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Abstract 

We consider the radially symmetric nonlinear von Karman plate equations 

for circular or annular plates in the limit of small thickness. The loads on 

the plate consist of a radially symmetric pressure load and a uniform edge 

load. The dependence of the steady states on the edge load and thickness is 

studied using asymptotics as well as numerical calculations . The von Karman 

plate equations are a singular perturbation of the Foppl membrane equation 

in the asymptotic limit of small th ickness. We study the role of compressive 

membrane solutions in the smal l thickness asymptotic behavior of the plate 

solutions. 

We give evidence for the existence of a s ingular compressive solution for 

the c ircular membrane and show by a singular perturbation expansion that 

the nonsingular compressive solutions ·a pproach this s ingular solution as the 

radial s tr(;'SS at the center of the plate vanishes. In this limit, an infinite 

number of folds occur with respect to the edge load. Similar behavior is 

observed for the annular membrane with zero edge load at the inner radius 

10 the limit as the circumferential stress vanishes. 

We develop multiscale expans ions, which are asymptotic to members of 

this family, for plates with edges that are elastically supported against ro

tation. At some thicknesses this approximation breaks down and a bound

ary layer appears at the center of the plate. In the limit of small normal 

load , the points of breakdown approach the bifurcat.ion points corresponding 

to buckling of the nondeftected state. A uniform asymptot.ic expansion for 



- JV-

small thickness combining the boundary layer with a multiscale approxima

tion of the outer solution is developed for this case. These approximations 

complement, the well known boundary layer expansions based on tensile mem

brane solutions in describing the bending and stretching of thin plates. The 

approximation becomes inconsistent as the clamped state is approached by 

increasing the resistance against rotation at the edge. We prove that such 

an expansion for the clamped circular plate cannot exist unless the pressure 

load is self-equilibrating. 
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CHAPTER 1 

Introduction 

The design of light-weight structures often requires the determination of 

the behavior of thin plates undergoing deformations greater than their thick

ness. Linear plate theory is valid for deformations that are small compared 

to the thickness; thus, a nonlinear theory is required for the study of this 

problem. The von Karman theory is a nonlinear treatment valid for defor

mations that are small compared to the large dimensions of the plate. We 

study the steady states of the von Karman equations for circular and annular 

plates subjected to a press ure load and a horizontal edge load in the asy mp

totic limit of small thickness. In particular, we are interested in constructing 

solutions with compressive radial stress . ln the limit of small thickness, the 

von Karman plate equations are a singular perturbation of the Foppl mem

brane equation. The main goal of this dissertation is to delineate cases where 

it is and is not possible to approximate compressive plate solutions in some 

asymptotic sense by compressive membrane solutions . 

Formulation of the Problem. We take a plate with outer radius R , inner 

radius aR and thickness H ; the dimensionless parameter a is the r atio of inner 

to outer radius; for the circular plate a = 0. The independent variables r, () , 

z represent post ion in t he undeformed plate in polar coordinates. We assume 

radially symmetric deformatio n with the vertical and rad ial displacements of 

the midplane z = 0 being u·(r) and p(r) , respective ly. A schematic of the 

deformation is shown in Figure (l.l). We denote by a" a", and a z the normal 
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The Undeformed Plate The Deformed Plate 

H 

r--~--., I t 

,_- - - - .l 

FIGURE 1 . 1 . Deformation of an annular plate 

The independent variables r , f) , and ¢ represent position in the undeformed plate. 
The dependent variables w and p measure the vertical and radial displacements in 
the deformed plate. 

stresses in the radial, circumferential, and vertical directions; in von Karman 

plate theory, shear strains and stresses are considered negligible. We let 

(Jr = - v. 

Note that positive v corresponds to compressive radial stress. It may be 

shown that in the von Karman plate theory the circumferential stress is given 

by 
_ dv 

a c =-v - r - . 
dr 

A normal pressure p is applied to the upper surface z = H / 2; we assume 

that the pressure is positive at the inner radius aR. The normal stress in the 

vertical direction is given by 

We specify w(R) = 0 to locate the plate in the z-direction and let 

1 dw 
u = 

r dr 
( 1.1) 
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Clearly, then, the vertical displacement of the midplane is given by 

w ( r) = - I R s u ( s) ds. 
r 

Also, the radial displacement is given by 

1 ( 2 dv -) p(r) =-- r -- r(1 - v)v 
E dr 

where v is Poisson's ratio. Thus, the normal stresses Or. O c , Oz and the 

displacements w and p may be determined from the functions u and v. 
The equations of the von Karman 1 theory are the compatibility equation 

and the equilibrium equation 

-2 
= u ' 

E( )2 1 d d 1 d 2 _ 1 d ( 2 _ _ ) p 
-~H -- r--- ru +-- ruv =-
2 r dr dr r dr r dr hR 

( 1.2) 

( 1.3) 

for r E [aR , R ], where 1 2 = (6(1 - v 2
)) - 1 and E is Young's modulus. Multi

plying through by r in (1.3) and integrating from the inner radius aR to r , 

we find 

where g is 

E 2 ( 2 d2u du) 2 2 ( -- (rH) r - + 3r - + r uv - r g r) + A 
2 dr2 dr 

1 I r g(r) = H 2 (p(()d( 
r aR 

and A is a constant given by 

1 ('f. J . J . S to ker, Nonlinear Eh$t.icity, 1968 

(1.4) 
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We obtain a dimensionless form of the equations via the transformations 

where 

H 
h = rR' 

R_ 
u = - u, 

T 

2R _ 
g = ?E g, 

T" 

This choice of r gives us 

a2 
g(x) ,..__, 1 - 2 X 

T 
x = 

R ' 

2 -
v = r2Ev, 

2 -
A = r3REA 

as x-> a. 

We have utilized the assumption that p(aR) > 0 so that r > 0; the case of 

p(aR) = 0 must be normalized differently. Note also that the dimensionless 

parameter h may become small in a number of ways. We will refer to the 

parameter h as the "thickness" because it varies directly with the actual 

thickness H in the case of fixed outer fadius and pressure load. but it should 

be kept in mind that h is also influenced by the magnitude of the pressure 

load . 

Using the above transformations, the equations (1.2, 1.4 ) become 

h 2 (u" + ~u') -1- uv = g(x) + -~, 
X X 

v" + ~v' - u 2 

( 1.5) 

X 

for x E [a, 1]. The equations (1.5) along with suitably chosen boundary 

conditions constitute the von Karman plate theory, which we employ for our 

study of thin radially symmetric circular or annular plates. The von Karman 

plate theory is discussed further in Appendix I. 
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For well-posedness, five boundary conditions are required . In the case of 

the circular plate, we have three conditions arising from the requirement that 

the solution be smooth at the origin. These are 

A = 0 , u'(O) = 0, v'(O) = 0. ( 1.6) 

For annular plates, we specify the radial stress at the inner edge 

v(a) = TJ , ( 1. 7-) 

and we take the conditions corresponding to a free edge 

au'(a) + (1 + v)u(a) = 0, (1.8) 

The last two conditions are the natural boundary conditions arising from the 

variational formulation of the problem. Physically, the former implies that 

the bending moment vanishes; the latter is a joint requirement embodying 

the shears and rate of change of twisting moment . Note that in the case 

TJ = 0 , i.e. , no applied stress at the inner edge, we have A = 0. For specified 

TJ :j: 0, we cannot determine A a priori. For a given value of A, we define the 

function g(x) = g(x) + A j x2 • 

At the outer edge in the case of either circular or annular plates, we 

specify the stress 

v(l) = A, ( 1.9) 

and also we impose one of two boundary conditions: 

u'(1) + Qu(1) - 0, Q 2:: 1 + v or u(1) = 0. (1.10) 

The first case, (l.lOa) , corresponds to the outer edge being elastically sup

ported against rotation· as described by MANSFIELD.2 If Q = 1 + v we say 

2 The Bending and Stretching of Pl:ite.::, p . l7 , 1964 
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that the plate is simply supported: the support against rotation vanishes. As 

Q increases, the strength of the support against rotation increases; in the 

limit Q ---+ + oo, we obtain the clamped edge condition (l.lOb). 

We study each of these problems individually in the asymptotic limit as 

h ---+ 0, and a/so we consider the limiting case; the plate elastically supported 

against rotation passes into the clamped plate as Q ---+ + oo. 

Singular Perturbation of the Membrane Problem. The von Karman 

theory of thin plates is a singular perturbation of the Foppl3 membrane equa-

tion 

3 
v" + - v' 

X 

for x E Ia, 1], with boundary conditions 

v'(O) = 0 or 

v(l) = >.. 

(1.11) 

v(a) = 1J, 
(1.12) 

As in most singular perturbation problems, we cannot expect the thin plate 

solutions to pass uniformly into the membrane solutions as the thickness h 

vanishes. We wish to study compressive plate solutions; thus, we attempt 

to form asymptotic expansions for the plate solutions based on compressive 

membrane solutions. 

Compressive Membrane Solutions. We will first discuss the properties 

of the compressive solutions of the membrane equation ( 1.11). The existence 

of a branch of compressive circular membrane solutions is demonstrated by 

CALLEGARI, REISS AND KELLER.4 In this paper, phase-plane analysis is 

performed in the case of uniform pressure load to show the existence of a value 

3 Vorles ungen iiber technische M echanik, Vol. 5, 1907 

4 Comm. Pure Appl. Math . 24 (1971) 
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FIGURE 1 . 2. Continuation diagram for the circular membrane 

II. 9 

The family of compressive circular membrane solutions for uniform pressure load 
g(x) = 1 is shown. The components of the solution plotted are the radial stress 
at the edge v( 1) = A (abscissa) and the radial stress at the center v(O) (ordinate) . 
The folds A" and A 1 can be seen on the large scale plot; the inset shows the folds 
A:J and A3 , which are closer to the limit A00 . 

of the edge load, .X 00 , for which there are an infinite number of membrane 

solutions. The compressive solution branch has an infinite number of folds 

with respect to the edge load and the fold points converge to .X00 • These 

folds are illustrated in Figure ( 1.2) where the compressive solution branch is 

shown for the case of uniform pressure load. 

It is observed by CALLEGARI, REISS AND KELLER that for uniform 

pressure load , i.e., g(x) = 1, there exists a singular solution of the circular 

membrane problem 

V 00 (x) = (~x) ~ 

which satisfies v00 {1) ( ~ ) ~ . This solution is compressive for x E (0, 1] 
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but has v(O) = 0, while v'(x) becomes unbounded as x --+ 0. It may be shown 

by phase-plane analysis that in the limit v(O) -> o+ the solutions converge to 

this singular solution. 

In the second chapter, we will present evidence that such a singular com

pressive solution exists for the circular membrane under arbitrary smooth 

pressure load and a/so for the annular membrane with vanishing radial stress 

at the inner edge. Specifically, we propose an iteration procedure 

which we conjecture will converge to a singular compressive membrane solu-

tion. The iterations are carried out approximately using numerical integra-

tion, and these calculations support the conjecture of convergence. For the 

annular membrane with TJ = 0, a similar iteration procedure may be defined 

to obtain a singular compressive solution. 

We derive the asymptotic behavior of the solutions near this singular 

solution via perturbation analysis. The fold points Ao, A1 , ••. alternate 

about the limit A00 • Thus we find 

for m 2: 0. It is also observed that 

The asymptotic analysis gives these results for the folds Am, Am+ h .. . where 

m is sufficiently large; numerical calculations for a variety of pressure loads 

confirm that this property holds for m > 0. Thus, for Azm < A < Azm+2• 
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there are 2m + 2 distinct solutions; for .X 2m+ 1 < ). < .X 2m- I, there are 2m + 1 

solutions. For 0 < ). < >.0 , membrane solutions do not exist. 

The fold points An, >-n+2 are called successive fold points; from the asymp-

totic analysis, the spacing between successive fold points is found at leading 

order to decrease geometrically; i.e., 

(1.13) 

where b = exp( - 57r /vf23) ~ 0.038. These ratios are obtained for sufficiently 

smooth pressure load given the assumption that the pressure does not vanish 

at the center of the plate. For the annular plate with TJ = 0, the asymptotic 

behavior (1.13) is also observed with the same value of the constant b as 

for the circular membrane provided the pressure does not vanish at the inner 

edge. The case where the pressure does vanish at the center or the inner edge 

may be treated simi larly, but a different value of b is obtained. A generalized 

form of the circular membrane is studied by FIER5 using phase-plane analysis, 

and our results agree with the asymptotic behavior obtained in those cases 

where both methods are applicable. 

Plate Solutions- Background. Although solutions of the von Karman 

plate equations with various boundary conditions have been studied using ap-

proximate methods by many investigators , few theoretical results are known 

concerning plate solutions with compressive radial stress. For the case of van-

ishing pressure, the unbuckled states corresponding to zero vertical deflection 

( u = 0) can be found exactly. The radial stress v must satisfy 

3 
v" + - v' = 0. 

X 

5 Ph . D. Thesis, C'alifomia Ins titut e o f Technology, 1985 
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For the circular plate, this state has constant radial stress; for the annular 

plate, the radial stress has the form 

{3 
v = a +

x2 

where a and {3 are chosen so that the conditions v(a) = rJ , v(1) = .>. are 

satisfied. Buckled states for this problem have been studied by FRIEDRICHS 

AND STOKER,6 KELLER , KELLER AND REISS/ and WOLKOWISKY.8 In 

the first paper it is shown that for the clamped circular plate there is one 

pair of buckled states with no internal nodes- an internal node is a point 

x E (0 , 1), where u(x) = 0- for all values of.>. greater than the buckling load 

.>. 1 = h 2 x 1
2 , where Xn is the nth positive zero of J 1 ; no other buckled states 

exist when .>. is less than or equal to .>. 2 = h 2 x 2 
2 • In the second paper it is 

shown that for every positive integer n a pair of buckled states with n - 1 

internal nodes exists when the edge load.>. is slightly larger than >.n = h2xn 2
• 

The pairs of buckled states differ only in the s ign of u . In the third paper it is 

shown that these pairs of buckled states continue to exist for all .>. > >.n. This 

result is also extended to the case of the simply supported circular plate. 

Fewer results are availabl_e for compressive solutions in the case of nonvan

ishing pressure. KEENER AND KELLER9 have applied perturbed bifurcation 

theory to show that for small pressure load the bifurcations from the unbuck

led state are perturbed in such a way that the solution branches separate from 

each other- bifurcation is no longer present. On the other hand, asymptotic 

analysis suggests that the perturbed solutions are asymptotic to the unper-

6 Amer. J. Math. 63 (1941) 

7 Q. Appl. Math. 20 (1902) 
8 Bifurcation Theory and Nonlinear Eigenvalue Problems, 1969 

\i Lecture Notes in M athewat ics, Vol. 280, 1972 
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FIGURE 1. 3. A sketch of perturbed bifurcation for small pressure load 

The bifurcation diagram for the case of vanishing pressure load is given by the 
dashed lines. The solid Jines represent families of solutions for the case of small 
pressure load. Three different loads are shown ; as the load becomes smaller, the 
solution curve approaches the curve for zero load. Also, as the edge load >. increases 
for fixed pressure load, the solution curve is asymptotic to the curve for zero pressure 

load. 

turbed buckled states for >. __. -t- oo on a particular branch. This information 

is presented pictorially in Figure ( 1.3). 

Asymptotic Analysis for Compressive Plate Solutions. The compres-

sive solution branch with its infinite number of folds is observed in the mem-

brane problem for arbitrary smooth pressure load; however, such a branch 

is not apparent for the plate problem as can be seen from the continuation 

diagrams in Figures ( 1.4, 1.5). The numerical methods used to obtain these 

plots are described in Appendix II. The family of plate solutions consists of 

an infinite number of distinct branches, which are numbered as shown. The 
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0 
0. 5 

~ 

-0. 5 

9. 4 9. b 0. a 1. 0 

u(l) 

1.2 1. 4 1. b 1. a 2. 0 

FIGURE 1. 4 . Continuation diagram for the simply supported circular plate , h = 0.20 

The von Karman plate equations for a. simply supported circular plate under uni
form pressure load are solved for varying edge load by cont.inua.tion . The radial 
stress a.t the center u(O) is plotted against the edge load .\ = u ( 1) for h fixed a.t 
0.20. Several plate solution branches are shown by the solid lines . The family of 
compressive membrane solutions is also p!otted for comparison and is represented 
by the dotted line. 

plot indicates that some plate solutions are related to compressive membrane 

solutions; a segment of a branch of the plate solutions will approach a segment 

of the compressive membrane solution branch. As the thickness vanishes , the 

index of the plate branch having a point that is close to a given membrane so

lution tends to infinity. We quantify this behavior by constructing asymptotic 

expansions for the plate solutions based on compressive membrane solutions. 

For illustrative purposes, we first discuss the known asymptotic expan

sions for plate solutions. Boundary layer constructions for the plate prob

lem based on tensile membrane solutions have been developed by SRUB-



THICKNESS • 0.11E•00 
POISSON""S RATI O • 9. 30E•09 

1. 5 INCREMENT • 9. 10E-91 

t.0 

:; 0. 5 

0. 0 

·0. 5 

a. a 

- 13-

l.B 

u(1) 

1. 2 1. 4 1. b 

FIGURE 1. 5. Continuation diagram for the simply supported circular plate , h = 0.11 

Similar to the previous Figure but with h fixed at 0.11. 

SHCHIK AND YUDOVIC H10 for the case of tensile edge load , FRIEDRICHS 

AND STOKER11 and BODNER 12 for the case of compressive edge load and 

BROMBERG 13 for the case of vanishing edge load. In these constructions, a 

boundary layer appears at the edge of the plate and is necessary so that the 

approximation satisfies the boundary condition 

u(l) = 0 or u'(l) + Qu(l) = 0. 

To illustrate the boundary layer construction, we derive the asymptotic ex-

pansion for the circular plate whose edge is elastically supported against 

10 Dokl. Akad. Nauk SSSR 139 (196 1) 
11 Amer. J. M.1.th . 64 (1941) 

12 -Q. Appl. Math. 12 (1955) 

13 Comm. Pure Appl. Math . 9 (19.56) 
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rotation in the case of tensile edge load ; i.e., v(1) = >. < 0. The asymptotic 

approximation of the solution that is presented below was derived and proven 

to be valid by SRUBSHCHIK AND YUDOVICH. 

The outer solution for the st ress v is taken to be a tensile (negative) 

solution v 0 of the Foppl membrane equation (1.11) satisfying the membrane 

boundary conditions (1.12). Letting u0 = g(x) j v0 (x), we then take u0 as the 

outer solution for the displacement variable u. Only for special choices of g 

and Vo does it happen that the boundary condition at x = 1 is satisfied by 

the outer solution . We will assume that this is not the case, and so we must 

introduce a boundary layer about x = 1. The boundary layer variables are 

chosen to be 

_ 1 - X 

X = - h- , 

u(i) = u(x) , v (i) = v(x) . 

Substitution into the plate equations (1.5) gives 

3h du • __ ( h - ) 
---- -l- VU = g 1 - X 
1 - hi di , 

The boundary conditions at i - 0 are 

v(o) = >., h - 1u'(o) + Qu(o) = o. 

(1.14) 

The boundary conditions for x -t + oo, which are required for the bound-

ary layer solution to match the outer solutions v 0 and u 0 in the overlap 

region , are 
v ( i) -t vo ( 1) - hivo' ( 1), 

u(i) -t uo(1) - hiuo'(1), 
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as x - oo. By inspection we find the boundary layer solutions to be 

u(i) = un( 1) 

where 

uo'(1) + Quo(1) 
K = hQ . 

1 + ..,;- >. 

The uniform asymptotic expansion is thus 

V (X) ~ Vo (X) , 

h ( F>. ) u(x) ~ u0 (x) - --Kexp --- (1 - x) 
F>. h 

(1.15) 

Differentiating with respect to x, we have 

v'(x) ~ vo'(x), 

u'(x) ~ u0'(x) - Kexp ( -7 (1 - x)) 

Thus, we have a boundary layer in the derivative of the displacement vari

able, u', which has the usual exponential decay. 

If the construction is attempted in the case of compressive edge load. i.e., 

>. > 0, we obtain a boundary layer solution of the form 

v(i) ~). - hi:vo'(1) , 

u(i) ~ uo( 1) 

where 

¥{ . 
s in </> + v iCOS(JJ 

uo'(1) -+- Quo(l) 
K = 

This cannot be matched asymptotically to the outer so lution and therefore 

the boundary layer construction is incons istent. The oscillatory character 

of the rejected boundary layer solution sugges ts a global breakdown of the 
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outer solution; that is, the outer solution must be modified throughout the 

interval x E [0, 1] to obtain a valid asymptotic approximation. This is accom-

plished with multiscale analysis. 

A simple asymptotic construction related to multiscale analysis can be 

carried out for fixed pressure load and vanishing thickness if we allow the 

edge load to tend to +oo. The membrane solution approaches a state of 

constant compression for large compressive edge load. Thus, taking v(x; h) = 

vo(x) + o(1) , we perturb about v0 (x) = A under the assumption u = o(1) for 

x > 0. The equation for u 0 , the leading term of u, is 

h
2 

( uo" + ~uo') + AUo = g(x) . 

For small thickness h and large edge load A > 0 , the solution has the asymp-

totic form 

(1.16) 

where 

( 1.17) 

1 

Clearly, the assumption that u = o( 1) is satisfied provided x » hA - 2 . The 

derivative of u has the asymptotic form 

Note that the expansion for u' differs by an 0(1) amount from the estimate 

of membrane theory, which is g'(x) j A. The expansion is consistent for>. » 1. 

In the third chapter we generalize the small thickness asymptotic approx

imation (1.16) to the case of 0( 1) edge load for the circular or annular plate 

whose edge is elastically supported against rotation. It cannot be assumed 
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that the leading order behavior of the plate is a state of constant stress; how

ever, the stress will vary "slowly" as compared to the O(h- 1
) scale on which 

the oscillations occur. The multiscale expansions thus obtained are compared 

to the numerical calculations for the plate solutions and an estimate is made 

for the order of the error. 

The approximation ( 1.16) breaks down when 

Letting xn be the nth zero of xJ;(x) + (Q - 1)J1 (x), then for fixed h the 

values An that satisfy this condition are 

{1.18) 

It is shown by KELLER , KELLER AND REISS 14 that the values An given 

by ( 1.18) are precisely the edge loads at which bifurcation from the trivial 

state- or buckling-occurs in the case that the pressure load vanishes; i.e. , 

g(x) == 0. Asymptotically, ash --+ 0 for Q = 0(1), this condition reduces to 

h - 1 A ~ - ( n + ~) 1r. In the multiscale expansion derived in C hapter 3, a similar 

breakdown of the expansion is observed. In particular, let v0 be a compressive 

solution of the Foppl membrane equation and let a = v0 (0), A = vo(l). If we 

have 

h- 1 K (a) = ( n + ~ ) 1r with K (a) = j 1 

v0 ~ ( s) ds, 
0 

then the multiscale approximation for the circular plate solution derived from 

the assumption 

v(x; h) - v0 (x) + O(h2
) 

14 Q. Appl. Ma.tll. 20 ( 1962) 
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is not valid for this choice of a and h. We find that near these points an 

asymptotic expansion may still be constructed if a boundary layer is intro

duced at the center of the plate. The boundary layer solutions were calcu

lated numerically and the asymptotic behavior of the family of expansions 

constructed in this manner were studied in the limit as the stress at the center 

of the plate approached - oo. 

The expansion for the clamped circular plate may be obtained from (1.16) 

10 the limit Q ---+ oo. It is shown in Chapter 3 that the expansion for the 

clamped circular plate is consistent provided >. » h - t , a much stronger re

striction than that for the case of the plate whose edge is elastically supported 

against rotation where we require>. » 1. For the case of the clamped circular 

plate, we show that the generalization of the expansion to 0(1) edge load is 

in general not consistent. 

The Clamped Circular Plate. The clamped plate may be considered as 

the limit where the support against rotation becomes unbounded (Q---+ + oo). 

Inspection of the multiscale expansion derived in Chapter 3 in this limit shows 

that the expansion is not valid for the clamped plate unless the pressure load 

is self-equilibrating; i.e., g(l) = 0. In Chapter 4, the cause of the failure of 

the expansion in the case of the clamped circular plate is investigated. We 

show that, for the clamped circular plate problem, it is not possible to find 

solutions that asymptotically approach a given Foppl membrane solution as 

the thickness vanishes. 

The method of proof is motivated 10 part by the results of K REISS. 15 

15 SIAM J. Numer. Anal. 16 (1979) 
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hz/ - Bz1 + FI(t,z1,z0 ; h) , 

zn' = Azn + F0 (t,z1,zn;h) 
(1.19) 

where the real matrix B has imaginary eigenvalues only, and the functions 

F1 , Fn vanish quadratically in z1, z 0 for z 1, z 0 ---t 0 , h = 0. KREISS gives 

sufficient conditions such that if a solution z 1 , z 0 is O(h) at some point 

t E [r0 , Ti] , then the solution is O(h) for all t E [r0 , Ti] . In the fourth chapter, 

we prove a /emma that provides sufficient conditions such that if z1 and zn are 

bounded by some constant b sufficiently small, then the solution is bounded 

by 46 for all t E [r0 ,Ti] . 

We then obtain the result that it is not possible to find sequences { hn}, 

{un}, {vn}, n = 1, 2 , ... , s atisfying: hn ---t 0 as n --> oo; Un, Vn are continuous 

solutions of the clamped circular plate problem with thickness hn and fixed 

g, g(1) ='= 0 ; for some C > 0 and points {xn} , 0 < x0 < Xn ~ 1, the solutions 

Un , Vn evaluated at Xn satisfy 

lvn(xn) l + lvn'(xn) l ~ C, 

lun(Xn)vn(Xn) - g(xn) I+ lhnun'(xn) I ---t 0 

as n • oo; for some m > 0, vn(xn) 2: m for all n. 

(1.20) 

( 1.21) 

To prove this result. we s how that the plate equat ions can be transformed 

into a system of the form {1.19) by subtracting the membrane approximation 

from the solution and performing a few changes of variables. In this formu

lation the condition {1.21) implies that the so lution z1 , z0 is small at some 

point . On the other hand , the c lamped boundary condition implies that the 

solution is bounded away from zero at the endpoint. The hypotheses of the 

lemma discussed above are verified; the lemma is then used to s how that a 



-20-

sequence of solutions with h -+ 0 cannot be asymptotic to the membrane 

approximation in the sense of (1.21) and also satisfy the clamped boundary 

condition. 

It is worthwhile to discuss just what is and what is not contained in this 

result. For comparison, we consider the related problem of the elastica with 

clamped ends under the same assumptions concerning the magnitudes of the 

deformations as were used in the derivation of the von Karman equation~. 

We obtain the equations 

h 2u" + vu = g(x), v" = 0, 

with boundary conditions 

u'(O) = 0, u(1) = 0, 

v'(O) = 0, v(1) = A. 

We may solve for v to get v(x) = A. Thus, 

The small thickness asymptotic expansions for u and u'are 

g(x) g(1) A 
u(x),...., - A- - - A- cos h x , 

I g(1) . A u (x) ,...., -- sm - x. 
hv'>. h 

Clearly, u differs from the "membrane" approximation u0 

0(1) amount; in particular, for some () ...., 0 we have 

iuv - gl + ihu' l ~ () 

(1.22) 

g(x) /A by an 
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for all x E [0, 1] . . Thus, for the elastica, a result analogous to that for the 

circular plate also holds. But we must note that for the !-dimensional prob

lem, the asymptotic expansion (1.22) is valid: compressive solutions of the 

problem of the elastica with clamped edges do exist for h ____, 0 such that 

jv j + jv' j + ju j + lhu' j = 0(1). 

For the plate problem, we have the additional complication that the equation 

determining the stress 

v" + ~v' = u 2 

X 

depends on u. This was not true for the !-dimensional problem. Thus, if 

u differs from the membrane approximation by an 0(1) amount, we cannot 

expect to recover the Foppl membrane equation for the leading order term of 

the stress v. There is also a physical motivation for the condition that hu' ____, 

0 ; the von Karman equations become invalid if this condition is not satisfied 

because of the breakdown of the assumption of negligible shear strain. 
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CHAPTER 2 

Foppl Membrane Solutions 

The fundamental assumption of membrane theory that distinguishes it 

from plate theory is that the bending stresses are negligible. The membrane 

equations can then be obtained 1 by analyzing the stresses and strains on the 

structure, independent of the more complicated plate theory, which takes 

bending stresses into account. Alternatively, setting the thickness to zero 

in the plate theory may give rise to the same governing equations as the 

membrane theory. For the problems we discuss-circular or annular plates 

under radially symmetric lo~ding and deformations- the von Karman plate 

equations (1.5) reduce to the Foppl membrane equations when the thickness 

vanishes . 

The von Karman theory of thin plates is a singular perturbation of Foppl 

membrane theory, and thus we cannot expect the thin plate solutions to 

pass uniformly into the membrane solutions as the thickness vanishes. In 

Chapter 3, we construct asymptotic expansions for the plate solutions based 

on compressive membrane solutions. (It is possible to obtain compressive 

solu tions because the membrane does resist radial or circumferential com

pression.) It is therefore necessary to know something about the behavior of 

these membranes. 

In the first section of this chapter, we discuss results from the li terature, 

including existence and uniqueness proofs for the case of tensile edge load, 

proofs of nonexistence or nonuniqueness for the case of compressive edge load 

1 See, for example , A. Foppl, Vor/e,::ungell iiiJer tech11i,:;che Mech:wik, Vol. 5, 1907 
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as well as characterization of the singular solutions that appear in the cases of 

zero radial or circumferential stress either at the edges or at the center of the 

membrane. The second section is devoted to a singular perturbation analysis 

about the singular compressive solution in the case of arbitrary smooth pres

sure load. The near-singular membrane solutions have been studied primarily 

by phase-plane analysis in special cases where it is possible to transform the 

equations into an autonomous system of ODE's. 

2.1 Background 

Recall from (1.11, 1.12) that the the FOPPL membrane 1s the second-

order nonlinear equation 

with boundary conditions 

v" + ~v' 
X 

v'(o) = o or 

v(1) = ..\. 

(2.1) 

v(a) = TJ , 
(2.2) 

CALLEGARI AND REISS 2 give existence and uniqueness results for so

lutions of the circular membrane problem where ..\ < 0. the case where the 

radial stress is tensile at the edge. G RABMU LLER AND W EINITSCHKE3 have 

shown existence and uniqueness for tensile solutions of the annular mem-

brane problem with TJ = 0, that is, vanishing radial stress at the inner edge, 

and tensile edge load ..\ < 0. For zero edge load, ..\ = 0, S RUBSHCHIK 4 has 

shown the existence of a unique circular membrane solution that is tensile 

for x E ~ 0 , 1); if the pressure load is not self-equilibrating, i.e., §(1) #- 0, then 

the derivative v' becomes unbounded at the edge. 

2 Arch. Ra.t. Mech . Ana./. 31 {1968) 

3 J. Ela.~t., t o appear 

4 Prik/. Mat. Mekh. 30 ( 19o6) 
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0 1 

FIG URE 2 . 1 . Solution:;; of the membrane equation 

The vertical deflection w of the circular membrane under uniform pressure load is 
plot.t.ed against the radial distance r . The pre:;;sure load i:;; in the upward direction . 
Vectors representing the radial stress are also plotted; those pointing towards the 
ed~~;e of the membrane represent tensile .<,tress. 

The existence of a branch of compressive circular membrane solutions is 

demonstrated by CALLEGARI, REISS AND K ELLER.5 In this paper it is 

shown that specifiying v(O) = a > D provides a unique characterization of 

the nonsingular compressive membrane solutions. In Figure (2.1), we show 

some circular membrane solutions for uniform pressure load. The numerical 

methods used to obtain these solutions are discussed in Appendix II. Note 

that tensile solutions are deflected in the same direction as the pressure, 

while compressive solutions are deflected in the opposite direction. Also, 

phase-plane analysis is performed in the case of uniform pressure load to 

5 Comm. Pure App/. Ma.th. 24 ( 1971) 
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show the existence of a value of the edge stress , A00 , for which there are 

an infinite number of membrane solutions. The compressive solution branch 

has an infinite number of fold s with respect to the edge load and the fold 

points converge to A00 • These folds are illustrated in the continuation diagram 

(1.2), where the compressive solution branch is shown for the case of uniform 

pressure load. The phase-plane analysis is generalized to a class of problems 

with variable pressure load in the thesis of KOSECOFF.<> 

It is observed by CALLEGARI, REISS AND KELLER that for uniform 

pressure load, i.e. , g(x) = 1, there exists a singular solution of the circular 

membrane problem 

This solution is compressive for x E (0, 1] but has v(O) = 0 , while v'(x) 

becomes unbounded as x ---+ 0. It may be shown by phase-plane analysis 

t hat in the limit v(O) ---+ o -r the solutions converge to this singular solution. 

Similarly, for the class of problems studied by KOSECOFF, there exist singular 

solutions that are obtained in the limit v(O) ---+ o+. To our knowledge the 

existence of such singular solutions for the case of general pressure load has 

not been established in the literature. 

2.2 Perturbation Analysis for General Pressure Load 

The asymptotic behavior of circular membrane solutions near a smgu

lar solution- a solution that is not twice continuously differentiable for x E 

!O, 1 )-having zero radial stress at the origin is obtained by singular pertur

bation. The small parameter is taken to be the radial st ress at the origin. 

The rat io of the s pacing between s uccessive. folds is found to asymptotically 

0 Ph . D. Thesis, Califomia lns tiiute of Technology, 1975 
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approach a constant value. Similar results may be obtained for the annular 

membrane with vanishing radial stress at the inner edge. In this case the 

small parameter is v'(a), which is related to the circumferential stress at the 

inner edge. 

Singular Solution. In the case that g(x) is analytic, a series expansion 

valid for x sufficiently small may be obtained for a singular solution of the 

form 
00 

V00 (X) = (~X) 5 ( 1 + L anXn) . 
n = l 

This solution is singular because v'(x) becomes unbounded as x ~ 0. The 

recursion relations for the coeffic ients an are 

32 +.(3n + 2)(3n + 8) an = bn _ Tn 
16 

where bn is the nth Taylor series coefficient for g2 expanded about x = 0 and 

Jt is not hard to show that 

for n 2 1 

with K and p appropriately chosen. 

In the more general case where g is only assumed to be continuous, we 

propose the following iterations: let 

Vo (X) = ( ~X) ~ , 

I x ( e) 92(~) 
o ~ - x2 2v~(0 d~. 

We conjecture that these it<'rations converge to the singular solution V00 for 

x < x sufficiently small; s imilar iterations are used by CALLEG ARI, REISS 
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0. 0 z. 2 0. 3 e. 4 0. 5 0. b IL 7 0. 8 

:z: 

FIG li RE 2 . 2 . Iterations for the ~ in gular solution 

The approximate compressive singular solutions for the circular membrane are 
~hown for the case of §( x) = 1 + x :!. The s tress v i~ plotted against the radial 
distance x for the iterates 5 , 10, 15 , and 20. 

AND KELLER to show existence of nonsingular membrane solutions. Note 

that as x --+ 0 

for all n and hence , 

as x --+ 0. 

The iterations were performed numerically for several choices of g and were 

observed to converge in every case. The iterations for g(x) = 1 + x2 are shown 

in Figure (2.2). That this singular solution is obtained in the limit v(O) _. o+ 

is supported by the perturbation analysis that follows. 

The case of the annular membrane with vanishing radial stress at the 
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fl.5 5 0.5"~ 0.57 
,\ 

FIG l iRE 2. 3. Continuation diagram for the annular membrane 

The family of compressive a nnular membrane solutions for uniform pressure load 
is shown . The components of the solu tion plotted are the radial stress at the edge 
v(l) = .X (ab,:cissa) and v' (a) (ordinate) , which is related to the circumferential 
>'tress at. the inner edge. The folds .X., and .X 1 can be seen on this plot . 

inner edge (17 = 0) is similar. We have g(a) = 0 in this case. The compressive 

solution branch for the annular membrane under uniform pressure load with 

a = 0.5 is shown in Figure (2.3). ~ocal analysis about x = a suggests the 

existence of a singular solut ion of the form 

v::o(x) ~ (~) ~ (x - a) ~ as x - a. 

In fact, letting 
2 I 9 

g(x) = - (x - a)y 1 + - (x - a), 
a x 

we obtain the exact solut ion 

( 3) :: . 
~ (x - a ):'I. 
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An iteration procedure may be defined for a singular solution of the annular 

membrane problem, which is similar to the iterations obtained for the circular 

membrane case. 

Outer solution. Linearizing the membrane equation (2.1) about the 

singular solution v 00 for the circular membrane problem gives rise to the 

linear second order equation 

II 3 I 2g2(x) 
z + - z + 3 ( ) z = 0 . 

X V00 X 
(2.3) 

Using g(O) = 1, we have for x <R: l 

hence 

II 3 I 32 
z + - z + - z ~ 0 

x 9x2 

near the ongm. If the pressure load is analytic. then it is clear that the 

equation {2.3) has a regular singular point at the origin. The theory for 

these equations is well known; the asy mptotic form of the solutions near the 

origin is obtained from the indicia! equation. If we only assume that the 

pressure load is continuous, then the same techniques are applicable, but the 

asymptotic expansion is formal. Therefore, a solution z of {2.3) satisfies 

( V23 ) z "-'A. x - 1 sin -- log X+ e 
3 

as x ___. 0. 

We define a set of linearly independent solutions based on their asymptotic 

behavior near the origin. Let 

I. (V23 ) Z 1 ""' X - SID - - log X , 
3 

. I (V23 ) Zz ""' X - COS -- log X 
3 

as x ___. 0. In the case of uniform pressure load the above formulas are exact. 

In general, a closed form cannot be found, but the solutions may be computed 

numerically. 
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The outer solution is of the form 

where ~:( o:) = o(1) as o: -> 0. The small x asymptotic expansion is 

~ ( J23 1 J23 ) v(x) ,...., ( ~x)3 + t:(o:) A( o:)x- 1 sin -- log x + B( o:)x- cos -- log x . 
3 3 

The constants t:, A and B, depending on a, are determined by asymptotic 

matching for small x to a boundary layer solution. 

Inner Solution. Locally about the origin , the boundary layer solution is 

just the membrane solution under uniform pressure load; i.e., g(x) = 1. As 

shown by CALLEGARI, REISS AND KELLER, the solution satisfying v(O) = a 

IS 

where v is the solution of 

1 

with 

v(o) = 1 and v'(o) = o. 

The asymptotic form of v for x ~ a ~ is 

- 3 l 0: ~ . (J23 X ) v(x) ,...., (:1x) 3 + -K, · s m -
3

- log ~ - ¢ . 
x a ~ 

(2 .4) 

We have determined the constants ¢ and 1\, for the asymptotic behavior of 

the inner solution by numerical calculation us ing the SANDIA-ODE solver. 

The values are found to be K, ~ 0.2571, ¢ ~ 1.4191. 
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Matching. The contributions of each of the solutions z1 , z2 of the linearized 

outer equation (2.3) can be found by matching to the asymptotic behavior 

(2.4) of the inner solution in the limit as the boundary layer variable xja ~ 

becomes large. Thus we let 

and 

A = 1\. • cos ( - y23 log a + <P) , 
2 

B = 1\. • sin ( - y23 log a + <P) . 
2 

The uniform asymptotic expansion is therefore 

~ ( y23 ) v(x;a)~v00 (x) + a 2 Kcos --- loga + ¢ z1(x) + 
2 

~ (v'23 ) + a 2Ksin - -- loga + <P z2 (x ) + 
2. 

~ (X) 3 ~ a ~ /\. . (y23 X ) + av ~ - ( 4 x) ~- -- sm -- log ~+ <P . 
a2 X 3 a2 

The folds of the solution branch are determined by the condition 

_dv--.-:(_1 ;_a-'-) = 0 . 
da 

From t he asymptotic expansion (2.5) we have 

where 

y23 - 1 Zt(l) 
<I> = - - - log a + <P + tan --

2 z2 (1) 

(2.5) 

(2.6) 

(the branch cut of t he arctangent is chosen appropriately.) Differentiation 

with respect to a gives 

dv(l; a) J J . . ( 5 y23 ) 
do: ~a 2 Kyzf(l) +zi( 1) 2s in<I> --

2
- cos<I> 

(2.7) 
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The right-hand side of equation (2. 7) vanishes when 

v'23 4> = nn + tan - 1 
-- . 

5 

From the definition (2.6) of 4> , we have that the corresponding values of a 

are 

( 2nn) an = c . exp - v'23 

where 

2 ( _1 z,(l) _1 J23) 
c = exp J23 <P + tan z

2
(l) - tan -

5
-

The values >.n of the edge load corresponding to an, n = 0, 1, ... are the 

asymptotic positions of the folds of the solution branch with respect to the 

edge load >., valid for n -+ oo. The folds are labeled as in Figure (1.2) 

according to their position on the solution branch, >.0 being the fold point 

occurring at the smallest value of the edge load. Fold points >.n, >.n+2 are 

called successive because there are no other fold points between them. The 

above discussion implies that 

for some constant C . Thus, the spacing of successive fold points decreases 

geometrically at leading order; i.e., 

(2.8) 

as n -+ oo where b = exp( - 5n / J23) ~ 0.038. This agrees with the result 

obtained by F IER7 from a phase-plane analysis in the case of uniform pressure 

load. 

7 Ph. D. The.;;is, California Institut e of Technology, 1985 
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The annular membrane problem with TJ = 0 may be treated similarly. 

The small parameter is v'(a), which is related to the circumferential stress at 

the inner edge. The ratio between s uccessive fold spacings in the case of the 

annular membrane with p(aR) ::j:. 0 turns out to be identical to that of the 

circular membrane with p(O) ::j:. 0 as given by (2.8). 

The advantage of the singular perturbation approach described here is 

that it doesn't depend on the knowledge of a transformation to put the equa

tion into autonomous form. On the other hand. phase-plane analysis can be 

rigorously justified while the perturbation expansion is formal; a proof of the 

validity of the asymptotics would require careful analysis, which we have not 

attempted. 



CHAPTER 3 

Approximations from 

Compressive Membrane Solutions 

For boundary conditions that are not too restrictive, it is possible to con-

st ruct asymptotic approximations of solutions of the von Karman equations 

( 1.5) based on compressive membrane solutions. Boundary layer construc

tions for the plate problem based on tensile membrane solutions have been 

developed by SRUBSHCHIK AND YUDOVICH1 for the case of tensile edge load, 

FRIEDRICHS AND STOKER2 and BODNER3 for the case of compressive edge 

load and BROMBERG 4 for the case of vanishing edge load . 

In these constructions, a boundary layer appears at the edge of the plate 

and is necessary so that the approximation satisfies the boundary condition 

u( 1) = 0 (3.1) 

In the case of a clamped plate or 

u'(l) + Qu(l) = 0 (3.2) 

m the case of a plate whose edge is elasticall y supported against rotation. 

The boundary layer construction for tensile edge load, i.e., v( 1) = >. < 0 , 

is derived in Chapter I. Recall that the outer solut ion for the stress vis taken 

to be a tensile (negative) solution v0 of t he Foppl membrane equation (2.1). 

1 Dokl. Aka.d. Na.uk SSSR 139 (196 1) 

2 A mer. J. Ma.th . 64 ( 1941) 

3 Q. Appl. M.1.th. 12 ( 195.'>) 

4 Comm . Pure Appl. Ma.th. 9 ( 1956) 

- - -- ---------
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The uniform asymptotic expanston ts gtven m (1.15). If the construction is 

attempted for a compressive outer solution, it is found that the boundary 

layer solution contains oscillatory terms that cannot be matched to the outer 

solution. 

A multiscale type asymptotic construction is also carried out in Chapter 1 

for fixed pressure load and vanishing thickness with >. -+ + oo. The expansion 

(1.16) then obtained is 

v(x) -... >., 
g(x) h _1 1 

u(x)-... - >.-- >.~ · I\-J1(h >. ~ x) 

with "' as defined in ( 1.17). 

In the discussion that follows we generalize this asymptotic approxima

tion to circular and annular plates with bounded edge load . We find that the 

st ress varies "s lowly" as compared to the O(h- 1
) scale on which the oscilla

tions occur. Hence, multiscale analysis can be employed. The approximations 

are carried out in detail for the case of a circular plate with the edge elasti

cally s upported against rotation. The simply-supported plate is contained in 

this class of problems as the special case where the support against rotation 

vanishes. The expansion is generalized to annular plates with the same sup-

port at the outer edge. The clamped plate may be considered as the limit 

where the support against rotation becomes unbounded in the boundary 

condition (3.2), Q -+ + oo. Ins pection of the asymptotic approximation in 

this limit shows that the expansion is not valid for the clamped plate unless 

the pressure load is self-equilibrating; i.e., g(1) = 0. We also consider the 

asymptotic expansion (1.16) for large edge load as the support against rota

tion becomes unbound~d and s how that as Q -+ oo we require >. » h - ~ for 

consistency of the expansion. 
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The approximation (1.16) breaks down when the condition (1.18) is met. 

In the approximation derived below a similar breakdown of the expansion is 

observed. For this case, we derive in Section (3.2) an asymptotic expansion 

having a boundary layer at the center of the plate. 

3.1 Smooth Stress Solutions 

Recall the radially symmetric von Karman equations (1.5) for the bending 

of a thin circular plate under a pressure load 

h2 
( u" + ~u') + vu = g(x) , 

II 3 I 2 
v + - v - u = 0. 

(3.3) 

X 

The function g is assumed ~o be twice continuously differentiable for x E [0, 1]. 

We suppose a solution exists where the radial stress v is positive and has the 

asymptotic form 

v(x; h) = v0 (x) + O(h 2
) ash ~ 0 (3.4) 

for x > 0. Then WKB analysis is applicable to the equilibrium equation 

(3.3a) , which is linear in the displacement variable u . The approximation 

thus obtained can be used to develop formal small h asymptotics of solutions 

of the plate equations (3.3), which have compressive stress throughout. We 

do not attempt to justify rigorously the asymptotic expansions; however, 

numerical evidence is presented to support the conjecture that solutions of 

the plate equations (3.3) ex is t that have the asymptotic expansions derived 

below. 

The Outer Solution. We firs t make the change of variable 

W ( .T: h) = .T ~ ( U (X; h) - Uo (X)) (3.5) 
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uo(x) 
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g(x) 
vo(x) · 

(3.6) 

Applied to the equilibrium equation (3.3a), this transformation eliminates 

the first derivative and the forcing terms- at least to leading order. Thus, 

2 11 ( 3h
2

) h
2 

( 3 ')' h W + V - - W = ----;) X U o . 
4x2 x 2 

(3.7) 

If w(x; h) = w0 (x)(l + o(l)), then the leading order equation, for x ::::P h, is 

The WKB approximation is 

h 2 II 0 w0 ~ v0 w0 = . 

wo(x) = 1c · · cos(i + ¢) + O(ch) 
Vo • (X) 

where 

1 /:z: I 
x = h v0 '! ( s) ds. 

0 

(3.8) 

ash --+ 0 (3.9) 

(3.10) 

Substituting the estimate (3.9) for w into the expression (3.5) and solving for 

the original variable u gives 

c 
u(x; h) = uo(x) + 3 1 • cos(i + ¢) + O(ch) 

x 'i vn :'(x) 
ash ---+ 0 . (3.11) 

The error estimate for the solution is obtained from the formal expanston 

carried out to higher order. The region of validity is x » h. Provided the 

assumption (3.4) concerning the asymptotic form of the stress v holds , then 

the approximation (3.11) satisfies the equilibrium equation (3.3a) to O(ch) 

in this region. 

In the discussion pertaining to the clamped plate below we show it is 

necessary that c = O(h) for consistency with the original assumption (3.4) of 
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the asymptotic form of v.5 The constant c is chosen to satisfy the boundary 

condition at the edge of the plate. We discuss the case of a plate where the 

edge is elastically supported against rotation; the corresponding boundary 

condition is given in equation (3.2). The smoothness conditions ( 1.6) are 

not satisfied by the outer solution, which is valid only for x » h. These 

conditions will come into play in the construction of the uniform asymptotic 

approximation, which follows the discussion of the outer solution. Using the 

approximation (3.11), the boundary condition (3.2) becomes 

where 

c~1 . , Qc 
- - · sm 0 + u 0 (1) + Qu0 (1) + -, ·cos 0 + O(c) = 0 

h ~4 

~ = vo( 1) , 
K 

0 = h + </J, 

K = j 1 

v0 4 ( s) ds. 
0 

(3.12) 

(3.13) 

(3.14) 

The term containing the factor Qc is retained so that the formula will be 

uniformly valid as Q ~ oo. In general, we will have sin 0 =/:- 0; provided 

Q = 0(1), then c = O(h) as desired. The case sin 0 = 0 is treated in the 

subsequent Section (3.2), while the case Q ~ oo is discussed in the latter 

part of this section. 

To s how explicitly the order of c, we let c = hK. From (3.11) we obtain 

the asymptotic expansions for u and u' 

u(x; h) = uo(x) + h 3 K.' · cos(i: + <P) + O(h2
) 

x 2 v0 • (x) 
(3.15) 

and 

5 See equat.io n (3.54) 



- 39-

1 
tWo 4 ( x) _ 

u' (x; h) = u0 ' (x) - 3 • sin(x + 4>) + O(h) 
x :i 

(3.16) 

ash -+ 0. The approximation (3.15) satisfies the equilibrium equation (3.3a) 

to O(h2
). To satisfy the boundary condition (3.2) to O(h), y;; is taken to be 

uo'(1) + Quo(1) 
y;; = ~----~----~~---

,d sin(} - ( hQ / >. ~) cos(} 
(3.17) 

where(} is defined in (3.13). We are willing to settle for an error of O(h) here 

because in the numerical formulation of the plate problem this boundary 

condition gets multiplied by h, and so an error of O(h2
) is observed. 

Another case in which the condition that c = O(h) is satisfied is the 

clamped plate under self-equilibrating pressure load; that is, g(1) = 0. When 

g(1) = 0, the approximation u 0 = g j v0 from membrane theory satisfies the 

boundary condition (3.1) , and one finds c = O(h 2 ) when the expansion is 

carried out to the next order. The formula (3 .17) gives y;; = 0 in this case. 

Clearly, the requirement that c = O(h) is met and thus the expansion 1s 

consistent. However , if g(1) =I 0, then in the limit Q -+ oo, we have 

- g ( 1) y;; = - __ -,-c..._;___ 

h>. ~ cos(} 

and hence c = 0(1). Thus, for the clamped plate with nonself-equilibrating 

pressure load , the expansion is not consistent. Detailed discussion of this 

case is contained in the subsection entitled "The Clamped Plate." We will 

assume throughout the remaining derivation of the asymptotic expansion 

that Q = 0(1). 

To obtain an asymptotic approximation for the stress, we substitute the 

approximation (3.15) for u into the compatibility equation (3.3b) and retain 

terms to 0 (h). Thus, for x » h we have 

, + ~ , = g
2
(x) + ?hy;;g(x) ( - + -+..) + O(h2 ) V V 

2 
~ ~ ., COS X <p • 

x Vo x '2 v 0 4 
(3.18) 
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Letting v(x; h) = v0 (x) + v 1 (x; h) where v 1 = o(1) as h - 0, we see that the 

leading order equation 

II 3 I 
vo + - vo 

X 
(3.19) 

is simply the FOPPL6 membrane equation. The leading order boundary con-

ditions are 

vo'(O) = 0, vo(1) = A (3.20) 

as in the Foppl membrane theory. As discussed in Chapter 2, this problem 

has both tensile and compressive solutions. We have assumed A > 0, so the 

membrane solution v0 will be compressive (positive) in the interval x E 10, 1]. 

The equation for v 1 is 

(3.21) 

with boundary conditions 

Vt'(O;h) = 0, v1(1;h) = O. (3.22) 

Multiplying through by x 3 and integrating from 0 to x gives 

(3.23) 

where 

! x~ ~ g(~) (1/ ~ 1 ) 
II(x; h) = " cos -h v0 2(~) d~ + ¢ d~. 

o vo • ( ~) o 

The notation Vh is used to indicate an unknown function having derivatives 

up to order k that are _O(l) ash -. 0. The integral / 1 can be approximated 

G Vorlesungen iiber t ecllllische Mechanik, Vol. 5, 1907 
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using integration .by parts. Thus, 

/ xh~ ~ g(~)d (1/~ 1 ) 

11(x;h) = 1 dt: sin -h vo2 (\)d~ -t <P d~ 
u vo•(~) '> o 

hx§ g(x) _ 
= 7 sin(x + <P) - hl2(x ; h) 

vo • (x) 

where 

J xd(~ ~g(E)) (1/~ 1 ) h(x;h) = - 1 sin -h v0 2 (~)d~+<P d~. 
o d~ v0 • ( ~) o 

Using the assumption that g is twice continuously differentiable, we may 

integrate / 2 by parts. Then, by the Riemann-Lebesgue lemma, the integral 

12 is O(h) and hence 

hx ~ g(x) _ 2 
l1(x ;h)' = 1 sin(x + <P) + O(h). 

Vu• 

Substituting this estimate into the equation (3.23) and dividing through by 

x3 , we obtain 

1 ( ) 2 2 K:g (X) . ( - ) 2 ( ) 
V 1 X; h = h ~ 7 S in X + </J + h '1}; 1 x; h . 

x z v0 4 
(3.24) 

In this asymptotic expans ion for v 1 , it appears that the error term is of the 

sam e order as the leading term, but the expression is st ill useful because 

it gives us the leading dependence of v 1 on i: - because the error term is 

written as h 2 'lj;1 , we know that the i: dependence in the error occurs only at 

O(h3
). Integrating from x to 1 in (3.24) and using the boundary condition 

v t( 1 ; h) = 0 , we get 

2 ( ) 2 v1 (x; h) -: - 2h K:/3 x; h + h 1/J2 (x; h) 

where 

I 
1 

(c) 1 J ~ I 9- 7 - s in ( v 0 2 ( ~ )de;+ <P) d~. 
x ~ ~ Vo 4 ( ~) h o 
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By a similar argument as that used above to obtain the asymptotics for !1 , 

integration by parts gives 

hg(x) _ 
I 3 (x;h),...., ~ 0 cos(x + ¢) -+- h'l/J1(x;h) 

x ~ v0 • (x) 

where we have included the O(h) contribution from the endpoint ~ = 1 into 

the error term h'lj;1 • Therefore, 

3 2Kg(x) _ 2 ( ) 
v1(x;h) = - h 3 0 cos(x + ¢) + h 'l/J2 x;h. 

x 'i v0 4 ( x) 

Here again we have the somewhat strange combination of an error term that 

is asymptotically greater than the leading term of the expansion. Because 

the error term h2 '!j;2 has O(h2 ) derivatives up to the second order, we know 

that the dependence on x occurs in the error term at O(h4
). 

The approximation for v obtained by combining v0 and the asymptotic 

expansion for v1 satisfies the equation (3.18) and the boundary condition 

(1 .9) to O(h2
). Thus. 

v(x; h) = vo(x) (3.25) 

and 

v'(x; h) = v0 '(x) + h2 2~g(~) sin(x + ¢) + h2 '1/Ji(x; h) 
X ~ Vu 4 

(3.26) 

as h - 0, where v0 is a positive Foppl membrane solution . 

To recap, the approximations (3.15, 3.16, 3.25, 3.26) satisfy the plate 

equations (3 .3) and the boundary condition (1.9) to O(h2
) and the bound

ary condition (3.2) to O(h), provided x » h. Estimates from the formal 

expansion indicate errors in the solution of O(h 2 ) for x in this region. 

The Uniform Asymptotic Approximation. The asymptotics obtained 

so far are not valid near the origin. Thus, for the circular plate there will be 
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a region near the center of the plate that is not accurately described by the 

expansions (3.15, 3.16, 3.25, 3.26). We will construct a uniform asymptotic 

approximation, employing a multiscale analysis of the equilibrium equation 

(3.3a). This approximation is equivalent asymptotically in the region x » h 

to that obtained above but will also be valid for x = O(h) . The error es

timates become quite complicated since the same term may be of different 

order in the regions x = 0(1) and x = O(h). However, a numerical calcu

lation of the order to which the asymptotic expansion satisfies the equation 

and approximates the solution can be performed once the formula has been 

obtained. The numerics are done on the first-order system 

hz; = Zz, 
(3.27) 

This system is equivalent to the von Karman equations {3.3) with 

Z ) = U, Zz = hu', 

z3 = v, 

Our aim is to obtain an asymptotic expansion zA satisfying the system (3.27) 

to 0( h ~ ) and approximating the solution z = [z1 ] , j = 1, ... , 4 , with a relative 

e rror of O(h). Consequently, terms in the eq uations or in the approximations 

whose effects are asymptotically small relative to the desired level of accuracy 

are generally neglected. 

The following transformations are motivated by the discussions given m 

FROMAN AND FROMAN 7 conce rning the WKB equation. We let 

3 I 

W = X 'i ( U - Uu) Vo :j , (3.28) 

7 JWKB Approximtttion ; ContriiJ utions to the Theory , H)6.5 



- 44-

where u 0 is defined in (3.6) and, taking x as defined in (3.10), we suppose 

w(x;h) "'hw1(x,x) + h2w2 (x ,x), 

v(x; h)"' v0 (x) + h2 v2 (x) + h3 v3 (x , x), 

where v0 satisfies the membrane problem (3.19, 3.20). It follows from the 

boundary condition (3.20a) that 

as h ---> 0 (3.29.) 

uniformly for x E [0, 1]; thus, the factor h 2 x - 2 can be replaced as required by 

an 0(1) function of x. 

Following the usual multiscale approach , we treat x and x formally as in

dependent variables. The differential terms in the equilibrium equation (3.3a) 

become 

+ 

+ h2 
( uo"(x) + ~uo'(x)) . (3.30) 

The rest of the equation (3.3a) takes the form 

h h2 

uv - g(x) ,....., ~vow 1 -r ~v0w2 + h2 F(x). (3.31) 
x} x } 

Substituting the expressions (3.30, 3.31) into the equilibrium equation (3.3a) 

and equating like terms, we. obtain 

()2 ( 3 ) 
()xZ Wt + } -

4
X2 W1 - 0 (3.32) 

and 
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()2 . ( 3 ) 
ax2 w2 + 1 - 4x2 

2 () "2 
W2 = - I --- w I + F (X). 

Vo'i (x) ()x()x 
(3.33) 

The benefits derived from making the transformations (3.10, 3.28) should 

now be apparent, as we have obtained an equation for the variable w1 that 

is independent of x. The solution of the equation (3.32) that is bounded at 

the origin is 

where B(x) = O(x) as x ___., 0. Solvability considerations in the higher-order 

equation (3.33) require A and B to be constants. Hence, 

for some constant K. We define 

It may be verified from the recursion relations for the Bessel functions and 

formula (3.29) that for x E [0 , 1], 

From the definitions of z A 1 , z A 2 above we obtain the uniform small thickness 

asymptotic approximations for u and u 1 

(3 .34) 
I -

1 ( ) 1 1 ( ) K Vo • ( x) / 7r _ 1 ( _ ) 
U X; h - h z 2 ~ Uo X -

0 
v - · x ·! J 2 X • 

x 'l 2 



- 46-

The constant "- is chosen such that the boundary condition (3.2) applied to 

the uniform asymptotic approximation is satisfied exactly. The formula 

with~ = h - 1 K, can be derived from the approximations (3.34). 

Large argument asymptotics of Bessel functions are given by 

/ 2 1 ( (1 + 2v)7r) 
J II ( Z) "'-' v ; • Z - 2 COS Z -

4 

/2 1 4v
2
-1 ( - V - · z sm z -

7r 8 

(3.35) 

For x » h, we then obtain from (3.34a) that 

. Kh 
u(x; h) ~ ua(x) + 0 1 cos(x + </J), 

x~ v0 4 (x) 

where <P = - ~1r; that is, the uniform asymptotic approximation zA 1 is equiv

alent to the outer solution (3.15) in its region of validity. The expression 

(3.17) for the multiplying factor"' will hold asymptotically. Hence, 

ua'(1) + Quo(l) "'""' ~--~~--~~~---
A 1 sin (} - ( hQ / A 1) cos(}. 

where 
K ? (} = - - ~ 7r 
h 4 

(3.36) 

and K is defined in (3.14). As long as the denominator is bounded away from 

zero as h --+ 0, i.e., 

K 
h i= (n - ;!) 7r' 

4 

(3.37) 

then K remains 0(1). The case where (3.37) does not hold 1s treated in 

Section (3.2). 

We have now found the uniform approximations for u and u' in terms 

of the membrane solution v0 . To complete the analysis we must utilize the 
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asymptotics derived so far to approximate the radial stress v and its deriva-

tive v 1 uniformly for x E [0 , 1]. By substituting the asymptotics for u into the 

compatibility equation and integrating by parts, the asymptotic expansions 

for v and v 1 valid in the region x = O(h) are obtained. Judicious use of 

the relation (3.29) then provides approximations that also match the outer 

expansion (3.25) for x ~ h. Maintaining the formalism of x and x as in-

dependent variables creates as much confusion as it alleviates, so hereafter 

we treat everything- including x - as a function of the single independent 

variable x. 

Substituting the asymptotic expansion (3.34) for u into (3.3b) gives 

II 3 I g gK 7r- 1 - 2 K 7r - 2 -2 v- 2 
v + -v ~ - 2 + 2h~ - x 2J 1(x) + h 1 xJ1 (x) . 

x Vo x :! v0 < 2 2x3v0 2 

Letting v = v0 + v 1 and recalling that v0 sat isfies the membrane equation 

(3 .19), we have 

3 I I g (X) KX 2 7r - 1 - 2 K 7r - 2 -~ v- 2 
(x Vt) ,..... 2h ,, - x :! JI(x) + h 1 xJ1 (x). 

v0 • (x) 2 2v0 'i(x) 

For x = O(h), this is by force of (3 .29) equ ivalent to 

The factor Vo ~ x2 Jl (x) from the first term can be integrated exactly to yield 

hx2 J2 (x) . In the second term, the factor v0 ~ xJ2 (x) may be treated s imilarly. 

Thus, integration from 0 to x gives 

x3 vt' ,.._, 2h '} g(~)K v ~x2 J2(x) + h3 1\,
2

~) x2 ( J:(x) - I o(i)J2(x)). 
v0 2(0) 2 4v0 0 

Dividing through by x 3 and applying (3.29), we obtain 

, 2h* g(O)K /1f __ 11 ( - ) K2 Jrv0 ~ (0) __ 1(J2(_) J ( - )J ( - )) v 1 - ---y - x 2 x -r x 1 x - 0 x 2 x, 
vo(O) 2 4 

(3.38) 
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which is the asymptotic expansion for v 1 ' valid for x = O(h). Another inte-

gration from 0 to x gives 

2h ~ g(O)K j 1r __ 1J (-) 
V I ......., - 2 J v - X I X 

v0 2 (0) 2 
(3.39) 

2 

- h K
8

7r ( J~ (:i:) + 2Ji(x) - J0(i)J2(x)) +constant , 

which is the asymptotic expansion for v1 valid for x = O(h). In these manip-

ulations we have made use of the following formulas for indefinite integrals 

of Bessel functions : 

I z ~ 2 J I ( ~ ) d~ = z 2 J 2 ( z )' 

I z z2 ( ) 
~J;(r;) d~ = 2 J;( z ) - Jo(z) J2 (z) , 

I z ~- I J2 ( ~) d~ = -z-1 JI (z), 

I z ~- 1 J i ( ~ ) d~ = - ~ ( J g ( z ) + J: ( z )) , 

l z - 1 1( 2 ) ~ Jo (d J2( ~ ) d~ = - 2 Jo(z )J2(z ) - J 1 (z ) . 

Matching with the outer solution sh<lws that the constant in the formula 

(3.39) is O(h2
) and hence is negligible for this approximation . 

From (3.29) it can b e shown that the estimates (3.38 , 3.39) are asymp-

totically equivalent to 

2 

- h 2 
K 7r

1 
x( JJ(x ) + 2J{(i) - Jo(x)J2(x)), 

8xv0 2 . 

(3.40) 
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in the region x = O(h). Furthermore, these approximations match asymptot

ically the appropriate terms in the estimates (3.25, 3.26) valid for the region 

x ~ h. This can be verified using the large argument asymptotic expansions 

(3.35) of the Bessel functions. For if x ~ h, then the first term of the formula 

for v1 becomes 

where X = x - ~1r. The corresponding term for v1 ' becomes 

J
-

2 gl\, 7r- l - 2 gl\, . 2h -J -7 - x 2J2(x) ,...._ 2h - J -7 smx. 
X 2 Vo 4 2 X 2 Vo 4 

Also, using two terms from the expansion (3 .35), we find 

• 1\,271" ( ) 2 
- h 2
--, x Jg(x) + 2J~(x) - Jo(x)J2(x) - -h2~ + O(h4

) 
8xv0 2 2xv0 2 

for the second term in the formula for v1 • Note that the O(h2
) term does not 

depend on x. Similarly, the second term in the formula for v 1' satisfies 

2 2 
2 1\, 7r - ( 2 2 1\, ( 3) h , x J 1 (x) - Jo(x)J2(x)) - h , + o h . 
4x2v0 "! 2x2v0 'i 

Thus, the approximations (3.40) agree with the formulas (3.25, 3 .26) valid 

for x ~ h, both in the terms that are retained and in the order of the error. 

The uniform approximation is obtained by combining the membrane so-

lution V o, v 0' with the asymptotics for v1 , v1'. Thus, let 

3 gK 11r -l _ 
ZA3 (x; h) =vo- 2h - 3 -~ V -x ~ JI(x) 

x "i vu-. 2 
2 

- h2~x(JJ(x) + 2J1
2(x) - Jo(x)J2(x)), 

8xv0 2 

zA4 (x; h) :=v0 ' + 2h2 !1\, 7 V ~x ~ J2(x) + 
x '! vo• 2 

. 2 

, h2 ~ 7r, x(J~(x) - Jo(x)J2(x)). 
4x2 v0 ~ 
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The uniform asymptotic approximations of the radial stress and its derivative 

are 

v(x; h) ""'zA3(x; h) , v'(x; h) ""'zA4(x; h) as h ~ 0. (3.41) 

Observe that v and v' are 0(1) throughout the domain x E [0, 1); that is, the 

radial stress is smooth to order 1. This will not be the case for the asymptotic 

approximation derived in Section (3.2), which has a boundary layer in the 

stress near x = 0. 

The Annular Plate. A multiscale asymptotic expansion for the annular 

plate solution may be obtained similarly. We fix a > 0; thus, a region about 

the center of the plate is excluded, and the difficulties encountered in the 

circular plate approximation for x = O(h) are avoided in this case. If we take 

v(a) = rJ > 0 and suppose that v(x; h) ""'v0(x; A) > 0 ash~ 0 for x E [a, 1), 

then the expansions (3.15, 3.25) are uniformly valid. Hence, we have 

v(x; h) = v0 (x; A) + O(h 2
). 

h~ 2 
u(x; h) = uo(x; A) + ~ 1 cos(i: + </>) + O(h ) 

x ~ v0 4 (x) 

where 

x = ~ j x v0 4 ( s; A) ds, 
,, 

g(x) + x- 2 A 
u0 (X; A) - ( ) , 

vox; A 

and v 0 (x; A) is a positive solution of 

with 

II 3 I 
vo +- vo 

X 

vo( a ; A) rJ, 

(g(x) + x 2 A) 2 

vo2 

vo(l; A) = A, 

(3.42) 

(3.43) 

provided such a solution exists. Although the regions of parameter space 

where solutions exist have not been quantitatively investigated by us, the 
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equation (3.43) reveals that the quantity v0"(x) + (3 j x)v0
1(x) will be large if 

vo(x) is small; thus , it is reasonable to suppose that solutions may not exist 

if rt and >. are too small. 

To satisfy the boundary condition 

( 3.44) 

we require 

u(a) = u 0 (a ; A) ; 

thus, we must have either K = 0 or cos</> = 0. We must also have 

1 (rt1 h(l + v) ) auo (a; A) + (1 + v)u0 (a; A) - K ~ sin</> - ~ ! cos</> = 0 
a 2 a 2ry• 

(3.45) 

and 

Uo
1
(1; A) + Qu0 (1; A) - K ( >. 1 sin(O(A) + </> ) - ~~ cos(O(A) + </>)) = 0 (3.46) 

where 

0 (A) = h - 1 j 1 

v0 ~ ( s; A) ds. 
<1 

Letting 

and 

o:(A) = auo1(a ; A) + (1 + v)u0 (a; A) 

= ~ _ A ( 1 - v + Vo
1 

(a; A)) 
Tl rya 2 ary 2 

,8 (A) = u0 
1 

( 1 ; A) + Q u0 ( 1; A ) 

= g
1
(1) + Qg(1) _ g(1)vo1 (1; A) _ A ( 2 - Q Vo1 (1; A)) 

>. ).2 >. + ).2 ' 

then if K = 0 , we must have from (3.45, 3.46) that 

o:( A) = ,8 (A) = 0 . 
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In general, we cannot choose a value of A such that both of these conditions 

are satisfied; thus, to satisfy (3.44) we must have cos <P = 0 and so we take 

<P = 7f /2. 

The conditions (3.45, 3.46) become 

I 

r(< 
a(A) = K - 3 , 

a "i 

( 
I hQ . ) ,8(A) = K A4 cosO(A) + A

1 
smO(A) 

Eliminating K between these equations yields 

a(A) ( A1 cosO(A) + ~~ sinO(A)) = ,8(A) : : . (3.47) 

This condition implicitly defines A provided some solution of (3.47) exists . 

Although we expect that for some values of rJ and A a solution of (3.47) may 

not exist, we show that for Q -= 0(1) and 'rJ = A large ash ---+ 0, a value of A 

can be found that asymptotically satisfies this condition. 

Thus, let rJ = A ---+ + oo and suppose A = 0(1). Then 

v (x· A) ~A· 
0 ' ' 

that is, to leading order, v0 is independent of A. Thus, in the first approxi-

mation , 

and the condition (3.47) is then linear in A at leading order. Thus, ash ---+ 0 

we have 

((1 - v) cos 0 + (Q - 2)ya)A ~ 2a2 cos 0 - (g'(1) + Qg(1))ya. 

The coefficient of A will in general be nonzero and the solution for A will be 

0(1). Thus, we conjecture that for A and rJ sufficiently large, there exists at 

least one solution of (3.47). 
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Once A is known, K is then found to be 

3 
a'i 

K = a(A) - 1 • 

r,-4 

This expansion is not uniformly valid as a -+ 0; the asymptotics must be 

carried out with more care to be applicable in this limit. 

In the limit Q -+ + oo, condition (3.47) becomes 

(3.48) 

Thus, A = - g(1) + O(h); that is, in the case of the annular plate clamped 

at its outer edge with v(a) = TJ > 0 , we choose A such that the function 

g(x) = g(x) + x- 2 A satisfies §(1) = 0. 

If we specify the radial stress to vanish at the inner edge, i.e., TJ = 0, then 

v(a) = 0 and the expansion (3.15) is not uniformly valid as x -+ a. To obtain 

a uniformly valid expansion we use a formula related to Langer's uniform 

expansion for the WKB problem with one turning point. Thus, 

v(x; h) = v0 (x) -r O(h~ ), 
I 

u(x; h) = u0 (x) + h ~ ~· (aAi( -~) + {3 Bi( - d) + O(h ~ ) 
vo < (x) 

where 

1 I z I x = h Vo ::{ s) ds, 
a 

We let v0'(a) =I· At x = a we have 

Using 

2 ~ 
u(a) ~ - + O(h :i ). 

a/ 

u'(a) ~ ~ 44 - ~~(aAi'(O) + {3 B i'(O)) . 
a I 

Ai' (0) = ., ( ) 1 Bz 0 - " , 
3 :; r(~) 

(3.49) 
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then we must have 

- 3 3 r(~) ( - 4 2 ) /3-- ! 34 + (l + v) - 2-IG a 1 a 1 
(3.50) 

to satisfy the boundary condition au'(a) + (1 + v)u(a) = 0. 

At the outer edge we have 

u'(1) + Qu(1) "'constant· h- t (a cosO - /3sin0 + h ~ Qg(1) + 

hQ . ) + >. ~ (a sm 0 + (3 cos 0) 

(3.51) 

where 

1 I I I 0 = - v0 ~ ( s) ds + ~7r. 
h <l 

Hence, to satisfy u'(1) + Qu(1) = 0 for Q = 0(1), we take 

a""' K.sinO, (3 '"" K. cos 0. 

We may solve in equation (3.50) for K. provided 

1 I I I I - vo 2(s) ds i (n - ~)1r - tan - 13-3 . 
h " 

For Q ----4 + oo we find from. (3.51) that K = O(h-~ ) unless g(1) = 0 . We 

cannot recover the Foppl membrane equation unless K. = o( h- ~ ) , so the 

expansion is not valid for the clamped annular plate unless the load is self-

equilibrating. 

The Clamped Circular ~late. The case of a plate with clamped edge may 

be considered as the limit of the plate , with the edge elastically supported 

against rotation, where the strength of support against rotation becomes 

infinitely large; i.e., Q ----4 + oo. Taking this limit in the expansion (3.11) for 
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the circular plate _yields 

u(x; h) ,....., ua(x) + 3 c1 cos(i: + </>) 
x ~ Vu 4 (x) 

(3.52) 

for x ~ h, where 

- uo ( 1) >. ~ - g ( 1) 
c - - 3 • 

- cos(i: + </>) - >.< cos(i: + </>) 
(3.53) 

Thus, if g(1) i- 0 and>. = 0(1) then c = 0(1) . Substitution of the expansion 

(3.52) for u into the compatibility equation (3.3b) gives the leading-order 

equation 

(3.54) 

where we have dropped the oscillatory cross-term, which does not contribute 

to vat 0(1). Note that (3.54) illustrates the necessity of requiring c = O(h) 

to obtain v ,....., v0 + O(h2
), where v0 is a Foppl membrane solution. Thus 

when c = 0(1) the Foppl membrane equation is no longer the leading order 

equation for the stress. On the other hand , no solutions of this "membrane" 

equation (3 .54) that are positive on x E (0, 1] remain bounded at the origin. 

Solutions of these equations that are positive on x E (x0 , 1] may be obtained 

if g(xo) = 0. However, the expansion thus obtained will not satisfy hu' -t 0 

as h __. 0. In Appendix I it is noted that this condition is required for validity 

of the von Karman equations. 

One way to get around these difficulties is to remove the restriction that 

v remain 0(1) as h -t 0. In Chapter 1 the asymptotic expansion (1.16) 

was derived for the plate elastically supported against rotation. In the limit 

Q -t oo this expansion becomes 

u(x) ~ g(x) 
>. 
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g( 1) 
K = ------~~-----

ACos(h- l). ~- !1r). 

For x » h/ .J>. this is equivalent to 

g(x) 1 ( 1 1 3 ) u(x)- ~- ~ · KCOS h - A ~ X - 41r 
" x~ 

The equation for the next term of v = >. + v1 is then 

which has the solution 

I 2 I v 1 =- 4K ogx. 

For the validity of the expansion for u , WKB theory requires 

h- I j 1 

v 4 ( s) ds - h-I~ ( 1 - x) + o( 1). 
X 

(3.55) 

Now, expanding the integrand and inserting the formula (3.55) for v 1 we have 

Thus , it is necessary that ). » h-f for the consistency of this asymptotic 

expansion. 

We are forced to conclude that the assumption of smooth 0(1) compres

sive radial stress is not valid in the case of the clamped circular plate. In 

Chapter 4 it is proved that solutions for the clamped circular plate with 0( 1) 

s tress cannot asymptotically approach the compressive Foppl membrane so

lutions as the thickness tends to 0. 
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Numerical Calculations. We wish to evaluate the uniform asymptotic 

approximations (3.34, 3.41) derived in the previous section. These formulas 

include the compressive membrane solution v0 , which is not known analyti

cally and thus must be calculated numerically. We use the finite difference 

method described in Appendix II , a variation of the box scheme with a uni

form grid. Oscillations occur in the asymptotic approximation with a fre

quency of O(h- 1
); therefore, a mesh interval of O(h) is chosen to resolve 

this structure uniformly. The iteration method described in Appendix II is 

employed to obtain the solution of the finite difference equations. 

The calculations were carried out with a uniform pressure load, i.e., g = 1, 

for the a values 0.50, 0 .35, 0.25 and thicknesses h chosen to satisfy 

1 
hK(a) = (n + ~)n 

n 

for n = 1, ... , 6. The index n will be referred to as the branch number. 

The approximations in the case of a = 0.50 appear in Figures (3.1- 3.4) as 

solid curves. The dashed lines represent the membrane solution. Figure (3.3) 

illustrates the convergence of the radial stress v to the membrane solution 

Vo. That u' is not asymptotic to u0 ' is clearly seen from Figure (3.2). Also 

observe in Figures (3.1) and (3.2) the peaks at or near the center of the plate 

of order O(h-4 ) and O(h-~ ), respectively. 

We estimate the order to which the asymptotic approximation satisfies 

the plate equations by inserting the calculated values into the finite difference 

approximation of the first-order system (3 .27) derived in Appendix II. In 

Figure (3.5), we present a log-log plot of the maximum norm of the residual 

versus the thickness. Lines are drawn between points corresponding to the 

same membrane solution and same parity of the branch number n. The slopes 
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FIGURE 3. 1. Asymptotic approximation of u = z 1 with a = 0.50 

The solid lines represent t.he uniform asymptotic approximation for the plate solu
tion based on the membrane solution with u,(O) = a = 0.50; in this figure we plot 
u(x). The thickness his chosen s uch that h;: 1 K(0.50) = (n + ± )1r. The curves are 
labeled by t he index n with 1 ::; n ::; G. The dashed line represents the membrane 
solution uo ( x) from which the asymptotiC" expans ion was constructed. 

of these lines provide estimates of the order. The slopes in Figure (3.5) are 

at least 1.5, supporting the conjecture that the residual is O(h ~). 

The order of the error in taking the uniform asymptotic expansions 

(3.34, 3.41) as an approximation to a solution of the plate equat ions is esti

mated similarly. For each choice of v0 (0) = a and thickness h we must obtain 

a nearby plate solution. This is done by taking the asymptotic approximation 

as an initial guess and then applying an iterative method of constrained New-

ton type to the discretized plate equat ions as described in Appendix II. There 

is no guarantee that this method will converge for all values of a and h, but 

convergence is obtained most of the time. Divergence is observed only near 
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FIGURE 3. 2. A:>ymptotic approximation of u' = h - 1 
Z '] with a = 0.50 

Similar to Figure ( 3.1) except. that we plot u' ( x) with solid lines and u,' ( x) with 
the da:>hed line . 

the points where the uniform asymptotic approximation breaks down. The 

results are presented in Figure (3.6). The conjecture of an O(h) remainder 

m the asymptotic approximation is borne out by these calculations. 

Breakdown of the Asymptotics. It has been observed that 

K = J 1 

v0 ~ ( s) ds 
0 

(3.56) 

is a most critical quantity in determining the nature of plate solutions that are 

asymptotic to the membr~e solution v0 . It is thus worthwhile to study how 

this quantity varies with the solution considered. Recall from the discussion 

of the compressive membrane solution in Chapter 2 that specification of the 

radial stress at the center of the membrane v(O) = a ~ 0 uniquely determines 
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FIGU RE 3. 3. Asymptotic approximation of v = z3 with a = 0.50 

Similar to Figure (3. 1) except that we plot v(x) with solid lines and vo(x) with the 
dashed line. 

the membrane solution. Hence, if we let v 0 (x; o:) be the membrane solution 

with v0 (0; o:) = o: 2: 0, then 

is well-defined. 

K ( o:) = j 1 

v 0 1 ( s; o:) ds 
0 

(3.57) 

Numerical estimates of K(o:) are obtained by calculation of the membrane 

solution on a nonuniform grid as described in Appendix II and integration 

of the resulting discrete solution by the trapezoidal rule. Plots of o: versus 

K(o:) j 1r appear in Figure (3.7). A variety of loads were used in the calcula-

tions. It appears from these plots that K is a single-valued function of o: 2: 0. 

We take this as sufficient evidence that this property holds regardless of the 

load. 
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HEH8RANE STRESS AT I • 1 . 51E•II 
SHALLEST THICKNESS • I.41E · II 
RESOLUTION OF OSCILLATIONS • 1.21E·Il 
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FIGURE 3. 4 . A:::ymptot ic approximation of u' = z4 with at = 0 . .50 

Similar to Figure (3. 1) except that we plo t u'(x) with solid lines a.nd u, '(x) with a 
d a::: hed line . 

Recall from (3.37) that the values of a and hat which the uniform asymp-

totic analysis breaks down are given by 

1 
hK(a) = (n + ~) 1r. (3.58) 

For fixed h. unique values an can be found that satisfy (3.58) provided 

n 2: 2_ K(O) - ;! _ 
hiT 4 

The uniqueness of these values is a consequence of the monotonicity of K. 

On the other hand , if a is fixed , then unique values hn can be found that 

satisfy (3.58) for n 2: 0. These are given by 

(3.59) 
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. -log10 (thickness) 

FIG URE 3 .. '). Estimation of the order of the res idual 

The marks represent the points ( - log 1,. h, - log 1., R), where R is the maximum 
norm of the res idual obtained by substituting the uniform asymptotic approxi
mation into the disc retized plate problem. Differe nt symbols are used depending 
on the value of a = v., (O) of the membrane solution from which the approxi
mation is constructed . Each point is labelled according to the index n , where 
h,-; 1 K (a) = ( n + ~ )1r. The slope m of the lines connecting these points provides 
an est imate of the order of the residual; R = O(h'"). We es timate R = O(hl. [> ) ; a 
dashed line of slope m = 1.5 is g iven for comparison. 

C learl y. h n tf'nds to zero as n tends to oo. Thus, for a particular membrane 

solution, plate solutions may be found that asymptotically approach this 

membrane solution as h ---> 0 while excluding a countably infinite set of values 

hn with hn ~ 0- as n ---> + oo. 

The significance of the breakdown of the approximation is that it indicates 

a change in the dominant balance. In the discussion below , it is observed 

that a boundary layer develops near x = 0, while the compressive membrane 

solution with a correction of O(h) is a valid approximation of the radial 
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FIGURE 3.6. Estimation of the order of the remainder 

Similar to the last figure except that. the points ( - log 111 h, - log 1., II b.Z II ) are plot
ted , where b.Z is the difference between t.he uniform asymptotic approximation and 
a related plate so lution calcu lated numerically. The maximum norm is used. We 

· estimate ll b.ZII = O(h); a dashed line of :Jope m = 1 is give n for comparison. 

stress v away from x = 0 . 

3.2 Solutions with a Boundary Layer in the Stress 

With some modifications , the preceding analysis can he extended to the 

case where the oscillatory contribution to u is of O(h 1) for x ::» hand the 

radial stress v has the form 

v(x; h) ,.., v0 (x) + hvi(x) + O(h 2
) for x » h, 

where vo is a positive membrane solution that satisfies 

(3.60) 
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FIGURE 3.7. Study of K(o·) 

II. b 

Curves of a( ordinate) and K (a ) /'rr( abscissa) are labelled according to the function 
g used in the membrane equation. 

Denote by >.0 the value v0 (0) . Recalling the definition (3 .57) of K, we see 

that (3.60) implies 

~K(>.o) = (n- ~) 1r. 
h 

This is the case for which the asymptotics (3.34, 3.4 1) do not apply. 

The Outer Solution. WKB analysis applied to the equilibrium equation 

(3.3a) gives 

I 

g(x) ! td0 ~ 3 

u ( x) --.- u0 ( x) - h 2 ( ) v 1 ( x) + h 2 ~ , • cos ( x + cp) + 0 ( h 2) 
Vo X ~ X 2 Vo ~ (X) 

(3.61) 

as h ---+ 0, where the scale on which the oscillations occur is 

x = ~ I x v0 1 ( s) ds + I x _ 
1 

v 1 ~ 5 ) ds. 
0 h>.o 2 2vo 2 ( S) 

(3.62) 
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The integrands in the definition (3.62) of x consist of the first two terms of 

the expansion 

h - l V ~ (X) - h - I ( Vo (X) + h V d X) I Q ( h :l)) ~ 

= h- 1 vo~ (x) + Vt~x) + O(h). 
2vo '?(x) 

I 

The second integral ranges over the interval ( h.X0 - 2, x), rather than (0, x), 

because it turns out that v1 has a singularity at the origin. The parameters 

<P and K are as yet undetermined constants. 

Substitution of the asymptotics (3.61) for u into the compatibility equa

tion {3.3b) yields the outer equation 

( 
11 3 1) ( 11 3 1) 

vo + ;;-vo + h ·v1 + ;;-v 1 

The neglected portion of this equation contains either smooth terms of O(h2
) 

or oscillatory terms of O(h ~ ) . Multiscale analysis can be used to justify 

ignoring the O(h 1) oscillatory terms even though they appear in the equa

tion {3.63) to be asymptotically greater than some terms that are retained. 

For if we have the linear equation 

II 3 1 2g
2 
(X) 1 ( ) ) 

y + - y + 
3 

( ) y = j COS ( h - (} X , 
X Vo X 

then let the solution y be of the form 

Y = Yo ( x, x) + h y 1 ( x, x) + ... 

where 



• 
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We find that y0 and y 1 are functions of x only and 

() 2 3 a 2g2 (x) 
- .Yo + --y l1 + - - y L1 - 0 
OX2 X OX Vo 3 (x) - ' 

() 2 3 a 2g 2(x) 
::1 zy, +-~y, + 3( )y, = O, 
uX X uX Vo X 

::12 

() ,2 u f -ax2 Yz - cosx = o. 

The solutions y0 and y 1 could be taken to be arbitrary solutions of the ho-

mogeneous equation; however, that contribution can be absorbed into vo and 

v 1 • Thus , we take Yo = y 1 = 0. The leading contribution is from Y2 and is 

0(! · h 2 ). Thus, the oscillatory terms in the outer equation (3.63) contribute 

to vat O(h ~ ) and are neglected for this approximation. 

Equating terms of O(h) i_n the outer equation (3.63), we obtain 

(3.64) 

The homogeneous equation 

has two linearly independent solutions, one of which is bounded at the origin. 

The multiple of this solution with value 1 at x = 0 is denoted by y 1 . Recalling 

from the preceding section v0 (0 ; a) = a , we see that 

d 
da vo(x; a) - yJ(x). (3.65) 

The other solution of the homogeneous equation has a singularity at the 

origin of the form x - 2 and thus will have no contribution at this order. There 

is a particular solution of the equation (3.64) that has the form 

2 \ l 
1\, A()~ 2 ( ) 

V i p - ---- -t- K. <I> X 
2x 
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l 

).02 
b(x) = -- + ~(x), 

2x 

then v 1p(x) = K
2 b(x) and hence , v 1 may be expressed as 

The constant 1 is determined so that the boundary condition (3.2) is 

satisfied to O(h) . We must have x + ¢ = mr when x = 1. Thus, the condition 

for 1 in terms of ¢ and K is 

(3.66) 

where the constant B is given by 

B = I x b(s) d 
l s. 

h-', -1 2v0 :i ( s) 

We have used the relation 

K'(a) =I 1 

y~(s) ds , 
o 2vo'3 (s ;a) 

which follows from the definition (3.57) of K and the formula (3.65) for the 

derivative of v0 (x; a) with respect to a. 

The asymptotics of the outer solution for x --+ 0 are 

2 I 

K >.a2 
v(x) ,._, >.0 + h1 - h~, 

I ( ( I ) 1 KAo 4 >-o:; 1 
u(x),...,h:!-

3
- cos -+--, 

x '3 h 2>.o'l 

2 
I ) "' >.o:i x - - log - x + ¢ . 

4 h 

(3.67) 

The parameters K and ¢ will be determined by asymptotic matching with a 

boundary layer solution about x = 0. 
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The Boundary Layer. The asymptotics (3.67) for the outer solution be

come invalid when x = O(h). In this region, the approximation for vis still 

0(1) , but the approximation for u is O(h- 1
). This suggests the following 

scaling; let 

(3.68) 

u(x) = hu(x) + O(h), v(x) = v(x) + O(h). 

Then the leading order boundary layer equations are 

All + 3 A/ + A A 0 
U -:;:- U VU = , 

X 
(3.69) 

Note that these equations are equivalent to the plate equations in the case of 

no normal pressure. 

The solutions of these equations that are bounded at the origin are de

scribed by a 2-parameter family. A solution is characterized uniquely by 

specifying 

v(O) = a, • u(O) - (3. 

Observe that the transformations 

and 

X 

c 

take one solution into another . Thus, from the ]-parameter family of solutions 

v ·, u , defined by specifying 

v (O ;r) = r, u(O;r) = l, 
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FIG li RE 3. 8 . The limit of u' a.s x --+ +oo 

The function c(r) = (lim,_oc u' (x ;r) ) ~ is plotted. 

15.0 20.0 

we may obtain all the solutions- except the trivial solutions v = r, u = 0-by 

an appropriate scaling of independent .and dependent variables. 

The asymptotic behavior for large x is that v · tends to a constant value 

and u · vanishes as x ___... + oo: More precisely, 

• . (. ) 2() ~2 (r)c(rf v x· r - c r -' zx ' 
c'i r K, r K, r -'()-() ( ·2() ) u: (x ; r)- x ~ cos c(r)x - -

4
- log c(r)x + ci>(r) 

where for specificity we take ~ ? 0. 

The constant c( r) is defined by 

c(r) = J _lim v (x ;r). 
z-oo 

The numerical calculations to obtain the values of c(r) as well as J,(r) and 
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K.(r) are described below. In Figure (3.8), we have plotted c(r) versus r. For 

>.a > 0, let 
• ! 

..\o" 
d = c(r)' 

o:(r, ~o ) = rd2
, /3(r, ~0 ) = d 2

. 

Then the boundary layer solutions u(i:; r, ~0), v(i:; r, ~0), obtained by speci

fying 

v(O; r, ~o ) = a(r, ~o), u(O; r)o) = ±/3(r, ~o), 

satisfy 

lim v(x; r) = ~0· 
z-oo 

Note that 

The explicit dependence on r and ~0 will hereafter be suppressed when the 

notation is unambiguous. The large i; asymptotics of these solutions are 

• I 
). z • 2 

.(') \ 0 K 
V X ""'Ao- ~' 

(3. 70) 

Asymptotic Matching. Comparing (3. 70) with (3.67) and recalling the 

definitions (3.68) of the boundary layer variables, then to match with the 

outer solution in the overlap region, h «: x «: 1, we must have 

<I> = </>. 



71-

Recalling the condition (3.66) for 1 , we see that 

3 J.. B A 2 .j?r - <p - K 

1 = K'(>.n) 
(3 .71) 

The uniform asymptotic approximation for the plate solution is obtained 

in the usual way by adding the outer and inner expansions and subtracting 

the matching terms. Thus, as h - 0 , 

(3.72) 

where 

1/:z: '() / :z: IY1 (s) + K
2
b(s)d x = - v0 ~ s ds + s. 

h o h.X, - ~ 2v0 ~ (s) 
(3.73) 

The constants satisfy >.0 = v0 (0) with h- 1K(>. 0 ) = (n + ~ )1r and 

K = ± K:(r) , <P = J (r) , 

with 1 defined as in (3 .71) . 

Numerics of Boundary Layer Solutions. Numerical calculations of the 

boundary layer solutions are performed using the SANDIA-ODE software 

package. This canned routine uses a predictor-corrector method with auto-

matic step control for solving initial-value problems for firs t-order systems of 

ordinary differential equations. Given initial values v (O) = v, u(O) = "1 > 0, 
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the solution is estimated at a small value of x using the series expansion 

about the singular point x = 0. The initial-value problem is then solved 

using the packaged routine up to a value of x where the quantity v' is found 

to be suffic iently small. The estimates of the constants a(r, s), f3(r, s) > 0, 

K:(r) and <;b( r) are obtained from the formulas 

r = 

~ ;! ~ 
W = X 2 U, 

a(r, S) = v, /s / 
a(r, s) = Sa(r, S), 

/3(r, S) = Tf, 
s 

f3(r, s) = Sj3(r, S), 

~ I vw2 
J_ w'2 

~~:(r) ~ V Sv ' 

~ - w' k 2 (r) 
</>(r) ~ tan - 1 ~ - Sx +-- log Sx + mr. 

vvw 4 

The integer n is chosen such that <;b(r) --+ ~11" as r --+ ..J.. oo and J; is a continuous 

function of r. 

In Figure (3.9), f3(r,s) is plotted versus a(r,s) for s ± 0.5, ± 1 and ± 2. 

Recall that a gives the value of the radial stress at the center of the plate, 

v(O) ~ a(r, >.0 + h1) , and j3 is related to the value of the displacement variable 

at the center of the plate, u(O) ~ h - 1 /3( r, >.0 -r- h1). The points ( s, 0) and (0, 0) 

in the plane (a, /3) correspond to r = + oo and r - - oo, respectively. Figure 

(3.10) is the plot of k versus a and Figure (3.11) is the plot of J; versus a. 

The Limiting Case r --+ - oo. The numerical calculations described above 
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FIGURE 3.9. Boundary layer solutions- values at x = 0 

The curve of points (a( r , s ), {3 ( r , s )) parameterized by r is plotted for s values of 
0.5 , 1.0 , and 2.0. 

reveal as r --> - oo, the constants a an_d {3 vanish, while the constants J> and 

K. become unbounded . 

Q I log ¢ ! log lal log K. j log iai log {3 / log Ia I 
- 0.097 - 2.113 - 0.632 I 1.200 

I 

- 0 .050 

I 
- 2.014 - 0.636 I 1.526 

- 0 .036 - 1.576 - 0.629 I 1.750 
- 0.020 I - 1.355 - 0.620 2.117 
- 0 .015 I - 1.292 - 0.617 2.322 

- 0.000 I - 1.103 
.. 

- 0.608 

TABLE 3. 1 . Estimates of Exponent.:> 

The first 5 lines were obtained from numerical calculations; the last line is the 
extrapolation t.o the singular case a = 0. 

In Table (3.1) estimates are presented of the exponents of ~' K. and {3 with 
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a 

FIGlTRE 3. 10 . Boundary layer solutions-the parameter K, 

The curve of points (a(r, S), K.(r)) parameterized by r is plotted. 

respect to a. In the last line are the linear extrapolations to a = 0 for the 

exponents of d> and ~-the exponent of (3 does not appear to converge. These 

calculations indicate 

~(r) = 0 ( \a(r) \- 11
) 

and 

~(r) = 0 ( \a(r) \-0 6
) 

as r - - oo . The accuracy of these estimates is not high, but there is sufficient 

evidence to claim J> ~ ~2· as r ---+ - oo. Hence , the term in ~2 dominates 

in the formula (3.71) for "f. Furthermore, B - - oo as h - 0 and thus 

"f ---+ + oo as r __. -oo· for sufficiently small h. Clearly, the tendency is for 

~o = Ao + h"f to increase in the limit r -> - oo and, in fact, the estimates 
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FIGURE 3. 11 . Boundary layer solutions-the paramet.er ¢. 
The curve of points (a (r, S), J (r)) parameterized by r is plotted. 

indicate v(O) ,...., a(r, 1)~0 = O( la l-0
·
2
). Furthermore, in the neighborhood 

of the point a = 0, {3 = 0 the numeriCal estimates indicate that {3 becomes 

transcendentally small; that is, {3 « aM as r _. - oo for any M > 0. Clearly, 

the assumptions that v = 0(1) and u = O(h- 1
) near x = 0 break down in 

this limit. There may be yet another dominant balance in the equations. 

Nonetheless, we will limit our discussion of the plate solution asymptotics 

to those cases already introduced and leave any additional cases to future 

investigators. 
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CHAPTER 4 

Nonexistence Result for the 

Clamped Circular Plate 

In the previous chapter, we constructed asymptotic expansions of plate 

solutions based on compressive membrane solutions. There we saw that it 

was possible to satisfy the boundary condition for the plate whose edge IS 

elastically supported against rotation; in the case of an annular plate, we 

could in some cases satisfy the clamped edge condition. For the circular plate 

however, the asymptotic expansion failed when the clamped edge condition 

was imposed. In this chapter, the cause of the failure of the expansion in 

the case of the clamped circular plate is investigated. We find that-taking 

a quite general interpretation of what is meant by asymptotic approach- it 

is not possible to find solutions of the circular clamped plate problem that 

asymptotically approach a given Foppl membrane solution as the thickness 

vanishes. The main result is stated and proved in Section 4; preliminary 

transformations and lemmas to be used in the proof of the main result appear 

in Sections 1- 3. We now give an outline of the discussions contained in the 

following sections. 

Outline. The chapter is divided into four sections. We give here a brief 

outline of the contents of each section . 

Section 1. We make a set of transformations to convert the von Karman 

plate equations (3.3) into a first-order system. First, we subtract out a pos

itive solution v0 of the Foppl membrane equation; solutions that are un

bounded at the origin are allowed in addition to the bounded Foppl mem-
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brane solutions. The new dependent variables measure the deviat ion from 

the proposed "asymptotic limit" that is of interest- that is, v0 and the cor-

responding function u0 - g j v0 . Several changes of variable are performed to 

obtain a system that has the form 

hz/ Bz1 + ... , 
(4.1) 

zo' = A(t; h)zo --r ... , 

where 

and A(t; h) is bounded uniformly for h sufficiently small. The remaining terms 

are either o(l) as h ---> 0 or vanish quadratically as the dependent variables 

vanish. Thus, we have partitioned the variables into two sets according to 

their leading behavior in the linearized equations; the variables in z1 have 

simple oscillations of constant amplitude and frequency O(h 1
); the variables 

in Zo are smooth. The independent variable we choose is 

t - f z Vo~ ( 0 dC 
z .. 

where 0 < .in <.. x0 < 1 and v0 (x) > 0 for x f-_ (.in, 1]. Note that the domain 

corresponding to x E (.i0 , 1] is t E (To, T 1 , , where 

j 
1 

v0 ~ ( s) ds "" + oo. 
r , 

Section 2. We next define a comparison function A for the solution z 1, Zo 

by 

where the norm is the Euclidean norm and the matrix X satisfies 

X' ( t; h) - A ( t; h) X ( t; h) , /. 
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The motivation for this definition is that a solution of the linearized equations 

gives a constant value of .A to leading order. We can study the growth of the 

solution of the first-order system (4.1) through the behavior of this scalar 

comparison function. An integral inequality is then derived for .A(t), valid 

for t E [ro, Tt], where To > T0 . 

Section 3. We prove two lemmas for the growth of .A based on the integral 

inequality obtained in the previous step. Basically, the result is that if .A is 

small at some point, it will be small everywhere. The boundary conditions 

for the differential equation (4.1) gives us that 

Hence we conclude that .A is bounded away from zero uniformly fort E [ro, Tt] 

in the limit h --> 0. 

Section 4. We show that assuming that the plate solution asymptotically 

approaches the membrane solution leads to a contradiction, for if we suppose 

that solutions Un , Vn exist for corresponding values of the thickness hn with 

hn --> 0 as n __. 00 such that vn(xn), Vn'(xn) are 0(1) and un(xn)vn(Xn) - g(xn), 

hnun'(xn) , are o(1) as n --> oo for 0 < x0 :S Xn :S x 1 , then there is a subse

quence for which the comparison function An is s mall at the corresponding 

points tn E [0, TI] . It was shown in the previous step that An is bounded away 

from zero on the interval [0, T!], and hence we have arrived at a contradiction. 

Therefore, the plate solutions cannot as:rmptotically approach the membrane 

solutions. 
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4.1 Transformation to a First-Order System 

Recall the von Karman equations (3.3) 

h2 
( u" + ~u') + uv = g(x), 

II 3 I 2 
v + - v = u . 

(4.2) 

X 

The boundary conditions in the case of a clamped circular plate are 

u'(O) = 0, u(1) = 0, 
(4.3) 

v'(o) = o, v(1) = ,\. 

We make a sequence of tranformations to put these equations into a form 

that is most useful for the theoretical study which follows . 

Deviation from the Membrane Solution. We are interested m the 

deviation of the plate solutions from a given solution of the Foppl equation. 

Thus let v0 (x) satisfy the Foppl membrane equation (2.1) on (0, 1] and be 

positive for x E (i:0 , 1]. It is possible for v0 (x0 ) to vanish for x0 > 0 if 

g(xo) = 0; the following analysis is valid only for x > x0 . It is not assumed 

that this solution is bounded at the origin. As before, let 

We define 

g(x) 
uo(x) - - ( -). 

Vo X 

u 1 = U - U o , v1 = v - vo. 

Substitution into the plate. equations ( 4.2) gives 

h 2 ( II 3 1) 
UJ + ~U 1 h 2 ( II 3 1) + U I Vo + U o V I + U I V J - U o + ~ Uo , 

( 4.4) 
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The boundary conditions at the point x = 1 become 

U 1 ( 1) = - Uo ( 1) = - g ( 
1

) , 
>.o 

where >. 0 = v0 (1). Assuming g(1) =/= 0, we have that ui(1) must equal a 

nonzero constant. 

Scaling. We now scale the dependent variables as follows: 

1 J 

u 2 = v0 <x2u~, 
1 J 

v2 = vo<x 2v 1 • 

Also, we define a new independent variable 

t = I x vo ! ( s) ds 
x, 

where i 0 < x0 < 1. These transformations eliminate the first derivative terms 

and also give us a factor of 1 on the leading order linear term of u 2 in the 

first equation. We set 

To = - j x .. v0 ~ ( s) ds 2:: - oo, 
£ .. 

T1 = I 1 

v0 1 ( s) ds < + oo . 
x, 

Thus. after subst itution into (4.4), we have 

2 " 2 2 h u2 + u2 + f3v2 = - 1u2v2 + h q - h au2, 
(4.5) 

" 2 Vz - 2/3u2 + av2 = /Uz , 

for t E (To, T!] where 

d2 3 d 
£ = d 2 + - d-, 

X X X 
3 3 

x 2 0 1 x 2 
a(t) = :: £(x-2 v0 - •(x)), q(t) =- 3 £u0 (x), (4.6) 

vo•(x) v 0 <(x) 

j3 ( t) = g ~X( ) ) , / ( t) = X - ~ Vo - ~ (X) · 
V o X 

The boundary conditions at the point t = T1 are 

u2(TI) = - g( 1
} , 

.Xo• 

Observe that u 2 (T1 ) is a nonzero constant. 
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Conversion to a First-Order System. To convert these two second-order 

equations (4 .5) into a first-order system, we let 

YI = 

Substitution into the equations (4.5) yields 

where 

D, = (: :) ' 

e, = (J 
The boundary conditions at t = T1 are 

The inner product (-, ·) is the usual vector dot product. 

(4.7) 

Decoupling. We form linear combinations of the vectors YI , Yo to eliminate 

the coupling in the leading order linear terms of the system ( 4 . 7). Thus, let 

zo = Yo + 2h f3 D2YI· 

Subst itution in the system (4 .7) yields 

I 2 2 ) hz1 = (B + h S 1)z1 + hR1zo + h q1e2 + QI(ZJ,Zo , 
(4.8) 

I ( 2) 2 ( ) zo = C + h So z 0 + hRoz1 + h qoe2 + Qo ZJ , Zo, 
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where 

- 2{3) , 

2{3' 

with x = [x1] andy = [y1]. The boundary conditions at t = T1 are 

Note that with these boundary conditions we have 

where 

2 . (92
(1) 2 ·1 )2) a0 = m1n --7 (A - 2A0 ) + Ao" (A - Ao 

~E( -oo,+oo) Ao 3 

Solving for a0 , we find 

/ g2 (l )Ao ~ 
ao= V g2(l) + Ao4. 

(4 .9) 

Clearly, a0 > 0 and so the quantity lzi(TJ) 1
2 

-r I zn(TI) I1 2 
1s uniformly 

bounded away from zero as h __. 0 . 

Summary of the Transformations. The new variables t , ZJ and zn are 

related to the original variables x, u and v as follow s: 

t - J z v0 ~ ( s ) ds, 
Zot 



( 

x ~ v0 L~~ u + x ~ g ( x) v0 - ~ ( x) .6. v ) ' 

h (X ~ Vo j .6. U) 1 

{4.10) 

where .6.u = u - u0 , .6.v = v - v0 , and the prime denotes differentiation with 

respect to x. Furthermore, the following functions of the original variables u 

and v may be obtained from the components of ZJ = [z11j and zu = [zn1), 

j = 1, 2: 

3 I 

V (X) = Vo (X) + X- ~ Vo - :q X) Z B t , 

1 1 ) z ~ '> ( 3 Vo
1 

(X) ) v (x) - v0 (x ..L 2h x ~ vn .i (x)g(x) - + ( ) ZJ 1 -
2x 4vo x 

-.J !) .3 J 

- 2hx- 2 v0 - • (x)g(x)z1 2 + x - '2 vo - • (x)zn 2 , 

hu1 (x) =huo1 (x) - hx §v0 1(x) (2_ + vo
1

~x))) ZIJ + 
2x 4v0 x 

Note that the coefficients in (4.10, 4.11) are uniformly bounded for x and h 

suitably restricted. Thus, we have 

v(x) v11 (x) 

u(x) 

v1(x) 

hu1(x) 

uo(x) 

Vo1(x) 

hu0
1 (x) 

+ M(x;h) ( 
z1 (t(x))) 

zn(t(x)) 
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where M(x) is a matrix satisfying 

II M(x; h) II < K, li M 1(x;h) \i < K 

for x E [x0 , 1\, h E [0, 1] with K independent of x and h . Also, note that 

Thus, for ll z1 II + ll zn ll ---. 0, u(x)v(x) - g(x) ---. 0 uniformly for x E [xo, 1], 

h E [0, 1]. 

4.2 Derivation of an Integral Inequality 

In this section we discuss solutions of a system of differential equations, 

defined on the domain t E (T0 , T1 ] , of form 

where 

a 
\Jn ¢ = - ¢(·, ·,~;h). 

a~ 

( 4.12) 

The matrix B is assumed to be independent oft, nonsingular and antisym-

metric. The vectors z 1 and zu are of dimension m and n, respectively; the 

results that follow are essentially independent of the dimensions. However, 

the m x m matrix B cannot be both nonsingular and antisymmetric unless 

m is even. For the plate problem, of course, m and n are two. 

The discussion is motivated in part by the results of K REISS .1 The results 

of this paper imply that for the system (4.12), if z 1 and zn are O(h) at some 

point t F [r0 ,TI] , then ·the solution is O(h) for all t E [r0 ,T1] . In the next 

1 SIAM J. Numer. Anal. 16 ( 1979) 
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two sections, we show that if z 1 and z 0 are bounded by some constant 8 

sufficiently small , then the solution is bounded by 48 for all t E [To , T i] . 

We now state some hypotheses conce rning ¢, F1 , Fn and the matrix A. 

The scalar function ¢ is assumed to vanish like the cube of ZJ and zn at 

leading order in h . It may also have an o(1) contribution of arbitrary form. 

More precisely, a region n in the space with e lements (t , (zl ' Zn) ' h) is defined 

to be [ro, Td x D x [0, h0 ], with D being the ball of radius Z given by 

The norms used in this definition and subsequently are the Euclidean norms 

for the appropriate spaces, IRm and IR". The constants To > T0 , Z > 0 and 

h u > 0 are considered fixed for the remainder of the discussion . We assume 

that 

I¢ ( t , x , Y ; h) I :S Co ( II x 11 2 
.J.. II y I 2) ~ + 1/Jo ( h) (4.13) 

for (t , (x, y) , h) E 0. The notation C1 will be used hereafter to denote positive 

constants independent of t , x, y and h ; C1 may dep end only on the choice 

of To, Z and h0 . The notation '!j;1 (h) is used to denote pos itive functions of 

h that are independent oft , x andy , and satisfy 'lj;1 (h) - o(1) as h ----+ 0: '!j;1 

may d epend on the choice of To, Z and h0 . We furthe r suppose that 

and 

: :t ¢ ( t , X ' Y; h) I < Co ( II X 1
2 

..... I Y [
2

) § + ~·u (h) , 

II 'VI a> (t , x , y: h) I :S Co( 'x i 2 
- y 2

) -r lllo (h) 

II V'n ¢(t.x,y ; h) I< Cn ( fx l'
2 

-r I y [
2

) + 1/Jn(h) 

(4.14) 

(4 .15) 

(4 .16) 

for (t , (x , y) , h) E 0. Th0 vector function F1 is assumed t.o be o( l) as h ----+ 0; 

that is, 

FJ( t , x , y ; h) <.. l/Jo (h) (4.17) 
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for (t, (x, y), h) E 0. We suppose that the vector function F0 vanishes 

quadratically in z1 and z 0 to leading order in h. It may also have a con-

tribution that is o(1) as h ____. 0. Thus, let 

\\ Fn(t,x,y; h) \\ :S Co(\\ x \\ 2 + \\ Y\\ 2
) + 1/Jo(h) (4.18) 

for (t, (x, y), h) E 0. The matrix A(t ; h) is required to be uniformly bounded 

fort E [r0 , T1], h E [0, h0 ] . Thus, we assume 

\\ A(t; h) \J :S Co (4.19) 

fort E !ro, TI], h E [0, ho] . 

In the case of the von Karman equations, we have shown that the two 

second-order plate equations can be transformed into a system of first-order 

equations that have the form ( 4.8). These equations can be put into the 

form (4.12) and the hypotheses (4.13- 4.19) verified if A, cP, F1 and Fn are 

appropriately chosen. Recall that 

Clearly, B is antisymmetric and nonsingular. We let 

h2 
cP(t,x.y; h) = 2(a(t)xi - 2t)2 (t)xD -

- h2a(t){j(t)X1Y1 + h{j'(t)X2Y1 + h{j (t)XzYz -

and 
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Taking the gradient of¢ with respect to x , we have 

( 

h2 a(x1 - {Jyi) - h 2q + 1 (x1 - {Jyi)yl) 

2132 I /3 - 2h Xz + h/3 Y1 + h Y2 

\l1 <P(t , x,y;h) 

Multiplying this expression by B gives 

( 

- 2h2 /32 x 2 + h/3'y1 + h/3yz ) 
B"VI¢(t,x,y;h) = 

- h2 a(xi - /3yi) + h2q - /(Xi - f3yt)y1 

It may be easily verified that the equations (4.8a) are of the form (4.12a), 

with B, ¢ and F1 as defined. 

To satisfy the assumptions (4.13- 4.17) we must have a(t) be continuously 

differentiable and /3(t) be twice continuously differentiable for To ::; t ::; T1; 

thus, we suppose that g is twice continuously differentiable on [0, 1]. Recalling 

the definitions (4.6) of a and {3 , we see that under this assumption a and /3 

will have the necessary smoothness. 

We now define 

where 

A(t; h) = ( 
0 1

) 
A21 0 

The matrix A(t; h) is uniformly bounded for To :::; t ::.._ T1 ; this follows from 

the assumption that g(x) is continuous. Hence. the assumption (4.19) is 

satisfied. Note that ¢ and A are not uniformly bounded on T0 , Ti] because 

of the possible singularity at T0 of the function a(t); this is the motivation 

for the rbtriction To > T0 . 

Furthermore, we let 

Fo(t , x , y;h) - ( 
2hB(t)x2) 

Fnz 
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where 

Fn 2 =- h2a(t) j3( t)x1 + 2h/3'(t)x2 + 2h/3(t)q(t) + 

+ r(t )(xl 3,8(t)x2)(xl j3 (t)x2)· 

Clearly the equations (4.8b) are of the form (4.12b) , with A and Fn as defined . 

The assumptions (4.18 , 4.19) are easily verified. 

The Comparison Function. We may get some idea of the behavior of 

the solutions of the nonlinear system (4.12) in the limit of small h, ZJ and Zn 

by studying the leading order linearized equations 

zo' = A(t ;O)zn . ( 4.20) 

We define a scalar function A 2: 0 by 

(4.21) 

where X is a fundamental matrix solution of the leading order linearization 

of (4.12a); that is, 

X'(t) - A(t;O)X(t), X(TJ) = I. (4.22) 

Because A is bounded fort E [r0 , T i], then X(t) is invertible for all t in this 

interval. As discussed earlier, A is a comparison function for the solution 

ZJ , zo. A solution of the leading order linearized system (4.20) will give a 

constant value of A. To show this, we take t he derivative of .A 2 with respect 

tot. Thus , 

( 4.23) 

From the identity 

x 1X = I , 
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differentiation with respect to t gives 

(x- 1)'x + x - l X' = o. 

From ( 4.22) we have 

Multiplying on the right by x-1 and solving for (X- 1 
)', we obtain 

Substitution into the equation (4.23) gives 

Using the differential equations ( 4.20b), the second term in the right-hand 

side vanishes. Hence, 

( 112) 1 2 T I 
.fl - ZJ ZJ . 

This is equivalent to 

where we have made use of ·the fact that B is antisymmetric and nonsingu

lar , and hence s - 1 exists and is also antisymmetric. Substituting from the 

differential equations (4.20a) for Bz,, we find 

and because s - 1 is antisymmetric, this term also vanishes. Thus, we have 

s hown that in the case of the linearized equations ( 4 .20) A is a constant 

independent oft; the value of A depends only on the choice of the solution 
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Motivated by the above discussion for the linearized equations, we form , 

from a solution (z1 , z 0 ) of the nonlinear equations (4.12), the scalar function 

(4.24) 

where 

X'(t; h) = A(t; h)X(t ; h) , X(T; h) = I . 

We next derive estimates on the growth of .A, which hold for h , Z1 and z~ 

sufficiently small. 

Taking the derivative of .A 2 with respect to t , we find 

( 4.25) 

As noted before, the matrix x - I satis fies the differential equation 

Substit uting into the equation (4.25), we obtain 

(4.26) 

us ing the differential equations (4.12), then for the firs t term we have 

Recall that xr B - 1x 

x z/. Therefore, 

0 for arbitrary x and in particular, this holds for 

ZJ~z/ = (B\l1 <P + hF1 f B - 1 z/ 
(4.27) 

= - \71 </JTz/ - (B - 1F1 )Thz/ . 
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We may substitute from the differential equations ( 4.1 2a) for hz/ to obtain 

(4.28) 

Furthermore, from the equations (4.12b) we have 

for the second term in the expression (4.26). 

Integrating both sides of the equation ( 4.26) from r > r0 to t :S T, and 

employing the expressions ( 4.28, 4.29) gives 

A2 (t) - A2 (7) = 2 I 1 

(ml(s) + f 2 (s) + h(s)) ds (4.30) 
T 

where 

m(t) = - \71 ci>T(t, zi(t), z 0 (t); h) z/(t), 

f.l(t) = F1T(t,zi(t),z 0 (t);h) (zi(t) + \l1 cj>(t,zi(t),za(t);h)), (4.31) 

h(t) = (X- 1(t;h)z 0 (t))T X 1(t;h)F0 (t,z 1 (t),z 0 (t);h). 

We define 

Io(t) = 2 I 1 

m(s) ds. 
T 

Observe that 

d a 
dt ct>(t, zi(t) , zn(t);h) = at ct>(t,zi(t),za(t);h) i 

+ \71 ci>T(t,zi(t),zn(t); h)z/(t) + 

+ \70 ci>T(t , z 1 (t),z 0 (t);h)zn'(t). 

(4.32) 



• 

- 92-

Hence, from the definitions (4.31 , 4.32) of m and 10 , we find 

10 (t) =- 2(</>(t , zi(t) , zn(t);h) - </>(r,zi(r),zo(r);h)) + 

I t a 
+ 2 -a </> ( s, z I( s) , z n ( s) ; h) ds + 

T t 

+ 2 I 1 \70 </>T(s, z 1 (s) , zn(s); h)zn'(s), ds. 
T 

Substitution from the differential equations (4.12b) for zo' yields 

Io(t) = fo(t) + 2 I 1 

JI(s) ds 
T 

where 

fo(t) =- 2(</>(t , zi(t),zn(t);h) - ¢(r,z1 (r),zn(r);h)), 

a 
Jt(t) = at </>(t,zl(t),zo(t);h) + 

+ \70 </>T ( t, z 1 ( t), z 0 (t); h)(A (t; h)zn + Fn (t, zi(t) , Zn (t); h)). 

The expression ( 4.30) now becomes 

(4.33) 

where 

Ii ( t) = 2 I t !; ( s) d $ for j = 1. 2, 3. 
T 

We may now employ the assumptions (4.13- 4.19) to obtain an integral in

equality for .A. 

The Inequality. We will derive bounds for each of the terms in the right-

hand side of (4.33) separately. The assumptions (4.13- 4.19) provide bounds 

in terms of the norms of z 1 and z 0 . From the definition (4 .24) of .A and the 

' · 
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Cauchy-Schwartz inequality, we obtain 

From the differential equation (4.22) , which determines X and the assump

tion (4.19) that A is uniformly bounded , it is clear that X is also uniformly 

bounded fort E [ro , Ti], h E [O,h0 ). For if 

then 

W e- let 

Hence, 

a - max )) A(t ; h) )l , 
tEj r,. ,T !] 
hEjO, h,. j 

C1 = max {Co, e"(T, - tJ, max '1/Jo(h)} . 
hEjO,h,. j 

( 4.34) 

( 4.35) 

fort E:: [r0 ,T1' , h E [O, hn). We define 0 = [r0 , T1 ) x [O, Z ) x [O,ho) , where we 

choose Z sufficiently small that if 

t hen 

(t , (x,y ), h) E 0 . 

To acco mplish this , we let 

where a is defin ed as in (4 .34). 
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We now use the upper bound (4 .13) for the absolute value of¢ and the 

lower bound ( 4.35) for .A to obtain 

lf ol < C.( II zJ(t) ll 2 
-1 ll zn(t) ll 2

) } + c .( llz,(7) 11 2 + ll zn(7) 11 2 ) ~ + 2'1/Jo (h) 

~C1 4 (.A 3 (t) + .A3(7) ) + 2'1/Jo(h), 
(4.36) 

provided (s, .A(s), h) E 0 for s E [7, t]. Similarly, we use the bounds (4.13-

4.16) for¢ and its derivatives as well as the bounds (4.17- 4.19) for F1 , Fn 

and A to obtain 

II· I~ I t 2(C. + c. 2 (1 + Z))( ll zi(s) ll 2 + ll zn(s) ll 2 ) ~ ds + 
T 

+ 2(T• 7o)(1 + C 1 (1 + Z + 2Z2)) 'f/;0 (h) 

'5: 1t 2(C1
4 + C 1

5 (1 + Z)).A3 (s)ds + 
( 4.37) 

T 

+ 2(T1 70 )(1 + C 1(1 + Z + 2Z2 )) 'f/;0 (h) , 

112 ~ 2(T. - To)(Z + Ct(1 + Z 2 ))'1/Jo(h), (4.38) 

and 

1131 :S It 2CJ 3( II zi( s)l l2 + ll zn(s) 1 ~) '5 ds + C/Z'I/Jo(h) 
T 

:S 11 

:lC1
6 .A 3 (s) ds + 2(T1 - r 0 )C1

2 Z'f/;0 (h), 

(4.39) 

T 

provided (s , .A(s),h) E 0 for s E [r,t ]. We let 

and 
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Therefore, from the expression (4.33) and the estimates (4.36- 4.39) , we have 

the integral inequality 

Je ( t) - JJ2 ( r) s c 2 (A 3 
( t) + A 3 

( r)) + j t c 2 A 3 
( s) ds + 1/J2 (h), (4.40) 

T 

provided (s,A(s),h) E 0 for s E [r,t j. 

4.3 Two Lemmas 

We showed in the previous section that the scalar function A satisfies 

A2 (t) - A2 (r) s C2(A 3 (t) + A3 (r)) T cz/ t A3 (s) ds + '1/; (h) (4.41) 
T 

for To s T s t s T}, provided (s,A(s),h) E n for s E [r , t ]. We now prove 

a lemma that enables us to claim that A(t) is small fort E [r , TI], provided 

A ( T) is small. 

Lemma 1. Let z (s) 2: 0 be a continuous function defined on s E [0, 1] 

satisfying 

z 2 (s) - z 2(0) < z3(s) + z3 (0) -L j • z 3 (r) dr - f. 
0 

(4.42) 

where f. > 0. Then there exist a positive constant 80 and a function f.o(8) 

positive for 8 S 80 such that if z(O) S 8 S 80 and f. S € 0 (8), then z(s) S 48 

for s E [0, 1]. 

Proof. We show that z(s) is bounded above by a continuous function z(s) 

that satisfies an integral equation related to the inequality ( 4 .42) and also 

satisfies z(s) S 48 for s E [0, 1]. Thus , let 

z2 (s) - 8~ = z3 (s) + 83 + J' z3 (r) dr + c 
u 

(4.43) 

At the initial point s = 0 we have 
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We must have 8 and f sufficiently small so that there is a solution to this 

equation for z(O) in the interval [8, oo}. Let 

Clearly, P(8) > 0. If we specify 8 ~ 80 < 1/ 3 and f sufficiently small, we may 

obtain P(28} < 0. This, then , assures us the existence of a zero of P between 

8 and 28 . We let 80 ~ 1/ 8 and £0 (8) = 282 (1 - 38}. We then have 

as desired. Let s-· E (8 , 28} satisfy P( s-· ) = 0. We specify z(O) = s- ·. Clearly, 

z(O) > z(O). 

Next , we show that a continuous solution of the integral equation (4.43) 

exists for s E [0. 1]. This is accomplished by solving for z implicitly from the 

integral equation . Differentiat ing (4.43) gives 

This is equivalent to 
2 - 3z 

ds = ., dz . 
z · 

Integrating, we find 
2 

3log z ( 4.44) s c 
z 

where 
2 

c =-- 3 log ( . 
S" 

To show that the expression (4.44) implicitly defin es a continuous function 

z (s ) on the interval s E= [0. 1, . it is s uffi cient to show that ds / dz is positive for 

z E [8, 48] and s( 48) > l. The implicit function theorem then implies that 
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z(s) exists for s E [0, 1J. In addition, this gives us the desired estimate; that 

is, z(s) ~ 4D for s E [0, 1J. The derivative of s(z) IS 

ds 2 - 3z 

dz z2 

For 0 < z < 2/ 3, ds j dz > 0. Because we have chosen D ~ Do ~ 1/ 8, then 

ds 
- > 0 
dz 

for D ~ z ~ 4D. 

Furthermore, because ~ < 2D, we have from ( 4.44) that 

1 
s(4D) ~ 

2
D - 31og 2. 

We now specify that 

. { 1 1 } 
Do = min 8' 2 + 6log 2 · 

Hence. 

s(4D) ~ 1 

as desired. To recap, we have shown that a continuous solu tion z(s) of the 

integral equation (4.43) exists for s ~ [0, 1], satisfying z(O) > D and z(1) ~ 4D. 

We now show that z(s) > z(s) for s c. [0, 1]. Suppose this is not true. 

We have assumed that z is continuous and have shown that z is continuous 

by the implicit function theorem. Also recall that z(O) < z(O). Hence, there 

is a smallest value of s = s· > 0 for which z(s · ) = z(s · ). Thus, we have 

z(s) > z(s) for 0 ~ s < s · 

and therefore, 

.z·' (s · ) + 52 + 53 + J ,· z3 (r) dr > z3 (s ) - z (O)~ -r z(0) 3 ..._ J ,· z3 (r) dr. 
0 0 
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From the inequality {4.42) satisfied by z and the integral equation {4.43) 

satisfied by z, we then obtain 

z2 (s·) = z3 (s ) + 82 + 83 +I ·' 0 

z 3 (r) dr + E 

0 

> z3 (s·) + z(0) 2 
...1- z(0) 3 +I ·'0 

z3 (r) dr + E 2: z2 (s ' ). 
0 

But this implies that z(s·) > z(s·), which contradicts the assumption that 

z(s·) = z(s·)o Hence, z(s) > z(s) for s E [0,1]. Recalling that z(1) :::; 48, 

then we have obtained the desired estimate for z( 1) 0 The constant 80 and 

function £o were chosen to be 

0 { 1 1 } o = mm -0 
8' 2 + 6log 2 

and 

Because 80 < 1/ 3, then the function Eo(o) will be positive for o < Oo as 

desired. I 

We will now apply Lemma 1 to obtain estimates for Jlo We let 0 < h :::; ho 

be fixed and set 

[ - T 
$ = --

Tl - r' 

The integral inequality (4.42) is then obtained by multiplying (4041) by C 3
2 

and substituting for Jl, t and '1/;2 0 From the definition of Jl in terms of 

the continuous functions z 1 , zn and X, it follows that Jl is continuous and 

consequently, z is continuous. Because '1/;2 = o(1) as h --> 0 , we may find 
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ht( 8) E (0, h0 ] such that for h E [0, h 1 ( 8) ] we have 

2 C3 '1/Jz (h) < Eo (8) 

for 8 > 0 arbitrarily small. 

We now prove a lemma that gives an upper bound for the comparison 

function evaluated at the endpoint, A (TJ), based on the value of A at some 

interior point. 

Lemma 2. Let b ::; min{~C3 Z,b0 } and h ::; h 1(8). If 

then 

1 
A(t) ::; 

03 
8 for some t E fro , TI], 

Proof. The integral inequality (4.41) holds , provided A(s) S Z for s E [r, t ]. 

We let f E ( r 0 • T ] be the greatest value such that 

A(t) S Z for l E (ro, T] . . 
Note from the continuity of A that if A(T) < Z, then f = T. From Lemma 

1 it follows immediately that 

Hence. T = T and the proof is complete. I 

Letting a 1 = a 0 / C 3 , we know from (4.9) and (4.35) that 

A(T) 2 a1 > 0. 

Hence, we let 
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The Lemma 2 implies that for h E (0, h 1 (8) J we have 

1 
A(t) 2 - o for t E [To, T J. c3 

For if this does not hold for some E [ro, T J and h E (0, ht(o) J, we obtain 

from Lemma 2 that A (T) < a 1 , which contradicts that A (T) 2 a1. 

4.4 The Main Result 

We have shown that the comparison function A is bounded away from 

zero uniformly as h __.. 0 on any interval [To, T1J, with To > To, T1 :S T1. We 

now obtain the main result. 

Theorem. The following statement is false: there exist sequences { hn}, 

{ un}, { vn}, n = 1, 2, ... , satisfying 

i) hn ----> 0 as n -. oo; 

ii) un , Vn are continuous solutions of the clamped circular plate problem, 

that is , the equations (4.2) with boundary conditions 4 .3), with thickness 

hn and fixed g. where g is twice continuously differentiable and g(1) =/= 0; 

iii) for some C > 0 and points {xn}, 0 < Xo < Xn :S 1, 

as n ----> oo; 

Jvn(xn) l + Jvn'(xn) ! :S C , 

Jun(Xn)vn(xn) - g(xn) l -1-
1hnun'(xn) ! __.. 0 

iv) for some m > 0. vn(xn) 2 m for all n. 

Proof. We assume the statement to be true and show that this assumption 

leads to a contradiction . We may extract a subsequence such that for some 

cons tants a > 0, {3 > 0 , and for some r E- [x0 , 1J, 

Xn __.. X, (4.45) 
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We know that {3 ~ 0 because of 

v'(x) = x - 3 I X eu2
( E) d~ ~ 0. 

u 

Also, a ~ m > 0. Let v0 be the solution of the Foppl membrane equation 

(2.1) satisfying v0 (i:) = a , v0 '(i:) = {3. Clearly, v0 (x) ~ a > 0 for x ~ i:. Let 

uo = gf vo. 

Recall that we must choose x0 such that v0 (x0 ) > 0; because vo(i:) > 0, 

we may choose x0 < i. For some integer N, if n 2: N, then Xn > x0 . 

We form the sequences {z/}, {z0} and {An} from the formulas (4.10), 

(4 .24). Recall from the definition (4.24) of An that if hn -+ 0 and 

!vn(xn) - vo(xn) ! + !vn'(xn) - vo'(xn)l + 

+ lun(xn)vn(xn) - g(xn) l + !hnun'(xn) l-+ 0 

for Xn 2: xo > 0 as n --. oo, then for points { tn} corresponding to the points 

as n --. oo. 

Because v0 and v0 ' are continuous, the formulas (4.45) and assumption (iii) 

imply that 

where 

T1 ::; tn = j x, Vo ~ ( s) ds 2: 0 for n > N. 
x., 

But we have the implicat ion from Lemma 2 that An(t) is bounded uniformly 

away from zero for t E 10. T 1 ] , and hence we have arrived at a contradiction; 

thus the proof is complete. 1 
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Discussion. In Chapter 1 we saw that for the elastica with clamped edges, 

a similar result holds. It was shown that if the assumption hu' ~ 0 as 

h ~ 0 is relaxed to allow hu' 0(1), then the asymptotic expansion (1.22) 

is obtained. In Chapter 3, we attempted to find a simi lar expansion under 

the assumption that hu' = 0(1). The leading order equation (3.54) for the 

stress is not the Foppl membrane equation in this case. In Appendix I, we 

show that the assumption hu' ~ 0 as h ~ 0 can be motivated physically 

from the assumption that the shear strains are negligible. 
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APPENDIX I 

The von Karman Plate Theory 

As discussed in Chapter 1, we consider circular and annular plates un-

dergoing radially symmetric deformation; a schematic of the deformation is 

shown in Figure (1.1). We denote by ~:" t: c , (z the normal strains in the 

radial, circumferential and vertical directions; CJ" CJ0 Clz are the correspond-

ing stresses. In the von Karman plate theory, shear strains are considered 

negligible. Following STOKER, 1 we adopt the nonlinear strains 

l:r = dp + ~ ( dw) 
2 

dr 2 dr 

1 
l: c = - p, 

T 
(1.1) 

based on the assumptions that the displacements are small compared to the 

large dimension R of the plate and that the derivative of the horizontal dis-

placement p is of the order of the square of the derivative of the vertical 

displacement w. The compatibility condition is obtained by eliminating p 

between the equations (T.l). Hence, 

d 1 ( dw) 
2 

c + r -£ = ( -- -
~ dr c r 2 dr 

(1.2) 

We also make the assumption that at the middle surface z = 0, the shear 

strains frz and f ez vanish with z to a power higher than the first; that is, 

This is somewhat more general than the standard assumption that the nor

mals to the undeformed middle surface remain the normals to the deformed 

middle surface. 

1 Nonlinear Elasticity, 1968 
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In Cartesian coordinates, the equilibrium conditions from the resolution 

of forces at the middle surface, z = 0, that are parallel to the tangent plane 

are 

d d 
- (J !I + - 7 xy = 0 
dy · dx 

(1.3) 

where ax and a 11 are the normal stresses in the horizontal directions x and y, 

respectively; rx11 is the horizontal shear stress. Using 

the conditions (!.3) reduce to 

To satisfy this condition we let 

d 
O c + r - Or = 0. 

dr 

dv 
a .- - v - r - . 

dr 

(!.4) 

According to standard notation, the Airy stress function </> is related to v by 

- 1 d</> 
v = ---. 

r dr 

Note that positive v corresponds to compressive radial stress . 

We assume the linear stress-strain relations 

( !.5) 

( 1.6) 
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where E is Young's modulus and v is Poisson's ratio. The normal stress in 

the vertical direction az is 

where pis the pressure load. We assume p = O(H I R) , and so az = O(H I R). 

Thus, to leading order in HI R we have 

(I. 7j 

Using (1.7) to eliminate f.z from (I.6), the expressions for ar, a c now become 

Solving for the strains in terms of the stresses, we find 

t = ~(a - va.) = - l (v - v.!!_ (rv)) 
r E r " E dr ' 

t c = ~(ac- var) = ~1 
( :r (rv) - vv). 

Substitution of (1.8) into the compatibility equation (1.2) gives 

Letting 

we have 

1 dw 
u = -

r dr ' 

!(d
2

v + ~dv) = u 2 . 
E dr 2 r dr 

The relations (I.8) for the s_trains in terms of v also give 

- 1( 2-r ( ) - ) p=- rv + rl - vv 
. E 

where we have utilized t c = r - 1p. 

( 1.8) 

(1.9) 

(1.10) 

(1.11) 
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We may obtain fr?m (I.l1} the compatibility condition in the form in 

which it is more commonly seen in the von Karman plate theory. The equa

tion (L9} may be written in terms of the Airy stress function as 

2 d 1 d d<P 1 ( dw) 
2 

E dr ; dr r dr + ; dr = O. (I.12) 

The Laplacian for radially symmetric functions is 

V'2 = ~~ T~. 
r dr dr ' 

thus 
2 

2 d 2 ( dw) -:-T- V' </J + - = 0. 
E dr dr 

Differentiating once and dividing by 2r, we obtain 

(I.13} 

which is the compatibility condition from the von Karman plate theory when 

radial symmetry is assumed. 

The compatibility condition (1.12) implies the equation (I.l3), but the 

converse is not necessarily true. For if equation (1.13} is satisfied, then, mul

tiplying by r and integrating once, we have 

and this is equivalent to the equation (I.l2) only if C - 0. 

The equilibrium equation obtained by resolving forces normal to the tan

gent plane is exactly the same as in the von Karman plate theory derived 

without assuming radial symmetry. Thus, 

E 2 4 1 d ( d<P dw) - (TH) V' w - -- - -
2 r dr dr dr 

p 

hR 
(1.14) 
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where 1 2 = (6(1 - v 2}) - 1 . From the definitions (1.5, 1.10) of v and ii., (1.14) is 

equivalent to 

E( H) 2 1 d d 1 d 2 _ 1 d ( 2 __ ) p 
- ~ -- r - ru +-- ruv =-. 
2 r dr dr r dr r dr hR 

(I.l5) 

The equations (1.15, I.ll) are further manipulated to reduce the order and to 

nondimensionalize the problem to obtain the equations ( 4.2) as described in 

Chapter 1. 

In terms of the dimensionless variables x, u and v, the original variables 

evaluated at the midplane z = 0 are 

where 

r = xR, 

w(r) = - Rr j' su(s)ds, 
X 

R 2 

( ) 
- T 2 I 

P r = -
2

- (x v (x) + x(1- v)v(x)), 

2 ' 

E,(r) - ~ (vxv'(x) - (1 - v)v(x)) , 
2 

- T2 
~' c (r) - -

2
- (xv'(.z:) + (1 - v)v(x)), 

E 2 - T 
a,(r) = -

2
- v(x), 

E 2 - T 
ac(r) - --(xv'(x) + v(x)) , 

2 

We will use the formulas above to discuss the validity of the assumptions used 

to derive the von Karman plate theory for the asymptotic expansions that 

are derived in this dissertation. The first assumption we address is that the 

strains are small. It is easy to verify that the asymptotic expansions (3.34, 

3.41) and (3. 72) for circular plates and (3.42), (3.49) for annular plates yield, 

at z = 0, 

as h, r --+ 0; 
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that is, it is sufficient to require r - o(l) as h ~ 0 to obtain small strains at 

the midplane. The expansion (1.16) for large compressive edge load >. yields 

Thus, we must have T « >. - ~ for the strains to be small. We must also check 

the validity of the assumption that the strains remain approximately constant 

throughout the thickness. From the assumption that the shear strains are 

negligible we have 

Thus 

ap aw 
az ar. 

aw 
p(r, z ) ~ p(r,O) - z ar. 

From the formula (Ll) for the strains we have 

Thus, we must have 

a2w 
t=r(r, z) ,..._, t:r(r,O) - z ar

2
, 

1aw 
t= c(r,z ),....., t: c(r ,z ) - z --. 

r ar 

1 aw 1 -- « 
r ar H 

as h, r ---+ 0. This condition will be satisfied if 

hxu' ( x) ---+ 0 and hu(x) ... 0 uniformly as h ---+ 0. 

If these conditions are not satisfied, we must question the validity of the 

assumption that the s hear strains are negligible. 

Thus, we see that the condition ihu' l ---+ 0 for x > 0, that appeared in 

the result presented in Chapter 4, is physically motivated by the assumption 
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that the shear strains are negligible. We must also remark that the assump

tion hu ~ 0 is violated for x - O(h) in the construction (3 .72), where the 

boundary layer appeared at the center of the plate. It may be possible to 

deal with these cases within the framework of a plate theory that accounts 

for s hear strains. 
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APPENDIX I I 

Numerical Calculations for the 

Plate and Membrane Equations 

For the numerical calculations, the plate and membrane equations are 

replaced by finite difference equations. In some applications, we need to 

approximate a particular membrane solution for which we specify eithe,

v(O) = a > 0 or v(I) = .X < 0. As discussed in Chapter 2, these condi

tions specify unique membrane solutions. An iterative method is used to 

obtain these solutions. For some applications it was found to be helpful to 

use a nonuniform mesh. We generally calculate the solutions of the plate 

equations by the HOC continuation procedure; the exception is in Chapter 3 

where the asymptotic expansion for the plate solution is used as an initial 

guess for the iteration procedure. The von Karman plate equations are found 

to be particularly suitable for high-order continuation because of the simple 

structure of the nonlinearities. The asymptotic expansion for large stress is 

used to obtain a starting point for the continuation procedure and to enable 

us to calculate more than on~ solution branch. We also discuss the implemen

tation of this method for the membrane equations in which we use numerical 

differentiation to obtain expansion coefficients. The methods described here 

are equally applicable to the annular membrane and plate problems . 

Discretization. We will discuss the discretization for the circular plate 

elastically supported against rotation; the problem may be formulated sim

ilarly for circular plates with other boundary conditions, for annular plates 

with zero applied stress at the inner edge and circular or annular membranes. 
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The annular plate. with nonzero stress at the inner edge has the additional 

complication that the constant A must be determined; we will not discuss 

numerical calcu lations for this case. Thf> von Karman plate equations (4 .2) 

are equivalent to the first-order system 

( 3 )' J ( ) - 3 2 x z4 = 4 x, z = x z1 . 

The boundary conditions ( 1.6, 1.9, 1.10) become 

z2 (0) ~ 0 , z2(l) + hQz1(l) = 0, 

z3 (l) - A = 0. 

(ILl a) 

(11.1 b) 

(II.lc) 

(II.ld) 

(II.2) 

To obtain this form of the problem, we have made the transformation u = z1 , 

hu' - z2 v - z3 , v' = z4 • The differential equations (ILl) are approximated 

by the finite difference equations 

with 

whe re 

hD+ (Z1,t) / 1 (x1+I/2· Z1 ~ 1 ; 2) - 0 , 

hD-r (x/ Z1,2) f2(x1 +1f2,ZJ+ I/2) - 0, 

D~ ( Z1 .3 ) - h(x1+1 2· Zj ~ 1 12) - 0, 

D~ (x/Z1 ,4) !4(x1 + 1 /2 ·Z1 ~ 1 2) 0, 

Zo,2 = 0 , Z m.2 + hQZm,l = 0 , 

Zo,4 - 0 , 

YJ , I - YJ 

X 1 - 1 X 1 

Z m,3 - A = 0 

( II.3a) 

( II.3b) 

(II.3c) 

(II. 3d) 

(11.4) 
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and the points{ xi}, J = 0 , ... , m satisfy 

0 = Xo < X1 < ... < Xm = 1. 

For the annular plate or membrane we have x0 = a. The difference scheme 

employed here is essentially the box scheme with the slight variation that 

we include the factor x3 in the difference quotient of the second and fourth 

equations. This was found to decrease significantly the error in the finite 

difference approximation as compared to the usual box scheme. 

For the plate equations, a uniform mesh is most frequently employed. 

However, if nearly singular membrane solutions are to be calculated, a fine 

mesh is necessary near the point of singularity. Using a uniform grid in 

this case would unnecessarily increase the computing effort required. Also, 

we have observed that the accuracy of the finit e difference approximation 

for the circular membrane equations is enhanced with a fine mesh near the 

origin, independent of the smoothness of the desired solution. This may be 

attributed to the equation's (2.1) having a singular point at the origin; the 

linearization of this equation has a solution with a singularity of O(x- 2
). 

To define a nonuniform grid, a transformation of the independent variable 

Is chosen to help resolve the difficulties we expect to encounter. A uniform 

grid is applied in the new variable; then the secant method is used to solve for 

the corresponding values in x. For example, the circular membrane solutions 

are calculated on a nonuniform mesh obtained from the transformation 

a b 
s(x) = ( r: )? + , 

X + VO v ( 1 - X + 51 ) ~ 

where a and b are fixed constants and 50 , 51 > 0 are parameters that tend to 

zero as the mesh interval vanishes. 
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The left-hand side of the equations (II.3, II.4), depending on the unknowns 

Z = fZi,k ) and >., is denoted by G(Z, >.) for the remainder of the chapter. 

Iterations for Membrane Solutions. We first discuss the case where we 

wish to obtain a numerical solution of the circular membrane equations (2.1), 

satisfying 

zi(O) = a > 0 , z2 (0) = 0; 

that is, we specify the stress at the center of the membrane. This can be 

considered as an initial value problem and solved accordingly. The only 

difficulty is that for the circular membrane the initial data are given at the 

singular point, and so the usual schemes are not valid for the first step. This 

is resolved by using the expansion about the origin to obtain values of z1 and 

Zz at a nearby point x 1 > 0. 

Normally, this method IS not used, but instead we use a form of con-

st rained Newton's method. We take as an initial guess 

3 " ~ Z 1 = (- x ·-l- et2) 3 
} , 4 J ' 

This initial guess contains certain aspects of the behavior of the membrane 

solutions at both ends of the compressive solution branch: 

as a --+ + oo. 

as Q --+ 0+ , X --+ 0. 

Letting G be the set of finite difference equations for the membrane equa-

tion, then the iterations are as follows: 

(II.S) 

dZ~. t = 0. (11.6) 
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The equation (n.S) is the usual linearization condition; the equation (11.6) 

is the condition that the stress remains fixed at the center. The equivalent 

problem for the annular membrane has the boundary conditions 

zi(a) - TJ > 0, z2 (a) = a. 

For the annular membrane we have instead of (11.6) the condition 

dZ~.z - 0. (11.7) 

The procedure is observed to be convergent for both annular and circular 

membranes, provided the mesh is sufficiently fine. 

Iterations from an Asymptotic Expansion for Plate Solutions. In 

Chapter 3 we compare the asymptotic expansions (3.34, 3.41) to plate solu

tions calculated numerically. We describe in this section the method by which 

these plate solutions are obtained. We take the asymptotic approximation 

evaluated at the grid points X 1 as an rnitial guess and then apply an itera

tive method of constrained Newton type. The discretized plate equations are 

referred to as G(Z, >.). To determine the correction dZ", d)." to be applied 

to the nth iterate zn. >.".we take the linearization condition (II.S) as well as 

the constraint 

where 

This equation implies that the correction will be orthogonal (in the sense of 

whatever inner product is chosen) to the level curve of G passing through the 



- 115-

nth iterate zn, >.n. The inner product we choose corresponds to quadrature 

over x E [0 , 1] using the trapezoidal rule: that is, 

4 m - 1 

(y, z) = ~ L L (xi+ l - xi)(Yi+ l ,kZ; + l ,k + Yi,kZj ,k)· (11.8) 
k= l i =a 

Divergence is observed only near the points where the uniform asymptotic 

approximation breaks down; the condition for the breakdown is discussed in 

Chapter 3. 

High-Order Continuation. Continuation is a numerical method for ob

taining !-parameter families of solutions of a set of equations. We will discuss 

the general problem 

G( Z, >.) = 0 (11.9) 

where z is ann-vector, >. is a scalar and G : mn X lR -t IRn is a smooth vector 

function. To construct a continuation step, we assume that a solution Za, >.a 

of (II.9) is known. If this solution is a regular point of G, then a continuous 

branch of solutions of (11.9) ex ists passing through Za, >.a. The solution 

branch may be parameterized in terms of a scalar parameter s, s E [0, 5 ], 

where Z(O) = Za, >.(0) = >.a. For example, s may represent arclength or 

pseudo-arclength. 1
•
2 The continuation step gives an approximation Z A, >.A 

t.o a point. Z(s), >.(s) for some s, 0 < 8 ::; S. We prepare for the next 

continuation step by solving iteratively for a solution of (1!.9), using ZA, >.A 

as the initial guess. 

The most frequently employed continuation methods are first-order ac-

curate; that is, the approxi!llate so lution ZA , >.A satisfies 

1 H. B. Keller, Applica.ti~u.;; o f Bifurcation Theory, 1977 
2 Ibid. , Rece11t Advauce.;; i11 Numerical Ana.ly.;; is, 1979 
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The first-order continuation method is performed by finding nontrivial Z1, 

>. 1 such that 

For example, in the Euler pseud~arclength procedure we take 

Gz 1 (Zo, >.o)G>.(Zo, >.o) 
R 

1 

R 

(li.lO) 

(Il.l1) 

where R is chosen such that (Z 1, Z 1) + ..\ 1
2 = 1 for some inner product (·, ·) on 

!Rn. This formula is valid except for points where Gz is singular; bifurcation 

theory3 yields formulas for the coefficients Z 1 , ..\ 1 at some types of singular 

points. Then we let 

where s· is taken sufficiently small that the new solution is obtainable from 

the approximant by the chosen iterative method, usually within a prescribed 

number of iterations. 

A natural generalization of this technique to obtain a higher order of 

accuracy in the continuation step is to l<'t 

N 

ZA = L Z 1 s ·i, 
J ~ n 

where the coefficients z}' ,\} are chosen such that 

M M 

c( L Z }s1
• L >.Js1 ) = O(sM+l) forM = 1, ... , N. (11.12) 

] =0 } () 

Note that by letting M l , (II.l2) reduces to the first-order condition (11.10). 

3 H. B. Ke ller and W. Langford . Arch. Rat. Mech. Anal. 48 ( 1972) 
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Let Z 1 , >'I be defined as in first-order pseudo-arclength continuation. We 

now derive the following formula for ZM, >w, M 2' 2: 

(11.13) 

where 

G~ = Gz(Zo, -Xo), G~ = G,x(Zo, .Xo). 

Let the sequences {ZM }, {.XM }, M = 2, 3, ... , satisfy (11.13) . We wish to 

s how that (1l.12) holds forM 2' 1. This may be verified by induction . Recall 

from (11.10) that 

Thus, (II.l2) holds for M = 1. Now suppose (II.l2) has been verified for 1, 

... , M - 1. Then 

M M M I M - 1 

c( L:: Z)s1 ,L Ajs1
) =c(L:: Z )s1

, L >.Js1
) -

J = O J = O J = O 

+ Gz('£
1 

Z 1 s1 ,'£1 

.X1 s1 ) ZMsM + 
J 0 J=O 

(

M 1 M I 

+ G,x L Z js1
, L AjS1 ) >.M sM + O(sM+ 1

) . 

J - 0 J-U 

Also, because G is smooth , we have 

= G~ + O(s), 

M - 1 M I 

C,x(L Z 1s1
, L .X1 s1

) = G~ r O(s). 
; = U ; = U 
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Hence, 

M M 

c(I: Z js1,L A] s1) 

j = O j = O 

From the formula (II.l3) for ZM and >..M, we thus obtain 

G ( f Z 1 s1 , f >.. 1 s1) 

] =0 j = O 

as desired. 

The coefficients are not determined uniquely by the conditions (II.13). If 

we impose the additional constraints 

for Af 2: 2, (11.14) 

then the coefficients are wel l-defined to a ll orders provided Zu, A0 is a regular 

or simple fold point of the solution branch. 

ln the implementation of this method, we solve for Z M, AM usmg the 

bordering algorithm.4 Note that in determining each coefficent we must solve 

a linear system of the form 

G~a = b. 

Thus , we perform one LU factorization on G~; to calcu late each coefficient 

we must perform one backso lve. The problems we wish to solve arise from 

the discretization of a differential equation; thus, G~ is a band matrix . The 

LJNPACK subroutine for LU factorization of a general band matrix is used 

as needed. 

4 
H. B. Ke ller , SlAM J. Sci. S tat . Com put .. 4 {!!)in) 
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The pseudo-arclength variable s is defined by 

We note that 

M - 1 M - 1 

s = L ( Z 1, Z i ) si + L A 1 A i s1 = ( ( Z 1, Z 1 ) + A 12
) s = s . 

j = 1 

Thus, under the constraints (11.14), s is the pseudo-arclength parameter. 

Implementation of HOC for the Plate Equations. The high-order 

continuation method described in the previous section is particularly effective 

for the von Karman plate equations. The function G is obtained from the 

finite difference equations (II.3 , 11.4). The unknown Z is the discrete solution; 

A is the specified value of Zm,3 and represents the edge load . The inner 

product we choose is given by (1I.8). 

To obtain a starting point for continuation, we use the large stress asymp-

totic expansions for the plate solutions ., In the asymptotic limit A --+ - oo the 

boundary layer construction (1.15) becomes 

v ,___A, g(x) hK yC)." 
- - -- exp --- (1 - x) 

A yC)." h 
(II.l5) 

where 

K = 
g'(1) + Qg(1) 

A ( 1 + hQ I yC).") . 

For large compressive stress, the asymptotic expansion (1.16) may be used 

to obtain a starting point at which the stress is everywhere compressive. 

Recalling the equations determining the expansion coefficients (11.13), we 

see that to implement the HOC procedure it is necessary to evaluate the 

function F M at each order M. To illustrate, we take a particular element of 
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FM corresponding to an element of G. where the nonlinear contribution has 

the form 

where U1 = Z1 ,1 and V1 =- Z 1 ,3 ; This term appears in the discretization of the 

equilibrium equation (4.2a) . Let the expansion for U1 and V1 

M - 1 

L: u1,ksk, 

k=O 

be known to order M - 1 for j = 0, ... , m. Then the chosen element of F M 

is given by 
M - 1 

- (xJ +l/J
3 L uj+ l / 2, kvj + 1/ 2 , M - k· 

k = l 

Clearly, such formulas can be evaluated efficiently as long as the highest order 

of the expansion N is not too large. In practice, we choose N ::; 10. 

We have seen that the plate solutions lie on an infinite number of distinct 

branches. To calculate several branches, we make use of the observation 

that as >. --* +oo on a particular branch, the solution approaches the purely 

buckled state, that is, the solutions of (4.2) for g(x) _ 0. When there is no 

pressure load on the plate , a symmetry exists with respect to the vertical 

deflection: the plate can buckle up as easily as it can buckle down. Thus , 

in the case of vanishing pressure load, if we have a buckled state v(x), u(x), 

then there also exists a buckled state given by v(x), - u(x). In the case 

of nonvanishing pressure load, when the applied edge load becomes large, 

the effect of the pressure load is of lower order. Thus, there are distinct 

branches n, n + 1 that are related by 
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for.>. sufficiently large, we may obtain an approximate solution on the (n + l)st 

branch from a solution on the nth branch. 

Implementation of HOC for the Membrane Equation. In the 1m-

plementation of the HOC method for the plate problem, the functions FM 

could be easily expressed in closed form for arbitrary M. For the membrane 

problem the formulas are not simple, and so we choose to estimate F M nu-

merically. Recall from (II.13) that 

We could expand the derivative in terms of the partials of G with respect 

to Z and .>., but for numerical purposes we are better off not doing this. 

For if we have already calculated Z 1 , .>. 1, ... , ZM- I, .>.M-h then we can 

simply estimate the derivative using standard difference quotient methods 

for functions of a single real variable: the applicability of FFT methods5 for 

numerical differentiation of functions of a single complex variable is under 

investigation. 

As a starting point , a solution of G(Z, .>.) = 0 on the branch that we wish 

to calculate is obtained from the large stress asymptotic expansion 

v(x) ~ .>. for I.A I » 1. 

True Arclength Parameterization. The choice of pseudo-arclength pa-

rameterization is found to be appropriate for continuation purposes; for other 

purposes the true arclength may be a bett<'r choice for the parameter. A se-

ries expansion can be used to obtain analytical informal ion about the solution 

5 See 8. Fornberg, AC'M-Tr.lll$. Milth. ::\oftw . 7 (19~1) 
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branch. VAN DYKEG uses an exact senes expansion m terms of the Dean 

number K for the problem of flow through a loosely coiled pipe to study 

the behavior of the solutions as K ---+ oo. For this sort of application, it is 

necessary to obtain an expansion that is convergent at the point of interest. 

A first step toward obtaining such an expansion is to choose a parameteri

zation so that there are no singularities on the real line between the origin 

of the expansion and the point of interest. After this expansion is obtained, 

manipulations such as the Euler transformation may be applied to try to get 

the required convergence properties. Parameterization in terms of true ar-

clength along a smooth solution branch allows no singularities for real values 

of the parameter; thus , the true arclength may be a suitable parameter for 

analytical studies. 

The coefficients Z 1 , .A. 1 for true arclength parameterization are given by 

(II.ll); they are identical to those of pseudo-arclength. The coefficients of 

ZM, ).M for M 2:: 2 are found by applying the condition (11.13) as well as the 

constraint 

M - 1 

(Zl , ZM ) + .A.l).M =-~ L ;'(M + 1- y')( (Z;, ZM+l -; ) + .A. j ).M +I ]) (11.16) 
i =2 

for M = 2, 3, ... . Letting 

N 

Z(s) = L Zi si , 
; =0 ; =0 

then the equation ( II.l6) implies that 

A !though the arclength parameterization will have no s ingularities on the 

real line when the solution branch is s mooth. the s ingularities that appear 

l i J. Fluid Mech. 86 (1978) 



- 123-

for some complex values generally cause the radius of convergence to be less 

than that of the pseudo-arclength expansion; thus, true arclength is probably 

not a good parameter for high-order continuation purposes. 

Operation Count. Many ODE's and PDE's ansmg from physical ap

plications have polynomial nonlinearities of low degree. For example, the 

Navier-Stokes equations have quadratic nonlinearities. For such problems, 

the function FM can be calculated in a manner similar to the calculation 

for the plate equations. We carry out an operation count for a typical PDE 

application of the HOC method . Let the domain of the independent vari

ables be m-dimensional. With a mesh spacing of order 1/ n, the solution 

vector will have O(nm) components. For a PDE with polynomial nonlin

earites of degree at most P, the operation count for the direct evaluation 

of FM is O(MP - 1 
• nm). Each coefficient evaluation requires a back-solve 

of the LU factorization of G~. This requires O(n2m - l) operations. The 

LU factorization itself requires O(nm · n 2m- z) operations, that is, the size of 

the solution vector times the square of the band width, which is typically 

O(nm 1
). The LU factorization is carried out an 0(1) number of times for 

each continuation step. Thus , we expect the operation count for one compete 

continuation step of order N , including the iterations for the new solution, 

to be O(NP · nm + N · n 2
m -

1 -r n 3m- 2). It has been observed in our calcula

tions that the length of a continuation step of order N is typically a multiple 

R(N) 2: 1 of the first-order continuation step, the factor R being essentially 

independent of the mesh size for a particular application. Thus, to calculate 

a given segment of the solution branch requires 

(II.17) 
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operations. 

Form = 1, the estimate (11.17) suggests that there is an optimal choice of 

N independent of the grid size for a particular application. For t he membrane 

problem this is observed to be about 2, while for the plate problem the optimal 

value is about 7. For m > l , (11.17) suggests that the optimal value of N 

will increase as n increases; in practice, it is not feasible to take N arbitrarily 

large because of storage considerations and round-off in the calculation of 

high-order coefficients. For fixed N, the extra work involved in calculating 

the expans ion coefficients is of smaller order as n --. oo than t he work involved 

in the iterations; the acceleration should approach the factor R(N) as n 

increases. We cannot predict the magnitude of the factor R(N); however, for 

the plate problem, R(7) was frequently around 4 or 5. Thus, the prospect for 

applicat ion to other ODE's and also PDE's is very good. Application of this 

method to equations with more complicated nonlinearities may be feasible if 

numerical differentiation as described for the membrane problem is employed 

for the calculation of the functions F,, 1• 



- 125-

Bibliography 

1 Bender , C. M. and S. A. Orzag, 

2 

Advanced Mathematical Methods for Scientists and Engineers, McGraw
Hill , New York, 1978. 

Berger, M. S., 
''On von Karman 's equations and the buckling of a thin elastic plate, I, 
the clamped plate," Comm. Pure Appl. Math . 20, 687- 719 {1967). 

3 Berger, M. S. and P. C. Fife, 
"On von Karman 's equations and the buckling of a thin elastic plate, II , 
plate with general edge condition," Comm. Pure Appl. Math. 21, 227-
241 (1968). 

4 Bodner, S. R ., 
"The post buckling behavior of a clamped circular plate," Q. Appl. 
Math. 12, 397- 401 (1955). 

5 Bromberg, E .. 
"Non-linear bending of a circular plate under normal pressure," Comm. 
Pure Appl. Math. 9. 633- 659 (1956). 

G Callegari. A. J. and E . L. Reiss, 
"Non-linear boundary value problems for the circular membrane," Arch. 
Rat . Mech . Anal. 31, 39Q- 400 (1968). 

7 Callegari . A. J ., E. L. Reiss, and H. B. Keller. 
·'tvlembrane buckling: a study in solution multiplicity," Comm. Pure 
Appl. Math . 24, 499- 527 (1971). 

8 Dickey, R . W. , 
"Nonlinear bending of circular plates." S IAM J . Appl. Math. 30, 1- 9 
{1976). 

!J Fier, J. M. , 
"Equilibrium chaos," Ph. D. Thesis: Part II , California Institute of 
Technology, 70- 82 , 1985. 

w Fife. P., 
"Non- linear deflection of t hin elast ic plates under tension," Comm. 



- 126-

Pure Appl. Math. 14, 81- 112 (1961). 

11 Foppl, A., 
Vorlesungen iiber technische Mechanik, Vol. 5, Leipzig: Teubner, 1907. 

12 Fornberg, B., 
"CPSC: complex power series coefficients," ACM-Trans. Math. Softw . 7 , 
54 2- 54 7 ( 1981). 

13 Friedrichs, K. 0. and J. J. Stoker, 
"The non-linear boundary value problem of the buckled plate," Amer. 
J. Math. 63, 839- 888 (1941). 

14 Froman, N. and P. 0. Froman, 
JWKB Approximation; Contributions to the Theory, North-Holland 
Publishing Company, Amsterdam, 1965. 

15 Grabmiiller , H. and H. J. Weinitschke, 
"Finite displacements of annular elastic membranes," J . Elast. , to ap
pear. 

lG Hoppensteadt, F., 
"Properties of solutions of ord inary differential equations with small 
parameters," Comm. Pure Appl. Math. 24, 807- 840 (1971). 

17 Huang, C. L., 
"Post buckling of an annulus." AJAA J. 11. 1608- 1612 ( 1973) . 

18 John. F. , 

19 __ 

"Uniqueness of non-linear elastic equilibrium for prescribed bound
ary displacements and sufficiently smal l strain ," Comm. Pure Appl. 
Math . 25,617- 634 (1972). 

'·Rotation and strain," Comm. Pure Appl. Math. 14. 391- 413 (1961). 

2° Keener, J.P. and H. B. Keller, 
"Perturbed bifurcation and buckling of circu lar plates," in Lecture 
Notes in Mathematics 280: Confe rence on the Theory of Ordinary and 
Partial Differential Equations, 286- 293, Springer , Berlin, New York, 
1972. 

21 Keller, H . B., 

22 __ 

"Buckling of a circular plate under an unusual combined load ," S IAM 
J. App/. Math. 14, 1275- 1292 (1966). 

"Numerical solution of bifurcation and nonlinear eigenvalue problems," 



- 127-

in Applications of Bifurcation Theory, P. Rabinowitz, editor, Academic 
Press , New York , 1977 , pp. 359- 384. 

23 __ 

"G lobal homotopies and Newton methods," in Recent Advances in Nu
merical Analysis, C. deBoor and G. H. Golub, editors, Academic Press, 
New York , 1979, pp. 73- 94. 

24 __ 

"The bordering algorithm and path following near singular points of 
higher nullity," SIAM J. Sci. Stat. Comput. 4 , 573- 582 (1983). 

25 Keller , H. B., J. B. Keller , and E. L. Reiss , 
"Buckled states of circular plates," Q. Appl. Math. 20, 55- 65 (1962) . 

26 Keller, H . B . and W. Langford , 
"Iterations, perturbations and multiplicities for nonlinear bifurcation 
problems," Arch. Rat . Mech. Anal. 48, 83- 108 (1972). 

27 Kosecoff, M. A. , 
"Some problems in nonlinear elasticity," Ph. D . Thesis, California Insti
tute of Technology, 1975. 

28 Kreiss, H.-0. , 
"Problems with different t ime scales for ordinary differential equa
tions," SIAM J. Numer. Anal. 16. 980- 998 ( 1979) . 

29 Majumdar, S., 
"Buckling of a thin annular plate under uniform compression," AIAA 
J . 9 , 1701- 1707 (1971). 

30 Mansfield, E. H. , 
The Bending and Stretching of Plates. Pergamon Press , New York , 
1964. 

3 1 Perozzi. D . J ., 

32 

"Analysis of optimal step s ize select ion in homotopy and continuation 
methods," Ph. D . Thes is, California Institute of Technology, 1980. 

Srubshchik , L. S., 
"On the existence of a solution to t he membrane problem of the equi
librium of a circular membrane," Prik/. Mat . Mekh. 30, 576- 579 (1966). 
Translation in J . Appl. Ma th. Mech. 30, 685- 689 (1966). 

33 Srubshchik , L. S. and V. I. Yudovich , 
"Asymptotic treatment of the equations for large bending of a symmet-



- 128-

rically loaded circular plate," Dokl. Akad. Nauk SSSR 139, 341- 344 
(1961). Translation in Sov. Phys.-Dokl. 6 , 634- 637 (1962). 

34 Stoker, J. J., 
Nonlinear Elasticity, Nelson , London , 1968. 

35 Van Dyke, M. , 
"Extended Stokes series: laminar flow through a loosely coiled pipe," J. 
Fluid Mech. 86, 129- 145 (1978) . 

3G K ' , T von arman, ., 
"Festigkeitsprobleme im Maschinenbau," Encyk. Math. Wissen., Vol. IV-
4, Teubner, Leipzig, 1910. 

37 Wan, F. Y. M. and H. J. Weinitschke, 
"Boundary layer solutions for some nonlinear elastic membrane prob
lems," Tech. Rep. 85-7 , Dept. Appl. Math ., University of Washington, 
Seattle, W. A. , 1985. 

38 Wolkowisky, J. H. , 
"Existence of buckled states of circular plates via the Schauder fixed 
point theorem," in Bifurcation Theory and Nonlinear Eigenvalue Prob
lems , J. B. Keller and S. Antrnan, editors, 1969, pp. 49- 68. 

39 Yanowitch, M, 
"Non-linear buckling of circular elastic plates," Comm. Pure Appl. 
Math. 9 , 661- 672 (1956). 


