true, where o, is the same constant as in (10.2).

In this section we consider the problem what happens for more general sets.
If E C R is compact, then let

Ef ) = deigr(llf;‘ )”f _PHHE

be the best approximation of f on F by polynomials of degree at most n in the
supremum norm. Recall that

O%t) = [[-t. i\ E|
is the symmetric density function for E.

10.1. Theorem. Let E C R be compact. If

1 * 2
Ort:20) 4y o, (10.4)
0 t3
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then for p > 0 not an even integer we have

liminf nP&, (Jx — x0|?, E) > 0. (10.5)

n—oo

Conversely, if 0 < ©*(t) <t is an increasing function on [0, 1] with

1 * 2
/0 © t(?)t) dt = o0, (10.6)

then there is a compact set E C [—1,1] such that ©%(t,0) < ©*(t) for all t and

lim nP&,(|z|P, E) = 0. (10.7)

n—oo

Without loss of generality we may assume zo = 0. It will be easier to work
with approximation on [0, 1] of |z|P/? rather than with approximation on [—1,1]
of |x|P. This can be easily done by considering E* = E N (—FE), for which the
nonsymmetric density function © g~ satisfies

Op«(t) < OL(t) < 20g-(t).
Furthermore the substitution # — 2 shows that
Enl|2]P, B) = Epnyay (2%, EY),
hence Theorem 10.1 is an immediate consequence of

10.2. Theorem. Let E C [0,00) be a compact set. If
1 2
Of(t
O )y < o, (10.8)
ot

then for p > 0 not an integer we have

liminf n*?&, (z?, E) > 0. (10.9)

n—0o0

Conversely, if 0 < ©(t) <t is an increasing function on [0, 1] with

1 2
/ eg) dt = oo, (10.10)
0

then there is a compact set E C [0,1] such that ©g(t) < ©(t) for all t and

lim n?P&,(zF, F) = 0. (10.11)

n—oo
For approximating on the Cantor sets we prove

10.3. Theorem. Let¢; € [0,1), and consider the Cantor-type set C(ey1,€a,...)
constructed with the sequence {¢;} (see Chapter 5). Then for p > 0 not an
integer

liminf n?P&,, (27, C(e1, €2,...)) >0 (10.12)

n—oo

if and only if >, € < oco.
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In particular, with the choice ¢; = 1/(i + 1) we obtain a set E = C(e1, €a,...) of
zero linear measure for which (10.12) is true. By symmetrization (i.e. conside-
ring F = {z € [-1,1]|2? € C(1/2,1/3,...)} we can deduce

10.4. Corollary. There is a compact set E C [—1,1] of zero linear measure
such that for p > 0 not an even integer

liminf n?&, (|z|?, E) > 0. (10.13)

n—oo

The density condition (10.4) appeared in the work [24] by R. K. Vasiliev
in a slightly different form. Vasiliev considered approximation of |z — z¢|P on
compact subsets, and his approach is as follows. Let

E=[-1,1]\ UZ, (s, B:),
and consider the sets
Ep = [-1L1\ UL} (o4, B:).-
E,, consists of m intervals
By = UL [aj, bj]
a1 <by <as <by- b1 < am < by, and for it define

m—1
T =N
hEm ({E) = Egil ‘ J| s
\/Hj:l | — aj||z = bj]

where \; are chosen so that

N e (Y B
/bk \/ dt=0 (10.14)

[T 1t — allt — byl
forall k=1,...,m — 1. Now set
hg(z) = lim hg, () =suphg, (z),

where it can be shown that the limit exists (but it is not necessarily finite).
Now with these notations Vasiliev claims the following two results:

lim n?&,(Jx — zo|P, E) = hg(zxo) Pop, (10.15)

1 * 2
Ot
lim nP&, (| — zo/?, E) > 0 <= / %dt < 0. (10.16)
0

n—oo

This second claim contradicts Corollary 10.4 (for a set E of zero measure we
have ©% (¢, x0) = 2t), and the correct relevant result is Theorem 10.1. Vasiliev’s
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paper [24] is 166 pages long, and the proof of (10.15) and (10.16) is about 160
pages, so it is difficult to say what went wrong in the proof. We do not know if
the full (10.15) is correct, but we have a relatively simple proof that shows its
validity provided zq lies in the interior of E.
To formulate the result let us recall that the density of the equilibrium
measure for a set
E = UjL,laj, bj]

a1 <by <as <by: - by_1 < am < by, is given by
_ 175 =

m T |2 — ajllo — b
where ); are chosen so that (10.14) is true for all £ = 1,...,m — 1. Thus,
Vasiliev’s function is just hgp(z) = mwg(x) if F consists of a finite number of

intervals, and also if E is arbitrary compact, but x is in its interior. Now (10.15)
for zo € Int(F) takes the following form.

wg() (10.17)

10.5. Theorem. (R. K. Vasiliev) Let E C R be compact and let z¢ be a
point in the interior of E. Then

lim nP&,(|z — zo|P, E) = (rwg(zo)) Pop, (10.18)

where oy, is the constant from Bernstein’s theorem (10.2).
For example, if F' =[—1,1], then
_ 1
L) = A=

and in this special case we recapture Bernstein’s result (10.3).
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16. 1II. Fiiggelék: WMI

A Bolyai Intézetben a szamitogépes matematikai oktatéis lehetGségével és prob-
lematikijaval az Analizis Tanszéken beliil 2002 6ta foglalkozik Vajda Robert és
Kovécs Zoltan tanirsegéd. Ekkor indult utjira a WebMathematics Interactive
(WMI) projekt, aminek egyik {6 célkittizése a hallgatoi felzarkoztatas — olyan
szamitogépes szakértsi rendszer segitségével, amelyben a hallgaté onalldéan is
képes kiilonféle feladattipusokat gyakorolni. Emellett a WMI projekt kutaté-
sokhoz és kutatok szakmai tevékenységéhez is hozzajarul, mivel egyesit tobb
szimbolikus szamitasokra képes programot.

A 2004-es beruhazas a WMI projektet egy, a korabbinal nagyobb teljesitmé-
nyd szerver szamitogéppel latta el. Erre a szamitégépre a késGbbiekben tovabbi
feladatokat is biztunk, amellett, hogy els6dleges szerepe a WMI felhasznaléinak
gyors és megbizhato kiszolgalasa volt (és a mai napig is az).

A WMI-fejlesztés

A WMI az ITEM K+F 203/2003-as IHM-pélyézaton sikerrel szerepelt, és 2004.
januarjara eljutott egy olyan allapotba, amelyet 1.0-s kiadasi verzidészdmmal
adhattunk ki. Az 1.0-s kiadas ota eltelt mintegy 2 évben az alabbi djitasokat,
fejlesztéseket végeztiik a rendszeren:

e Tobblépcsds tesztek. Ezek segitségével a hallgatok feltételekhez kotott
trlapokon keresztiil juthatnak el a kérdéses Gsszetettebb feladat részle-
ges, majd teljes megoldasahoz. Egy tipikusan ilyen probléma a racionélis
tortfliggvények integralasa. Az elsg 1épés jellemzGen a nevezd szorzattéd
alakitdsa, majd a tort parcialis tortekre bontésa. Mar a parciélis tortekké
alakitas soran nagy figyelmet kell, hogy kapjon, hogy a nevezs szorzat
alakjaban fellépnek-e irreducibilis masodfoku kifejezések vagy sem, s ez a
dontés a szamolas folytatasaban is jelentkezni fog.

e Fiiggvényhatarérték-szamitas. (A korabbi valtozatokban csak soro-
zatok hatérértékeit lehetett kiszdmitani.)

e Atstrukturalt tematikus modulrendszer. A tematikus modulok
olyan eldre elkészitett elektronikus tankdnyvek, amelyek ugyan szokasos
rutinfeladatok, de mindig més-maés egyiitthatokkal és fiiggvényekkel. Eze-
ket a mindig valtoz6 rutinfeladatokat a WMI a hozza szervesen kapcso-
16d6 komputeralgebra rendszerrel (Maple-vel, MuPAD-dal vagy Maximé-
val) oldja meg. Az 4j tematikus modulrendszerben t6bbek kozott az elemi
kombinatorika, az euklideszi algoritmus, a Taylor-polinomok, a kettds és
improprius integralok oktatisi modulja jelent meg. Emellett néhany, a
kozépiskoldkban is hasznalhaté feladatsort épitettiink be a rendszerbe.

e Javitott, szépitett, felgyorsitott felhasznaléi feliilet. Tébbek kozott
lehetGséget biztositottunk arra is, hogy ne begépelni, hanem — akércsak
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egy zsebszamologépnél — egérrel is be lehessen vinni tetszélegesen bonyo-
lult kifejezéseket is. Azoknak a felhasznéloknak segitség ez, akiktdl idegen
a programozozasi nyelvekben megszokott 1 dimenzids beviteli mdd.

e Bovitett, pontositott dokumentacio.

e A valés és komplex fiiggvények abrazolasanak szamos funkciéval
torténd bdvitése. A komplex fiiggvényabrazolast lényegesen felgyorsi-
tottuk (C nyelven tjrairva az eredeti Maple/Maxima nyelvd programkodot
[6]). Uj, atlathatobb kiils6t kapott a 3 dimenzios fiiggvényabrazolas.

e Olasz, eszperanté és kinai forditas.

e Felhasznal6i authentikacié. Ezzel a lehetGséggel a WMI-t hasznalo
oktatok nyomon tudjak kévetni, hogy mely hallgatéik milyen eredménnyel
oldottak meg a WMI-ben feladott feladatsorokat.

e Nyomtathat6 feladatsorok.

e El16 fajlrendszerti, letSlthetd WMI-valtozat. Mar a korabbi val-
tozathoz is készitettiink Knoppix technolégidn alapulé demé CD-t: igy
2004 januarja 6ta az is képes volt hasznalni a WMI programot, aki nem
rendelkezett internet-eléréssel. Az 1) valtozat kisebb teljesitményti sza-
mitogépeken is helyesen miikodik, igy még t&bb felhasznaléhoz juthat el
matematikai szakértsi rendszeriink.

Statisztikak

talalatot regisztraltunk [1]. Ez az elmult 2 és fél évben mintegy 40-szeresére
nétt [2].

Tovabbi projektek

A wmi.math.u-szeged.hu gépnevi szerver szamitogépre az aldbbi — sajat fej-
lesztésd — szolgaltatasokat telepitettiik:

e Hiromszdgek felbonthatésiga egyenldszart haromszogek disz-
junkt uniéjara (2004. marcius), Pascal /Maxima nyelven irt szamitogé-
pes program [3, 4]

e Student csomag a Maxima komputeralgebrai rendszerhez, CVS
adattar (2004. november),
http://wmi.math.u-szeged.hu/cgi-bin/viewcvs/viewcvs.cgi/student

[5]

e ODE Oanline, internetes differencialegyenlet-megold6 (2005. aprilis),
http://wmi.math.u-szeged.hu/“kovzol/ode/ode.php
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e Surf Online, algebrai feliileteket vizualizdlé internetes program
(2005. aprilis),
http://wmi.math.u-szeged.hu/“kovzol/surf/surf.php

¢ Real-Time Zooming Math Engine (rtzme), valos ideji komplex fiigg-
vénytani segédprogram (2005. oktdber),
http://wmi.math.u-szeged.hu/ kovzol/rtzme [6]

e Moodle oktatasi portal, teszt {izem (2005. december),
http://wmi.math.u-szeged.hu/“kovzol/moodle

e XaoS fraktalrajzolé program, wiki informéaciés rendszer (2006. ja-
nuér), http://wmi.math.u-szeged.hu/ kovzol/Xao$ [6]

e Formula Converter (formconv) projekt, teszt valtozat,
http://formconv.sf.net.
A formconv kiilonbdzé formatumu (pl. MathML, TeX/TEX, C, Pascal,
Java, CAS) képletek egymas kozotti konverzidjat végzi el.

Tudomanyos cikkek

Munkankroél tudoméanyos cikkekben is beszamoltunk. Ezek listajat az alabi iro-
dalomjegyzék tartalmazza.

A WMI projekt hasznossagarodl, az oktatasban és kutatdsban tapasztalt els-
nyeirdl (és esetleges hatranyairdl), tovabba az rtzme, XaoS és formconv progra-
mok fejlesztési eredményeirdl tovabbi cikkekben késziiliink hirt adni.
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