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ΘE(t) = |[0, t] \ E∗|
�P�5�I�=mIib�5�K�Iob�uk�iTv/¾º�5}��MlIk�oT���K�5iT�

E∗
lIpbyI�
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���5�Cl�v�l�}e�QlI��kJl�pHl¦lIk�ob�~�Iob}Kv|oJl�pJyIv8{��=�
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E
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(5) gC\E(z) ≤ C
√

|z|
∫ 1

|z|

ΘE(t)
2

t3
dt,

iT�RoTp&k � v � yI�Cq|yC�jl �5� lI�£lIp&ibv|q|ob�~obk � oT�
�N�5yI�=�Jk�{~�Q�NoT�
Θ
k�y=�5y�q8yI�A�Q�nmIoT}CmIr¨�P�5�=��¸

mIib�C�K�5oTp!m?lI�£y=���=lI�
E ⊆ [0, 1] �QlI��kJlIpI�N�5y=�I� ΘE(t) ≤ Θ(t)

�NiH�

gC\E(−r) ≥ c
√
r

∫ 1

r

Θ(t)2

t3
dt.
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µE([0, δ]) ≤ C

√
δ exp

(

C

∫ 1

δ

ΘE(t)
2

t3
dt

)

,
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�Ql
Θ
lI�NyIq�qT�Ql�}K}Iy=vRm?lI�£y=���Cl��

E
�5�5y=�I�

ΘE(t) ≤ Θ(t)
k�{��Q�5ob�

t
¸Òv|o=�N�No

µE([0, δ]) ≥ c
√
δ exp

(

c

∫ 1

δ

ΘE(t)
2

t3
dt

)

{��Cl�p£k�{~�Q�NoT�
δ
¸Îv�l�m?lI�~lIk�{��~�Iob�

c > 0
}IyI�`�ºq�l��Q�8�|lI�1w§h�ob� ¾ºoT�|ob�Ol��QlI���=��oTv|oH�Nk�ib�C�IoT}

{��Cl�pTlI}J�Ql�v8k�yI�5{~}K�Q�Rk�ibv|q|iT}Iob} � o � �|��iH��ibv8o&}Iy=k � l�}Cq
E ⊂ C

oH��obq|iT�
w
� �Pob�Cq|obk��ÍÏÐ q8oq�qJk�yI�5y=�Iv �?¿`��� l��Fl�k � �|{�}ÓmIiT�I�~oq8oq�{É��k�ob�ImK{~pT�|� � �Ñq8�5}��ul�k�{~}IyIv8{~�Ô
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�Ql��~kJl�p¨À/k�ibv|q|ib}J��pTobk � yI�Cq/¾ �I� �=�ÇÃ�oT�I� � ��q8lI� � ���5o\�~ob�=�Iob���|Ö5v8Ö
�ClI} � v+�C�5�~�Él�k�ibv|q|iT}CÖ�{~�
��oT�5oqHw�Ô
ob�=�Iob� {εn} ob�I�Ó��y=v|y=pTl?q¨l [0, 1) {��Cq|obv8m?lI���~�5k � �=�1�MiH��}IiH��pKÏÐ q����5}�ob�UoTpbpTob�Rl��y=v|y=pTl?q�q�l��5l��|pbyI} � �|y=�xÕRl��Cq|y=vu�QlI�~k�lIp�k�oT���Pob�~ob�~r�¾ºiqUl�pTpTlI�5l!m � ��q|y=pq8l�q � �|�8l?�Î���5yI�=��l�p
n
¸ÒoT�N{~}¦�~i � iH� � oT��lJk�iT�Ak�oT�IkJl�v�lI�N��À

2n
�5lIv8l � Ãj{~�=q8obv8m?l��~�~�5k�yI}£}I�=pbi � ��r

εn
¸ÎoT�ev8i¸

��pTob{�q�q � mIyI�ÍÏÐ q1¾º�5}Aob�UÀ/lIp εn = 1/3
m � �ÉlI�|pq � �|�|l��
lI�N�N�5{�}£l�p�obv8oT�5oq|{�ÕRl��=q8yIvØ�Ql��~kJl�pqÙÃÙw
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�Ql��~kJl�pTv8l

C \ E
Ê!v|oboT�3�P�5�I�=mIib�C�Io

l�}K}IyIv\iH� � �|lI}K{~��l�}K}Iy=v�Ô
{ � Å?Ú�»eÀ/ob�5�Qib�u��{~k ���5� �5obkÛ�~ob�5obq�Ã\�Ql ∑
n ε2n < ∞ w&ÈxpTob�obv8oT�Nk�ib�K�eobv8r=�8��iT�Iiq�k¨�Nq�l?q1¾�l5�
�5yI�=�elIp

εn = 1/n
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�P�5� � q8{�y=���PyIvjl � y=k � ��oTk�oT�=qRyI�zl ¿ �5{�q|o&�C�5k � oTvRy��
v8oTlI�`{��Cq|obv8m?lI�~�T��ôxõ?öQ÷Ùë1ãbøjâUùIù�ã|õbúKø~�
ïQû�À1»I¼I¼�ðKÃÙ�:ð`��üI½=üHý5ü�ò�á5Ýz�¨w
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�|k�yKy�q8�5�5oT�8�Ry���q8�5o¨Ê&v|oTob�A�P�Q� � q8{�y=�£�Py=vRq8�5o
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�P�5�=�ImIiT�C�

E
�Ql��~kJl�pby=�3��oT���PoT� ¾ºo �5�

n
¸

oT�A�PyI}KË � y=��{~�5y=k�y=}K}?l��-mIobq�q��~ob�H¾ºy �5� l �Q� v|yn�N{�k �=� {~�?¾ � �`l�}��5{ �Q� ¾ � qHwxÜUoTv|�`�ºq8ob{~�£��ÏÐ v8oT�T�k�l?¾����=ob�=�¨ibmN�|p � pHlI�NyC��q|ibq|ob�~o\�|pboTv|{~�=qx�`l
p
� y=pb{�qnÏÐ m��NoØ�5obk �Q� v8y=��oT�IiT�|p��|p � k��=l�}K}IyIv

lim
n→∞

npEn(|x|p, [−1, 1]) = σp

»



��ibq|obpT{�}�� � yIpT{Ñq?ÏÐ m��NiT�jmIiT�IoH�b�Kq|y?m ���Q�Q� x0 ∈ (−1, 1)
¸Îv8o

lim
n→∞

npEn(|x− x0|p, [−1, 1]) = (1− x20)
p/2σp.

· � v8k�y=��q�q8oq8�|pbr=��oT�IoH��}Iy=k � l�}Cq��Ql��~kJl�pTv8lÓl � y=��{~�5y=k�{ � �~{É�º¸Ò{��KmIobv8p¦}Ii � k��N�5�|pboTv|v8ob�
ob�5�5oT}×}K{Ñq8obv1¾ºoT�|pq|iH��oT}Iib�Cq¨{��Cl�pTyI��q|�5}�s��Ql

E ⊂ R
}Iy=k � l�}Cq¨iT�

x0 ∈ E
lIp

E
� ob�É��r

� yI�=q1¾�l5�Ql�}K}Iy=v
lim
n→∞

npEn(|x− x0|p, E) = (πωE(x0))−pσp,
l��5y=�

ωE
l�p!oT�I�Iob�`��Ë5�~�K{�k�iTv�q8ib}£��Ö5v8ÖQ�|ib�IibqM¾ºob�~�I�~{Îw

ÕRlI�=q|y=vA�Ql��~kJl�pby=}Kv8lÓlFk�oT���PoT��oT��rF}=ibv8�5iT�|}I�Iv � oT� }�l � q8�5}����5y=�I� �Ql
E
l�p {εi}� l�v�l�k�iq8obv8ob}K}Iob��ob�~r � �~�ÍÏÐ q|yIq�q\ÕRlI�=q8yIvj�`l��~k�lIpI�5lI}C}Iy=v!À p > 0

�5obkßob�=iT��p!oT�|oq8ib�`Ã
lim inf
n→∞

n2pEn(xp, E) > 0.

l�}K}IyIvjiT� � �8l�}K{~��l�}K}IyIv � �~���PoT�5�
�5�`l ∑
i ε
2
i <∞ w�D� yI�~{��QyIk�¸Î{~�CmIoTv|p�}Ii � k��N�5�|pboTv|v8rI�5l!q|iTkJlHmIoTpboq8r�l�à5y=�5v|q|�JÈx�5v8y � oTlI�AÕUyI�Q�Iv8oT�8�

y���·�l�q|�5oTk�l�q|{ � {Él��`�R}Iy=�N�Pobv8ob� � { � �£k�ob�I�MÏÐ mIy�q|qjoT��rClI� � �ºqRq�l�v|q|y�q|q�ÀP�É�:w�Ä áCüHÆÇÃw
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iH�&y=�5�Ql�� � �Ñq�l�� � ¸
�5y=���Ql��~kJl�pTyI}Kv8lØ�~obk��5{É�|pb} � q � m?lI�Cm?l��~�&}I�IpboT�ÒÏÐ q|iT�8�|ob�K�|{�}=obv|�Q�Ñq�q|y?m ���Q� ��i � �5{:Ä »I½nÆÒw�È+�5�5ob}��iT�C�Iob�=o�l¨ÂØ{~� � obv|q�¸Î�Pib�~o\�~obk��5{É�|pb} � q8l�¸1q8iq|oT�`}C{�q|oTv/¾ºoH��pbq|iH��o\ibv8{~�=q|}=obpbr¨�~obk��5{~�|pb} � q � }�oT�|o¸
q|ibv8oIw � �~obk��5{É��pT} � q8l?¸Îq|ibq|oT�zlIpq�k�y=�Q�n¾�l�}C{Î�`�5y=�I�£}Iiq��=�Iv � oT�|obv|ob��}I�=pbiI�-l�k�ob�~�Iob} � r=�
l�p&ob�=�C{~}�l¨k � ��{~} � ob�É��o�¾ºi � ob�¦m?l��z�Kk�{��Q�5{���ob�~�5ob�~�IobpT�5oq8r��~obk��5{É��pT} � q8l£ÀPoT�I� � y=��{~�5y=k
��pT{��Cq|mIy=�Ql��Él=Ãw � pJobk��ÍÏÐ q|obq�q�}K{Ñq8obv1¾ºoT�|pq|iH�!�|pboTv|{~�=q�obp�k�iT��lI}K}IyIv&{É�!k�ob��q8ob�5obq|r`�
�Ql�l�I�Iv � ib}emIib�IoH�&�|yI} � y=�=q � l���iTv|{~�=q8{�}�oT�I�Kk � ��qT�
�No�y�q|q�l£�I�Iv � �5�~oq8�5}e}K�5�~�I� � �=pbrQ�:�É�:w
Ä »I½nÆÒw � �Çr�obv8oT�5k�iT�C�£obpboT�el�q|oTv|�5�~oq8ob��l�}I�nmIobq|}IoTpbrQsx�Ql

K
� {~pbyI�K�Iy=�jq|�5�Él?¾��NyI�Q� � �=Ë

}IyIk � l�}Cqu�QlI��kJlIp�l!�HÏÐ }IyI�¦À K � ob�É�|oº¾ºib�Qob}�l&�~obp � v|q/¾�l
K
�IiT�

K
}Iy=k � ��oTk�oT�=q8obv8oj�=�8��pTo¸

�P�5�I�=rCÃÙ�:iH�
z0 ∈ ∂K

l
K
�`l?q � v � �Ql�}�ob�I� � y=�=q/¾�l�l�k�ob�~�e}I�Iv8�C�IoTpbobq|i � oT�

K
�Ql�q � v8l

C2
¸Ò�|{�kJlQ�5l�}K}IyIv

|P ′n(z0)| ≤ (1 + o(1))n
∂gC\K(z,∞)

∂nz0
‖Pn‖K ,

l��5y=�
Pn

q|oq��|pbrI�~ob�=oT�
n
¸ÎoH� �PyI}KË � yI�~{~�5yIk��

gC\K(z,∞)
l

K
}=yIk � �~obk�ob�=q8obv8ib�5oT}

Ê&v|oTob�!�P�Q�I�ImIiT�C�IoxmIiT��q8ob�~ob� � �=���Q�8�8l��Î�Hlu¾ºy �Q� yI�É�5l��~yI��oRÊ&v|oTob���P�5�I�=mIib�C�K�5oT}&lØ�5yIv8k � ¸
��{É�x{~v � �=q|{`�Nobv8{~m � ��q1¾ºl��|pboTv|o � ob�Î�IiT�+l

o(1)
oT�I�¨y=�~�=l���k�oT�5�C�K{É��iT�Ioq
¾ºob�~�I�Î�Cl�k�{5�P�5�=�Ioq8��oT�

Pn
¸1q8rI�Î�-iT�

Pn
¸ � oT��ob�I�IoT�5�~oq|oH��oT��q8lIv�q&¼�¸Î�QyIp��Ql

n → ∞ w�ÌÒq�q!l ∂gC\K(z,∞)/∂nz0�/l�}Cq|y=v � yI�Cq|y=�T�Q�|obk�k�{��~�Iob��}K{É��o �5� ob�
�5oTk � �|obv8ib�~�5oq8r��ÇoT�1�`iT�Øl�p�{É��{��Cl�p=�N�5y=�I�Al
o(1)q8l��!��oTk �QlI�I�K�Ql�q|�\ob�Îw � �Pob�Cq|{ � o � �|��iH�zq8ob� � qu�|{�kJl��Ql?q � vMoH��obq|ib��k�ob�ClI�n¾�l�lIpRl=��pT{�k � ¸

q|y�q8{~}C�`�|lI� � yI�Cq|yC�\·�l�v8}IynmA�/l�}Cq8yIv|qT��l�k�{1� � ��q8l�� � �5y=�8� � � � q�q|oT}K{��Cq|mIo=�-{~�IoT� ¿ �I�Iob�~obk�v8o
k�iT�Ñq8r�oTv|oH�Nk�ib�C�=w

á



Èx�=��}�l ��� �|yI�~�N�N�¨q|oTv|�Q��obq
Lp
¸ÎoT�I�IoT�5��rIq|�~ob�Q�|ib� � {�pTyI�C�
ÏÐ q � �8l¨obpTpbob�zl�k��5�5��pTobv8v|oT�1w �}IobpT�5oq|{`�~i � iH��oT} � {~pq8l�q|�=}�l�v8v8lQ���5y=�I��obp\l�k��N�Q��pTobv+�|{~}Iobv8v|oT�5lI��}�l��~kJl�pb�`l?q|�!o �5� ob�Al�p

{�v � �K� � l��£{É�bÝQ�No�l�p!obp�{�v � �K�CË£�PyI�~�I��}K�Nq�l?q � �|yI}Jk�ib�J�5obk�p � v8�N�Kq�l�}J��o=w

�A% ª©�M	�	�� ¬?£®¨®�¯�����°¨	j¤ �g´����£	j�z³Q¬? ��Ù°��� ¨�£ ����z��®��
¹K{�}=obv|�Q�Ñq�ob�=�&�Py=�=q|yC� � v|y � ��iTk � qMk�ob�Iy=�~�Ql��C�Q�5}�s:oTp�Ê&v|oTob���P�5�=�ImIib�K�Iob}�Â\�I�É�NobvM�PyI�~�=q8y�¸
�5y=�8� � � � �Ql�}�¾ºob�~��oTk�pTiT�|o��`l?q � v � y=�=q8yI} � l��
w � p�oTv|oH�Nk�ib�C�IoT}¦l�Ô
oT�5�Ql�v|q!ÕRl�v8�~oT�|yI�5�Ql��
}I�Ipb�C�¨Ä~ÅÆx�NyI�~�Iy=pTl?q � l���}Iobv8�5��q|ob} � � � �~{~} � � � �|v�lA»�¼=¼�ðI¸ � ob�
w!Èxp�oT�I�Kv|iH��pbq�ob�=� � {�oT�5obv
qnÏÐ � �Q��Ë£}?lIv8lI}Cq|oTv|{�p �I� {���¾ � qRl=�n¾�l�lI�5�QlI}-�K�5y=�I���Ql�l��Ql?q � vjl [0, 1] {��Cq|oTv|m�l��~���5k��QlI}�v8i¸��pToI�Cl�}K}Iy=vuk�{�}=yIvx�~oT�|p\l¨Ê&v|oTob���P�5�I�=mIib�K��Ô
{ � ÅnÚI»&lIp�y=v|{~�=�!}I�Iv8�5�1�=k � �|v|iH��pbq:¾ºob�~��oTk�pT{
l�Ôz{ �

α
��{~kJlI� � �=y�q¨ÀPm?lI�~lIk�{��~�Iob� � yIpT{Ñq?ÏÐ m α > 0

¸Òv8lCÃ � �1w\yI�~�=lI�¦q8lIv�q8yIk � �C�IyI}AoH��obq|iT�
l�k�ob�~�Iob}�q8ob� ¾ºoT�nÏÐ q|{~}¦l�}KË � �PoT�Ñq8iq8ob��qTw!�IoT���=� ¾ºo Dr = {z |z| < r} lIp�yIv8{��=��}I�=pbi �5� yI�=q8Ë
r
���5�Cl�v8ËA}I�=v|�Él � yIqT�KiT��ob�I�A�nÏÐ } � ob�~{ E }Iy=k � l�}Cq��Ql��~kJl�pbv�l���oT�I�Iob�

En = E ∩ (D2−n+1 \D2−n) =
{

z ∈ E 2−n ≤ |z| ≤ 2−n+1
}

m?l��Él�k�{~�=q
NE(ε) = {n ∈ N cap(En) ≥ ε2−n}.

Ä�ÅÆ~¸ � oT��lIpuob�I�K{~}Ø�Pr � v|y � �~ibkJljl�v|oT��oTm � �`�
Ê&v|oTob�&�P�5�=�ImIiT�C��Â\�I�É�Nobv|¸Î�Çy=�~�=q8yI�5yC�|� � � � �Ql�}-�
¾ºob�~��oTk�pTiT�|oI�Ql�pHl�p

gΩ(z,∞) ≤ C|z|κ
k�{~}Iy=v�{��Cl�p¨m�l��Él�k�{~���IoT�

C, κ
��p � k�yI}K}?lI�1w�ÌÒq�q

Ω
lIp

E
}Iy=k � ��oTk�ob�=q8obv8ib�5oT}�mIib��q8ob�~ob�

}IyIk � yI�5oT�Q�|oI�QiT�
gΩ(z,∞)

ob�5�Qob}�Ê&v8oboT�¦�P�5�=�ImIiT�C�Io�mIib�Iq|oT��oT�¦q � mIyI�~{ � �=���Q�8�8l��ÎwUÌÍ�=lIp
k � v|k�yC�ºqjl�}I�?mIoq8}IobpTr�q8iq|oT�1w+Ô
ob�=�Iob�

E
yI�~�=l��A}Iy=k � l�}CqR�`l��~k�lIp&l��nÏÐ }Iy=�AlIk�oT���Kv8o&l¼ � y=�=qjl�p

Ω
�Ql?q � v � yI�Cq/¾�l5w�à5oT�Ñq8iq8ob�~obpbpT�5}�q|y?m �I�5�Q� �=�5y=�I�

Ω
q8lIv�q�l��~k�lIpØob�I��¼ � �|Ë � ��Ë

}CË � y�qT�5m?lI�I� � oH�N{~��m?lI�£y=���=lI�
γ < 1/4

�5�5yI�=�

cap(E ∩Dr) ≤ γr, 0 < r < r0
ÀºÅHÃ

�Pob�5� � ����m�l��Él�k�{~���IoT�
r0 > 0

¸Îm�l��MÀ/{�q�q
cap(·) l¨�~yI�=lIv|{�q|k�{~}K�Q�x}�l � l � {�q � ��qz¾ºob�~�I�~{ÇÃÙw�È+}C}=yIvl�}I�nmIobq|}IoTpbrI}JoT}CmK{~m?lI��oT�Q��oT}�s

L#" �
gΩ

Ê&v8oboT�A�P�Q�I�ImIiT�C�AÂ\�I�É�Nobv|¸1�Py=���Cq8yI�5yC�
0
¸ � lI�
w

X$" NE(ε)
� yIpb{�qnÏÐ mAl��É�����|Ö5v8ÖQ�|ib�IÖ£m�l��Él�k�{��~�IoT� ε > 0

¸Òv�l5w
hzy?m �I�5�Q� X%" ¸ � rI� L&" k�{��`�Nob�£�PoT�Ñq8iq8ob�
�5ib�~}K�5�:{~�=l�p=�N�No�l¨�PyIv��zÏÐ q8y�q|qj{�k � �~{~} �I� {��=�5yIp�}IoT���q|y?m ���Q� {��Pob��q|ibq|ob�Î�Qk�{��Cq � �Îwxl�}KË � �Pob��q|ibq|oT�
m�l��I��ÀºÅnÃÙw

Ä~ÅÆ�k � ��{~}×�Pr�q|iq8ob�~o�l�p£y � q|{~k � �~{~��Â\�I�É�Nobv¦Å?Ú�»�q8�5�~l?¾��Ny=�Q� � ��}�l�v�l�}Cq|oTv|{�p �I� {���¾�l�l
��p � k�ob�=�Iob�5oH��oT�
s�Ô
ob�=�Iob�

E ⊂ [0, 1]
�
Ik = [0, 2−k]

��iH��v8�I�=pCÏÐ q8oq|q 0 < ε < 1/3
¸Íl��

��oT�I�Iob�
Ek = (E ∩ Ik) ∪ [0, ε2−k] ∪ [(1− ε)2−k, 2−k],

m?l��Él�k�{~�=q
θk = 2k(cap(Ik) − cap(Ek))

w�Èx}K}IyIv!l
g
C\E

Ê&v|oTob���P�5�I�=mIib�K�el�}K}Iy=v\iH�
� �8l�}K{~��l�}K}IyIv�ÂØ�=�~�5obv

1/2
�Py=���Cq8yI�5yC�jl�p!y=v|{~�I� � l��
�K�Ql ∑

k θk <∞ w

ð



Â�lI�|yI�5�~�×}Iibv��NiT�|ob}Iobq�kJl��ClI�8l �5� �5{�k�ob�Qpb{~� � l�� iH��'\obþjq8yI�N¸ � y�q|oT� � { � �~v�l�h�yK�I}IyC�
à5oTv|oT� � mC{~pT�|� � ��qTwxÄ áC»HÆ=}?lIv8lI}=q8obv|{~p �I� {~��q:l=�&}CË � �Pob��q|ibq|ob�=k�ob�~��obq�qMÂØ�I�É�NoTv�¸Î�PyI�~�Cq|yI�Qy=�|� � �Iv8l5�
l�k�ob�~���=ob�Ck�oT�Iy=�~�n¾�l\·Fwn·�lIpb��� l�oT�I�!ð=¼ØiTmIoT� � v|y � �~ibk � ¾ � qTwUÄ á=ánÆ)(C�QlI�=q|{�q�l?qnÏÐ m � o � ���~iT�|o¸}Ioq�q�l�v|q8lI��kJlIpRl&�QlI��kJl�p���ÖQv|ÖQ�|ib�=ibv8oRl!Ê&v8oboT�¨�P�5�=�ImIiT�C�Iob��}Iobv8oT�|pq|�Q�1�IlIk�oT����oTv|oH�Nk�i¸
�C�Iob} � ��q8lI� � �5y=�nÏÐ q/¾ � }��¨wN�¨w � �`�Nv|{~obmN�|}K{�{�k�ob�I�ÇoT��oT��r�q|ibq|oT��ibqT�Nk�{É��pTobv8{��Cq�l�Ê&v8oboT���P�5�=��¸mIib�C�Jy � q|{~k � �~{~�&À1ÂØ�=�~�5obv&Å?Ú�»IÃ+��{~kJlI� � �Cl!kJlI�=l��Nq � �£mIyI�?¾�lQ�C�5y=�I�Jl�p&l=�Ny�q|q � yI�Cq � lI�
l��QlI��kJlIp�Å!�|Ö5v8ÖQ��iT�IÖ£}?l � l � {�q � �R�|pbobk � y=�=q/¾ �I� �I�xÀ/Ô
o � oT�|�I�5ob¸Îk�ibv|q|iT}Kv|o��5iTpbmIo�l�} � vj¼
��Ö5v8ÖQ�|ib�=Ö£{~����oT�5oqÙÃÙw

Ä á�ð?Æz� � v|y=k �5yI�~yI��ob}KmK{~m?l��~ob� � { � ¾ � qj{��Cl�pby=� ¾�lQs

• � Ê&v|oTob���P�5�I�=mIib�K� gC\E(z,∞)
Ôz{ � ÅUl

z0
¸ � lI�AÀ/��oT�5oq8r��~ob�C��{~k ���5� mC{É�|ob�~}IoT�NiH�8Ã

• |P ′n(z0)| ≤ Cn‖Pn‖E
À/k�{~�5{~k � �~{~�T�

O(n)
�Ql��=�K� � �IË¦�~yI} � �~{~�Ø·�l�v8}Iy?m�}Iy=�Q��q8l��5¸

��y=}5Ã

• µE(Dr(z0)) ≤ Cr
��lI�5yI�

µE
l�p

E
oT�I�IoT�Q��ËQ���K{�k�iTv�q8ib}Io£À/Ôz{ � ���5{�q|pb¸1q?ÏÐ � �Q�|Ëe�PoT�Ñ¸q|ibq|ob��l�p!ob�=�Iob�Q�|Ë5�~�C{:k�ibv|q|iT}Cv8oHÃw

* % +����� �®� ��¦���¢b�,� ��¢�¦ ¨�¡ �¤
Èx�I�Fh��5v � � Áu� � � ��q8lI�R}IobpT�5obk�ib�C�=obpbobq�q�}Iibv��NiT�|}I�Iv¨mIiT�I�~ob�IoH�¨k�oT�Iy=�~� � �|lI}�iT�=q�Üjl�v8v|�
¹K{�k�y=�eiT�\l�q|ibkJlnmIobpToq|r�{��Cl�pby=�Ñq�l�ÀºÄ áI¼?ÆPÃ�lJ}I�?mIoq|}IoTpbrIqTwRÔzob�I�IoT�

1 ≤ n < N
�`�~ob�=�Iob�

lI�NyIq�q�ob�I�
Φn

Å��PrNob�I�K�Nq|q|�Ql�q|�C� � y=��{~�5yIk©l�k�oT���K�5oT}£k�{��Q�5ob��pTibv8�Q���5oT���Io¨lIp�ob�I�N�|ib�I¸
}I�Iv � ob��m?lI�
���~ob�I�=ob�eq8ynm ���5�`�

a1, . . . , aN−n N − n
� yI�Cq!lIp�ob�I�N�|ib�=}I��v � oT�
w&Èx}K}IyIv

m?l���y=�~�=l��
µ
k�ibv|q|iT}�l�p�oT�I�N�|ib�I}I�Iv|�I�
���5y=�I��l

µ
¸Î�QyIpjq8lIv�q8yIpT�

n
¸ÒoT�5{�}�y=v�q8yI�IyI� � ��{É� � yI¸

��{~�5yIk�i �5� ob�
Φn
�CiH�Ul¨k�ob���PoT��oT��r

N
¸ÒoT�N{~}�yIv|q|y=�IyI� � �~{É� � yI�~{~�5yIk��QlI}�l�p

a1, . . . , aN−nk�{~�Q�Ópbibv8�Q�|�5ob�~�Iob{Îw-�=ob� � ob�
s��Ql
Φn(µ, z)

l
µ
¸Î�QyIp�q8lIv�q8yIpT�

n
¸ÒoT���PyI}KË ÀºÅ��PrKob�=�K�Nq�q|¸

�Ql?q8�=��Ã � yI�~{~�5yIk��+lI}C}Iy=v
Φn(µ, z) ≡ Φn(z)

iT�
ΦN (µ, aj) = 0

�
1 ≤ j ≤ N − n

Ý
l�pTlIp�l�p

n
¸ÒoT���Py=}KË � y=��{~�5y=k¦�KiT�Uo�k�ob�~��obq�q�l�p

N
¸ÎoH���PyI}KË � yI�~{��QyIk

N −n
pbiTv|�Q�|�5oT���Io

��pHl � l=�NyI�£ob�~r-ÏÐ v|�Ql�q|�QwÈ �Q� rI�Nl�pUoTv|oH�Nk�ib�C� � r=�=}I�?mIoq8}IobpT{�}!�5�5{~mIobv8p � �~{É�zk�ibv|q|iT}!�~iq|oTpbiT�|oRlIp+oT�I�N�|ib�I}I�Iv|�I�
s
m?l���yI�~�=l��

µ
�n�QyI�I� �Q� v8k�ob�~�I�nlIpxoT�I�N�|ib�I}I�Iv|�~obk�obpTob��lI�5y�q�q

ν
m?l��~�=�|pCÏÐ �KÖQ�|ib�I{�k�ibv|q|ib}K�5oTpm?l���y=���=lI� {nk} ��y=v|y=pTl?qT�5�5yI�=�Al Φnk(µ, z) lI�|pb{~k � q|yIq|{~}K�Q��pbiTv|�Q�|ob�~y=�|pb� � �|l�i �5� ob��l

ν
k�ibv|q|ib}�w�h��5v � �Óobv8oT�Nobq|{+}IiTv8�NiH��o�l�p�mIyI��qT�M�5y=�I��m�l��N¸ÒoJyI�~�=l��

µ
lIpJoT�I�N��iT�I}I�Iv|�I�
�

�5yI�=�£l��5yIpTp � q8lIv�q8yIpb��y=v�q8yI�=yI� � ��{É� � y=��{~�5y=k�y=}Apbibv8�Q�|�5ob�~�Iob{zlIp�ob�=�K�|ib�=}I�Iv � ob����Ö5v8Ö5�
�5ob�~�IobpT}IoT�N�5oT}�ob�Îw

Ä »nÆIoT�I�\Ë?¾:k��N�5�|pboTv�q:�Poº¾º�~oT�|pq|obq�q�}K{�y=v�q8yI�Iy=� � ��{É� � yI�~{~�5yIk�y=}ØpbiTv|�Q�|�5oT���C¸Òob�~y=�|pb� � � � �`l�}
mC{~pT�|� � �Él?q � v8l5w � p�oH�5�N{~�I{
k��N�5�|pboTv|oT}=q8rI�:ob��q|iTv|rKoT�¦obp�}I�IpTmIoq8��oT�C�5�
�QlI�|pb� � � ¾�l�lIp!y=v�q8y�¸
�IyI�`l��~{Ñq � ��qT�CiT�RoT��r=�C�Io&lIpI�K�5yI�=���5oTk � y=pb{�qnÏÐ m��No ¿ �5{Ñq � ob�É�|r���pTyIv8pTl�qUoT�|oq8ib�
�Km�l��Él�k�{~�=qlJÊ&v|oTob�¦oT�|oq � ob�¦{É�Øl��~}?l��~kJl�pb�`l?q|�`w

� Ä »/.nÆ��Ny=���=yIpHl?q � l��Óob�=�×Ë?¾¨k��N�5�|pbobv|q�lI�Kq8�5�5}3l��Q�Ql�}×{~�=l�pTyI� � � � v8l5�M�5yI�=�×�Ql�l
k�iTv�q8ib}�q8lIv|��¾�l

[−1, 1] � ���`��pAob�=�×�|yIv8yIpHl?q�lIk�ob�~�C�Qob} � �|lI} ±1 l�q|y=v|�~�N� � ��{ � y=�=q/¾�lQ�l�}K}IyIv+l�v8ob}K�5v8pb{~�=�uob�=�K�Nq�q8�Ql?q8�I}£Å?Ú�»?¸Î�5oTp�{��~�Îw�¼�¸Î�QyIp�q8l�v|q�l��Ql�}�w�Èxp&l � {�pTyI�K�:ÏÐ q � �uq|obq�q8o}IiT�|r �5� ��oT�5oq8rnmIoJÀ1Ü&wQ¹N{�k�yI� � ��q8lI�ÉÃU�QyI�I�AlIp!lI�Ql��~�I� � v8y � �~ibk � q�}I�Iv?ÏÐ mIoT�Ak�ob�Iy=�~�?¾ � }�w

ü



h�ynm ���5� {�y=v�q8yI�=yI� � ��{É� � y=�~{��5y=k�yI}K}?l���}�l ��� �|yI�Él?q8y=�+q � k�yI�Cl?q|yIq�qØ�NyI�~�Iy=pTl?q8yI}�l¦Ä áI½nÆ
iT�!Ä ünÆÒw

0 % 1 	���®�°¨��$U�¨�z¢×���R�M	��	j¤
2!�5���=� � �=pbr � o � �I�=l�p � ��{Kq|iq8ob�~ob}��|pboTv|o � ob�~�5ob}�l�p�Ä ½?ÆÑý�Ä .?Æ`iT��Ä »=ñHÆ-�NyI�~�Iy=pTl?q8yI} � l��
wzÈxpboT}
lO��y=v|oT��k�ib�~oq8�5obpÓiT�el �5� v8yH�N{~k �=� {~�Kob�~k�iT��obq|�5oTp�}�l ��� �|yI�~�N�N�QlI}-��iT��Ô
oT{��Q�5��oTv�Ô � �|pb�~�
o¦q|oTv|�Q��obqJ�~ob�I}K{~obk�ob�~}IoT�5r �5� }Ii � mK{~�|ob�~r�¾ºoIw Ä ½?Æ\ob�I�K{~}3oTv|oH�Nk�ib�C�=o�l×}I�?mIoq8}Iobpbr`w Ô
ob¸
�I�Iob�

p ≥ 1
�
ω
�Py=���Cq|y=�5y=�8� � �I{�k�y5�N�5�~�Q�&iT� {λn} yI�~�=lI����y=v|y=pTl?q&l�k�oT���Kv8o ω(1/n) =

O((nλn)
−1/p)

wxÂ�l
f(x) =

∑

n bn sinnx
yI�~�=l�����pCÏÐ �C�Q�|p¸Í��y=vjl�k�ob�~�Kv|o

∞
∑

k=m

|bn+1 − bn| = O(n−1ω(n−1)), m = 1, 2, . . . ,

l�}K}IyIv
∑

n

λn|sn(x)− f(x)|p ≤ K <∞.

Èxp¨l�q8iq8ob� � {~pby=�C�IyC�job�I�K�Nq|q|�Ql�q|�I�Pob��q|iq8ob�~��oT�z�No ¿ �5{ � ��q\�|yIv8yI}�iT��À/obv8r=��ÃRl �5� v8yH�N{~k �=� {~�=�
y=�|pq � ���=yI}3}I�=pb��q|qJ�~iq8oT�HÏÐ q � o � �=�=l�p � �|{jv|oT� �=� {~��qHw � peoTv|oH�Nk�ib�C� � y=�=q8y=�T�UoTp���pT{��Cq|ib�Ä ½?Æ~¸ � oT�¦}Iobv8�5�:{~�=lIpbyI� � �|v8lNw

Ä ñHÆ�oTv|rC�J}I�Ipbo � ob} �Ql��=�N� � ��v8ob�Q�n¾ºiTmIob�\�No ¿ �Q{ � �Ñq¦l �5� v|yn�N{�k �I� {��=��yC��pbq � ���Iy=}FiT�£l�p
Ë5�
w

W rHω ��{~kJlI� � �={�yC��pbq � ���Iy=}e}=�Ipb�Iq�q8{ � o � �=�=l�p � �ºq!q � v|�=�=l��Îw � p�obv8oT�5k�iT�C�IoT}×¹�w
·3wQ·�l�pT�Ql�vjq|iq8ob�~ob{�q � �Ñq�l�� � �5yC�HÏÐ q/¾ � }�w� Ä ò?Æ\�NyI�~�Iy=pTl?q��|pb�5}N�|ib�IoH��iT��oT��oT�IoT�Q�Nr��PoT�Ñq8iq8ob��qAlI� l

Hω ⊂ Λ{ϕk}BV
� o � ¸

�I�=lIp � �|v8l5w�ÌÒq|q
Hω lIpbyI�3�P�5�I�=mIib�K�Iob}×�QlI��kJlIpTl�lIk�ob�~�Iob}��Py=���Cq|y=�5y=�8� � �I{+k�yN�N�5�~�Q� � q

ω
k�l?¾ºy=v � � ¾�lQ�-iT�

Λ{ϕk}BV
}Iiq

Λ = {λk}
iT� {ϕk} ��y=v|y=pTl?q8v8l�l�pTyI� f

�P�5�=�ImIib�K�Iob}
�Ql��~kJl�pTlQ�NlIk�oT���IoT}K�5ob}�Ë5�
w

Λ{ϕk}
¸1q8y�q � ��{É�jm?l�v8{ �I� {~�?¾�l

sup
∑

k

ϕk(|f(bk)− f(ak)|)λ−1k
mIib�IoH�bw � p�oTk��ÍÏÐ q8oq�q\�|pb�Q}K�|ib�=oT�RiT��ob�~ob�=ob�Q�Nr��Pob��q|ibq|ob��l�p=�N�5y=�I�

∑

k

ϕk(ω(tk))λ
−1
k <∞

k�{~�Q�NoT�
tk ≥ 0

� ∑
k tk ≤ 1

�PoT�Ñq8iq8ob��q!}C{~ob�~ib��ÏÐ q8r {tk} ��y=v|y=pTl?q|v�l5wØÈxp�k�oH�|�|pboTk�ob�5rKoT�� ��q8lI� � �5y=�nÏÐ q/¾�l3�¨w`Ê&yI�={��`lHm�l¨iT�Ø·3w5�¨wQ·eoH�NmIoT�5obm?l�{É�Nobm � �I��obv8oT�Nk�ib�K�Iob{�qTwÄ .?Æz¹�w5hj{~}K�5yI�5y?m�oTv|oH�Nk�ib�C�IoT{Ñq�ib�~oT�HÏÐ q|{:àQyI�5v8{�oTv�¸Í��yIv|yI}K}?l��`iT�RoTv|rC�Rl �5� v|yn�N{�k �I� {��?m?l?�}?l ��� ��y=�~l�q|y=� � o � �=�=l�p � �|yI}Cv|�I�Îw
�\�I�=l�� � �8l�}�l �5� v8yH�N{~k �=� {~�=��yC��pbq � ���Iy=}�iT�x�|{�kJl=� � �I{KyC��pbq � �~�IyI}¨��pTyIv8y=�M}?l ��� ��y=�~l�q � q

q � v8�I�Cl�� ¾�l � o � �=�=l�p � ��yI}Iy���}Iobv8oT�|pq|�Q�=l�Ä »=ñHÆN�NyI�~�Iy=pTl?qHw � pbqM{��Cl�pby=� ¾�lQ�H�5yI�I�!lIpI�n�5y=�I�!l�p
r
¸ÒoT�N{~}¨�5obv8{�m � ��qu�|{�kJl=� � �I{Ck�yN�5�5���`� � q

ω
kJl?¾ºyIv � � ¾�l�ÀPobpØl

W rHω y=�|pq � �~�NÃMl�pbpHl��Nob}KmK{Ñ¸m?l��~ob�`�b�I�5yI�=�¨lIp
r
¸ÒoT�N{~}��NoTv|{~m � �Ñqx��oT�H¾ºy �5� q|v8{~�IyI�QyIk�oq8v|{~}K�Q� � yI�~{~�5yIk�¸Íl �5� v8yH�N{~k �I� {���¾�l

ω(1/n)
¸Îv8ob�Q�5Ö
w4�Ø�I�=lI�Ql�}K}IyIvT�zobp��Nq|� �5� {+�5oTk)ob}KmK{~m?l��~ob�`��l�pTpTl��Î�z�QyI�I��kJl�� � �QlI}�l

�P�5�I�=mIib�C�K�5oT}�l�pJl �Q� v|yn�N{�k �=� {~�?¾�l
n−rω(1/n)

v|oT�Q�NÖOÀ/{Ñq|q�oT�I�K{~v � �C�KË � o � �I�=lIp � � � ���
�Pob�5�`Ãw

½



��% �J ���	��b�¡���	R�
� k�yI�5yIq|yI�Q{Ñq � ��}K�5�~�I�5�Pib�~o � �Ñq�l�� � �5yC�HÏÐ q � �|l�{�m?l��CiT�ul�pTyI}��=�8��pboT�QlI�|yI�5�ÍÏÐ q|�Ql�q|�=� � � � m?l��=�PyI��¸�~lI��}Iy=pb{~}�l�Ä~ÅT¼nÆ`�Ny=���=yIpTl�qTw+Ä~ÅH»HÆ`l&k�yI�Qy�q|y=�5{�q � ��ob�=��Ë?¾Í�/l?¾Òq�l � �Ñq�l�� � �5yC�HÏÐ q � � � q�q � v8�I�=lI� ¾�l5�iT��lIpqØ�|pCÏÐ �K�Q��pb¸Ò�|yIv|yI}�}Iy=�CmIobv8�IoT� � {Él?¸1q8�5�~l?¾��Ny=�Q� � �=l�{�� � �-�QlI�|pb� � � ¾�l¨�Pob�Îw�Ä�Å=ÅÙÆ���pKÏÐ �C�Q�|p&iH�}Iy=�|pb{~�C�Q�|p¨��y=v|y=}K}?l?�z}?l ��� ��y=�~l�q � lI��lI��}�l��~kJl�pbpHl�l�}IyIv8� � q|yC��m � ��q|y=p � ��Ëe�|yIv8yIpHl?q|yI}AoT�I�
Ë?¾Í�/l?¾Íq8l � �Ñq�l�� � �5yC�HÏÐ q � � � qTw�Ä�ÅnüHÆ!��pKÏÐ �C�`��p�iT��}IyC��pKÏÐ �C�`��p¸Í��yIv|yI}F{~�=q8ob�=v � ���Ql�q|�C� � � � q�q � v�¸�I�=lI� ¾�l�l�pØoT�I�K�Nq�q8�Ql?q8�I} � ��q8lI� � �5y=�nÏÐ q|y�q|qu}=yIv8� � q|y=��m�l�v8{ �=� {~�?¾�l&k�oT���~oq|qTwjÄ~ÅTánÆ-k � �:¾ºoT���~ob�=Öob�I�K�Nq|q|�Ql�q|�I�Pob��q|iq8ob�~ob}Ak�ob�~��obq�q�q � v8�I�=lI� ¾�l�àQyI�Qv|{~obv|¸Ò�|yIv|yI}Jl �5� v8yH�N{~k �=� {~�?¾ � qHw

Ä~ÅnñTÆ � yIpT{Ñq?ÏÐ m�y � obv � q8yIv�¸Í��yIv|y�pHlnq8yI}?l?q!mK{�pH��� � �xÂØ{~� � obv�q|¸1q8obv8ob}IoT�
w�ÈxpboT}Cv8oJl�}K�~l=�|�|pb{�¸}C�`�R�|yIv8ob�~k�ib�~oq|{`q8iq|oT��oT}J�5oTk�{~�=l�pHl�}�� � �Îwxl���pTobv8pbrI}K�5oT}���{~}Iobv8�5��qRk�ob�=l=�N�5{-oT�I��y=���=lI�
�5�nmIoT} � r � yIpT{Ñq?ÏÐ m�y � oTv � q|yIv|¸Ò��yIv|yIpTl?q|y�qH�=l�k�ob�~�K�5ob}�m�l�� L2

¸Ò�5yIv8kJl&}=yI�CmIoTv|�=ob�Q�uv|iH��pH��yI¸
v|y=pTl?q�l5�N�No�l�p!ob�=iT�|p!�|yIv8yIpTl?qj�5oTk�}IyI�KmIobv8� � �Îw

Ä~ÅTònÆz{É��k�oTv|obq�q|oTv/¾ºoH��pbq|r��5yI�~�IyIpHl?qjmIib�Iq|ob�~ob���|yIv8yI}JiT�Ø��pTyIv8pTl?q8yI}�}�l ��� �|yI�Él�q � v|�I�Îw
Ä~ÅT½nÆ:Ë5�zw |N, pn|k

l � �|pbyI�~ËNqj��pT�5k�k � �~�Ql?q8�=� � �Iv8l�lI��oT��oT�Iob�`�Nr��PoT�Ñq8iq|oT�ÑqH�Nk�oT���JoT�I�
}IyIv ���5� {IoTv|oH�Nk�ib�K�=qMib�~oT�HÏÐ qMl �5� lI��lIpxiTv�q8ob�~obk � ob�z�n�5y=�I�&ob�I�&�~ib�K�Iob�IoH�:�PoT�Ñq8iq|oT�Ñq�}K{��`l��I�l�}Iy=v �I�5� {Él�}J}I�=pb�5�Îw � p�oTv|oH�Nk�ib�K�AlIpby=�£k�Ë5��{~}��Q�5yI�=���Ql {λn} y=�~�=l��¦m?l��~�=���|yIv8yIpTl?ql�k�ob�~�Kv|o

∞
∑

n=1

|λn|/n <∞,

iT�jm�l��¦yI�~�=l�� � y=pb{�qnÏÐ m�}Km � pb{�¸Ò�5�nmIoT}CmIr {Xn}
�|yIv8yIpHl?qjlIk�oT���~�Iob�

∞
∑

n=1

Xn|λn+1 − λn| <∞,

l�}K}IyIv
λn → 0

w
Ä~Åbð?Æ��|pb{~�=q8ib�el � �|pby=��ËNqØ�|pb�5k�k �I� {~�IqRq � v8�I�=lI� � �Ñq�l�� � �5yC�+�PoT�Ñq8iq8ob�~ob}Ak�oT���~oq|qTw

 �% �����!��¢b�z$+��¢Ù¤J¥£�ß¤� ���¯¨	j�M®¨	��£²R¢�
ÈxpØob�I�¨mK{É��pTyI�C�K�Él��&Ë?¾º}IoT��obq|Ö��NyI�~yI�`�Il�k�ob�~��l!}IyI�KmIobv8�Iob� � { � �`l�}�yI�~�=l�� � ��q8lI� � �5y=�nÏÐ q � �8lN�l��5y=�RlIpA{~�Q�Nob�KoT}ÓoT�I�Ó�C�5�~�Él�k�ibv�q8ib}KÖ§�Ql��~kJl�pHl�ob�~�Ql��C�Cl��Iy=���Ql?q8�Qw×à5y=�5v8{�oTv�¸Í��yIv|yI}K}?l?�
}?l ��� ��y=�~l�q � lI� obp�}IibpTob�N�PoT}KmIrÓ�Py=�=l��~yIk��jiH�AlIp��Nq|� �5� {�iTmIob} � ob�Ó¾ºoT��oT�=q8r=�A{~v|yN�Ql��~k�l
l��Él�}K�5��qx}K{Îw�hj� �5� ��pT�Iv8�=�u��y=v|y=}Cv8l!·e�Iv8{ � pØà5oTv|oT� �Ø� ��q8l�� � �Qy=�nÏÐ q8y�q�q�l!l���q8l�q|{É�|pq|{~}K�Q�x}IyI�N¸mIobv8�Iob� � {Él��PyI�Cl��~k � qTw � Ä~Å�.nÆ�ý-Ä »I»HÆzo&q8ibk ��� lI�3ÏÐ v|q��5yI�~�IyIpHl?q8yI}-wÄ~Å�.nÆ�l�pq�mK{~pT�|� � � ¾�l5�M�5y=�I��q8� �5� �|pb�=v|�C����y=v|y=}�oT�|oq|iT�F��q�l?q|{É�|pq|{~}K�Q����pT�5k�k � ���Ql�q|�I¸
� � � � �I��k�{~���IoT�£q8ynm ���5� {��PoT�Ñq8iq8ob�~ob}£k�oT���~oq|qØ}I�?mIoq8}Iobpb{~}���q8l�q|{É�|pq|{~}K�Q�j}IyI�KmIobv8�IoT� � {Él5w

Ä »�¼nÆUl��ºq�l?q8{~�|pq8{�}K�Q�!}IyI�KmIobv8�IoT� � { � q&�Ql=��pT� � � ¾�l¦l��5�QlI}e{~�=lIpby=� � � � v8lN�:�5y=�I���Ql
f ∈

L log+ L(T2)
�5lI}C}Iy=vRl�àQyI�Qv|{~obv|¸Ò�|yIv+q|iT�I�Él��Él � ¸Òv|iH��pb�~oq8�=�|��pTob�Iob{ � r�� � �~�~��}Iobq�q|rC�j�|yIv8yIpTl?q

ÀPv8ob�I�Q� � v|{É�|l��-Ãj��q8l�q|{É��pbq|{~}K�Q�|lI�e}IyI�KmIobv8� � �
f
¸Ò�5obp¨kJl?¾��N�5oTk©k�{��`�Nob�C�5q�qTw�Ä »5ÅÙÆ��QlI�|yI�5�~�

obv8oT�Nk�ib�K�Cq¦{~�Cl�pby=�&lI} � v8� � �K�O�N{~k�oT�5pb{~� � l�� lIp
f ∈ Lp

�
p > 1

�Pob��q|ibq|ob��k�oT���~oq|qT�
q|y?m ���Q�Q� l�pbq\mK{~pT�|� � � ¾�l5�Q�5y=�I�¦l��ºq�l?q8{~�|pq8{�}K�Q�Ø�~{~k�oT�|p�{�q|obv �I� {��?m?lI�:�5y=�I�=lI���|p � keÏÐ q|�Ql�q|�}C{Îw

��ib�IoTpboq8�5��Ä »I»HÆ:l���q8l?q8{~�|pq8{~}C�`�x�Ql�q � v8ibv|q|iT}��Py=�=l��~k � q+}K{Ñq8obv1¾ºoT�|pq|{Q�P�5�=�ImIiT�C�Iob}Kv8oI�IiH�
obpq\lI��}�l��~k�lIpbpTl�q8� �5� m � �Ñq8yIpb�C�RàQyI�Qv|{~obv|¸Î{~�=q8ob�=v � ��yI}Kv8l5w

ñ
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�� ��J¢T�¡��²U¢b�Ø¯��¨�3¤��9�²U�� ���!�z±����

Ä ð�Æzl�pbqR{~�=lIpby=� ¾�lQ�C�5yI�=�Jl�kJl?�N{�k � ��{É�U}Iy=�?¾º�5� � �ÑqjiT�jÂ\{�� � obv|q�¸Òy � oTv � q|yIv|yI}��Qobk }IyIv8� � q|yI¸
�|lI}Al�m?l��~�=�jÂ�l�v��N�Jq|iTv � r=�

L1
¸ � oJÀP{�q�q�lI} � v�l�}I�Iv8�I�
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Ω
þ�{�q8� � yI�~o�l?q�{�� ¿ �5{�qÍ�
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y��
E
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ΘE(t) = Θ(t) = |[0, t] \ Ec|,
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gΩ(−x) ≤ gC\Ec(−x),
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gC\Ec(z) ≥ gC\[0,A](z) = log
∣

∣

∣
(2z/A− 1) +

√

(2z/A− 1)2 − 1
∣

∣

∣
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Θq|�Ql�q��=�Ql�v�l��Cq|oTo\q8�5{~��y � q|{~kJl�� � ob�QlnmK{�y=vTw
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gΩ(z) ≤ C exp

(

−1
2

∫

r∈Ec∩[|z|,1]

dr

r

)

,

l��Q���5obv8o�{~�=q8ob�=v8l�q|{~yI� � � � lIv�q����={�mIoH�\q|�Ql�q&q|�Qo�v8{��=�=q&�`l��Q���|{~�No�oZ(=�`l��É��ÀPk�yN�N�Q��y�l
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√

|z| exp
(

1

2

∫ 1

|z|

ΘE(u)

u2
du

)

.

hj�5{~�Ø�|�5ynþØ�Rq8�Ql?qØ{��
∫ 1

0

Θ(u)

u2
du <∞,
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qÍ� � o&q8�5oby=v|oTkJ�RyI�¦{~� ¿ �5{�q|oT��� � yI�5�Qo � q8oT�¦�NyIkJlI{��Q�TÝK�PyIvØ·�l�v8}Iy?mJlI�Q�¦ÜUoTv|�`�ºq8ob{~�Aqº� � o
� yI�~�C�QyIk�{~lI�
{~�5o�(C�QlI��{�q8{�oH���PyIv\�=ob�5oTv8lI� � yIk � l � q��|oq8�TÝQ�Py=vØ�/lI��q��5o � v8oTl=��{~�5� � yI�~�C�QyIk�{Ñ¸
l��É�\yI� � y=k � l � q&��obq8�TÝ-�PyIv&Þ�oTk�oTp�lI�Q��¹ � �C�5v�qº� � o¨{~�5oZ(=�`l��~{Ñq8{�oH��l��Q�eq|y � y=���K�5y=k�{~lI�
l �5� v8yn�K{~kJl?q8{�y=�Ay�� |x− x0|p

y=� � yIk � l � qØ�|oq��bw
hj�5{É�&þUy=v|}��Ql=�\qºþUyA�/l � oH�bw�ó���q|�5o�yI�5o��Ql��Q��þUo��|�Ql��~�MþUy=v|}�þ�{�q|��q8�5o��5ob�Q�|{Ñqº�

�P�5� � q8{�y=�
ΘE

lI�Q� � v8y?mIoAv8oT�|�5��q8���5�`�Nobv � y=�Q�N{�q|{~yI� À�ÅIw á=Ãw3ÌÍ� l��~� � v8y � ��oTk��¨q8�5o ¿ ¸
�5{Ñq8ob�5oH�|�¨yI�jq8�5oA{~�=q8ob�Iv�l��+{~� ÀºÅIw á=Ã�þ�{~��� � o£�|�)q � {~ob�Cq¨�PyIv¨q|�5o£�I{~mIob�3v8oT�|�5�Ñq¨q|y��5y=�~�:�
þ��5{��~o!þ�{Ñq8�5yI�5q�o� � o � q|{~yI�Aq8�5{É� ¿ �5{�q|oT�5oT�8�Rq|�5v8�Q�jyI�Nqjq|y � o � v8� � {Él��Î�K{1w oIwu{�q � lI�5�5y�q � o
v|o � �~l � oH� � �£l��K�AþUoTlI}Iobv � yI�`�N{Ñq8{�y=�
w+hj�5o�y�q8�5obv��/l � o!yI��q|�Q{~�ØþUyIv8}�{É�Øl � yI�Nq&ÕRl��Cq|y=v
qÍ� � o£��obq8�Tw�hj�5ob{~v���q|v8� � q|�5v8o�{�k � �~{~oT���ºq8v|y=�5�IoTv�v8oT�|�5��q8��q8�Ql��3q|�5o£yI�5oT�¨yI�5o � l��3�Iobq
�Q��{~�5�£q|�5oJ�Nob�Q�|{�qÍ�e�P�5� � q8{�y=�

ΘE
w�ÌÒ�UþUo��PyIv8k l�ÕRlI�=q|y=v�qÍ� � o��|oq!þ�{�q|� � lIv8lIk�oq|oTv8�

ε1, ε2, . . .
À1��oToJÕU�Ql � q8obv�üIÃ�-q|�5oT��q8�5o�v8oT�|�5��q8�\q|�Ql�q&�5y=�~���5�Q�NoTv�q8�5o � yI�Q�N{�q|{~yI� ÀºÅ=w áCÃ

þ�{��~� � o�q|v8�5o�{��+l��Q��y=�5���¦{�� ∑
i ε
2
i < ∞ w\¹K{~� � o�q8�5{~��lI���~y?þØ�jq|�Qo���obq E q|yA�QlHmIo�pTobv8y

k�oHlI�|�5v8o�ÀP{~�Q�NoToT�:�K�|� � ��l¨ÕRlI�=q|y=v+��obqx{É�xy���pTobv8y!k�oTl=���5v8o�{Ñ�
lI�Q��yI�Q����{�� ∑
i εi =∞

Ã�
�5obv8o�þUo�þ�{�q8�5oT�8�¨l��/lIk�{~�~�×y�� � y=k � l � q¨�|oq����Py=v¨þ��5{ � �3q|�5oAkJl�{~�3v8oT�|�5��q8�¨lIv|o�q8v|�Qo
obmIob�Aq|�5y=�5�I��q8�5o!��obq8� � l�� � o&y���pbobv8y¨k�oTl=���Qv|o�ÀP�PyIv���� � �¦��oq��&À�ÅIw á=Ã+�5yKoT�U�5yIqR�5y=�~�`ÃÙw

Ånü



"�% � 	R�z��¢²[£�� ��	j����¢	��§ �¬�M¦���u�¡ ��£¢b² �¡	����z¥£��	��NÙ�ª©�M	�	��
¬?¥¦�£²+��¢ ��¦���¨��� 	!Ú�¥¦¢�¢Ù±¦��¢¥�� �¡	��¨�z¥£�M	��

Ô
oq
P
� o\l � yI{~�=q+y=��q|�Qo � �Él��5o\l��Q����obq

Cr(P )
v8oT� � w

∆r(P )
�NoT�5y�q8o�q|�5o � {�v � �~o�v8oT� � w

q|�5o�y � ob���N{É��}Aþ�{�q|� � oT�=q|oTvØl�q
P
l��Q�¦þ�{Ñq8�¦v�lI�5{��Q�

r
w

¹K� �Q� y=�|o�q|�Ql�q
E
{É�+l � y=k � l � qU�|oq+y=��q8�5o � �~lI�5oIwW�×o����QlI���Qk�oTl=���Qv|ojq8�5o\�5ob�Q�|{Ñqº�

y��
E
l?q

P
� ��q|�5o!�P�5� � q|{~yI�

ΘE,P (t) = |[0, r] \ {r Cr(P ) ∩ E 6= ∅}| , À1»Nw~ÅHÃ
þ��5obv8o | · | �Nob�Qy�q|oH�Ø�~{~�5oTlIv�Ô
o � oH���=�5o�k�oTlI�|�5v8oIwØhj�C�Q�T�`q|�5o¨�Él�v8�IoTv E {É�T�Qq8�5o��|k�lI���~obv
{~�&q|�5o��P�5� � q|{~yI�

ΘE,P
�zl��Q��l£mIobv8����kJl��~�

ΘE,P (t)
k�oTlI�Q��q|�`l?q!�PyIv!k�y=��q

r ∈ [0, t]q|�5o � {~v � ��o
Cr(P )

{~�=q8obv���o � q8�
E
w�ÌÍ�Jþ��Ql�qx�PyI�~��y?þØ�uþ�{�q|�QyI�NqU��yC�|�xy��:�Iob�Qobv�l��~{Ñqº�¨þUoØkJlH�

lI�8���5k�o\q|�Ql�q
E
{~�Rl��|� � �|oqjy��
q|�5o&�5�5{�q��N{É�|}Jl��`�

P
{É�+q8�5o&yIv8{��={��
�C{~�Aþ��5{ � � � lI�|o\þRo

þ�v|{�q|o
ΘE(t) = ΘE,0(t)

w
�×o�v8o � l��~�Rq|�5o��No ¿ �5{Ñq8{�y=� yI���QlIv|k�y=�5{ � k�oTl=���Qv|oH�bw Ôzoq

G
� o�l×�Ny=kJl�{~� þ�{�q|�

� yI�5�Q�5oT� � yI�5�`�5l�v8�Jl��`�
F ⊆ ∂G

l � �~y=�|oT�A�|� � �|oqjyI�z{�q8� � yI�5�Q�5lIv|�=w�hj�5o&�`l�v8k�y=�5{ �
k�oHlI�|�5v8o

ω(z, F,G)
{É�Mq8�5o��5�5{§(C�5oj�`l�v8k�y=�5{ � �P�5� � q|{~yI��{~�

G
q|�Ql�qu�~{~oT� � obqÍþRobob�J¼!l��Q�

Åjl��Q���QlI� � yI�5�Q�Ql�v8�!m�l��~�5oT�jÀ/þ�{Ñq8��q8�5ojo� � o � q8{�y=��y��-l!��obq�yI�`pboTv|y � l � l � {�qº�5Ã
q|�Ql�qxl�v8o
o�(C�Ql��xÅ!yI�

F
l��`�¦¼�y=�

∂G \ F wxÌÍ�¦�~y � l�� � ob�QlnmK{�y=vjy����Ql�v8k�yI�5{ � k�oHlI�|�5v|oH�RþUo � l��l��~þRln�K�+l=�|�|�5k�o�q8�Ql?q
G
{É�Ul¨�NyIkJlI{���y � q�l�{~�5oT� � ��v8obk�ynmK{~�5���Pv|y=k l¨�N{É��}Jl � yIk � l � q

��obqTw�Èx�Nl � q8����l=�+�PyIv�Ê&v8oboT���P�5� � q8{�y=�Q�T�K{��
G = ∆1(0) \E

þ��Qobv8o
E ⊆ [0, 1] � 0 ∈ E

{É�
l � y=k � l � q+�|oqH�Iq|�5oT���PyIv

z = −r
�
r > 0

þRo��QlnmIo
ω(z, C1(0),∆1(0)\E) ≥ c

√
r
�={Îw oIw

��� � �3l��Ql�v8k�yI�5{ � k�oHlI�|�5v8o � l��5�Qy�q � o���k�yKyIq|�5oTv!q|�QlI�3Ô
{ � ÅnÚI»£l � y=�Nq�q|�5o�yIv8{��={��zw
hj�5o ¿ v��ºqjq8�5obyIv8obk �={�mIoH�jl��¦oT��q|{~kJl?q|o&�Py=vj�~y � lI�:�|k�yNy�q|�Q�5oT�8�Ry��M�Ql�v8k�y=�5{ � k�oHlI�|�5v8oT�
l � yI�5qØl � yI{~�=qØy���q8�5o � yI�5�Q�Ql�v8�Iw
ï Z ` ZM]9Û ;K*Q<?;K2 Z ���5ìbã|ì�ê?ã|ì�êYÜÙ÷bõ/T ÿNëÒì��8õ?öQ÷ÙëÒê�öQë1÷ C,D

÷Ùÿ~�e��ë��5ê?ëUå ç
E
åÉ÷�êm�8õ�íØùQêS�bë

÷�ÿ~Ü÷bìëjõºç�ë��5ì�ÿNö`åÇëO��åÉ÷�ä¦õºçRù5õ?÷�åÇëÎåÇæ?ì��8ê�ù5êS�båÇëc
¦ê?ö&�
0 < |z| < 1 Ý ë��5ìbö

ω(z, C1(0),∆1(0) \ E) ≤ C
√

|z| exp
(

D

∫ 1

|z|

Θ2E(u)

u3
du

)

,
À1»5w »=Ã

Þ �5ìbã|ì ΘE
åÉ÷�ë��5ì

Θ
ç�ÿNö&�bë1å/õ�ö�À1»5w�ÅnÃ Þ åÇë���ã|ì÷Îù5ìk�ëRëÍõ E

ê?ö&��ë��5ì�õ�ãÙåg^�åÇö�ø
hj�5{É��{�k � �~{�oH�jq|�Ql�qj�Py=vØl��K�

0 < r < 1

ω(0, C1(0),∆1(0) \ E) ≤ C
√
r exp

(

D

∫ 1

r

Θ2E(u)

u3
du

)

.
À1»5w áCÃ

�j� q|�QlI���~��À1»5w »=ÃRl��Q�×ÀÎ»Nw á=ÃRlIv|o!o�(C�5{~m?l��~ob�CqTw
ÌÍ� � l�v|q|{ � �5�Él�vH�K{��

∫ 1

0

Θ2E(u)

u3
du <∞,

À1»5w ðKÃ
q|�5oT��q|�5o��QlIv|k�y=�5{ � k�oTlI�|�5v8o

ω(z, C1(0),∆1(0) \ E)
�8l?q8{~� ¿ oH��lJÔz{ � ÅnÚI» � yI�`�N{Ñq8{�y=�

l?qjq8�5o�yIv8{~�I{~�
s
ω(z, C1(0),∆1(0) \ E) ≤ C|z|1/2. À1»5w ü=Ã

ÅH½



Ôzoq
Ec = {r Cr(0) ∩ E 6= ∅} À1»Nw ½=Ã

� o�q|�5o � {~v � �5�Él�v � v|y�¾ºo � q|{~yI��y��
E
yI�=q8yJq8�5o � yC��{�q|{~mIo��`l����u�~{~�5o��No ¿ �5oT��{�� ÀºÅIw~ÅHÃ�-lI�Q�

��obq
τk = 2

k|[2−k, 2−k+1]\Ec| � oØq|�5o\v|oT�~l�q|{~mIoØ�|{�pTo�yI�-q8�5o � yIk � �~obk�oT�=qUy�� Ec {���q8�5o{��Cq|obv8m?lI�
[2−k, 2−k+1]

wxhj�5oT� � yI�Q�N{�q|{~yI�ÓÀÎ»Nw ðCÃU{É��o�(C�5{~m?l��~ob�Cqjq|y
∑

k

τ2k <∞,

þ��5{ � �F�|�5ynþØ�!q8�Ql?q�{��3y=v8�NoTv!q8�Ql?q£ÀÎ»Nw ðCÃ!�5yI�É�5�T�zq8�5o � {�v � �5�Él�v � v8y?¾ºo � q8{�y=�
Ec �|�5yI�5�É�

ß � ynmIoTvRk�yC�ºq�yI��q|�Qo!{~�=q8obv8m?lI�~�|? [2−k, 2−k+1] � k = 1, 2, . . . wàQyIv\Ê&v|oTob�£�P�5� � q|{~yI�Q�jq8�5o � v8o � oT�N{~�5��q|�5oby=v|oTk�q�l�}IoT�Rq8�5o!�PyI�~��y?þ�{~�5���Py=v|k�w
ï Z ï ZM]9Û ;K*Q<?;K2 Z ���5ìbã|ì�ê?ã|ì�êYÜÙ÷bõ/T ÿNëÒì��8õ?öQ÷ÙëÒê�öQë1÷ C,D

÷Ùÿ~�e��ë��5ê?ëUå ç
E
åÉ÷�êm�8õ�íØùQêS�bë

÷�ÿ~Ü÷bìëjõºç�ë��5ì�ÿNö`åÇëO��åÉ÷�ä¦õºçRù5õ?÷�åÇëÎåÇæ?ì��8ê�ù5êS�båÇëc
¦ê?ö&�
0 < |z| < 1 Ý ë��5ìbö

gC\E(z) ≤ C
√

|z| exp
(

D

∫ 1

|z|

Θ2E(u)

u3
du

)

log
2

cap(E)
.

À1»5w ñIÃ

ÌÒq��PyI�~�~ynþØ�Rq|�`l?q��PyIvØlI�C�
0 < r < 1

þUo��QlnmIo

gC\E(0) ≤ C
√
r exp

(

D

∫ 1

r

Θ2E(u)

u3
du

)

log
2

cap(E)
.

À1»5w òCÃ

��� q8�Ql��~���AþUo����`l��~� � v8ynmIoJÀ1»Nw ò=Ã ¿ v8��qØl��`�¦�NoT�N� � o�À1»5w ñIÃ+�Pv|y=k {�qTw
ÌÍ� � lIv�q8{ � �5�Él�vH�:{Ñ��À1»Nw ðCÃ��5y=�~�5�T�:q8�5ob�×q|�5oAÊ&v8obob���P�5� � q8{�y=�

gC\E
�|l�q|{É� ¿ oT�!l¦��y � l��

Ô
{ � Å?Ú�» � y=�Q�N{Ñq8{~yI��l?q�q|�5o�y=v|{~�I{~�
s

gC\E(z) ≤ C|z|1/2. À1»5w .CÃ
�×o�v|obkJlIv|}�À1l��Q�e���QlI���zlI�~�|y��Q�|oHÃRq|�Ql�q�q8�5o��/l � q|yIv

log 1/cap(E)
yI�¦q|�5o�v8{��=�=qØy��

À1»Nw ñIÃ�l �5� oTlIv8��y=�5�~��q|y � y?mIobv � l?q|�QyI�~yI�I{ � lI� � lI�|oT��À/��{~}IoØþ��5ob�
E = [1/2, 1/2+a]

þ�{�q|�
��y=k�o�mIobv8���|kJl��~�

a
Ãw!ÌÍ���/l � qH�-q8�5o � v|yKyI�x�I{~mIoT�Øq8�5o¨�Py=���~y?þ�{��5�`sØÔzoq

δ > 0
� o ¿ �KoH�:w

hj�5obv8oRlIv|o � yI�Q��q8lI�=q��
C,D

�5o � ob�Q�5{��5�!yI�5�~��y=�
δ
�|� � �¨q|�Ql�q�{��

E
{~��l � yIk � l � q��|� � �|oq

y���q8�5o��5�5{�q\�N{É��}�� |z| < 1
�Ql��`�£{Ñ�Mq|�Qobv8o!{~�Øl��

s
þ�{�q|� |z| ≤ s

��� � �£q8�Ql?q

|[s, 2s] ∩ Ec| ≥ δs,
À1»5w�ÅH¼=Ã

þ��5obv8o
Ec {~�jq|�Qo � {�v � �Q�~lIv � v|y�¾ºo � q|{~yI�¦y�� E �I{~mIob�¦{~�ÓÀÎ»Nw ½=Ã�Kq|�Qob�

gC\E(z) ≤ C
√

|z| exp
(

D

∫ 1

|z|

Θ2E(u)

u3
du

)

,
ÀÎ»Nw~ÅIÅHÃ

{1w oIwu{~�£q8�5{É� � lI�|o�q8�5o!�/l � q|y=v
log 1/cap(E)

yI�£q8�5o�v8{��=�=q�y��jÀÎ»Nw ñ�Ã � l�� � o!y=k�{Ñq|q|oH�:w
�×oR�|�Ql��~�C�5oT�N� � oRl��~�Iq8�5oT�|oUv|oH���5��q��
�Pv|y=k q|�5o

E ⊆ [0, 1] � lI�|oxyI�Nq|�QoU�5o�Kq�q8�5oby=v|oTk��þ��5obv8o
µE

�Nob�5yIq|oT�xq|�5o\o�(C�5{~��{ � v8{��Qk k�oTl=���Qv|o�y���q8�5o\�|oq
E
À/�|obo�q8�5oØ�Qo�KqU�|o � q|{~yI���Çy=v

{Ñq��Ø�No ¿ �5{�q|{~y=�`ÃÙw

Å?ñ
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÷Ùÿ~�e��ë��5ê?ëUå ç

E
åÉ÷�êm�8õ�íØùQêS�bë

÷�ÿ~Ü÷bìëjõºç�ë��5ì�ÿNö`åÇëO��åÉ÷�ä¦õºçRù5õ?÷�åÇëÎåÇæ?ì��8ê�ù5êS�båÇëc
¦ê?ö&�
0 < r < 1 Ý ë��5ìbö

µE(∆r(0)) ≤ C
√
r exp

(

D

∫ 1

r

Θ2E(u)

u3
du

)

.
ÀÎ»Nw~ÅH»IÃ

iÙöJù5ê?ãÙëÎå<�bÿ)T�ê?ã Ý å ç�À1»Nw ðKÃ!åÉ÷�ë1ãÙÿQì Ý ë��5ìbö µE(∆r(0)) = O(
√
r)
ø

ÕUy=k � l�v8o\q8�5{É��þ�{Ñq8�¦q|�5o!�/l � q�q|�Ql�q
dµ[0,1](t) = dt/π

√

t(1− t)
�Ql��Q�¦�5ob� � o

µ[0,1]([0, t]) ≥
2

π

√
r

�PyIvØlI���
0 < r < 1

w

� % ��M£���@��£	����
ÌÍ�£q|�Q{~� � �`l � q8obv�þUo��|�5y?þDq|�Ql�qjq8�5o!q|�5oby=v|oTkJ�R{~��ÕU�Ql � q|oTvØ»�lIv|o � oT��q � yC�|�|{ � ��o=w+ó��5o
� l��Q�5y�q�ob� � o � q\l��Ç�Q��� � y=�CmIobv��|o�{~�£q8�5o��|ob�Q�|o&q|�Ql�qØoIw �Qw�{��

∫ 1

0

Θ2E(u)

u3
du =∞ À/áQw�ÅnÃ

q|�5oT�eÀ1»5w .CÃ�{É�u�5yIq�q8v|�QoIwMÌÍ�Q�NoToT�:�C�N{É��v8ob�Cl�v8�N{~�5��q|�5o��/l � quq8�Ql?q
gC\E(z)

kJlH� � o�{É�Nob�Cq|{�¸
� l��~�~�!pbobv8y\{���lØ�5oT{��=� � y=v|�5yKy5�&yI�5q|�5oRyIv8{��={��z�H�~oq��Q���5yIq|oRlI�~�|yØq|�Ql�q�q8�5obv8oRl�v8o � yIk � l � q
��� � ��obq8�

E ⊂ [0, 1] þ�{�q|��pTobv8yJ�~{��QoTl�v\k�oTl=���Qv|o��PyIv\þ��5{ � ��q8�5o�Ê&v8oboT���P�5� � q8{�y=� gC\E{~�R{��¦Ô
{ � ÅnÚ�»�À1��oTo�oIw �Qw+ÕUyIv8yI�~�Él�v|��ü5w » � ob�~y?þ\ÃÙ�Nl��`�J�PyIvUq8�5oT�|o
E
þUo��`lHmIo

ΘE(t) ≡ t
�

{1w oIw�À/áQw�ÅnÃ�{É�&q8v|�5o=w�àQyIv��|� � �
E
� �b�zq|�5y=�5�I�OÀ1á5w~ÅHÃ&{~�!q|v8�5oI�

E
{~���NoT�Q��o�l?q�q|�5oJy=v|{~�I{~�

{��§q|�Qo���oT�Q��o£q|�Ql�q�q8�5o � yIk � �~obk�ob�=q�yI�Øq|�Qo � {~v � �5�Él�v � v8y�¾ºo � q|{~yI�§y��
E
� y=�=q8lI{~�Q��{��

[0, t]
y=�5���¦mIobv8�¦���5y=v�q\{~�=q8obv8m?l��É� � yIk � l�v8oT�£q8y

t
l=�

t → 0
wØÂ\ynþUoTmIobvH�Qv|oT�=lIv8�N{~�5��q8�5o

�ºq8v|� � q|�5v8o!y���q8�5o�oT��q|{~kJl?q|oH�Rq|�Qo!q|�5oTyIv8obkJ��l�v8o!���`l�v � w
w Z ` ZM]9Û ;K*Q<?;K2 Z ���5ìbã|ì¦ê?ã|ì¦êSÜ÷bõLT ÿNëÍì���õ?öQ÷ÙëÒê�öQë1÷ c, d > 0

çõ?ã Þ �Kå<�k�3ë��5ì�çõLT>T�õ Þ åÇöv^åÉ÷£ëÎãÙÿQìHø�i/ç
Θ
åÉ÷eê×ö�õ?ö`ö-ìs^=ê�ë1åÇæ?ì�åÇö��bã�ì�ên÷ÙåÇö_^Aç�ÿNö&�bë1å/õ�ö õ?ö

[0, 1] Þ åÇë�� ë��5ì�ù-ã|õ8ùQìãÙëc

Θ(t) ≤ t

çõ�ã&ê/T>T
t Ý ë>�Qìö¦ë��5ìbã�ì&åÉ÷�ê���õ?í\ù5êY�ë�÷bìbë E ⊆ [0, 1] õºç�ùQõn÷ÙåÇë1åÇæ?ì9�8ê�ù5êS�båÇëc
¨÷Ùÿ~�k�ë>�Qê?ë

ΘE(t) ≤ Θ(t) for all t ∈ [0, 1] À1á5w »IÃ
ê?ö&�\çõ�ã¨ê/T>T

0 < r ≤ 1 Þ ìK�5ê?æ?ì

µE([0, r]) ≥ c
√
r exp

(

d

∫ 1

r

Θ2(u)

u3
du

)

,
À/áQw áCÃ

ω(−r, C1(0),∆1(0) \ E) ≥ c
√
r exp

(

d

∫ 1

r

Θ2(u)

u3
du

)

,
À/áQw ðKÃ

ê?ö&�
gC\E(−r) ≥ c

√
r exp

(

d

∫ 1

r

Θ2(u)

u3
du

)

.
À/áQw ü=Ã

ÅHò



hj�5o¦�5o�Kq � yIv8yI�~�Él�v|�×�I{~mIoT��l��5o � oT�8�|lIv|�3l��Q� ���xq � {�oT�=q � y=�Q�N{Ñq8{~yI�F�Py=v�q8�5o�Ôz{ � Å?Ú�»
� v|y � obv|qÍ��y���Ê&v|oTob���P�5� � q|{~yI�Q�U�Py=vjl¨þ�{É�No � �ÉlI�8�+yI� � yIk � l � qj�|� � �|oq8�Ry��zq|�5o&v8oTlI�`�~{��QoIw
w Z ï Z$à *Q<?*-,/,1LN<n_ Z9á ìë 1 = t0 > t1 > · · · Ü8ì�ê&ùQõn÷ÙåÇë1åÇæ?ì¨÷bìkjÿQìbö&��ì Þ åÇë���ù�ã|õ8ù5ìbãÙëc


0 < α ≤ tk+1
tk

≤ β < 1,
À/áQw ½CÃ

ê?ö&�-T�ìbë
E ⊂ [0, 1] Ü8ì�ê��8õ?í\ù5êY�ëR÷bìëÍøOiPç |[tk, tk−1] \ E| = γktk

ê�ö&�
∞
∑

k=1

γ2k <∞,
À/áQw ñIÃ

ë>�Qìö�ë��5ì�âjã|ì�ìö�ç�ÿNö&�bë1å/õ�ö
gC\E

õºç
C\E ÷bê?ëÎå~÷�ãRìÙ÷Øê�Ôz{ � Å?Ú�»���õ?ö��?åÇë1å/õ�ö¦ê�ëzë>�Qì\õ�ãÙåg^�åÇö Ýå/øÇìTø Þ ìK�5ê?æ?ì�À1»Nw .CÃbøôxõ?ö`ænìbã�÷bìrTn
 Ý å çMçõ?ã�ìæ?ìbã�
 k ë>�Qì&÷bìë [tk, tk−1] \E �8õ�öQëÍê?åÇö5÷�ê?öeåÇöQëÍìbãÙænê/T
õºçÇT�ìöv^Ië>�

≥ γ∗ktk
Þ åÇë��

∞
∑

k=1

(γ∗k)
2 =∞,

À/áQw òCÃ
ë>�Qìö

gC\E(−r)√
r

→∞ À/áQw .CÃ
ên÷

r → 0 + 0
ø

¹K{~k�{��Él�vJv8oT�|�5�Ñq����5yI�É�§�PyIv�q|�5oe�QlIv|k�yI�5{ � k�oTl=���5v8o
ω(z, C1(0),∆1(0) \ E)

l��`�
�PyIv&q|�5o�o�(C�5{~��{ � v8{~�5kÛk�oTl=���Qv|o

µE
w�à5y=v&ob�5l�k � �~oI�
lI�8���Qk�o�q|�Ql�q&�PyIv�l��~� � �Nq ¿ �Q{Ñq8ob�~�

k�lI�C�
k
þUo¦�`lHmIo |[tk, tk−1] \ E| ≤ γktk

þ�{Ñq8� �|yIk�o
γj ≤ γ < 1

l��Q�Fq|�Ql�q�q8�5o
��obq

[tk, tk−1] \ E
� yI�=q�l�{~�Q��lI� {��Cq|oTv|m�l��jyI���~ob�5�Iq|� ≥ γ∗ktk

þ�{�q|�
γ∗k ∼ γk

wOhj�5ob�
µE([0, δ]) = O(

√
δ)
{É���8l?q8{~� ¿ oH�A{��ul��Q�£y=�5���A{�� ∑

k γ
2
k <∞ w

�A% �g¢®9M¦	j�ß ��o�¦	j�ß�M�¡ � !�WM£�¦	��z�
�Ø�=q8{~�`�5y?þOþUo\�QlnmIo � yI�Q�|{É�Nobv8oT� √|z| y=v8�5obvxyI�
��k�yKyIq|�5�5oH�|�u�PyIvxq8�5o&Ê&v8oboT���P�Q� � q8{�y=�Q�l��Q���QlIv|k�y=�5{ � k�oHlI�|�5v8oT�Tw�ÌÍ�Aq|�5{É� � �Ql � q|oTvRþUo&�|�5y?þOq8�Ql?qRq|�5o&v8oT�|�5��q8�+�Pv8yIk�ÕU�`l � q8obv
» � l�� � oJ�Q�|oT��q8y��Nobq|o � q¨�5{��=�5obv�yIv��NoTv�y�����k�yKyIq|�5�QoT�8�bwAhj�5o � �Él�{~k����5oTv|o��No � ob�Q�
yI�×q8�5o�v|oH���5��q��!�Pv|y=k q8�5o � v8obmK{�y=�Q���|o � q|{~yI�3l��`�×yI�3le�|�Kk�k�obq|v8{�pHl?q8{�y=��q|�5oTyIv8obk)y��
ÜRlIobv8�Q��q|ob{~��Ä »nÆÎw

àM{~v8��q+þUo\k�ob�Cq|{~yI�Al�v8oT�|�5��qxq|�Ql�qUþUo����`l��~�Q�Q�|o��Py=vU�|oq8�+�~�C{~�5��y=��q|�Qo\v|oHl��Q�~{��5o�lI�Q�
q|�Ql�q��Q��oH�¨�~oT�8�¨�K� � yIq|�5oH��{É��q8�Ql��§yI�5v�kJlI{��Fq|�5oby=v|oTk�w�ÜR�3�|{�k � �~o¦���Kk�k�oq|v8{~pTl?q8{~yI�
yI�5o � lI�J�=oq+�Pv8yIk�q|�5o�v|oH���Q�Ñq��xyI��¹Ko � q|{~yI�£» � y=�Q�N{�q|{~yI�Q�xq8�Ql?q � v8ynmK{É�No\Ô
{ � Å � ob�QlnmK{~yIv
y��+Ê&v|oTob���Ç�Q� � q8{�y=�Q��l��Q���Ql�v8k�yI�5{ � k�oTlI�|�5v8oT�TwUÌÍ���/l � qT�`�~oq

E ⊆ [−1, 1] �-l��`�¦�~oq��Q�� yI�`��{É�Nobv�{Ñq��jqÍþRy�¸Í��{É�NoT�¦�Nob�`��{�qº�

Θ∗E(t) = |[−t, t] \ E|. À/ðQw~ÅHÃ
'Øy?þ q|�5o!�PyI�~�~ynþ�{~�5� � yIv8yI�~�Él�v|��oHlI�|{��~�J�PyI�~�~ynþØ�R�Pv|y=k�q8�5o�v|oH���Q�Ñq��j{���ÕU�Ql � q|obv\»5w

ÅZ.



î Z ` Z$à *Q<?*-,/,1LN<n_ Z �&�Qìã|ì�åÉ÷�ê?ö3êYÜÙ÷bõLTÑÿNëÒì���õ?ö5÷ÙëÍê?ö`ë/÷ C ÷Ùÿ~�e��ë��5ê�ëjå ç
E
åÉ÷�ê ��õ?í\ù5êS�bë

÷�ÿ~Ü÷bìëjõºç
[−1, 1] õ�çUùQõn÷ÙåÇë1åÇæ?ì���ê8ù5êY�åPë·
¦ê?ö�� 0 < |z| < 1 Ý ë>�Qìö

ω(z, C1(0),∆1(0) \ E) ≤ C|z| exp
(

C

∫ 1

|z|

Θ∗E(u)
2

u3
du

)

,
ÀPð`w »=Ã

gC\E(z) ≤ C|z| exp
(

C

∫ 1

|z|

Θ∗E(u)
2

u3
du

)

log
2

cap(E)
,

ÀPð`w áCÃ
ê?ö&�\çõ�ã

0 < r < 1

µE([−r, r]) ≤ Cr exp

(

C

∫ 1

r

Θ∗E(u)
2

u3
du

)

.
ÀPð`w ðKÃ

iö�ù5ê�ãÙë1å<�bÿ)T�ê�ã Ý å ç
∫ 1

0

Θ∗E(u)
2

u3
du <∞,

ë>�Qìö Þ ìÇ^=ìbëjê-T�õ���êLT á å ùåä�Ü8ìk�5ê�æTå/õ�ãbø
ÕUy=v|y=���Él�v|�Óð`w�Å�{~�����QlIv � {~� q8�5o���ob�`��o�y���q8�5o � v|o � oT�5{��5�3��o � q8{�y=�
w ÌÍ� �/l � qH�+q8�5o

�PyI�~��y?þ�{~�5� � yIv8yI�~�~lIv|��oTl=��{~�~���Py=���~y?þØ�R�Pv|y=k�q|�Qo�v|oT�|�5��q8�jyI�u¹Ko � q|{~yI��áQw
î Z ï Z$à *Q<?*-,/,1LN<n_ Z �&�Qìã|ìeåÉ÷¦ê�ö êYÜÙ÷bõ/T ÿNëÒì��8õ�ö5÷ÙëÍê?öQë c > 0

çõ?ã Þ �Kå<�k� ë��5ì�çõLT>T~õ Þ åÇöv^åÉ÷JëÎãÙÿQìHø i/ç
Θ∗

åÉ÷£ê�ö-õ�öQö�ìc^Cê?ëÎåÇænì£åÇö&�bã|ì8ê?÷�åÇöv^�ç�ÿNö��ëÎå/õ?öOõ?ö
[0, 1] Þ åÇë>�Fë>�Qì�ù-ã|õ8ùQìãÙëc


Θ∗(t) ≤ 2t çõ?ã¨ê/T>T t Ý ë��5ìbö�ë��5ìbã�ì¨åÉ÷�êm�8õ�íØùQêS�bëU÷bìë E ⊆ [−1, 1] õºçRù5õn÷ÙåÇëÎåÉæ?ì��8ê�ù5êS�båÇëc
÷�ÿ~�k��ë��5ê�ë
E
åÉ÷!÷k
?í�íJìëÎãÙå<��õ?öQëÍõJë��5ì�õ?ãÙåg^IåÇö Ý

Θ∗E(t) ≤ Θ∗(t) for all t ∈ [0, 1] À/ðQw üIÃ
ê?ö&�\çõ�ã¨ê/T>T

0 < r ≤ 1 Þ ìK�5ê?æ?ì

µE([−r, r]) ≥ cr exp

(

c

∫ 1

r

Θ∗(u)2

u3
du

)

,
ÀPð`w ½CÃ

ω(−r, C1(0),∆1(0) \ E) ≥ cr exp

(

c

∫ 1

r

Θ∗(u)2

u3
du

)

,
ÀPð`w ñIÃ

ê?ö&�
gC\E(−r) ≥ cr exp

(

c

∫ 1

r

Θ∗(u)2

u3
du

)

.
ÀPð`w òCÃ

� �Çq|obv�q8�Ql?qØ��obqØl��Cl�{~�
E ⊂ C

� o�l � y=k � l � qØ�|oq�y=�Aq8�5o � yIk � �~o� � �Él��QoI�5l��`���Py=v
0 < α < 1

� y=�Q��{É�NoTvRq8�5o���obq

Eα = {r |E ∩ Cr(0)| ≥ 2rπα}
ÀPðQw .=Ã

y��xq|�5yC��o
r
�Py=v�þ��Q{ � ��q8�5o � {�v � �~o

Cr(0)
l � yI�5q&¼£l��Q��yI�xv�lI�N{~�Q�

r
{~�=q|oTv8�|o � q8�

E
{~��l

��obqØyI��À1l�v � ÃRk�oTl=���5v8o ≥ 2πrα wjhj�5o α = 0
� l=��o�þUy=�5�É� � y=v|v8oT� � yI�Q�Aq|yJq|�5o � {�v � �5�Él�v

� v|y�¾ºo � q|{~yI�¦y��
E
yI�Cq|y

[0,∞) w

»I¼



î Z w ZM]9Û ;K*Q<?;K2 Z ���5ìbã|ì�åÉ÷�ê�ö�êSÜ÷bõLT ÿNëÍìK�8õ�ö5÷ÙëÒê�öQë C �IìÍù5ìbö&��åÇö_^Jõ�ö~Tn
�õ?ö α
÷Ùÿ~�e��ë>�Qê?ë

å ç
E
åÉ÷�ê���õ?í\ù5êY�ë�÷�ÿ~Ü÷bìbë�õºç�ë>�QìJÿNö`åÇë\�?åÉ÷|ä�õ�ç\ùQõn÷ÙåÇë1åÇæ?ì4��ê8ù5êY�åPë·
�ê?ö��

0 < |z| < 1 Ýë>�Qìö

ω(z, C1(0),∆1(0) \ E) ≤ C|z|1/2(1−α) exp
(

C

∫ 1

|z|

Θ2Eα(u)

u3
du

)

,
À/ðQw~ÅT¼=Ã

gC\E(z) ≤ C|z|1/2(1−α) exp
(

C

∫ 1

|z|

Θ2Eα(u)

u3
du

)

log
2

cap(E)
,

À/ðQw~ÅIÅHÃ
ê?ö&�\çõ�ã

0 < r < 1

µE(∆r(0)) ≤ Cr1/2(1−α) exp

(

C

∫ 1

r

Θ2Eα(u)

u3
du

)

.
À/ðQw~ÅH»IÃ

iö�ù5ê�ãÙë1å<�bÿ)T�ê�ã Ý å ç
∫ 1

0

ΘEα(t)
2

t3
dt <∞,

ÀPð`w~ÅTá=Ã
ë>�QìöæÜ8õ�ë>�

ω(z, C1(0),∆1(0) \ E)
ê?ö&�

gC\E(z)
÷bê?ëÎåÉ÷Ççk
 êçT�õZ�8ê/T á å ù 1/2(1 − α)÷�íJõTõ�ë>�Nö-ì÷�÷�ê�ëUë��5ì�õ?ãÙåg^IåÇö-ø

* % è ������ ��z³K�-°��	 �z	R���
hj�5oby=v|oTk á5w~Å����QynþØ��q8�Ql?q�{��Ól���oT�Q��oJhj�5oby=v|oTk���»5w�ÅýN»Nw áAlI�Q��q8�5ob{~v � y=v|y=���Él�v|{~oT�&l�v8o
���QlIv � w�ÌÒ�º�Q�5ynþRobmIobvH�Kq|�5o��|oqØ{~�E(=�QoT��q|{~yI�¦�Ql=��l���q|v8� � q8�5v|o=�Kq8�5ob�¦q8�5{É�Ø�ºq8v|� � q|�Qv|o!kJln�
v|oH���5��q�{~��k¨� � � � oq�q8obvØoT��q|{~kJl?q8oT�Tw � �Øl��¦ob�5l�k � �~o � yI�`��{É�Nobv�ÕRl��Cq|y=vRqº� � o���oq��TwxÔ
oq
{εi}

� o�lF�|o�(C�5oT� � o�þ�{Ñq8�
0 ≤ εi < 1

�\lI�Q� � yI�Q�|{É�Nobv�q8�5oÓÕRlI�=q8yIv � y=�Q��q|v8� � q8{�y=�
þ�{Ñq8��q8�5{É���|o�(C�5oT� � o=w�ÜR�eq8�5{É�!þRo�k�oTl���q8�Ql?q¨�ºq�l�v|q|{~�5�£�Pv8yIk

[0, 1]
¿ v8��q�þUo�v8obk�y?mIo

q|�5oÓk�{~�5�5��o
ε1
� lIv�q�y��¨q|�5{É��{��Cq|obv8m?lI�1�\q|�Qob� {~� q8�5oÓ�|o � yI�Q� �ºq8o � þUo×v8obk�y?mIo�q8�5o

k�{É�5�N�~o
ε2
� lIv�qxyI� � yIq|�Jv|oTkJl�{~�5{��Q�!{~�=q8obv8m?l��É�T�?q8�5ob��{���q|�Qo�q|�Q{�v�����q|o � þUoØv|oTk�y?mIoRq8�5o

k�{É�5�N�~o
ε3
� l�v|qUy��zoTl � �Av|oTk�lI{��Q{��5�¨ð�{��Cq|obv8m?lI�~�T�Coq � wuÔ
obqR�Q�R�NoT�5y�q8o\q|�5o!��y¨y � q8lI{~�5oT�

ÕRl��=q8yIvMqÍ� � oj�|oq � � C = C(ε1, ε2, . . .) w�hj�5o � �ÉlI�8��{ � lI�NÕRlI�=q|y=v��|oq � yIv8v|oH� � yI�Q�Q�
q|y�q8�5o��oZ(=�Qob� � o
εj = 1/3

�
j = 1, 2, . . .

wj¹N{�� � o�l��Çq|oTv�q|�Qo
n
¸Îq|���ºq8o � q|�5obv8o�lIv|o

2n
{��Cq|oTv|m?lI�É�

y���q|y�q�l��z�~ob�5��q8�
(1− ε1)(1− ε2) · · · (1− εn)

�5q8�5o¨�|oq C(ε1, ε2, . . .) {É�Øy��upboTv|yJ��{~�5oHl�vk�oHlI�|�5v8o¨{Ñ�Rl��`��yI�5�~��{�� ∑
j εj = ∞

w�ÌÒq&{É��}K�5y?þ�� À/�|obo�o=w �`wJÀºÄ~ÅTá5�:�¨w ½5w ½5�:hj�5oTyIv8obk
á?ÆPÃ�ÃUq|�Ql�q C(ε1, ε2, . . .) {É��y�� � y=�|{�q|{~mIo � l � l � {�qº�J{��ul��Q�£y=�5�~��{��
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ΘC(t)

þRo!�QlnmIo

ΘC(tk) = tk



1−
∞
∏
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∞
∑

k=1





∞
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� �ÉlI�8�bw
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q|�5o � ob�QlnmK{�y=v&y��Uq|�Qo�Ê&v8obob���P�5� � q8{�y=�
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þ�{Ñq8�¦q|�Qo�k�yN�N{ ¿`� l�q|{~yI�£q|�`l?qØþUo�y=�5���Ay=k�{�q\l?q�q8�5o

n
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( ∞
⋃
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,
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C\C̃(ε1, ε2, . . .)�|l�q|{É� ¿ oH��leÔz{ � ÅnÚI» � yI�`�N{Ñq8{~yI�3l�q�q8�5o�yIv8{~�I{~�×yI�5�~��{Ñ� ∑
j ε
2
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q|�5o!Ê&v|oTob���P�5� � q|{~yI�Ay��
C \C(ε1, ε2, . . .)

ÝNl��`��q|�Q{~�U�~l�q�q|oTvU�5yIkJl�{~�J�QlI�+k¨� � �Jq|�Q{��5�Qobv
� yI�5�Q�Ql�v8��q8�Ql��
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w
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µC

õ�ç C = C(ε1, ε2, . . .) Þ ì��Qê?æ?ì µC([0, δ]) = O(
√
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√
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z �|�5ynþØ��q|�Ql�qMq8�5{~��{É�����`l�v � v|oT�=l�v��N{~�5��q8�5o� yI�`�N{Ñq8{�y=�§À/½5w~ÅHÃw\ÌÍ�eq|�Q{~�&�|o � q8{�y=�eþRo � yI�`��{É�Nobv\q|�5o � v8y � �~obk«{��uq8�5obv8o�l�v8o¨lI�Ql��~yI�=yI�Q�

v|oH���5��q8��þ��5ob�
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∫ ∞
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ÌÍ�£q|�5{É� � �Ql � q|oTvjþRo!�I{~mIo!l���l �5� ��{ � l�q|{~yI�£y��MyI�Qvjv8oT�|�5�Ñq��Uq8y � yI�~�C�QyIk�{~lI��{��Qo�(C�Ql��~{�q|{~oT�Tw
·�l�v8}Iynm�� �U{~�5o�(C�QlI�~{Ñqº�

‖P ′n‖[0,1] ≤ 2n2‖Pn‖[0,1], deg(Pn) ≤ n,
ÀÎñNw�ÅnÃ

{~�My=�5oUyI�5q|�5o � lI�|{ � {��Qo�(C�Ql��~{�q|{~oT� � yI�Q�5o � q8{��Q��yI��l��¨{~�=q8obv8m?l��Cq|�5o���{~pboUyI�5q8�5oj�NoTv|{~m?l�q|{~mIo
y��zl � y=���K�5y=k�{~lI�

Pn
y��z�5ob�Iv8obo�l?qRk�yC�ºq

n
þ�{Ñq8�A{�q8�R�|� � v|oTk¨�5k �5y=v|k ‖Pn‖[0,1] w�ÌÒ� E{~�Øl � y=k � l � qØ�|oqØyI�£q8�5o � �~lI�5o&q8�5o�l��QlI��y=�I�5o&y���·�lIv|}Iy?m�� �R{~�5o�(C�Ql��~{�qÍ�=�N�QlIk�ob�~�

‖P ′n‖E ≤ Cn2‖Pn‖E , deg(Pn) ≤ n,
ÀÎñNw »=Ã

k�ln��yIvUkJlH���5y�qR�5yI�É���No � ob�Q�N{~�5��yI�Jq8�5o&��q|v8� � q8�5v8oØyI�
E
wuàQyIv�ÕRl��Cq|y=vxqº� � o��|oq��+þRo

�QlHmIo�l � yIk � �~oq|o�l��Q�|þUoTvTs
R Z ` ZM]9Û ;K*Q<?;K2 ZKá ìbë {εj} Ü8ì!ê�÷bìkjÿQìbö&��ì!õºçØö`ÿNí�Ü�ìãÙ÷
ç�ã|õ?í�ë>�Qì�åÇöQëÍìãÙæ?êLT

[0, 1)
ø��&�Qì

é�ê�ã|ä=õ?æ�åÇö�ìejbÿQêLT åÇëc

‖P ′n‖C(ε1,ε2,...) ≤ Cn2‖Pn‖C(ε1,ε2,...), deg(Pn) ≤ n,

ÀÎñNw áCÃ
åÉ÷�ë1ãÙÿQì Þ åÉë���÷bõ?íJì3��õ?öQ÷ÙëÒê�öQë C å ç¨ê�ö&�£õ?ö~Tg
Jå ç ∑

ε2j <∞ ø
ÌÍ� � l�v|q|{ � �5�Él�vH��q8�5o&·�l�v8}Iynm�{~�5o�(C�QlI��{�qº��ÀÎñNw »=Ãuk�ln���5y=�~�JoTmIob�J�PyIvR�|oq��+y��
k�oTlI�|�5v8o

pbobv8yQw
àQyIv��=ob�5oTv8lI� � yIk � l � q��|oq8��y=�5v�v8oT�|�5�Ñq��¨�={�mIo£l���y � l��Um=obv8�|{~yI�3yI�\·�lIv|}Iy?m�� ��{~�5o¸

(=�`l��~{Ñqº�=w$'�l?q8�5v8lI���~�=�K{��Mq|�5o � yI�Q�5{Ñq8{�y=�Q�jy��Mq|�5o��5ob�Kqjq8�5oby=v|oTk �5y=�~�¦�5�5{��PyIv8k��~���PyIvjq8�5o
� yI{~�=q8��y���l��|oq

E
�Nq8�5ob��yI�Qo!�Ioq���l��I�~y � lI�:·�lIv|}Iy?mJ{~�5o�(C�Ql��~{�qÍ�AyI�£q8�Ql?q\�|oqTw

R Z ï ZM]9Û ;K*Q<?;K2 ZKá ìbë E Ü8ì�êE�8õ�íØùQêS�bë�÷bìbë\õ?öÓë��5ì�ù&T~ê?ö-ì Ý S ∈ E Ý ê�ö&�4T�ìbë ΘE,S(t)Ü8ì¨ë>�Qì+ç�ÿNö��ëÎå/õ?ö�ÀÎ»Nw~ÅHÃ Þ åÇë>�eã|ì÷1ùQìe�bëRëÒõ E
ê?ö���ë>�Qìjù5õ�åÇöQë

S
øOi/ç

∫ 1

0

Θ2E,S(u)

u3
du <∞,

ÀÎñNw ðKÃ
åÉ÷�ë1ãÙÿQì Ý ë��5ìbö×ê?ë S ë>�Qì9T�õZ�8êLTzé�ê?ã|ä=õ?æ�åÇö�ìejbÿQêLTÑåÇë·


|P ′n(S)| ≤ Cn2‖Pn‖E , deg(Pn) ≤ n,
ÀÎñNw ü=Ã

åÉ÷�ë1ãÙÿQì Þ åÉë���÷bõ?íJì3��õ?öQ÷ÙëÒê�öQë C øôxõ?ö`ænìbã�÷bìrTn
 Ý å ç Θ åÉ÷¨ê�ö�õ?öQö�ìc^Cê?ëÎåÇæ?ì¨åÇö&�bã|ì8ê?÷�åÇöv^&ç�ÿNö&�bë1å/õ�ö×õ?ö
[0, 1] Þ åÇë>�eë��5ì�ù�ã�õ/pù5ìbãÙë1å/ì÷

Θ(t) ≤ t
çõ�ã¨ê/T>T

t
ê�ö&�

∫ 1

0

Θ2(u)

u3
du =∞,

ÀÎñNw ½CÃ
ë>�Qìö�ë��5ìbã|ì�åÉ÷¨ê��8õ�íØùQêS�bëU÷bìë

E ⊆ [0, 1] ÷Ùÿ~�e�eë>�Qê?ë
ΘE,0(t) ≤ Θ(t) for all t ∈ [0, 1], ÀÎñNw ñIÃ

ê?ö&�\çõ�ã!÷bõ?íJì�ù5õLTg
?ö-õ?í�å/ê/T ÷
Pn

õºçU�Iìs^�ã|ì�ì
n = 1, 2, . . . Þ ìÇ�Qê?æ?ì

|P ′n(0)| 6= O
(

n2‖Pn‖E
)

.
ÀÎñNw òCÃ

»=ü



hj�5{É�+þ��5y=��o\þUy=v|}��Ql=�xoTk�obv8�IoT���Pv8yIk ·�lIv|}Iy?mC¸1qº� � o�{��5oZ(C�Ql��~{Ñq8{�oH�bwuh!w=Èxv��Nib�~�K{1� � w
2!v|yK��lI�Q���QwK¹KpTl � lI�NyC��Ä ò?Æ � v|y?mIoT���|obmIoTv8lI�N�~y � l��5mIoTv8�|{~yI�Q�uy���q|�5o�·�lIv|}Iy?m¨{��5oZ(C�Ql��~{Ñqº�=w
hj�5ob���QlnmIo�lI�~�|y£{��Cq|v8yN�N� � oT��q|�5oJ�NoT�Q��{�qº�e�P�5� � q8{�y=�

ΘE,S
l��Q��þ�{�q|�×{Ñq!q8�5ob� � v8ynmIoH�

l��¦{~�5o�(C�QlI��{�qÍ�Aþ��5{ � ��{~k � ��{~oT��ÀÒñKw üIÃ � v8ynmK{É�NoT�
∫ 1

0

√

ΘE,S(u)

u2
du <∞,

ÀÎñNw .CÃ
{~��q|v8�5oIw�ÂØy?þUobmIoTvT��q|�5{É�¨v|oH���5��q¨{É���5yIq��|�Ql�v � ÀP�5yIq|o�q|�Ql�q

ΘE,S(u) ≤ u
���5ob� � oJq8�5o

{��Cq|ob�=v8lI�Q�D{~��ÀÎñNw .CÃ�{É��lI��þRln�N� � {��=�Iobv£q8�Ql�� q8�5o×y=�5o×{���ÀÒñKw ðCÃ|ÃÙ�!l��Q�Dq|�5oÓyIv8{~�I{~�Ql��
k�yIq|{~m?l�q|{~yI� �Py=v�q|�Q{~�AþUy=v|} þRl=�Jq|y ¿ �`�Oq|�5o � yIv8v|o � qJ�PyIv8k¶yI�!q|�5o�{~�=q8ob�Iv�l��`�:w � �
l��¦o�5lIk � ��o � yI�Q�|{~�NoTvR�Py=v

0 < α
lI�Q�

α+ 1 < β
q8�5o���obq

E =

∞
⋃

k=2

[

1

kα
+
1

kβ
,

1

(k − 1)α
]

.

ÌÍ�£q8�5{~� � lI�|o&þUo��QlnmIo

ΘE,0(t) ∼
∑

k−α≤t

1

kβ
∼ t(β−1)/α,

�5ob� � o�q|�5o�l?�PyIv8obk�ob�Cq|{~yI�5oH��v8oT�|�5��q!{~� Ä ò?Æx{É��l �5� ��{ � l � ��o�o�5l � q8�~�eþ��5ob�
β > 2α + 1

�
l��Q�¦�|y�{ÑqØ{~k � �~{�oH�Rq8�Ql?q��Py=v

β > 2α+ 1
q8�5o���y � l��
·�lIv|}Iy?mJ{��Qo�(C�Ql��~{�qÍ�

|P ′n(0)| ≤ Cn2‖Pn‖E
ÀÒñKw~ÅT¼CÃ

{~�Mq8v|�5o=wMÂ\ynþUoTmIobvH��hj�5oby=v|oTk ñKw »\�I{~mIoT��q|�`l?qØÀÎñNw~ÅT¼=Ãz{É��l � q8�Ql��~����q|v8�5oR�PyIvulI���
β > α+1

w
hj�5o��PyI�~��y?þ�{~�5�J�|�Kk�k�oq8v8{ � m?lIv|{Él��CqjyI�uhj�5oby=v|oTk«ñNw »�q|oT���É���`���5�Q�5obvØþ��`l?q � yI�Q�N{�¸

q|{~yI�Q�jq|�5o�lI�Ql��~yI�=�5o�yI��q|�5o�ÜRobv8�Q��q|oT{��¦{~�5o�(C�Ql��~{�qÍ�A{É�Rq8v|�5o!�PyIv��IoT�5obv�l�� � yIk � l � qØ��obq8�Tw
R Z w ZM]9Û ;K*Q<?;K2 ZKá ìbë E ⊂ [−1, 1] Ü�ì�ê4�8õ�íØù5êY�ëj÷bìë Ý ê?ö&�mT�ìbë Θ∗E(t) = |[−t, t] \ E|Ü8ì¨ë>�Qì+ç�ÿNö��ëÎå/õ?ö�À/ðQw~ÅHÃTøNi/ç

∫ 1

0

(Θ∗E(u))
2

u3
du <∞,

ÀÎñNw�Å=ÅHÃ
åÉ÷�ë1ãÙÿQì Ý ë��5ìbö�ë>�QìÇí�ìãÙöQ÷�ëÍìbåÇö�åÇö-ìkjÿQê/T åÇë·


|P ′n(0)| ≤ Cn‖Pn‖E deg(Pn) ≤ n,
ÀÎñNw�Ån»IÃ

åÉ÷�ë1ãÙÿQì Þ åÉë���÷bõ?íJì3��õ?öQ÷ÙëÒê�öQë C øôxõ?ö`ænìbã�÷bìrTn
 Ý å ç Θ∗ åÉ÷×ê ö-õ�öQö�ìc^Cê?ëÎåÇænìÓåÇö&�bã|ì8ê?÷ÙåÇö_^�ç�ÿNö&�bë1å/õ�ö õ�ö
[0, 1] Þ åÇë�� ë>�Qìù-ã|õ8ùQìãÙëÎå/ìÙ÷

Θ∗(t) ≤ 2t çõ?ã�êLT>T t ê?ö��
∫ 1

0

Θ∗(u)2

u3
du =∞,

ÀÎñNw�ÅHá=Ã
ë>�Qìö�ë��5ìbã|ì�åÉ÷¨ê��8õ�íØùQêS�bëU÷bìë

E ⊆ [−1, 1] ÷Ùÿ~�k��ë��5ê?ë
Θ∗E(t) ≤ Θ∗(t) for all t ∈ [0, 1], ÀÎñKw~ÅbðKÃ

ê?ö&�\çõ�ã!÷bõ?íJì�ù5õLTg
?ö-õ?í�å/ê/T ÷
Pn

õºçU�Iìs^�ã|ì�ì
n = 1, 2, . . . Þ ìÇ�Qê?æ?ì

|P ′n(0)| 6= O
(

n‖Pn‖E
)

.
ÀÒñKw~ÅHüIÃ

»I½
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ÌÍ�¨q8�5{É� � �Ql � q8obv�þRoR�={�m=oRlI��l �5� ��{ � l�q|{~yI��y��`q|�5o�k�lI{���v8oT�|�5�Ñq���q|y&�/lI��qx�No � v|oHlI�|{��5��y=vu��y
� l��~�~oT� � {~� � y=���K�5y=k�{Él��É�Tw�hj�QoT�|oØl�v8o ß t�{~v8l � �Nob��q8l&?R��{~}Io � yI�~�K�5yIk�{Él��É�b�I{1w oIw � yI�~�C�QyIk�{Ñ¸l��É�:q8�Ql?q��No � v|oHlI�|o��/lI��qMlnþRln�\�Pv|y=k q|�5oUyIv8{~�I{~�
wzhj�5oT� � �ÉlH�!l\�|{��=�5{ ¿-� l��Cqzv8yI�~ox{~�¨��oTmIobv�l��
�N{~� � { � �~{��QoT�&yI�+kJl�q|�5oTk�l�q|{ � lI��lI�Ql��~�N��{É�&��� � �×lI�!l �5� v8yn�N{�kJl?q8{�y=�eq|�5oTyIv8�I�:yIv|q|�5y=�IyI�`l?�
� yI�~�C�QyIk�{~lI�É�b�Nk�yIk�oT�=q � v|y � ��oTkJ�b�5oq � wRhj�5oT�|o�l �5� �~{ � l?q8{�y=�Q�jv8o�(C�5{~v|o � y=���K�5y=k�{~lI�~�

Pq|�Ql�q+q�l�}IoØq|�5o�m?lI���Qo�Å�l?q+q8�5o\y=v|{~�={���l��Q��lIv|o��/l=�ºqR�5o � v8oTl=��{~�5��y=�
[−1, 1] \ {0} {~�Jq|�Qo��oT�Q��o&q8�Ql?q

P (0) = 1, |P (x)| ≤ e−ϕ(x), x ∈ [−1, 1], À/ò5w~ÅHÃ
þ��5obv8o

ϕ
{É��l¦�={�mIoT�×obmIob�×�P�5� � q|{~yI�Óq|�Ql�q�qº� � { � l��~����{~�CmIyI�~mIoT�!q|�5oA�Nob�=v|oTo�yI�

P
wAàQyIv

o�5l�k � �~oI�Kq8�5o�·�lIv|}Iy?mC¸ÒÜRobv|�Q��q|ob{~�N¸ÎqÍ� � o�{~�5oZ(=�`l��~{Ñqº�
‖wR′‖Lp(−∞,∞) ≤ C‖wR‖Lp(−∞,∞), R

l � yI�~�K�5yIk�{Él��Î�
þ�{Ñq8�FlI�3l � ��y=���Nq8o � y=�Q�ºq�l��Cq

C
�Py=v�þRob{~�I�=q�����{~}Io

w(x) = exp(−|x|β) � 0 < β < 1
�

�PyI�~��y?þØ�R�Pv|y=k�q8�5o�o�N{É�ºq8ob� � o�y�� � yI�~�K�5yIk�{Él��É�
Pn

yI���Nob�=v|oTo!l?qØk�yC�ºq
n
�|l�q|{É�º�P�K{~�5�

Pn(0) = 1, |Pn(x)| ≤ C exp(−(n|x|)β), x ∈ [−1, 1]
À/�|obo�Ä~ÅH»nÆÇÃw
hj�5o&{~k � y=v�q�l�� � o\yI���|� � � � yI�~�K�5yIk�{Él��É�+�~{�oH�U{~�Aq|�5o��/l � qRq|�Ql�qRq|�5oT{�vj{~�=q8ob�Iv�l��É� � v|yI¸

mC{É�No��IyNyN�£l �5� v|yn�N{�kJl?q8{~yI��q8y�q8�5o��|{~�I�C�Qk �P�5� � q8{�y=�el��`�Aq|�Qobv8o � ��q8�5ob�¦��oTv|mIo�lI�Rq8�5o
� �5{~�~�N{~�5� � �~y � }N�x�PyIvUþUoT���-�~y � l��~{�pToT� ß � yI�~�K�5yIk�{Él�� � l�v|q|{�q|{~yI��y��z�5�5{�qÍ�P??wuhj�5oT�Jl�v8o\lI�~�|yy � q8{�kJl�� � yI�KmIyI�~�Nq8{�y=��}IoTv|�Qob�É�b�n�Py=v�q8�5ob��{~k�{Ñq�l?q8oUq8�5o�t\{~v8l � �5ob��q8l&l=� � ��yC��ojlI� � y=�8��{ � �~oIw

hj�5o � v|y � ��oTk � lI� � o��Py=v|k¨�5�Él?q8oT�e{���qÍþUy£�N{È:�obv8ob�=q&þRln�N�bs ¿ �Q��q8�5o��/l=�ºq8oT��q&�No � ¸
v|oHlI�|{��5� � yI�~�C�QyIk�{~lI�~�UyI��l��I{~mIob�Ay=v8�5obvH�CyIvjlI�Ñq8obv8�Ql?q8{�mIoT���=� ¿ �Q�Aq|�5o���kJlI���~oT��q � yC�|�|{ � ��o
�Nob�=v|oTo��PyIvjq8�5o � yI�~�K�5yIk�{Él��

P
{~�3À/ò5w~ÅHÃwuhj�5{É�Ø�Nob�=v|oTo&{É���Nob�Qy�q|oH� � �

nϕ.hj�5o�y=v8�NoTv�yI�
nϕ

� l�� � o�oH�ºq8{�kJl?q8oT� � ��l���o� � �~{ � {Ñq8��� � yIk � �5q8l � ��o�(C�Ql��Cq|{�qÍ��lI�
�PyI�~��y?þØ�ØÀ1��oTo�Ä�ÅH¼nÆPÃÙs�Ô
obq

ϕ
� o\l��JobmIoT���P�5� � q|{~yI�z�Cv|{~�I�Cq � y=�=q8{��K�5yI�Q�+lI�Q��{~� � v|oHlI�|{��5��yI�

[0, 1]
w+hj�5ob�

1

6
Nϕ ≤ nϕ ≤ 12Nϕ

þ��5obv8o
Nϕ = 0

{��
ϕ(1) ≤ 0 lI�Q�

Nϕ = 2 sup
ϕ−1(0)≤x<b

√

ϕ(x)

x2
+

∫ 1/2

b

ϕ(x)

x2
dx+ sup

1/2≤x<1

ϕ(x)

− log(1− x)
+ 1,

b = min(ϕ−1(1), 1/2)
�5y�q|�Qobv8þ�{~�|oIw

Â\obv8oI�K�Py=v
u ≥ 0 �

ϕ−1(u) = sup{τ τ ∈ [0, 1], ϕ(τ) ≤ u}.
ÌÒ�

Nϕ =∞
�=q8�5ob�Aq|�5o&��q8l�q|oTk�oT�=qRyI�:q8�5o\q8�5oby=v|oTk�k�oTlI�Q�xq8�Ql?qRq|�5oTv|o&l�v8o\�5y � y=���K�5yI¸

k�{Él��É�jþ��Ql�q8�|yKobm=obvjþ�{Ñq8�£q8�5o���q8l?q8oT� � v8y � oTv�q8{�oH�bw

»Cñ



� �zlØ� � o � {~lI� � lI�|o�q8�5ox�PyI�~��y?þ�{~�5���QyI�É�5�bw�Ôzoq
ϕ
� oUl���obmIoT��l��Q��yI�

[0, 1]
{~� � v8oTl=��{~�5�

�P�5� � q8{�y=�Óþ�{�q|�
ϕ(0) = ϕ(0 + 0) = 0

lI�Q�
ϕ(x) ≤ Cϕ(x/2)

�Py=v
x ∈ [0, 1] wAhj�5oT�q|�5oTv|o�lIv|o � yI�~�K�5yIk�{Él��É�

Pn
yI���Nob�Iv8obo�l?q�k�yC�ºq

n
�8l?q8{~���P�K{��Q�

Pn(0) = 1, |Pn(x)| ≤ D exp(−dnϕ(x)), x ∈ [−1, 1], n = 0, 1, . . .
À1ò5w »IÃ

�PyIvØ�|yIk�o � yI�`�ºq�l��=q��
D > 0

l��Q�
d > 0

{Ñ�ul��`�£yI�5�~��{��
∫ 1

0

ϕ(u)

u2
du <∞.

À/òQw áCÃ

à5y=vjob�5l�k � �~oI�
|P (0)| = 1, |P (x)| ≤ C1 exp(−n|x|β)

þ�{Ñq8�
β > 1

� l�� � o�l � �5{~obmIoT� � � � yI�~�K�5yIk�{Él��É�RyI���5ob�Iv8obo ≤ Cn,
� �NqØ�Py=v

ϕ(x) = |x|þUo!�=oqjq8�Ql?q�q8�5o�k�{~�5{~kJl��z�NoT�Iv8obo
nϕ

y���q|�Qo � y=�~�C�QyIk�{~lI�~�
P
�8l?q8{~���P�K{��Q�

|P (0)| = 1, |P (x)| ≤ C1e
−n|x|, x ∈ [−1, 1]

�|l�q|{É� ¿ oH�
1

C
n log n ≤ nϕ ≤ Cn log n.

hj�5o��|� � ��q|{�q|�Nq8{�y=�
x → x2

� �QlI�5�IoH�Øq8�5o � v8y � ��oTk©{~�=q|y£�/l=�ºq��No � v|oHlI�|{��Q� � y=���K�5yI¸
k�{Él��É�jy=�

[0, 1]
wxÈØw �`wu{��¦q|�Q{~� � lI�|o�À/òQw »IÃ+q8lI}IoT�Rq|�Qo!�PyIv8k

Pn(0) = 1, |Pn(x)| ≤ De−dnϕ(x) x ∈ [0, 1], À/ò5w ðCÃ
l��Q�A�Py=vjq|�5{É��À/òQw áCÃUþ�{~��� � �Ql��5�=o&{~�=q8y�q8�5o��5o � oT�8�|lIv|��lI�Q�¦���xq � {�oT�=q � yI�Q�N{�q|{~yI�

∫ 1

0

ϕ(t)

t3/2
dt <∞.

À/òQw ü=Ã

'\ynþ �|� �5� y=�|oI�Kq8�Ql?q
E ⊂ [0, 1] {É�Øl � �~y=�|oT�£�|oqH�Ql��Q�£þUo�þRl��Cq

|Pn(x)| ≤ De−dnϕ(x)

yI�5�~�¦yI�
E
À � oH��{É�NoH�Øq|�5o � v8y � oTv�qº�

Pn(0) = 1
ÃÙ��{1w oIw\þUo � l�v8o�yI�5�~�£�PyIv\q|�5o��No � v8oTlI�|o

y��
Pn

yI�
E
w!ÌÒq!{~� � ��oHl�v\q8�Ql?q�lJq8�5{~�5�5obv

E
þ�{~���ul��~��y?þ �/lI��q|oTv&�No � v8oTlI�|o��PyIv

Pn
�:lI�Q�

þUo�lIv|o\�Iy={��5��q|y��|�5y?þ q8�Ql?qUq8�5o&�Nob�`��oT�5oT�8� � y=�Q�N{�q|{~yI���Q�|oT��{���q|�Q{~�UþRyIv8}�{É� � v|o � {É��oT���
q|�5o � yI�Q�N{�q|{~yI�¦�Q�Q�NobvØþ��5{ � �el��P�5�~�zl��`l��~yI�I�Qo�y���À/ò5w ðCÃÒý�À1ò5w üIÃ+�5y=�~�5�Tw
� Z ` ZM]9Û ;K*Q<?;K2 ZKá ìbë E ⊆ [0, 1]

Ü�ì���õ?í\ù5êY�ë Ý ê?ö�� ϕ
ê�ö åÇö&�bã|ì8ê?÷�åÇöv^Aç8ÿNö��bë1å/õ?ö õ?ö

[0, 1] Þ åÇë�� ϕ(0) = 0
øOiPç

∫ 1

0

ΘE(t)
2

t3
dt <∞,

À/òQw ½CÃ
ë>�Qìö�çõ�ã

n = 1, 2, . . .
ë��5ìbã|ì�ê?ã|ì�ù5õ/Tn
?ö-õ�í�å/ê/T ÷ Þ åÇë��

Pn(0) = 1, |Pn(x)| ≤ C1e
−c1nϕ(x), x ∈ E

À/òQw ñIÃ

»Iò



Þ åÇë>��÷bõ?íJì��8õ?öQ÷ÙëÒê�öQë1÷ C1, c1 > 0
å ç�ê�ö&�£õ?ö#Tn
Jå ç
∫ 1

0

ϕ(t)

t3/2
dt <∞.

À/òQw òCÃ

ôxõ?ö`ænìbã�÷bìrTn
 Ý å ç 0 ≤ Θ(t) ≤ t
åÉ÷¨ê?ö�åÇö��ã|ì�ên÷ÙåÇö_^&ç�ÿNö&�bë1å/õ�ö×õ?ö

[0, 1] Þ åÇë��
∫ 1

0

Θ(t)2

t3
dt =∞,

À/òQw .CÃ
ë>�QìöÓë��5ìbã�ì�ê?ã|ì�ê ��õ?í\ù5êY�ë�÷bìbë

E ⊂ [0, 1]
÷Ùÿ~�k��ë>�Qê?ë

ΘE(t) ≤ Θ(t)
çÙõ�ã�ê/T>T

t
ê�ö&��ê

í�õ�ö-õ�ëÒõ?ö�ì
ϕ Þ åÇë��

∫ 1

0

ϕ(t)

t3/2
dt =∞ À1ò5w~ÅT¼=Ã

çõ?ã Þ �Kå<�k��ë>�Qìã|ì�ê?ã|ì�ù5õ/Tn
?ö-õ�í�å/ê/T ÷ Pn Þ åÇë���ù-ã|õ8ù5ìbãÙëc
 (8.7) ø
ÜR��q|�5oA��q8lI�Q�5l�v��×�|�Kk�k�obq|v8{�pHl?q8{�y=�

x → x2
y=�5o � l��Ó{~k�k�oH�N{~l�q|oT���×�NoH�N� � o�q8�5o

�PyI�~��y?þ�{~�5� � yIv8yI�~�~lIv|�Iw
� Z ï Z$à *Q<?*-,/,1LN<n_ Z9á ìë E ⊆ [−1, 1] Ü8ì9�8õ?í\ù5êY�ë Ý ê?ö&� ϕ ê�öeìbæ?ìö�ç�ÿNö&�bëÎå/õ?öeõ�ö

[−1, 1]÷�ÿ~�k��ë��5ê�ë
ϕ
åÉ÷�åÇö&�bã|ì8ên÷ÙåÇöv^¦õ�ö

[0, 1]
ê�ö&�

ϕ(0) = 0
ø á ìbë-ç�ÿNãÙë��5ìbãÙí�õ�ã|ì

Θ∗E(t) = |[−t, t] \ E|
Ü8ì¨ë>�Qì�÷�
?í�í�ìbëÎãÙå<�3�=ìöQ÷�åÇëc
Øç�ÿNö��ëÎå/õ?ö�ç�ã|õ�í

(4.1)
ø�iPç

∫ 1

0

Θ∗E(t)
2

t3
dt <∞,

À/òQw~ÅIÅHÃ

ë>�Qìö�çõ�ã
n = 1, 2, . . .

ë��5ìbã|ì�ê?ã|ì�ù5õ/Tn
?ö-õ�í�å/ê/T ÷ Þ åÇë��
Pn(0) = 1, |Pn(x)| ≤ C1e

−c1nϕ(x), x ∈ E
À/òQw~ÅH»IÃ

Þ åÇë>��÷bõ?íJì��8õ?öQ÷ÙëÒê�öQë1÷ C1, c1 > 0
å ç�ê�ö&�£õ?ö#Tn
Jå ç
∫ 1

0

ϕ(t)

t2
dt <∞.

À/òQw~ÅTá=Ã

ôxõ?ö`ænìbã�÷bìrTn
 Ý å ç 0 ≤ Θ∗(t) ≤ 2t åÉ÷�ê�ö�åÇö&�bã|ì8ê?÷ÙåÇö_^&ç�ÿNö&�bë1å/õ�ö×õ?ö [0, 1] Þ åÇë>�
∫ 1

0

Θ∗(t)2

t3
dt =∞,

À/òQw~ÅbðCÃ

ë>�Qìö�ë��5ìbã|ì�ê?ã|ì�ê4�8õ�íØù5êY�ëj÷bìbë
E ⊂ [−1, 1] ÷Ùÿ~�e��ë>�5ê�ë Θ∗E(t) ≤ Θ∗(t) çõ�ã�ê/T>T t ê?ö��êJíJõ?ö�õ?ëÍõ?ö�ì

ϕ Þ åÇë>�
∫ 1

0

ϕ(t)

t2
dt =∞ À1ò5w~ÅHüIÃ

çõ?ã Þ �Kå<�k��ë>�Qìã|ì�ê?ã|ì�ù5õ/Tn
?ö-õ�í�å/ê/T ÷ Pn Þ åÇë���ù-ã|õ8ù5ìbãÙëc
 (8.12) ø

»S.



àQyIv�ÕRl��Cq|yIv�qÍ� � oA��obq8��þUo � v8y?mIo�q|�5oJ�Py=���~ynþ�{~�5�`wAÔzoq
εi ∈ [0, 1)

��l��Q� � yI�Q�|{É�Nobv
q|�5o�ÕRlI�=q|y=v��|oq C(ε1, ε2, . . .) �PyIv8k�oH�£þ�{Ñq8�¦q|�5oH��o��C�5k � obv��Tw� Z w ZM]9Û ;K*Q<?;K2 ZKá ìbë ϕ Ü8ì�ê�öOåÇö��ã|ì�ên÷ÙåÇö_^�ç�ÿNö��bë1å/õ?ö õ?ö [0, 1] Þ åÇë�� ϕ(0) = 0

ê�ö&�
E = C(ε1, ε2, . . .)

ø�iPç ∑
i ε
2
i < ∞ Ý ë>�Qìö3ë��5ìbã|ìAê?ã|ì&ùQõLTn
?ö�õ?í�å/êLT ÷ Þ åÇë>�×ë��5ì&ù-ã|õ�ù5ìãë·


(8.7)
å ç¨ê?ö&�£õ?ö#Tn
Jå ç

(8.8)
åÉ÷�ëÎãÙÿQìTø

ôxõ?ö`ænìbã�÷bìrTn
 Ý å ç ∑i ε
2
i = ∞ Ý ë��5ìbö�ë��5ìbã�ì�åÉ÷�ê ϕ Þ åÇë>� (8.10) çõ?ã Þ �Kå<�k��ë��5ìbã|ì�ê?ã|ìù5õLTg
?ö-õ?í�å/ê/T ÷

Pn
Þ åÇë>�eë��5ì�ù-ã|õ8ù5ìbãÙëc
 (8.7) çõ?ã E = C(ε1, ε2, . . .)

ø

5 % ð«	Ø�¡	�$ ���4� ��²$M�¥A�ß�-°��	 ¢b�£	!Ú�¥¦���¢���¢b	��
Þ�obk�obpb¸1qº� � o�{~�5oZ(=�`l��~{Ñq8{�oH��oH�ºq8{�kJl?q8o�q|�5o��5y=v|kßy��xl � yI�~�K�5yIk�{Él��ÎwUhj�Qo��|{~k � ��oH�ºq � lI�|o
y���{Ñq��|ln�N�Uq8�Ql?q\{Ñ� |Pn(x)| ≤ 1 �Py=v x ∈ [n−2, 1] �Nq8�5ob��þ�{�q|��l���l � �|yI�~�Nq|o � yI�Q��q8lI�=q CþUo��QlnmIo |Pn(x)| ≤ C

�PyIv
x ∈ [0, n−2] wxó\� � y=�5v���o=�?q|�5{É�x{~��¾º�`�ºqUl���{~k � �~oØl �5� oHl�v�l�� � oy���q|�5o�ÜRobv8�Q��q|ob{~�N¸s�×lI�~�|�£��oTk�kJl�lI�Q�£y���q|�5o √|z| � oT�QlHmK{~yIvjy���q8�5o�Ê&v8oboT�A�P�5� � q|{~yI�
wÕUyI�5�5o � q8oT�×þ�{Ñq8�×q|�5oAl?�Py=v|obk�oT�=q|{~yI�QoT��{��5oZ(C�Ql��~{Ñqº��l�v8o�q|�5o£¹ � �K�5v�qº� � o�{��5oZ(C�Ql��~{Ñq8{�oH�

q|�Ql�q&oH�ºq8{�kJl?q8o¨q|�Qo��QyIv8k«yI�Ul � y=���K�5y=k�{~lI� � v8ynmK{É�NoT�e{�q8�&þUoT{��=�=q|oH���5yIv8k©{É��}K�5y?þ��
w
à5y=vjob�5l�k � �~oI�N{��

σ > 0
�Nq8�5ob�
‖Pn‖[0,1] ≤ Cn2σ‖xσPn(x)‖[0,1].hj�5o�v8oT�|�5��q8���Pv|y=k©q|�5o�y�q8�5obv � �Ql � q8obv���yI�+q|�5{É�&þRyIv8}��I{~mIo�oHlI�|��ob�Cq8ob�Q�|{~yI�Q�&y��+q|�QoT��o

���5k�kJl�v8{~pboT�£{~�
a Z ` ZM]9Û ;K*Q<?;K2 ZKá ìbë E Ü8ì¨ê���õ?í\ù5êS�bë+÷�ÿ~Ü÷bìëUõºç&ë>�QìUù�T�ê?ö�ì¨ê?ö���T�ìbëxÿK÷\÷ÙÿHùIù5õ?÷ì�ë>�Qê?ë

∫ 1

0

Θ2E(u)

u3
du <∞,

À<.Qw�ÅnÃ
�5õLT¸�n÷bø-���5ìbö

|Pn(z)| ≤ CR‖Pn‖E\∆
Rn−2(0)

, |z| ≤ Rn−2
À<.Qw »=Ã

Þ �5ìbã|ì CR
�=ìÒù5ìbö��n÷�õ?ö#Tn
Aõ�ö

R ñ ç�ÿNãÙë��5ìbãÙí�õ�ã|ì¨å ç σ > 0 Ý ë>�5ìbö
‖Pn‖E ≤ Cσn

2σ‖zσPn(z)‖E .
À<.Qw áCÃ

ôxõ?ö`ænìbã�÷bìrTn
 Ý å ç 0 ≤ Θ(t) ≤ t
åÉ÷�ê�ö åÇö&�bã�ì�ên÷ÙåÇöv^�ç�ÿNö&�bë1å/õ�ö õ?ö

[0, 1] Þ åÇë��Dë��5ìù-ã|õ8ùQìãÙëc

∫ 1

0

Θ2E(u)

u3
du =∞,

À<.Qw ðKÃ
ë>�Qìö×ë��5ìbã|ì�åÉ÷�ê �8õ�íØù5êY�ë�÷bìbë

E ⊂ [0, 1] ÷Ùÿ~�k��ë��5ê�ë ΘE(t) ≤ Θ(t)
çõ?ã�êLT�T

t ∈ [0, 1] Ýê?ö&�\çõ�ã¨ì�êS�k�
n
ë>�5ìbã|ì�ê?ã|ì�ù5õ/Tn
?ö-õ�í�å/ê/T ÷

Pn
õºçU�=ìc^Iã|ì8ì�ê?ëUíJõn÷Ùë

n
÷Ùÿ~�k��ë��5ê?ë

|Pn(0)|
‖Pn‖E∩[n−2,1]

→∞, n→∞,
À<.Qw ü=Ã

ê?ö&�\çõ�ã¨ê�ö~

σ > 0

‖Pn‖E
n2σ‖xσPn(x)‖E

→∞, n→∞.
À<.Qw ½CÃ

á=¼



¹K{~k�{��Él�v � v|yKyI�/�U�I{~mIo�q|�Ql�q�{Ñ�
E = C(ε1, ε2, . . .)

{~��lJÕRl��Cq|yIv���obqT�Kq8�5ob�£q|�Qo�Þ�obk�obp
qÍ� � oR{��Qo�(C�Ql��~{�qÍ��À<.Qw »=Ã
�5yI�É�5��{��-l��Q��y=�5�~�!{�� ∑

ε2i <∞ ��lI�Q��q|�5{É�M{É�MlI�~�|yØq8�5oR�5o � oT�8�|lIv|�l��Q�¦�|�)q � {~ob�Cq � yI�`�N{Ñq8{�y=�£�PyIvjq8�5o�m?lI��{É�N{�qÍ�Ay���q8�5o¨¹ � �K�5vØ{��5oZ(C�Ql��~{Ñqº��À<.5w áCÃÙw

� ��% ���¦�� !��¢b�¡����¢ ��  �� ²U ��ò¦��²+���z	R�M�
hj�5ojl �5� v|yn�N{~k�l�q|{~yI��yI�5q8�5o |x| �P�5� � q8{�y=� � � � yI�~�C�QyIk�{~lI�É�z{É��l�}Iob��q|y&kJl��K� � v8y � �~obkJ�{��Ól �Q� v|yn�N{�kJl�q|{~yI�eq8�5oby=v|�=w�àQyIv!o�5lIk � �~oI� � y�q8��q8�5o��×ob{~obv��ºq8v8l=�|�\q|�QobyIv8obk l��Q��q8�5o
�=l � }N�|yI��q|�5oTyIv8� � l�� � o � lI�|oT��y=�¨{�qT�IlI�Q��q8�5o � v|y � ��oTk {~��lI�~�|y\�P�5�Q�5l�k�oT�=q8lI�N{���� � �~{��5o
q|�5oTyIv8�Iw�Ô
obq En(f, [−1, 1]) �5ob�5y�q8oØq8�5o�obv8v|y=vxy�� � oH�ºqjl �5� v|yn�N{�kJl?q8{�y=��q|y f

y=�
[−1, 1]� � � y=���K�5y=k�{~lI�~�!y��j�5ob�Iv8oboJl?q�k�y=��q

n
w£¹�w@'�wzÜRoTv|�Q��q|oT{��OÄ á?Æ � v8y?mIoT��{��OÅ�.QÅbð`��q|�`l?q

q|�5o��~{�k�{�q
lim
n→∞

nEn(|x|, [−1, 1]) = σ
ÀºÅT¼Qw�ÅnÃ

o�N{~��q��b� ¿ �5{�q|o�lI�Q� � yC��{�q|{~mIoIwxhj�Q{~��{É�Øl�v�l?q|�QobvØ�N{gq � �5�Ñq\v8oT�|�5�Ñq¨ÀPþ�{�q|��l � v8yKy��MynmIoTvØüI¼
� l��=oT��ÃÙw�à5y=v

σ
�5o����QynþUoH�

0.278 < σ < 0.286
�-lI�Q� � lI�|oT��yI��q8�Ql?q��5o � y=�?¾ºo � q|�5v8oT�

q|�Ql�q
σ = (2

√
π)−1

� � �Nquq8�Ql?qxþjlI�u�N{É� � v8y?mIoT�¨{~��Ä »IánÆ � �¨�5{~�I� � v|o � {É��{~yI� � l�� � �5�Él?q8{�y=�Q�T�
þ��5{ � ��l��É��y��ClHmIo

σ
� � q|y�üI¼��No � {�kJlI� � �Él � oT�Tw�hj�QoRo�5l � q�m?l��~�5oRy��

σ
{~�u��q|{~���N�5�5}K�5y?þ��
w

ÜUoTv|�`�ºq8ob{~�Jv|obq|�5v8�5oT��q8y�q8�5o��8l�k�o � v8y � �~obk�{~�Jq|�5o � oTv|{~yN��Å�.=áIò?¸ÒðI½&{~�Jq|�5o � l � oTv8�ØÄ ð?ÆÒ�
Ä ünÆ5lI�Q���QoRoT��q8l � ��{É���QoT��q8�Ql?qM�Py=v

p > 0
�
p
�Qy�qul���obmIob��{~�=q|oT�IoTv�q|�5o ¿ �5{�q|o�l��Q�¨�5yI�Qpbobv8y

��{~k�{Ñq��
lim
n→∞

npEn(|x|p, [−1, 1]) = σp
À�ÅT¼5w »=Ã

lim
n→∞

npEn(sign(x)|x|p, [−1, 1]) = σ∗p
o�N{~��qH�K�P�5v|q|�5oTv|k�y=v|o�q8�Ql?q��Py=v

x0 ∈ (−1, 1)

lim
n→∞

npEn(|x− x0|p, [−1, 1]) = (1− x20)
p/2σp

À�ÅT¼5w áCÃ
�5yI�É�5�Rq8v|�QoI�5þ��5obv8o

σp
{~�jq|�5o��8l�k�o � y=�Q��q8l��CqØlI�j{~�ÓÀ�ÅT¼5w »IÃw

ÌÍ��q|�Q{~�j��o � q|{~yI��þRo � yI�Q�|{É�Nobv+q|�Qo � v8y � �~obk þ��Ql�qU�Ql �5� ob�`�x�Py=vUk�yIv8o\�IoT�5obv�l��-��obq8�Tw
ÌÒ�

E ⊂ R
{É� � yIk � l � qT�Nq|�5oT�¦�~oq

En(f,E) = inf
deg(Pn)

‖f − Pn‖E
� o\q8�5o � oH�ºq�l �Q� v|yn�N{�kJl�q|{~yI�JyI�

f
yI�

E
� � � yI�~�K�5yIk�{Él��É�+y����Nob�=v|oTo�l?qjk�yC�ºq

n
{~��q8�5o

��� � v|oTk¨�5k��5yIv8k�wuÞ�o � l��~��q|�`l?q

Θ∗E(t) = |[−t, t] \ E|
{~�jq|�5o��|�Kk�k�obq|v8{ � �5ob�Q�|{Ñqº���P�5� � q|{~yI�¦�Py=v

E
w

`Kû Z ` Z�]9Û ;K*`<n;K2 ZKá ìbë E ⊂ R
Ü8ì��8õ�íØùQêS�bëÒø!iPç

∫ 1

0

Θ∗E(t, x0)
2

t3
dt <∞,

ÀºÅH¼5w ðCÃ

áQÅ



ë>�Qìö�çõ�ã
p > 0

ö-õ?ëjê?öÓìæ?ìbö�åÇöQëÍìc^Cìã Þ ìK�5ê�ænì
lim inf
n→∞

npEn(|x− x0|p, E) > 0.
ÀºÅH¼5w üIÃ

ôuõ�öQæ?ìbã�÷ìrTn
 Ý å ç 0 ≤ Θ∗(t) ≤ t
åÉ÷¨ê�ö�åÇö&�bã|ì8ê?÷�åÇöv^�ç�ÿNö��ëÎå/õ?ö×õ�ö

[0, 1] Þ åÇë>�
∫ 1

0

Θ∗(t)2

t3
dt =∞,

ÀºÅH¼5w ½=Ã
ë>�Qìö�ë��5ìbã|ì�åÉ÷�êm�8õ�í\ù5êS�bëU÷ìbë

E ⊂ [−1, 1] ÷�ÿ~�k��ë>�Qê?ë Θ∗E(t, 0) ≤ Θ∗(t) çõ?ã¨êLT�T t ê?ö��
lim
n→∞

npEn(|x|p, E) = 0.
ÀºÅH¼5w ñ�Ã

� {Ñq8�5yI�Nq��~y=�8�¨y��Ø�=ob�5oTv8lI��{�qÍ�×þUo£kJlH�3lI�8�|�5k�o
x0 = 0

w×ÌÒq�þ�{~��� � o£oHlI�|{�oTv�q8y�þUy=v|}
þ�{Ñq8��l �5� v|yn�N{~k�l�q|{~yI��yI�

[0, 1]
y�� |x|p/2 v8l�q|�5oTvuq|�QlI�Jþ�{Ñq8��l �5� v8yH�N{~k�l�q|{~yI��yI� [−1, 1]y�� |x|p w&hj�5{~� � lI� � o¨oHlI�|{��~���NyI�5o � � � y=�Q�|{~�NoTv|{~�5� E∗ = E ∩ (−E)

�-�PyIv�þ��5{ � ��q8�5o
�5yI�Q�|�Kk�k�obq|v8{ � �NoT�Q��{�qº���P�5� � q8{~yI�

ΘE∗

�|l�q|{É� ¿ oH�

ΘE∗(t) ≤ Θ∗E(t) ≤ 2ΘE∗(t).

à5�5v|q|�Qobv8k�y=v|o�q8�5o��|� � �ºq8{�q|�Nq8{�y=�
x→ x2

�|�5ynþØ�Rq8�Ql?q

En(|x|p, E) = E[n/2](|x|p/2, E∗),
�5ob� � o�hj�5oTyIv8obk ÅH¼5w~Å�{É�Øl��¦{~k�k�oH�N{~l�q|o � y=�Q��oZ(C�5ob� � o&y��
`Kû Z ï Z�]9Û ;K*`<n;K2 ZKá ìbë E ⊂ [0,∞) Ü8ì�êm��õ?í\ù5êY�ëR÷bìëÍøOiPç

∫ 1

0

ΘE(t)
2

t3
dt <∞,

ÀºÅH¼5w ò=Ã
ë>�Qìö�çõ�ã

p > 0
ö-õ?ëjê?ö�åÇöQëÍìc^Cìã Þ ìK�5ê�ænì

lim inf
n→∞

n2pEn(xp, E) > 0.
ÀºÅH¼5w .=Ã

ôuõ�öQæ?ìbã�÷ìrTn
 Ý å ç 0 ≤ Θ(t) ≤ t
åÉ÷¨ê�ö�åÇö&�bã|ì8ê?÷�åÇöv^�ç�ÿNö��ëÎå/õ?ö×õ�ö

[0, 1] Þ åÇë>�
∫ 1

0

Θ(t)2

t3
dt =∞,

À�ÅT¼Qw�ÅH¼=Ã
ë>�Qìö�ë��5ìbã|ì�åÉ÷¨ê��8õ�íØùQêS�bëU÷bìë

E ⊂ [0, 1] ÷Ùÿ~�e�eë>�Qê?ë ΘE(t) ≤ Θ(t)
çõ?ã�êLT�T

t
ê?ö��

lim
n→∞

n2pEn(xp, E) = 0.
À�ÅT¼5w~ÅIÅnÃ

àQyIvØl �5� v|yn�N{�kJl?q8{��Q��yI�¦q|�5o�ÕRl��Cq|y=v��|oq8��þUo � v|y?mIo
`Kû Z w Z�]9Û ;K*`<n;K2 ZKá ìbë εi ∈ [0, 1) Ý ê?ö�� �8õ�ö5÷Ùå<�Iìbã�ë��5ì¦ôxê?öQëÍõ?ã�pÍëc
8ù5ì�÷bìbë C(ε1, ε2, . . .)�8õ�ö5÷Ùë1ãÙÿ~�bëÍìe� Þ åÇë��Oë��5ìe÷bìejbÿQìö��8ì {εi} ( ÷bì8ìFôu�Qê8ù-ëÍìbã 5) ø��&�Qìö×çõ?ã p > 0

ö�õ?ë�ê�ö
åÇöQëÍìc^Cìã

lim inf
n→∞

n2pEn(xp, C(ε1, ε2, . . .)) > 0
À�ÅT¼5w~ÅH»=Ã

å ç�ê�ö&�£õ?ö#Tn
Jå ç ∑
i ε
2
i <∞ ø

áC»



ÌÍ� � l�v|q|{ � �5�Él�vH�Cþ�{�q|�Aq8�5o � �5yI{ � o
εi = 1/(i+1)

þUo&y � q8l�{~�£l���obq
E = C(ε1, ε2, . . .)

yI�
pbobv8y��~{~�5oTl�vØk�oTl=���Qv|o&�Py=vØþ��5{ � �FÀºÅH¼5w~ÅH»IÃU{É�jq8v|�QoIwRÜR�£�|�Ck�k�oq8v|{~pTl�q|{~yI�ÓÀ/{1w oIw � yI�`��{É�No¸
v|{~�5�

E = {x ∈ [−1, 1] x2 ∈ C(1/2, 1/3, . . .)} þRo � lI���NoT�N� � o
`Kû Z î Zoà *`<n*-,/,1LN<n_ Z ���5ìbã|ì�åÉ÷eê��8õ?í\ù5êY�ë�÷bìbë E ⊂ [−1, 1] õºç-dTìbã|õ¿T åÇö-ì�ê?ã¦íJì�ên÷ÙÿNã|ì÷�ÿ~�k��ë��5ê�ë-çõ?ã

p > 0
ö�õ?ëjê?ö×ìbæ?ìö�åÇö`ëÒìs^Cìã

lim inf
n→∞

npEn(|x|p, E) > 0.
À�ÅT¼5w~ÅTáCÃ

hj�5o��Nob�`��{�qÍ� � yI�Q�5{Ñq8{�y=� ÀºÅT¼Qw ðKÃ�l �5� oTl�v8oT�3{~�Fq8�5o¦þUy=v|}OÄ »�ð?Æ � �FÞ�w$2�wM�+lI�|{��~{�oTm
{��Ól¦�|��{~�I�Cq|�~���N{È:�obv8ob�=q!�Py=v|k�w��xlI�|{~��{~obm � yI�Q�|{~�5obv8oT��l �Q� v|yn�N{~k�l�q|{~yI��yI� |x − x0|p

yI�
� yIk � l � qØ�|� � �|oq8�T�Ql��Q�£�5{É�Øl �5� v8y=l � �£{~�ØlI�R�Py=���~ynþØ�TwuÔ
obq

E = [−1, 1] \ ∪∞i=1(αi, βi),
l��Q� � yI�Q�|{É�Nobvjq|�5o��|oq8�

Em = [−1, 1] \ ∪m−1i=1 (αi, βi).

Em
� y=�Q�|{~��q8�jy��

m
{~�=q8obv8m?l��É�

Em = ∪mj=1[aj , bj ]

a1 < b1 < a2 < b2 · · · bm−1 < am < bm
�Ql��Q�£�PyIv�{�q\�No ¿ �Qo

hEm(x) =

∏m−1
j=1 |x− λj |

√

∏m
j=1 |x− aj ||x− bj |

,

þ��5obv8o
λj
l�v8o � �5y=�|ob���|y�q8�Ql?q

∫ ak+1

bk

∏m−1
j=1 (t− λj)

√

∏m
j=1 |t− aj ||t− bj |

dt = 0
À�ÅT¼Qw�ÅTðCÃ

�PyIvØlI���
k = 1, . . . ,m− 1 w%'Øy?þ ��obq

hE(x) = lim
m→∞

hEm(x) = sup
m

hEm(x),

þ��5obv8o!{Ñq � l�� � o��|�5y?þ��£q|�Ql�qjq8�5o��~{�k�{�qØo�N{É�ºq���À � �5qØ{�qØ{~���5yIq��5o � oT�8�8l�v8{��~� ¿ �5{�q|oHÃw
'\ynþ þ�{�q|�¦q|�5oH��o��5yIq8l?q8{�y=�Q�j�xlI�|{��~{~obm � �~lI{�kJ�Rq|�Qo!�PyI�~��y?þ�{��Q��qºþUy�v8oT�|�5��q8�Ts

lim
n→∞

npEn(|x− x0|p, E) = hE(x0)
−pσp,

À�ÅT¼Qw�ÅnüIÃ

lim
n→∞

npEn(|x− x0|p, E) > 0⇐⇒
∫ 1

0

Θ∗E(t, x0)
2

t3
dt <∞.

À�ÅT¼Qw�ÅH½=Ã
hj�5{~�¨�|o � y=�Q� � �Él�{~k � yI�=q8v8l=�N{ � q8��ÕUyIv8yI�~�Él�v|�FÅT¼5w ð3ÀÇ�Py=v¨le�|oq

E
yI�jpbobv8y�k�oTl=���Qv|o�þRo

�QlHmIo
Θ∗E(t, x0) ≡ 2t

ÃÙ�Kl��Q��q8�5o � yIv8v|o � qxv|oT��oTm?l��Cqxv8oT�|�5�Ñq+{É�+hj�5oTyIv8obkßÅT¼Qw�Å=wz�xl=��{~�~{�oTm&� �

á=á



� l � oTv�Ä »?ð�Æ�{É��ÅH½I½ � l��=oT�Ø��y=�5�Q�`lI�Q�¦q|�Qo � v|yKyI��y��ØÀºÅH¼5w~ÅHü=ÃRlI�Q�3ÀºÅH¼5w~ÅT½CÃU{É��l � yI�Nq¨ÅH½I¼
� l��=oT�T�K�|y�{�qj{É�j�N{Èq � �5��qjq|y��8ln��þ��Ql�qjþUob�Cqjþ�v8yI�Q�¨{~�Aq8�5o � v8yKyI�ºwW�×o!�Ny��5yIqj}K�5y?þD{Ñ�
q|�5o¨�P�5�~�jÀºÅH¼5w~ÅHü=ÃR{É� � y=v|v8o � qT� � �Nq&þUo¨�QlnmIo�lJv8ob�Él?q8{�mIoT������{~k � �~o � v8yKy���q|�Ql�q&�|�5y?þØ�Ø{�q8�
m?l��~{É�N{Ñqº� � v|y?mK{~�5oT�

x0
�~{�oH�j{~�£q8�5o�{~�=q|oTv|{~yIv�y��

E
w

h�y§�PyIv8k¨�5�Él?q8o�q|�5o×v8oT�|�5��q¦�~oq��Q�¦v8o � l��~�\q8�Ql?q¦q8�5oÓ�NoT�Q��{�qº� y���q8�5o×oZ(=�Q{��~{ � v|{~�5k
k�oHlI�|�5v8o��PyIvØl��|oq

E = ∪mj=1[aj , bj ]
a1 < b1 < a2 < b2 · · · bm−1 < am < bm

{É�j�={�m=ob� � �

ωE(x) =

∏m−1
j=1 |x− λj |

π
√

∏m
j=1 |x− aj ||x− bj |

,
À�ÅT¼Qw�Å?ñ�Ã

þ��5obv8o
λj

lIv|o � �5y=�|ob� �|y�q8�Ql?q�ÀºÅH¼5w~ÅbðCÃ¨{É��q|v8�5o¦�PyIv�l��~�
k = 1, . . . ,m − 1 wOhj�K�Q�T��xlI�|{��~{~obm�� �&�P�5� � q8{�y=�Ó{É�j¾º�Q��q

hE(x) = πωE(x)
{��

E
� y=�Q�|{~��q8�!yI�jl ¿ �5{�q|o��K�5k � obv�yI�

{��Cq|obv8m?lI�~�T�Il��Q��l��É�|y�{��
E
{~�xl�v � {Ñq8v�l�v|� � yIk � l � qT� � �Nq

x
{~�u{���{Ñq���{~�=q8obv8{�y=vTwW'Øy?þ À�ÅT¼Qw�ÅnüIÃ

�PyIv
x0 ∈ Int(E)

q�l�}IoH�Rq|�5o!�Py=���~ynþ�{~�5���PyIv8k¦w
`Kû Z X Z�]9Û ;K*`<n;K2 Z �Ió Z!fÓZ ��L56H./,1./;C9@" á ìbë E ⊆ R

Ü�ì��8õ?í\ù5êY�ë�ê?ö��¿T~ìë
x0
Ü8ì�ê

ù5õ?åÇö`ëRåÇö�ë>�Qì�åÇö`ëÒìbãÙå/õ?ã�õºç
E
ø��&�Qìö

lim
n→∞

npEn(|x− x0|p, E) = (πωE(x0))−pσp,
À�ÅT¼Qw�ÅHò=Ã

Þ �5ìbã|ì σp å~÷�ë��5ì��8õ�ö5÷ÙëÍê?öQë-ç�ã|õ?íîí�ìbãÙö5÷ÙëÒìbåÇö�ô ÷�ë��5ì�õ?ã|ìbí (10.2)
ø

àQyIv�o�5l�k � �~oI�5{Ñ�
F = [−1, 1] �Nq|�Qob�

πω[−1,1](x) =
1√
1− x2

,

l��Q�£{~�¦q|�5{É�Ø� � o � {Él�� � l=��o!þUo�v|o � l � q8�5v8o!ÜRobv8�Q�ºq8ob{~�P� �Rv8oT�|�5��q�ÀºÅH¼5w á=Ãw

��� % ð«	�¬?	j�M	��¦²U	��

� ¢�z��$U	j������²R¢��¤
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t�ÀºÅZ.S.=¼=ÃÙ��ÅýN»�¼Qw

Ä�Å=ÅÆ�'¨w5¹�wNÔzlI�Q�N}IyI�ºsoü&ý)þ/ÿ���������ý|ÿ	�!ý�
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�NÊ&v8�5�Q�N�~ob�5v8ob�£�NoTv
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