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Though human cognition appears to comprehend the continuum, human action by
and large takes place in discrete epochs. Discrete mathematics is that part of mathe-
matical sciences which deals with systematic treatment and understanding of discrete
structures and process encountered in our day-to-day life, which are inherently quite
complex in nature but seemingly understandable. Illustration of this character is abound
with excitement, occasionally even to a common man. The graph theory is one such
field of discrete mathematics which cuts across wide range of disciplines of human un-
derstanding not only in the areas of pure mathematics but also in variety of application
areas ranging from computer science to social sciences and in engineering to mention a

few.

The later part of last century has witnessed intense activity in graph theory. De-
velopment of computer science boost up the research work in the field. There are many
interesting fields of research in graph theory. Some of them are domination in graphs,

topological graph theory, fuzzy graph theory and labeling of discrete structures.

The labeling of graphs is one of the potential areas of research due to its vital
applications. The problems related to labeling of graphs challenges to our mind for their
eventual solutions. This field has became a field of multifaceted applications ranging

from neural network to bio-technology and to coding theory to mention a few.

Graph labeling were first introduced by A.Rosa during 1960. At present couple
of dozens labeling techniques as well as enormous amount of literature is available in
printed and electronic form on various graph labeling problems. The present work is
aimed to discuss some graph labeling problems. The content of the thesis is divided

into seven chapters.
The Chapter - 1 is of introductory nature.

The immediate Chapter - 2 is aimed to provide basic terminology and preliminar-

ies.

The Chapter - 3 is focused on cordial and 3-equitable labelings. We investigate
some new families of cordial and 3-equitable graphs. We also discuss embedding and

NP-complete problems for these two labelings.
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The next Chapter - 4 is targeted to discuss total product cordial labeling and prime

cordial labeling. Here we investigate several new results.

The graceful labeling is one of the popular and well explored labeling. Most of
the labeling problems found their origin with it. Several attempts to settle the Ringel-
Kotzig-Rosa tree conjecture provided the reason for many graph labeling problems.
Some labeling techniques having graceful theme are also introduced. The Fibonacci
graceful and super Fibonacci graceful are such labeling. In Chapter - 5 we prove that
trees are Fibonacci graceful graph while wheels and helms are not Fibonacci graceful
graphs. We also show that the joint sum of two fans and the graph obtained by switching
of a vertex in cycle C,, admit Fibonacci graceful labeling. Moreover we show that the
graph obtained by switching of a vertex in C, is super Fibonacci graceful except for
n > 6. We also show that the graph obtained by switching of a vertex in C, is not super
Fibonacci graceful graph for n > 6 but it can be embedded as an induced subgraph of a

super Fibonacci graceful graph.

The penultimate Chapter - 6 is focused on triangular sum labeling. We investigate

some results on triangular sum graph.

The discussion carried out in above two chapters is a nice combination of graph

theory and elementary number theory.

The last Chapter - 7 is intended to report the investigations concern to L(2,1)-

labeling and Radio labeling of graphs.

Some of the results reported here are also published in scholarly, peer reviewed
and indexed journals as well as presented in various conferences. The reprints of the

published papers are given as an annexure.

Throughout this work we pose some open problems and throw some light on future

scope of research which will provide motivation to any researcher.

The references and list of symbols are given alphabetically at the end.



Chapter 1. Introduction 4

List of Publications Arising From the Thesis

1. Some Important Results on Triangular Sum Graphs., Applied Mathematical Sci-
ences, 3, 2009, 1763-1772.

(Available online: http://www.m-hikari.com/ams/)

2. Total Product Cordial Graphs Induced By Some Graph Operations On Cycle Re-
lated Graphs., International Journal of Information Science and Computer Math-
ematics, 1(2), 2010, 113-126.

(Available online: http://www.pphmj.com/journals/ijiscm.htm)

3. Prime Cordial Labeling for Some Graphs., Modern Applied Science, 4(8), 2010,
119-126.

(Available online: http://ccsenet.org/journal/index.php/mas/)

4. L(2,1)-Labeling in the Context of Some Graph Operations., Journal of Mathe-
matics Research, 2(3), 2010, 109-119.

(Available online: http://ccsenet.org/journal/index.php/jmr/)

5. Fibonacci and Super Fibonacci graceful labeling of some graphs., Studies in
Mathematical Sciences, 2(2), 2011, 24-35.

(Available online: http://www.cscanada.net/index.php/sms/index)

6. Cordial labeling for middle graph of some graphs., Elixir Dis. Math., 34C, 2011,
2468-2476.

(Available online: http://elixirjournal.org)

7. Embedding and NP-Complete problems for 3-equitable graphs., International
Journal of Contemporary Advanced Mathematics, 2(1), 2011, 1-7.

(Available online: http://www.cscjournals.org/csc/description.php?JCode=1JCM)



Chapter 1. Introduction 5

Details of the Work Presented in Conferences

1. The paper entitled as "L(2,1)-labeling in the context of some graph operations"
presented in Science Excellence - 2010 at Gujarat University, Ahmedabad(Gujarat)

on 9" January, 2010 and won the award of "Best Paper Presentation".

2. The paper entitled as "Total product cordial graphs induced by some graph opera-
tions on cycle related graphs" presented in 76'" Annual Instructional Conference
of the INDIAN MATHEMATICAL SOCIETY at S.V.National Institute of Technol-
ogy, Surat(Gujarat), during 27-30 December, 2010.

3. The paper entitled as "Fibonacci and Super Fibonacci Graceful labeling of some
graphs" presented in State level Mathematics Meet - 2011 at Gujarat University,
Ahmedabad(Gujarat), during 3-5 February, 2011.

4. The paper entitled as "Radio Labeling for some cycle related graphs" presented in
Seventh annual conference of Academy of Discrete Mathematics and Applications
and graph theorey day VII at National Institute of Technology, Calicut(Kerala),
during 9-11 June, 2011.



Chapter 2

Preliminaries



Chapter 2. Preliminaries 7

2.1 Introduction

This chapter is intended to provide all the fundamental terminology and notations

which are needed for the present work.

2.2 Basic Definitions

Definition 2.2.1. A graph G = (V(G),E(G)) consists of two sets, V(G) = {vi,va,...}
called vertex set of G and E(G) = {e},e3,...} called edge set of G. Sometimes we
denote vertex set of G as V(G) and edge set of G as E(G). Elements of V(G) and E(G)

are called vertices and edges respectively.

Definition 2.2.2. An edge of a graph that joins a vertex to itself is called a loop. A loop

is an edge e = v;v;.

Definition 2.2.3. If two vertices of a graph are joined by more than one edge then these

edges are called multiple edges.

Definition 2.2.4. A graph which has neither loops nor parallel edges is called a simple
graph.

Definition 2.2.5. If two vertices of a graph are joined by an edge then these vertices are

called adjacent vertices.

Definition 2.2.6. Two vertices of a graph which are adjacent are said to be neighbours.
The set of all neighbours of a vertex v of G is called the neighbourhood set of v. It is
denoted by N(v) or N|v] and they are respectively known as open and closed neighbour-

hood set.
N(v) = {u € V(G)/u adjacent to v and u # v}
Np]=N)U{v}

Definition 2.2.7. If two or more edges of a graph have a common vertex then these

edges are called incident edges.
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Definition 2.2.8. Degree of a vertex v of any graph G is defined as the number of edges

incident on v, counting twice the number of loops. It is denoted by deg(v) or d(v).
Definition 2.2.9. The eccentricity of a vertex u, written e(u), is max,cy(G)d (4, V).

Definition 2.2.10. The middle graph M(G) of a graph G is the graph whose vertex set
is V(G) JE(G) and in which two vertices are adjacent if and only if either they are

adjacent edges of G or one is a vertex of G and the other is an edge incident with it.

Definition 2.2.11. The Crown (C, ©K)) is obtained by joining a pendant edge to each

vertex of C,,.

Definition 2.2.12. Tadpole T (n,l) is a graph in which path P, is attached to any one

vertex of cycle C,.

Definition 2.2.13. The shadow graph D,(G) of a connected graph G is constructed by
taking two copies of G say G’ and G”. Join each vertex #’ in G’ to the neighbours of the

corresponding vertex u” in G”.

Definition 2.2.14. The fotal graph T (G) of a graph G is the graph whose vertex set is
V(G)UE(G) and two vertices are adjacent whenever they are either adjacent or incident

in G.

Definition 2.2.15. A graph obtained by replacing each vertex of a star K; , by a graph
G is called star of G denoted as G'. The central graph in G we mean the graph which

replaces the apex vertex of Kj j,.

Definition 2.2.16. A one point union C,(,k) of k copies of cycles is the graph obtained by
taking v as a common vertex such that any two cycles C, and C,{ (i # j) are edge disjoint

and do not have any vertex in common except v.
Definition 2.2.17. A Friendship graph F, is a one point union of n copies of cycle Cs.

Definition 2.2.18. A vertex switching G, of a graph G is the graph obtained by taking a
vertex v of G, removing all the edges incident to v and adding edges joining v to every

other vertex which are not adjacent to v in G.
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Definition 2.2.19. For a graph G the split graph is obtained by adding to each vertex v
anew vertex v such that v’ is adjacent to every vertex that is adjacent to v in G. We will

denote it as spl(G).

Definition 2.2.20. A shell S, is the graph obtained by taking n — 3 concurrent chords
in cycle C,. The vertex at which all the chords are concurrent is called the apex vertex.
The shell is also called fan f,,_1.

ire. Sy =fro1=FP-1+K;

Definition 2.2.21. The composition of two graph G| and G; denoted by G[G] has ver-
tex set V(Gl [Gz]) = V(Gl) X V(Gz) and edge setE(Gl [Gz]) = {(ul,vl), (uz, V2)/L£1Lt2 €
E(G]) oru; =up and viv; € E(Gz)}.

Definition 2.2.22. Duplication of a vertex v; by a new edge e = V;CVZ in a graph G

produces a new graph G’ such that N (v;c) NN (v;;) = .

Definition 2.2.23. Duplication of an edge e = uv by a new vertex w in a graph G pro-

duces a new graph G’ such that N(w) = {u,v}.

Definition 2.2.24. Let graphs Gy, G»,.....,G,, n > 2 be all copies of a fixed graph G.

Adding an edge between G; to Gy fori=1,2,....,n — 1 is called the path union of G.

Definition 2.2.25. Consider two copies of a graph G and define a new graph known
as joint sum is the graph obtained by connecting a vertex of first copy with a vertex of

second copy.

Definition 2.2.26. A chord of a cycle C, is an edge joining two non-adjacent vertices

of cycle C,.

Definition 2.2.27. Two chords of a cycle are said to be twin chords if they form a

triangle with an edge of the cycle C,,.

Definition 2.2.28. Let G be a graph. A graph H is called a supersubdivision of G it H
is obtained from G by replacing every edge ¢; of G by a complete bipartite graph K> ,,,
(for some m; and 1 <i < g) in such a way that the ends of each e; are merged with the

two vertices of 2-vertices part of K> ,,,, after removing the edge ¢; from graph G.
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Definition 2.2.29. A petal graph is a connected graph G with A(G) =3,6(G) =2 in
which the set of vertices of degree three induces a 2-regular graph and the set of vertices
of degree two induces an empty graph. In a petal graph G if w is a vertex of G with
degree two, having neighbors v, v, then the path P, = viwv; is called petal of G. We
name w the center of the petal and vy, v, the basepoints. If d(vi,v;) = k, we say that the

size of the petal is k. If the size of each petal is & then it is called k-petal graph.

2.3 Concluding Remarks

This chapter provides basic definitions and terminology required for the advance-
ment of the topic. For all other standard terminology and notations we refer to Harrary[37],

West[82], Gross and Yellen[35], Clark and Helton[18].

The next chapter is focused on the cordial and 3-equitable labeling of graphs.



Chapter 3
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3.1 Introduction

The discrete mathematics is that part of mathematics which deals with systematic
treatment and understanding of discrete structures and process and encountered in our
daily life, which are often inherently quite complex in nature but seemingly understand-
able. This character of discrete mathematics is abound with excitement, occasionally
even to a common man. The labeling of discrete structures is also a field which possess
the same characteristic. The problems arising from the study of a variety of labeling
schemes of the elements of a graph, or of any discrete structure is a potential area of
challenge as it cuts across wide range of disciplines of human understanding. Graph
labeling problems are actually not of recent origin. For instance, coloring the vertices
of a graph arose in connection with the four color theorem, which remained for a long
time known by the name four color conjecture, took more than 150 years for its solution
in 1976. In recent times, new contexts have emerged wherein the labeling of the vertices
or edges of a given graph by elements of certain subsets of the set of real numbers R.
In the late of 1960’s a problem in radio astronomy let to the assignment of the absolute
differences of pairs of numbers occurring on the positions of radio antennae to the links
of the lay-out plans of the antennae under constraints of the optimal lay-outs to scan
the visible regions of the celestial dome quickly made its way to formulate more terse
mathematical problems on graph labelings. The notion of -valuation was introduced
by Alexander Rosa[59] in 1967. In 1972 S.W.Golomb[32] independently discovered f3-
valuations and renamed them as graceful labeling. He also pointed out the importance
of studying graceful graphs in trying to settle the complex problem of decomposing the
complete graph by isomorphic copies of a given tree of the same order. The Ringle-
Kotzig-Rosa[58] conjecture and many illustrious works on graceful graph provided the

reason for different ways for labeling of graph structures.
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3.2 Graceful labeling

3.2.1 Graph labeling

If the vertices of the graph are assigned values subject to certain condition(s) is known
as graph labeling.

For detailed survey on graph labeling problems along with extensive bibliography we
refer to Gallian[25]. A systematic study on variety of applications of graph labeling is

carried out by Bloom and Golomb[9].

3.2.2 Graceful graph

A function f is called graceful labeling of a graph G if f:V(G) — {0,1,2,...,q} is
injective and the induced function f*: E(G) — {1,2,...,q} defined as f*(e = uv) =
| f(u) — f(v)| is bijective.

A graph which admits graceful labeling is called graceful graph.

3.2.3 Illustration

In the following Figure 3.1 K3 3 and its graceful labeling is shown.

FIGURE 3.1: K33 and its graceful labeling
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3.2.4 Some common families of graceful graphs

e Truszczynski[68] studied unicyclic graphs and conjectured that All unicyclic graphs
except Cy, for n = 1,2(mod 4) are graceful. Because of the immense diversity of
unicyclic graphs a proof of above conjecture seems to be out of reach in the near

future.

e Delorme et al.[19] and Ma and Feng[55] proved that the cycle with one chord is

graceful.
e Ma and Feng[56] proved that all gear graph are graceful.

e Gracefulness of cycle with k consecutive chords is discussed by Koh et al.[48]

and Goh and Lim[31].

e Koh and Rogers[49] conjectured that cycle with triangle is graceful if and only if
n=0,1(mod4).

e Koh and Yap[48] defined and proved that a cycle with a P,-chord are graceful
when k = 3.

e In 1987 Punnim and Pabhapote[57] proved that a cycle with a P,-chord are grace-
ful for k > 4.

e Golomb[32] proved that the complete graph K, is not graceful for n > 5.
e Frucht[23], Hoede and Kuiper[40] proved that all wheels W,, are graceful.
e Frucht[23] proved that crown are graceful.

e Bu et al.[10] have shown that any cycle with a fixed number of pendant edges

adjoined to each vertex is graceful.

e Drake and Redl[20] enumerated the non graceful Eulerian graph with ¢ = 1,2(mod 4)
edges.

e Kathiresan[45] has investigated the graceful labeling for subdivisions of ladders.

e Sethuraman and Selvaraju[63] have discussed gracefulness of arbitrary super sub-

divisions of cycles.
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e Chen et al.[16] proved that firecrackers are graceful and conjecture that banana

trees are graceful.
e Kang et al.[44] proved that web graph are graceful.

e Vaidya et al.[78] have discussed gracefulness of union of two path graphs with

grid graph and complete bipartite graph.

e Kaneria et al.[43] have discussed gracefulness of some classes of disconnected

graphs.

e The conjecture of Ringel-Kotzig-Rosa[58] states that "All the trees are graceful."
has been the focus of many research papers. Kotzig called the efforts to prove
gracefulness of trees a ‘disease’. Among all the trees known to be graceful are

caterpillars, paths, olive trees, banana trees etc.

e Bermond[8] conjectured that Lobsters are graceful (a lobster is a tree with the

property that the removal of the endpoints leaves a caterpillar).

3.3 Harmonious labeling

3.3.1 Harmonious graph

A function f is called harmonious labeling of a graph G if f : V(G) — {0,1,2,...,q—1}
is injective and the induced function f* : E(G) — {0,1,2,...,q— 1} defined as
ffle=uv)=(f(u)+ f(v))(mod q) is bijective.

A graph which admits harmonious labeling is called a harmonious graph.
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3.3.2 Illustration

In the following Figure 3.2 Cs and its harmonious labeling is shown.

FIGURE 3.2: Cs and its harmonious labeling

3.3.3 Some Known Results

e Graham and Sloane[33] conjectured that Every tree is harmonious.
e Graham and Sloane[33] also proved that

¢ Ky, 1s harmonious if and only if m or n = 1.
o W, is harmonious Vn.

¢ Petersen graph is harmonious.

¢ Cycle C, is harmonious if and only if 7 is odd.

¢ If a harmonious graph has even number of edges ¢ and degree of every

vertex is divisible by 2%(a > 1) then ¢ is divisible by 2%+
¢ All ladders except L, are harmonious.
o Friendship graph F;, is harmonious except n = 2(mod4).
¢ Fan f, = P, + K is harmonious.

¢ For n > 2 the graph g,(the graph obtained by joining all the vertices of P, to

two additional vertices) is harmonious.

o an) is harmonious if and only if n # 2(mod 4)
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e Aldred and Mckay[2] suggested an algorithm and use computer to show that all

trees with at most 26 vertices are harmonious.
e Golomb[32] proved that complete graph is harmonious if and only if n < 4.
e Gnanajothi[30] has shown that webs with odd cycles are harmonious.

e Seoud and Youssef[62] have shown that the one point union of a triangle and C,

is harmonious if and only if n = 1(mod4)

e Figueroa et al.[22] have shown that if G is harmonious then the one point union
of an odd number of copies of G using the vertex labeled 0 as the shared point is

harmonious.

e In 1992 Jungreis and Reid[42] showed that the grids P, x P, are harmonious when
(m,n) #(2,2).

e Gallian et al.[26] proved that all prisms C,, X P, with a single vertex deleted or

single edge deleted are harmonious.

e In 1989 Gallian[24] showed that all Mobius ladders except M3 are harmonious.

3.4 Cordial labeling - A weaker version of graceful and
harmonious labeling

In a seminal paper Cahit[11] introduced the concept of cordial labeling as a weaker

version of graceful and harmonious labeling.

3.4.1 Cordial graph

A function f: V(G) — {0, 1} is called binary vertex labeling of a graph G and f(v) is
called label of the vertex v of G under f. For an edge ¢ = uv, the induced function f* :
E(G) — {0,1} is given by f*(e = uv) = |f(u) — f(v)|. Let v£(0), v(1) be number of

vertices of G having labels 0 and 1 respectively under f and let e;(0), e(1) be number
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of edges of G having labels 0 and 1 respectively under f*. A binary vertex labeling f
of a graph G is called cordial labeling if |v;(0) —vy(1)] < 1and |es(0) —ep(1)] < 1.
A graph which admits cordial labeling is called a cordial graph.

3.4.2 Illustration

In the following Figure 3.3 C§3) and its cordial labeling is shown.

0'0

FIGURE 3.3: C”) and its cordial labeling

3.4.3 Some known results

e Lee and Liu[51], Du[21] proved that complete n-partite graph is cordial if and

only if at most three of its partite sets have odd cardinality.

e Seoud and Magqgsoud[61] proved that if G is a graph with p vertices and g edges

and every vertex has odd degree then G is not cordial when p + g = 2(mod 4).
e Andar et al. in [3],[4],[5] and [6] proved that

¢ Multiple shells are cordial.

o t-ply graph P;(u,v) is cordial except when it is Eulerian and the number of

edges is congruent to 2(mod4).

¢ Helms, closed helms and generalized helms are cordial.

e In [6], Andar et al. showed that a cordial labeling g of a graph G can be extended

to a cordial labeling of the graph obtained from G by attaching 2m pendant edges
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at each vertex of G. They also proved that a cordial labeling g of a graph G with
p vertices can be extended to a cordial labeling of the graph obtained from G
by attaching 2m + 1 pendant edges at each vertex of G if and only if G does not

satisty either of the following conditions:

1. G has an even number of edges and p = 2(mod 4).

2. G has an odd number of edges and either p = 1(mod 4) with
eg(1) = e4(0) +i(G) or p = 3(mod4) with e,(0) = e, (1) +i(G),
where i(G) = min{|e,(0) —e,(1)|}

Vaidya et al.[76, 77, 80] have discussed cordial labeling for some cycle related

graphs.

Vaidya et al.[81] have discussed some new cordial graphs.

Vaidya et al.[72] have discussed some shell related cordial graphs.

Vaidya and Dani[73] and Vaidya et al.[71] have discussed the cordial labeling for

some star related graphs.

In the succeeding sections we will report the results investigated by us.

3.5 Cordial Labeling of middle graph of some graphs

Theorem 3.5.1. The middle graph M (G) of an Eulerian graph G is Eulerian and |E(M(G))| =

n
Z‘a’(v,')2 +2e
i=1
2
Proof. Let G be an Eulerian graph. If vq, vp, v3 ..., v, are vertices of G and ey, e3, €3
..., eq are edges of G then vi, v2, v3 ..., vy, ey, e1, ez ..., e, are the vertices of M(G).

Then it is obvious that if d(v;) is even in G then it remains even in M(G).
Now it remains to show that d(e;) is even in M(G). For thatif v and v are the vertices

adjacent to any vertex e; then



Chapter 3. Cordial and 3-equitable Labelings 20

d(e;)=d(vV)+d(")

— even as both d(v) and d(v') are even for 1 <i < q.
Therefore M(G) is an Eulerian graph.
It is also obvious that the d(v;) number of edges are incident with each vertex v; of G
which forms a complete graph K ,,) in M(G).
Now if the total number of edges in M(G) be denoted as |[E(M(G))| then
EM(G))| = (1) +d(42) +d(v5) F e (52) FVE(Ko))|+ EKoo) +E (K] +

........ + |E(Kd(v ))|
= (1) +d(2) +A(3) F () + LN | AN g )
S A S L R R

idmf+fdm)
==l 5 i=1 n
d Y d(vi)*+2e
But } d(v;) =2e, Hence |E(M(G))| = Flf _

i=1

Corollary 3.5.2. The middle graph M(G) of any graph G is not cordial when |E(M(G))| =
n

Zd(vi)z +2e
’.Zlf = 2(mod4).

n
Z d(v;)? +2e
~
Proof. By Theorem 3.5.1, for M(G) of any graph G, |E(M(G))| = ——F——

Then as proved by Cahit[11] an Eulerian graph with |E(G)| = 2(mod4) is not cordial.

O

Theorem 3.5.3. M(P,) is a cordial graph.

Proof. If vy, vo, ..., v, and ey, ey, ..., e, are respectively the vertices and edges of P,
then vy, v, ..., vy, €1, €2, ..., e, are the vertices of M(P,).

To define f: V(M(P,)) — {0, 1}, we consider following four cases.

Casel: nisodd,n =2k+1, k=1,3,5,7.....

In this case |V(M(P,))| =2n—1, |[E(M(P,))| =2n+2k—3

We label the vertices as follows.

f(raiz1)=0for 1 <i< |%4]+1
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f(va)=1for1 <i< |2

flesizz) =1

1<i< |3 +1
flesiz) =1 =il
flesiz1) =0

1<i< |t
Flea) =0 SIS [4J

In view of the above defined labeling pattern we have
vi(0)+1=vs(l)=n,er(0)=ef(1)+1=n+k—1
Case2: nodd, n =2k+1, k=2,4,6.....
In this case |V(M(P,))| =2n—1, |[E(M(P,))| =2n+2k—3
We label the vertices as follows.
f(nim)=0for1 <i< |5]+1
flvi)=1for1 <i<|5]

fle4i3) =0
flesi2)=0

1<i< |2
ewn—1 [ 1515 5]
fleai) =1

In view of the above defined labeling pattern we have

ve(0) =ve(l)+1=n,er(0)=er(1)+1=n+k—1

Case 3: neven, n = 2k k=1,3,5,7.....

In this case |V(M(P,))|=2n—1, |[E(M(P,))| =2n+2k—4

We label the vertices as follows.

f(v2i1) =0
fln) =1

N1
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flesi—3)=0for1 <i< L J—i—l

fleqiz)=0for1<i< \_ J

fleqiz1) =1

1<i<|%
few) = 1 si< |4

Case 4: neven, n =2k k=2,4,6.....
In this case |V(M(P,))|=2n—1, |[E(M(P,))| =2n+2k—4

We label the vertices as follows.

f(i-1)=0 _
1<i< %

fl) =1

flesi—3) =0 _
1<i<y

fle4i—2) =0

flesim1)=1for1 <i<h
fleq))=1for1 <i<7—1
In above two cases we have
vi(0) =ve(l)+1=n,er(0) =ep(l) =n+k—2
Thus in all the four cases f satisfies the condition for cordial labeling. That is, M(P,) is

a cordial graph. O

Ilustration 3.5.4. Consider the graph M (P;). The cordial labeling is as shown in Figure
3.4.

FIGURE 3.4: M(P7) and its cordial labeling
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Theorem 3.5.5. M(C, (O K)) is a cordial graph.

Proof. Consider the crown C,, © K| in which vy, v, ..., v, be the vertices of cycle C,
and vll, v/z, e, v;l be the pendant vertices attached at each vertex of C,,. Letey, ea, ...,
e, and ell, elz, e e; are vertices corresponding to edges of C, and K respectively in
M(C,OK).

To define f: V(M(C,(OK;)) — {0,1}, we consider following three cases.
Case 1: nis odd, n = 2k + 1, k=2,4,6.,.....
In this case [V (M(C, O K1))| =4n, [E(M(C,OK)))|=6n+2]5]| +1

We label the vertices as follows.

f(v2iz1) =0

1<i< |2
o) = 1 <i<|3]
f(Vn):l

Fh ) =1for 1 <i<|2]+1
f(Vlzi)=0for1§i§ Lﬂd

/

f(szgj+2i) =1

: 1<i<|f]
f<v2LgJ+2i+1) - '
flezi1) =1
1<i z
Fen) =0 <i<|3]

flen) =0
f(elzl._l) =0for1 <i<|[5]+1
fley)=1for 1 <i< 3]

In view of the above defined pattern

vi(0) =vp(l) =2n,ep(0)+1=ef(1) =3n+ |5 +1

Case2: nisodd, n =2k+1, k=1,3,5,7.....

In this case |V (M(C, O K)))| = 4n, |[E(M(C,OK:))| =6n+2 4] +1
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We label the vertices as follows.

CPI

f(v2 |2] +2i+l)

=0

Now label the remaining vertices as in case 1.
In view of the above defined pattern we have

ve(0) =vr(1) =2n,er(0) =ep(1)+1=3n+ |2 +1

Case3: niseven,n =2k, k=2,3,.....
In this case |V(M(C,OK)}))| =3n, |[E(M(C,OK,))| =Tn

We label the vertices as follows.

f(i-1)=0
fli) =1

[NST

!

flv)=1for1 <i<n

flei)=0for1 <i<nm

f(eIZifl) =1
f(e/2i> =0

N1

In view of the above defined pattern we have
vi(0) =vy(1) =2n,ep(0) =es(1) =3n+35
Thus f is a cordial labeling for M(C,, O K;). That is, middle graph of crown is a cordial

graph. O
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Illustration 3.5.6. Consider G = M(C;(OK;). The cordial labeling is as shown in
Figure 3.5.

FIGURE 3.5: M(C; O K)) and its cordial labeling

Theorem 3.5.7. M (K ,) is a cordial graph.

Proof. Letv, vy, va, ..., v, be the vertices of star K; , with v as an apex vertex and e,
ez, ..., e, be the vertices in M(K| ,) corresponding to the edges ey, e, ..., e, in Kj ;.
To define f: V(M (K; ,)) — {0, 1}, we consider following two cases.
Casel: n=2k+1,k=1,2,3,4,....
In this case |V(M(Ky1,))| =2n+ 1, [E(M(Ki1,))| = 2n(|5] +1) or |[E(M(K;,))| =
2n(|4] +1) +2k+ 1 depending upon k =2,4,6,8.... or k = 3,5,7,9....
fleais1) =0, 1<i<[5]+1
flew)=1, 1<i<|3]
f(vn—i) = pi, where p; = 1, if i is even,

=0,ifiisodd, 0<i< 4] -1
FOu g =Fle, g ), 0<i<n—|3] -1
o) =1
Using above patternif k =2,3,6,7....thenv,(0)+1=vy(1) =n+1andifk=1,4,5,8,9....
then vp(0) =ve(1)+1=n+1.
Ifk=2,4,6,8.... then ef(0) = ef(1) = n(| 5] + 1) and if k= 1,3,5,7, ... then e£(0) =
er()+1=n(|5]+1)+k+1
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Case2: n=2k,k=2,3,4,....

In this case [V(M(Ki,))| =2n+1, |[E(M(K;,))| =2n(5 +1) —k or [E(M(K),,))| =

2n(|&] +1)+2|5| — 1 depending upon k = 2,4,6,8.... or k =3,5,7,9....

flezic1) =0, 1<

fleai)=1, 1<i

f(vn—i) = pi, where p; =0, if i is even,
=1,ifiisodd, 0 <i< [4] -1

SOu gy ) =fle, g ) 0<i<n— El

fvy=1

Using above patternif k =2,3,6,7.... thenvs(0) =vs(1)+1=n+1andif k=4,5,8,9....

IN

IA
NS IS

thenvp(0)+1=vs(1)=n+1.

If k=2,4,6,8.... then e(0) = ef(1) =n(5 +1) — & and if k = 3,5,7, ... then e4(0) =
er(D+1=n(l4]+1)+ 4] +1.

Also note that for n =2 we have v(0) =vs(1)+1=3and ef(0) +1 =e(1) = 3.
Thus f is a cordial labeling for M (K| ,). That is, M (K] ,) admits cordial labeling. O

Illustration 3.5.8. Consider a graph M (K ¢). The cordial labeling is as shown in Figure
3.6.

FIGURE 3.6: M(K; ¢) and its cordial labeling
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Theorem 3.5.9. M(T (n,l+ 1)) is a cordial graph.

Proof. Consider the tadpole T'(n,l+ 1) in which vy, vy, ..., v, be the vertices of cycle
C, and vll, vlz, v;, cees v/l 1 be the vertices of the path attached to the cycle C,. Also let
ey, e, ..., e, and e/l, elz, e, ell be the vertices in M(T (n,l + 1)) corresponding to the
edges of cycle C,, and path P, respectively in T'(n,l+1).

To define f: V(M(T (n,l+1))) — {0, 1}, we consider the following cases.

Case 1: n is odd

Subcase 1: n =2k+1,k=2,4,6,....and [ =2j, j =2,4,6,.....

In this subcase |V (M(T (n,l+1)))| =2n+21, |[E(M(T (n,l+1)))| =2 | 5] +2n+21+6

fvaim1) =1

1<i< |2
) =0 i< 3]
fleai3)=0,1<i< [%J—i_l
fleaia)=0,1<i<|[2]
flesi1) =1

1< n
flea) =1 sis[dl

f(eilifS) = f(eih-,z) =0
f(eili—l) = f(eiu) =1

In view of the above defined labeling pattern

vi(0)=vi(1)=n+1er(0)=es(1)= 5] +n+1+3

Subcase 2: n =2k+1,k=2,4,6,....and [ =2j, j =3,5,7,.....

In this subcase |V (M(T (n,1+1)))| =2n+21, [E(M(T (n,l+1)))| =25 ] +2n+2[+8
fle, ) =0,f(e,) =1
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flvp) = l,f(v/l) = l(when v/1 is attached to v;)

remaining vertices are labeled as in subcase 1.

In view of the above defined labeling pattern

vi(0)=vr(l)=n+1Ler(0)=es(l)= 4] +n+1+4

For [ =2 we have ef(0) = ef(1) = 11.

Subcase 3: n=2k+1,k=2,4,6,....and [ =2j+1, j=1,3,5,7,.....

In this subcase |V (M(T (n,1+1)))| =2n+21, |[E(M(T (n,l+1)))| =2 | 4] +2n+21+5
flv) = f(vll) = I(when v/1 is attached to vy,)
fn) =0, 1<i<|[i+1

3
f(VIZi—H) =1,1<i< L%J

f(eili—?s) = f(e;i_z) =1

fleg_) =0 tsislal
4i—1/ —

e =01 <i< 1]

remaining vertices are labeled as in subcase 1.

Using above pattern we have

vi(0)=vi(1)=n+1ep(0)+1=ep(1)= |5 +n+1+3

Forl=1wehave es(0)+1=ey(1) = 10.

Subcase4: n=2k+1,k=2,4,6,....and [ =2j+1, j=2,4,6,,.....

In this subcase |V (M(T (n,1+1)))| =2n+21, |[E(M(T (n,l+1)))| =2 | 4] +2n+2147

flvw) = f(vll) = I(when vll is attached to v,)

Fon) =0, 1<i<|i|+1
fU) =1L 1<i<|f]
fley ) =1,1<i<[i]+1
flegyp) =1 cie Lﬂ

flegiy) = fley) =0

remaining vertices are labeled as in subcase 1.

Using above pattern we have

vi0)=vi(1)=n+lep(0)+1=ep(l)= 2| +n+i+4



Chapter 3. Cordial and 3-equitable Labelings 29

Subcase 5: n — 2%k + 1,k =1,3,5,7,....and [ = 2j, j = 2,4.6, .....
In this subcase |V (M(T (n,1+1)))| =2n+21, |[E(M(T (n,l+1)))| =2 |5 ] +2n+21+6

fles)=1,1<i<[j]
fv)=f (vll) = 1(when vl1 is attached to v,)

[E—
N
~.
IN
—
I~
[

/ /

fley 3)=fle4i o) =0
flegiy) = fley) =1

INES

Using above pattern we have

vi(0)=vi(l) =n+1ep(0)=ef(1)= 5| +n+1+3

Subcase 6: n =2k+1,k=1,3,5,7,....and [ =2j, j = 3,5,7,.....

In this subcase |V (M(T (n,1+1)))| =2n+21, |[E(M(T (n,l+1)))| =2 | 4] +2n+21+8

flv) = f(vll) = 1(when vll is attached to v;)

f(vy) =0
f(V/2i+1) =1
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remaining vertices are labeled as in subcase 5.

Using above pattern we have

vi(0)=vi(1)=n+1ler(0)=es(1)= 4] +n+1+4

For I =2 we have ef(0) = ef(1) = 8.

Subcase 7: n=2k+1,k=1,3,5,7,....and [ =2j+1, j=1,3,5,.....

In this subcase |V (M(T (n,l+1)))| =2n+21, [E(M(T (n,l+1)))| =2 | 4] +2n+20+5
f(va) = f(v}) = I(when v, is attached to v,,)
Fh) =0, 1<i< |4 +1

f(V/2i+1) =L1<i< L%J

f(eiti%) = f(vy_5) =1
fleg_)=0

flé)=01<i<|d

remaining vertices are labeled as in subcase 5.

Using above pattern we have

vr(0) =vs(l) =n+1es(0) =ep(1)+1= 5] +n+1+3

For =1 we have ef(0) =ef(1)+1=17.

Subcase 8: n=2k+1,k=1,3,5,7,....and [ =2j+1, j =2,4,6,.....

In this subcase |V (M(T (n,1+1)))| =2n+21, |[E(M(T (n,l+1)))| =2 | 4] +2n+21+7

flv) = f(vll) = 1(when vll is attached to v,)

!

b =0, 1<i< (4] +1

remaining vertices are labeled as in subcase 5.
Using above pattern we have

Vf(()) ZVf(l) =n—+l, ef(O) :ef(1)+1 = LgJ +n+1+4
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Case 2:n is even
Subcase 1: n =2k, k=2,4,6,....and [ =2, j =2,4,6,

In this subcase |V(M(T (n,l+1)))| =2n+2l, |[E(M(T (n,l+1)))| =3n+2[+5

~
—
<
o
N
Il
o
NS

f(esi—3) = f(esi—2) =0
flesi1) = fleai) =

NN

f (V/l) = 1(when v/1 is attached to vy)

f(vy) =0
f(Vl2i+1) =1

N~

flesis) = flegin) =0
f<e:1i—1) = f(eiu) =1

B~

Using above pattern we have
vi(0)=vi(l)=n+lep(0) =ep(1)+1 =32 4+1+3

Subcase 2: n =2k, k=2,4,6,....and [ =2j, j =3,5,7,
In this subcase |V(M(T (n,l1+1)))| = 2n+ 21,

EM(T(n,1+1)))| =3n+20+7

f(v}) = 1(when v, is attached to v;)

f(e:ti%) = f(eih-,z) =0

1<i<
f(eiti—l):f(ei”)zl <i<|g]

L

4
f(en—l) - 0’ f(en) =1

remaining vertices are labeled as in subcase 1 of case(2).

Using above pattern we have

vi(0) =v(1) =n+l ep(0) +1=ep(1) = F +1+4
For [ =2 wehave ef(0) +1 =ey(1) = 10.
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Subcase 3: n =2k, k=2,4,6,....and [ =2j+1, j=1,3,5,7,.....

In this subcase |V(M(T (n,1+1)))| =2n+2l, |[E(M(T (n,l+1)))| =3n+20+4
f(v}) = 1(when v, is attached to v)
fl) =0, 1<i<[5]+1

fly) =1 1<i<[3]

fle=0.1<i< [4)

remaining vertices are labeled as in subcase 1 of case(2).

Using above pattern we have

vi(0)=ve(l) =n+1,ep(0) =ep(1) =33 +1+2

For /=1 we have ef(0) = es(1) = 8.

Subcase 4: n =2k, k=2,4,6,....and [ =2j+1, j =2,4,6,.....

In this subcase |V (M(T (n,1+1)))| =2n+2l, |[E(M(T(n,l+1)))| =3n+21+6
f (vll) = 1(when v/l is attached to v;)

fly) =0, 1<i<[5]+1

remaining vertices are labeled as in subcase 1 of case(2).

Using above pattern we have

vi(0) =vp(l) =n+1,ep(0) =ep(1) =32 +1+3.

Subcase 5: n =2k, k=3,5,7,....and [ =2j, j =2,4,6,.....

In this subcase |V(M(T (n,l+1)))| =2n+2l, |[E(M(T (n,l+1)))| =3n+2[+5

N1
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flesim3) = f(eai-2) =0
fleaim1) = f(esi) =1

f(enfl) = Ouf(en) =1

f(vy) = 1(when v| is attached to v;)

f(vy) =0
f(V/Zi—H) =1

NI~

f(e:u—e.) = f(eit,-_z) =0
flegiy) =fley) =1

Using above pattern we have
vr(0) =v(l)=n+lep(0)+1=ep(l) = +1+3
Subcase 6: n =2k, k=3,5,7,....and [ =2, j = 3,5,7,

f(v}) = 1(when v is attached to v;)

f(eili—3) = f(e;i_z) =0
Fleyiy) =Fflegy) =1

flep1) =1, f(e,) =0

remaining vertices are labeled as in subcase 5 of case(2).

INES

In this subcase |V(M(T (n,l+1)))| =2n+2l, |[E(M(T (n,l+1)))| =3n+21+7

Using above pattern we have

v(0) =vi(1) =n+1ep(0)+1=ep(1) =2 41+4

Forl=2wehavees(0)+1=ep(1)=13

Subcase 7: n =2k, k=3,5,7,....and [ =2j+1, j=1,3,5,7,

In this subcase |V(M(T (n,l+1)))| =2n+2L, |E(M(T (n,l+1)))| = 3n+21+4+4L%J

f(vy) = O(when v is attached to v»)

flom) =11 <i<[5]+1
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fli) =0, 1<i<[5]

! !

fley3)=fleg,)=0
f(eilifl) =1

fle) =1 1<i<|l]
remaining vertices are labeled as in subcase 5 of case(2).
Using above pattern we have

vr(0) =v(1) =n+1ep(0) =ep(1) =2 +1+242 HJ
Forl =1 wehave ef(0) =es(1) =11

Subcase 8: n =2k, k=3,5,7,....and [ =2j+1, j =2,4,6,.....

In this subcase |V (M (T (1,1 +1)))| = (M(T(n,14+1)))| =3n+20+2+4 M
fv,

fon) =1L1<i<|L]+1

f(V21+1) 0,1<i< bJ

flegi3)=0,1<i<[f]+1

1) = O(when vll is attached to v;)

/

fley2)=0
fley 1) = fley) =1

remaining vertices are labeled as in subcase 5 of case(2).

Using above pattern we have

ve(0) =vp(l) =n+1 ep(0) =ef(1) :37”+Z+I+ZM

Thus in all the cases described above f admits cordial labeling for M(T (n,l 4 1)).
That is, M(T (n,l + 1)) admits cordial labeling. o
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Illustration 3.5.10. Consider G = M(T(6,5)). The cordial labeling is as shown in
Figure 3.7.

FIGURE 3.7: M(T(6,5)) and its cordial labeling

3.6 NP-Complete problems

The detailed discussion on this concept is reported in [38](pp 30-34) as follows.

Let P denote the class of all problems that can be solved by a polynomial time algo-
rithm, that is, polynomial in the length of the inputs for an instance of the problem. We
can think of these algorithms as running on a relatively simple computer, for example a
Turing machine, named after the British mathematician/logician Alan Turing. Briefly,
a Turing machine is a computer with (i) a two-way infinite storage tape, divided into
cells, in each of which can be written one symbol chosen from a finite alphabet, and (ii)
a finite-state control. The finite control can be thought of as a random access machine
or RAM. The execution time of such a RAM is usually measured by the number of
operations it performs in solving an instance of a problem. Each operation can be as-
sumed to require a constant amount of time, say C. Typical operations include addition,
subtraction, multiplication, and division of two numbers, storing a number in a random
access memory, and comparing two numbers.

Turing postulated the thesis that what we think of as an effective algorithm is pre-
cisely what can be done by a Turing machine or, equivalently, by a RAM with an infinite

amount of auxiliary memory. Thus, we can say that a computational problem is in class
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P if there exists an algorithm for solving any instance of the problem in time O(n¥) for
some fixed positive integer k, where 7 is the length of the input for the given instance.
Typical examples of problems which can be solved in polynomial time, and are there-

fore in the class P, include:

e sorting n integers.

e finding a shortest path between two vertices u and v in a graph G.

e finding a maximum matching in a graph G.

e determining whether two trees 77 and 7> with n vertices are isomorphic.
e deciding whether a given graph is bipartite or connected.

e computing the convex hull of a set of n points in the plane.

In the theory of NP-completeness, we restrict our attention to the class of problems
called decision problems. These are problems, every instance of which can be stated
in such a way that the answer is either ‘yes’ or ‘no’. Thus, for example, we do not
seek an algorithm for finding the minimum cardinality of a dominating set in a graph.
Instead we seek an algorithm which, given a graph G and a positive integer k, can decide
whether G has a dominating set of size < k.

Let NP denote the class of all decision problems which can be solved in polynomial
time by a nondeterministic Turing machine. Thus, NP stands for Nondeterministic
Polynomial time. Again, wishing to avoid the extended discussion required to give a
technical definition of a nondeterministic Turing machine, suffice it to say that such a
machine has the ability to make guesses at certain points in a computation. Some of
these guesses may be correct, some may be incorrect.

Instead of using the notion of nondeterminism, we can define the class NP in terms
of the concept of polynomial-time verification. A verification algorithm is an algorithm
A which takes as input an instance of a problem and a candidate solution to the problem,
called a certificate, and verifies in polynomial time whether the certificate is a solution
to the given problem instance. Thus, the class NP is the class of problems which can be

verified in polynomial time.
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If Py is polynomial-time reducible to P>, we can say that any algorithm for solving P>
can be used to solve P;. Intuitively, problem P; is ‘no harder’ to solve than problem P;.
We define a problem P to the NP-complete if (i) P € NP, and (ii) for every problem Pe
NP, P < p P. If a problem P can be shown to satisfy condition (ii), but not necessarily

condition (i), then we say that it is NP-hard.

3.7 Embedding and NP-Complete problem for cordial
Graphs

Embedding problems related to graph structures are of great importance. We will
discuss such problems in the context of labeling. The common problem is Given a
graph G having the graph theoretic property P, is it possible to embed G as an induced
subgraph of G, having the property P ?

Such problems are extensively investigated recently by Acharya et al.[1] in the
context of graceful graphs. We present here an affirmative answer for planar graphs,
trianglefree graphs and graphs with given chromatic number in the context of cordial
graphs. As a consequence we deduce that deciding whether the chromatic number is
less then or equal to k, where k > 3, is NP-complete even for cordial graphs. We obtain
similar result for clique number also. The similar discussion will be held in section 3.10

for 3-equitable graph.

Theorem 3.7.1. Any graph G can be embedded as an induced subgraph of a cordial
graph.

Proof. Without loss of generality we assume that it is always possible to label the
vertices of any graph G such that the vertex condition for cordial graph is satisfied.
ieve(0) —vp(1)] < 1. Let Vp and V; be the set of vertices with label zero and one
respectively. Let Ey and E; be the set of edges with label zero and one respectively. Let
n(Vp) and n(V;) be the number of element in set Vj and V;. Let n(Ep)and n(E;) be the
number of element in set Ey and E;. Let [n(Ey) —n(E,)| = r > 1(for r =0 or 1 graph

G will become cordial). Graph H can be obtained by adding r vertices to the graph G
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with following condition given in the different cases reported below.

Case 1: n(Vy) =n(Vy) and n(Ey) > n(E;)

Let r = s+t with |s —¢| < 1. Out of new r vertices label s vertices with 0 and 7 vertices
with 1.i.e. label the vertices vy, vo,v3...,v, with 0 and label the vertices uy,up,us3...,u;
with 1. Join each v; with unique element of set V| and join each u; with unique ele-
ment of set V. Therefore all the new edges will have label 1. For the graph H num-
ber of vertices with label 0 and 1 are n(Vp) + s and n(V;) +t respectively. Therefore
vr(0) —vr(1)] = |n(Vo) +s—n(V1) —t| < 1, Hence vertex condition is satisfied. For
the graph H number of edges with label 0 and 1 are n(Ey) and n(E;) + r respectively.
Therefore |ef(0) —ef(1)| = |n(Eo) —n(E1) —r| =0, as n(Eop) > n(E; ). Hence edge con-

dition is satisfied.

Case 2: n(Vo) =n(Vy) and n(Ey) < n(E)

Let r = s+t with |s —¢] < 1. Out of new r vertices label s vertices with O and 7 vertices
with 1.i.e. label the vertices v{,v,,v3...,vs with O and label the vertices uy,us,u3...,u
with 1. Join each v; with unique element of set V;y and join each u; with unique ele-
ment of set Vj. Therefore all the new edges will have label 0. For the graph H num-
ber of vertices with label 0 and 1 are n(Vy) + s and n(V;) + ¢ respectively. Therefore
ve(0) —vr(1)] = |n(Vo) +s—n(V1) —t| < 1, Hence vertex condition is satisfied. For
Graph H number of edges with label 0 and 1 are n(Ep) + r and n(E;) respectively.
Therefore|es(0) —ef(1)| = [n(Eo) +r—n(E1)| =0, as n(Ep) < n(E7). Hence edge con-

dition is satisfied.

Case 3: |n(Vp) —n(Vy)| = 1 and n(Ey) > n(E;)

Let r = s+1¢ with [n(Vp) +s—n(Vy) —t| < 1. Out of new r vertices label s vertices with
0 and ¢ vertices with 1.i.e. label the vertices v{,v;,v3..., vy with O and label the vertices
up,up,uz ..., u; with 1. Join each v; with unique element of set V; and join each u; with
unique element of set V. Therefore all the new edges will have label 1. For the graph H
number of vertices with label 0 and 1 are n(Vj) +s and n(V; ) +1 respectively. Therefore,

ve(0) —vr(1)] = |n(Vo) +s—n(Vi) —t| < 1, Hence vertex condition is satisfied. For
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the graph H number of edges with label 0 and 1 are n(Ey) and n(E;) + r respectively.
Therefore, |ef(0) —er(1)| = |n(Eo) —n(E1) —r| =0, as n(Ep) > n(E;). Hence edge

condition is satisfied.

Case 4: [n(Vy) —n(Vy)| =1 and n(Ep) < n(E)

Let r = s+t with [n(Vp) +s—n(V;) —t]| < 1. Out of new r vertices label s vertices with
0 and ¢ vertices with 1.i.e. label the vertices v{,v,,v3...,vs with O and label the vertices
ui,up,u3...,u; with 1. Join each v; with unique element of set V and join each u; with
unique element of set V;. Therefore all the new edges will have label 0. For the graph
H number of vertices with label 0 and 1 are n(Vy) + s and n(V;) + ¢ respectively. There-
fore, [v¢(0) —v¢(1)| = |n(vo) +s —n(vi) —t| < 1. Hence vertex condition is satisfied.
For Graph H number of edges with label 0 and 1 are n(Ey) + r and n(E)) respectively.
Therefore, |ef(0) —er(1)| = |n(Eo) +r—n(E1)| =0, as n(Ep) < n(E;). Hence edge
condition is satisfied.

Thus in all the possibilities the graph H resulted due to above construction satisfies the
condition for cordial graph.i.e. Any graph G can be embedded as an induced subgraph

of a cordial graph. O

Corollary 3.7.2. Any planar graph G can embedded as an induced subgraph of a planar
cordial graph.

Proof. Let G be a planar graph. Then the graph H obtained by Theorem 3.7.1 is a planar
graph. O
Corollary 3.7.3. Any triangle-free graph G can be embedded as an induced subgraph
of a triangle free cordial graph.

Proof. Let G be a triangle-free graph. Then the graph H obtained by Theorem 3.7.1 is

a triangle-free graph. m|

Corollary 3.7.4. The problem of deciding whether the chromatic number } < k, where

k > 3 is NP-complete even for cordial graphs.
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Proof. Let G be a graph with chromatic number ) (G) > 3. Let H be the cordial graph
constructed in Theorem 3.7.1, which contains G as an induced subgraph. Since H is
constructed by adding pendant vertices only to G. We have y(H) = x(G).

Since the problem of deciding whether the chromatic number ¥ < k, where k > 3 is
NP-complete [27]. It follows that deciding whether the chromatic number y < k, where

k > 3, is NP-complete even for cordial graphs. O

Corollary 3.7.5. The problem of deciding whether the clique number @(G) > k is NP-

complete even when restricted to cordial graphs.

Proof. Since the problem of deciding whether the clique number of a graph @(G) > k,
is NP-complete [27] and @(H) = @(G) for the cordial graph H constructed in Theorem

3.7.1,the result follows. m]

3.8 3-equitable labeling of graphs

In 1990 Cahit[13] proposed the idea of distributing the vertex and the edge labels
among {0,1,2,...,k— 1} as evenly as possible to obtain a generalization of graceful

labeling and named it as k-equitable labeling which is defined as follows.

3.8.1 k-equitable labeling

A vertex labeling of a graph G = (V(G), E(G)) is a function f: V(G) — {0,1,2,...,k—
1} and the value f(u) is called label of vertex u. For the vertex labeling function f :
V(G) —{0,1,...,k—1}, the induced function f*: E(G) — {0,1,...,k— 1} defined as
f*(e=uv) =|f(u) — f(v)| which satisfies the conditions

v(@) —ve(NI <1

where 0 <i,j<k—1
lef (i) —er(N) <1

where v(i) and ef(i) denotes the number of vertices and the number of edges having

label i under f and f* respectively. Such labeling f is called k-equitable labeling for
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the graph G. A graph which admits k-equitable labeling is called k-equitable graph.
Obviously 2-equitable labeling is cordial labeling which is already discussed in section
3.4. When k = 3 the labeling is called 3-equitable labeling. The remaining part of this

chapter is devoted to the discussion of 3-equitable labeling of graphs.

3.8.2 Illustration

In the following Figure 3.8 H4 and its 3-equitable labeling is shown.

FIGURE 3.8: Hj and its 3-equitable labeling

3.8.3 Some known results

e Cahit[12],[13] proved that

o C, is 3-equitable if and only if n # 3(mod 6).

o An Eulerian graph with ¢ = 3(mod 6) is not 3-equitable where ¢ is the num-

ber of edges.
¢ All caterpillars are 3-equitable.
o A triangular cactus with n blocks is 3-equitable if and only if n is even.(Conjecture)

¢ Every tree with fewer than five end vertices has a 3-equitable labeling.
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e Seoud and Abdel Magsoud[60] proved that
¢ A graph with p vertices and g edges in which every vertex has odd degree is
not 3-equitable if p = 0(mod 3) and g = 3(mod 6).
¢ All fans except P> + K are 3-equitable.
o P2 is 3-equitable for all n except 3.

o Kipp(where 3 < m < n) is 3-equitable if and only if (m,n) = (4,4).

Bapat and Limaye[7] proved that Helms H,,(where n > 4) are 3-equitable.

Youssef[84] proved that W,, = C,, 4+ K is 3-equitable for all n > 4.

Vaidya et al.[74, 75] have discussed wheel related 3-equitable graphs.

Vaidya et al.[72] have discussed some shell related 3-equitable graphs.

Vaidya et al.[71, 73] have discussed some star related 3-equitable graphs.

3.9 3-equitable graphs in the context of some graph

operations

Theorem 3.9.1. The graph D;,(C,) is 3 - equitable except for n = 3,5.

Proof. If D,(C,) be the shadow graph of cycle C,, then let vy, v, ..., v, be the vertices
of cycle C, and Vi, V5, ..., v, be the vertices added corresponding to the vertices vy, vy,
..., vy in order to obtain D, (Cy,).

Define f: V(D,(C,)) — {0,1,2}, we consider following six cases.

Case 1: Whenn=23,5

In order to satisfy the vertex condition for 3-equitable graph when n = 3 it is essential
to assign label O to two vertices, label 1 to two vertices and label 2 to two vertices. The
vertices with label 1 will give rise to six edges with label 1 out of total twelve edges of
D;(C3). Then obviously the graph is not 3-equitable.

In order to satisfy the vertex condition for 3-equitable graph when n = 5 it is essential
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to assign label 1 to at least three vertices. The vertices with label 1 will give rise to at
least eight edges with label 1 out of total twenty edges of D;(Cs). Then obviously the
graph is not 3-equitable.

Case 2: For n = 4,6, 8 and the respective graphs and their 3-equitable labeling is shown

in following Figure 3.9.

FIGURE 3.9: 3-equitable labeling of D>(Cy4), D2(Ce) and D> (Cs)
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Case 3: For n = 14 the 3-equitable labeling is shown in following Figure 3.10.

FIGURE 3.10: 3-equitable labeling of D, (C4)
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Case 4: When n = 0(mod 3).
Sub Case 1: When n =3k, k =4,6,...

f(aim3) = f(vai2) = f(vai1) =1, 1<
f(vai) =0, 1<i
flv) =2,

fvi) =0,

foh) =2,

fWVia) =1, 1<i
fvy 1) =2, 1<i
f05) =2,

f(viti+5) =2, 1 <i
() =0, 1<i
fWyy) = f(vp) =0,

fovi) =2,

Sub Case 2: n =3k, k=3,5,...

fvi) =1, 1<i<k
fOrpaic) =2,  1<i<|i]+1

fvi) =0, otherwise;

fOhii) =2, 1<i< |5

f(vy) =0, 1<i<|5]
FOy ) =1 1<i<k
f<v,2L§j+k+i) =2, l=i<k

fn)=0

In view of the above labeling pattern we have
vp(0) =vp(1) =vs(2) =2k
er(0) =ef(l) =ep(2) =4k

IA

IA
[\SIEul NSTP

otherwise;

A

NSRSl P
p—

IA

IA A
NI NI
—_ N

otherwise.
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Case 5: When n = 1(mod 3).
Sub Case 1: Whenn =3k+1,k=3,5,...

flv) =2

1<i<k—1
1<i<k

1<i<k—1
1

IN

i<k—1

IA
IN

IN A
IN A

— o X
|

H
IA
~.
IN
ol Nl

f

~~
Il
~
—~~
<
:\
S~—
Il
o

V;;—l)

Sub Case2: n=3k+1,k=2,4,...

f
fvi) =

)
vi)

~

1%

(
(
(
I

mi—1) =2, 1<i<k
0, otherwise;
1, 1<i<2k
2,

otherwise.

In view of the above labeling pattern we have
ve(0)=ve(l)+1=vr(2)=n—k
er(0)+1=ep(l)=er(2)+1=n+k+1
Case 6: n = 2(mod 3).

Sub Case 1: n =3k+2,k=3,5,...

flvi) =1,

1<i<k+1
1<i<k+1
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f<v,2L§j+k+2i) =2 1<i<|3]
fpa) =fv,_) =2,
fOh) =0, otherwise.

Sub Case2: n =3k+2,k=6,8,...

In view of the above labeling pattern we have
vi(0)+1=ve(1)+1=vp(2) =n—k
ef(O) = ef(l)+1 :ef(Z) =n+k+1

Vie3) = f(V0) = f(V) =0, f(v,y) =2

1<i<k+1
1<i<k+1
1<i<k
1<i<t-2
1<i<i-2
1<i<4
1<i<k
1<i<i-1
1<i<i-—1

Thus in each cases we have [v(i) —v¢(j)| < 1and |ef(i) —er(j)| < 1, forall 0 <i, j < 2.

Hence D,(C,) is 3 - equitable graph except for n = 3, 5.

O
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Ilustration 3.9.2. Consider the graph D;(C}»). The 3-equitable labeling is as shown
in Figure 3.11.

FIGURE 3.11: 3 - equitable labeling of D,(C)3)

Theorem 3.9.3. The graph D,(P,) is 3 - equitable except for n = 3.

Proof. 1f Dy(P,) be the shadow graph of path P, then let vy, v, ..., v, be the vertices
of path P, and v/, v, ..., v/, be the vertices added corresponding to the vertices vy, vy,
..., vy in order to obtain D, (P,) .

Define f: V(D,(P,)) — {0,1,2}, we consider following five cases.
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Case 1: when n = 3.

In order to satisfy the vertex condition for 3-equitable graph when n = 3 it is essential
to assign label O to two vertices, label 1 to two vertices and label 2 to two vertices. The
vertices with label 1 will give rise to four edges with label 1 out of total eight edges of
D, (P3). Then obviously the graph is not 3-equitable.

Case 2: For n = 2 the respective graph and its 3-equitable labeling is shown in Figure

3.12.

FIGURE 3.12: 3-equitable labeling of D;(P)

Case 3: When n =0(mod3),(n=3k,k=2,3,4,...).

fvi) =1, 1<i<|%|ifnisoddand 1 <i<%—1ifniseven
Ol =0, 1<i<|%]|ifnisodd

fva) =0, 1<i<%ifniseven

fn) =1L f0)) =1,

fOh) =2, 1<i<k—1

f(Vai1) =0, 1<i<k—1

fvh) =2, otherwise

In view of the above labeling pattern we have

vi(0) =vp(l) =vp(2) =2k
Ef(()) = ef(l) +1= ef(Z) =n+k—1
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Case 4: When n = 1(mod3),(n=3k+1,k=1,2,3,...).

flvi) =1, 1<i<|%]+1lifnisoddand 1 <i<%ifniseven
fOlg)412) =0, 1<i<[5]ifnisodd

f(v%Jr,) 0, 1 <i<Zifniseven

f(vh,) =0, 1<i<k

fvh) =2, otherwise

In view of the above labeling pattern we have
ve(0)=ve()+1=vr(2)=n—k
er(0) =ep(1) = ef(2) =2(n—k—1)
Case 5: When n =2(mod3),(n=3k+2,k=1,2,3,...)
flvi) =1, 1 <i<2k+1
flvi)=0, otherwise;

(hi)=2 1<i<k
FOh) =0,  1<i<k

(Vy;) =2, 1<i<n—2k
In view of the above labeling pattern we have
vi(0)+1=ve(l)+1=vp(2)=n—k
er(0)+1=ep(l)=er(2)+1=n+k

Thus in each cases we have |v(i) —v¢(j)| < 1and |es(i) —er(j)| < 1, forall 0 <i, j <2.
Hence D;(P,) is 3 - equitable graph except for n = 3. O

Ilustration 3.9.4. Consider the graph D,(Py). The 3-equitable labeling is as shown in
Figure 3.13.

FIGURE 3.13: 3- equitable labeling of D, (P)
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Theorem 3.9.5. M(C,) is 3-equitable for n even and not 3-equitable for n odd.

Proof. If M(C,) be the middle graph of cycle C, then let vy, vy, ..

., v, be the vertices

of cycle G, and v, v}, ..., v/, be the vertices added corresponding to the edges e,, e,

..., ep—1 in order to obtain M(C,,).

Define f: V(M(C,)) — {0, 1,2}, we consider following two cases.

Case 1: When n is even.

Sub Case 1: n =6k, k=1,2,...
fnica) =1, 1<i<k
Jsk—14) =1, 1<i<k
(vi) =2, otherwise

fvy)=1  1<i<k
(V3i1) =1, I<i<k
(

vi) =0, otherwise

In view of the above labeling pattern we have

vp(0) =vp(l) =vs(2) =4k
er(0) = es(1) = es(2) = 6k

Sub Case 2: n=6k—2,k=2,3,...
fri2)=1, 1<i<k

fvic)) =1,  1<i<k-1
f(Vn): , i=n

f(vi) =0, otherwise
JO5 ) =1, 1<i<k
fO) =1 1<i<k-1
SO0V 1) =0, 1<i<k—1
fvi) =2, otherwise

In view of the above labeling pattern we have
ve(0) =ve(l) =v(2)+1=4k—1
er(0) =es(1) = ef(2) = 6k =2
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Sub Case3: n=6k+2,k=1,2,...
fnica) =1, 1<i<k

fvskmigi) =1, 1<i<k+1
fvi)=2, otherwise
f05.,)=1, 1<i<k
fOhi) =1, 1<i<k
f(vh) =0, otherwise

In view of the above labeling pattern we have
Vf(()) = Vf(l) +1= Vf(Z) +1=4k+2
ef(0) =ep(1) = ef(2) = 6k +2

Case 2: When #n is odd.

In this case M(C,) is an Eulerian graph with |E(M(C,))| = 3(mod6). So it is not 3-

equitable as we stated earlier.

Thus in each cases we have |v(i) —v¢(j)| < 1and |es(i) —er(j)| < 1, forall 0 <i, j <2.

Hence M(C,) is 3-equitable for n even and not 3-equitable for n odd.

O

Ilustration 3.9.6. Consider the graph M(C14). The 3-equitable labeling is as shown in

Figure 3.14.

FIGURE 3.14: 3-equitable labeling of M(C)4)
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Theorem 3.9.7. The graph M(P,) is 3 - equitable.

Proof. If M(P,) be the middle graph of path P, then let vy, vo, ..., v, be the vertices of

path P, and v/, v}, ..., v/, be the vertices added corresponding to the edges ey, e2, .. .,

> Yn—1

e,—1 in order to obtain M(P,).

Define f: V(M(P,)) — {0,1,2}, we consider following four cases.

Case 1: when n = 3,5,7 and 9 the 3-equitable labeling of the corresponding graphs are
given in Figure 3.15.

(1) (1) (0) (1) (1) (0) (0) (0)
VAVAVAVEAVAVAVAVAVAN

FIGURE 3.15: 3-equitable labeling of M (Ps), M(Ps), M(P;) and M (Py)

Case 2: when n = 2,4 and 6 the 3-equitable labeling of the corresponding graphs are
given in Figure 3.16.

M(R)

FIGURE 3.16: 3-equitable labeling of M (P,), M(Ps), and M (Ps)
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Case 3: When n is even (n = 2k,k =4,5,6,...).

flvi) =1, 1<i<?t

fvay) = 1<i<3

S 1)2 , 1<i<[4]and

fOh D=1, 1<i<|4] -1 fork=3j,j=2,3,...
v, 2,>= . 1<i< |

foh) = otherwise;

In view of the above labeling pattern we have

vs(0) =vp(1) = vp(2) = 251
er(0)=es(1)+1=es(2) =n—1, when n = 2(mod 3)

vp(0)+1=vp(1)+1=v,(2) = | 25| +1
er(0)=es(1)+1=es(2) =n—1, when n = 1(mod3)

ve(0) =ve(1)+1=vp(2) = | 25| +1
er(0)=es(1)+1=es(2) =n—1, when n = 0(mod 3)

Case 4: Whennisodd (n=2k+1,k=5,6,...).

flvi) =1, 1<i<|3].i=n

Fgged =0 1<i<g

JOh_ ) =1, 1<i<|4]-1land

fOh =1, 1<i<|§| fork=3j+2,j=1,2.3,...
O i) =0, 1<i<|5]+1and

OV 0i) =0, 1<i< |4 fork=3j,j=2,34,..

fvi) =2, otherwise

In view of the above labeling pattern we have

vp(0) =vp(1) =vy(2) = 257
er(0)=es(1)+1=es(2) =n—1, when n = 2(mod 3)

vi0)+1=vp(1)+1=vp(2) = [ 25| +1
er(0)=es(1)+1=es(2) =n—1, when n = 1(mod 3)
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_|_

vr(0)+1=vp(1) =vp(2) = | 25| +1
er(0) =ef(1) =er(2)+1=n—1, when n = 0(mod 3)

Thus in each cases we have |v(i) —v,(j)| < 1and |es(i) —er(j)| < 1, forall 0 <i, j <2.
Hence M(P,) is 3 - equitable graph. m]

Ilustration 3.9.8. Consider the graph M(P}o). The 3-equitable labeling is as shown in
Figure 3.17.

FIGURE 3.17: 3-equitable labeling of M (Pyo)

3.10 Embedding and NP-complete problems for 3-equitable
graphs

The embedding and NP-complete problems in the context of cordial labeling is
discussed briefly in section 3.7 while this section is aimed to discuss such problems for

3-equitable graphs.

Theorem 3.10.1. Any graph G can be embedded as an induced subgraph of a 3-equitable
graph.

Proof. Let G be the graph with n vertices. Without loss of generality we assume that it
is always possible to label the vertices of any graph G such that the vertex conditions
for 3-equitable graphs are satisfied. i.e.[vs(i) —v(j)| < 1,0 <4i,j <2. Let Vp,Vi and
V, be the set of vertices with label 0,1 and 2 respectively. Let Ey, E; and E, be the set
of edges with label 0,1 and 2 respectively. Let n(Vy) ,n(V})and n(V,) be the number of

elements in sets Vp ,V; and V; respectively. Let n(Ey), n(E;) and n(E>) be the number
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of elements in sets Ey , E| and E; respectively.

Case 1: n = 0(mod 3)

Subcase 1:n(Ey) # n(Ey) # n(E»).

Suppose n(Ey) < n(E1) < n(E,). Let [n(Ey) —n(Ep)| =r > 1 and |n(Ey) —n(E;)| =
s > 1. The new graph H can be obtained by adding r + s vertices to the graph G.
Define r+s = p and consider a partition of p as p=a+b+c with [a—b| < 1,|b—c¢| < 1
and [c —a| < 1.

Now out of new p vertices label a vertices with 0, b vertices with 1 and ¢ vertices with
2. i.e. label the vertices uj,ua,. .. ,u, with 0, v{,v,,...,vp, with 1 and wy,wo,. .. ,w. with 2.
Now we adapt the following procedure.

Step 1: To obtain required number of edges with label 1.

e Join s number of elements v; to the arbitrary element of Vj.

e If b < sthen join (s —b) number of elements uy,us,... ,us_j to the arbitrary element

of V] .
e If a < s—b then join (s —a — b) number of vertices wy,wo,...,ws_,_, to the arbi-

trary element of V.

Above construction will give rise to required number of edges with label 1.

Step 2: To obtain required number of edges with label 0.
e Join remaining number of u;’s (which are left at the end of step 1) to the arbitrary
element of V.

e Join the remaining number of v;’s(which are left at the end of step 1) to the arbi-

trary element of V.

e Join the remaining number of w;’s(which are left at the end of step 1) to the

arbitrary element of V5.

As aresult of above procedure we have following vertex conditions and edge conditions.
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v(0) =vp(1)] = |n(Vo) +a—n(V1) = b < 1,
vr(1) = vr(2)] = (Vi) +b—n(Va) —c| < 1.
vr(2) =vs(0)] = [n(Va) +c—n(Vo) —a <1
and
lef(0) —ep(1)] = |

lef(1) —ep(2)| = [n(Er) +n(Ez) —n(Er) —n(Ey)
lef(2) —ef(0)] = In

Similarly one can handle the following cases.

n(Ep) < n(Ey) <n(Ey),
n(Ey) < n(Ey) <n(Ey),
n(Ey) < n(E;) < n(Ep),
n(Ey) < n(Ey) < n(Ep),
n(E1) <n(Eo) <n(Ez).
Subcase 2: n(E;) =n(E;) <n(Ey),i# j#k,0<i,j,k<2

Suppose n(Ey) =n(Ey) < n(Es)

The new graph H can be obtained by adding 2r vertices to the graph G.

Define 2r = p and consider a partition of p as p=a+b+c with |a—b| < 1,|b—c| <1
and [c —a| < 1.

Now out of new p vertices, label a vertices with 0, b vertices with 1 and ¢ vertices with
2. i.e. label the vertices uy,us,. .. ,u, with 0, vi,vy,...,v, with 1 and wy,wy,. .., w. with 2.
Now we adapt the following procedure.

Step 1: To obtain required number of edges with label 0.

e Join r number of elements u;’s to the arbitrary element of V.

e If a < rthen join (r —a) number of elements v{,v»,... ,v,_, to the arbitrary element

of Vl.

e If b < r—a then join (r —a — b) number of vertices wi,wy,...,w,_p_, to the

arbitrary element of V>.
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Above construction will give rise to required number of edges with label 0.

Step 2: To obtain required number of edges with label 1.

e Join remaining number of w;’s (which are not used at the end of step 1)to the

arbitrary element of V.

e Join the remaining number of v;’s (which are not used at the end of step 1) to the

arbitrary element of Vj.

e Join the remaining number of u;’s (which are not used at the end of step 1) to the

arbitrary element of V;.

Similarly we can handle the following possibilities.

n(Ey) =n(Ey) < n(Ey)

n(Ep) =n(Ez) < n(Ep)

Subcase 3 : n(E;) <n(E;) =n(Ey),i# j#k,0<1i,j,k<2

Suppose n(E>) < n(Ep) =n(Ej)

Define |n(E;) —n(Ep)| =r

The new graph H can be obtained by adding r vertices to the graph G as follows .

Consider a partition of ras r =a+b+c with [a—b| < 1,Jb—c|<1and|c—a| < 1.

Now out of new r vertices label a vertices with 0,b vertices with 1 and c vertices with
2. i.e. label the vertices uj,ua,. .. ,u, with 0, v{,vs,...,vp, with 1 and wy,wo,. .. ,w. with 2.
Now we adapt the following procedure.

Step 1: To obtain required number of edges with label 2.

e Join r number of vertices w;’s to the arbitrary element of V.

e If ¢ < r then join r — ¢ number of elements uy,us,... ,u,—. to the arbitrary element

of V2.

Above construction will give rise to required number of edges with label 2.
At the end of this step if the required number of 2 as edge labels are generated then we
have done. If not then move to step 2. This procedure should be followed in all the

situations described earlier when n(E;) < n(Ey) or n(E;) < n(Ep).
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Step 2: To obtain the remaining (at the end of step 1) number of edges with label 2.

e If £k number of edges are required after joining all the vertices with label 0 and 2
then add k£ number of vertices labeled with 0, kK number of vertices labeled with 1

and k£ number of vertices labeled with 2. Then vertex conditions are satisfied.

e Now we have k number of new vertices with label 2, k number of new vertices

with label 0 and 2k number of new vertices with label 1.
e Join k new vertices with label 2 to the arbitrary element of the set Vj.
e Join k new vertices with label O to the arbitrary element of the set V5.
e Join k new vertices with label 1 to the arbitrary element of set Vj.

e Join k new vertices with label 1 to the arbitrary element of the set V;.

Case 2: n = 1(mod3).
Subcase 1: n(E;) #n(E;) #n(Ey),i # j#k,0 <i,j,k <2.
Suppose n(Ep) < n(Ey) <n(E;) Let |n(Ey) —n(Ey)|=r>1and [n(Ey) —n(E;)| =s> 1

Define r + s = p and consider a partition of p such that p = a+ b+ ¢ with

In(Vo) +a—n(Vy)—b| <1

In(Vi)+b—n(Vp)—c| <1

In(Vo) +a—n(Va) —c| < 1.

Now we can follow the procedure which we have discussed in case 1.

Case 3: n =2(mod 3)

We can proceed as case 1 and case 2.

Thus in all the possibilities the graph H resulted due to above construction satisfies the
conditions for 3-equitable graph. That is, any graph G can be embedded as an induced

subgraph of a 3-equitable graph. O

For the better understanding of result derived above consider following illustrations.
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Ilustration 3.10.2. For a graph G = Cy we have n(Ey) =0, n(E;) =6, n(Ez) = 3.
Now |n(Ey) —n(Ey)| =6 =r|n(E)) —n(Ey)| =3 =s.

This is the case related to subcase(1) of case(1).

FIGURE 3.18: Cy and its 3-equitable embedding

Procedure to construct H :

Step 1:

Add p=r+s=6+3 =9 vertices in G and partition pas p=a+b+c=3+3+3.

Label 3 vertices with 0 as a = 3.

Label 3 vertices with 1 as b = 3.

Label 3 vertices with 2 as ¢ = 3.

Step 2:

e Join the vertices with 0 and 1 to the arbitrary element of the set V and V| respec-

tively.

e Join the vertices with label 2 to the arbitrary element of set V.

The resultant graph H is shown in Figure 3.18 is 3-equitable.
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Illustration 3.10.3. Consider a graph G = K4 as shown in following Figure 3.19 for
which n(Ey) = 1, n(Ey) =4, n(Ep) = 1.
Here |n(E;) —n(Ep)| =3 =r, |n(E}) —n(Ey)| =3 =sie. r=s.

This is the case related to subcase(2) of case(2).

FIGURE 3.19: K4 and its 3-equitable embedding

Procedure to construct H :

Step 1:

Add p =2r =3+3 =6 vertices in G and partition pas p=a+b+c=2+1+43.

Label 2 vertices with 0 as a = 2.

Label 1 vertex with 1 as b = 1.

Label 3 vertices with 2 as ¢ = 2.

Step 2:

e Join the vertices with label O to the arbitrary element of the set V; and join one

vertex with label 2 to the arbitrary element of V5.

e Join the remaining vertices with label 2 with the arbitrary element of set V.
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Step 3:

e Now add three more vertices and label them as 0,1 and 2 respectively.

e Now join the vertices with label 0 and 2 with the arbitrary elements of V, and Vj

respectively.

e Now out of the remaining two vertices with label 1 join one vertex with arbitrary

element of set Vj and the other with the arbitrary element of set V.

The resultant graph H shown in Figure 3.19 is 3-equitable.

Corollary 3.10.4. Any planar graph G can be embedded as an induced subgraph of a
planar 3-equitable graph.

Proof. If G is planar graph. Then the graph H obtained by Theorem 3.10.1 is a planar
graph. m|

Corollary 3.10.5. Any triangle free graph G can be embedded as an induced subgraph

of a triangle free 3-equitable graph.

Proof. If G is triangle free graph. Then the graph H obtained by Theorem 3.10.1 is a

triangle free graph. O

Corollary 3.10.6. The problem of deciding whether the chromatic number y < k, where

k > 3 is NP-complete even for 3-equitable graphs.

Proof. Let G be a graph with chromatic number y(G) > 3. Let H be the 3-equitable
graph constructed in Theorem 3.10.1, which contains G as an induced subgraph. Since
H is constructed by adding only pendant vertices to G. We have y(H) = x(G). Since
the problem of deciding whether the chromatic number y < k, where k > 3 is NP-
complete [27]. It follows that deciding whether the chromatic number y < k, where

k > 3, is NP-complete even for 3-equitable graphs. m|
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Corollary 3.10.7. The problem of deciding whether the clique number ®(G) > k is

NP-complete even when restricted to 3-equitable graphs.

Proof. Since the problem of deciding whether the clique number of a graph 0(G) > k
is NP-complete [27] and @(H) = »(G) for the 3-equitable graph H constructed in

Theorem 3.10.1, the above result follows. O

3.11 Concluding Remarks and Scope of Further Research

We have contributed four new results for cordial labeling and 3-equitable la-
beling each. Some new families of cordial and 3-equitable graphs are also obtained.
We have also discussed embedding and NP-complete problems in the context of both
the labelings. To investigate some more cordial and 3-equitable graphs which remains

invariant under various graph operations is a potential area of research.

The next chapter is intended to discuss the total product cordial and the prime

cordial labelings of graphs.
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4.1 Introduction

The previous chapter was focused on cordial and 3-equitable labeling of graphs while

the present chapter is aimed to discuss two labelings which are having cordial theme.

4.2 Total Product cordial labeling

4.2.1 Total product cordial graph

A total product cordial labeling of a graph G is a function

f:(V(G)UE(G)) — {0,1} such that f(xy)=f(x)f(y) where x,y € V(G), xy € E(G)
and the total number of 0 and 1 are balanced. That is, if v/(i) and e;(i) denote the set
of vertices and edges which are labeled as i for i = 0, 1 respectively,

then [(v£(0) 4+e7(0)) — (vg(1) +ep(1))| < 1. If there exists a total product cordial la-
beling of a graph G then it is called a fotal product cordial graph.

4.2.2 Some existing results

Sundaram, Ponraj and Somasundaram in [66, 67] have shown that the following graphs

are total product cordial.

e Every product cordial graph of even order or odd order and even size.

e Trees.

All cycles except Cy.

The graph K, 5,,1.

C, with m edges appended at each vertex.

fans; double fans; wheels; helms.

The graph C; x Ps.
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e P, x P, if and only if (m,n) # (2,2).
e K, , if and only if n = 2(mod 4).
e C,+2K; if and only if n is even or n = 1(mod 3).

o K, x 2K, if nis odd, or n =0 or 2(mod 6); n = 2(mod 8).

4.3 Total product cordial graphs induced by some graph

operations on cycle related graphs

Theorem 4.3.1. T(C,) is a total product cordial graph.

Proof. Letvy, vy, ..., v, be the vertices of cycle C,, and ell, e/z, e, e;l be the vertices in
T(C,) corresponding to the edges ey, e, ..., e, in C,.

To define f: V(T (C,)) UE(T(C,)) — {0,1}, we consider following two cases.
Case 1: n > 6 is even

We label the vertices as follows.

fle)=0, 1<i<?

fle)=1, 24+1<i<n

fvi)=0, 1<i<35-1

IN
3

i

~
—~~
=
=
|
—
NS
IN

Case 2: nis odd

We label the vertices as follows.

fle)=1, 1<i<|[5]+1

f(eé)zO, ng+2§i§n

fvi)=1, 1<i<[3]+1

fvi)=0, [4]+2<i<n

In view of the labeling pattern defined above we have

ve(0)+er(0) =ve(l)+er(1)=3n
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Thus we conclude that the graph f satisfies the condition

(v (0) +¢7(0)) = (vy(1) +ep(1))| < 1.
That is, T(C,) is a total product cordial graph. m|

Ilustration 4.3.2. Consider a graph 7(Cg). The corresponding total product cordial

labeling is as shown in Figure 4.1.

FIGURE 4.1: T(Ce) and its total product cordial labeling

Theorem 4.3.3. The star of cycle C,, admits total product cordial labeling.

Proof. Let vy, va, ..., v, be the vertices of central cycle C, and v;; be the vertices of
cycle C,J;, where 1 < j < n, which are adjacent to the i vertex of central cycle C, to
obtain C,;.

To define f: (V(C,)UE(C,)) — {0,1}, we consider following two cases.

Case 1: nis even

We label the vertices as

fi)=1, 1<i<n

fvp) =1 1<j<35

frij)=0, 2+1<j<n

fvij) =0, 1<j<§2<i<n
fij)=1, 3+1<j<n2<i<n

In view of the labeling pattern defined above we have

vr(0)+ep(0) =ve(1)+ep(l) =n?+3
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Case 2: n is odd

We label the vertices as

fviy=1 1<i<n

fij)=0, 1<j<[5|+1L1<i<n

fij)=1, |3]+2<j<n1<i<n

In view of the labeling pattern defined above we have
vi(0)+ep(0) =ve(l)+ep(1)+1=2n 2|+ |2] +2n+1
Thus | (v(0) + ¢ (0)) — (v (1) +ep(1))] < L.

Hence f is a total product cordial labeling for the graph star of cycle. O

Illustration 4.3.4. Consider the graph star of cycle C;. The corresponding total product

cordial labeling is shown in Figure 4.2.

FIGURE 4.2: Total product cordial labeling for star of cycle C;

Theorem 4.3.5. C,sk) admits total product cordial labeling.

Proof. Let v;; be the i"" vertex of j'* copy of cycle C ;. Let vi be the common vertex of
all the cycles. Without loss of generality we start the label assignment from v;.

To define f : V(C,gk)) UE (C,(,k)) — {0,1} we consider following three cases.



Chapter 4. Total product cordial and Prime cordial labelings 69

Case 1: n € N(n > 3) and k is even

fv)=1

fij)=1, 1<j<52<i<n

fvij) =0, A+1<j<k2<i<n

In view of the labeling pattern defined above we have
ve(0)+er(0)+1=v(1)+ep(1)=2n

Case 2: n > 3 is even, k is odd

foi)=1, 1<j<[§,2<i<n
fo) =0 (5] +1<j<k=2.2<i <
fvij)=1, j=k-1,2<i<3

fij) =0, j=k—1,24+1<i<n
flvzj) =1, j=k

fij)=0 j=k2<i<n i#3

In view of the labeling pattern defined above we have

vr(0)+er(0) =vp(1)+ep(1) =2n|5] — 4] +n
Case 3: n > 31is odd, k is odd

flv) =1

fij)=1, 1<j<|4].2<i<n
fi)=0, |f]+1<j<k—1,2<i<n
i) =1 j=k2<i<|5]+1

fij) =0, j=k |[5]+2<i<n

In view of the labeling pattern defined above we have
vr(0) +ep(0)+1=vp(1)+ep(l) =2n[5] 5] + 5] +"F
Thus in all the four cases [(vs(0) +ef(0)) — (ve(1)+ep(1))] < 1.

Hence C,gk) admits total product cordial labeling. O
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Ilustration 4.3.6. Consider a graph Cé3). The corresponding total product cordial la-

beling is as shown in Figure 4.3.

FIGURE 4.3: C(()S) and its total product cordial labeling

Corollary 4.3.7. Friendship graph F, admits total product cordial labeling.

Proof. The proof is obvious from the case 1 and 3 of the above Theorem 4.3.5. O

Theorem 4.3.8. M(C,) is a total product cordial graph.

Proof. Letvy, vo, ..., v, be the vertices of cycle C, and ell, elz, R e; be the vertices in
M(C,) corresponding to the edges e, ey, ..., e, of C,.
To define f: V(M(C,)) UE(M(C,)) — {0,1}, we consider following two cases.

Case 1: nis even

In view of the labeling pattern defined above we have
v(0)+ep(0) = vp(1) +ef(1) =¥

Case 2: n is odd

fviy=1, 1<i<n-—1



Chapter 4. Total product cordial and Prime cordial labelings 71

In view of the labeling pattern defined above we have
vi(0)+ep(0)+1=vp(l)+er(1)=2n+|5] +1

In view of the above defined pattern f satisfies the condition

[(vf(0) +€£(0)) = (vs(1) +ep (1) < 1.

Hence M(C,) admits total product cordial labeling. i

Ilustration 4.3.9. Consider a graph M(Cy). The total product cordial labeling is as

shown in Figure 4.4.

FIGURE 4.4: Total product cordial labeling for M(Cy)

Theorem 4.3.10. The graph obtained by switching of an arbitrary vertex in cycle C,

admits total product cordial labeling.

Proof. Let vy,va,...,v, be the successive vertices of C,, and G, denotes the graph ob-
tained by switching of vertex v of G. Without loss of generality let the switched vertex
be v; and we initiate the labeling from this switched vertex v;.

To define f: (V(G,,) UE(Gy,)) — {0,1} we consider following four cases.

Case 1: The graph obtained by vertex switching in cycle Cy4 is an acyclic graph and its

total product cordial labeling is given in following Figure 4.5.
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O]

FIGURE 4.5: Total product cordial labeling for the graph obtained by switching of a

vertex in Cy

Case 2: niseven,n =2k, k=3,5,7,9,...

) =0
fi)=1, 2<i<5+1
fvai144) =0, 1<i<|f]

f(V§+L£J+1+i> =1, 1<i<|[3]

In view of the labeling pattern defined above we have
vi(0)+er(0)=ve(l)+ep(l)+1=n+2]2] -1
Case 3: niseven,n =2k, k=4,6,8,...

flvi)=0

fvi) =1, 2<i<i+l
fvai14) =0, 1<i<n-1
fnngy)=1,  1<i<}

In view of the labeling pattern defined above we have
vi(0)+er(0)+1=vp(1)+ep(l) =32 -2

Case 4: nis odd

flv) =1

fvi) =0, 2<i<[5]+1
f(VLgJHH):L I<i< L J

In view of the labeling pattern defined above we have

Vf(()) —|—ef(0) = Vf(l) —|—ef(1) =3 L%J —1

Thus f satisfies the condition |(v(0) +e£(0)) — (ve(1) +ef(1))| < 1.

Hence G,, admits total product cordial labeling.
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Illustration 4.3.11. Consider the graph obtained by switching of a vertex in cycle Cy.

The total product cordial labeling is as shown in Figure 4.6.

FIGURE 4.6: Vertex switching in Cj¢ and its total product cordial labeling

4.4 Total Product cordial labeling for split graph of some
graphs

Theorem 4.4.1. spl(C,) is total product cordial graph.

Proof. Let v/l, v/z, e v; be the added vertices corresponding to vy, vy, ..., v, of cycle
C.

To define f: V(spl(C,)) UE(spl(C,)) — {0, 1}, we consider following two cases.
Case 1: n is even

We label the vertices as follows.
fi)=1, 1<i<%

f(vi) =0, 1<i<y

fv) =1, 1<i<n

Using above pattern we have

vr(0) +ep(0) =ve(1)+ep(1) =3
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Case 2: nis odd

We label the vertices as follows.
fris) =0, 1<i<zt

fvai) =1, 1<i<sd
f(Vn):l’
fv) =1, 1<i<n—1
fv,)=0

Using above pattern we have

Vf(O) —|-€f(0) +1= Vf(l) —|—€f(l) = Snil
Thus f satisfies the condition |(v(0) +e£(0)) — (ve(1) +er(1))] < 1.
That is, spl(C,) is total product cordial graph. m]

Ilustration 4.4.2. Consider a graph spl(C7). The corresponding total product cordial

labeling is shown in Figure 4.7.

FIGURE 4.7: spl(C7) and its total product cordial labeling

Theorem 4.4.3. spl(P,) is total product cordial graph.

Proof. Let uy, up, u3 ..., u, be the vertices corresponding to vy, va, v3 ..., v, of P,
which are added to obtain spl(B,).
We define vertex labeling f: V (spl(P,)) UE (spl(P,)) — {0, 1} as follows. We consider

following two cases.
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Case 1: nis even

f(vi):O, 1<i<}
fva ) 1<i<?
f(u,) 1<i<5—1
f(ug+l) 0<i<s3

Using above pattern we have
Vf(O) + €f(0) +1= Vf(l) + ef(l) =2n+1
Case 2: nis odd

f(v»:o, 1<i<|3]
fvga) = I<i<|3]
f(vn)ZO,

f(u;)) =0, 1<i<ol—g
flu ) =1, 0<i<t

Using above pattern we have

vr(0) +ep(0) =vp(1) +ef(1) = 252
Thus f satisfies the condition |(v(0) + e7(0)) —v(1) +ep(1)] < 1.

That is, spl(P,) is total product cordial graph. m]

Ilustration 4.4.4. Consider a graph spl(P;). The total product cordial labeling is as

shown in Figure 4.8.

FIGURE 4.8: spl(Py) and its total product cordial labeling

Theorem 4.4.5. spl(K ,) is total product cordial graph.

Proof. Let u, uy, up, us,......u, be the vertices corresponding to v, vy, v, v3........ v, of
K1, which are added to obtain spl(K ,), where v be the apex vertex. We define vertex
labeling f : V(spl(Ki »)) UE(spl(Ky,)) — {0,1} as follows. We consider following

two cases.
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Case 1: n is even
fv)=0, f(u) =
flvi)= 1<i<n
fluai 1) 1<i<}
f(MZz) 1 S i S g
In view of the labeling pattern defined above we have
vr(0) +er(0) =vp(l) +ep(l)=2+1
Case 2: nis odd
fO) =0, fu) =
f(vi) - 17 1 <i<n
fuzi—i) =0, 1<i<|5]+
fluzi) =1, 1<i<|3]
In view of the labeling pattern defined above we have
vr(0) +er(0) =vp(l) +ep(1) + 1 =25 41
Thus f satisfies the condition |(v(0) +e7(0)) —v(1) +efp(1)] < 1.
That is, spl(K) ) is a total product cordial graph. O

Illustration 4.4.6. Consider a graph spl(Kj ¢) . The total product cordial labeling is as

shown in Figure 4.9.

FIGURE 4.9: spl(K ¢) and its total product cordial labeling
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Theorem 4.4.7. spl(C, O K)) is total product cordial graph.

Proof. Consider the crown C, (O K; in which vy, vo, vs........ v, be the vertices of cycle
C, and uy, us, us,......u, be the pendant vertices attached at each vertex of C,,. Let v,1 , sz’
V3o v;l and u/l, u/z, u;, ...... u; be the vertices corresponding to the vertices of C, and
K1 which are added to obtain spl(C, O K ).

We define vertex labeling f : V(spl(C, O K1) UE (spl(C, O K;)) — {0,1} as follows.
f(vi)zl, lgigl’l

fv)=1, 1<i<n
flui) =0, 1<i<n
flu)=0, 1<i<n

using above pattern we have

vr(0) +er(0) =ve(l) +ep(l) =5n

Thus f satisfies the condition |(v(0) + ef(0)) —v(1) +e(1)] < 1.

That is, spl(C,, (O K1) is total product cordial graph. O

Ilustration 4.4.8. Consider a graph spl(Cs O K}). The total product cordial labeling is

as shown in Figure 4.10.

FIGURE 4.10: spl(Cs ©K)) and its total product cordial labeling
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Theorem 4.4.9. spl(F,) is total product cordial graph.

Proof. Letvy, v, vi........ vy, be the vertices of F;, and v be the apex vertex. Let vl,vll, vlz,
v/3 ........ szn be the vertices corresponding to the vertices of F;, which are added to obtain
spl(F,).

We define vertex labeling f: V (spl(F,)) UE (spl(F,)) — {0,1} as follows. We consider
following two cases.

Case 1: n even

fO)=1,f()=0f(»)=0, 1<i<n

flvi)y=1, n+1<i<2n
f(Vzi—l):Ov lgigg
fvy) =1, 1<i<?}
f(V;): ) n+1<i<2n

In view of the labeling pattern defined above we have

v7(0) +ep(0) =vp(1) +ep(1) =13 +1

Case 2: n odd
fv) =1, f(v’) =1,f(»)=0
flvi)= otherwise
f(v;>
fv) = otherwise

In view of the labeling pattern defined above we have

Vvr(0) +ep(0) + 1=vp(1) +ep(l) =12 41

Thus we conclude that the graph f satisfies the condition

[(v£(0) +er(0)) —vp(1) +ep(1)] <1

That is, spl(F,) is a total product cordial graph. m]
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Ilustration 4.4.10. Consider a graph spl(Fy). The total product cordial labeling is as

shown in Figure 4.11.

FIGURE 4.11: spl(Fy) and its total product cordial labeling

Theorem 4.4.11. spl(S,) is total product cordial graph.

Proof. Let vy, v, vi........ v, be the vertices of S,, and v be the apex vertex of S,. Let
v/l, vlz, v/3 ........ v; be the vertices corresponding to the vertices of S, which are added to
obtain Spl(S,).

We define vertex labeling f : V (spl(S,)) UE(spl(S,)) — {0, 1} as follows.
f)=1, 1<i<n-—1

=0, 2<i<n-1

Using above pattern we have

ve(0) +er(0) + 1=ve(l) +ef(1) =4n—4

Thus f satisfies the condition |(v(0) +e7(0)) —vs(1) +ep(1)] <1

That is, spl(S,) is total product cordial graph. O
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Ilustration 4.4.12. Consider a graph spl(S¢). The total product cordial labeling is as

shown in Figure 4.12.

FIGURE 4.12: spl(Se) and its total product cordial labeling

4.5 Prime Cordial Labeling

Any investigation related to prime numbers is much interesting as the number of
prime is infinite and there are arbitrarily large gaps in the series of primes. When this
important characteristic is take-up in the frame work of graph theory then it becomes
more appealing. In the present section we will investigate some results on prime cordial

labeling of graphs.

4.5.1 Prime Cordial graph

A prime cordial labeling of a graph G with vertex set V(G) is a bijection f: V(G) —
{1,2,3,..., p} such that
frle=wv) = L;if ged(f(u), f(v)) = 1

= 0; otherwise
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and |efs(0) —er(1)| < 1. A graph which admits prime cordial labeling is called a prime
cordial graph.

4.5.2 Some existing results

Sundaram, Ponraj and Somasundaram[65] have shown that following graphs are prime
cordial.

e C,ifand only ifn > 6.

e P, if and only if n # 3.

e The graph K ,,(n odd).

e The graph obtained by subdividing each edge of K ,, if and only if n > 3.

e bistars; dragons; crowns.

e Triangular snakes 7, if and only if n > 3.

e The ladder graphs L.

e Kj ,if nis even and there exists a prime p such that 2p <n+1 < 3p.

e K, if nis even and there exists a prime p such that 3p <n+2 <4p.

e K3, if nis odd and there exists a prime p such that 5p <n+3 < 6p.

e If G is a prime cordial graph of even size, then the graph obtained by identifying
the central vertex of K ,, with the vertex of G labeled with 2 is prime cordial and
if G is a prime cordial graph of odd size, then the graph obtained by identifying

the central vertex of K 5, with the vertex of G labeled with 2 is prime cordial.

In the same paper they have also shown that K, , is not prime cordial for a number of

special cases of m and n.
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4.6 Prime Cordial Labeling For Some Graphs

Theorem 4.6.1. 7'(P;) is not a prime cordial graph.

Proof. For the graph T (P;) the possible pairs of labels of adjacent vertices are (1,2),
(1,3), (1,4), (1,5), (2,3), (2,4), (2,5), (3,4), (3,5), (4,5). Then obviously e(0) = 1,
er(1) = 6. That is,

ef(0) —er(1)| = 5 and in all other possible arrangement of vertex

labels |ef(0) —es(1)| > 5. Therefore T (P;) is not a prime cordial graph. mi

Theorem 4.6.2. T(P,) is not a prime cordial graph, for n = 2,4.

Proof. For the graph T (P,) the possible pairs of labels of adjacent vertices are (1,2),
(1,3), (2,3) then obviously ef(0) =0, ef(1) = 3. Therefore T (P») is not a prime cordial
graph.

For the graph T (Py) the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4),
(1,5), (1,6), (1,7), (2,3), (2,4), (2,5), (2,6), (2,7), 3.4), (3,5), (3,6), (3,7), (4,5), (4.,0),
4,7), (5,6), (5,7), (6,7). Then obviously ef(0) =4, es(1) =7. Thatis |ef(0) —es(1)| =
3 and in all other possible arrangement of vertex labels |e(0) —ey(1)| > 3. Thus T'(P4)

is not a prime cordial graph. O

Theorem 4.6.3. T'(P,) is prime cordial graph, for all n > 5.

Proof. Ifvy,v;....... vpandeq,es....... ey, be the vertices and edges of P, then vy, vs....... Vi,
€1,€)....... ey, are vertices of T (B,).

We define vertex labeling f: V(T (P,)) — {1,2,3......]V(G)|} we consider following
four cases.

Casel: n=>5

The case when n = 5 is to be dealt separately. The graph T(Ps) and its prime cordial

labeling is shown in Figure 4.13.
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FIGURE 4.13: T(Ps) and its prime cordial labeling

Case2: nodd, n>"7
fv1)=2, f(va) =4

fig2) =2(i+3), 1<i<|2] -2,
SO ) =3 F 02 = L f0s)48) =7,

FO ] 4340 =449, 1<i<|[2]-2,
fle) = f(vs))+2i, 1<i<|[3] -1,
Flepg)) =6 flefy) 1) =9 flejy| o) =5,

fle|n|yipn) =447, 1<i<|§] -2,

Using above pattern we have ef(0) =ef(1)+1=2(n—1)

Case3: n=6
The case when n = 6 is to be dealt separately. The graph T (Ps) and its prime cordial

labeling is shown in Figure 4.14.

FIGURE 4.14: T(Ps) and its prime cordial labeling

Case 4: neven, n > 8

f)=2,f(v) =
fvig2) =2(i+3), 1
f("g) = 6’ f(v%—O—l) = 9’ f(v%—i-Z) = 5’

IN
IA
IS
|
Nl
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fvaioy) =447, 1<i<5-2,
flei) = fvy_1)+2i, 1<i<i—l,
f(eg)_3 f(€”+1)—1 f(e”+2) 7,
flesiipn) =4i+9, 1<i<%-3,
Usinf above pattern we have ef(0) = ef(1)+1=2(n—1)
That is, T (P,) is a prime cordial graph, for every n > 5. O

Illustration 4.6.4. The graph T (P;) and its prime cordial labeling is as shown in Figure
4.15.

FIGURE 4.15: T(P;) and its prime cordial labeling

Theorem 4.6.5. T(C3) is not a prime cordial graph.

Proof. For the graph T(C3) the possible pairs of labels of adjacent vertices are (1,2),
(1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), (3,4), (3,5), (3,6), (4,5), (4,6), (5,6).
Then obviously e(0) =4, ef(1) = 8. That is, |es(0) —es(1)| =4 and in all other
possible arrangement of vertex labels |e;(0) —ef(1)| > 4. Therefore T(C3) is not a

prime cordial graph. O

Theorem 4.6.6. T (C,) is not a prime cordial graph.

Proof. For the graph T(Cy4) the possible pairs of labels of adjacent vertices are (1,2),
(1,3), (1,4), (1.5), (1,6), (1,7), (1,8), (2,3), (2,4), (2,5), (2,6), (2,7), (2,8), (3.4), (3.5),
(3,6), (3,7), (3,8), (4,5), (4,6), (4,7), (4,8), (5,6), (5,7), (5,8), (6,7), (6,8), (7,8). Then
obviously e(0) =6, es(1) = 10. That is, |es(0) —es(1)| = 4 and in all other possible
arrangement of vertex labels |e(0) —es(1)| > 4. Therefore T (Cy) is not a prime cordial

graph. O
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Theorem 4.6.7. T(C,) is a prime cordial graph, for every n > 5.

Proof. Ifvi,vy....... vyandeq,es....... ey, be the vertices and edges of C,, then v, vs....... Vi,
€1,€umen.n e, are vertices of T'(Cy,).

To define vertex labeling f : V(T (C,) — {1,2,3......[V(G)|} we consider following
two cases.

Case 1: neven,n > 6

fv1) =2, f(v2) =8

f(viz2) = 4i+10, 1<i<3-3,
fa) =12, f(vi1) =3, f(vg42) =9, fvyi3) =7,

fveyzy) =4i+9, 1<i<3-3,
fler) =4, f(e2) =10

fleiv2) =4(i+3), 1<i<%-3,
f(eg) 6f(€”+1)—1f(€”+2) 5,

flesiipn) =4i+7, 1<i<%-2,
Case2: nodd,n>5

fn) =2,

fvir1) =4(i+1), 1<i<|3]-1,
T ) =670 3)42) =9 S0 4s) =5,

FO g |s30) =4+7, 1<i<n—|5|-3,
fler) =4,

Fleipt) = 4i+6, 1<i<|[3]-1,
Fleyg)e) =3 7lepg ) =L fleg ) =7

fleyz)4ivs) =4i+9, I<i<n—[35]-3,

In view of the labeling pattern defined above we have e¢7(0) = ef(1) =2n

Thus f is a prime cordial labeling of T (C,). m|



Chapter 4. Total product cordial and Prime cordial labelings 86

Ilustration 4.6.8. The graph T(Cg) and its prime cordial labeling is shown in Figure
4.16.

FIGURE 4.16: T(Cg) and its prime cordial labeling

Theorem 4.6.9. P[P, is not a prime cordial graph, for m =2 4.

Proof. For the graph P»[P,] the possible pairs of labels of adjacent vertices are (1,2),
(1,3), (1,4), (2,3), (2,4), (3,4). Then obviously es(0) = 1, ef(1) = 5. That is, |e;(0) —
er(1)| = 4 and in all other possible arrangement of vertex labels |es(0) —ef(1)| > 4.
Therefore P;[P,] is not a prime cordial graph.

For the graph P»[P4] the possible pairs of labels of adjacent vertices are (1,2), (1,3),
(1,4), (1,5), (1,6), (1,7), (1,8), (2,3), (2,4), (2,5), (2,6), (2,7), (2,8), (3.4), (3,5), (3,0),
(3.7),(3,8), (4,5), (4,6), (4,7), (4,8), (5,6), (5,7), (5,8), (6,7), (6,8), (7,8). Then obviously
er(0)=7,er(1) =9. That is,

ef(0) —ey(1)| =2 and in all other possible arrangement

of vertex labels |es(0) —ef(1)| > 2. Therefore P»|Py] is not a prime cordial graph. O

Theorem 4.6.10. P,[P;] is not a prime cordial graph.

Proof. For the graph P[P;] the possible pairs of labels of adjacent vertices are (1,2),
(1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), (3,4), (3,5), (3,6), (4,5), (4,6), (5,6).
Then obviously ef(0) =4, ef(1) = 7. That is, |es(0) —es(1)| = 3 and in all other
possible arrangement of vertex labels |es(0) —es(1)| > 3. Therefore P;[P3] is not a

prime cordial graph. m|
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Theorem 4.6.11. P;[P,,] is prime cordial graph, for all m > 5.

Proof. Ifuy,us....... u,, be the vertices of P,, and v, v, be the vertices P».
We define vertex labeling f : V(P[Py]) — {1,2,3......|]V(G)|} we consider following
two cases.

Case 1: meven, m > 6

fur,v) =2, f(uz,v1) =8

flupyi,vy) =4i+ 10, 1<i<3 -3,
flug,v) =12,

f(u%ﬂ,vl) 4i -3, 1<i< 73,
flur,v) =4, f(uz,v2) =10

fluagi,va) =4(i+3), 1<i<3 -3,
flun,v) =6, funi1,v2) =3,

f(u%HJr,,vz) 4i+ 3, 1<i<% -1,

Using above pattern we have ef(0) = ef(1) = 25—

Case2: modd,m>5

fui,vr) =4(i+1), 1<i<|Z]|-1,
fluggpr=2

P 1171) = 6. F(u g 12v1) =9, fu) g | ,311) =5,

f(uHJ+3+,, vi) =4i+7, 1<i<|[%] -2,
fur,v2) =

f(u14i,v2) =4i+6, 1<i<|Z]|-1,
Sl 15v2) =3, flum) gv2) = 1 flupm ) 55v2) =7,

Fu) g | ipynv2) =4i+9, 1<i<|2| -2,

Using above pattern we have e;(0) = ef(1)+1=2n+ 5| — 1.

Thus in case 1 and case 2 the graph f satisfies the condition |es(0) —es(1)[ < 1.

That is, P>[P,] is a prime cordial graph for all m > 5. o
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Ilustration 4.6.12. The graph P, [Ps] and its prime cordial labeling is shown in Figure
4.17.

FIGURE 4.17: P,[Ps] and its prime cordial labeling

Theorem 4.6.13. The graph obtained by joining two cycles by a path P, admits prime

cordial labeling.

Proof. Let G be the graph obtained by joining two cycles C, and C,; by a path P,,. Let

are the vertices of P,,.
We define vertex labeling f : V(G) — {1,2,3......|V(G)|} we consider following four
cases.

Casel: modd,m>5
fO1) =f(m)=2, f(v2) =4

fvita) =2(i+3), 1<i<n-2,
fuirr) = f(vn) +2, 1<i<|3]-2,
fQupp)) =06, f(upn) ) =3, flupn| ) =5
f(ML%JHH):ZH—S, 1<i<|%]-2
FON) = flum) =1, f0iy) = flum-1) +2i, 1<i<n—1,

In view of the labeling pattern defined above we have e(0) = ef(1) =n+ | %|
Case2: m=3
1) =f(w) =6, f(v2) =2, f(v3)
fvigs) =2(i+3), 1<i<n-3,
flu) =3. (V) = flus) = 1. f(vy) =5,
F(vay) =205, 1<i<n-2

4
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In view of the labeling pattern defined above we have ef(0) = es(1) =n+1

Case 3: meven,m >4

fO1) =f(m)=2, f(v2) =4

fvig2) =2(i+3), 1<i<n-2,
fluivr) = f(vp) +2i, 1<i<3 -2,
f(”%) =0, f(”'gﬂ) =3, f(”’"+2) =3,

flum o) =2i+5, 1<i< 3 -3,
FON) = flum) = 1 f(igy) = flumo1) +2i, 1<i<n—1,

In view of the labeling pattern defined above we have
er(0)=ef(1)+1=n+%
Cased4: m=2

Fn) = flur) =2,

fviz1) =2(i+1), 1<i<n-—1,

fO) = fluw) =1,

fOL)=2i+1, 1<i<n-—1

In view of the labeling pattern defined above we have ef(0) +1 =e¢(1) =n+1

Thus in all the cases described above f satisfies the condition |ef(0) —ey(1)| < 1.

That is, G is a prime cordial graph. O

Ilustration 4.6.14. The graph obtained by joining two copies of Cs by the path P; and

its prime cordial labeling is shown in Figure 4.18.

(D (N7
O—0)—0)

FIGURE 4.18: The graph obtained by joining two copies of Cs and its prime cordial
labeling
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Theorem 4.6.15. The graph obtained by switching of an arbitrary vertex in cycle C,

admits prime cordial labeling except for n = 5.

Proof. Let vi,v;....... v, be the successive vertices of C, and G, denotes the graph ob-
tained by switching of a vertex v. Without loss of generality let the switched vertex be
vy and we initiate the labeling from the switched vertex v;.

We define vertex labeling f: V(G,;) — {1,2,3......|V(G,,)|} we consider following
four cases.

Casel: n=4

The case when n = 4 is to be dealt separately. The graph G,, and its prime cordial

labeling is shown in Figure 4.19.

)

FIGURE 4.19: The graph obtained by vertex switching in C; and its prime cordial

labeling
Case 2: neven,n > 6
fv)=2,f(v2) =1, f(v3) =4,
fvigs) =2(i+3), 1<i<4-3,
f(Vngl) 6, f(V”+2> 3,
Fvaio) =2i+3, 1<i<3-2

Using above pattern we have ef(0) =es(1) +1=n—-2

Case3: n=>5
For the graph G,, the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4),
(1,5), (2,3), 2,4), (2,5), 3.4), (3,5), (4,5). Then obviously e;(0) = 1, es(1) = 4.
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That is, |ef(0) —er(1)| = 3 and in all other possible arrangement of vertex labels

le(0) —ep(1)| > 3. Therefore G,, is not a prime cordial graph.

Case4: nodd,n>7
f(V]) =2, f(v2> =1, f(V3) =4

fvigs) =2(i+3), 1<i<|[53]-3,
SO ) =001 42) =3,
£y ) = 203, 1<i< (31

Using above pattern we have ef(0) + 1 =es(1) =n—2

Thus in cases 1,2 and 4 f satisfies the condition for prime cordial labeling. That is, G,

is a prime cordial graph. O

Ilustration 4.6.16. Consider the graph obtained by switching the vertex in C;. The

prime cordial labeling is as shown in Figure 4.20.

FIGURE 4.20: The graph obtained by vertex switching in C; and its prime cordial
labeling
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4.7 Prime Cordial Labeling For Some Cycle Related

Graphs

Theorem 4.7.1. The graph obtained by duplicating each edge by a vertex in cycle C,

admits prime cordial labeling except for n = 4.

Proof. Let C;l be the graph obtained by duplicating an edge by a vertex in a cycle C,
then let vy, vo, ..., v, be the vertices of cycle C,, and v/l, vlz, e v; be the added vertices
to obtain C;l corresponding to the vertices vy, va, ..., v, in Cj,.

Define f: V(C,) — {1,2,3...,2p}, we consider following two cases.

Case 1: nis odd

Sub Case 1: n =3,5

The prime cordial labeling of C;l for n = 3,5 is as shown in Figure 4.21.

FIGURE 4.21: Prime cordial labeling of C; and Cj

Sub Case 2: n>7
fv) =2, f(n) =4,

f(vagi) = 6+2i; 1<i<|2]-2
f(Vn;1)=6,

) =1,

PO o) =4i+3 1<i<[§]—1
o) =f VL%J)+2i; 1<i< |4
F0gp) =3

PO}y =441 1<i<[3]
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In the view of the labeling pattern defined above we have

er(0)+1=ep(1) =3]4] +2

Case 2: n is even

Sub Case 1: n =4

3),(1,4),(1,5),
(1,6),(1,7),(1,8), (2,3), (2,4), (2.5, (2,6), (2.7),(2,8), (3,4), (3,5),(3,6), (3,7), (3.8),
(4,5),(4,6),(4,7),(4,8),(5,6),(5,7),(5,8),(6,7),(6,8),(7,8).

Then obviously ef(0) =5,e7(1) =7. Thatis, ef(1) —e;(0) = 2 and in all other possible

For the graph C;f the possible pairs of labels of adjacent vertices are (1,2), (1

arrangement of vertex labels |e/(0) —es(1)| > 2. Thus C:l is not a prime cordial graph.
Sub Case 2: n=6,8,10
The prime cordial labeling of C/6, C/8 and C;O is as shown in Figure 4.22.

FIGURE 4.22: Prime cordial labeling of C/G, Cé and C’10

Sub Case 3: n > 12
F) =2, f(v2) =4, f(v3) =8, f(va) =10, f(vs) = 14,

f(V5+l) 14+ 2i; 1<i<?-6
fvz) =

f(V% ) 3,

fvapi) =4i+1; 1<i<i-1
f(v)) =2n

fO) =f (Vn 1) +2i; 1<i<i-2
flvy) =1

f<vg+1>

FVg 1) =4i+3; 1<i<i-1
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In the view of the labeling above defined we have

ef(0)=ep(1) =%

Thus in above two cases we have |es(0) —es(1)| < 1 Hence the graph obtained by
duplicating each edge by a vertex in a cycle C,, admits prime cordial labeling except for

n=4. |

Illustration 4.7.2. Consider a graph C/12' The prime cordial labeling is as shown in

Figure 4.23.

FIGURE 4.23: Prime cordial labeling of C,

Theorem 4.7.3. The graph obtained by duplicating a vertex by an edge in cycle C, is

prime cordial graph.

Proof. Let C;l be the graph obtained by duplicating a vertex by an edge in cycle C, then
let v, vy, ..., v, be the vertices of cycle C,, and vll, v/z, e v/2n be the added vertices to
obtain C,; corresponding to the vertices vy, vo, ..., v, in C,,.

To define f: V(C,) — {1,2,3...,3p} we consider following two cases.

Case 1: n is odd

Sub Case 1: n = 3,5

The prime cordial labeling of C; for n = 3,5 is shown in Figure 4.24.
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FIGURE 4.24: Prime cordial labeling of Cl3 and Cl5

Sub Case 2: n > 7
fv1) =2, f(va) =4,

f(vasi) =6+2i; 1<i<|5]-2
f(vap1) =3,

fma ) =1

f(VLg toy) = 6045 1<i<|5]-1
f(V;):f(VLnJ)Jer, 1<i<2|%]

O g ) =6 £y ) 5) =9

f(V/ZL”JH) 5, f(vlzmﬂ) =7
f<v/2L’§J+4+2i—1):6i+7; 1<i<|t|-1
f(v;L§J+4+2i):6l+9, 1<i<|5]-1

Case 2: nis even

Sub Case 1: n =4,6

The prime cordial labeling of C;l for n = 4,6 is shown in Figure 4.25.
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FIGURE 4.25: Prime cordial labeling of C; and C/6

Sub Case 2: n > 8
fv1) =2, f(va) =4,

f(v2+z) 6+ 2i; 1<i<?-3
fva) =

f(Vngl)

f(Vg+1+l)—6i+1; 1<i<t-1
F) = flvgp) +2i; 1<i<n
fO) =1 f(,) =5

fWp1i00) = 6i+3; 1<i<i—1
FWin ) =6i+5; 1<i<?-1

Thus in both the cases defined above we have

ef(O) = ef(l) =2n

Hence C;l admits prime cordial labeling.
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Illustration 4.7.4. The graph C/7 and its prime cordial labeling is shown in Figure 4.26.

FIGURE 4.26: Prime cordial labeling of C/7

Theorem 4.7.5. The path union of m copies of cycle C, is a prime cordial graph.

Proof. Let G be the path union of m copies of cycle C, and vy, v, v3, V4. ..V, be the
vertices of G .
To define f: V(G') — {1,2,3...,mn} we consider following four cases.

Case 1: n even, m even

fvi) =2i; 1<i<mt
fv%ﬂ)—la

(

(
f(V%+%+2) = f(V%Jr%H) -2,
Jmonioy)=fvmino)—4i; 1<i<5-2
Jmy i) = fvmy ) +2m 1< j<3-1,1<i<n

Case 2: n odd, m even

f(Vi>:2i§ 1 <i<mn
fvmy) =

f(v'gﬂﬂ) 4i—1; 1<i<|?]
f("'g—"+L J+2) J(vmnyy)+2,
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f(an L J+2+l> f(an LQJ+2) _4l, 1 S < L%J —1
f(v%—i-jn—H) = f(v""’nL(] 1)n+1) +2n; 1<j< % —lLl<i<n

using above pattern we have ef(0) +1 =e/(1) = 1)

Case 3: n even, m odd

fvi) =4, f(v2) =38,

f(vayi) = 8+2i; 1<i<n|2]-2
f(VnLgJ =2

SO m 14 = Oy ) + 20 1<i<i-2
FCulg)eg) =6,

FOu g g40) =3 SO0 3] 1500) = 1

SO |snya1) = 2043 1<i<f#-2
f(an%JﬂH) —f(VnLgJJrn)"‘zOrf(VnL%JMH) Zf(an%J )+4forn=4
FOu 2 ns2) =L O ng) T2

f(an%J+n+2+z) = f(an%J—ﬁ—n-H) +4i, 1<i<3-1
f(v”L%H"hH) _f(VnL%J+n+ﬂ+1) +2

UH

flv n\_ J+G+D) n—H) ( nZ4(j n+l)+2n I1<j< %
using above pattern we have e(0) = e¢(1) = [%J (n+

Case 4: n odd, m odd
Sub Casel: n=3

fv1) =2, f(v2) =4,

f(vayi) = 64 2i; 1<i<n|Z]-2
SOl g) 1) =6
Tl g142) =3
SO ]43) =5,
SO ma) =1
SO | 340) = 20453 1<i<n|Z|-1

using above pattern we have e/(0) + 1 =ef(1) = | 4] (n+1) +2
Sub Case2: n>5

fvi) =4, f(v2) =38,

f(voui) = 8+2i; 1<i<n|%|-2
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Fnm1) =2,

SOnge140) = FO ) +265 1<i<|[5]-2

FOulg)+(3) =6

g o)) =

FOulg)+(g)2) =1

f(an%J+L§J+2+z):2l+3’ 1<i<|[3]-1

f, L%J+n+1) = f(V,,L%J ) +2,

f(VnL%JMJrH,) :f(an%J+ L) 2 1<i<n—1

f(VnL%J+(J+1)n+z) = f(Vpmy(jyngi) +2m; 1<j<|%]-1,1<i<n

using above pattern we have ef(0) + 1 =ey(1) = [F](n+1)+ |

Thus in all the above cases we have |ef(0) —es(1)] < 1.

Hence G admits prime cordial labeling. O

Ilustration 4.7.6. Consider a path union of three copies of C;. The prime cordial

labeling is as shown in Figure 4.27.

FIGURE 4.27: Prime cordial labeling of C/7

Theorem 4.7.7. The friendship graph F,, is a prime cordial graph for n > 3.

Proof. Let v| be the vertex common to all the cycles. Without loss of generality we

start the label assignment from v;.

To define f: V(F,) — {1,2,3...,2n+ 1}, we consider following two cases.

Case 1: n even

let p be the highest prime such that 3p < 2n+1,
f(v1) =2p,

now label the remaining vertices from 1 to 2n+ 1 first even and then odd except 2p.
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In view of the labeling pattern defined above we have

er(0) =ep(1) =%

Case 2: n odd

let p be the highest prime such that 2p < 2n+1,

f(vi) =2p,

now label the remaining vertices from 1 to 2n+ 1 first even and then odd except 2p.
In view of the labeling above defined we have

er(0)+1=ep(1)=3[2] +2

Thus in above two cases |ef(0) —ef(1)] < 1

Hence friendship graph F;,, admits prime cordial labeling. O

Ilustration 4.7.8. Consider the friendship graph Fg. The prime cordial labeling is as
shown in Figure 4.28.

— 7V
® 0
®

® 10

14)
16
)
0

3

DG

FIGURE 4.28: Prime cordial labeling of F3
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4.8 Concluding Remarks and Scope of Further Research

This chapter was targeted to discuss two labelings with cordial theme. We have
investigated several results for total product cordial labeling and prime cordial labeling.
To derive similar results in the context of different graph labeling problems and for

various graph families is an open area of research.

The next chapter is focused on Fibonacci graceful labeling of graphs.
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5.1 Introduction

The brief account of graceful labeling is given in chapter 3. As we mention there
the Ringel conjecture and many efforts to settle it provided the reason for various graph
labeling problems. Some labeling with variations in graceful theme are also introduced.
Some of them are edge graceful labeling, odd graceful labeling, Fibonacci graceful
labeling etc. The present chapter is intended to discuss Fibonacci graceful labeling and

its extension.

5.2 Fibonacci and Super Fibonacci Graceful Labeling

5.2.1 Fibonacci numbers

The Fibonacci numbers Fy, F, F> ...are defined by Fp =0, F1 =1, F, =1 and F,;| =
F,+F,_.

5.2.2 Fibonacci graceful labeling

The function f: V(G) — {0,1,2,......... F,} (where F, is the ¢'" Fibonacci number)
is said to be Fibonacci graceful if f*: E(G) — {Fi,F,......F;} defined by f*(uv) =
| f(u) — f(v)| is bijective.

5.2.3 Super Fibonacci graceful labeling

The function f: V(G) — {0,F,F,......... F,} (where F, is the ¢'" Fibonacci num-
ber) is said to be Super Fibonacci graceful if the induced edge labeling f* : E(G) —
{F1,F,.....F;} defined by f*(uv) = |f(u) — f(v)] is bijective.

Above two concepts were introduced by Kathiresen and Amutha [46]. Deviating from
the standard definition of Fibonacci numbers they assumed that F; = 1,F, =2, F3 =

3,Fp=5,....... which also avoid repetition of 1 as vertex(edge) label.
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5.2.4 Some existing results

Kathiresen and Amutha [46] have proved that

e K, is Fibonacci graceful if and only if n < 3.

e If G is Eulerian and Fibonacci graceful then ¢ = 0(mod 3).

e Every path P, of length n is Fibonacci graceful.

e P?is a Fibonacci graceful graph.

e Caterpillars are Fibonacci graceful.

e The bistar B,, , is Fibonacci graceful but not Super Fibonacci graceful for n > 5.
e C, is Super Fibonacci graceful if and only if n = 0(mod 3).

e Every fan F; is Super Fibonacci graceful.

e If G is Fibonacci or Super Fibonacci graceful then its pendant edge extension G’

is Fibonacci graceful.

e If G| and G, are Super Fibonacci graceful in which no two adjacent vertices have

the labeling 1 and 2, then their union G| U G, is Fibonacci graceful.

o If G1, Gy, ....... ,G,, are super Fibonacci graceful graphs in which no two adjacent
vertices are labeled with 1 and 2 then amalgamation of Gy, Go, ....... ,G,, obtained

by identifying the vertices having labels 0O is also a super Fibonacci graceful.
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5.3 Fibonacci and Super Fibonacci Graceful Labeling

of Some Graphs

Theorem 5.3.1. Trees are Fibonacci graceful.

Proof. Consider a vertex with minimum eccentricity as the root of tree 7. Let this ver-
tex be v. Without loss of generality at each level of tree T we initiate the labeling from
left to right. Let P1, P2 P3,.......... P" be the children of v.

Define f: V(T) — {0,1,2......F,} in the following manner.

f0) =0, f(P) = Fy

Now if Plli(l <i <t) are children of P! then

f(Py) = f(PY)+Fipr, 1 <i<t

If there are r vertices at level two of P! and out of these r vertices, r; be the children of
P/, then label them as follows,

f<P111i) :f(P111) FFii, 1 <is<n

Let there are r, vertices, which are children of Pll2 then label them as follows,

F(Phy) = F(Ply) +Fignyis 1<i<n

Following the same procedure to label all the vertices of a subtree with root as P!.

we can assign label to each vertex of the subtree with roots as P2P3 ... P! and
define (P =F f,+1, where Fy, is the fi’h Fibonacci number assign to the last edge of
the tree rooted at P'.

Now for the vertex P". Define f(P") = F,

Let us denote Pl’},

where i is the level of vertex and j is number of vertices at i’ level. At
this stage one has to be cautious to avoid the repeatation of vertex labels in right most
branch. For that we first assign vertex label to that vertex which is adjacent to F; and
is a internal vertex of the path whose length is largest among all the paths whose origin
is Fy(That is, Fj, is a root). Without loss of generality we consider this path to be a left
most path to Fy, and continue label assignment from left to right as stated earlier.

If P(1 <i <) be the children of P" then define

FPR) = F(P) ~Fy i 1 <i<s

If there are Pfi(l < i < b) vertices at level two of P" and out of these b vertices, b; be
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the children of P;; then label them follows.

) = f(Py) = Fys—in 1 i< by

If there are b, vertices, which are children of P}, then label them as follows.

f(Pg(bH,-)) = f(Py) = Fyospy—is 1 <i < by

We will also consider the situation when all the vertices of subtree rooted at Fy is having
all the vertices of degree two after ' level then we define labeling as follows.
S 11) = L)+ (=D Fy(abeted versicesin the branch rooted ar pry Continue this label-
ing scheme unless all the vertices of a subtree with root as P" are labeled.

Thus we have labeled all the vertices at each level. That is, 7 admits Fibonacci graceful

labeling and accordingly trees are Fibonacci graceful graph. O

Ilustration 5.3.2. Consider the tree with 12 edges then the Fibonacci graceful labeling

is as follows.

Fi+ F4F,  Fi+F+F Fia-Fi-Fy

FIGURE 5.1: Fibonacci graceful labeling of a tree with 12 edges

Theorem 5.3.3. Wheels are not Fibonacci graceful.

Proof. Let v be the apex vertex of the wheel W,, and vy, v;....... v, be the rim vertices.
Define f: V(W,) — {0,1,2......F;}

We consider following cases.

Case 1: Let f(v) =0

so, the vertices vi,v....... v,, must be label with Fibonacci numbers.

Let f(vi) = F, then f(v2) = F,—j or f(v2) = F;—.

If f(v2) = F;—> then f(v,) = F,_1 is not possible as f(viv,) = f(v2) = F;—>.
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If f(v2) = Fy—1 then f(v,) # F;_> otherwise f(viv,) = f(vw2) = F;_1.
If f(v,) = F), be the Fibonacci number other then F,_; and F,_, then |f(v,) — f(v1)| =

|F,, — F4| can not be Fibonacci number for |[p —g| > 2

Case 2: If v; is a rim vertex then define f(v;) =0

If f(v2) = F, then the apex vertex must be labeled with F,,_; or F,_».

Sub Case 1: Let f(v) = F,_;

Now f(v,) must be labeled with either by F,_» or by F,_3.
If f(vn) = Fg—z then f(viva) = f(vv2) = Fg—

and if f(v,) = F;—3 then f(vv,) = f(vw2) = F;—»

Sub Case 2: Let f(v) = F;, >
Now f(v,) must be label with either by F,_; or by F,_3 or by F,;_4.
if f(vn) = F; 1 then fvivn) = f(vwa) = Fyi

fviv) =F,
) =Fy
flwva) =F,q
fvav1) = Fg—3
J(vvn) =Fy4

For W3, f(vav3) can not be Fibonacci number. Now for n > 3 let us assume that
f(v3) = k which is not Fibonacci number because for f(v3) = F,_1, we have f(vv) =
f(vavs) = F; .

now we have following cases. (1) F,—» <k < F,, (2) k< F;» < F,

In (1) we have.....

Fy—k=F

k—Fy2=Fy

Fy—F; 2 =F,+F; — F,_ = F;+F, is possible only when s = g —2 and s = q—3,
then f(vav3) = f(vv1) and f(vv3) = f(viva)

In (2) we have.....
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F,—k=F,

Fyo—k=F,

Fy—F; 2 =F+F; = F;— = F;+F, is possible only when s = g —2 and s = q—3,
then f(vov3) = f(vv1) and f(vv3) = f(viva)

so, we can not find a number f(v3) = k such that f(v,v3) and f(vv3) have the distinct
Fibonacci numbers.

For f(v,) = F;—4 we can argue as above.

Sub Case 3: If f(v) = F,
Then we do not have two Fibonacci numbers corresponding to f(v;) and f(v,) such
that the edges will receive distinct Fibonacci numbers.

Thus we conclude that wheels are not Fibonacci graceful. O

Theorem 5.3.4. Helms are not Fibonacci graceful.

Proof. Let H, be the helm and vll ,v/z,v'3 ......... v; be the pendant vertices corresponding
to it. If O is the label of any of the rim vertices of wheel corresponding to H, then all
the possibilities to admit Fibonacci graceful labeling is ruled out as we argued in above
Theorem 5.3.3. Thus possibilities of O being the label of any of the pendant vertices is
remained at our disposal.

Define f: V(H,) — {0,1,2.....F;}

Without loss of generality we assume f (v/l) =0then f(vi) =F,

Let f(vo) =pand f(v)=r

In the following Figures 5.2(1) to 5.2(3) the possible labeling is demonstrated. In first
two arrangements the possibility of H3 being Fibonacci graceful is washed out by the
similar arrangements for wheels are not Fibonacci graceful held in Theorem 5.3.3. For
the remaining arrangement as shown in Figure 5.2 we have to consider following two

possibilities.
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FIGURE 5.2

Casel: p<r<UFk

Fg—p=F

Fy—r=F

r—p=Fy then
F/+Fp—F=0=FK=F/+Fy

Case2: r<p<Fy

Fq—p=F

Fy—r=Fy

p—r=Fy then

F+Fn—F,=0=F/=F+Fy

Now let f(v3) =t then consider the case p < r <t < F,

Fy=F,+Fy

F/=F.+F,

From these two equations we have...

F)=F+F,=F—Fy

so we have F, < Fr<Fy <Fp <F; and they are consecutive Fibonacci numbers.
For r > p,t we have F; = F,+Fp and F, = F;+F,sowe have

Fy =F;—Fy and F; = F, — F,, which is not possible.

similar argument can be made for r < p.t.

1.e. we have either p <r <tort <r <p.

As Fy < Fr < F;, so we can say that with f(vvy) = F.» the edges of the triangle with

vertices f(v),f(v2) and f(v3) will not have Fibonacci numbers such that F,»= sum of
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two Fibonacci numbers.
Similar arguments can also be made fort <r < p < Fj.

Hence Helms are not Fibonacci graceful graphs. O

Theorem 5.3.5. The graph obtained by switching of a vertex in cycle C,, admits Fi-

bonacci graceful labeling.

Proof. Let vi,vo,v3,....... v, be the vertices of cycle C,, and C;l be the graph resulted
from switching of the vertex v;.

Define f: V(C,,) — {0,1,2...... F,} as follows.

f)=0
f(VQ) :Fq—l
f(V3):Fq

figz) =Fy2i,1<i<n-3
Above defined function f admits Fibonacci graceful labeling.

Hence we have the result. O

Iustration 5.3.6. Consider Cé. The corresponding Fibonacci graceful labeling is as

shown in Figure 5.3

FIGURE 5.3: Fibonacci graceful labeling of Cé
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Theorem 5.3.7. Joint sum of two copies of fans(f, = P, + K1) is Fibonacci graceful.

Proof. Let vi,vy,...... v, and vll ,v/z, ...... v/n be the vertices of two copies fn1 and fn% re-
spectively. Let v be the apex vertex of F| and v be the apex vertex of f2 and let G be
the joint sum of two fans.

Define f: V(G) — {0,1,2......F;} as follows.

f(V):O

fV) =

JO) =P, 1<i<n

f(v)) = F;— Py

f(v3) = Fy— Fou o

() =Fy—Fonioini 1 <i<m—2

In view of the above defined pattern the graph G admits Fibonacci graceful labeling. O

Illustration 5.3.8. Consider the Joint Sum of two copies of F;. The corresponding

Fibonacci graceful labeling is as shown in Figure 5.4

FIGURE 5.4: Joint Sum of two copies of F; and its Fibonacci graceful labeling

Theorem 5.3.9. The graph obtained by switching of a vertex in a cycle C, is super

Fibonacci graceful except for n > 6.

Proof. We consider here two cases.
Case1: n=3,4,5

For n = 3 the graph obtained by switching of a vertex is a disconnected graph which is
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not desirable for the Fibonacci graceful labeling.
Super Fibonacci graceful labeling of switching of a vertex in C,, for n = 4,5 is as shown

in Figure 5.5.

FIGURE 5.5: Super Fibonacci graceful labeling of switching of a vertex in C4 and Cs

Case 2: n > 6 The graph shown in Figure 5.6 will be the subgraph of all the graphs

obtained by switching of a vertex in C,(n > 6).

FIGURE 5.6

In Figure 5.7 all the possible assignment of vertex labels is shown which demonstrates

the repetition of edge labels.
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FIGURE 5.7

(1) In Fig8(a) edge label F,_; is repeated as
|[Fy = Fya| = Fyo1 & |[Fy1 = O] = Fy
(2) In Fig8(b) edge label F,_; is repeated as
\Fy—Fy 2| =F;_1 & |[F4_1 —0| = F;_;

(3) In Fig8(c) edge label F, is repeated as |F, 1 — Fp—1| = F, & |F, — 0| = F),

where F), is any Fibonacci number.

(4) In Fig8(d) edge label F), is repeated as |Fj1o — Fpy1| = Fp & |F, — 0| = F,

where F), is any Fibonacci number.

(5) In Fig8(e) edge label F,,_; is repeated as |F, — F,_»| = F,_1 & |F,—1 — 0| =

F,_1, where F), is any Fibonacci number.
(6) In Fig8(f) edge label F,_; is repeated as
|Fq*1 _Fq*3| =F2& ‘Fq—quly = Fy2
(7) In Fig8(g) edge label F,_; is repeated as
|[Fy = Fya| = Fyo1 & |[Fyy = O] = Fy

(8) In Fig8(h) edge label F,_; is repeated as
|[Fy = Fya| = Fy1 & |[Fyo = O] = Fyy



Chapter 5. Fibonacci and Super Fibonacci Graceful Labeling of Some Graphs 114

Theorem 5.3.10. Switching of a vertex in cycle C, for n > 6 can be embedded as an

induced subgraph of a super Fibonacci graceful graph.

Proof. Letvy,vy,v3......... v, be the vertices of C,, and v be the switched vertex.
Define f: V(G,,) — {0,F,F>......[Fy 3}
f(v1)=0

fip1)) =B, 1<i<n—1

Now it remains to assign Fibonacci numbers Fi, Fy,» and F,,3. Put 3 vertices in the
graph. Join first vertex v labeled with F> to the vertex v3. Now join second vertex V'
labeled with F, 3 to the vertex v; and vertex V" labeled with Fy4 > to the vertex V.

Thus the resultant graph is a super Fibonacci graceful graph. O

Ilustration 5.3.11. In the following Figure 5.8 the graph obtained by switching of a

vertex in cycle Cg and its super Fibonacci graceful labeling of its embedding is shown.

FIGURE 5.8: Super Fibonacci graceful labeling of embedding of switching of a vertex
in cycle Cg
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5.4 Concluding Remarks

The work reported here is a nice combination of graph theory and elementary num-
ber theory. To investigate some more graphs or graph families of Fibonacci graceful
graphs as well as to derive some characterizations for Fibonacci graceful graph is an
open area or research.

The pen ultimate chapter also possess the same flavour.
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6.1 Introduction

This chapter is intended to discuss triangular sum labeling of graphs. We will show
that some classes of graph can be embedded as an induced subgraphs of a triangular sum
graph. In the succeeding section we will provide brief summary of definitions which

are necessary for the subsequent development.

6.2 Triangular sum labeling

6.2.1 Triangular number

A triangular number is a number obtained by adding all positive integers less than

or equal to a given positive integer n. If n™ triangular number is denoted by Tj, then
1 . . o .

T, = En(n +1). Itis easy to observe that there does not exist consecutive integers which

are triangular numbers.

6.2.2 Triangular sum graph

A triangular sum labeling of a graph G is a one-to-one function

f:V — N (where N is the set of all non-negative integers) that induces a bijection
[T E(G) = {T1, T, - ,T;} of the edges of G defined by [ (uv) = f(u)+ f(v),
Ve =uv € E(G).

The graph which admits such labeling is called a triangular sum graph.

6.2.3 Some existing results

This concept was introduced by Hegde and Shankaran [39] and they proved that

e Path P, Star K ,, are triangular sum graphs.
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Any tree obtained from the star K ,, by replacing each edge by a path is a trian-

gular sum graph.

The lobster T obtained by joining the centers of k copies of a stat to a new vertex

w is a triangular sum graph.
The complete n-ary tree 7,, of level m is a triangular sum graph.

The complete graph K, is triangular sum if and only if n < 2.

They also shown that

If G is an Eulerian (p, q)-graph admitting a triangular sum labeling then
q # 1(mod 12).

The dutch windmill DW(n)(n copies of K3 sharing a common vertex) is not a

triangular sum graph.

The complete graph K4 can be embedded as an induced subgraph of a triangular

sum graph.

In a paper by Vaidya et al.[79] it has been shown that

In any triangular sum graph G the vertices with labels 0 and 1 are always adjacent.

In any triangular sum graph G, 0 and 1 cannot be the vertex labels in the same

triangle contained in G.

In any triangular sum graph G, 1 and 2 cannot be the vertex labels of the same

triangle contained in G.
The helm graph H,, is not a triangular sum graph.

If every edge of a graph G is an edge of a triangle then G is not a triangular sum

graph.
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6.3 Some important results on triangular sum graphs

Theorem 6.3.1. Every cycle can be embedded as an induced subgraph of a triangular

sum graph.

Proof. Let G = C, be a cycle with n vertices. We define labeling f : V(G) — N as
follows such that the induced function f* : E(G) — {T},T5,...T,} is bijective.

) =0

fn)=6
JOi) =T — f(vier); 3<i<n-—1

(

~

V) = Tr(y, 1)-1

Now let A = {T1,T;... T,} be the set of missing edge labels. That is, elements of set
A are the missing triangular numbers between 1 and Ty, ). Now add r pendant
vertices which are adjacent to the vertex with label O and label these new vertices with
labels 77,7, ... T,. This construction will give rise to edges with labels 71, 75,... T,
such that the resultant supergraph H admits triangular sum labeling. Thus we proved

that every cycle can be embedded as an induced subgraph of a triangular sum graph. 0O

Ilustration 6.3.2. In the following Figure 6.1 embedding of Cs as an induced subgraph

of a triangular sum graph is shown.

FIGURE 6.1: Embedding of Cs as an induced subgraph of a triangular sum graph
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Theorem 6.3.3. Every cycle with one chord can be embedded as an induced subgraph

of a triangular sum graph.

Proof. Let G be the cycle with one chord and e = vv; be the chord of cycle C,,.
We define labeling f : V(G) — N as follows such that the induced function
fT1E(G) = {T1,Tx,...T,;} is bijective.

fvi)=0

f(n)=

fi) =Tipa— f(vie1); 3<i<k—1

FOr) =Ty, -1

JOkrio1) = Ty y—14i = fkri2); 2<i<n—k
(

Now following the procedure described in Theorem 6.3.1 and the resultant supergraph
H admits triangular sum labeling. Thus we proved that every cycle with one chord can

be embedded as an induced subgraph of a triangular sum graph. O

Illustration 6.3.4. In the following Figure 6.2 embedding of C4 with one chord as an

induced subgraph of a triangular sum graph is shown.

21

Ve
15
(/ 120 105

FIGURE 6.2: Embedding of C4 with one chord as an induced subgraph of a triangular
sum graph
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Theorem 6.3.5. Every cycle with twin chords can be embedded as an induced subgraph

of a triangular sum graph.

Proof. Let G be the cycle with twin chords and e; = v{v; and e3 = v{v 1 be its chords.
We define labeling f : V(G) — N such that the induced function
fT1E(G) = {T1,Tx,...T,;} is bijective.

vi) =Tiyo— f(vie1); 3<i<k-—1

Now following the procedure adapted in Theorem 6.3.1 the resulting supergraph H
admits triangular sum labeling. That is, every cycle with twin chords can be embedded

as an induced subgraph of a triangular sum graph. O

Illustration 6.3.6. In the following Figure 6.3 embedding of Cg with twin chord as an

induced subgraph of a triangular sum graph is shown.

FIGURE 6.3: Embedding of Cg with twin chord as an induced subgraph of a triangular
sum graph
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6.4 Concluding Remarks

As every graph is not a triangular sum graph it is very interesting to investigate
graphs or graph families which are not triangular sum graphs but they can be embedded
as an induced subgraph of a triangular sum graph. We show that cycle, cycle with
one chord and cycle with twin chords can be embedded as an induced subgraph of a
triangular sum graph.

The next chapter is focused on L(2,1) and Radio labeling of graphs.
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7.1 Introduction

The unprecedented growth of different modes of communication provided the rea-
son for many real life problems. The allocation of radio channels or frequencies to radio
transmitters network is one such problem and it is the focus of our investigations. The

present chapter is aimed to discuss L(2,1)-labeling and Radio labeling of graphs.

7.2 Channel assignment problem

The channel assignment problem is the problem to assign a channel (non negative
integer) to each TV or radio transmitters located at various places such that communi-
cation do not interfere. This problem was first formulated as a graph coloring problem
by Hale[36] who introduced the notion of T-coloring of a graph.

In a graph model of this problem, the transmitters are represented by the vertices of a
graph; two vertices are very close if they are adjacent in the graph and close if they are
at distance two apart in the graph.

In a private communication with Griggs during 1988 Roberts proposed a variation of the
channel assignment problem in which close transmitters must receive different channels
and very close transmitters must receive channels that are at least two apart. Motivated
by this problem Griggs and Yeh[34] introduced L(2,1)-labeling which is defined as

follows.

7.3 L(2,1)- Labeling and L (2, 1)- Labeling

7.3.1 L(2,1)- Labeling and A-number

For a graph G, L(2,1)-labeling (or distance two labeling) with span k is a function

f:V(G) —{0,1,...,k} such that the following conditions are satisfied:
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(DIf(x) = fO)] = 2if d(x,y) =1
2Ifx) =) = 1ifd(x,y) =2

In otherwords the L(2,1)-labeling of a graph is an abstraction of assigning integer fre-
quencies to radio transmitters such that (1) Transmitters that are one unit of distance
apart receive frequencies that differ by at least two and (2) Transmitters that are two
units of distance apart receive frequencies that differ by at least one. The span of f is
the largest number in f(V). The minimum span taken over all L(2, 1)-labeling of G,
denoted as A(G) is called the A-number of G. The minimum label in L(2,1)-labeling

of G is assumed to be 0.

7.3.2 L'(2,1)-labeling and A'-number

An injective L(2,1)-labeling is called an L (2, 1)-labeling and the minimum span taken

over all such L'(2,1)-labeling is called A -number of the graph.

7.3.3 Some existing results

e In [34] Griggs and Yeh have discussed L(2,1)-labeling for path, cycle, tree and
cube. They also derived the relation between A —number and other graph invari-
ants of G such as chromatic number and the maximum degree. They have also
shown that determining A — number of a graph is an NP-Complete problem, even

for graphs with diameter 2.
e Chang and Kuo [14] provided an algorithm to obtain A (7).

e Georges et al.[28, 83] have discussed L(2,1)-labeling of cartesian product of paths

and n-cube.

e Georges and Mauro[29] proved that the A-number of every generalized Petersen

graph is bounded from above by 9.

e Kuo and Yan [50] have discussed L(2,1)-labeling of cartesian product of paths

and cycles.
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e Vaidya and Bantva[69] have discussed L(2,1)-labeling of middle graphs.

e Vaidya and Bantava[70] have discussed L(2,1)-labeling of cacti.

e Jhaetal.[41] have discussed L(2,1)-labeling of direct product of paths and cycles.

e Chiang [17] studied L(d,1)-labeling for d > 2 on the cartesian product of cycle

and a path.

7.4 L(2,1)-Labeling in the Context of Some Graph Op-

erations

Theorem 7.4.1. A(spl(C,)) ="7. (Where n > 3)

Proof. Let vll, v/z, e, vln be the duplicated vertices corresponding to vy, v, ..., v, of

cycle C,,.

To define f: V(spl(C,)) — NU{0} we consider following four cases.

Case 1: n = 0(mod 3) (where n > 5)

‘We label the vertices as follows.

flv)=0,i=3j-2,
fvi)=2,i=3j-1,
flv)=4,i=3],
fv)=17,i=3j-2,
f)=6,i=3j—1,
fv)=5,i=3j,

1
1

IN

IN

1

VAN VAN

IA
T T

IA
IN

ININ AN A

IN

WIS WIS WIS WIS WIS WIS

Case 2: n = 1(mod3) (where n > 5)

We label the vertices as follows.

) =0,i=3j-2.
f(Vi):z,i:?)j—l,

1
1

<J
<J
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fvi)=4.i=3], 1<j<[2]-1
fn=3) =0, f(va—2) =3, f(vu—1) =1, f(vn) =4
fv)=7,i=3j-2, 1<j<|2]-1
fv)=6,i=3j—1, 1<j<|2]-1
f(v)=5,i=3j, 1<j<|2]-1
FO,3) =T f(v, ) =T f(v, ) =6, f(v,) =5

Case 3: n = 2(mod3) (where n > 5)

We label the vertices as follows.

fvi)=0,i=3j-2, 1<j<|4
foi)=2i=3j-1, 1<j<|}
fvi)=4,i=3}, 1<j<|t
fOn—1) =1, f(va) =3

FO) =6.£(v,) =17
fo)=6.i=3j-1, 1<j<|4
f(v;)=5,i=3j, 1<j<|t
fo)=7,i=3j+1, 1<j<|[2]

Cased4: n=4,5

These cases are to be dealt separately. The L(2,1)-labeling for spl(C,) when n = 4,5

are as shown in Figure 7.1

FIGURE 7.1: spl(C4),spl(Cs) and its L(2, 1)-labeling

Thus in all the possibilities Ry = {0,1,2...,7} C NJ{0}.

ie. A(spl(Cy)) =1. o
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Remark : The L(2,1)-labeling for spl(Cs) is shown in Figure 7.2
Thus Ry ={0,1,2...,6} C NU{0}.

FIGURE 7.2: spl(C3) and its L(2, 1)-labeling

Iustration 7.4.2. Consider the graph spl(Cg). The L(2,1)-labeling is as shown in
Figure 7.3.

FIGURE 7.3: spl(Ce) and its L(2,1)-labeling

Theorem 7.4.3. A'(spl(C,)) = p — 1, where p is a total number vertices in spl(Cy)

(where n > 3).

Proof. Let vll, v/z, e v; be the duplicated vertices corresponding to vy, v, ..., v, of

cycle C,.

To define f: V(spl(C,)) — NJ{0}, we consider following two cases.
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Casel:n>5

fvi) =2i-17, 4<i<n
fvi) = flva)+2i, 1<i<3
f(V;):Zi—Z, 1<i<n

Now label the vertices of C,; using the above defined pattern we have

Ry ={0,1,2,...,p—1} c NU{0}
This implies that A’ (spl(C,)) = p— 1.

Case 2: n = 4,5 These cases to be dealt separately. The L'(2,1)-labeling for spl(C,)

when n = 4,5 are as shown in the following Figure 7.4. O

FIGURE 7.4: spl(C4),spl(Cs) and its L' (2, 1)-labeling

Remark The L'(2, 1)-labeling for spl(C3) is shown in the following Figure 7.5.
Thus Ry = {0,1,2...,6} € NU{O}.

FIGURE 7.5: spl(C3) and its L' (2, 1)-labeling
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Ilustration 7.4.4. Consider the graph spl(Cg). The L'(2,1)-labeling is as shown in
Figure 7.6.

FIGURE 7.6: spl(Cg) and its L'(2,1)-labeling

Theorem 7.4.5. Let C;L be the graph obtained by taking arbitrary supersubdivision of
each edge of cycle C, then

1 For n even

A(C) =A+2
2 For n odd
A+2; if s+t+r<A,
AG) = { A+3: if s+t+r=A,

s+t+r+2; if s+t+r>A

where vy, is a vertex with label 2,

s is number of subdivision between v;_, and v;_1,
t is number of subdivision between v;_ and v,

r is number of subdivision between v; and vy 1,

A is the maximum degree of C,;.
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Proof. Let vy, v, ..., v, be the vertices of cycle C,. Let C,; be the graph obtained by

arbitrary super subdivision of cycle C,.

It is obvious that for any two vertices v; and viy2, N(v;) \N(viy2) = ¢

To define f : V(C,) — NJ{0}, we consider following two cases.

Case 1: nis even
fvi1) =0, 1<

fvai)=1, 1<

IN
VAN VAN
IS IS

If P;; is the number of supersubdivisions between v; and v; then for the vertex vy,
IN(vi)| = P12 + P,1. Without loss of generality we assume that v; is the vertex with
maximum degree i.e. d(v;) = A. suppose uj,us.....upx be the members of N(vy). We

label the vertices of N(v;) as follows.
flu)) =2+i,1<i<A

As N(v1)N(v3) = ¢ then it is possible to label the vertices of N(v3) using the vertex
labels of the members of N(v;) in accordance with the requirement for L(2, 1)-labeling.
Extending this argument recursively upto N(v,_1) it is possible to label all the vertices

of C;l using the distinct numbers between 0 and A + 2.
ie. Rp=1{0,1,2,...,A4+2} C NU{0}

Consequently A(C,) = A+2.

Case 2: n is odd

Let vy, va, ..., v, be the vertices of cycle C,.

Without loss of generality we assume that vy is a vertex with maximum degree and vy

be the vertex with minimum degree.

Define f(v) = 2 and label the remaining vertices alternatively with labels 0 and 1 such
that f(vl) = (. Then either f(Vk_]) =1; f(vk+1) =0 OR f(vk_]) =0; f(Vk—H) =1.
We assign labeling in such a way that f(vy_1) =1; f(vis1) =0.

Now following the procedure adapted in case (1) it is possible to label all the vertices

except the vertices between v;_; and v;. Label the vertices between v;_; and v, using



Chapter 7. L(2,1)-Labeling and Radio labeling of graphs 132

the vertex labels of N(v;) except the labels which are used earlier to label the vertices

between v;_j, v¢—1 and between v, Vi 1.

If there are p vertices uy,u;...u, are left unlabeled between v and v then label them

as follows,

f(u;)=max{labels of the vertices between v;_; and vy_1, labels of the vertices between

viand v )+, 1<i<p

Now if s is the number of subdivisions between v;_, and v;_

t is the number of subdivisions between v;_; and v;

r 1s the number of subdivisions between vy and vy, |

then (1) Ry ={0,1,2,...,A+2} CNU{0}, when s +7+r <A

ie. A(C) =A+2

2Ry =1{0,1,2,...,A+3} C NU{O}, when s+t +r=A

ie. A(C))=A+3

B3 Rr={0,1,2,...,s+t+r+2} CNU{O}, whens+7+r>A

ie. A(C))=s+t+r+2 O

Illustration 7.4.6. Consider the graph Cg. The L(2, 1)-labeling of Cé is shown in Figure
7.7.

FIGURE 7.7: L(2,1)-labeling of Cy
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Theorem 7.4.7. Let G be the graph obtained by taking arbitrary supersubdivision of
each edge of graph G with number of vertices n > 3 then A’ (G’) = p— 1, where p is the

total number of vertices in G .

Proof. Let vy, v, ..., v, be the vertices of any connected graph G and let G be the
graph obtained by taking arbitrary supersubdivision of G. Let u; be the vertices which
are used for arbitrary supersubdivision of the edge v;v; where 1 <i<n, 1< j<nand

i < j. Here k is a total number of vertices used for arbitrary supersubdivision.
We define f: V(G) — NU{0} as

fvi)=i—1,where 1 <i<n

Now we label the vertices u; in the following order.

First we label the vertices between vy and vy, 1 < j < n then following the same

procedure for vo, v3,...v,
flui)=flvn) +i, 1 <i<k

Now label the vertices of G’ using the above defined pattern we have Ry = {0,1,2,...,p—
1} c NU{0}

This implies that A'(G') = p— 1. O

Ilustration 7.4.8. Consider the graph P and its supersubdivision. The L (2,1)-labeling

is as shown in Figure 7.8.

FIGURE 7.8: L'(2,1)-labeling of P,
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Theorem 7.4.9. Let C;l be the graph obtained by taking star of a cycle C, then
A(C,) =5.

Proof. Let vy, va, ..., v, be the vertices of cycle C, and v;; be the vertices of cycle C,
which are adjacent to the ' vertex of cycle C,.

To define f : V(C,) — N|J{0}, we consider following four cases.
Case 1: n = 0(mod 3)

fvi)=0, i=3j-2, 1<j<4%
fvi)=2, i=3j-1, 1<j<}%
fvi)=4, i=3j, 1<j<t

Now we label the vertices v;; of star of a cycle according to the label of f(v;).

(1) when f(v;) =0,i=3j-2,1< <%

fvik) =3, k=3p-2, 1<p<3
fw) =5, k=3p—1, 1<p<}
fvu) =1, k=3p, 1<p<3
(2)whenf(v,~):2,i:3j_1’lgjgg
fa) =5, k=3p=2, 1<p<}
f(vik):3a k:3p—l, lgpgg
fi) =1, k=3p, 1<p<t

fi) =1, k=3p-2, 1§p§§
f(vik):?’a k:3p—l, ISPS%
fw) =5, k=3p,  1<p<]
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Now we label the vertices of star of a cycle v;; according to label of f(v;).

(1) when f(v;) =0,i=3j-2,1<j< %]

fvi) =4, k=3p—2, 1<p<|Z
i) =2, k=3p—1, 1<p<|Z
fvik) =0, k=3p, 1<p<|[2]—1
fWitn—1)) =5,

fvin) =1

(2) when f(v;) =2,i=3j—1,1<j<[§]
flvi) =4, k=3p—2, 1<p<|%]
fvik) =0, k=3p—1, 1<p<|3]
f(vlk)zz, k=3p,  1<p<|[3]-1
i) =

fin) =1

(3) when f(v;) =5,i=3j,1<j<|%]

fvie) =1, k=3p-2, 1<p<|j3]

fow) =3, k=3p—1, 1<p<|2]

fvix) =5, k=3p, 1<p<l3]-1

fi-1)) =0,

f(vin) = 4

(4) when f(v;) =3,i=n

fli) =1, k=3p-2, 1<p<|j]

fvik) =5, k=3p—1, 1<p<|[5]
1<p<[5]-1

(
(vig) = 5
f(vik) :3’ k:3p’
( )
( 4
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Case3: n=2(mod 3),n#5

flvi) =1, i=3j-2, 1<j<|[§]-
fvi) =3, i=3j—1, 1<j<|53]-
f(vi) =5, i=3], 1<j<[5]-
f(n-4a) =0, f(vp-3) =

f(vn—2) =35, f(vn-1) = f(vn)=4

Now we label the vertices v;; of star of a cycle according to the label of f(v;).

(D) when f(v;) =1,i=3j-2,1<j<[5] -1

fvik) =5, k=3p—2, 1<p<l|j]
fvie) =3, k=3p—1, 1<p<|j]
fa)=1, k=3p, I<p<l[3]
fOig-1)) =
f(vin) =0

(2) when f(v;) =3,i=3j—-1,1<j<[%] -1

fvie) =0, k=3p-2, 1<p<|}]
fvie) =2, k=3p—1, 1<p<|%]
fvir) =4, k=3p, 1<p<|5]
fWitn—1)) =
f(vin) =5

(3) when f(v;) =5,i=3j,1<j<|5]-1landi=n—2

flvi) =1, k=3p—2, 1<p<|%]
fvi) =3, k=3p—1, 1<p<|%]
fw)=5 k=3p,  1<p<|t
fin-1)) =2,

f(vin) =4

[ S w—y
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(@) when f(v;) =0,i=n—4,n—1

fvik) =3, k=3p—2, 1<p<|%]
fvik) =5, k=3p—1, 1<p<|Z]
fvie) =1, k=3p, 1<p<|2]-1
fWin—2)) =2,

FWin-1)) =4,

fvin) =1

(5) when f(v;)=2,i=n-3

fvie) =4, k=3p—2, 1<p<|i
fvi) =0, k=3p—1, 1<p<|Z
fvi) =2, k=3p, 1<p< |4
FWin-1)) =5,

fvin) =1

i) =2, k=3p-2, 1<p<|Z
fOa)=0,  k=3p—1, 1<p<|%]
fvik) =4, k=3p, 1<p<|4
fOi-1)) =1,

f(Vin) =5

Case 4: n =5 This case is to be dealt separately. The L(2,1)-labeling for the graph

obtained by taking star of the cycle Cs is shown in Figure 7.9 .
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FIGURE 7.9: L(2,1)-labeling for star of cycle Cs

Thus in all the possibilities we have A (C,) = 5 i

Ilustration 7.4.10. Consider the graph C7, the L(2,1)-labeling is as shown in Figure
7.10.

FIGURE 7.10: L(2, 1)-labeling for star of cycle C;
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Theorem 7.4.11. Let G be the graph obtained by taking star of a graph G then A’ (G) =

p — 1, where p be the total number of vertices of G.

Proof. Letvy, vy, ..., v, be the vertices of any connected graph G. Let v;; be the vertices
of a graph which is adjacent to the i vertex of graph G. By the definition of a star of a

graph the total number of vertices in a graph G are n(n+1).
To define f: V(G') — NU{0}

flvir)=i—1, 1<i<n

for 1 <i < ndo the labeling as follows:

f(vi) = f(Vm') +1

fO1en) = fvi) +1

TG ary) = fjery) +1L, 1<j<n—1

Thus A'(G)=p—1=n?+n—1 o

Illustration 7.4.12. Consider the star of a graph Ky, the L (2,1)-labeling is as shown in
Figure 7.11.

FIGURE 7.11: L' (2, 1)-labeling for star of a complete graph K4
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7.5 Radio labeling of graph

We have discussed the L(2,1)-labeling in previous section. Practically it has been
observed that the interference among channels might go beyond two levels. Radio la-
beling extends the number of interference level considered for L(2,1)-labeling from two
to the largest possible - the diameter of G. Motivated through the problem of channel
assignments to FM radio stations Chartrand et al.[15] introduced the concept of radio

labeling of graph as follows.

7.5.1 Radio labeling

A radio labeling of a graph G is an injective function f : V(G) — N U {0} such that
for every u,v €V

|[f () = f(v)] = diam(G) —d(u,v) +1

The span of f is the difference of the largest and the smallest channels used. That is,
max(f(u), f(v)), for every u,v € V

The radio number of G is defined as the minimum span of a radio labeling of G and
denoted as r,(G). In the survey of literature available on radio labeling we found that

only two types of problems are considered in this area till this date.

e To investigate bounds for the radio number of a graph.

e To completely determine the radio number of a graph.

7.5.2 Some existing results

e Chartrand et al.[15] and Liu and Zhu[52] have discussed the radio number for

paths and cycles.
e D.D-F Liu [53] has discuss radio number for trees.

e D.D-F.Liu and M.Xie[54] have discussed radio number of square of cycles.
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e Mustapha et al.[47] have discussed radio k-labeling for cartesian products of

graphs.

e Sooryanarayana et al.[64] have discussed radio number of cube of a path.

7.6 Radio labeling for some cycle related graphs

Theorem 7.6.1. Let G be the cycle with chords then.
(k+2)(2k-1)+1+Y (d; -d,). n=0 (mod 4)
2k(k+2)+1+) (d;- d)). n=2 (mod 4)

G)<
n(@= 2k(k+1)+ (d;- d)). n=1 (mod 4)

(k+2)2k+ 1)+ (d-d).  n=3 (mod 4)

Proof. Let C, denote the cycle on n vertices and V(C,,) = {vo,v; ...v,—1} be such that
where v; is adjacent to v;;1 and v, is adjacent to vo. We denote d = diam(C,,).

Here the radio labeling of a cycle C, is given by the following two sequences.

e the distance gap sequence D = (dy,d ...d,—2)

e the color gap sequence F' = (fo, f1...fu—2)

The distance gap sequence in which each d; < d is a positive integer is used to generate
an ordering of the vertices of C,. Let 7: {0,1,...,n—1} — {0, 1,...,n— 1} be defined
as 7(0) =0 and t(i+ 1) = 7(i) + d; (modn). Here 7 is a corresponding permutation.
Let x; = vy for i =0,1,2,...n— 1 then {x0,x; ...x,—1} is an ordering of the vertices
of C,. Let us denote d(x;,x;11) = d;.

The color gap sequence is used to assign labels to the vertices of C,,. Let f be the la-
beling defined by f(xp) = 0 and for i > 1, f(x;+1) = f(x;) + fi. By definition of radio
labeling f; > d —d;+ 1 for all i. We adopt the scheme for distance gap sequence and

color gap sequence reported in [52] and proceed as follows.
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Case 1: n = 4k in this case diam(G) = 2k
Using the sequences given below we can generate the radio labeling of cycle C, for
n = 0(mod 4)with minimum span.

The distance gap sequence is given by

d, =2k if i is even
=k if i = 1(mod4)
=k+1 ifi=3(mod4)

and the color gap sequence is given by

fi =1 if i is even

=k+1 ifiisodd
Then fori =0,1,2,...k— 1 we have the following permutation,

T(4i) = 2ik +i(modn)

T(4i+1) =(2i+2)k+i(modn)
4i+2) =(2i+3)k+i(modn)

t(4i+3) = (2i+1)k+i(modn)

Now we add chords in cycle C, such that diameter of cycle remain unchanged. Label

the vertices of this newly obtained graph using above permutation. Suppose the new

distance between x; and x; 1 is d; (xi,xi1+1) then due to chords in the cycle it is obvious

that d; > d..

We define the color gap sequence as

fi=fi+(di—d),0<i<n—2

So, that span f for cycle with chords is

for it fua = fot it fooot faa T E(di—d))
= 1a(Cy) + E(d; — )
=(k+2)2k—1)+1+Y(di—d;). 0<i<n—2
which is an upper bound for radio number for cycle with arbitrary number of chords
when n = 4k.
Case 2: n = 4k +2 in this case diam(G) = 2k + 1

Using the sequences given below we can generate radio labeling of cycle C,, for
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n = 2(mod 4) with minimum span.

The distance gap sequence is given by

di =2k+1 1ifiiseven
=k+1 ifiisodd
and the color gap sequence is given by
fi =1 if i is even
=k+1 ifiisodd
Hence fori =0, 1,...2k, we have the following permutation,

7(2i) =i(3k+2) (modn)
t(2i+1) =i(3k+2)+2k+1 (modn)

Now we add chords in cycle C,, such that diameter of cycle remain unchanged. Label
the vertices of this newly obtained graph by using the above permutation. So, that span

f for cycle with chords is

fobfiot s =fotfitfrt fratE(di—d)
= 1u(Cn) +Z(di_dz/')
= 2k(k4+2)+14+Y(di—d). 0<i<n—2

which is an upper bound for radio number for cycle with arbitrary number of chords.
whenn =4k+2

Case 3: n = 4k + 1 in this case diam(G) = 2k

Using the sequences given below we can generate radio labeling of cycle C, for n =
1(mod 4) with minimum span.

The distance gap sequence is given by

dyi =da2=2k—1i

dgir1 =dgiz=k+1+i

and the color gap sequence is given by

fi=2k—d;+1
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Then we have

t(2i)  =i(3k+1) (modn),0 <i<2k
t(4i+1) =2(i+ 1k (modn),0<i<k—1
T(4i+3) =i+ 1)k (modn),0<i<k—1

Label the vertices of this newly obtained graph by using the above permutation. So, that

span of f/for cycle with chords is

fotfieotfua = fot fit fooot a2 T E(di—d))
=ra(Cp) + X(di — dz/)
=2k(k+ 1)+ ¥(di—d;). 0<i<n—2
which is an upper bound for radio number for cycle with arbitrary number of chords.
whenn =4k +1
Case 4: n = 4k + 3 in this case diam(G) = 2k + 1
Using the sequences below we can give radio labeling of cycle C, for n = 3(mod 4)
with minimum span.
The distance gap sequence is given by
dai = dsjiyo =2k+1—1
dgjp1 =k+1+1i
dyjr3=k+2+1i

and the color gap sequence is given by
fi =2k—di+2 ifi#3(mod4)
=2k—d;+3 otherwise

Then we have the following permutation,

7(4i) = 2i(k+1) (modn), 0<i<k
t(4i+1) =(+1)(2k+1) (modn), 0<i<k
t(4i+2) =Q2i—1)(k+1) (modn), 0<i<k
T(4i+3) =i(2k+1)+k (modn), 0<i<k—1,1<i<n—2

Label the vertices of this newly obtained graph by following the above permutation. So,

that span of f/for cycle with chords is
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fotfiootfoss =fotfit oot fuo+X(di—d;)
=1a(Co) + X(di — dl,)
= (k+2)(2k+ 1)+ ¥.(d; — d;)
which is an upper bound for radio number for cycle with arbitrary number of chords for

the cycle with chords.

Thus in all the possibilities we have obtained the upper bounds of the radio numbers. O

Ilustration 7.6.2. Consider the graph C, with 5 chords, the radio labeling is as shown

in Figure 7.12.

X,
0
Xs
3 X7
X3 R
X9
X.
11
X
ordinary labeling for cycle Radio labeling for cycle with
with chords chords for C12

FIGURE 7.12: ordinary and radio labeling for cycle with chords for C,

Theorem 7.6.3. Let G be n/2-petal graph then

-~

Proof. Let G be n/2-petal graph with vo, vy ...v,_ vertices of degree 3 and v,1 , v/2 Y

vertices of degree 2. Here v; is adjacent to v;;1 and v, is adjacent to vy.
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Case 1: n = 0(mod4) and diam(G) = |n/4| +2
First we label the vertices of degree 2. Let vll,v/2 . .v; be the vertices on the petals
satisfying the order define by following distance sequence.
dl/. = |n/4|+2ifiis even
= |n/4|+1ifiisodd
The color gap sequence for vertices on petals is defined as
fi, =1lifiiseven

=2 ifiis odd

Let v; be the vertex on the cycle C, such that d(vlp,vl) =|n/8]+1= d(v;fl,vl)

then label vy as f(vy) = f(v;) +diam(G) — |n/8]

Now for the remaining vertices of degree 3 we use the permutation defined for the cycle
C,, in case 1 of Theorem 7.6.1.

and the color gap sequence for the same vertices is defined as
fi=|n/4]+2,0<i<n-2

Then span of f =3p/2+n|n/4| —|n/8| —2n—2.

Which is an upperbound for the radio number of n/2-petal graph when n = 0(mod4).
Case 2: n = 2(mod4) and diam(G) = |n/4| +2

First we label the vertices of degree 2. Let vll,vl2 . ..v;, be the vertices on the petals
satisfying the order define by following distance sequence.

d(v;,viy,) = [n/4] +2

The color gap sequence for the vertices on the petals is defined as

fi=11<i<p

Let v; be the vertex on the cycle C, such that d(vlp, vi)=|n/8]+1= d(v;)fl,vl)

then label vy as f(v) = f(v;,) +diam(G) — |n/8|

Now for the remaining vertices of degree 3 we use the permutation defined for the cycle
C, in case 2 of Theorem 7.6.1.

and the color gap sequence for the same vertices is defined as
fi=|n/4]+2,0<i<n-2

Then span of f = p—1+4n|n/4| —|n/8] +2n.

Which is an upperbound for the radio number of n/2-petal graph when n = 2(mod4).

O
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Illustration 7.6.4. Consider the n/2-petal graph of Cs. The radio labeling is shown in

Figure 7.13.

Ordinary labeling for n/2-petal
graph of Cg

Radio labeling for n/2 - petal
graph of Cg

FIGURE 7.13: ordinary and radio labeling for a n/2-petal graph of Cg

Theorem 7.6.5.
( 2[(k+2)2k—1)+1]+k+1
(spl(Cy)) = 4 ZPKEFD Ik
2[2k(k+1)] +k+1
[

2[(k+2)(2k+1)] +k+1

0(mod4)
2(mod 4)
1(mod 4)
3(mod 4)

Proof. Let vll , vlz, v,3 e v; be the duplicated vertices corresponding to vy, va,v3...v,. As

d(vi,vj) =d(v;, vlj) and in order to obtain the labeling with minimum span we employ

twice the distance gap sequence, the color gap sequence and the permutation scheme

used in [52]. First we label the vertices of cycle and then their duplicated vertices.

Case 1: n = 4k(n > 4)then diam(G) = 2k

We first label the vertices v{,v2,v3...v, as according to Case 1 of Theorem 7.6.1 and

. / / / /
then we label the vertices v, v,,v5...v, as follows.

Define f(vlj) = f(vy—1) +k+ 1 where v/j be the vertex such that d(v,_1, vlj) =k

Now with permutation scheme used in Case 1 of Theorem 7.6.1 for cycle n = 0(mod 4)

!

label the duplicated vertices starting from v;
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Then ro(spl(Co))= fo+ fi+ fo- -+ froo+2k—k+ 1+ fo+ f1+-+fr,
As f;=fi, fori=0,1,2...n—2, then

ra(spl(Cy)) =2fo+2fi+2fr...+2fn o +k+1
=2[(k+2)(2k— 1)+ 1] +k+1

Case 2: n = 4k+2(n > 6) then diam(G) =2k + 1

We first label the vertices vi,v,v3...v, according to Case 2 of Theorem 7.6.1 and then
we label the vertices vll,v/z, v/3 . .v/n as follows.

Define f(vlj) = f(vy—1) + 1 where vlj be the vertex such that d(v,_1, v/]) =k+1

Now with permutation for cycle n = 2(mod4) used in Case 2 of Theorem 7.6.1 label
g

Then 7,y (spl(Cp))= fo+ fi+fore ot froa 42k 1 —k— 1+ 1+ fy+ fi 4+ f

As fi=f;, fori=0,1,2...n—2, then

the duplicated vertices starting from v

ra(spl(Cn))  =2fo+2f1+2f2...+2fn2+k+1
= 2[2k(k+2)+ 1] +k+1

Case 3: n =4k + 1(n > 5) then diam(G) = 2k

We first label the vertices vi,v,,v3...v, as defined in Case 3 of Theorem 7.6.1. Now
we label the vertices vll,v/z,v/3 .. .v;l as follows.

Define f(vlj) = f(vp—1) +k where v/j be the vertex such that d(vn,l,v/j) =k+1

Now with permutation for cycle n = 1(mod4) used in Case 3 of Theorem 7.6.1 label
J‘-
Then 7, (spl(C))= fo+ fi 4 fo- A fa-2 + 2k =k =1+ 14 fo - fi 4 f s

As fi=fi,fori=0,1,2...n—2, then

the duplicated vertices starting from v

ra(spl(Cn)) =2fo+2fi+2f2...+2f2+k+1
=2[2k(k+1)]+k+1
Case 4: n = 4k + 3(n > 3) then diam(G) = 2k + 1
We first label the vertices vi,v;,v3...v, as defined in Case 4 of Theorem 7.6.1. Now
we label the vertices \/1 , v'2, v'3 .. .v; as follows.
v/j be the vertex such that d(v,_1, vlj) =k+1
Define f(vlj) = f(vp—1) +k+ 1 where v/j be the vertex such that d(vn,l,vlj) =k+1

Now with permutation for cycle n = 3(mod4) used in Case 4 of Theorem 7.6.1 label
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i
Then rn(spl(Cn))zfo—l—ﬁ+f2...+fn72+2k+1—k—1+1+f(/)+f1+---+f,;,2

As fi=f;, fori=0,1,2...n—2, then

the duplicated vertices starting from v

ra(spl(Cn))  =2fo+2f1+2f2.. . +2fn2+k+1
=2[(k+2)2k+1)]+k+1
Thus in all the four possibilities we have determined radio number of graph G under

consideration. O

Ilustration 7.6.6. Consider the graph spl(Cjp). The radio labeling is shown in Figure
7.14.

Ordinary labeling for spl(C, ) Radio labeling for spl(C,,)

FIGURE 7.14: ordinary and radio labeling for spi(Cio)

Application 7.6.7. Above result can be applied for the purpose of expansion of existing
circular network of radio transmitters. By applying the concept of duplication of vertex
the number of radio transmitters are doubled and separation of the channels assigned
to the stations is such that interference can be avoided. Thus our result can play vital
role for the expansion of radio transmitter network without disturbing the existing one.
In the expanded network the distance between any two transmitters is large enough to

avoid the interference. Thus our result is useful for network expansion.
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.

2(k+2)(2k—1)+n+3 n=0(mod 4)
4k(k+2)+k+n+3 n=2(mod 4)
Theorem 7.6.8. r,(M(C,)) =
dk(k+1)+k+n n=1(mod4)
\ 2(k+2)(2k+1)+k+n+1 n=3(mod4)
Proof. Let uy,uy,...,u, be the vertices of the cycle C, and u/l,u/z, e ,uln be the newly

inserted vertices corresponding to the edges of C,, to obtain M(C,). In M(C,) the diam-
eter is increased by 1.

Here d(u;,u;) > d(u;, u;) forn=0,2(mod4) and d(u;,u;) = d(u;, u/]) forn=1,3(mod4).
Through out the discussion first we label the vertices u,us,...,u, and then newly in-
serted vertices u/l , ulz, e ,uln. For this purpose we will employ twice the permutation
scheme for respective cycle as in considered in Theorem 7.6.1.

Case 1: n = 4k in this case diam(M(C,)) = 2k+ 1

The distance gap sequence to order the vertices of original cycle C, is defined as follows

because f; + fir1 < fl/ —I—fl./H, for all i

di =2k+1 ifiiseven
=k+1 ifi=1(mod4)
=k+2 ifi=3(mod4)

The color gap sequence is defined as follows

fi =1 if i is even

=k+1 1fiisodd

Let u/1 be the vertex on the inscribed cycle such that d(uy, ull) =k+1land f=k+1
The distance gap sequence to order the vertices of the inscribed cycle C, is defined as

follows
d, =2k if i is even
=k if i =1(mod4)
=k+1 ifi=3(mod4)
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The color gap sequence is defined as follows

fi =2 if i is even
=k+2 ifi=1(mod4)
=k+1 ifi=3(mod4)
Thus in this case r,(M(Cy,)) =2(k+2)(2k—1)+n+3
Case 2: n = 4k +2 in this case diam(M(C,)) = 2k+2
The distance gap sequence to order the vertices of original cycle C,, is defined as follows

because f; + fir1 < fl/ —I—fl./H, for all i

d; =2k+2 ifiiseven
=k+3 if i is odd

and the color gap sequence is given by

fi =1 if i is even

=k+1 1ifiisodd

Let ull be the vertex on the inscribed cycle such that d(uy, ull) =k+1land f=k+2
The distance gap sequence to order the vertices of the inscribed cycle C, is defined as

follows
d; =2k+1ifiiseven

=k+1 1ifiisodd
and the color gap sequence is given by
fi/ =2ifiis even
=k+2 1ifiisodd
Thus r,(M(C,)) = 4k(k+2) +k+n+3
Case 3: n = 4k + 1 in this case diam(M(C,)) = 2k + 1
The distance gap sequence to order the vertices of original cycle C, is defined as follows

because f; + fir1 < fl/ -l—fi/H, for all i

dgi  =daipr=2k+1—1
dair1 =daipz=k+2+i
and the color gap sequence is given by
fi=Q2k+1)—di+1
Let ull be the vertex on the inscribed cycle such that d(u,, ull) =k+1land f=k+1
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The distance gap sequence to order the vertices of the inscribed cycle C, is defined as

follows

dy; =dsitr=2k—i
dair1 =daipz=k+1+i
and the color gap sequence is given by
fi =2k—d;+2
Thus in this case r,(M(C,)) = 4k(k+1)+k+n

Case 4: n = 4k + 3 in this case diam(M(C,)) = 2k +2

The distance gap sequence to order the vertices of original cycle C,, is defined as follows
because f; + fir1 < fl/ +fi/+1’ for all i

daj = dajyo =2k+2—1

dgir1 =dsin3=k+2+i

and the color gap sequence is given by

fi=2k—d;+3

Let u/l be the vertex on the inscribed cycle such that d(u,, ull) =k+2and f=k+1

The distance gap sequence to order the vertices of inscribed cycle C, is defined as fol-

lows

dyj = dairn = 2k +1—i
dgjiv1 =k+1+1i
dgjr3=k+2+1i

and the color gap sequence is given by
fi/ =2k—d;+3
Thus in this case r,(M(Cy,)) =2(k+2)(2k+1)+n

Thus the radio number is completely determined for the graph M(C,,). O
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Ilustration 7.6.9. consider the graph M(Cg). The radio labeling is shown in Figure
7.15.

Ordinary labeling for M(Cg) Radio labeling for M(Cyg)

FIGURE 7.15: ordinary and radio labeling of M(Cg)

Application 7.6.10. Above result is possibly useful for the expansion of existing radio
transmitters network. In the expanded network two newly installed nearby transmitters
are connected and interference is also avoided between them. Thus the radio labeling
described in above Theorem 7.6.8 is rigourously applicable to accomplish the task of

channel assignment for the feasible network.

7.6.11. The comparison between Radio numbers of Cy,, spl(C,) and M(C,) is tabulated
in the following Table 1.

Table 1 Comparison of radio numbers of Cy, spl(Cy,) and M(C;,)

n Radio number of Cn Radio number of spl(C,) Radio number of M(C,,)
0{mod 4) (k+2)(2k-1)+1 2[(k+2)(2k-1)+1]+k+1 2(k+2)(2k-1)+n+3
2(mod 4) 2k(k+2)+1 2[2k(k+2)+1]+k+1 4k(k+2)+k+n+3
1(m0d 4) 2k(k+1) 2[2k(k+1)]+k+1 4k(k+1)+k+n
3(mod 4) (k+2)(2k+1) 2[(k+2)(2k+1)]+k+1 2(k+2)(2k+1)+n
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7.7 Concluding Remarks and Scope of Further Research

The L(2,1)-labeling and the Radio labeling are the labelings which concern to
channel assignment problem. The lowest level of interference will make the enter-
tainment meaningful and enjoyable. The expansion of network is also demand of the
recent time. The investigations reported in this chapter will serve both of these pur-
poses. Our investigations can be applied for network expansion without disturbing the
existing network. To develop such results for various graph families is an open area of

research.



Bibliography

[1]

(2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

B D Acharya, S B Rao and S Arumugam, Embeddings and NP-Complete problems
for Graceful Graphs, in: Labeling of Discrete Structures and Applications (edited
by B D Acharya, S Arumugam and A Rosa), Narosa Publishing House, New Delhi
(2008), 57-62.

R E L Aldred and B D Mckay, Graceful and harmonious labelings of small trees,
ICA Bulletin, 23, (1998), 69-72.

M Andar, S Boxwala and N B Limaye, Cordial labelings of some wheel related
graphs, J. Combin. Math. Combin. Comput., 41, (2002), 203-208.

M Andar, S Boxwala and N B Limaye, A note on cordial labeling of multiple
shells, Trends Math., (2002), 77-80.

M Andar, S Boxwala and N B Limaye, New families of cordial graphs, J. Combin.
Math. Combin. Comput., 53, (2005), 117-154.

M Andar, S Boxwala and N B Limaye, On cordiality of the ¢-ply P;(u,v), Ars
Combin., 77, (2005), 245-259.

M V Bapat and N B Limaye, Some families of 3-equitable graphs, J. Combin.
Math. Combin. Comput., 48, (2004), 179-196.

J C Bermond, Graceful graphs, Radio antennae and French windmills, Graph The-
ory and Combinatorics, Pitman, London, (1979), 18-37.

G S Bloom and S W Golomb, Applications of numbered undirected graphs, Pro-
ceedings of IEEE, 165(4), (1977), 562-570.

155



References 156

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

C Bu, D Zhang and B He, k-gracefulness of C)', J. Harbin Shipbuilding Eng., 15,
(1994), 95-99.

I Cahit, Cordial graphs: A weaker version of graceful and harmonious graphs, Ars

Combinatoria, 23, (1987), 201-207.

I Cahit, On cordial and 3-equitable labelings of graphs, Util. Math., 37, (1990),
189-198.

I Cahit, Status of graceful tree conjecture in 1989, in: Topics in Combinatorics and
graph theory (edited by R Bodendiek and R Henn), Physica Verlag, Heidelberg
(1990).

G J Chang and D Kuo, The L(2,1) labeling on graphs, SIAM J. Disc. Math., 9,
(1996), 309-316.

G Chartrand, D Ervin, F Harary and P Zhang, Radio labeling of graphs, Bull, Inst.
Combin. Appl., 33, (2001), 77-85.

W C Chen, HI Lu and Y N Yeh, Operations of interlaced trees and graceful trees,
Southeast Asian Bull. Math., 21, (1997), 337-348.

S H Chiang, On L(d,1)-1abeling of cartesian product of a cycle and a path, Master

Thesis, Depatment of Mathematics, Aletheia University, Tamsui, Taipei, Taiwan.
J Clark and D A Holton, A first look at graph theory, Allied Publishers Ltd. (1995).

C Delorme, M Maheo, H Thuillier, K M Koh and H K Teo, Cycles with a chord
are graceful, J. Graph Theory, 4, (1980), 409—-415.

A Drake and T A Redl, On the enumeration of a class of non-graceful graphs,

Congressus Numerantium, 183, (2006), 175-184.

G M Du, Cordiality of complete k-partite graphs and some special graphs,
Neimenggu Shida Xuebao Ziran Kexue Hanwen Ban, (1997), 9-12.

R Figueroa-Centeno, R Ichishima and F Muntaner-Batle, Labeling the vertex

amalgamation of graphs, Discuss.Math.Graph Theory, 23, (2003), 129-1309.



References 157

[23] R Frucht, Graceful numbering of wheels and related graphs, Ann. N. Y. Acad. Sci.,
319, (1979), 219-229.

[24] J A Gallian, Labeling prisms and prism related graphs, Congr. Numer., 59, (1989),
89-100.

[25] J A Gallian, A dynamic survey of graph labeling, The Electronics Journal of Com-
binatorics, 17(§DS6), (2010), 1-246.

[26] J A Gallian, J Prout and S Winters, Graceful and Harmonious labelings of prisms
and related graphs, Ars Combin., 34, (1992), 213-222.

[271] M R Garey and D S Johnson, Computers and Intractability- A guide to the theory
of NP-Completeness, W.H.Freeman and Company (1979).

[28] J Georges and D Mauro, Generalized vertex labelings with a condition at distance

two, Congr. Numer., 109, (1995), 141-159.

[29] J P Georges and D M Mauro, On generalized Petersen graphs labeled with a con-
dition at distance two, Discrete Math., 259, (2003), 311-318.

[30] R B Gnanajothi, Topics in Graph Theory, Ph.D.Thesis, Madurai Kamraj Univer-
sity.

[31] C G Goh and C K Lim, Graceful numberings of cycles with consecutive chords,
(Unpublished).

[32] S W Golomb, How to number a graph, in: Graph Theory and Computing (edited
by R C Read), Academic Press, New York (1972), 23-37.

[33] R L Graham and N J A Sloane, On additive bases and harmonious graphs, SIAM
J. Alg. Disc. Math., 1, (1980), 382-404.

[34] J R Griggs and R K Yeh, Labeling graphs with a condition at distance two, SIAM
J. Disc. Math, 5, (1992), 586-595.

[35] J Gross and J Yellen, Graph theory and its applications, CRC press (1999).



References 158

[36] W K Hale, Frequency assignment: Theory and application, Proc.IEEE, 68, (1980),
1497-1514.

[37] F Harary, Graph theory, Addison-Wesley, Reading, Massachusetts (1969).

[38] T W Haynes, S T Hedetniemi and P J Slater, Fundamentals of Domination in
Graphs, Marcel Dekker, Inc. (1998).

[39] SM Hegde and P Shankaran, On Triangular Sum Labeling of Graphs, in: Labeling
of Discrete Structures and Applications (edited by B D Acharya, S Arumugam and
A Rosa), Narosa Publishing House, New Delhi (2008), 109-115.

[40] C Hoede and H Kuiper, All wheels are graceful, Util. Math., 14, (1987), 311.

[41] P K Jha, S Klavzar and A Vesel, L(2,1)-labeling of direct product of paths and
cycles, Discrete Applied Mathematics, 145, (2005), 317-325.

[42] D Jungreis and M Reid, Labeling grids, Ars Combin., 34, (1992), 167-182.

[43] V J Kaneria, S K Vaidya, G V Ghodasara and S Srivastav, Some classes of dis-
connected graceful graphs, in: Proceedings of the first International confrence on

emerging technologies and applications in engineering, technology and sciences

(edited by N N Jani and G R Kulkarni) (2008), 1050-1056.

[44] Q D Kang, Z H Liang, Y Z Gao and G H Yang, On the labeling of some graphs,
J. Combin. Math. Combin. Comput., 22, (1996), 193-210.

[45] K M Kathiresan, Subdivisions of ladders are graceful, Indian J. of Pure and Appl.
Math., 23, (1992), 21-23.

[46] K M Kathiresan and S Amutha, Fibonacci graceful graphs, Ars Combin., 97,
(2010), 41-50.

[47] M Kchikesh, R Khennoufa and O Togni, Radio k-labeling for cartesian products
of graphs, Discuss. Math. Graph Theory, 28, (2008), 165-178.

[48] K M Koh and N Punnim, On graceful graphs: cycle with 3 consecutive chords,
Bull. Malaysian Math. Soc., 5, (1982), 49-63.



References 159

[49] K M Koh, D G Rogers, H K Teo and K'Y Yap, Graceful graphs: some further
results and problems, Congr. Numer., 29, (1980), 559-571.

[50] D Kuo and J H Yan, On L(2,1)-labeling of cartesian produts of paths and cycles,
Discrete Math., 283, (2004), 137-144.

[51] S M Lee and A Liu, A construction of cordial graphs from smaller cordial graphs,
Ars Combin., 32, (1991), 209-214.

[52] D Liu and X Zhu, Multilevel distance labelings for paths and cycles, SIAM J.
Discrete Math, 19, (2005), 610-621.

[53] D D F Liu, Radio number for trees, Discrete mathematics, 308, (2008), 1153—
1164.

[54] D DF Liu and M Xie, Radio number of square cycles, Congr. Numer., 169, (2004),
105-125.

[55] J Ma and C J Feng, About the Bodendiek’s conjecture of graceful graphs, J. Math.
Research and Exposition, 4, (1984), 15-18.

[56] KJ Ma and C J Feng, On the gracefulness of gear graphs, Math. Practice Theory,
(1984), 72-73.

[57]1 N Punnim and N Pabhapote, On graceful graphs: cycles with a P,-chord, k > 4,
Ars Combin., 23A, (1987), 225-228.

[58] G Ringel, Problem 25, in: Theory of graphs and its applications, proc. of sympo-
sium smolenice 1963, Prague, (1964), 162.

[59] A Rosa, On certain valuation of the vertices of a graph, Theory of graphs (Internat.
Symposium, Rome, July 1966), (1967), 349-355.

[60] M A Seoud and A E I A Magsoud, On 3-equitable and magic labelings, preprint.

[61] M A Seoud and A E I A Magsoud, On cordial and balanced labelings of graphs,
J. Egyptian Math. Soc., 7, (1999), 127-135.



References 160

[62] M A Seoud and M Z Youssef, On harmonious graphs of order 6, Ars Combin., 65,
(2002), 155-176.

[63] G Sethuraman and P Selvaraju, Gracefulness of arbitrary supersubdivisions of

graphs, Indian J. pure appl. Math., 32(7), (2001), 1059-1064.

[64] B Sooryanarayana, M Visnukumar and K Manjula, Radio number of cube of a

path, International J. Math. Combin., 1, (2010), 05-29.

[65] M Sundaram, R Ponraj and S Somasundaram, Prime cordial labeling of graph, J.

Indian Acad. Math., 27(2), (2004), 373-390.

[66] M Sundaram, R Ponraj and S Somasundaram, Some results on total Product cor-

dial labeling of graphs, Journal of Indian Acad. Math., 28(2), (2006), 309-320.

[67] M Sundaram, R Ponraj and S Somsundaram, Total product cordial labeling of
graphs, Bull. Pure and applied seciences(Mathematics and Statistics), 25(E),
(2006), 199-203.

[68] M Truszczynski, Graceful unicyclic graphs, Demonstatio Mathematica, 17,
(1984), 377-387.

[69] S K Vaidya and D D Bantva, The L(2,1)-labeling of some middle graphs, Journal
of Applied Computer Science ande Mathematics, 9(4), (2010), 104—-107.

[70] S K Vaidya and D D Bantva, Labeling cacti with a condition at distance two, LE
Mathematiche, 66(1), (2011), 29-36.

[71] S K Vaidya and N A Dani, Some new star related graphs and their cordial as well
as 3-equitable labeling, Journal of Sciences, 1(1), (2010), 111-114.

[72] S K Vaidya, N A Dani, K K Kanani and P L Vihol, Cordial and 3-equitable labeling
for some shell related graphs, Journal of Scientific Research, 3(1), (2009), 438—
449.

[73] S K Vaidya, N A Dani, K K Kanani and P L Vihol, Cordial and 3-equitable labeling
for some star related graphs, International Mathematical Forum, 4(31), (2009),
1543-1553.



References 161

[74]

[75]

[76]

[77]

[78]

[79]

[80]

[81]

[82]

S K Vaidya, N A Dani, K K Kanani and P L Vihol, Some Wheel related 3-equitable
graphs in the context of vertex duplication, Advances and Applications in Discrete

Mathematics, 1(4), (2009), 71-85.

S K Vaidya, N A Dani, K K Kanani and P L Vihol, Cordial and 3-equitable label-
ing for some wheel related graphs, International Journal of Aplied Mathematics,

2(41), (2011), 99-105.

S K Vaidya, G V Ghodasara, S Srivastav and V J Kaneria, Cordial labeling for two
cycle related graphs, The Mathematics Student, J. of Indian Mathematical Society,
76, (2007), 237-246.

S K Vaidya, K K Kanani, S Srivastav and G V Ghodasara, Barycentric subdi-
vision and cordial labeling of some cycle related graphs, in: Proceedings of the
first International confrence on emerging technologies and applications in engi-
neering, technology and sciences (edited by N N Jani and G R Kulkarni) (2008),
1081-1083.

S K Vaidya, V J Kaneria, S Srivastav and N A Dani, Gracefulness of union of two
path graphs with grid graph and complete bipartite graph, in: Proceedings of the
first International confrence on emerging technologies and applications in engi-
neering, technology and sciences (edited by N N Jani and G R Kulkarni) (2008),
616-619.

S K Vaidya, U M Prajapati and P L Vihol, Some important results on triangular
sum graphs, Applied Mathematical Sciences, 3(36), (2009), 1763-1772.

S K Vaidya, S Srivastav, G V Ghodasara and V J Kaneria, Cordial labeling for
cycle with one chord and its related graphs, Indian J. of Math. and Math.Sci, 4(2),
(2008), 145-156.

S K Vaidya, G V G Sweta, Srivastav and V J Kaneria, Some new cordial graphs,
Int. J. of scientific copm., 2(1), (2008), 81-92.

D B West, Introduction to graph theory, 2nd ed., Prentice-Hall of India Pvt Ltd
(2006).



References 162

[83] M Whittlesey, J Georges and D W Mauro, On the A-number of Q, and related
graphs, SIAM J. Disc. Math, 8, (1995), 499-506.

[84] M Z Youssef, A necessary condition on k-equitable labelings, Util. Math., 64,
(2003), 193-195.



List of Symbols

|B| Cardinality of set B.

C, Cycle with n vertices.

C,.OK; Crown graph.

C,Sk) One point union of k copies of Cycle C,,.
D, (G) Shadow graph of G.

diam(G) Diameter of G.

E(G)orE Edge set of graph G.
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Abstract

Let G = (V, E) be a graph with p vertices an ¢ edges. A graph G is
said to admit a triangular sum labeling if its vertices can be labeled
by non-negative integers such that induced edge labels obtained by the
sum of the labels of end vertices are the first ¢ triangular numbers. A
graph G which admits a triangular sum labeling is called a triangular
sum graph. In the present work we investigate some classes of graphs
which does not admit a triangular sum labeling. Also we show that
some classes of graphs can be embedded as an induced subgraph of a
triangular sum graph. This work is a nice composition of graph theory
and combinatorial number theory.
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We begin with simple, finite, connected, undirected and non-trivial
graph G = (V, E), where V is called the set of vertices and FE is called the
set of edges. For various graph theoretic notations and terminology we follow
Gross and Yellen [3] and for number theory we follow Burton [1]. We will give
brief summery of definitions which are useful for the present investigations.
Definition 1.1  If the vertices of the graph are assigned values, subject to
certain conditions is known as graph labeling.

For detail survey on graph labeling one can refer Gallian [2]. Vast amount
of literature is available on different types of graph labeling and more than
1000 research papers have been published so far in last four decades. Most
interesting labeling problems have three important ingredients.

e a set of numbers from which vertex labels are chosen.
e a rule that assigns a value to each edge.
e a condition that these values must satisfy.

The present work is aimed to discuss one such labeling known as triangular
sum labeling.

Definition 1.2 A triangular number is a number obtained by adding all
positive integers less than or equal to a given positive integer n. If n' trian-

1
gular number is denoted by 7;, then T;, = in(n +1). It is easy to observe that

there does not exist consecutive integers which are triangular numbers.
Definition 1.3 A triangular sum labeling of a graph G is a one-to-one
function f : V. — N ( where N is the set of all non-negative integers) that
induces a bijection f*: E(G) — {T1,T5,---,T,} of the edges of G defined by
fH(uv) = f(u)+ f(v), Ve = uwv € E(G). The graph which admits such labeling
is called a triangular sum graph. This concept was introduced by Hegde and
Shankaran [4]. In the same paper they obtained a necessary condition for an
Eulerian graph to admit a triangular sum labeling. Moreover they investigated
some classes of graphs which can be embedded as an induced subgraph of a
triangular sum graph. In the present work we investigate some classes of graphs
which does not admit a triangular sum labeling.

Definition 1.4  The helm graph H, is the graph obtained from a wheel
W, = C, + K; by attaching a pendant edge at each vertex of C,.
Definition 1.5 The graph G = < W, : W, > is the graph obtained by
joining apex vertices of wheels W,, and W,, to a new vertex x. ( A vertex
corresponding to K in W,, = C,, + K is called an apex vertex.)

Definition 1.6 A chord of a cycle C,, is an edge joining two non-adjacent
vertices of cycle C,,.

Definition 1.7 Two chords of a cycle are said to be twin chords if they
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form a triangle with an edge of the cycle C,.

2. Main Results

Lemma 2.1 In every triangular sum graph G the vertices with label 0 and 1
are always adjacent.

Proof: The edge label 77 = 1 is possible only when the vertices with label 0
and 1 are adjacent.

Lemma 2.2 In any triangular sum graph G, 0 and 1 cannot be the label of
vertices of the same triangle contained in G.

Proof: Let ag,a;, and as be the vertices of a triangle. If ay and a; are
labeled with 0 and 1 respectively and as is labeled with some x € N, where
x # 0,2z # 1. Such vertex labeling will give rise to edge labels with 1, x, and
x + 1. In order to admit a triangular sum labeling, x and z 4+ 1 must be
triangular numbers. But it is not possible as we have mentioned in Definition
1.2

Lemma 2.3 In any triangular sum graph GG, 1 and 2 cannot be the labels of
vertices of the same triangle contained in G.

Proof: Let ag, a1, as be the vertices of a triangle. Let ag and ay are labeled with
1 and 2 respectively and a, is labeled with some x € N, where © # 1,z # 2.
Such vertex labeling will give rise to edge labels 3,241, and x+2. In order to
admit a triangular sum labeling,  + 1 and x + 2 must be triangular numbers,
which is not possible due to the fact mentioned in Definition 1.2.

Theorem 2.4 The Helm graph H, is not a triangular sum graph.

Proof: Let us denote the apex vertex as c;, the consecutive vertices adjacent
to ¢; as vy, vq, -+ ,vU,, and the pendant vertices adjacent to vy, vs,--- , v, as
Uy, Ug, « + -, Uy, respectively. If possible H, admits a triangular sum labeling
f:V — N, then we consider following cases:

Case 1: f(c;) =0.

Then according to Lemma 2.1, we have to assign label 1 to exactly one
of the vertices from vy, vs, - ,v,. Then there is a triangle having the
vertices with labels 0 and 1 as adjacent vertices, which contradicts the
Lemma 2.2.

Case 2: Any one of the vertices from vy, v, - - - , v, is labeled with 0. Without
loss of generality let us assume that f(v;) = 0. Then one of the vertices
from ¢y, vo, v, u; must be labeled with 1. Note that each of the vertices
from ¢y, v9, v, up is adjacent to v;.

Subcase 1: If one of the vertices from ¢, vo, v, is labeled with 1. In
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each possibility there is a triangle having two of the vertices with
labels 0 and 1, which contradicts the Lemma 2.2.

Subcase 2: If f(u;) =1 then the edge label T, = 3 can be obtained by
vertex labels 0, 3 or 1, 2. The vertex with label 1 and the vertex
with label 2 cannot be adjacent as u; is a pendant vertex having
label 1 and it is adjacent to the vertex with label 0. Therefore one
of the vertices from vy, v, c; must receive the label 3. Thus there
is a triangle whose two of the vertices are labeled with 0 and 3. Let
the third vertex be labeled with x, with x # 0 and x # 3. To admit
a triangular sum labeling 3, x,x + 3 must be distinct triangular
numbers. i.e. x and x+ 3 are two distinct triangular numbers other
than 3 having difference 3, which is not possible.

Case 3: Any one of the vertices from uq, uo, - - - , u, is labeled with 0. Without
loss of generality we may assume that f(u;) = 0. Then according to
Lemma 2.1, f(v;) = 1. The edge labels To = 3 can be obtained by
vertex labels 0, 3 or 1, 2. The vertex with label 0 and the vertex with
label 3 cannot be the adjacent vertices as u; is a pendant vertex having
label 0 and it is adjacent to the vertex with label 1. Therefore one of the
vertices from wvq, v, c; must be labeled with 2. Thus we have a triangle
having vertices with labels 1 and 2 which contradicts the Lemma 2.3.

Thus in each of the possibilities discussed above, H,, does not admits a trian-
gular sum labeling.
Theorem 2.5 If every edge of a graph G is an edge of a triangle then G is
not a triangular sum graph.
Proof: If G admits a triangular sum labeling then according to Lemma 2.1
there exists two adjacent vertices having labels 0 and 1 respectively. So there
is a triangle having two of the vertices labeled with 0 and 1, which contradicts
the Lemma 2.2. Thus GG does not admit a triangular sum labeling.

Following are the immediate corollaries of the previous result.
Corollary 2.6 The wheel graph W, is not a triangular sum graph.
Corollary 2.7 The fan graph f, = P,,_1 + K is not a triangular sum graph.
Corollary 2.8 The friendship graph F,, = nKj3 is not a triangular sum graph.
Corollary 2.9 The graph g, (the graph obtained by joining all the vertices of
P, to two additional vertices) is not a triangular sum graph.
Corollary 2.10 The flower graph (the graph obtained by joining all the pen-
dant vertices of helm graph H,, with the apex vertex) is not a triangular sum
graph.
Corollary 2.11 The graph obtained by joining apex vertices of two wheel
graphs and two apex vertices with a new vertex is not a triangular sum graph.
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Theorem 2.12 The graph < W, : W,,, > is not a triangular sum graph.

Proof: Let G =< W,, : W,, >. Let us denote the apex vertex of W,, by ug
and the vertices adjacent to ug of the wheel W), by uy,us, -+, u,. Similarly
denote the apex vertex of other wheel W,,, by vy and the vertices adjacent to vg
of the wheel W,,, by vy, v9,--- ,v,,. Let w be the new vertex adjacent to apex
vertices of both the wheels. If possible let f : V' — N be one of the possible
triangular sum labeling. According to the Lemma 2.1, 0 and 1 are the labels
of any two adjacent vertices of the graph G, we have the following cases:

Case 1: If 0 and 1 be the labels of adjacent vertices in W, or W,,,, then there
is a triangle having two of the vertices labeled with 0 and 1. Which
contradicts the Lemma 2.2.

Case 2: If f(w) = 0 then according to Lemma 2.1 one of the vertex from
up and vy is labeled with 1. Without loss of generality we may assume
that f(ug) = 1. To have an edge label T, = 3 we have the following
possibilities:

Subcase 2.1: One of the vertices from uy,us, - ,u, is labeled with
2. Without loss of generality assume that f(u;) = 2, for some
i€ {1,2,3--- ,n}. In this situation we will get a triangle having
two of its vertices are labeled with 1 and 2, which contradicts the
Lemma 2.3.

Subcase 2.2: Assume that f(vy) = 3. Now to get the edge label T3 = 6
we have the following subcases:

Subcase 2.2.1: Assume that f(u;) = 5, forsomei € {1,2,3,--- ,n}.
In this situation we will get a triangle with distinct vertex la-
bels 1,5 and x. Then x + 5 and = + 1 will be the edge labels
of two edges with difference 4. It is possible only if = 5, but
xr # 5 as we have f(u;) = 5.

Subcase 2.2.2: Assume that 2 and 4 are the labels of two adjacent
vertices from one of the two wheels. So there exists a triangle
whose vertex labels are either 1,2, and 4 or 3,2, and 4. In either
of the situation will give rise to an edge label 5 which is not a
triangular number.

Case 3: If f(w) = 1 then one of the vertex from ug and vy is labeled with 0.
Without loss of generality assume that f(ug) = 0. To have an edge label
3 we have the following possibilities:

Subcase 3.1: If f(u;) = 3 for some i € {1,2,3,---,n}. Then there
is a triangle having vertex labels as 0,3, x, with x # 3. Thus we
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have two edge labels x + 3 and x which are two distinct triangular
numbers having difference 3. So x = 3, which is not possible as

x # 3.
Subcase 3.2: Assume that f(vg) = 2. Now to obtain the edge label

T3 = 6 we have to consider the following possibilities:

(i) 6=64-0; (i) 6=5+1; (iil) 6=4+2.

(i) If 6 = 6 + 0 then one of the vertices from u, ug, - - -, u, must
be labeled with 6. Without loss of generality we may assume
that f(u;) = 6 for some i € {1,2,3,--- ,n}. In this situation
there are two distinct triangles having vertex labels 0, 6, z and
0,6, y, for two distinct triangular numbers x and y each of which
are different from 0 and 6. Then z + 6 and z are two distinct
triangular numbers having difference 6. This is possible only
for x = 15. On the other hand y + 6 and y are two distinct
triangular numbers having difference 6. Then y = 15. ( The
x =y = 15 which is not possible as f is one-one)

(ii) If 6 =5+1 and f(w) = 1, then in this situation label of one of
the vertex adjacent to w must be 5. This is not possible as w
is adjacent to the vertices whose labels are 0 and 2.

(iii) If 6 = 2+44. In this case one of the vertices from vy, v, - -+ | vy, 18
labeled with 4. Assume that f(v;) = 4, forsomei € {1,2,3,--- ,m}.
In this situation there is a triangle having vertex labels 2,4 and
x (where x is a positive integer with x # 2,z # 4.)
Then 4+ and 2+x will be the edge labels of two edges i.e. 4+x
and 2+ x are two distinct triangular numbers with difference 2
which is not possible.

Thus we conclude that in each of the possibilities discussed above the graph
GG under consideration does not admit a triangular sum labeling.

4. Embedding of some Triangular sum graphs

Theorem 4.1 Every cycle can be embedded as an induced subgraph of a
triangular sum graph.

Proof: Let G = C,, be a cycle with n vertices. We define labeling f : V(G) —
N as follows such that the induced function f* : E(G) — {T},T3,...T,} is
bijective.

f(v1) =0

f(v2) =6

fi) =Tipo — f(vim1);3<i<n—1

f(on) = Ty, 1)1
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Now let A = {T},T>... T,} be the set of missing edge labels. i.e. Elements
of set A are the missing triangular numbers between 1 and Ty, ,)-1. Now
add r pendent vertices which are adjacent to the vertex with label 0 and label
these new vertices with labels 77,75 ... T,. This construction will give rise to
edges with labels T, 75, ... T, such that the resultant supergraph H admits
triangular sum labeling. Thus we proved that every cycle can be embedded as
an induced subgraph of a triangular sum graph.

Example 4.2 In the following Figure 4.1 embedding of C5 as an induced
subgraph of a triangular sum graph is shown.

Figure 4.1

Theorem 4.3 Every cycle with one chord can be embedded as an induced
subgraph of a triangular sum graph.

Proof: Let G = (), be the cycle with one chord. Let e = vyv, be the chord of
cycle C,,.We define labeling as

We define labeling f : V(G) — N as follows such that the induced function
[t E(G) — {T1,Ts,...T,} is bijective.

f(v1) =0
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Now follow the procedure described in Theorem 4.1 and the resultant super-
graph H admits triangular sum labeling. Thus we proved that every cycle with
one chord can be embedded as an induced subgraph of a triangular sum graph.
Example 4.4 In the following Figure 4.2 embedding of Cy with one chord as
an induced subgraph of a triangular sum graph is shown.

15 (
(j =3 105

Figure 4.2

Theorem 4.5 Every cycle with twin chords can be embedded as an induced
subgraph of a triangular sum graph.

Proof: Let G = (), be the cycle with twin chords. Let e; = vy, and
e1 = vvgp1be two chords of cycle C,.We define labeling f : V(G) — N
as follows such that the induced function f*: E(G) — {1\, T3, ... T,} is bijec-
tive.

f(Ul):O
f(v2) =6
V) =Tipo — f(0;21)3<i<k—1

Now following the procedure adapted in Theorem 4.1 the resulting supergraph
H admits triangular sum labeling.i.e.every cycle with twin chords can be em-
bedded as an induced sub graph of a triangular sum graph.
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Example 4.6 In the following Figure 4.3 embedding of (s with twin chord
as an induced subgraph of a triangular sum graph is shown.

Figure /.3

5. Concluding Remarks

As every graph does not admit a triangular sum labeling, it is very interesting
to investigate classes of graphs which are not triangular sum graphs and to
embed classes of graphs as an induced subgraph of a triangular sum graph.
We investigate several classes of graphs which does not admit triangular sum
labeling. Moreover we show that cycle, cycle with one chord and cycle with
twin chords can be embedded as an induced subgraph of a triangular sum
graph. This work contribute several new result to the theory of graph labeling.
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Abstract

The aim of this work is to discuss total product cordial graphs in the
context of various graph operations, We prove that duplicating the vertices

of cycle C, altogether produces a total product cordial graph. We also
prove that the total graph of C,. one point union of k-copies of C, and
the middle graph of €, admit total product cordial labeling. In addition to

this, we show that the graph known as star of cycle and the graph obtained

by switching of a vertex in cycle C,, are total product cordial graphs.
1. Introduction

Throughout this work, graph G = (VF(G), E(G)), we mean a finite, connected
and undirected graph without loops or multiple edges. For terminology and standard
notations, we follow Harary [3]. We will give a brief summary of definitions which
are prerequisites for the present investigations.
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Definition 1.1. Duplication of a vertex Vi of graph G produces a new graph

G' by adding a vertex v} with N(ve) = N(vg).

In other words, a vertex v is said to be duplication of v if all the vertices

which are adjacent to v; are now adjacent to v also.

Definition 1.2. The middie graph M(G) of a graph G is the graph whose vertex
setis V(G)U E£(G) and in which two vertices are adjacent if and only if either they
are adjacent edges of G or one is a vertex of G and the other is an edge incident with
it.

Definition 1.3. The rotal graph T(G) ofa graph G is the graph whose vertex set
is V(G)U E(G) and two vertices are adjacent whenever they are either adjacent or
incident in G.

Definition 1.4 (Vaidya et al. [6]). A graph obtained by replacing each vertex of
a star Ky, by a graph G is called star of G denoted as G'. By the central graph in

G', we mean the graph which replaces the apex vertex of K .

Definition 1.5. A one point union C!, of t copies of cycles is the graph obtained

by taking v as a common vertex such that any two cycles C,i, and C,{ (i # j) are

edge disjoints and do not have any vertex in common except v.

Definition 1.6. A friendship graph F, is a one point union of 7 copies of cycle
Cs.

Definition 1.7. A vertex switching G, of a graph G is the graph obtained by

taking a vertex v of G, removing all the edges incident to v and adding edges joining

v to every other vertex which are not adjacent to v in G.

Definition 1.8. If the vertices of the graph are assigned values subject to certain

conditions, then it is known as graph labeling.

Definition 1.9. Let G = (V(G), £(G)) be a graph. A mapping f : V(G) —
{0, 1} is called binary vertex labeling of G and S(v) is called the label of vertex v
of G under £,
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For an edge e = uv, the induced edge labeling /™ : E(G) — {0, 1} is given by
()= fu) f(v). Let v7(0), v (1) be the number of vertices of G having labels 0

and 1, respectively, under /and let e7(0), es(1) be the number of edges of G having
labels 0 and 1, respectively, under /.

Sundaram et al. [4] defined product cordial labeling, in which the edge receives
the label as the product of the labels of two end vertices unlike the difference in
cordial labeling introduced by Cahit [1]. Sundaram et al. [5] introduced the concept
of total product cordial labeling of graph as follows and investigated several results.

Definition 1.10. A rotal product cordial labeling of a graph G is a function
f:(V(G)U E(G)) - {0, 1} such that f(xp) = f(x)f(y), where x, y e V(G),
xy € E(G) and the total number of 0 and 1 are balanced. That is, if v,(i) and er (i)
denote the set of vertices and edges, which are labeled as i for i = 0, 1, respectively,

then |(v;(0) + er(0)) — (v, (1) + e;(1))| < 1. If there exists a total product cordial

labeling of a graph G, then we call G is fotal product cordial graph. For the
literature on total product cordial labeling, we refer to ‘A dynamic survey of graph

labeling” by Gallian [2] and relevant references given in it.
There are three types of problems that can be considered in this area:
1. How total product cordiality is affected under various graph operations;

2. Construct new families of total product cordial graphs by investigating
suitable labeling;

3. Given a graph theoretic property P, characterize the class of graphs with
property P that is total product cordial.

The present work is intended to discuss the problems of the types (i) and (ii).

2. Main Results

Theorem 2.1. The graph obtained by duplicating vertices of cycle C,, altogether

is total product cordial.

Proof. Let v, v5. .... v;, be the duplicated vertices corresponding to v, Vs o 1

of cycle C,, and C), be the graph resulted due to duplication of vertices.
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Todefine f: (V(C,) U E(C},)) - {0, 1}, we consider following two cases:
Case 1. 7 is even.

We label the vertices as follows:

Using above patiern, we have

v(0)+ep(0) = v 1)+ ep(l) = 5_2'1'

Case 2. n is odd.

We label the vertices as follows:

il =l = = el
f(va) = 0.
Using above pattern, we have

v(0)+er(0) +1=vp(l) +e,(1) = 5n27 .

Thus, the graph C;, satisfies the condition | (v (0) + er(0) = (vp()+ep(1))] < 1.

That is, C,, is total product cordial graph.

Nlustration 2.2. In the following Figure 2.1, total product cordial labeling of

C5 is shown:
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Figure 2.1. C and its total product cordial labeling.
Theorem 2.3. T(C,) is total product cordial graph.

Proof. Let v, vy, ..., v, be the vertices of cycle C,, and ¢, ¢, ..., €, be the

vertices in T(C),) corresponding to the edges ey, e, ..., e, in C,,.
To define 1 : F(7(C,)) U E(T(C,)) — {0, 1}, we consider following two cases:
Case 1. n is even.

We label the vertices as follows:

J)=1 Z<i<n

Case 2. 18 odd.

We label the vertices as follows:

fle)=1, 1<is< H e

L
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In view of the labeling pattern defined above, we have
vr(0)+er(0) = vi() +ep(l) = 3n.
Thus, we conclude that the graph 7'(C,,) satisfies the condition
| (v£(0) + er(0)) = (v,(1) + e-D)=1
Hence, fis a total product cordial labeling of (@

INustration 2.4. The total product cordial labeling of graph 7'(Cg) is shown in
Figure 2.2:

Figure 2.2. T(Cg) and its total product cordial labeling.

Theorem 2.5. The star of cycle C,, admits total product cordial labeling.

Proof. Let v|, v5, ..., v, be the vertices of central cycle C, and v;; be the

vertices of cycle C;',-, where 1 < j <#n, which are adjacent to the ith vertex of
central cycle C,,.

To define f : (F(C;,) U E(C},)) — {0, 1}, we consider following two cases:

Case 1. n 1s even.
We label the vertices as follows:

fy)=1 1<i<n
foy)=1 1= 755,

flv;)=0, ; +1< j<n
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Using above pattern, we have

ve(0)+es(0) = vp(l) +ep(l) = o 37”

Case 2. n 1s odd.

We label the vertices as follows:

flvy) =1,

Using above pattern, we have

vr(0)+er(0)=v (1) +e,(1)+1= 2{% ! EJ Rl

Thus |(v/(0) + er(0) = (ve(M) +ep(1))] < 1.

Hence, /s a total product cordial labeling for the graph star of cycle.

Hlustration 2.6. The total product cordial labeling for the star of cycle C; is
shown in Figure 2.3:

Figure 2.3. Total product cordial labeling for star of cycle C;.
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Theorem 2.7. The one point union of k copies of cycle C, admits total product
cordial labeling.

Proof. Let v;; be the ith vertex of jth copy of cycle C;. Let v be the common

vertex of all the cycles. Then without loss of generality, we start the label assignment
from v,.

To define f : (V{C‘ff ) U E( C‘f,‘ )) = {0, 1}, we consider following four cases;

Case 1. ne N(n =3) and kis even.

) =1

. _——
il =L S5
: k ; :
f(vi,,)=0, ?"rlgjgk, 2S?SI’1

In view of the labeling pattern defined above, we have

v(0) + e_/-(_()) +1=ve(1)+ ef(l) = Oy
Case 2. n >3 is even, k is odd.

) =1,
=SS e VJ DRi<H,

fvi) =0,

fy)=0, j=k-1, §+15f5n
flv)=1 j=k,

flvy)=0, j=k 2<i<n,
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In view of the labeling pattern defined above, we have
vr(0) + er(0)+1=vp(l)+ er(l) = 2;1[5J - [EJ + n.

Case 3. n >3 isodd, kis odd.
f(Vl) =1,

fv) =0, 'f}—‘ i< 7R ] 2<ie

-

+2<i<n

5 n
f)=0 j=k |3
In view of the labeling pattern defined above, we have

ve(0)+er(0)+ 1= ve(l)+ el/-(l) = 2nng - V%J +L%J + n; . >

Thus in all the four cases, | (v,(0) + er(0) = (v (1) + exf=1.
Hence, the graph obtained by one point union of copies of cycle admits total
product cordial labeling.

Mlustration 2.8. In the following Figure 2.4, the one point union of three copies
of eycle Cy and its total product cordial labeling are as shown in Figure 2.4:

Figure 2.4. Total product cordial labeling for the one point union of three copies of

cycle Cg.
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Corollary 2.9. Friendship graph F,, admits total product cordial labeling.

The proof is obvious from the Cases 2 and 4 of the above Theorem 2.7,

Theorem 2.10. M(C,,) is total product cordial graph.

Proof. Let v;, vy, ..., v, be the vertices of cycle C, and e, €), ..., €, be the
vertices in M(C,,) corresponding to the edges ey, e, ..., €, in C,.

To define f : F(M(C,))U E(M(C,)) — {0, 1}, we consider following two
cases:

Case 1. nnis even.

RSN = <

1A
(ST

fleyq) =0, 1s1

~

fley)=1, 1<i<

(]|

Using above pattern, we have
; ( S5n
vi(0) +ep(0) = vp(1) +ep(l) = 5~

Case 2. n is odd.
=il S

fy)=0 i=mn,

_f(e’zl-,]):l, 1<i=<

n
—E“J +1,
n

fley)=0, 1<i<

Using above pattern, we have

vf(O) a0l ve(l)+ ep(l)+1=2n+

%J e b
In view of the above defined pattern, M(C,) satisfies the condition

(v (0)+ € (0)) ~ (v (1) + ef ()| < 1.
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Hence, M(C,) admits total product cordial labeling.

Mlustration 2.11. In the following Figure 2.5, total product cordial labeling for
M(Cy) is shown:

0 0

1 1

| 1

| 1

0 0

1 1
1

Figure 2.5. Total product cordial labeling for M (Cy).

Theorem 2.12. The graph obtained by switching of an arbitrary vertex in cycle

C,, admits total product cordial labeling.

Proof. Let vy, v,, ..., v, be the successive vertices of C,,. Then G, denotes the

vertex switching of G with respect to the vertex v of G. Without loss of generality,

let the switched vertex be v, and we initiate the labeling from this switched vertex v.
To define f : (V(G,, )U E(G,, ) — {0, 1}, we consider following four cases:

Casel.niseven, n=2k, k=3,5 7,9, ..

fw)=0,
fv)=1 2<isz+],
n
) =0, 1<i<|
/[lgﬂﬂ'} : L‘l
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Using above pattern, we have
vj-((]) +es(0) = v.,-(l) - e_f-(l) +1l=n+ EL%J —1.

Case2.niseven, n =2k, k=4, 6,8, ...

fn) =0,

Using above pattern, we have

(O8]
=

vr(0)+e (0)+1=v,(1)+es(1) =

™

Case 3. »n is odd.

)=

Using above pattern, we have
n
v_’,‘(()) gy {0) = vy (1) + e_',-(]) = ?{EJ —1.

Thus, G, satisfies the condition |(v",-(0) +ep(0))~ (vr()+ep(l)) i< [N ence: Gy,
admits total product cordial labeling.

Case 4. The vertex switching of cycle C4 is an acyclic graph and its total

product cordial labeling is given in following Figure 2.6:
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0

Figure 2.6. Total product cordial labeling for a vertex switching of Cj.

Ilustration 2.13. In the following Figure 2.7, the graph obtained by switching

of a vertex in cycle (7 and its total product cordial labeling are shown:

1

Figure 2.7. Vertex switching in C}, and its total product cordial labeling.

3. Concluding Remarks

Labeling of discrete structure is the potential area of research due to its
diversified applications. We discuss here total product cordial labeling in the context
of some graph operations. We contribute six new results to the theory of total
product cordial labeling. This work is an effort to provide total product cordial
labeling for the graphs resulted from the graph operations on given graphs.
Analogous resulls can be investigated for various families of graph and for different

graph labeling problems.
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Abstract
We present here prime cordial labeling for the graphs obtained by some graph operations on given graphs.
Keywords: Prime cordial labeling, Total graph, Vertex switching
1. Introduction

We begin with simple, finite, connected and undirected graph G = (V(G),E(G)). For all standard terminology and
notations we follow (Harary F., 1972). We will give brief summary of definitions which are useful for the
present investigations.

Definition 1.1 If the vertices of the graph are assigned values subject to certain conditions then it is known as
graph labeling.

For a dynamic survey on graph labeling we refer to (Gallian J., 2009). A detailed study on variety of applications
of graph labeling is reported in (Bloom G. S., 1977, p. 562-570).

Definition 1.2 Let G be a graph. A mapping f: V (G) — {0, 1} is called binary vertex labeling of G and f (v) is
called the label of the vertex v of G under f.

For an edge e = uv, the induced edge labeling - E (G) — {0, 1} is given by f'(e) =|f (u) — £ (v)|. Let vr(0), vy
(1) be the number of vertices of G having labels 0 and 7 respectively under f'while e, (0), e, (1) be the number of
edges having labels 0 and I respectively under 1",

Definition 1.3 A binary vertex labeling of a graph G is called a cordial labeling if |v,(0) —v;(1)| <1 and |e; (0) —
er(1)| < 1. A graph G is cordial if it admits cordial labeling.

The concept of cordial labeling was introduced by (Cahit 1.,1987, p.201-207). After this many researchers have
investigated graph families or graphs which admit cordial labeling. Some labeling schemes are also introduced
with minor variations in cordial theme. Some of them are product cordial labeling, total product cordial labeling
and prime cordial labeling. The present work is focused on prime cordial labeling.

Definition 1.4 A prime cordial labeling of a graph G with vertex set V(G) is a bijection f : V(G) —
{1,2,3,.../V(G)]} defined by f(e =uv) = 1 ; if ged (flw), f1v)) = 1

=0 ; otherwise
and /. er(0) - ex(1) /< I.A graph which admits prime cordial labeling is called a prime cordial graph.

Definition 1.5 Let G be a graph with two or more vertices then the total graph T(G) of a graph G is the graph
whose vertex set is V(G) U E(G) and two vertices are adjacent whenever they are either adjacent or incident in
G.

Definition 1.6 The composition of two graphs G; and G, denoted by G,;/G,/ has vertex set V(G1[G;]) = V(Gy)
X V(Gz) and Cdge set E(G][Gz]) = {(M],V]) (MQ,VQ) / U, € E(Gl) or [u1 = U and Vv € E(Gz)] }

Definition 1.7 A vertex switching G, of a graph G 1is the graph obtain by taking a vertex v of G, removing all the
edges incident to v and adding edges joining v to every other vertex which are not adjacent to v in G.

2. Main Results
Theorem 2.1 T(P,) is prime cordial graph,v n > 5.
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Proof : Ifv; v, v5..... veand e; e, e; ... e,be the vertices and edges of P then v, v, v . v, e; e;e;. . .. e,
are vertices of T(P,).

We define vertex labeling f- V(T (P,)) — {1, 2, 3./ V(G)/ } as follows. We consider following four cases.
Casel: n=3.5

For the graph T(P;) the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4), (1,5), (2,3), (2,4), (2,5),
(3.4), (3,5), (4,5). Then obviously es(0) = 1, e;(1) = 6. That is, |ef(0) -ep(1) | =5 and in all other possible
arrangement of vertex labels | er(0) - ex(1) | > 5. Therefore T} (P3) is not a prime cordial graph.

The case when n=5 is to be dealt separately. The graph 7(Ps) and its prime cordial labeling is shown in Fig 1.
Case2: nodd n=>7

Jv)=2f(v) =4,

Fie)=2(i+3), 1< i<[n2/-2

S Olwzts) = 3, f Oluzssz) = L f Olnrzfss) =7,
SOl =4i+9, 1< i < [n2)-2
fle)=fpuny ) +2i, 1< i < [w2/-1,

S @) = 6. f (€lw2)r1) = 9, [ (€l )+2) =3,

Sl jein) =4i+7, 1< i < [n/2]-2

In this case we have e, (0) =e, (1) +1=2(n-1)
Case3: n=2,4.6

For the graph T(P,) the possible pairs of labels of adjacent vertices are (1,2), (1,3), (2,3). Then obviously e(0) =
0, es(1) = 3. Therefore T(P,) is not a prime cordial graph.

For the graph T(P,) the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4), (1,5), (1,6), (1,7), (2,3),
(2,4), (2,5), (2,6), (2,7), (3.4), (3.5), (3.6), (3,7), (4.,5), (4,6), (4,7), (5.,6), (5,7), (6,7). Then obviously es(0) =4,
e/(1) = 7. That is, | er(0) - ef(1) | =3 and in all other possible arrangement of vertex labels | er(0) - ex(1) | > 3.
Thus T(P,) is not a prime cordial graph.

The case when n=6 is to be dealt separately. The graph 7(P) and its prime cordial labeling is shown in Fig 2.
Case4 neven,n=>8

fov)=2f(v) =4

fis)=2(i+3), 1< i<n2-3

S Ou2) =6, f Vurer) =9, f (Vuz+2) =5,

fOwze2e) =4i+7,1< i < n/2-2
fle)=f(up-a) +2i 1< i < n2-1,

Slew2) =3, f(ewz+1) = 1, f(enr+2) =7,

flewrszs) =4it 9, 1< i < n2-3

In this case we have e, (0) =e, (1) +1=2(n-1)
That is, T(P,) is a prime cordial graph, vn >35.

Hlustration 2.2 Consider the graph T (P;). The labeling is as shown in Fig 3.
Theorem 2.3 T (C,) is prime cordial graph, vn >35.

Proof : Ifv; vy v v,and e; e, e; ... e,be the vertices and edges of C,then v, v, v; . v, e; ese;. . . e,
are vertices of 7(C,).

We define vertex labeling  f- V (T(C,)) — {1, 2,3, o V(G)/ } as follows. We consider following four cases.
Casel: n=_4

For the graph T(C,) the possible pair of labels of adjacent vertices are (1,2), (1,3), (1,4), (1,5), (1,6), (1,7), (1,8),
(2,3), (2,4), (2,5), (2,6), (2,7), (2,8), (3.4), (3.5), (3,6), (3,7), (3.8), (4,5), (4,6), (4,7), (4.,8), (5,6), (5,7), (5.8),

(6,7), (6,8), (7,8) . Then obviously es(0) = 6, e/(1) = 10. That is, |ef(0) - er(1) | =4 and all other possible
arrangement of vertex labels will yield | er(0) - ex(1) | > 4. Thus T(C,) is not a prime cordial graph.
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Case2: neven, n=>6

Sov)=21(v) =8,

fiegd =4i+10, 1< i < n2-3

JOuw2) =12, fuz+) =3, [ (Vuz+2) =9, f Vurz+3) = 7,
fOups2+9) =4i+9 1< i < n2-3
Sfle) =4, f(e) =10,

fleiz)) =4(i+3),1< i < n2-3,

flewz) =6, flenast) =1, f(en2+2) =3,
fewr+1+)=4i+7, 1< i < n2-2

In view of the labeling pattern defined above we have
er (0)=ey (1) =2n.

Case3: n=_3

For the graph T(Cj;) the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4), (1,5), (1,6), (2,3), (2,4),
(2,5), (2,6), (3,4), (3,5), (3,6), (4,5), (4,6), (5,6). Then obviously es(0) = 4, e;(1) = 8. That is, | er(0) - ef(1) | =4
and all other possible arrangement of vertex labels will yield | er(0) - er(1) | > 4. Thus 7(C;) is not a prime
cordial graph.

Case4: nodd n=>35

Jv) =2,

fie)=4(i+1), 1< i<[n2/-1

S Olwztsr) = 6, f (Viwatszd) = 9, f (Vlwnsss) =3,
FOlwajesed) =4i+71<i < n-[n2/-3

S(e) =4,

flerv) =4i+6,1<i < [n2]-1,

Selr) +1) =3, felwr) +2) =L f(€lur) +3) =7,
Flelwase 349 =4i+9, 1<i <n- [n/2] -3

In view of the labeling pattern defined above we have
er (0)=ey (1) =2n.

Thus f 1is aprime cordial labeling of T (C,).
Hllustration 2.4 Consider the graph T (Cy). The labeling is as shown in Fig 4.

Theorem 2.5 P, [P,] isprime cordial graph v m>S5.

Proof : Let wu; u, us ... u, be the vertices of P, and v;, v, be the vertices of P, We define vertex
labeling f: V (P, [P,])— {1 23,.... / V(G)/ '} as follows. We consider following four cases.

Casel: m=2,4

For the graph P, [ P,] the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4), (2,3), (2,4), (3,4).
Then obviously e(0) = 1, e/(1) = 5. That is, | er(0) - ef(1) | =4 and in all other possible arrangement of vertex
labels we have | er(0) - ex(1) | > 4. Therefore P, [ P,] is not a prime cordial graph.

For the graph P, [ P,] the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4), (1,5), (1,6), (1,7),
(1,8) (2,3), (24, (2,5), (2,6), (2,7), (2,8), (3:4), (3,5), (3,6), 3,7), (3.8), (4,5), (4,6), (4,7), (4.8), (5,6), (5,7), (5.8),
(6,7), (6,8), (7,8) . Then obviously e,(0) = 7, e/(1) = 9. i.e. |ef(0) - er(1) | =2 and in all other possible
arrangement of vertex labels we have | er(0) - ex(1) | >2. Thus P, [ P,] is not a prime cordial graph.

Case 2: m even, m =6

S(ur,vi) =2, f(uz,vi) =6,

S(uzei ,vi)=4i+10, 1< i <m/2-3
SWmpvi) =12,

fWmp+ivi)=4i-3, , 1< i <m/2
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S(urvz2) =4, f(uzvz) =10,

f(uzei ,v2)=4i+12, 1< i <m/2-3
SWmpv2) =6, f(Wmps1,v2) =3,
fMWmpri+iv2)=4i+3, 1< i <m/2-1
Using above pattern we have

ey (=ey (h= -2

Case3: m= 3

For the graph P,/P;] the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4), (1,5), (1,6), (2,3), (2,4),
(2,5), (2,6), (3.4), (3,5), (3,6), (4,5), (4.6), (5,6). Then obviously e,(0) = 4, e,(1) = 7. That is)| er(0) - e/(1) | =3
and in all other possible arrangement of vertex labels we have | er(0) - ex(1) | > 3. Thus P,/P;] is not a prime
cordial graph.

Case4: modd, m=>5

flu; ,vi)=4(+i), 1< i <[n/2/-1

S fugvi) =2,

S puagrr,vi) =6, fuajr2,vi) =9 [ fwafrs, vi) =3,
ffnfeze i+ vi)=4i+7, 15 i <[n/2/-2
Sf(ur,vz) =4,

flurei va)=4i+6 1< i < [n/2/-1

S g1, v2) =3, f@pungr2,v2) =L [ fwngrs, v2) =7,
ffpsizs i v2)=4i+9, 1< i <[n/2/-2

Using above pattern we have

er (0)=es (I)+1=2n+[n/2/-1.

Thus in case 2 and case 4 the graph P, [P,/ satisfies the condition | e s (0)-e; (1)|§ 1.

That is, P, [P,/ is a prime cordial graph v m >35.
Hllustration 2.6 Consider the graph P, [Ps]. The prime cordial labeling is as shown in Fig 5.
Theorem 2.7 Two cycles joined by a path P,, is a prime cordial graph.

Proof: Let G be the graph obtained by joining two cycles C, and ol by apath P,,. Let v, v, v . v, . v']‘
vy, v3... v, be the vertices of C,, C, respectively. Here u; u, u;..... are the vertices of P,. We define
vertex labeling f: V(G) — {1, 2,3, ..... / V(G)/ '} as follows. We consider following four cases.

Casel: modd, m=>35

Su)=fov)=2f(v) =4

fisd) =2(i+3), 1< i < n-2

fluis) =f(vy) + 2i, 1< i < [mp2/-2

S W) =6, fWimpfe1) =3, f(Ufmasez) =1
fimatezri) =2i+3 1< i < [m/2/-1
f(V/1 ) =f (), f(V;'+1 ):f(v; )+2i, 1< i < n-1
In view of the above defined labeling pattern we have
er (0)=e; (1) =n+[m2].

Case2: m=3

Su)=fv)=0671(v)=2f(vy) =4,

f(isg) =2(i+3), 1< i < n-3
f)=3,f(Vi )=f@)=1, f(v> )=35

f(Va: )=2i+51< i < n-2

In view of the above defined labeling pattern we have
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er (0)=e;y (1) =n+1

Case 3: m even, m >4

Su)=fv)=2f(v) =4,

fvieg =2(i+3), 1< i < n-2

fwiv)=fv) + 2i, 1< i < m/2-2

SWwr) =6, flumps) =3, fhmprrd) =1

ftmp+2+i) =20+ 3, 1< i < m/R2-2

SO ) =flun), fOier )=f(V)+2i, 1< i < n-1I
In view of the above defined labeling pattern we have

er (0)=e;p (D+1=n+m?2

Cased4: m=2

Sw)=fv)=2

fovi)=2(i+t1), 1< i < n-1

fOVi ) =f(u)=1

(Vi )=2i+1 1< i < n-1

In view of the above defined labeling pattern we have

er () +1=e; (1) =n+l.

Thus in all cases graph G satisfies the condition / e r ) -er (1) /<1.

That is G is a prime cordial graph.

Hlustration 2.8 Consider the graph joining to copies of Cs by the path P,. The prime cordial labeling is as
shown in Fig 6.

Theorem 2.9 The graph obtained by switching of an arbitrary vertex in cycle C, admits prime cordial labeling
exceptn = 5.

Proof : Let v;,v,,.....v, be the successive vertices of C, and G, denotes the graph obtained by switching of a
vertex v. Without loss of generality let the switched vertex be v; and we initiate the labeling from the switched
vertex v,

To define /> V (Gv,) — {1, 2, 3.../V(G)/} we consider following four cases.
Casel: n=4

The case when n=4 is to be dealt separately. The graph Gv; and its prime cordial labeling is shown in Fig 7.
Case2: neven,n =6

Jv) =2, ftv) =1,1(v) =4

fvs+) =2(i+3), 1<i<n/2-3

JOwz2+1) =6, f(Vur+2) =3

JOnp+2+9) =2i+3,1<i<n2-2

Using above pattern we have

er ()=ey ()+1 =n-2

Case3:n=35

For the graph Gv, the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4), (1,5), (2,3), (2,4), (2,5),
(3.4), (3,5), (4,5). Then obviously es(0) = 1, e;(1) = 4. That is, |ef(0) - ep(1) | =3 and in all other possible
arrangement of vertex labels we have | er(0) - er(1) | > 3. Thus, Gv; is not a prime cordial graph.

Case4:nodd n>7

Jv) =2, f(v)) = 1, f{vy) = 4
fvse) = 2(i+3), 1<i<[n2/-3
SOzt ) = 6, [lnz v 2) = 3
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SOlwagezsd) =2i+ 3,1 <i <[n/2 /-1
Using above pattern we have
er () +1=ep (1)=n-2

Thus in cases 1, 2 and 4 [ satisfies the condition for prime cordial labeling. That is, Gv;is a prime cordial
graph.

Hlustration 2.10 Consider the graph obtained by switching the vertex in C,. The prime cordial labeling is as
shown in Fig 8.

3. Concluding Remarks

It is always interesting to investigate whether any graph or graph families admit a particular type of graph
labeling? Here we investigate five results corresponding to prime cordial labeling. Analogous work can be
carried out for other graph families and in the context of different graph labeling problems.
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2 4 6 9 5 11
8 10 3 1 7
Figure 2. T(P¢) and its prime cordial labeling
2 4 8 3 1 7 13
10 12 6 9 5 11

Figure 3. T(P;) and its prime cordial labeling
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Figure 5. P, [Ps] and its prime cordial labeling

[§8]
—
.

[ 19

o
®n

10 8 13 11

Figure 6. Two cycles Cs join by P; and its prime cordial labeling

Figure 7. Vertex switching in C,4 and its prime cordial labeling
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Figure 8. Vertex switching in C; and its prime cordial labeling
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Abstract

Let G = (V(G), E(G)) be a connected graph. For integers j > k, L(j, k)-labeling of a graph G is an integer labeling of the
vertices in V such that adjacent vertices receive integers which differ by at least j and vertices which are at distance two
apart receive labels which differ by at least k. In this paper we discuss L(2, 1)-labeling (or distance two labeling) in the
context of some graph operations.

Keywords: Graph Labeling, A- Number, A'- Number
1. Introduction

We begin with finite, connected, undirected graph G = (V(G), E(G)) without loops and multiple edges. For standard
terminology and notations we refer to (West, D., 2001). We will give brief summary of definitions and information which
are prerequisites for the present work.

Definition 1.1 Duplication of a vertex v; of graph G produces a new graph G’ by adding a vertex v, with N(v;) = N(vp).
In other words a vertex v; is said to be duplication of vy if all the vertices which are adjacent to v; are now adjacent to v;
also.

Definition 1.2 Let G be a graph. A graph H is called a supersubdivision of G if H is obtained from G by replacing every
edge ¢; of G by a complete bipartite graph K, (for some m; and 1 < i < g) in such a way that the ends of each ¢; are
merged with the two vertices of 2-vertices part of K5, after removing the edge e; from graph G.

A new family of graph introduced in (Vaidya, S., 2008, p.54-64) defined as follows.

Definition 1.3 A graph obtained by replacing each vertex of a star K, by a graph G is called star of G denoted as G .
The central graph in G’ is the graph which replaces apex vertex of K ,.

Definition 1.4 If the vertices of the graph are assigned values subject to certain conditions then it is known as graph
labeling.

The unprecedented growth of wireless communication is recorded but the available radio frequencies allocated to these
communication networks are not enough. Proper allocation of frequencies is demand of the time. The interference by
unconstrained transmitters will interrupt the communications. This problem was taken up in (Hale, W., 1980, p.1497-
1514) in terms of graph labeling. In a private communication with Griggs during 1988 Roberts proposed a variation
in channel assignment problem. According to him any two close transmitters must receive different channels in order
to avoid interference. Motivated by this problem the concept of L(2,1)-labeling was introduced by (Yeh, R., 1990) and
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(Griggs, J., and Yeh, R., 1992, p.586-595) which is defined as follows.

Definition 1.5 For a graph G, L(2, 1)-labeling (or distance two labeling) with span k is a function f : V(G) — {0, 1,...,k}
such that the following conditions are satisfied:

DI ) = fWI = 2if d(x,y) =1

OIf(x) = fOI = 1if d(x,y) =2

In otherwords the L(2, 1)-labeling of a graph is an abstraction of assigning integer frequencies to radio transmitters such
that (1) Transmitters that are one unit of distance apart receive frequencies that differ by at least two and (2) Transmitters
that are two units of distance apart receive frequencies that differ by at least one. The span of f is the largest number in

f(V). The minimum span taken over all L(2, 1)-labeling of G, denoted as A(G) is called the A-number of G. The minimum
label in L(2, 1)-labeling of G is assumed to be 0.

Definition 1.6 An injective L(2, 1)-labeling is called an L'(2, 1)-labeling and the minimum span taken over all such
L'(2, 1)-labeling is called A -number of the graph.

The L(2, 1)-labeling has been extensively studied in the recent past by many researchers (Georges, J., 1995, p.141-159),
(Georges, J.P.,, 2001, p.28-35),(Georges, J., 1996, p.47-57),(Georges, J., 1994, p.103-111),(Liu. D., 1997, p.13-22),(Shao.
Z., 2005, p.668-671). Practically it is observed that the interference might go beyond two levels. This observation
motivated (Chartrand. G., 2001, p.77-85) to introduce the concept of radio labeling which is the extension of L(2, 1)-
labeling when the interference is beyond two levels to the largest possible - the diameter of G. We investigate three results
corresponding to L(2, 1)-labeling and L'(2, 1)-labeling each.

2. Main Results

Theorem 2.1 Let C,, be the graph obtained by duplicating all the vertices of the cycle C, at a time then A(C,) = 7. (where
n>3)

Proof: Let 1/l s v’2, e, v;l be the duplicated vertices corresponding to vy, vy, ..., v, of cycle C,,.
To define f : V(C,,) — N |J{0}, we consider following four cases.
Case 1: n = O(mod 3) (where n > 5)

‘We label the vertices as follows.

f)=0,i=3j-2,1<j<}%
f)=2,i=3j-1,1<j<%
fo)=4,i=3j,1<j<3
fo)=7i=3j-21<j<4
f(v)—61—3]—11SjS§
f(v)—51—3],1<]S§

Case 2: n = 1(mod 3) (where n > 5)
‘We label the vertices as follows.

f)=0,i=3j-2,1<j<|
fOo)=2,i=3j-1,1<j<|3
f@»—4t—3L1<J£L$

JOn3) =0, fvu2) = 3, fvp-1) = 1, fva) = 4
fp)=7i=3j-2,1<j<|4]
fO)=6,i=3j-1,1<j<|4]
f(v')—5i—3j,1<j<L§J

[0, =70, ) =T fv,_)=6,f(v,)=5

Case 3: n = 2(mod 3) (where n > 5)

We label the vertices as follows.

J)=0,i=3j-2,1<j<|3]
Jo)=2i=3j-1,1<j<|3]
fp=4,i=3j,1<;j<[5]

f(vnjl) = 1, f(an) = 3
f(vl) = 6’f(vn) =
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fo)=6,i=3j-1,1<j<[}]
fvp=5i=3j,1<j<|%]
f(v;):7,l:3]+1,1S]SL§J
Cased: n=4,5

These cases are to be dealt separately. The L(2, 1)-labeling for the graphs obtained by duplicating all the vertices at a time
in the cycle C,, when n = 4,5 are as shown in Fig /

Thus in all the possibilities Ry = {0,1,2...,7} ¢ N [J{0}.
ie. AC)=1.

Remark The L(2, 1)-labeling for the graph obtained by duplicating all the vertices of the cycle C3 is shown in Fig 2
Thus Ry ={0,1,2...,6} c N UJ{0}.

ie. A(Cy) =6.
Illustration 2.2 Consider the graph Cy and duplicate all the vertices at a time. The L(2, 1)-labeling is as shown in Fig 3.

Theorem 2.3 Let C,, be the graph obtained by duplicating all the vertices at a time of the cycle C, then A'(C,) = p — 1,
where p is the total number vertices in C,; (where n > 3).

Proof: Let v/1 s v’z, el v;l be the duplicated vertices corresponding to vy, vy, ..., v, of cycle C,,.
To define f : V(C,,) — N J{0}, we consider following two cases.
Casel: n>5

fv)=2i-7,4<i<n

o) =f)+2,1<i<3

f)=2i-2,1<i<n
Now label the vertices of C;, using the above defined pattern we have Ry = {0,1,2,...,p — 1} C N {0}
This implies that ' (C,) = p — 1.
Case2: n=4,5

These cases to be dealt separately. The L'(2, 1)-labeling for the graphs obtained by duplicating all the vertices at a time in
the cycle C,, when n = 4,5 are as shown in the following Fig 4.

Remark The L' (2, 1)-labeling for the graphs obtained by duplicating all the vertices at a time in the cycle C3 is shown in
the following Fig 5.

Thus Ry = {0,1,2...,6} ¢ N [J{0}.
ie. 1(C;) =6.

Illustration 2.4 Consider the graph Cg and duplicating all the vertices at a time. The L'(2, 1)-labeling is as shown in Fig
6.

Theorem 2.5 Let C,, be the graph obtained by taking arbitrary supersubdivision of each edge of cycle C, then

1 For n even

AC)=A+2
2 For n odd
A+2; if s+t+r<A,
AC) = { A+3; if s+t+r=A,
S+t+r+2; if s+t+r>A

where vy is a vertex with label 2,

s is number of subdivision between v;_, and v;_1,
t is number of subdivision between v;_; and vy,

r is number of subdivision between v and v,
A is the maximum degree of C,,.

Proof: Let vy, vy, ..., v, be the vertices of cycle C,. Let C,, be the graph obtained by arbitrary super subdivision of cycle
Ch.
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It is obvious that for any two vertices v; and vy, N(v;) (N N(vis2) = ¢
To define f : V(C,,) — N J{0}, we consider following two cases.

Case 1: C, is even cycle

fnii)=0,1<i<%
Jvp=1,1<i<3

If P;; is the number of supersubdivisions between v; and v; then for the vertex v, [IN(v{)| = P12 + P,;. Without loss of
generality we assume that v; is the vertex with maximum degree i.e. d(v|) = A. suppose uy, us.....uup be the members of
N(vy). We label the vertices of N(v;) as follows.

fu)=2+i,1<i<A

As N(vi) (| N(v3) = ¢ then it is possible to label the vertices of N(v3) using the vertex labels of the members of N(v;) in
accordance with the requirement for L(2, 1)-labeling. Extending this argument recursively upto N(v,—;) it is possible to
label all the vertices of C,, using the distinct numbers between 0 and A + 2.

ie. Ry =1{0,1,2,...,A+2} c N {0}

Consequently A(C),) = A +2.

Case 2: C, is odd cycle

Let vy, vo, ..., v, be the vertices of cycle C,,.

Without loss of generality we assume that v; is a vertex with maximum degree and v; be the vertex with minimum degree.

Define f(vx) = 2 and label the remaining vertices alternatively with labels 0 and 1 such that f(v;) = 0. Then either
fk=1) =15 f(ks1) = 0OR f(vi—1) = 0; f(vk+1) = 1. We assign labeling in such a way that f(vi—1) = 1; f(vks1) = 0.

Now following the procedure adapted in case (1) it is possible to label all the vertices except the vertices between vy
and v. Label the vertices between v;_; and v, using the vertex labels of N(v;) except the labels which are used earlier to
label the vertices between vi_, vx—; and between v, V.

If there are p vertices uy, us...u, are left unlabeled between v;_; and vy then label them as follows,
f(u;)=max{labels of the vertices between v;_, and v;_1, labels of the vertices between vy and vy} +i, 1 <i<p
Now if s is the number of subdivisions between v;_, and v;_;

t is the number of subdivisions between v;_; and vy

r is the number of subdivisions between v, and vy

then (1) Ry =1{0,1,2,...,A+2} c N (O}, when s + t + r < A

ie. AC)=A+2

Q) Rr=10,1,2,...,A+ 3} c NUJ{0}, when s + 1 + r = A

ie. AC)=A+3
B)YRr=1{0,1,2,...,s+t+r+2} Cc NU{O}, when s + 1+ r > A
ie. A(C)=s+t+r+2

Ilustration 2.6 Consider the graph Cg. The L(2, 1)-labeling of Cé is shown in Fig 7.

Theorem 2.7 Let G’ be the graph obtained by taking arbitrary supersubdivision of each edge of graph G with number of
vertices n > 3 then A'(G') = p — 1, where p is the total number of vertices in G .

Proof: Let vy, v,, ..., v, be the vertices of any connected graph G and let G be the graph obtained by taking arbitrary
supersubdivision of G. Let i be the vertices which are used for arbitrary supersubdivision of the edge v;v; where 1 <i <
n,l<j<nandi<j

Here k is a total number of vertices used for arbitrary supersubdivision.

We define f : V(G') — N |J{0} as

fv)=i-1,wherel <i<n

Now we label the vertices u; in the following order.

First we label the vertices between v; and vi,, 1 < j < n then following the same procedure for v,, v3,...v,
fw)=fv)+i,1<i<k

Now label the vertices of G’ using the above defined pattern we have Ry = {0,1,2,...,p - 1} € N {0}
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This implies that '(G') = p — 1.
Illustration 2.8 Consider the graph P4 and its supersubdivision. The L'(2, 1)-labeling is as shown in Fig 8.
Theorem 2.9 Let C,, be the graph obtained by taking star of a cycle C, then A(C,) = 5

Proof:Let vy, vy, ..., v, be the vertices of cycle C,, and v;; be the vertices of cycle C,, which are adjacent to the i vertex
of cycle C,,.

To define f : V(C;,) — N J{0}, we consider following four cases.

Case 1: n = O(mod 3)

f(vl)—01—3] 21<]_§
f(vl)_zal_3]_1,ls‘]$§
f)=4,i=3j,1<j<}%

Now we label the vertices v;; of star of a cycle according to the label of f(v;).

(1) when f(v)=0,i=3j-2,1<j<%

fOw)=3,k=3p-2,1<p<
fOu)=5k=3p-1,1<p
fa)=1,k=3p,1<p<

wiz IA
WISWI|S

(2) when f(vj)=2,i=3j-1,1<j<3%

fw)=5k=3p-2,1<p
fw)=3,k=3p-1,1<p
fOop)=1,k=3p,1<p<

wiz IN A
WISWIS

(3) when f(v))=4,i=3j,1<j<

Sp) =1L k=3p-2,1<p
fo)=3,k=3p—-1,1<p<
f)=5.k=3p,1<p<3

IA
WIS WIS

Case 2: n = I(mod 3)

fv)=0,i=3j-2,1<j<

f)=2,i=3j-1,1<j<

Jv)=5,i=35,1<j<|
fva) =3

Now we label the vertices of star of a cycle v;; according to label of f(v;).
(1) when f(v) =0,i=3j-2,1<j<[%]

fu)=4,k=3p-2,1<p
fu)=2,k=3p-1,1<p
Jx)=0,k=3p,1<p<|
fGiw-1)) =5
f(Vin) =1

3
E

INIA
?—‘I—I—

wIs
—

(2) when f(v)) =2,i=3j-1,1<j<|5]

fvi)=4,k=3p-2,1<p
Si)=0,k=3p-1,1<p
fi) =2,k=3p, 1 <p<|
fWi-1) =3,
f(Vin):l

3
E

IAIA
?—‘I—I—

wIs
—

(3) when f(v) =5,i=3j, 1< j<|%]
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Sw)=1Lk=3p-2,1<p<|5]
fOu)=3,k=3p-1,1<p<|5]
f)=5k=3p, 1<p=<[5]-1
fGin-1)) =0,
fin) =4
(4) when f(v;)=3,i=n
f)=1,k=3p=-2,1<p<|3]
fi)=5,k=3p-1,1<p<|3]
Ju)=3,k=3p, 1 <p<[5]-1
f(vt(nfl))—
f(Vin):4

Case3: n=2(mod3),n#5

Fon=1i=3j-2,1<j<[2]-1
oy =3,i=3j-1,1<j ngj—l
fo)=5i=3j,1<j<|5]-

f(Vn—4) Of(vn3)—2f(vn2)=5f(n

Now we label the vertices v;; of star of a cycle according to the label of f(v;).

(M) when f(v)=1,i=3j-2,1<j<|%]-1

Ji)=5,k=3p-2,1<p<|3]
Ju)=3,k=3p-1,1<p<|5]
Ju)=1,k=3p, 1 <ps [5]
f(vz(n—l)) -
Sin) = 0

(2) when f(vj)=3,i=3j-1,1<j<[§]-1

f)=0,k=3p-2,1<p<|
f)=2,k=3p-1,1<p<|
Ji) =4,k=3p, 1< p<|5]
SWi-1y)) = 1,
f(Vin):S

J
J

WISWIS

(3) when f(v) =5,i=3j,1<j<|%]-landi=n-2

fu)=1,k=3p-2,1<p
fu)=3,k=3p—-1,1<p
fu)=5,k=3p,1 <p<
fWi-1) =2,
f(Vin) =4

4) when f(v))=0,i=n—-4,n-1

SOu)=3,k=3p-2,1
fow =5k=3p-1,1
Ju)=1k=3p, 1< p
f(vl(n72)) -
fGi-1y) = 4,
Sin) =1

L:
L

IAIA
[SST ST
—_

<p
<p
<1

wIs
—

(5) when f(v))=2,i=n-3
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fw)=4,k=3p-2,1<p<|5]
fOu)=0,k=3p-1,1<p<|5]
fi) =2,k=3p, 1 <p<|5]
fWiw-1) =5,
f(vin) =1
(6) when f(v;) =4,i=n
fOu)=2,k=3p=-2,1<p<|5]
f)=0,k=3p-1,1<p<|3]
fi) =4,k=3p, 1< p<|5]
SWi-1) =1,
fin) =5

Cased: n=5

This case is to be dealt separately. The L(2, 1)-labeling for the graph obtained by taking star of the cycle Cs is shown in
Fig 9. Thus in all the possibilities we have /I(C;,) =5

Ilustration 2.10 Consider the graph C7, the L(2, 1)-labeling is as shown in Fig 10.

Theorem 2.11 Let G be the graph obtained by taking star of a graph G then A'(G') = p — 1, where p be the total number
of vertices of G'.

Proof: Let vy, v2, ..., v, be the vertices of any connected graph G. Let v;; be the vertices of a graph which is adjacent to
the i vertex of graph G. By the definition of a star of a graph the total number of vertices in a graph G are n(n + 1).

To define f : V(G) — N {0}
fip=i-1, 1<i<n
for 1 <i < n do the labeling as follows:
f0) = fou) +1
Sien) = fv) +1
FOGnaen) = fjaen) + 1, 1< j<n—1
Thus A (G)=p-1=n*+n-1
Ilustration 2.12 Consider the star of a graph Ky, the L@, 1)-labeling is shown in Fig 11.
3 Concluding Remarks

Here we investigate some new results corresponding to L(2, 1)-labeling and L' (2, 1)-labeling. The A-number is completely
determined for the graphs obtained by duplicating the vertices altogether in a cycle, arbitrary supersubdivision of a cycle
and star of a cycle. We also determine A’ -number for some graph families. This work is an effort to relate some graph
operations and L(2, 1)-labeling. All the results reported here are of very general nature and A-number as well as ' -number
are completely determined for the larger graphs resulted from the graph operations on standard graphs which is the salient
features of this work. It is also possible to investigate some more results corresponding to other graph families.
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Figure 1. vertex duplication in C4,Cs and L(2, 1)-labeling

_—

5 6

JAN

Figure 2. vertex duplication in C3 and L(2, 1)-labeling

Figure 3. vertex duplication in Cg and L(2, 1)-labeling
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Figure 4. vertex duplication in C4,Cs and L' (2, 1)-labeling

Figure 5. vertex duplication in C3 and L'(2, 1)-labeling

Figure 6. vertex duplication in Cg and L'(2, 1)-labeling
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Figure 7. L(2, 1)-labeling of C;;

Figure 8. L’(2, 1)-labeling of P;‘

Figure 9. L(2, 1)-labeling for star of cycle Cs
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Figure 10. L(2, 1)-labeling for star of cycle Cy

Figure 11. L'(2, 1)-labeling for star of a complete graph Ky
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Fibonacci and Super Fibonacci Graceful Labeling of
Some Graphs*

S.K.Vaidya1
P.L.Vihol?

Abstract: In the present work we discuss the existence and non-existence of Fibonacci and super
Fibonacci graceful labeling for certain graphs. We also show that the graph obtained by switching

a vertex in cycle C,, (where " 26 ) is not super Fibonacci graceful but it can be embedded as an
induced subgraph of a super Fibonacci graceful graph.

Key words: Graceful Labeling; Fibonacci Graceful Labeling; Super Fibonacci Graceful
Labeling

1. INTRODUCTION

Graph labeling where the vertices are assigned values subject to certain conditions. The problems arising
from the effort to study various labeling schemes of the elements of a graph is a potential area of challenge.
Most of the labeling techniques found their origin with ‘graceful labeling' introduced by Rosa (1967). The
famous graceful tree conjecture and many illustrious works on graceful graphs brought a tide of different
graph labeling techniques. Some of them are Harmonious labeling, Elegant labeling, Edge graceful labeling,
Odd graceful labeling etc. A comprehensive survey on graph labeling is given in Gallian (2010). The
present work is aimed to provide Fibonacci graceful labeling of some graphs.

Throughout this work graph G = (V (G), E(G)) we mean a simple, finite, connected and undirected
graph with p vertices and ( edges. For standard terminology and notations in graph theory we follow

Gross and Yellen (1998) while for number theory we follow Niven and Zuckerman (1972). We will give
brief summary of definitions and other information which are useful for the present investigations.

Definition 1.1 A vertex switching G, of agraph G is obtained by taking a vertex v of G , removing
all edges incidence to v and adding edges joining V to every vertex which are not adjacentto v in G .
Definition 1.2 Consider two copies of fan (F, = P, + K, ) and define a new graph known as joint sum

of F_ is the graph obtained by connecting a vertex of first copy with a vertex of second copy.
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Definition 1.3 A function f is called graceful labeling of graph if  :V (G) —{0,1,2,......... q} is
injective  and  the  induced  function  f':E(G)—>{l,2,........ g} defined as
f (e =uv) =| f(u)— f(v)] is bijective. A graph G is called graceful if it admits graceful labeling.

Definition 1.4 The Fibonacci numbers Fo. Ry are defined by Fo. Ry and
F.=F+F ..

Definition 1.5 The function f :V(G)—>{0,1,2,......... F.} (where F, is the q" Fibonacci

number) is said to be Fibonacci graceful if f':E(G)—>{F,F,,...F} defined by
f*(uv) =| f(u)— f(v)] is bijective.

Definition 1.6 The function f :V(G) —>{0,F,F,,......... F.} (where F_ is the g™ Fibonacci

number) is said to be Super Fibonacci graceful if the induced edge labeling
f"E(G) »{F,F,,......F,} defined by f"(uv)=| f(u)— f(v)] is bijective.

Above two concepts were introduced by Kathiresen and Amutha [5]. Deviating from the definition
1.1theyassumethat K =1, F, =2, =3,F, =5..... and proved that

« K, is Fibonacci graceful if and only if n < 3.
«If G is Eulerian and Fibonacci graceful then g =0(mod3).

« Every path P, of length n is Fibonacci graceful.

. Pn2 is a Fibonacci graceful graph.

* Caterpillars are Fibonacci graceful.

e The bistar Bnyn is Fibonacci graceful but not Super Fibonacci graceful for n > 5.

« C_ is Super Fibonacci graceful if and only if N =0(mod3).

n

« Every fan F, is Super Fibonacci graceful.

« If G is Fibonacci or Super Fibonacci graceful then its pendant edge extension G is Fibonacci
graceful.

e If G1 and G2 are Super Fibonacci graceful in which no two adjacent vertices have the labeling 1

and 2, then their union G, UG, is Fibonacci graceful.

1 G, G,, ... ,G, are super Fibonacci graceful graphs in which no two adjacent vertices are
labeled with 1 and 2 then amalgamation of G,, G, , ......., G, obtained by identifying the vertices having
labels O is also a super Fibonacci graceful.

In the present work we prove that

* Trees are Fibonacci graceful.

» Wheels are not Fibonacci graceful.

* Helms are not Fibonacci graceful.
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The graph obtained by
« Switching of a vertex in a cycle Cn is Fibonacci graceful.
« Joint Sum of two copies of fan is Fibonacci graceful.

« Switching of a vertex in a cycle Cn is super Fibonacci graceful except N > 6 .

« Switching a vertex of cycle C, for n > 6 can be embeded as an induced subgraph of a super
Fibonacci graceful graph.

Observation 1.7 If in a triangle edges receives Fibonacci numbers from vertex labels than they are
always consecutive.

2. MAIN RESULTS

Theorem 2.1 Trees are Fibonacci graceful.

Proof: Consider a vertex with minimum eccentricity as the root of tree T. Let this vertex be v . Without
loss of generality at each level of tree T we initiate the labeling from left to right. Let

PL.P2 P ... P" be the children of V .

Define f :V(T) —{0,1,2......F,} in the following manner.
f(v)=0 -

V=0 tpy=F,
Now if PJ(1<i<t) are children of P" then

(P = F(PY+Fu oy

I there are I' vertices at level two of P* and out of these I' vertices, I, be the children of P} then
label them as follows,

f(Ry) = f(R)+FR., 1<i<n

+1+i
L

Let there are I, vertices, which are children of F’ll2 then label them as follows,

f (Rl.]él) = f (Rl]é)+ Ft+1+r1+i , 1S | < r2

Following the same procedure to label all the vertices of a subtree with root as P,

we can assign label to each vertex of the subtree with roots as P2, P3,.......... P" and define

f(P*™)=F, ,, where F, isthe f," Fibonacci number assign to the last edge of the tree rooted at P'.
1 I
Now for the vertex P". Define f(P")=F,

Let us denote P.", where i is the level of vertex and j is number of vertices at i"™ level.

ij
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At this stage one has to be cautious to avoid the repeatation of vertex labels in right most branch. For

that we first assign vertex label to that vertex which is adjacent to Fq and is a internal vertex of the path

whose length is largest among all the paths whose origin is Fq (That is, Fq is a root). Without loss of

generality we consider this path to be a left most path to Fq and continue label assignment from left to right
as stated erlier.

If P;'(1<i <) bethe children of P" then define

FR=FP)-Fi 1o,

Ifthere are P (1<i<b) verticesatlevel twoof P" and out of these b vertices, b, be the children

of P . Then label them as follows.

f(PZr:) = f(Plrl])_ I:q—s—i 1<i Sbl

If there are b, vertices, which are children of P, then label them as follows,

F(Pyyai)) = T(P2) —Foey
(by+1) 12 q-s—b, —i H
g 1 1<i<h,

We will also consider the situation when all the vertices of subtree rooted at Fq is having all the vertices
of degree two after i"™ level then we define labeling as follows.

f(PL) = f(Rl,)+(-DF

g—(labeled vertices in the branch)

Continuing in this fashion unless all the vertices of a subtree with root as P" are labeled.

Thus we have labeled all the vertices of each level. That is, T admits Fibonacci Graceful Labeling.
That is, trees are Fibonacci Graceful.

The following Figure 1 will provide better under standing of the above defined labeling pattern.

Fll' l:u' Fx

Fi+ Fyp B, F+F+F Fo-Fy-F

Figure 1: A Tree And its Fibonacci Graceful Labeling
Theorem 2.2 Wheels are not Fibonacci graceful.

Proof: Let V be the apex vertex of the wheel W and V,,V,....... V, be the rim vertices.

f :V(Wn)_){0,1,2 ...... Fq}

Define
We consider following cases.
Case 1: Let f (V) =0
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so, the vertices V;,V,....... V., must be label with Fibonacci numbers.

Let TR pen fv) = Fotor f(v) = To2.

If fv.)=F, then Fvi) = Ry is not possible as FQuv,) = f(w,) = F‘H.

If F(v2) = Fo then ) # Fos otherwise Fvv,) = Tw,) = F‘H.

If fv) =F, be the Fibonacci number other then Fo and Fo-z then

) = ) FIF, R can not be Fibonacci number for | p—q > 2

Case 2: If Vi is a rim vertex then define f(w)=0

If f(v.)=F, then the apex vertex must be labeled with Foa or quz.

Sub Case 1: Let f(v) = Fq‘l

Now f (v,) must be labeled with either by Fo-z or by Fq‘3.

If f (Vn) = Fq—Z then f (Vlvn) =f (VVZ) = Fq72
and if f (Vn) = Fq—3 then f(an) = f(VVZ) = Fq—2
Sub Case 2: Let fW)=F

F F F
Now f(V,) must be label with either by ~ 9 orby ~ 9% orby = 9.

i O = Fo e

) =F,

f (VlVZ) = Fq

f(vyv,)=f(w,)=F,

=3 then

flw)=F.,
fw,)=F,
f(vv))=F_
f(w,)=F_,
For W,, f(V,V;) can not be Fibonacci number. Now for n >3 let us assume that f(v,) =K

f(v;)=F f(w) = f(v,y,)= quz.

a1 we have

@ K=k

which is not Fibonacci number because for

<k<
now we have following cases. (1) FQ*Z k Fq q
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In (1) we have.....
Fq—k: Fs
k—Fq_2 =F.

S

Fo=F. = Fr ke = F4=F+F, ispossible only when s = —2and s'=q-3,

f(vv;) = f(w,) f(w,) = f(wy,)

then and

In (2) we have.....
Fq -k =F

F,-k=F,

gq-2 S

Fo-F2 =R+F = Fa=R+FR is possible only when S=Q—2 and ' = -3,

then f(v,v,) = f(wv,) and f(wy) = f(vy,)

Thus, we can not find a number f(v3) =k for which f(V2V3) and f(WS) are the distinct
Fibonacci numbers.

For f(v,) =F,_, we can argue as above.

Sub Case 3: If fv) = F“

Then we do not have two Fibonacci numbers corresponding to f (Vl) and f (V”) such that the edges
will receive distinct Fibonacci numbers.

Thus we conclude that wheels are not Fibonacci graceful.
Theorem 2.3 Helms are not Fibonacci graceful.
v, V, v, v
Proof: Let H, be the helmand ™1 , 72,73 ... " pe the pendant vertices corresponding to it. If O
is the label of any of the rim vertices of wheel corresponding to H, then all the possibilities to admit

Fibonacci graceful labeling is ruled out as we argued in above Theorem 2.2 . Thus possibilities of O being
the label of any of the pendant vertices is remained at our disposal.

pefine |V (H) ={01,2...F}

Without loss of generality we assume f(v)=0 then f(v,) = Fq

Let f(v.)=p and f(V)=r

In the following Figures 2(1) to 2(3) the possible labeling is demonstrated. In first two
arrangements the possibility of H, being Fibonacci graceful is washed out by the similar arrangements for

wheels are not Fibonacci graceful held in Theorem 2.2 . For the remaining arrangement as shown in Figure
2(3) we have to consider following two possibilities.
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Figure 2: Ordinary Labeling in H3

<r<F
Case 1: P q

F-p=FK
F-r=FK
F=P=F hen

Fo+Fo-F,=0 _ F =F+F,

Case 2: r=< p<Fq
F,—-p=F
F-r=FK
p-r=F

s then

F,+F.—F,=0 _ F,=F+F,

<r<t<
Now let f(v,) =t then consider the case p<r<t Fq,
F=F+F,
F.=F+F.

From these two equations we have...

Fo=F+F =FK-F,

so we have F, <F. <F, <F, <F and they are consecutive Fibonacci numbers according to
Observation 1.7 .

Forr > p,t wehave F, = F,+F, and F, = F, + F. sowe have

F,=F.-F. F.=F -F

s” and " which is not possible.

similar argument can be made for r < p,t.
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p<r<t ort<r< p

i.e. we have either

As F, < F,, <F,, so we can say that with f(vv,) = F,. the edges of the triangle with vertices
f(v), f(v,) and f(v;) will not have Fibonacci numbers such that F, = sum of two Fibonacci
numbers.

- t<r<p<F
Similar arguments can also be made for 9.

Hence Helms are not Fibonacci graceful graphs.

Theorem 2.4 The graph obtained by switching of a vertex in cycle C_ admits Fibonacci graceful
labeling.

Vy, Vg,V C C,

Proof: Let Viy " be the vertices of cycle ~" and ~" be the graph resulted from

switching of the vertex Vl.

f:V(C )—{0,1,2....F.}

Define 9% as follows.
f(v)=0

f(v,)= F -1

f (VS) = Fq

f(Vi+3) = I:q—2i, 1S | < n_3
Above defined function f admits Fibonacci graceful labeling.
Hence we have the result.

Illustration 2.5 Consider the graph Cé . The Fibonacci graceful labeling is as shown in Figure 3.

Figure 3: Fibonacci Graceful Labeling of C;

Theorem 2.6 The graph obtained by joint sum of two copies of fans (F, = P, + K,) is Fibonacci
graceful.
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V,,V v/ F! 2
Proof: Let 1’ 2" nand 1,72 ,78 .. m be the vertices of " and " ™ respectively. Let
1 2

V Dbe the apex vertex of R and V' be the apex vertex of Fr and let G be the joint sum of two fans.
f:V(G)—>{0,1,2...... Fq}

Define as follows.
f(v)=0

f(V)=F

PV =R 1 <icn

fv)=F—Fu,

f(v2)=F =P,

f(Vy,) = F —Fpuppn1<i<m=2

In view of the above defined pattern the graph G admits Fibonacci graceful labeling.

Illustration 2.7 Consider the Joint Sum of two copies of F,. The Fibonacci graceful labeling is as
shown in Figure 4.

Figure 4: Fibonacci Graceful Labeling of Joint Sum of F,

Theorem 2.8 The graph obtained by Switching of a vertex in a cycle C, is super Fibonacci graceful
except N> 6.
Proof: We consider here two cases.

case 1: n= 3’4’5

For n = 3 the graph obtained by switching of a vertex is a disconnected graph which is not desirable
for the Fibonacci graceful labeling.

n=4,5

Super Fibonacci graceful labeling of switching of a vertex in C for is as shown in Figure 5.
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Figure 5: Switching of a Vertex in C, and C, and Super Fibobacci Graceful Labeling

case 2: N> 6 The graph shown in Figure 6 will be the subgraph of all the graphs obtained by
switching of a vertex in C,(n>6) .

Figure 6: Switching of a Vertex in C;

In Figure 7 all the possible assignment of vertex labels is shown which demonstrates the repetition of
edge labels.

Figure 7: Possible Label Assignment for the Graph Obtained by Vertex Switching in Cg

(1) InFig8(a) edge label F,_, is repeated as

33



S.K.Vaidya; P.L.Vihol /Studies in Mathematical Sciences Vol.2 No.2, 2011
| l:q - quz |: l:q—l & | Fq—l -0 |: Fq—l

(2) InFig8(b) edge label F,_, is repeated as

| l:q - Fq—2 |: Fq—l & | Fq—l -0 |: I:q—l

(3) InFig8(c) edge label F_ isrepeatedas |F ., ~F ,|=F, & |F,-0J=F,,
where F is any Fibonacci number.

(4) InFig8(d) edge label F isrepeatedas |F ., —F,  [=F &|F -0]=F,
where Fp is any Fibonacci number.

(5) InFig8(e) edge label F,_, isrepeatedas | F, —F, _,|=F _, &|F _,-0|=

F

—r where Fp is any Fibonacci number.

(6) In Fig8(f) edge label F,_, is repeated as
| Foa—Fos |= Foo & | F—Fa |= Fo.
(7) InFig8(g) edge label F,_, is repeated as
| F = F |= Foa & | Fa-0 |= Foa
(8) In Fig8(h) edge label F,_, is repeated as
| F—Fo |= Foa & | F.-0 |= Foa

Theorem 2.9 The graph obtained by Switching of a vertex in cycle Cn for N > 6 can be embedded as
an induced subgraph of a super Fibonacci graceful graph.

Proof: Let V,,V,,V;......... V, be the vertices of C_ and V, be the switched vertex.
Define f :V(G) —>{0,F,F,.....F;}
f(v,)=0

f(v,)=F,;, 1<i<n-1

Now it remains to assign Fibonacci numbers F, F, , and F . Put 3 vertices in the graph. Join

first vertex V' labeled with F, to the vertex V. Now join second vertex V" labeled with F_,, to the

q+3

vertex V; and vertex V"' labeled with F_, to the vertex V"

gq+2
Thus the resultant graph is a super Fibonacci graceful graph.

Ilustration 2.10 In the following Figure 8 the graph obtained by switching of a vertex in cycle C6 and
its super Fibonacci graceful labeling of its embedding is shown.
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@ T, ®

F]ﬂ

Figure 8: A Super Fibonacci Graceful Embedding

3. CONCLUDING REMARKS

Here we have contributed seven new results to the theory of Fibonacci graceful graphs. It has been proved
that trees, vertex switching of cycle Cn , joint sum of two fans are Fibonacci graceful while wheels and
helms are not Fibonacci graceful. We have also discussed super Fibonacci graceful labeling and show that
the graph obtained by switching of a vertex in cycle C, (n>6) does not admit super Fibonacci graceful
labeling but it can be embedded as an induced subgraph of a super Fibonacci graceful graph.
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Introduction
We begin with simple, finite and undirected graph

G =(V(G),EG) IV(G)I
lE(G)]

In the present work and

denote the number of vertices and edges in the graph

G respectively. For all other terminology and notations we
follow Harary[1]. We will give brief summary of definitions
which are useful for the present investigations.

Definition —1-1 : If the vertices of the graph are assigned values
subject to certain conditions then is known as graph labeling. An
extensive survey on graph labeling we refer to Gallian[2].
According to Beineke and Hegde[3] graph labeling serves as a
frontier between number theory and structure of graphs. A
detailed study of variety of applications of graph labeling is
reported in Bloom and Golomb[4].

Definition -1.2
f:vG)—- (

Let G be a graph. A mapping
0,1} is called binary vertex labeling of G and

FO) i called the [abel of the vertex ¥ of G under /.
For an edge® ="V, the induced edge labeling

fUEG) {01} ¢ iven by [ @@=
Let vf(O) vf(l)

be the number of vertices of G having

e.(0) e, (1
labels 0 and 1 respectively under T and tet & ( ) () be
the number of edges having labels O and 1 respectively under

f

Definition—1-3 : A binary vertex labeling of a graph G s

v, (0)-v, (DI

called a cordial labeling if and
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le, (0)—e, (1)I=1

labeling.
The concept of cordial labeling was introduced by Cahit[5]
and he proved that every tree is cordial. In the same paper he

. A graph G s cordial if it admits cordial

proved that K, is cordial if and only if 7 < 3. Ho et al.[6]

proved that unicyclic graph is cordial unless it is C4"+2. Andar
et al.[7] has discussed cordiality of multiple shells. Vaidya et
al.[8],[9],[10],[11] have also discussed the cordiality of various
graphs.

Definition —1.4 " The midde graph M(G) of a graph G s the

graph whose vertex set is V(G) U EG) and in which two
vertices are adjacent if and only if either they are adjacent edges

of G or one is a vertex of G and the other is an edge incident
with it.
In the present investigations we prove that the middle graphs of

(C,OK))

n

path, crown(The Crown is obtained by joining a

single pendant edge to each vertex of C" ), star and tadpole

(Tadpole I(n,0) is a graph in which path 4 is attached to any
one vertex of cycle

Main Results

) admit cordial labeling.

Theorem - 2.1: The middle graph M(G) of an Eulerian graph
D dv,) +2e
|E(M(G))|l= ===~
G is Eulerian and 2
Proof: Let G be an Eulerian graph. If vl, vz, v3....v” are

e, e

. e e 1%
vertices of G and !, 3 4 are edges of G then !,
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Va V3V, 6 6

e
9 are the vertices of M(G) . Then it

is obvious that if i’ is even in G then it remains even in

M(G)

d(e)=(dW)=D+(d(v")-1)
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f(VZ"‘l) =0 for 1SiS[§J+1

fo=1g, 1s;‘sEJ

1<i< +1

Now it remains to show that d(e) is evenin M(G) For thatif V' and V" Jics the vertices adjTe} to any vertex € then
4i-3) =

= dWv")+d(")—2 which is even as both d(v’) and

d(") 1<i<q

are even for

Therefore M(G) is an Eulerian graph. It is also obvious that
the d(v,)

. . V.
number of edges are incident with each vertex ! of

K
G which forms a complete graph %) in M(G).
Now if the total number of edges in M(G) be denoted as

|E(M(G) .,
|EMG kil .+ey WK, HEK, JHEK, . HEE, )

2 2 2
+d(vn)2 Ldv)  d(vy) L40)

2 2 2 2 2 2

Z":d(v,. )? +Zn:d(v,.)
— =l 2 i=1

)’ d)’

id(vi ) +2e

But > d(v,)=2e, Hence |EMG))l=-
i=1

2
proved.

M(G)

Corollary - 2.2 : The middle graph of any graph G s

i d(v,)* +2e =2(mod4) .

not cordial when E(M (G)) = =L .

Proof : By Theorem 2-1, for M(G) of any graph G,

Zn:d(vi ) +2e

EM ==
E(M(G)I 2

Then as proved by Cabhit[5]
e=2(mod4)

an Eulerian graph with

is not cordial.

Theorem - 2.3 : M( F ) is a cordial graph.

v 1% e e e .
2 .., "and ', "2, .. " are respectively the

Vi W, V, € €

aeey N N aeey

Proof: If Vi ,

. P e
vertices and edges of ~ * then " are

the vertices of M (P”) .

To define fIV(M(P”))—){O,l}

four cases.

Case1: " isodd, "=2k+1 =1357..

In this case |V(M (P,))1=2n—1, | E(M(P))|=2n+2k-3
We label the vertices as follows.

, we consider following

Sle, ) =1

Sfle;)=0
fle,;)=0

In view of the above defined labeling pattern we have

vf(0)+1=vf(1)=n, e.f.(0)=ef(1)+1=n+k—1

Case2: " odd, "=2k+1 =046,

In this case |V(M(P.))|=2n-1, |E(M(F))1=2n+2k -3

We label the vertices as follows.

fy)=0 for 1SiS[§J+1
1SisFJ
fv)=1 for 2
fle,3)=0
Fea)=0) i FJ
fle, =1 4
fle,)=1

In view of the above defined labeling pattern we have
v (0)=v,(D+1=n e, (0)=¢,()+1=n+k-1
Case3: " even, " =2k k=1357....

WV(M(P)=2n—1 |E(M(P))|=2n+2k—4

In this case

We label the vertices as follows.

f(vzi_l) =0

n
1<i<—
foy=1 L 773

fleus)=0 ¢ 1SiSEJ+1

A

n
flewn =0, 1"SLZJ
fle,)=1
fle,)=1

Case 4: ' even, "= 2k k=2,4,6.....
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V(M (P))l=2n—1

’

In this case
|E(M(P,))|=2n+2k —4

We label the vertices as follows.

T0u)=0) i om
f(vzi)zl 2
Jlea) =01 jem
fle;,)=0 4
n
1<i<—
fley)=1 for 4
n
_ 1<i<—-1
f(e4i)_1for 4
In above two cases we have vf(O)zvf(l)‘f'l:n,

e,(0)=e,()=n+k-2

Thus in all the four cases f satisfies the condition for cordial

labeling. That is, M(F,) is a cordial graph.
Illustration - 2.4 : In the following Figure 2.1 M(F) and its
cordial labeling is shown.

0] 0 \0 (0] 0\ /0

A4

Figure 2.1 M (P,) and its cordial labeling
Theorem - 2.5 : The middle graph of crown is a cordial graph.
GO i which 1, 2, Y

]
" and Vi Vo v

Proof: Consider the crown
be the vertices of cycle

. c e
pendant vertices attached at each vertex of . Let ', "2, ..,

e e' e e' . .
mand ~ ', T 2, .., " are vertices corresponding to edges of

Cn OKI iIl M(Cn OKI)

To define fVM(C,0K))—1{0.1}
following three cases.

Case1: " isodd, 7 =2k+1 k=046, .
V(M (C, OK,))|=4n

we consider

In this case and

IEM(C, @Kl))|=6n+2EJ+1

s

We label the vertices as follows.
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FOu) =01 o L
S =1

ORI
| I

fv,)=1

fo )=

Sl 2L%J+2i+1 - L4
Mo =l o LEJ
f(e,)=0 2

fle,)=0

n
. ISis{—JH
f(ezifl) = 0 for 2

. n
flEen=1, IS’S{EJ

In view of the above defined pattern

n
v, (0) = v, (1) =2n ef(0>+1—e_,-(1>_3n+bJ+1
Case2: " isodd, " =2Kk+1 1=1357...
V(M(C, OK,))|=4n

In this case and

IE(M(C, oKl))|=6n+2EJ+1

s

We label the vertices as follows.

Now label the remaining vertices as in case 1.
In view of the above defined pattern we have

n

Case 3: " is even, 1 =2k | k=2,3,...
V(M(C, OK,)|=3n

In this case and

[E(M(C, ©K,))|=Tn
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We label the vertices as follows.

f(vzl'_l) =0

1<i<?
fv,)=1 2

JO)=1, 1<i<n
f(ei)=0f0rISiSn

Jew)=l en
fe',)=0 2

In view of the above defined pattern we have

v, (0) =vf(1)=37” e, (0) =ef(1)=3n+%

Thus in all the cases described above f admits cordial labeling
for the graph under consideration. That is, middle graph of the
crown is a cordial graph.

Ilustration - 2.6 : In the following Figure 22 cordial labeling

for M(C; OK))

is shown.

M(C, OK))
M(Kl,n)

Figure 2.2 and its cordial labeling

Theorem - 2.7 : is a cordial graph.

VZ .

1% . .
., " be the vertices of star " with

e e e
V as an apex vertex and !, 2, ..,

M(Kl,n)

A%
Proof: Let V, "1,

" be the vertices in

. e e e .
corresponding to the edges ', 2,.., " in

fViM(K,,)) —{0,1}

, we consider following

1,n

1,n

To define
two cases.

n=2k+1,k=23,4,...

Case 1:

V(M (K, ,))l=2n+1

In this case

|E(M (K, )= 2n(g J +1)

or

|E(M (K, )= 2n(EJ+1)+2k+1

depending  upon

k=2,4,68....  k=3,5709..

f(ezl._l):(), ISlS\‘gJ-Fl

. n
f(eZi)_l’ 1SZSLEJ

fFv.)=p . where p. =1

,if ! is even,

" oA
=0 if 7 is odd, 2

f(v”{kJ"')z f(en_vJ_i) Ogisn_LgJ_l

2

bl

fo=1

Using above pattern if

vf(0)+1:vf(1):n+1
vf(0)=vf(1)+1=n+1

k=12,3,6,7....
k=4,5,8,9...

then

and if then

k
B ef(O):ef(l):n(L—J+1)
i k=2,4,68.... 2 and i

then
k
k _3’5,7,.... then 2
Case2: '~ 2k, k=2,3,4,...
i V(M (K, ) |=2n+1
In this case n ,

|E(M (K, ,)) = 2n(§+1) —k

|E(M (K, )= 2n(EJ+1)+ 2&

-1
J depending upon
k=2,4,68.. k=3579..

fle, ) =0, ISiS%

fle) =1, 193%

fv.)=p . where p,=0

,if ! is even,

. OSisFJ—l
=1 if T is odd, 2

f(v"-EJ-") = f(e"{kJ"'), og,-s,q_m_l

fo=1

Using above pattern if

vf(0)=vf(1)+1=n+1
v (0)+1=v,(1)=n+l

k=2,3,6,7....
k=4,58,9..

then

and if then

k
2 and

e, ) =e,()+1= n(EJHHEJ

k
_ e;(0)=e,(H=n(-+1)~-
g k=2468. TG 2

k=357 4en
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O =v,()+1=3

— %
Also note that for 7= 2 we have / nd

e,(0)+1=¢,(1)=3

Thus in all the cases described above f admits cordial labeling

for M(K,,) . That is, M(K,,)

Illustration - 2.8 : In the following Figure 23 cordial labeling
of M (Kl’(’ )

admits cordial labeling.

is shown.

M((K, ;)

Figure 2.3
Theorem - 2.9 : M( T(n,l+1) ) is a cordial graph.
T(n,l+1)

and its cordial labeling

. . 1%
in which !, "2, ..,

1 1
Vo, Vg

Proof: Consider the tadpole

\% . %
" be the vertices of cycle " and !,

the vertices of the path attached to the cycle C". Also let &1 ,

e e
2. .., " and

e', e, e,
M (T (n,l+1))

e be the vertices in

corresponding to the edges of cycle ~" and

path F, respectively in T'(n,l +1),
To define f VM (T (n,l+1)) —{0,1}

following cases.
Case 1: n is odd

, we consider the

Subcase 1: ”=2k+1, k=2,4,6,.. and l=2j’
j = 2’ 4’ 6, .....
In  this subcase V(M (T(n,1+1)) |= 2n+21 ,

| E(M (T(n,1+1))) 1= 2L%J+2n+21+6

FUu) =1 i o L”J

F(1,)=0 2

R n
f(e4i_3)=0 1SZS\\2J+1

. n
fle,;,)=0 ISZS\;ZJ

fle) =1 ;o {”J

fley)=1 4
Fo)=fv')= l(when V'l s attached to V)
f)=0

1<is H
Fh)=1 2

f(e'4,'_3):f(e'4i_2):0 1<i< \‘ZJ

fle'y)=f(e'y)=1 Z

In view of the above defined labeling pattern

n
v, (0)=v,(1)=n+l ef(o)_ef(l)—{§J+n+l+3
Subcase  2: n:2k+17 k=2,4,6,... and 1:2]'7
Jj=3,57,..
In this subcase V(M (T (n,l+1)))|=2n+2] ,

| E(M (T (n,1+1))) I:2{%J+2n+2l+8

fle', )=0,f(')=1

fo)=Lf0v)= 1(when V1 s attached to vl)
remaining vertices are labeled as in subcase 1.
In view of the above defined labeling pattern
n

v (O)=v,(1)=n+l ef(o)zef(1)=L2J+”+l+4

For ! =2 we have ef(O):ef(l):M.

Subcase 3: I’l:2k+1, k=2,4,6,.... and l=2,.]—|—17
j= 1’3’5,7’ '''''
In this subcase V(M (T (n,l+1)))|=2n+2] ,

| E(M (T (n,1+1))) 1= 2{%J+2n+21+5

f(vn) = f(v'l) = 1(When v 'l is attached to v")

l
1<i<|—|+1
fop=0 " M
f(v'2i+1):1 1<i<L£J
N )
fle'y3)=fle'y,)=1 1<i< [1J+1
f(e'4,;1):0

fle)=0 1s;‘sHJ
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remaining vertices are labeled as in subcase L
Using above pattern we have

v.f,(0)=vf(1)=n+l,

ef(0)+1=ef(1)=EJ+n+z+3

For /. =1 we have ¢, (0)+1=¢, (1)_10

Subcase 4: I’l—2k+17 k_2,4,6,.... and l:2j+1,
j=2,4,6,,...
In this subcase V(M (T (n,l+1)))|=2n+2I ,

| E(M (T (n,1+1))) I= 2L§J+2n+21+7

f(vn) = f(v'l) = 1(When v 'l is attached to Vn )

l
e 1542
it
2
1<i SHH
fle'ys) =1’ 4
rewsl o elt]
f(e'4i_1)=f(e'4l,):() 4

remaining vertices are labeled as in subcase 1.
Using above pattern we have

vf(O):vf(l):n+l’

[S—

<

~.

fovh)=1

ef(O)+l=ef(l)=LgJ+n+l+4

Subca#nzzk'i'l, k:1,3,5,7,.... and l:Zj7
j=2,4,6,....
In this subcase V(M (T (n,l+1)))|I=2n+2] ’

[E(M (T (n,l+1))) 1= 2L§J+2n+21+6

) =1 151‘_FJ
F,)=0 2

A

Sfley3)=f(e;,)=0 1<i< [HJ_H

fle ) =1 4
f(€4i)=l’ lSiS[ﬁJ
4
f)=f0')= 1(when v is attached to v”)

Tl | i LLJ
f'5,)=0 2

fle'y3)=f(e',)=0
fle'y)=1re'y)=1

IS'Si
4

Using above pattern we have

v, (0)=v,(1)=n+l e, (0)= (1)—{ J+n+l+3

Subcase 6: N =2k+1 k=1,3,57,... and l=2j,
j=3,57,.....
In this subcase I['VIM (T (n,l+1))I=2n+21,

| E(M (T (n,1+1))) |= 2BJ+2n+21+8

f)=fvp=1 v'

(when
|‘ =0

f(vf’) 1<i<t

fOh)=1 2

. 1%
I js attached to ")

fle'y3)=f(e',)=0 1Sz£{
fle'y)=fle',)=1

B~
|

fle,)=0,f(e',)=1

remaining vertices are labeled as in subcase 5,
Using above pattern we have

vf(0)=vf(1):n+l 6/»(0) €y ()= \‘ J+I’l+l+4

For ! =2 we have ef(O):ef(l):S.

Subcase 7: M=2k+1 k=1357. .. 1=2j+1
ji=1,35,....
m o this  swbease |VMTI+D)I=2n+21

| E(M (T (n,1+1))) 1= 2{%J+2n+21+5

f (Vn) = f (v '1) = l(when v'l is attached to v")
I
1<i< +1
fv,)=0 LJ

FOh)=1
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== 1
fe'y.)=0

l
<i<|—
ﬂmthJ{J

remaining vertices are labeled as in subcase 5,
Using above pattern we have

v.f,(0)=vf(1)=n+l’

ef(0)=ef(1)+1=L§J+n+z+3
e, (0)=e (1)+1=7

For ! =1 we have

Subcase § 1=2k+1 K=1357...  I1=2j+]

In this subcase

| E(M (T(n,1+1))) 1= 2L%J+2n+21+7

f)=fvp=1 v’

(when

Il)

)
1<i<|—|+1
F0) =0 lM*
2

f(e'm_s):l,ISishJH

) =1 1<i< VJ
fle'y)=r(},)=0 4

remaining vertices are labeled as in subcase 5 .
Using above pattern we have

v.f,(0)=vf(1)=n+l’

ef(O)=e.f,(1)+1=LgJ+n+l+4

Case 2: n is even

Subcase _ 1: n=2k, k=2,4,6,.. and l=2j’
j= 2’4’6, .....
In this subcase VM (T (n,l+1)))|=2n+2] ’
| E(M (T (n,l+1)))1=3n+20+5
=1
T =l i en
f(vzi):() 2

V(M (T(n,l+1)))|1=2n+2l,

I is attached to

fley3)=fle,)=0

1<i<?
f(e4,‘_1) = f(e4i) :1 4
S '1):1(When v is attached to vl)
')=0
T =01 L
SOy =1 2

fle'y3)=f(e'},)=0
fle'y)=f(e'y)=1

ISiSL
4

Using above pattern we have

3n
v =v,()=nti D=6 DH=r41

Subcase 2: =2k i k=2,4,6,... and | = 2]'7
Jj=3,57,..
In this subcase I\VIM (T (n,l+1)))|=2n+2] 7
| E(M (T(n,l+1)))|=3n+21+7

f(V ’1) =1

(when v is attached to vl)
fle'y3)=f(e',,)=0 1<i< {iJ
fle'y)=f(e'y)=1 4

fle',)=0 fle',)=1

remaining vertices are labeled as in subcase 1 of case @) .
Using above pattern we have

3n
v, =v,(1)=n+1 &O+1=e,(H="FFi+4

For | =2 we have ef(0)+1= ef(l) - 10.

Subcase 3: =2k k=2,4,6,... 4 l=2j+1,
j=13,517,...
Inthis  subcase V(M (T(n.1+1) 1= 2n+21,

|E(M (T (n,l+1)))1=3n+2]+4

S 1):1(When V'l s attached to vl)

/
<i<|l=
f(V'zi):()’ 1_1_{2“+1

. I
f(V'zm):l, ISIS{EJ

f(e'4,'_3)=f(€v4i_2):1 S\‘IA‘ 41
fle'y)=0



2475

.|
f(e'4i)=0’1SlSLZJ

remaining vertices are labeled as in subcase 1 of case 2) .
Using above pattern we have

3n
vf(O)=Vf(1)=n+l’ ef(o):e_/»(1)=7+l+2

ef(O):ef(l):S.

For [ =1 we have

Subcase 4 N=2k K=246.. L 1=2j+1
j=2,4,6,.....

In this subcase V(M (T(n,l+1)))|=2n+21,
|E(M (T (n,l+1)))I=3n+2/+6

fovp)=1

]
Vv, o. 1%
(when ! is attachedto '!)

f(V'zi)zo, 1SisEJ+1

N
f(vzm)—l,lSlS[zJ

l
1<i<|—|+1
f(e'4i—3)=1’ L4J
fleu) =1 1<i< VJ
f(e'4i71)=f(e'4i)=0 4

remaining vertices are labeled as in subcase 1 of case 2) .
Using above pattern we have

Vf(O):Vf(l):fl'Fl’ef(()):gf(])=3?n+l+3.
Subcase _ 5: n=2k, k=3,57,... and l=2j’
j=2’4’6, .....
In this subcase I'VIM (T (n,l+1)))|=2n+2] ’
| E(M (T (n,l+1)))|1=3n+21+5

y=1
T =l i en
f(vzi):() 2

fles)=f(e,,)=0 1<i< L
fle, )= f(e,;) =1

NN
| I

f(e”_l) = 0, f(en) =1

fvy)= 1(when Y1 is attached to vl)
T0=0 1 L
f(V 2i+1)=1 2

S.K. Vaidya et al./ Elixir Dis. Math. 34C (2011) 2468-2476

fle'y3)=f(e',)=0
f(e';li—l)zf(ev;u)zl

lSiSi
4

Using above pattern we have

3n
v, O =v ()=n+l e +l=e ()="7+1+3

Subcase 6: = 2k, k=3,57,... and = 2j,
j=3,57,....
In this subcase ['V(M (T (n,l+1)))I=2n+21 ,
|[E(M(T(n,l+1)))|1=3n+2[+7

foi)= 1(When v is attached to vl)

f(€'4i_3)=f(€'4,-_2)=0 1<i< {LJ
fle'y)=f(ey)=1 4
Jc(e'rl—l):l7 f(e'n)=0

remaining vertices are labeled as in subcase 5 of case @) .
Using above pattern we have

3n
v O=v (Hh=n+l e O)+l=e (I)=""+1+4
e (0 +1=e,(1)=13

For ! =2 we have

Subcase 7: n:2k7 k=3,517,.. and l:2j+17
j=13,5,7,..
In this subcase IV(M(T(n,l+1)))I:2n+217

|[E(M (T (n,l+1))) 1= 3n+2l+4+4{%J

fv')=0 (when V1 is attached to V2)

l
1<i<|—|+1
fo)=1 2J

. l
f(szm):O’ ISIS{EJ

f(e'z;i_s):f(e'zu_z)zo 1<i< \‘IJ i1
fle'y)=1

l
1<i<| —
f(e'4l.):17 l {4J

remaining vertices are labeled as in subcase 5 of case @)
Using above pattern we have

v O =v,(D=n+l

ef(0)=ef(1)=37”+1+2+2EJ
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e, (0)=e;(1)=11

For ! =1 we have

Subcase  8: n:Zk, k=3,57,... and l:2j+1,
i=2.4.6.,....
In this subcase ['VIM (T (n,l+1)))|1=2n+21,

| E(M (T (n,1+1))) 1= 3n+21+2+4EJ

Jov')= O(When v is attached to '2)
)
I<i<|—|+1
foh)=1 LZJ

[

f'h)=0 ) \;5“
Ll
4

f(€'4,4,3)—0’ 1<i< —J+1
J(€42)=0 1<i< VJ
fle'y )= fe'y)=1 4

2)

remaining vertices are labeled as in subcase 5 of case (
Using above pattern we have

vf(O):vf(l):n+l
3n j
O)=e . (1)=—+I1+1+2| =
e, (0)=e (1) 2+++{2J

Thus in all the cases described above f admits cordial labeling

for M(LUBIHD i m(TO LD ) ddmits cordial
labeling.

Illustration - 2.10 : In the following Figure 24 cordial
M(T(6,5))

labeling of is shown.

S.K. Vaidya et al./ Elixir Dis. Math. 34C (2011) 2468-2476

M (T (6,5))

Figure 2.4
Concluding Remarks
Labeling of discrete structure is a potential area of research
due to its diversified applications. We discuss here cordial
labeling in the context middle graph of a graph. We contribute
six new results to the theory of cordial labeling. It is possible to
investigate analogous results for various families of graph and in
the context of different graph labeling problems which is the
open area of research.
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Abstract

We present here some important results in connection with 3-equitable graphs. We prove that any
graph G can be embedded as an induced subgraph of a 3-equitable graph. We have also discussed
some properties which are invariant under embedding. This work rules out any possibility of obtaining
any forbidden subgraph characterization for 3-equitable graphs.

Keywords: Embedding, NP-Complete, 3-Equitable Graph.
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1. INTRODUCTION

We begin with simple, finite, connected and undirected graph G = (V(G), E(G)), where V(G) is
called set of vertices and E(G) is called set of edges of a graph G. For all other terminology and
notations in graph theory we follow West [1] and for number theory we follow Niven and Zuckerman

2].

Definition 1.1 The assignment of numbers to the vertices of a graph with certain condition(s) is called
graph labeling.

For detailed survey on graph labeling we refer to Gallian [3]. Vast amount of literature is available on
different types of graph labeling and more than 1200 papers have been published in past four
decades. As stated in Beineke and Hegde [4] graph labeling serves as a frontier between number
theory and structure of graphs. Most of the graph labeling techniques trace there origin to that one
introduced by Rosa [5].

Definition 1.2
Let G = (V(G), E(G)) be a graph with p vertices and g edges. Let f:V —{0,1,2,...,g9} be an

injection. For each edgeuve E , define f"(uv) =l f(u)— f(W)I. If f(E)={1,2,...,q} then f is
called /3 -valuation. Golomb [6] called such labeling as a graceful labeling and this is now the familiar
term.

Definition 1.3

For a mapping f:V(G)—>{0,1,2,..k—1} and an edge e=uv of G, we define
f(e)=l f(u)— f(v)|. The labeling f is called a k - equitable labeling if the number of vertices
with the label i and the number of vertices with the label j differ by atmost 1 and the number of
edges with the label i and the number of edges with label j differ by atmost 1. By v, (i) we mean

the number of vertices with the label i and by e, (i) we mean the number of edges with the label i .
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Thus for k - equaitable labeling we must have | v (i) —v,(j)I<1 and le, (i) —e,(j) <1,
where 0<i, j<k—1.

For k=2, f is called cordial labeling and for k =3, f is called 3-equitable labeling. We focus on
3-equitable labeling.

A graph G is 3-equitable if it admits a 3-equitable labeling. This concept was introduced by Cabhit [7].
There are four types of problems that can be considered in this area.
(1) How 3-equatability is affected under various graph operations.
(2) Construct new families of 3-equitable graphs by finding suitable labeling.
(3) Given a graph theoretic property P characterize the class of graphs with property P that
are 3-equitable.
(4) Given a graph G having the graph theoretic property P, is it possible to embed G as an

induced subgraph of a 3-equitable graph G, having the property P ?

The problems of first three types are largely investigated but the problems of last type are of great
importance. Such problems are extensively explored recently by Acharya et al [8] in the context of
graceful graphs. We present here an affirmative answer for planar graphs, trianglefree graphs and
graphs with given chromatic number in the context of 3-equitable graphs. As a consequence we

deduce that deciding whether the chromatic number is less then or equal to k, where k >3, is NP-
complete even for 3-equitable graphs. We obtain similar result for clique number also.

2. Main Results

Theorem 2.1

Any graph G can be embedded as an induced subgraph of a 3-equitable graph.

Proof: Let G be the graph with n vertices. Without loss of generality we assume that it is always
possible to label the vertices of any graph G such that the vertex conditions for 3-equitable graphs
are satisfied. i.e.lv, (i))—v,(j)I<1, 0<i, j<2.Let V; , V, and V, be the set of vertices with label
0 ,1 and 2 respectively. Let E, E, and E, be the set of edges with label 0,1 and 2 respectively.
Let n(V,) ,n(V)and n(V,) be the number of elements in sets V, ,V, and V, respectively. Let
n(E,), n(E,) and n(E,) be the number of elements in sets E, , E, and E, respectively.

Case 1: n=0(mod 3)

Subcase 1: n(E,) #n(E,) #n(E,).

Suppose n(E,) <n(E,)<n(E,).Let In(E,)—n(E))|l=r>1 and |n(E,)—n(E,)|=s>1.The new
graph H can be obtained by adding r+ s vertices to the graph G .

Define r+s= p and consider a partition of p as p=a+b+c with la—bI<1,lb—cIL1 and
lc—alLl.

Now out of new p vertices label a vertices with 0, b vertices with 1 and ¢ vertices with 2.i.e. label
the vertices u,,u,,... ,u, with 0, v,,v,,... ,v, with 1 and w,,w,,... ,w. with 2.Now we adapt the

following procedure.
Step 1: To obtain required number of edges with label 1.

* Join s number of elements v, to the arbitrary element of V/,.

e If b < s then join (s —b) number of elements u, ,u,,... ,u,_, to the arbitrary element of V,.

e If a < s—>b then join (s —a—>b) number of vertices w,,w,,...,w_, _ to the arbitrary element of
V.

Above construction will give rise to required number of edges with label 1.
Step 2: To obtain required number of edges with label 0.

» Join remaining number of u,'s (which are left at the end of step 1) to the arbitrary element of V.
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+ Join the remaining number of v, 's(which are left at the end of step 1) to the arbitrary element of V.
» Join the remaining number of w; 's(which are left at the end of step 1) to the arbitrary element of V.
As a result of above procedure we have the following vertex conditions and edge conditions.

Ivf(O)—vf(l) I=In(V,)+a—n(V,)-bI<1,

Ivf(l)—vf(Z) I=ln(V)+b—-nV,)—cI<1,

v, 2)=v, (O I=In(V)+c—n(V,)-als1

and

Ief(O)—ef(l) |=In(E,)+n(E,)—n(E,)—n(E)—n(E,)+n(E)I=0,

Ief(l)—ef (2)1=In(E))+n(E,)—n(E)—n(E,) =0,

Ief (2)—ef 0)I=In(E,)—n(E))—n(E,)+n(E,)1=0.

Similarly one can handle the following cases.

n(E,) <n(E,) <n(E),

n(E,) <n(E)) <n(E),

n(E) <n(E,) <n(E,),

n(E,) <n(E) <n(E,),

n(E) <n(E)) <n(E,).
Subcase 2: n(E,) =n(E;) <n(E,),i# j#k,0=i,jk<2
Suppose n(E,) =n(E,) <n(E,)

In(E,)—n(E,) =7

ln(E,)—n(E)l=r

The new graph H can be obtained by adding 2r vertices to the graph G .
Define 2r = p and consider a partiton of p as p=a+b+c with la—bI<1,|b—-cI£1 and

lc—al<l.
Now out of new p vertices, label a vertices with 0, b vertices with 1 and ¢ vertices with 2.i.e. label

the vertices u,,u,,... ,u, with 0, v,,v,,... ,v, with 1 and w,,w,,... ,w_ with 2.Now we adapt the
following procedure.

Step 1:
To obtain required number of edges with label O .

e Join r number of elements u,'s to the arbitrary element of V.

o If a <r thenjoin (r —a) number of elements v,,v,,...,v,_, to the arbitrary element of V.
o If b<r—a then join (r —a—>b) number of vertices w,,w, ..., w,_, .
V,.

Above construction will give rise to required number of edges with label 0.

to the arbitrary element of

Step 2:
To obtain required number of edges with label 1.

« Join remaining number of w;'s (which are not used at the end of step 1)to the arbitrary element of
V.

« Join the remaining number of v,'s (which are not used at the end of step 1) to the arbitrary element
of V,.

« Join the remaining number of u,'s (which are not used at the end of step 1) to the arbitrary element
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of V..

Simillarly we can handle the following possibilities.

n(E))=n(E,) <n(E,)

n(E,) =n(E,)<n(E))

Subcase 3: n(E,) <n(E;) =n(E,),i# j#k,0<i, j,k<2

Suppose n(E,) < n(E,) =n(E))

Define | n(E,)—n(E))|=r

The new graph H can be obtained by adding r vertices to the graph G as follows .

Consider a partition of r as r=a+b+c with la—bI<1,Ib—cl<l and lc—alL].

Now out of new r vertices label a vertices with 0,b vertices with 1 and c vertices with 2 .i.e. label
the vertices u, ,u,,... ,u, with 0, v,,v,,...,v, with 1 and w,,w,,...,w, with 2. Now we adapt the
following procedure.

Step 1:
To obtain required number of edges with label 2.

» Join r number of vertices w,'s to the arbitrary element of V.
o If ¢ <r thenjoin r—c number of elements u, ,u,,... ,u,_. to the arbitrary element of V,.

Above construction will give rise to required number of edges with label 2.

At the end of this step if the required number of 2 as edge labels are generated then we have done.
If not then move to step 2. This procedure should be followed in all the situations described earlier
when n(E,) <n(E,) or n(E,) <n(E,).

Step 2:
To obtain the remaining (at the end of step 1) number of edges with label 2.

« If kK number of edges are required after joining all the vertices with label 0 and 2 then add &
number of vertices labeled with 0, k number of vertices labeled with 1 and k number of vertices
labeled with 2. Then vertex conditions are satisfied.

» Now we have k number of new vertices with label 2,k number of new vertices with label 0 and
2k number of new vertices with label 1.

« Join k new vertices with label 2 to the arbitrary element of the set V.

« Join k new vertices with label O to the arbitrary element of the set V.
« Join k new vertices with label 1 to the arbitrary element of set V.
« Join k new vertices with label 1 to the arbitrary element of the set V.
Case 2: n=1(mod3).
Subcase 1: n(E,) # n(Ej) zn(E,),i# j#k,0<i,jk<2.
Suppose n(E)) < n(E,) <n(E,) Let In(E,)—n(E,)|l=r>1 and | n(E,)—n(E)I=s>1 .
Define r+s = p and consider a partition of p suchthat p =a+b+c with
ln(V,)+a—-n(V))-bI<1
ln(V))+b—-n(V,)—cl<1
ln(V,)+a—-n(V,)—cl<1.
Now we can follow the procedure which we have discussed in case-1.
Case 3: n=2(mod3)
We can proceed as case-1 and case-2.

Thus in all the possibilities the graph H resulted due to above construction satisfies the conditions
for 3-equitable graph. That is, any graph G can be embedded as an induced subgraph of a 3-
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equitable graph.
For the better understanding of result derived above consider following illustrations.

lllustration 2.2

Fora Graph G =C, we have n(E;)) =0, n(E))=6, n(E,) =3.
Now I n(E)—n(E)|l=6=r,In(E)-n(E,)|=3=s.

This is the case related to subcase (1) of case (1) .

FIGURE 1: C, and its 3-equitable embedding

Procedure to construct H :

Step 1:
e Add p=r+s5=64+3=09 vertices in G and partition p as p=a+b+c=3+3+3.

e Label 3 vertices with 0 as a = 3.
e Label 3 vertices with 1 as b = 3.
e Label 3 vertices with 2 as ¢ = 3.

Step 2:
» Join the vertices with 0 and 1 to the arbitrary element of the set V,, and V| respectively.

« Join the vertices with label 2 to the arbitrary element of set V.
The resultant graph H is shown in Figure 1 is 3 -equitable.

lllustration 2.3
Consider a Graph G =K, as shown in following Figure 2 for which n(E,)=1, n(E)) =4,

n(E,))=1.
Here In(E)—n(E)|1=3=r,In(E)—-n(E,)|=3=sier=s.
This is the case related to subcase (2) of case (2).

FIGURE 2: K4 and its 3-equitable embedding
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Procedure to construct H :

Step 1:

e Add p =2r =3+3=06 vertices in G and partition p as p=a+b+c=2+1+3.
e Label 2 vertices with 0 as a =2.

e Label 1 vertexwith 1 as b=1.

e Label 3 vertices with 2 as c=2.

Step 2:
« Join the vertices with label O to the arbitrary element of the set V; and join one vertex with label 2

to the arbitrary element of V.

* join the remaining vertices with label 2 with the arbitrary element of set V.

Step 3:
» Now add three more vertices and label them as 0,1 and 2 respectively.

* Now join the vertices with label 0 and 2 with the arbitrary elements of V, and V|, respectively.
 Now out of the remaining two vertices with label 1 join one vertex with arbitrary element of set V,
and the other with the arbitrary element of set V.

The resultant graph H shown in Figure 2 is 3 -equitable.

Corollary 2.4 Any planar graph G can be embedded as an induced subgraph of a planar 3-equitable
graph.

Proof: If G is planar graph. Then the graph H obtained by Theorem 2.1 is a planar graph.
Corollary 2.5 Any triangle-free graph G can be embedded as an induced subgraph of a triangle free
3-equitable graph.

Proof: If G is triangle-free graph. Then the graph H obtained by Theorem 2.1 is a triangle-free
graph.

Corollary 2.6 The problem of deciding whether the chromatic number ¥ <k, where k>3 is NP-
complete even for 3-equitable graphs.

Proof: Let G be a graph with chromatic number ¥(G)=3. Let H be the 3-equitable graph

constructed in Theorem 2.1, which contains G as an induced subgraph.Since H is constructed by
adding only pendant vertices to G . We have y(H) = y(G) . Since the problem of deciding whether

the chromatic number y <k, where k >3 is NP-complete [9]. It follows that deciding whether the
chromatic number y <k, where k >3, is NP-complete even for 3-equitable graphs.

Corollary 2.7 The problem of deciding whether the clique number @(G) =k is NP-complete even
when restricted to 3-equitable graphs.
Proof: Since the problem of deciding whether the clique number of a graph @(G)=>k is NP-

complete [9] and w(H )= w(G) for the 3-equitable graph H constructed in Theorem 2.1,the above
result follows.

3. Concluding Remarks

In this paper, we have considered the general problem. Given a graph theoretic property P and a
graph G having P, is it possible to embed G as an induced subgraph of a 3-equitable graph H
having the property P ? As a consequence we derive that deciding whether the chromatic number
¥ <k,where k>3, is NP-complete even for 3-equitable graphs. We obtain similar result for clique
number. Moreover this work rules out any possibility of forbidden subgraph characterization for 3-
equitable graph. Analogous work for other graph theoretic parameters like domination number, total
domination number, fractional domination number etc. and graphs admitting various other types of
labeling can be carried out for further research.
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