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ABSTRACT

A number of problems related to the flow of cohesionless granular
materials in hoppers are investigated.

An approximate solution to the flow of granular materials in a
conical hopper is presented. The material is modeled as a rigid-per-
fectly plastic continuum which satisfies the Mohr-Coulomb yield condition.
Unknown geometries of the upper and lower free surfaces are determined
from the stress-free con‘ditions. The results are compared to those
based on different constitutive postulates as well as to experimental
observations. The computed mass flow rate and wall stress compare
well with the experimental measurements made with srﬁall and full size
hoppers.

The flow field in a hopper with a vertical bin is observed to gain
a better understanding of the details of the flow field, The observations
seem to correspond to the recent results obtained by other investigators
using X-ray radiography.

The funnel flow regime in hoppers is studied in detail. The dif-
ferent types of flow which exist are identified and classified. The pos-
sibility of having a transition from one type of flow into another one is
recorded as a function of the material properties and hopper geometry.
Finally, the boundary between the moving and stagnant material is studied
as a function of the hopper geomet’ry. Other parameters such as the effect

of the hopper thickness and wall roughness on the flow field are also studied.
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CHAPTER 1

INTRODUCTION

1.1 BACKGRQUND

The granular material being investigated in this study has a
solid phase which is composed of discrete particles in direct contact
with each other and an interstitial fluid in the pore volume between
the particles. The internal forces come from Coulomb friction be-
tween the particles and the deformation of the rhaterial results from
the relative displacement of the particles. The interstitial fluid is
frequently air and its effect on the material behavior can be neglected
under some circumstances to be described later.

Granular materials occur in a great number of processes in
industry. The mining industry handles millions of tons of raw material
in granular form each day (Pariseau [67]). In the chemical and phar-
maceutical industries, most of the products in the final or intermediate
processes are in granular form. This is also true for the agricultural
and food industries which have to store and transport their crops in
bulk form. The requirement to build larger and more energy efficient
handling equipment necessitates a better understanding of the behavior
of the material.

Considering the importance of granular materials in industry,
it might be expected that there would be a well developed level of knowl-
edge of the mechanics of such flows. This is not however the case.

Until recently, the work done in the field was more or less based on



trial and error. As pointed out by Wieghardt [110], "The dynamics
of granular materials has failed to attract genéral interest to the same
degree as fluid dynamics, although first papers were written by well-
known hydrodynamicists such as Hagén (1852) and Reynolds (1885)".
Similar thoughts were shared by Brown and Richards in their book on
powder mechanics [11]. The difference in the state of knowledge is
particularly evident when one considers the amount of attention which
has been given to similar fields such as soil mechanics and fluidized
beds.

The early work in granular materials concerned the flow in bins
and hoppers. Quasistatic flows in which inertia is neglected were in-
vestigated, the constitutive relations of the material being rate inde-
pendent. In these studies, the main objectives were to predict the
stress pattern on the bin walls to prevent structural .féilures (Theimer
[101]) and to predict the discharge of material from the hopper. In
1895, Janssen developed an expression for the stress in the material
in a vertical bin and showed that it is independent of the height of the
material in the bin if it is sufficiently large. This result is still in
use today to obtain a lower bound on the wall stress in bins (Cowin [ 14]).
The early investigations of the discharge of granular materials frorﬁ
bins and hoppers relied on the empirical correlation of eXperimental
data to obtain an expression of the flow rate. The resulting correlations
vary widely since they depend on the individual experimental conditions
and the assumptions made by the investigators (Deming and Mehring [20],
Rose and Tanaka [79], Beverloo et al [2], McDougall and Knowles [58],

Fowler and Glastonbury [29]). These experimental ol;servations



showed that the mass flow rate was independent of the head

of the material in the hopper if this head was large enough. The
important questions in the design and operation of hoppers were not
answered until the investigations conducted by Jenike at the University
of Utah in the early 1960's [40], [42]. Jenike applied the principles

of plasticity to study the mechanics of bulk solids as they flow in hoppers
and other devices. He classified hoppers into the mass flow type where
the whole mass of material in the hopper is moving and the funnel flow
type where stagnant material appears in the flow field. Conditions on
the hopper geometry are given so that funnel flow and arching of the
material over the exit diameter can be avoided.

Since the pioneering work of Jenike, a number of analytical and
experimental studies have been conducted with the objective of under-
standing the mechanics of the granular material as it is deforming
continuously. Concepts of plasticity and continuum mechanics have
been used to describe the deformation of the material (Shield [9-1],
Jenike and Shield [39], Takagi [98], Spencer [93], Mehrabadi and
Cowin [61], De Josselin De Jong [19]). Ana.lytica,l solutions of the
complete equations of the flow were presented by Savage [82],[86],
Williams [111], Brennen and Pearce [9] and recent experime;atal
observations by Cuttress and Pulfer [17], Blair-Fish and Bransby [3]
and Lee et al [55] revealed a new picture of the kinematics of de.fc;rma—
tion of materials in hoppers.

Other investigators have been concerned with the flow in chutes and chan-

nels where the velocities are generally muchhigher. Muchless is known about



the mechanics ofdeformation inthis flow regime. Some experiments have
been conducted to study a specific type of flow (Wolf et al [112], Choda
et al [12], Augenstein et al [1]) and others have been conducted to
study the mechanics of the material (Roberts [75], Savage [ 84], [85],
Takahashi[99]. The analyticalmodels used to describe the material in
this flow regime introduce the void fraction of the material as an extra
unknown and the constitutive relations depend on the rate of deformation
of the material. Goodman and Cowin [32] presented such a continuum
model and applied it to some simple flow conditions. The model has
been used by Passman et al [68], [69] and Jenkins [49] and similar
models have been recently proposed by Savage [85] and Jenkins and
Cowin [50]. It is however fair to say that there is no universally ac-

cepted form for the constitutive laws at the present time.

1.2. CONSTITUTIVE POSTULATES

- Under quasi-static flow conditions, the granular material is
usually modeled as a rigid-perfectly plastic continuum which satisfies
the Coulomb yield condition. The material will deform by shear when
the shear stress on a given plane is equal to the prodﬁct of the normal
stress and a coefficient of friction which is a material property.
Drucker and Prager [25] and Shield [89] considered the\Coulomb yield
function to be the plastic potential and used the associative flow rule to
obtain the necessary relations between the stress and the displacement
fields. The resulting constitutive relations, however, give a displace-
ment field which requires the material volume to increase during de-
formation. This is contradictory to the known experimental observations

that underconsolidated soil contracts during deformation‘(Scott [ 88]).



Thus, the associative flow rule does not seem to describe the yielding
behavior of the material very well. Drucker et al [26] considered the
material to be of the work hardening type and introduced the dependence
of the yield function on the hydrostatic stress. Jenike and Shield [39]
further developed this yield condition; the size of the yield surface was
varied depending on the hydrostatic stress. Thus material properties
such as the internal friction angle, the bulk density and the cohesion
are direct functions of the hydrostatic stress. This Jenike-Shield
model is used in the present investigation to describe the yielding of
the materialsrwhich are undergoing continuous and large deformation.

Since the associative flow rule does not describe the deformation
of granular materials very well, a second constitutive postulate is used
to relate the velocity to the stress field. This has been done indirectly
by considering the characteristic directions or the principal directions
of stress and strain rate or by defining a mode of deformation of the
material along its characteristics. In analogy to the constitutive re-~
lations of isotropic solids and fluids (Fung [30]), a number of investi-
gators have proposed that the principal directions of stress and strain
rate coincide (Jenike [40], Shield [91], Pariseau [66]). Despite its
simplicity, such a condition may not, however, be valid for granular
materials undergoing plane deformation as has been shown experimental-
ly by Drescher and De Josselin De Jong [22] and Drescher [23]. Mandl
and Luque [60] reviewed the various flow rules of granular materials
and proposed a theory based on the non-coaxiality of the principal di-
rections. De Josselin De Jong [19] and other investigators claimed
that the deviation angle between the principal directions can be any

value between -@/2 and /2 where @ is the internal friction angle of



the material.

A second group of investigators fix the direction of the stress
and strain rate characteristics; under these conditions the solution
gives the orientation of the principal directions of stress and strain
rate (Takagi [98]). For a material with an angle of dilatation v and
an internal friction é,ngle ¢, the characteristics of stress and strain
rate are oriented at angles #(n/4-¢9/2) and *(wv/4-v/2) from their
respective principal directions.

Another group of investigators proposed that the material de-
forms by sliding along the stress characteristics. It is also allowed to
rotate during the deformation (De Josselin De Jong [19], Spencer [93]).
This model does not require that the principal directions of stress and
strain rate are coincident while their characteristic directions have to
coincide. Similar models for compressible materials are proposed by
Spencer and Kingston [94] and Mehrabadi and Cowin [61]. In the
present investigation, both the St. Venant principle (coincidence of the
principal directions of stress and strain rate) and the Spencer model
are used as constitutive postulates.

The final constitutive relation concerns the compressibility of
the bulk material during large and continuous deformation. This is
related indirectly to the flow rules discussed above. It is known that,
at large deformation, the material will reach a critical state where
further deformation will not change its void fraction .(Schofield and
Wroth [87], Roscoe [78]). The densgity of the material is therefore
constant at critical state and this concept has been used to describe
the behavior of granular materials which undergo large and continuous

deformation. Jenike et al [41] and Jenike and Shield [39] have verified



from their experimental data that this assumption is valid and it is a
common practice to use the critical void ratio to describe the behavior
of the granular materials. The angle of dilatation of the material is
then equal to 0 and the characteristic of strain rates form an angle
w/2 while the characteristics of stress are at an angle n/2+¢ from
each other. Recently, Cuttress and Pulfer [17], Blair-Fish and
Bransby [3] and Lee et al [55] observed from radiographs of the flow
field that the void ratio is not uniformly distributed but varies depending
on the state of deformation of the material in the hopper. In the present
investigation, we use the concept that the material is flowing at a con-
stant void ratio equal to its critical value; the density is then uniform

in the flow field of the hopper.

1,3, TOPICS OF THE INVESTIGATION

|
A number of problems related to the flow of granular materials
|

in hoppers are consijdered. Chapter 2 presents an approximate solution
to the flow of granular materials in conical hoppers. The solution
presents a good test of the constitutive relations since the material in
the flow field undergoes continuous deformation and plug flow does not
occur. The analytical results are also of practical interest since bins
and hoppers are the most common devices used to store and handle
granular materials. The results will be compared to experimental
measurements made by other investigators in full size experiments.
The approximate solution is based on an expansion scheme with modified
boundary conditions being introduced for the free surfaces of the hopper.
Chapter 3 presents an experimental investigation of the flow field

in a two-dimensional hopper. The objective of the investigation is to



gain a better understanding of the details of the flow field. The experi-
mental observations address the question of symmetry and steadiness
of the flow field and the kinematics of the material deformation. A
qualitative indication of the wall stress at the transition corner between
the hopper and the vertical walls of a bin is recorded; this stress is
observed to fluctuate with time in some materials while it is steady
with other materials.

Finally Chapter 4 addresses the question of funnel flow in
hoppers. A systematic observation of the flow field is conducted at
various hopper geometries. The different flow regimes which are
present are identified and the transition from one flow regime to the
other is also studied. The boundary between the moving and stagnant
material is observed and its variation with the hopper geometry is

documented.



CHAPTER 2

GRAVITY FLOW OF GRANULAR MATERIALS IN CONICAL HOPPERS

2.1 INTRODUCTION

The problem being studied concerns the gravity flowof granular
materials in conical hoppers. Since hoppers and bins are widely used
in the storage and handling of granular materials, a reliable prediction
of the mass flow rate and wall stress pattern would be of great practical
interest. From an analytical point of view, the problem provides a good
test of the constitutive postulates of the material. With a converging
flow field, the material is forced to deform as it flows and the tendency
of the material to move as a plug is avoided. The solution will reflect
the observed phenomena in hopper flow such as the fact that the flow
rate is independent of the head of the material in the hopper and the fact
that the stress field is in a passive state. However, the validity of the
solution is restricted to a range of hopper angles for which mass flow
is present in the hopper.

A listing of the constitutive postulates is presented first; it will
be followed by a review of the studies which have been done in the past.

The present solution will be presented in the last section of the chapter.

2.2 CONSTITUTIVE POSTULATES

Since the material is modeled as a rigid-plastic continuum which
satisfies the Coulomb yield condition, the stress state at all points in

the flow field will satisfy the condition
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o _ <=0 tancp'
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where On is the shear stress on a given plane
o, is the normal stress at the point

cp' is the friction angle of the material.

The angle o’ is equal to the material internal friction angle o
when it is deforming within itself while it is equal to the wall friction
angle & when the material is sliding along a solid boundary.

In a cartésian coordinate system, the Coulomb yield condition
is written as |

2 2

g -0
2 N2
(25720) o2, = (2570 sl

VA

The equality sign represents the condition when the material
starts to yield.

The second constitutive postulate which will be used to relate
the stress and velocity fields can be either the St. Venant principle
(coincidence of the principal directions) or the double sliding model
proposed by Spencer [93] and De Josselin De Jong [19]. The St. Venant

principle is written in a cartesian coordinate system as

c -0 e -e
£V -5 ¥ (2.2)
o € °

where Gij are the components of the stress tensor

éi. are the components of the strain rate tensor.

=
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The validity of this condition has been questioned by a number
of investigators as discussed in Chapter 1. The various models pro-
posed by previous authors differ on the issue of whether the principal
directions coincide or whether the stress and velocity characteristics
coincide. The model proposed by Spencer [93], which is motivated
by the work of De Josselin De Jong, introduced the concept that the
material deforms by sliding along the stress characteristics. This is
called the double sliding, free rotating model (De Josselin De Jong [19]).
A consequence of this model is that the characteristics coincide; it does
not however require that St. Venant principle is satisfied. The following
relation is obtained between the stresses and strain rate components

ou du

. k] _ [+] - ] - —_X - —E . \:
sin 21];(.3X ey) Z2cos 2¢ exy+51nm<8x oy ZQ/, 0 (2.3)

where {§ is the stress angle in the Sokolovskii's expressions for the
stresses (Eq. (2.13)). The definition of the rotation Q is not well
defined, Spencer [93] claimed that Q =Dy /Dt but other investigators
(Mandel [59], Drescher and De Josselin De Jong [22]) did not agree
with him. This model of deformation of granular materials have been
used by a number of investigators to study some flow problems in hoppers
and chutes (Pemberton [70], Morrison and Richmond [62], Morrison
[63]). It is also used in the present solution in order to compare
the results with those utilizing the relation (2. 2).

Finally, the continuum model includes the condition that the
material deforms at constant density. While this condition is not valid
for incipient deformation, it describes the material behavior when it

LS

is undergoing large and continuous deformation. In hopper flow, the
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condition in the lower part of the hopper near the exit is critical to the
solution of the flow field. It has been observed that in this area near
the exit, the approximation of constant density is fairly reasonable.

The continuity equation is then written as

8ux ou
—_— .._X: : 2-
ox + oy 0 (2.4)

These constitutive postulates are solved with the equations of
motion to determine the velocity (ux, uy) and the three stress com-
ponents (Gx, oy,c ).

A review cf the past work done on the subject is presented in

the next section and the solution obtained in the present study will be

discussed.

2.3 REVIEW OF PAST WORK

A large number of investigations have examined the flow of
granular materials in hoppers. In the early days, attention was directed
toward developing an empirical expression of the mass flow rate from
experimental data. A number of experimental studies of the flow rate
were available (Deming and Mehring [20], Rose and Tanaka [79]) and
some empirical relations of the mass flow rate were obtained (Beverloo
[2], Fowler and Glastonburry [29]). -‘

In a book on the mechanics of powders, Brown and Richards [11]
discussed the various effects of hopper geometry and material properties
on the mass flow rate. The discharge of granular materials from the
hopper is found to be independent of the head of the material in the
hopper if this head is sufficiently large. It is also independent of the

width of the vertical bin. Some effects of the shape of the particles
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can be observed especially when the roughness of the hopper walls is
increased.

From dimensional analysis, the mass flow rate Q is found to
depend oﬁ the gravitational acceleration g, the bulk density p and the

exit diameter D in the following manner:

Qe p /gD’ ? (2.5)

This gives a dimensionless parameter similar to the Froude number
4Q/TrpA/§D5/2 which is a constant when the material is flowing in a
hopper with a given half wall angle GW . Brown and Richards [11]
extrapolated their experimental data and found a limiting value of D
for which the mass flow Q is equal to zero. This is obviously due to
the discrete size of the particles. To‘ take this effect into account,
they introduced the idea of a statically empty annulus around the exit
opening. The area through which the material would flow corresponds

to an effective exit diameter D’ given by

D':D—kl , (2.6)

where kl can vary from 1 to 4 particle diameters.

This idea of an effective diameter has been used to reduce
experimental data (Williams [111]) even though Bosley e“t al [4] noted
that such an empty space was observed only in a flat bottom hopi)er and
none was found in a mass flow hopper.

The empirical correlations of the mass flow rates vary widely
since they depend on the individual experimental conditions. These

drawbacks have motivated efforts to derive an expression of the flow
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rate from an analytical solution of the flow problem. Such analytical
solutions are quite involved since the equations of motion must be
solved in conjunction with the constitutive postulates, This will result
in a complicated system of non linear partial differential equations
which are to be solved with the boundary conditions of the flow field.

A number of investigators have chosen an indirect approach to
obtain the mass flow rate from the hopper. Brown [10] studied the
problem using an energy approach. He assumed that the material
would flow when the total kinetic and potential energies are at a mini-
mum. From this, he derived an expression for the mass flow rate.
Johanson [ 53] considered the balance of the forces at the exit diameter
to obtain an expression of the acceleration in that part of the flow., The
exit velocity (and hence the flow rate) is obtained by assuming that this
acceleration is due to the convergence of the flowing channel. An
expression of the mass flow rate is obtained from this analysis. It
depends on the material properties through the use of the flow function
of the material and the flow factor of the hopper (Jenike [42]).

Other approximate solutions of the flow problem have been
obtained by making assumptions concerning the velocity field, the orien-
tation of the body force and the magnitude of the stress components.
Davidson and Nedderman [18] obtained analytical expressions of the
velocity and stress distribution. Their solution assumed that the shear
stress was equal to zero and that the body force was in the radial di-
rection. This solution then gave an upper limit to the flow rate.
Sullivan [96] solved the same problem in his unpublished thesis.

Williams [111] derived the upper and lower limits of the flow rate by
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solving the flow equations on the center line and along the hopper wall
respectively, This solution contains some assumptions which are diffi-
cult to justify. The approximation used in these solutions limit their
validity to some special hopper configurations; for example, the hopper
angle BW has to be very small (body force in the radial direction only).
The solutions usually overpredict the flow rate and should be used only
as a guide to the understanding of the qualitative behavior of the flow
field.

The complete equations of flow have been solved by a number of
investigators using various approximate methods. Savage [82] used
a perturbation scheme based on the wall friction angle to solve the
problem of flow in a hopper. Up to the order presented, the velocity
and stress fields are weak functions of the angular position 6 (see Fig.1).
Brennen and Pearce [9] solved the problem for a two-dimensional hopper.
They used a perturbation scheme based on the angular position 6,
introduced modified boundary conditions at the upper and lower discharge
surfaces and found that the free surface at the hopper exit did not coin-
cide precisely with the cylindrical surface at the exit radius. It took
the shape of an arch which spanned the outlet. The resulting theoretical
mass flow rates were in good agreement with the experiments for hoppers
with half-angles up to 40°.

Another quality which is important in the design of hoppers is
the stress which the material exerts on the hopper wall. Stress distri-
butions were measured by Walker and Blanchard [106] with a full scale
hopper. They found that the initial stress distribution when the hopper

is filled is quite different from the distribution when the material is
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being discharged from the hopper. They recorded a fiuctuating wall
stress pattern when the material is moving and observed that the value
of the wall stress near the exit is very much reduced if some material
is removed from the hopper discharge while it is being filled.

Actual experiments are nearly always performed with a vertical
bin on top of the hopper. The stress distribution is then quite different
since the two different stress patterns in the hopper and in the vertical
bin have to match each other at the bin/hopper transition corner. This -
will result in a large, concentrated force at the bin/hopper corner and
it is an important factor to be considered in the design of hoppers and
bins (Perry [ 73], Jenike and Johanson [45]). The measured wall stress
distribution also shows a difference between the value when the bin is
full of static material and the value when the material is flowing. When
the granular material in the bin is static, the direction of the major
principal stress is in the vertical direction and the material is in an
active stress state. As soon as the material begins to discharge from
the bin, this principal direction is reoriented in a direction normal to
the hopper wall; this is known as a passive stress state. The value
of the wall stress in a passive stress state is higher than the one in an
active stress state and this explains the change in the recorded wall
stress. Experimental evidence of this switch in the stress field was
recorded by Jenike [47].

Experimental investigations of the stress are either done with
a pressure gauge mounted flush with the hopper wall (Van Zanten [ 103],
Deutsch [21]) or by using a "radio pill" (a transducer imbedded in the

material which transmits information by radio signals) to record

N



17

the internal stress in the material (Perry [73], Lakshman Rao [54]).
The results of these different measuremenfs reveal similar qualitative
phenomena.

Janssen conducted an analytical study of the static stress in a
vertical bin filled with granular materials. Using the free body diagram
of a slice of material across the full section of the bin, he obtained an

expression of the vertical stress in the material in the form

—%WK(%)

o 1
¥ l-e (2.7)

rg 4K

where OV is the vertical stress in the material

p is the material bulk density

D is the bin diameter

M, is the coefficient of friction along the wall

K 1is the ratio of the horizontal stress to the vertical

(0] o
stress ( h/ V)
x is the distance in the vertical direction measured

from the top surface of the material in the bin

At large values of the depth x in the order of a few bin diameters,
the vertical stress is independent of the depth of the material in the bin.
This is consistent with the experimental observations.

In a recent review of the various studies of the stress in a bin,
Cowin [14] addressed the assumptions which were made by Janssen.
First, he showed that the stresses O, » Oy and the shear stress along

the wall need not be assumed to be constant over the cross section of

S
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the bin but that they should be the average over the cross section and
the perimeter of the bin respectively. Secondly, the friction force
needs not be fully mobilized along the wall; thus the value My is less
than tand where § -is the wall friction angle. Thirdly, the ratio K
should be defined as the horizontal stress averaged over the bin perim- .
eter divided by the vertical stress averaged over the bin cross section.
These assumptions are much less severe than those used by Janssen,
and Cowin showed that the expression given by Janssen can represent
only the lower limit of the possible values of the stress in a vertical bin.
The stress field in a hopper has been studied by many authors
using various methods of analysis. The approximate method using a
force balance on a differential slice was used by Walker [105], Walters
[108,109] and Enstad [28]. The method can treat both the active and
];Jas sive stress fields with only slight modifications. Jenike and Johanson
[44] considered the '"'radial stress' field in the hopper. In doing so,
fhey assumed that the mean stress in the material varies linearly with
the radial distance from the apex of the hopper. The resulting stress
field is only valid near the hopper exit. In a series of papers [45 - 48],
Jenike, Johanson and Carson considered the various stress fields which
exist in a hopper/bin system. The active and passive stress states
are defined and the concentrated peak pressure at the hopper/bin corner
is computed. The method of characteristics has also been used exten-
sively by other investigators (Savage [83], Horne and Nedderma.n [37,
38], Hancock and Nedderman [35], Bransby and Blair-Fish [6]). How-

ever, these studies were done for a plane hopper only.
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2.4 PRESENT STUDY

2.4.1 Experiments in conical hoppers .

In the present experiments, the mass flow rate of various
materials are measured and compared to the results from the analytical
solution.

Two sets of conical hoppers of different sizes were used and
these results will be compared in order to evaluate the effect of the
scale of the apparatus on the material behavior.

The first set consisted of four small hoppers of exit diameter
2.03 cm with heights ranging from 6.35¢cm to 12, 7cm and half-wall
angles from 10° to 40°, The second set consisted of four larger hoppers
with heights ranging from 17.78 cm to 33 cm and half-wall angles varying
from 10° to 35° ; observations were made with exit diameters of 2.03 cm
and 3.3cm . The small hoppers are made of glass and their inside
walls are painted with aluminum paint. The big hoppers are made of
aluminum; the walls of both are considered to be of similar smoothness.
The flow rate at different exit diameters will be compared to assess any
effect of the discrete nature of the materials. Furthermore, a vertical
supply bin was provided on top of the small hoppers during the experiments.
Any effect that such a vertical bin might have on the flow rate will be as-
sessed by comparing the data from the two sets of hoppers.

Sand (686um dia.) and glass beads (610um dia.) were both used
to obtain measurements of the mass flow rate. These granular materials
are effectively cohesionless and have a size distribution which is fairly
uniform. The measured internal friction angles were 31° for sand and

25° for the glass beads; their wall friction angles on an aluminum wall
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are 24.5° and 15° respectively (see Table I.). The bulk specific gravity
of the flowing material (at critical void ratio) was 1.5 for both materials.
The mate rials used in the present experiments have a fairly small grain
size; the interstitial air may therefore have some effect on the flow rate.
This effect was studied by Crewdson, Ormond and Nedderman [ 16] who
found that, for particles with diameters below 500um, the interstitial

air will affect the mass flow rate.

The mass flow rate is understood to depend on the hopper halif
wall angle GW and it may be affected by the exit diameter D if this
value is not large enough. Individual hoppers of given GW were modi-
fied in order to obtain results for different exit openings, D. Finally,
if the height of the material in the hopper is sufficiently large, the flow
rate will be independent of the head.

The experimental procedure consisted of measuring the weight
of material which flowed out of each hopper in a time interval of about
7 seconds. Care was taken to ensure that there was sufficient material
within the hopper so that the flow rate was constant with time. The
resolution of the timing was 0.1 sec. and that of the weighing about
%0, 1 gm, These resolutions will give an expected experimental error
of about 15%. The measurements were fairly repeatable with the data
points falling around 10% of the average value. Observations of the flow
field for the sand and glass beads in a plane channel reveal very different
behaviors according to the material used; this will be discussed in
greater detail in the next chapter. Glass beads have a very uniform
and radial flow field. Sands, on the other hand, flow in the hopper in

a quite nonuniform way as previously observed by Lee, Cowin and
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Templeton [55] Blair-Fish and Bransby [3] and Drescher, Cousens

and Bransby [24]

2.4.2 Analytical Solution

The flow field is assumed to be symmetrical with respect to the
axis of the hopper. The geometry of the problem is presented in Fig.2.1.
A spherical coordinate system is used to represent the axisymmetric
flow field. The unknowns are the velocity components u and v in the
-r and -8 direction respectively, the normal stresses 0., Ge , Go:’
in the r, 6, o directions and the shear stress Ore . Compressive
stresses were taken to be positive.

The continuity equation is written as

+i§—g—+—~cot6 0 . (2.8)

du u
3;+2—

The equations of motion is spherical coordinates are

aor 180 1 du, v ou v2
5;*“?‘; 59 [ZO' —0'6—0 +0 eCOt9]+ngOSG— f*'*";‘é@ —_— (2.9)

in the radial direction and

') o0
6.,1%% 1 ov , v O
57 trag tl0g- 0, )cotb +30 gl- pgSIrl@—*pru_‘v“LXag*uv (2.10)

in the tangential direction. Since the magnitude of the inertia terms is
fairly small except close to the exit, a common practice has been to
neglect the inertia terms in the equations of motion. The resulting
equilibrium equations will give the stress distribution in the flow field but

they cannot give a unique velocity field since the remainfng equations are
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homogeneous in both velocity and stress. We therefore retainthe inertiaterms.

In the spherical coordinate system, the Jenike-Shield yield

condition and the "isotropy'' conditions are written as

(o} g 2 o.+0 2
78 r 2 (78 r . 2 >
( > >+Gre-—< > \ sin {2,11)
and
du 106v u
9.°%  Br T 90 T 2.12)

r
Org _1_(8v v, _9du)

2\8r "r ro8’

respectively. The stress components are written in terms of a mesn

stress 0 and a stress angle { (Sokolovskii [92]). Thus

0= o(1 +sinwpcos 2¢)
cezc(l—sincpcos 2{) (2.13)

0. ,=0sinepsindy .

r8

The mean stress © is defined as (Ur+Ge)/2 and { is the
angle between the radialdirection r and the major principal stress direction.
An interpretation of 0 and ¢ on the Mohr-Coulomb circle is shown
in Fig.2.2. The use of Eqs.(2.13) guarantees that the Jenike-Shield
yield condition will be satisfied identically. Since the flow is axisym-
metric the stress in the « direction is a principal stress; for a con-
verging flow field, it is equal to the major principal stress. Thus
0,=0(1+singy).

Using a perturbation technique based on the angular position 6,
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the dependent variables o, §, u, v are written as:

2
_ 8 4
0-00+02<ew ; +0O(87)
3
T 8 =N 5
‘”"z+‘f1<ew,’+‘(3<e ) +oe)
(2.14)
o N2, 4
u=ugtu, (2 +0(6%)
w

Note that when 0=0, ¢ =—12r- which means that the stress field is in the
passive state. The different powers of 6 in the expansion are pre-
scribed by the symmetry of the flow field. Substituting these expansions
into the equations of flow, the different expansion sequences are obtzined.

The order 6° terms come from the continuity equation and the r-direction

equations of motion; they are

0 0 1
dr t2 r * r8 =0
w
and (2.15)
du do % .
0 . 0 _ ( 21 \sing _
puo---—-’—-c.lr + (1 - sincp) iz 401+ eW ) 00+pg-—0

The isotropy condition and the 6-direction equation of motion give the

order 61 terms
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% % Ml %2 Y1,
Y1 dr r ro T ré r dr
w
and 7 (2.16)
VZ v dv do O.sinc Zyz
p —L 4y (-——1—+——1‘ -pgl_ - Z2singy 0__0 1+6y
rew O\r dr W PY1 dr r 6W 1

2 . . 27
+ ;—é-v—v[cz(l + sin ) - 260s1ncpyl ]— 0

The order 82 terms in the continuity equation and the r-direction

equation of motion give

du2+2i1£+4v3 _V16w~0
dr rf 3r 7
. w
du Zuzv1 v? du.2 ei > dGO
plu, ar + rew ——E—+u0 TS -pg—2——+2yl sing g + (2.17)
do . o,sing 2y
o 2 _3sincr 4. 37 2 ( 1)
(1 snlcp)d o L20‘2y1+00(2y3 3Yl)] — 4+——-—~e +
w w
O,.sin 2y. 6 2y y3
0 ‘P<62_ 1w 3+g__1_>_0
T Y1 3 8 3 /77 -
w w

These equations are solved subject to the following boundary conditions
imposed by the geometry of the problem.
Along the hopper wall, 6= GW , the stresses have to satisfy the

vield condition
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o ) _
X% - _tan s (2.18)
9

where & is the wall friction angle. Using (2. 13), the value of { along

the wall is then determined by the equation

sin¢ sin 2y = -tan §(1 - sing cos 2¢.) - (2.19)

The normal velocity along the wall should be equal to zero., Thus

v1+v3+. .. =0. The discussion on the free surface condition will be de-

layed until later.

If only the terms of the expansion up to order 62 are re-

tained the expansions of v and {§ will only have one term. Thus

+Yl on 6=6W .

WIE!

V=Vl=0 and 1!;=\}:W=

The equations are solved by simple integration, giving

rl 2
uo:U<T>
and
o -4 W
pggl = (w - l)(ll— Siﬂ@)(f;) ) (UJ+4)(21:F'“ Sinﬁp)<}r—l-> +A<—§I> (2.20)

where U and A are the constants of integration, F=U2/gr1 is a

modified Froude number and

, \
_ _4sinop W
W=7 sincp)<l+ ew>
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Substituting these expressions for 4, and % into equations (2.17)

will give expressions for u, and o, as follows:

r 2
_ 1
U = _3ywewU< r \)

i 2
o, ) v, (48, T3y )sing . 0l (__1_-_>
pgT, (m—l)(l_sinch) 2(1+sincp) r
(2.21)
, -4
ZYW(GW— 3v,,)F sin m(}__) .

(w+4)(1-sin’p) ‘1

Ayw(wew+ 36W+ 3YW)sincp W

1+sing N1y

2.4.3 Boundary Conditions on the Free Surface

The analysis in this section is based on the work of Brennen and
Pearce [9]. Along the free surfaces, the mean stress is equal to zero.
This will give the condition on the expansion terms % and o, - If
these free surfaces are taken to be the circumferential surfaces at the
upper and lower radius, then

5 2
G(rl):"o(rl’+cz(r1)<§_> =0
w
and :
5 2
o(x,) :Go(r2)+02(r2)<-é;> -0

which give
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co(rl) =02(r1) =0

and

Go(rz) =02(r2) =0

However, the expressions of % and 9, have only two unknown con-
stants (A and U) which are to be evaluated from the boundary condi-
tions. Therefore, these four conditions on % and o, along the free
surfaces overspecify the problem. This implies that the free surfaces
do not coincide with the circumferential surfaces and that their geom-
etries will be determined by the condition of zero stress.

Following Brennen and Pearce [9], we let the free surface T
and the circumferential lines be separated by a distance e¢(8). The

geometry is then as shown in Fig.2.3. Assuming ¢(6) to have a

parabolic profile, we have

2

e(e)”l[l‘(%)]

The zero stress condition along I' will be expanded in Taylor series

from the stress along the circumferential line. Hence

o1 ())&

1‘1 w

=g

=0 (2.22)
onl r

1

Substituting the expansion (2. 14) for o, we have



28

0 -
UO r +€1 dr - =0
1 1
do dco
Ol te1gr L Srdr | =0
ol | 1 1

which are the terms of order 8° and 62 in (2.22). It can be seen ‘

then that €, is of order Gi and to this order

(00+cz) =0
|
%,
SR & W
1 dUO/dr
T

This same condition can also be applied along the top surface. Evaluat-

ing the constants U and A in (2.20), we have

e U
8Ty [ , 1-@ |
1-(52)
-utd N |—1+———?—"L———(14 sinp+50_sing- 6 ﬂ (2.23)
“2{w-1) . -4-w|L 2(1 + sin o) Yo ® w P-S&/ :
1- (2
r1/

The exit velocity averaged over the exit area is given by

8

w
J a._ . sin 6d6
0 1
1-cos®B
w

u=
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or, in dimensionless form,
w2
3y j 8 sinfde
. F W0
Jeb zsmew

1- (2.24)

(1-cos BW)GW

- .
The non dimensional mean stress along the wall can be obtained

from Eqgs. (2.20) and (2.21)., Thus

. . 2
o _ (49w+3yw)yws1ncp+l+s1ncp+ Gw (.£_>+
pgry (w—-l)(l—sinch) 2(1+singo) ry
i 4
2y _(8_-3y_)sing - 2(1+sinp) h
F[———= 2 &) - (2.25)
(w+4)(1 - sin"op) 1
: w
R Fl X yw(wew-;39w+ 3Yw)s1ncp <__r_>
+singp ry

Some comments can be made about the solutions (2.24) and (2. 25).
First the magnitude of the 62 terms are smaller than the 6° terms by
factors of y_0_, 62 or yz . Thus, the successive terms in the ex-
ww’ Tw w
pansion decrease in magnitude and convergence of the regular expansion
is expected. Secondly, the value of F (and therefore of W) is inde-
pendent of the ratio r, /r 1 when the head of the material above the

exit opening is sufficiently large. This is consistent with the well-known

experimental observation of head independent flow.

2.4.4 Solution Using Spencer's Model of Deformation

In this section, we will explore the difference in the analytical

solution which would occur if the Spencer model of deformation (Eq. 2.3)
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is used instead of St. Venant principle (Eq.2.2). In a spherical coordi-

nate system with the flow being steady, Eq.(2.3) can be rewritten as

(B8 12¢_wy oy v, 1u)
sziﬁ(ar“rae—r _COSZ¢<8r-r+r89-

[ov v 1 8u 3] v 9
+Slncpf;«5;+;—';'s—é--2<u—a—%+;§%>]=0 (2.26)

This Eq.(2.26) is identical to Eq. (2.2) only if the last term is equal to
zero which is not true in general (Spencer [93]), Substituting the ex-
pansions (2.21) of the unknowns (up to order 62) and equating the terms

of the order 81, we have the realtion between Uy and u, as

du u u
_0 __0\_ o) 2 2
2yw<dr - 5= (L+sing) £ 2 =0 (2.27)
W
which gives
2
-3y_8 r
e Woweg( 1
o= Tt V(5 (2. 28)

This expression of u, differs from Eq.(2.21a) by the factor
1/(1 - sin) whichis greater than one. The correction term using the
Spencer model is then larger than the correction term using "isotropy!'
(St. Venant principle) condition. Some computations were carried out
and they showed that the flow rate computed using Eq. (2. 28) can be as

low as half of the value obtained with the isotropy condition.

2.5 PRESENTATION OF RESULTS AND DISCUSSION

2.5.1 Comparison to Experimental Data

n

In Fig.2.4 a plot of the dimensionless exit velocity versus the
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exit diameters for different hopper angles is presented. It can be seen
that the results are fairly} independent of the exit opening. This same
behavior is also observed when an "empty annulus'' is assumed to be
present at the exit [11]. Using an effective diameter D'=D-k where
k can vary from 1 to 4 grain diameters, the dimensionless exit velocity
is still independent of the effective diameter used in the experiments.
This is an indication that the ratio D/d of the exit diameter to the
particle size is sufficiently large in the present experiments for the
"empty annulus'' effect to be small.

The dimensionless exit velocities from both sets of hoppers are
plotted versus the half wall angle in Fig.2.5 and 2.6 for sand and glass
beads respectively., Experimental data obtained by other authors are
also presented. The data of Deming and Mehring [20] for potassium
nitrite (p=24°) compare well with the present experiments. However,
their values for ammonium phosphate (p=36°) are quite low; this may
be due to substantial cohesive effects in this material. The data quoted
by Williams [111] for sand (p=34°, §=25°) and Nitram (p=34°, 6=19°)
are also plotted on Fig.2.5. These experiments were conducted in large
size hoppers and the results correspond well with the present measure-~
ments for smaller hoppers.

In Fig.2.5 and 2.6, the experimental data for glass beads com-
pare better with the analytical results than the data for sand. A possible
explanation is that glass beads have a uniform and spherical particle
shape. They are quite free flowing and their surface condition is smooth.
This is quite different from the properties of sand which has an angular

shape. These differences between the individual particle shapes may
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not be completely reflected in the material properties o, & used
for the continuum model.

The analytical results for the mass flow rate shown in Figs.2.5
and 2.6 exhibit a dependence on both the hopper wall angle and the fric-
tional properties of the materials. Since the expansion scheme is based
on the angular position 0, its validity is limited to small values of the
hopper angle ew. The deviation between the theory and experiments
at large hopper angle is therefore expected. The analytical solution
also exhibits a strong dependence on the wall friction angle §.

The normal stress along the wall (Gee at 8 =6W) is plotted in
Fig.2.7 and compared to the measurements made by Walker [ 106].

The values obtained from the present solution have the same dependence
on the radial position r/r1 even though they are larger than the experi-
mental values. The peak stresses obtained from the present solution
occur at the same value r/r1 as the value measured by Walker (at
r/r1r~v3. 6). This ability to predict the location of the peak stress could
be important in the design of hoppers. The approximate solution derived
by Walker is also plottéd in Fig.2.7. It does not compare well with the
experimental results; the peak stress occurs at a lower position than that
observed experimentally. The other approximate solutions by Walters

[109] and Enstad [ 28] yields results similar to those of Walker.

2.5.2 Comparison to Other Analyses

In the following, the analytical expressions of the mass flow rate
derived by Johanson [53], Brown [ 10], Williams [111] and Savage [82]
are compared to the expression obtained in the present solution.

Johanson [53] presented a semi-empirical method for computing
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the flow rate of granular materials from hoppers. By considering a
balance of forces acting on an arch across the hopper opening, he
considered that the material would flow when the flow factor of the
hoppers was greater than a critical value. The dimensionless exit

velocity is obtained in the form

u 1 if
= /1 - 2=
VgD y4tan® ffa

g
where ff is the critical flow factor defined by BEIB

o)
ffa is the actual flow factor defined by :—f—l- ;£ being
c

unconsolidated strength of the material.

This result is fairly general. It is dependent on both the hopper angle
GW and the material property through the flow factor. The flow
factor is determined from the results given by Jenike [42]. The
upper limiting curve u/,/gD = (4tan GW)-% is presented in Fig.a. 8
since the flow factors for the hoppers used in the present experiments
were not available.

Brown [10] used an energy principle to derive the mass flow
rate of granular materials through an aperture. He suggested that the
material would flow when the total potential and kinetic energies reached
a minimum at a certain radius. Taking this radius to be that of the exit

opening, he derived an upper limit of the dimensionless exit velocity as
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u__ 2(1 - cos?’/2
»/gD 3sin5/25

B)

where B is the angle of the channel formed by the flowing material.
For a mass flow hopper, B would be the hopper half-wall angle and is
a simple geometric quantity. The results of this expression for the
hopper used in the present experiments are included in Fig.2.8.

Williams [111] derived the upper and lower limiting solutions by solv-
ing the equations of the flow along the centerline and the hopper wall respec-
tively. The stresses satisfy the Mohr-Coulomb yield condition and the ve -
locity is assumed to be in the radialdirection only. The expression of the

centerline velocity is

Along the wall, the radial velocity is given by

. . . 5

2 sin ¢ sin Zdywsm GW B-4\ o

2 < Bcong_. R0 )(B4) o
w2 w 1-s1ncpc052ww B+1, r4

where

K = l+sing

" 1-sing

and

os]
I
g\

where k‘2 and k1 are defined on page 250 of his paper.
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This solution is based on some assumptions which are important. For
example, the values of 9¢y/98 on the centerline and along the wall are
approximations to the actual values. Also, the dependence of the radial

£

velocity on the radial position 8 (taken to be cos ~8) is based on the

observation of the frictionless wall solution and may not be representative
of the actual velocity profile.

Savage [82] seems to have been the first author to systematically
analyze the hopper flow problem by considering the complete equations of

%

motion. His ioerturbation scheme is based on €15 {tan §)° where & is
the wall friction angle and is based upon the limit process (tan 6)/9W—>0

as GW-—'O. The results are given as

¥ ook -3 3
u k+1 1 ]1 k+1
= + ——{2(2k-3)(k+ 1)e I S
v/ gD 2(2k - 3)6w eW 2 wl 2(2k - 3)30W

where
k=(1+sing)/(1 - sincp)

Because of the above-mentioned limit process it follows that this analysis
and flow rate is invalid for wall angles, GW , less than about tan . This
region of lack of validity is clearly demonstrated in Fig.8. However
provided tan a/ew is small it would appear that Savage's analysis yields
results which are closer to the experimental data than the present analysis.
In conc]usion it would appear that the method presented in the present
paper is appropriate for small hopper angles with decrepancies from the
experiments occurring at larger 6w; on the other hand Savage's analysis

may be more appropriate for smallwall friction values and larger ew .
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2.6 CONCLUSIONS

The present approximate solution shows that the rigid-perfectly
plastic continuum model describes the behavior of granular materials
flowing in conical hoppers fairly well. The solution reflects the observed
phenomena such as the fact that the discharge rate from the hopper is
independent of the head of the material and that the flowing material is
in a passive stress state. It also shows that the expressions of the mass
flow rate and wall stress depend mainly on the conditions near the hopper
exit. The validity of the solution is, however, restricted to the values
of GW for which mass flow is present in the hopper and to the flow in a
hopper without a vertical bin.

A comparison of the results obtained using either the St. Venant
principle (Eq. 2. 2) or the Spencer's model of deformation (Eq. 2.3) shows
that the St. Venant principle gives results which compare more favorably
to the experimental measurements. This conclusion is however, restricted
to the approximate approach used in the present solution.

Finally, questions on the validity of the approximations used in
the analytical solution will be considered in the next chapter where the

flow field in a plane hopper is observed experimentally.
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TABLE I

Material Properties (*)

Bulk Mean Internal Wall Friction Angle

Material Specific Diameter Friction Lucite Al

Gravity mm Angle Wall Wall

(°) (°) (°)

P0170 1.46 0.325 24.6 15.3 17.7

P0280 1.48 0.59 24.3 14.4 15.1

Vo070 1.71 1.32 26.8 14.2 15.1
Sand No. 1l 1.56 0.223 24.1 20.2 -
Sand No., 2 1.30 0.317 30.7 17.9 -

Sand No. 3 1.53 0.68 30.6 14. 4 24.5

(*) These measurements were made by Pearce [71]
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Figure 2.1 Schematic for conical hopper flow.
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Figure 2.3 Detail of the initially undetermined traction-free boundary,
I', at discharge from the hopper.
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CHAPTER 3

OBSERVATION OF THE FLOW FIELD IN HOPPERS

3.1 INTRODUCTION

In the analytical studies of the flow of granular _ma.teria.ls in
hoppers, the flow field has been greatly simplified (Lee et a.1>[ 551).

The geometry of the problem usually consists of a hopper without a
vertical bin and the effect of the presence of such a bin is limited to

the fact that it will introduce a pressure distributed over the upper surface
of the hopper (Davidson and Nedderman [ 18]).

Since the hopper walls are usually symmetrical with réspect to
the vertical axis, the flow field is also assumed to be symmetrical with
respect to this axis. Furthermore, the flow is assumed to be steady with
time with the understanding that the flow field is developed after flow
initiation has taken place. Finally, the material is assumed to deform
with a constant void fraction in the flow field.

These assumptions are introduced to simplify the analytical
problem and the solutions obtained seem to agree well with the experi-
mental measurements, However, a number of recent experimental
studies have raised doubts concerning the validity of the above assump-
tions. These experiments (Blair-Fish and Bransby [3], Lee et al [55])
show that the kinematics of the deformation of granuiar materials iﬁ a
hopper is not smooth and steady; rather, the flow is controlled by zones
of large deformation and distortion which are followed by the presence

of blocks of materials which slide with little deformation.
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This chapter contains experimental observations of the flow
field of granular materials in a two dimensional, wedge shape hopper.
The deformation pattern of various materials and the recorded wall

stresses are compared to the observations made by other investigators.

3.2 REVIEW OF PAST WORK

Two experimental procedures have been used to observe the
flow field in hoppers. The first one, called the photographic method,
records the motion of the materials which can be seen through the
front wall of the hopper. In the second method, the motion of the
material within the flow field away fromlthe hopper front wall is ob-
served by X-ray radiography. This is called the radiographic method.
It has the advantage that both the velocity and the porosity field can be
observed simultaneously.. |

Photographic observations of the flow field have indicated that the
motion of the material in the upper part of the hopper is parallel to the
hopper walls with flow in the radial direction occurring at a lower posi-
tion in the hopper (Brown and Richard [11]). Lines of velocity disconti-
nuity were observed and some asymmefry of the flow field was noted by
Pariseau [67]. Bosley et al [4] observed the flow near the hopper exit
and found that the flow field was in the radial direction in mass flow
hoppers while a non radial velocity component existed in the flow field
of funnel flow hoppers. Levinson et al [56] noted the unsteadiness of
the velocity field at the time scale of their observations (0.3 sec.) and
found that the flow field can be quite asymmetrical, especially near the
discharge. A fluctuating wall stress pattern and a symmetrical velocity

profile were recorded by Connelly [15] in experiments using glass
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pellets (125um to 177um grain size).

The use of X-ray radiography to observe the flow field of gran-
ular materials in hoppers has revealed important information on the
kinematics of the defor mation of the materials. The observations made
by Cuttress and Pulfer [17], Blair-Fish and Bransby [3] and Lee et al
[55] showed that the materials slide as a block along the hopper walls
until they reach the rupture zones where they are sheared and deformed.
After they leave this rupture zone, the sheared material feeds into the
fast moving region near the hopper exit. These rupture zones are
bands of low density where the shearing motion and dilatation of the
material takes place; they were observed to extend from one hopper wall
to the other (see Fig.3.la). In a hopper with vertical walls, they are
formed in an alternating way at the opposing transition corner while
only two rupture zones are observed in a hopper without vertical walls
(see Fig.3.la). Drescher et al [24] proposed a model to represent the
kinematics of the deformation across these rupture zones in order to
compute their shapes. Blair-Fish and Bransby [3] and Templeton [100]
measured the wall stresses at the transition corner between the hoﬁper
and the vertical walls and found that they fluctuate with time. These
fluctuations seem to correspond to the formation of the rupture zones
and Templeton [100] recorded the peak wall stresses even before the
rupture zones could be observed. These investigations all agree that the
flow field in the hopper is not smooth and steady with time; the kinematics
of the deformation is a complicated process where deformed materials
are followed by rigid materials with a rupture zone being present between

them.
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3.3 PRESENT WORK

The present experiments were conducted in two parts. In the
first part, the wall stress at the transition corner between the hopper
and the vertical walls was recorded to detect any fluctuations with
time. In the second part, the flow field of various granular materials
is compared to the observations made by other investigators and an

assessment made of the assumptions used in the analytical solution.

3.3.1 Experimental Apparatus and Procedure

A lucite hopper with a half-wall angle of 30° was used. The
width of the exit opening was 0.5cm (0.2'") and the width of the vertical
walls was 13.25cm (6"). The flow field could be observed through the
front wall (see Fig.3.1b). The materials used in the experiments were
sand and glass beads and their properties are shown in Table I. They
are effectively _cohe sionless; however, the difference between the parti-~
cle shape and the surface condition of sand and glass beads seems to
yield differences in the flow field.

- The wall stress was recorded qualitatively by using strain gauges
mounted on sensing surfaces along the inclined walls of the hopper (see
Fig.3.1b). The location of the vertical walls could be changed so that
the location of the strain gauge relative to the corner between the hopper
and the bin could be varied. The wall stress patterns on both sides of
the hopper were recorded simultaneously.

The flow field was observed by taking movies of the material
as it was moving through the hopper. Colored markers were placed in
the flow field and their motion recorded. It is assumed that these

markers moved with the material and that they did not in\terfere with the
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flow pattern in the hopper (Perry [72]). Film speeds of 32 frames/sec
were used and the movies were analyzed frame by frame by recording
the coordinates of each colored marker in the flow field. The velocity
at each point was obtained by dividing the displacement of the marker

in a given time interval by the time elapsed.

3.3.2 Presentation of Results

a) Qualitative Recording of Wall Stress

The recorded wall stress patterns of the various materials are
shown in Figs. 3.2 to 3.4, These recordings give the qualitative be-
havior of the stress exerted on the sensing surface of the strain gauge.
Their use is limited to detecting whether this stress is fluctuating with
time. The sensing area is very large compared to the individual particle.
size. The recording therefore gives an indication of the stress averaged
over an area contacted by many particles.

The main difference between the recordings in Figs.3.2 to 3.4
is due to the fact that the fluctuating stress only occurred for some
materials. The stress recorded for sand (Figs.3.2,3.3a) always showed
some fluctuation having periods of the order of a few seconds. The
fluctuations cannot therefore be due to the effect of the individual parti-
cles colliding with the sensing surface. The magnitude of these fluctua-
tions increases with the particle diameter and with the angularity of the
shape of the particles. The recordings on the two sides of the hopper
show that they are out of phase with each other. This seems consistent
with thé observation that the fluctuations correspond to the formation
of the rupture zones at the transition corners and that these rupture

zones are formed in an alternating way.
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The stress recordings for glass beads are quite different from
those of sand. At large grain size (greater than 500um), they show
only random fluctuations at high frequency. These are considered to
be the effect of individual particles striking the sensing surface. The
recordings for glass beads of small grain size (300um)(see Fig.3.3b)
show a definite fluctuating pattern with a period high enough to be con-
sidered as the phenomena associated with the deformation of the ma-
terial. Such a fluctuating pattern was also recorded by Connelly [15]
with glass pellets at small grain size (125um to 177um).

The observations of the wall stress fluctuation for the six gran-
ular materials used in the present experiments seem consistent with
the results obtained by other investigators. However, the present
results obtained with glass beads show that this phenomenon also depends

on the grain size of the material and may disappear for larger particles.

b) Observation of the deformation of a layer of colored materials

Figures 3.5 and 3.6 show the deformation pattern of a layer of
colored material as it proceeds through the hopper. The differences
between sand and glass beads are strikingly clear.

As the layer of sand proceeds through the hopper, it is stretched
and sheared. Most of the shearing takes place in a narrow central core
with the material near the wall being displaced at a much smaller rate.
The presence of a definite jump in the deformation paftern of the flow
field agress with the observations made by Pariseau [67] and Perry
et al [72]. The difference in the deformation between the central core
and the material near the wall is so obvious that it must be concluded

that two different flow regimes must be occuring. The material in the
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central core is shearing while the material outside of the central core
seems to slide along the hopper walls until it is fed into the central
core. Similar observations were made by Blair-Fish and Bransby [3]
and Lee et al [55].

| The behavior of a layer of colored glass beads is shown in Fig.
3.6 and reveals a completely different behavior. As it moves through
the hopper, the layer is being stretched and sheared. However, the
amount of shearing is uniformly distributed over the cross section of
the hopper. The deformed layer of material has a smooth bell shape
and there is no obvious jump in the deformation of the material in the
flow field.

These observations of the deformation of a layer of material
have revealed quite different flow patterns for sand and glass beads.
The flow field for sand contains a discontinuity which divides the fast
flowing central core from the slower moving material near the hopper
walls. The flow field of glass beads shows continuous and smooth de -

formation across the hopper.

c) Observation of the motion of individual particles in hOppérs

The observations made in the last section give an overall picture
of the deformation pattern across the section of the hopper. To charac-
terize the motion of the material at each point in the flow field, the dis-
placements of the individual colored particles were examined.,

Figure 3.7 presents the pathlines of various points in the flow
field for sand. The markers start to flow from the same horizontal
position level with the corner between the hopper and the vertical walls.

The resulting pathlines indicate that the motion of the particles is indeed
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composed of two parts. The rﬁaterial first moves in a direction parallel
to the hopper walls. Then at some point in the flow field, the material
orients its motion in a radial direction. This occurs when the particles
enter the fast flowing center core discussed in the last section. These
observations provide further evidence of the dis continuity lines in the
flow field for sand.

The pathlines of the particles which pass through the same point
in the flow field at different times can be superimposed on each other
to give an idea of the repeatability and steadiness of the flow field. Such
a plot for sand is shown in Fig.3.8. The resulting picture of the flow
field is not very well organized. Pathlines are seen to cross each other
with little synchronization from one part of the flow field to the other.

Similar plots of the pathlines for glass beads are shown in Fig.
3.9 and 3.10. "I'he observations differ greatly from those for sand. In
glass beads, the material seems to move in a radial direction throughout
the flow field and there is no discontinuity in the orientation of the path- |
lines. The superposition of pathlines at various times is shown in Fig.
3.10for glass beads. Theflow field is well organized and uniform. The
pathlines which start from the same point at the top of the hopper are
parallel to each other and no pathline crossings occur.

The velocity of the particles at various points along the pathlines
can be computed and are shown in Figs.3.11 and 3.12 for sand and glass
beads respectively. Particles are observed to accelerate and their
velocity exhibits a dependence on the position of the particle in the hori-

zontal plane.
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3.4 CONCLUDING REMARKS

The experimental observation of the flow field in a hopper with
a vertical bin reveals a fairly complicated mechanism of the deformation
of the material. As the material is being discharged, it changes from a
plug flow with little deformation in the vertical bin into a converging flow
with large deformation in the hopper. The flow field near the bin/hopper
transgition corner is therefore a complicated one with zones of large de-
formation being followed by zones of small deformation, This is observed
in the present experiments from the direction of motion of individual
particles. Their motion changes from one parallel to the hopper walls
into one which is in the radial direction.

The observations revealed quite different behaviors for sand and
glass beads. The flow field of sand is not uniform and has lines of velocity
(or displacement) discontinuity. Glass beads, on the other hand, have a
smooth and well defined flow field. The qualitative recordings of the
wall stress for sand fluctuate with time. This is in contrast with the
ones for glass beads which are fairly uniform except for very small
particle sizes.

The flow field in a hopper without a vertical bin would presumably
be different from the one observed in the present experiments. It has
been observed by Drescher et al [24] that the complicated deformation
pattern exists only near the free éurface of the material in the hopper
(see Fig.3.1la). Near the hopper exit, the motion is in the radial direction
with the material having a more or less uniform void fraction. The geometry
of the analytical solution is usually a hopper without a vertical bin. The

flow field is therefore similar to that observed by Drescher et al [24]
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and the assumptions being made may be valid near the hopper exit.

The analytical expression of the mass flow rate is independent
of the head of the material in the hopper when it is of the order of a
few times the value of the exit diameter. This implies that the condi-
tions near the hopper exit are more important than those near the top
of the hopper in determining the mass flow rate. Since the actual flow
field near the exit is more or less similar to the one assumed in the
analytical solution; the agreement between the cémpu’ced and measured
values of the flow rate is justified. In summary, even tﬁough the assumed
flow field is not valid near the bin/hopper corner, it may be reasonable
at points near the hopper exit. For this reason, the computed flow rates

are in relatively good agreement with the measured ones.
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TABLE I

Material Properties (*)

Bulk Mean Internal Wall Friction Angle
Material Specific Diameter Friction Lucite Al
Gravity mm Angle Wall Wall
(°) (°) (°)
P0170 1.46 0.325 24.6 15.3 17.7
P0280 1.48 0.59 24.3 14.4 15.1
Vo070 1.71 1.32 26.8 14.2 15.1
Sand No. 1 1.56 0.223 24.1 20.2 -
Sand No. 2 1.30 0.317 30.7 17.9 -
Sand No.3 1.53 0.68 30.6 14.4 24.5

(*) These measurements were made by Pearce [71]
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Free Surface

Rupture Zone

(a)

Strain Gage

(b)

Experimental observation of the flow field in hoppers.

{a) geometry of the rupture zones in hoppers with and with-
out a vertical bin, (b) the apparatus used in the present
experiments showing the location of the strain gauges.
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CHAPTER 4

FUNNEL FLOW IN HOPPERS

4.1 INTRODUCTION

In the previous chapters, the flow in hoppers was considered under
conditions for which all of the material in the hopper was flowing. This
type of flow has been called "'mass flow'. There also exists a flow condi-
tion for which a part of the material remains stagnant. The moving ma-
terial creates a channel which often has a shape similar to that of a fun-
nel and flow with stagnant regions is, therefore, termed funnel flow.
Funnel flow is generally undesirable particularly when the materials are
subject to deterioration or spoilage.

For the design of hoppers it is, therefore, essential to know just
what the parameters are which determine the type of flow in a hopper and
what the magnitude of these parameters has to be to assure mass flow.

In the design of hoppers, the ability to guarantee mass flow may be even
more important than the ability to predict the flow rate, and this problem
is addressed in the present chapter.

In this chapter, the flow field in a two-dimensional wedge shape
hopper is observed experimentally. The different types of flow which
exist in the hopper are defined and the transitions from one type of flow
to another are investigated. The shape of the boundary between the
moving and stagnant material is recorded and its dependence on the

hopper geometry is described.



70

4.2 BACKGROUND

Funnel flow hoppers have received very little attention in the
past. Most of tﬁe efforts were understandably directed toward deter-
mining the limits of the hopper geometry for which stagnant material
begins to appear in the flow field.

O'Callaghan [65] observed two types of funnel ﬂéw in flat-bottom
bins. In one type o.fAﬂow, called the ''deep bin flow", the stagnant material
is present only near the bottom of the bin. In the other type of flow,
"shallow bin flow", there is a stagnant layer of material next to the bin
walls which extends to the free surface of the material in the bin. The
existence of these types of flow depends on the head H of the material
in the bin. O'Callaghan described the boundary of the flowing central
core as a logarithmic spiral. Gardner [31] measured the boundary of
the funnel in a plane hopper. Since his a]:aparatus was built with rough
walls, he observed a stagnant layer near the corner between the hopper
and the vertical walls even at low wall angles. The funnel shape was
observed to be independent of the hopper angle. Brown and Richards [11]
studied the kinematics of the discharge of granular materials from flAat~
bottom bins. They defined the angle of approach f which the funnel
makes with the vertical at the exit and observed that the value of B in
a plane hopper is greater than that in an axisymmetrical one. Wieghardt
[110] claimed that the angle of approach B must be the same in both
plane and axisymmetrical flows. He distinguished two cases depending
on whether the stress at the hopper bottom is independent of the height
of the material in the bin or not. In the first case, P is equal to

90°- o where o is the angle of repose of the material and in the second

~
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case, B is equal to 45°-o/2. The experimental data of Brown and
Richards [11] lie between these limits. Other authors (Toyama [102],
Levinson et al [56]) have mentioned the existence of stagnant material
in the flow field without studying the details of funnel flow regime.
Experimental observations of the flow field in axisymmetric
hoppers and bins have been conducted by a number of investigators.
The main difficulty here is to observe the flow field without disturbing
it. A number of investigators used markers placed at different locations
in the hoppers and noted the order in which these markers were discharged
from the hopper to obtain an approximate picture of the flow field.
Van Zanten [ 104] used the markers method in conical hoppers and ob-
served the t{vo types of funnel flow defined by O'Callaghan [65]. Ob-
servations of axisymmetric flow fields using the marker method were
also conducted by McCabe [57]. A second method of studying the flow
field is to foliow the path of radioactive tracers imbedded in the granular
material. The signal emitted by the tracers will give information on
the displacement of the material in the hopper. This method was used
by McCabe [57]. Another method used by Giunta [34] and Johanson [51]
consists of 1ooking at the flow pattern by stopping ’Mche flow during dis-;
charge. As the bin is tilted into a horizontal position, the material on
the top half of the bin is removed and observation is made on the mid-
plane of the bin. Giunta [34] observed the funnel boundary in the bin
by this method and found that it is independent of the flow rate of the
material from the bin.
Jenike [42] studied the conditions on the hopper geometry for
which mass flow would occur. By balancing the stress at the exit against

~

the strength of the material, he derived an upper limit of the hopper
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angle GW which would givé mass flow in the hopper. A minimum size
of the exit opening D is required to avoid arching of the material. The
design criteria are then given in terms of the hopper angle GW and the
exit opening D. Despite a number of studies which have questioned the
validity of these limits, (Walker [107], Eckhoff [27], Wright [114]),
the results have been used extensively in the pasf twenty yearsv for the
design of hoppers and bins.

The main objective of the present investigation was to study
the dependence of the flow field in the hopper as a function of its
geometry. The hopper geometry is therefore varied extensively
and the flow fields related to the effect of each individual dimension

of the hopper. The effects of different material properties are alsoc

studied.

4.3 THE EXPERIMENTS

The experiments were conducted in a plane, wedge shape hopper

and the results are presented in two parts:

a) In the first part, the different flow regimes which exist are
noted as a function of the hopper geometry. The apparatus has a vertical
bin on top of the hopper and it will be shown that other parameters in
addition to‘the hopper angle ew and the exit opening D are needed to
completely define the flow field in a hopper.

b) In the second part, the shapé of the funnel which exists in the

hopper is recorded as a function of the hopper geometry.
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4.3.1 Experimental Apparatus

The experimental set up as shown in Fig. 4.1 consists of a plane
hopper and a supply bin. The hopper is made of lucite and the flow field
is observed through the front wall. It was built such that all the dimen-
sions could be varied independently. The walls are set into position by
clamping them together; they can be moved to any desired position.

In the experiments, the hopper walls were set at angles GW
from 15° to 90°; the width W of the vertical walls was varied from
17.8cm (7") to 33 cm (13") and the width D of the exit opening was set
at values up to 3.8 cm (1.5cm). In tests where the height H of the
material in the bin has to be kept at a fixed value, a supply bin is pro-
vided on top of the hopper. Most of the observations were done in
hoppers having a thickness of 15.25cm (6'"). However, some of the
tests were also conducted in hoppers with thickness of 7.6 ecm (3'") and
22,9cm (9") in order to assess the effect of the front and back vertical
walls. Finally, a series of experiments were conducted in hoppers with
rough inclined walls and smooth vertical walls to observe the effect of’

inclined wall roughness on the flow field.

4.3.2 Granular Materials Used

The four materials used in the experiments are sand, glass beads,
polystyrene pellets and rice; their shape ranges from spherical (glass
beads) to elongated (rice). They are practically cohesionless and their
grain size distributions are fairly uniform. Their physical properties,
measured according to the procedures described by Pearce [71], are
shown in Table I. In Table I, the internal friction angle of polystyrene

is highest (p=39°) while the value of glass beads is the lowest (p=25°).
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The high value of the internal friction angle of polystyrene is surprising
because its wall friction angle is quite low. A possible explanation is
that its particle size is large and it has the shape of a pellet; this may
have impeded the shearing along the plane of the shear cell. In this
respect one would expect that the friction angle of rice should reflect

the effect of its elongated shape.

4.3.3 Experimental Procedures

1. Flow Regimes Observations.

During each test, the hopper is set at a fixed value of Gw, w
and D (see Fig. 4. 2)while the height H of the material in the bin is
changing. As the material is discharged, the flow regime which is
present is observed; any transition from one type of flow to the other
is noted and the value of H at the transition is recorded.

At each value of GW, two values of D and three values of W
are used and the tests are repeated for eight values of the hopper walls
angle GW. The tests with sand are done in hoppers with thickness of
7.62cm (3'") and 15.2 cm (6').

2. Funnel Boundary Observation

When stagnant material is present in the flow field, the boundary
between the flowing and stagnant material is well defi_ned and long time-~
exposure photographs of the flow field are taken to record its shape.

The tests were done with various valueé of W, D, H and 6“;
taken in various combinations in order to study their individual effect
on the funnel shape. The tests with sand were also done with two hopper
thicknesses (7.62 cm and 15.2cm). In these experiments, the material

in the hopper was loosely packed. A tighter packing could be obtained
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by tapping the hopper walls after loading. Some limited observations

with tighter packing indicated results similar to those for loose packing.

4.4 RESULTS AND DISCUSSION

The main conclusions of the present study are that the flow field
in the hopper can be classified into three different types and that the
occurrence of each type of flow depends strongly on the hopper geometry.
The results also show that a transition from one type of flow into another
always occurs at some critical condition of the hopper geometry. These
observations could be useful in the design of hoppers and bins since theyv
clearly defined the necessary conditions on the hopper geometry in order

to obtain a given type of flow field.

4.4.1 Flow Regimes in Hoppers

The observed flow regimes are classified as type A, B or C flows.
They are shown in Fig. 4.2 and in Appendix A.

Type A flow is known as the mass flow regime. It is usually
observed in hoppers at high values of H/W and/or low values of the
wall angle GW. The flow field of a mass flow hopper has the whole
mass of granular material moving without any stagnant material. Mass
flow hoppers have many ciesirable properties in the handling and storage
of bulk solids and they have been the subject of many investigations
(Jenike [42]).

r‘I'he flows which are designated as type B and C flows are part of
what is known as the funnel flow regime. In this type of flow, stagnant
material is present in the flow field with the moving material forming a
flowing central core.

*

In type B flow, the stagnant material appears only near the
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hopper/bin transition corner (see Fig.4.2). It is called the ''stagnant
corner' flow and it usually occurs at large hopper angles GW and high
values of H/W. Finally, type C flow has a stagnant layer of material
next to the hopper walls which extends to the free surface of the material
in the bin. Type C flow occurs at large values of the wall angle GW and
low values of H/W. At intermediate values of GW, type C flow also
occurs for a range of values of H/W,

In the lower part of the hopper near the exit, the stagnant material
may end at a merge point S which is some distance from the edge of the
exit opening. The material will slide along the wall below this merge
point S. Consequently, mass flow is present in a localized region near
the exit of the hopper. In this respect, two subtypes of flows B and C
are defined (see Fig.4.2). The subtypes B2 and C2 have a merge point
S on the hopper wall while in the subtypes Bl and Cl the merge point

coincides with the edge of the discharge.

4.4.2 Transition of the Flow Field in Hoppers

In this séction, the transition between the different types of flow
and the dependence of the flow patterns on the hopper ’geometry will be
discussed. 7

At each value of the hopper angle GW, the type of flow which is
present depends on the ratio H/W of the height of the material in the
vertical bin and the width W of the vertical walls. As the ratio H/W
decreased to some critical value, the flow field will undergo a transition
from one type of flow into another one. The nature of the transition
(from type A to type C or type B to type C) depends on the value of GW.

Figure 4.3 is a plot of the critical ratio H/W agdinst the ratio
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W/D at given values of ew for sand. The experimental data fall
around two critical values of H/W depending on the hopper angle BW.
At large values of GW (greater than 70°), the transition occurs at a
ratio H/W around 1.5 and the transition is from type B flow into type C
flow. At hopper angles lower than about 60° the transition is from type A
flow into type C flow. The same plot for glass beads, shown in Fig. 4.4,
exhibits a similar behavior. The main observation which can be made
from Figs. 4.3 and 4.4 is that the critical ratio H/W at the transition
is more or less independent of the ratio W/D. The characteristics of
the flow field can therefore be better illustrated by plotting this critical
ratio H/W against the hopper angle Bw . Such a plot will map the
different types of flow present in the hopper as a function of its geometry
(6, and H/W).

Figure 4.5 shows the flow map of sand in a hopper with smooth
walls. The critical values H/W fall close to the lines in this figure.
For example, a hopper with a hopper wall angle GW equal to 60° yields
mass flow (type A) at large values of H/W, If H/W is decreased to a
value of about 1 there is a transition into funnel flow of type C. As
the ratio H/W is further reduced to about 0.5, a second transition
from type C flow into type A flow will occur. Similar interpretations
can be made at other hopper angles BW. Figures 4.6 to 4.8 are the
flow maps for the other three materials.

The flow map of eachmaterial can be better understood if the possible
values of GW from 0° to 90° are divided into three intervals from 0°to
ewl , from er to BWZ and from GWZ to 90° . The values of

GW and GW are functions of the frictional properties of the materials.
1 2
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They are shown on Table I for the four materials used in the experiments.

When 8 is between 0° and Gwl mass flow (type A) occurs in the

flow field independently of the ratio H/W. For values of BW between

ewl and GWZ, a dual transition behavior is observed. There is first

a transition from type A flow into type C flow at some critical ratio (H/W)l'

This is followed by a second transition from type C flow into type A flow

at a lower critical ratio (H/W)Z. Finally, for values of the hopper angles

BW greater than Gwz, the transition in the flow field is from type B

flow into type C flow with stagnant material being always present in the

flow field. It should however be mentioned that some non-uniqueness

can occur when the wall angles are close to the angles Bwl and GWZ;

different flow regimes histories can result for nominally identical tests.
The flow map indicates that the complete geometry of the hopper/

bin system is important in determining the flow regimes which are present

in a given hopper. The common practice of using only values of GW and

D as the only relevant dimensions would give a very incomplete picture

of the flow field. This can be seen clearly in the flow maps in Figs.4.5

to 4.8. The broken lines on these figures represent the ratio H/W

in a hopper without vertical side walls for large values of W/D. This

line is observed to lie in the mass flow (type A) region even at intermediate

values of the hopper angles (between ewl and GWZ) where funnel flow

is known to occur. The flow field in a hopper without vertical side walls

would therefore exhibit mass flow regime until a large wall angle is

reached.

In addition to the hopper geometry, the material properties will

certainly play a role in determining the flow pattern, Particles with an
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elongated shape seem to align themselves in the direction of the flow
and this may affect the flowability of the material. Such a dependence
on the material properties is reflected in the values of ewl and Swz
for the different granular materials used. The higher the friction angle
of the material, the lower the values of Gwl and GWZ will be. Except
for glass beads, the values on Table I substantiate this. The flow map
of glass beads indicates that funnel flow tends to appear at lower values
of GW and this is inconsistent with their low frictional properties.

This behavior could be due to the small grain size of this material which
is about 300um. In this range of grain size, the interstitial air may
affect the discharge of the material from the hopper. This has been
shown by Crewdson and Nedderman [ 16] who observed that the intersti-
tial air is important when the particle diameter is less than 500um.

The transition of the flow field probably results from the change
in the stress pattern in the bin; As the material is being discharged,
the stress in the bin changes from a depth independent distribution into
a depth dependent one. At the critical value of the height H of the

material in the bin, the condition on the matching of the stresses at

the hopper/bin corner may have caused the transition of the flow field.

4.4.3 Comparison to Other Studies

Funnel flow has been observed by a number of investigators
(Toyama [102], Levinson et al [56], Van Zanten [104]). However, the
conditions under which either type of funnel flow would occur have not
been determined. The experiments conducted by O'Callaghan [65]
resemble the present experiments most closely. Since his experimental

apparatus is a flat-bottom bin, the transiton of the flow field is from
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type B flow into type C flow. O'Callaghan measured critical values of

| H/W equal to 1.47, 1.49 and 1.77 for wheat (p=32°), barley (p=38°)
and fertilizer (p=42°) respectively. These values are shown in Figs.
4.5 and 4.6. The values of H/W and W/D in which the experiments
of Gardner [3 1] and Levinson [56] were conducted are indicated in
Fig.4.3. These points do not refer to critical values but to regimes

of operations. Gardner's photographs provide clear confirmation that
his flows were of type B. Levinson's values of H/W are marginal and
this is reflected in the fact that the flow of clover seeds tended toward
type B whereas the flow with sand, having a larger internal friction
angle, is closer to type C. Though Brown and Richard [11] did not

give the dimensions of their apparatus, their value of H/W appears to

be about 1.5 and flows of type C were observed for a large number of
granular materials. In Toyama's [102] experiments flows of type B
were encountered with large values of H/W of 10 and 6.5. Jenike
[42] proposed two limiting values of the hopper angle GW. The first
one, defined as the smaller of (90° - §) or 60° where &8 is the
wall friction angle, is the maximum theoretical value of GW for which
mass flow would occur in the hopper. The second limit is a lower value
of 8 which is recommended to be used in the design of hoppers 'in
order to prevent the development of excessive non—ﬂowiﬁg regions on
the sides and at the top of a bin"(Jenike [42]). The firstis atheoretical
limit obtained for the flow in hoppers without a vertical bin. The second
limit is obtained from the experimental observation of the flow field in a |
hopper withvertical side walls. These limits correspond to the angles er
and GW observed in the present study. Johanson and Coliiin [52] introduced

2
the minimum value of the height H of the material in the bin which would
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yield mass flow in a hopper at a give.n wall angle GW. These conditions
are obviously introduced to avoid the funnel flow of type C which exists
in the flow field at intermediate values of the hopper angles (i.e. for
values of GW between ewl and GWZ).

Finally, it is also worth mentioning that trends similar to those
reported above for plane hoppers also appear to occur in axisymmetrical
hoppers. Van Zanten [104] and Giunta [34] observed flows of type C
in conical systems with values of H/W of 2.57 and 1.33 respectively.
On the other hand, Novosad and Surapati [64] obtained flows of type B
for H/W ranging from 4 to 8, McCabe [57] observed a change in the
flow field for values of H/W of about 2. Thus, it would appear that
conical hoppers exhibit results qualitatively similar to those reported

here for wedge-shaped hoppers and that the critical value of H/W is

between 2 and 3 depending on the properties of the material.

4.4.4 Variation of Funnel Shape

When the hopper is operating in the funnel flow regime, the
boundary between the flowing and stagnant material is no longer a simply
determined quantity. The study of the flow field will then depend on the
understanding of the behavior of this boundary as a function of the ma-
terial properties and hopper geometry.

Funnel shapes for types B and C flows will be plotted in a non-
dimensional coordinate system. The lengths are divided by the bin
half-width, W/2, and the origin of the coordinate system is at the edge
of the exit opening (see Fig.4.1). Thus, the funnel shapes of types Bl
and Cl flow pass through the origin while the funnel shapes of types
B2 and C2 flow end at a merge point S in the figures. The location of

this merge point S on the hopper walls depends on both the hopper
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geometry and material properties. Figure 4.9 shows the plot of S/W
versus 6  for various materials used, The non-dimensionalized
distance S/W is more or less independent of the dimensions D and H

of the hopper and appears to be a function mainly of GW.

1. Funnel Shape of Type B Flow in Hoppers with Smooth Walls

The funnel shape of type B flow is understood to be independent
of the height H of the material in the bin provided that H is sufficiently
large. The hopper dimensions which may affect the shape of the funnel
boundary are the wall angle Gw, the width W of the vertical walls and
the exit opening D.

Figure 4. 10 shows the funnel shape at various values of the exit
opening D at a hopper angle equal to 80°. It can be seen that the dimen-
sionless boundary of the funnel is independent of D. In a dimensional
coordinate system, the funnel boundary is displaced by the same distance
in the direction that the exit opening is changed. The width W of the
vertical walls is also changed in Fig.4. 10 which shows thatthe non-dimen-
sionalized shape also seems to be inaependent of the binwidth W. Finally,
the plot of the funnel shape as a function of the hopper wall angle as shown
in Fig.4.11 does not indicate a strong dependence on GW

The observation of the funnel shape of the type B flow indicates that,
as far as we can tell, the funnel shape is independent of the hopper geometry.
Figure 4. 12 shows the funnel shapes of the four materials used in the experi-
ments flowing in hoppers with similar dimensions. The dependence of the

funnel boundary on the material properties is not very strong.

2. Funnel Shape of Type C Flow in Hoppers with Smooth Walls

The four materials used exhibit similar behavior in type C flow.
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In the following, the discussion will be illustrated with the results using
sand; however, it should be stressed that the results for other materials
are very similar,

The occurrence of funnel flow of type C at each value of GW
depends on the value of H/W. As H/W is decreased, the flow in the
hépper will change from type A or type B flow (depending on the hopper
angle GW) into type C flow. The funnel shape might therefore be
expected to exhibit a dependence on the ratio H/W. In Fig.4.13, the
funnel shapes at values of H/W rangihg from 0.7 to 1.47 are plotted.
They fall along two distinct curves depending on whether H/W is
greater than 1 or less than 1. At values of H/W greater than 1, the
funnel shape is wider and is approaching the shape of type B flow. The
value of H/W equal to 1 can be considered to be the limit with regard
to the variation of the funnel shape. For values of H/W less than 1,
the funnel shé.pe is truly of type C flow and it is more or less independent
of the values of H/W. Figure 4.14 shows the funnel shape for various
hopper angles, GW. The only noticeable difference between the various
funnel boundaries is in the location of the merge point S. As the wall
angle GW is reduced, the merge point is moved away from the edge of
the exit opening and the funnel shape is shifted outward closer to the
vertical walls. The behavior of the funnel shape at various values of
the exit opening D is similar to the observations made with the type
B flow. The funnel boundary is essentially independent of D as shown
in Fig.4.15. This is valid as long as the ratio D/d of the exit opening
to the particle diameter is sufficiently large. In Fig.4.16, the funnel

boundary of polystyrene when D is equal to 1.3 cm (0.5") deviates
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considerably from the boundaries at larger values of D; this difference
comes mainly from the effect of the particle size on the flow field.
Finally, Fig.4.17 presents the funnel shapeswhen W and D are varied
for the same values of H and eW. The results seem to confirm that
the funnel boundary is independent of W/D. The greatest discrepancy
occurs with the boundary when H/W=1.17 and this may represent the
beginning of the transition to type B flow.

Since flow of type C is observed to occur after a transition from
type A or type B flow, it is interesting to see whether the funnel shape
depends on the nature of the transition of the flow field or not. The
funnel shapes in Fig.4. 14 for wall angles less than 60° have arisen after
a transition from type A flow while the other shapes have foilowed a tran-
sition from type B flow. The only difference between these funnel shapes
is in the location of the merge point S. Otherwise, they seem to be
independent of the past history of the flow field.

The funnel shape also depends on the frictional properties of
the material. Since the material next to the hopper walls is stagnant
in funnel flow of type C, the wall friction angle is important only in
determining the location of the merge point S and the funnel shape
depends mainly on its internal friction angle. The curvature of the
boundary, especially near the exit, is presumably a function of the
internal friction angle, Figure 4,18 shows the funnel shape of the four
materials flowing in hoppers with similar dimensions. There is a dif-
ference between the funnel boundary of polystyrene and the other three

materials. This may represent the effect of the material properties.
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3. Comparison to Other Studies

The funnel shape of the flow corresponding to our type B was
studied by Gardner [31]. Since his apparatus has rough walls, the
funnel shape is narrower than the one observed in the present experi-
ments as shown in Fig.4.19. The funnel boundaries of type B flow
recorded by O'Callaghan [65] are compared to the shapes observed in
the present experiments in Fig. 4.20. The funnel boundaries correspond
well to each other with the only difference being manifest in the location

of the merge point S.

4.4.5 Effects of the Front and Back Walls

While the flow field in a two-dimensional plane hopper can be
observed most easily through transparent front or back walls, an ap-
propriate question which is often raised is whether the flow field is
truly in a plane strain condition. A true plane flow condition cannot
exist due to the presence of the front and back walls of the hopper. How-
ever, as the thickness of the hopper is increased, the flow field is ex-
pected to approach a limiting behavior where the effects of the front and
back walls are much reduced. Bosley et al [4] and Brown and Richard
[11] studied the effect of the front and back walls and found that they
will not change the qualitative behavior of the material flow even though
their velocity near the walls is substantially less than that in the center.

The effect of the front and back walls was studied in the present
experiments by comparing the observations made in hoppers with dif-
ferent thicknesses, Hoppers with thickness of 7.6 cm (3'"') and 22.9cm
(9"') were used in addition to the 15,2 cm (6") thick hopper whose results

were presented above,
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Figure 4. 21 shows the flow map of sand in a 7.6 cm thick hopper.
It is very similar to the flow map shown in Fig. 4.5 for sand flowing in
a 15.2 cm thick hopper. The three types of flow are Kpresent and the
transition from one type of flow into another one is well defined. How-
ever, the flow field in the 7.6 cm thick hopper has é. greater tendency
to exhibit stagnant regions. The funnel shapes for sand flowing in
hoppers with three thicknesses are compared in Fig.4.22, The funnel
shapes for the two large thicknesses (15.2 cm and 22.9 cm) are close
to each other. The funnel shape of the hopper with the smallest thick-
ness (7.62 cm) seems significantly narrower throughout its length.

It may therefore be tentatively concluded that the friction of the
vertical front and back walls begins to alter the flow regime and the
funnel shape when the ratio b/W of the hopper thickness b to the

width W of the vertical walls is less than 0. 5.

4.4.6 Effects of Wall Roughness

It was envisaged that the wall roughness would affect the value
of the wall friction angle and therefore the flow in the hopper. As the
wall becomes rough, the motion of the particles next to the wall is
impeded until a stagnant layer of material is formed next to the wall.
The wall friction angle is then equal to the internal friction angle and
the wall is called fully rough. This is an advantage of using rough
walls in experiments since they eliminate the uncertainty in the value
of the wall friction angle,

A number of investigators have conducted experiments in hop-
pers with rough walls to compare the results with those obtained in

tests done in hoppers with smooth walls. In the present study, the
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experiments with sand were repeated in a hopper with rough inclinéd
walls and smooth vertical walls. Experiments in which the vertical
walls are also rough are discussed later. The roughness of the walls
is obtained by depositing a layer of sand on the wall covered by a
double-stick tape (Savage [86]).

When the wall is rough, there is a thin layer of material near the wall
whichis stagnant. Anewtype of flow thenoccurs at small values of the hopper
angle GW. Inthistype A’flow,the stagnantmaterial forms a thin and uniform
layer along the hopper walls as shown in Fig. 4. 26. The effect of the wall rough-
ness is then to increase the friction angle along the hopper walls. Funnel
flows of type B and C are also observed with the same characteristics
as defined in Section 4.4.1.

Figure 4.23 shows that the flow map in a hopper with rough walls
is quite different from that in a hopper with smooth walls (see Fig.4.5).
At small values of BW, the flow field is of type A} flow with a transition
to type C flow occurring at some critical value of the ratio H/W. At
wall angles larger than 40°, the transition is from type B into type C
flow. This limit is about 20° less than the value observed in a hopper
with smooth walls.

Funnel shapes of types B and C flows in hoppers with rough
inclined walls are shown in Figs.4.24 and 4.25. The funnel boundaries
are almost independent of the hopper geometry and the behavior is quite
similar to that in hoppers with smooth walls. The comparison of the
funnel shape in hoppers with smooth and rough walls, shown in Figs. 4. 24
and 4. 18, indicates that the main difference between the two flows is

in the location of the merge point S.
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When the vertical walls are also rough, the stagnant layer of
material is observed to extend from the free surface of the material
in the bin to the edge of the discharge opening. The funnel is narrower
than that observed when the vertical walls are smooth and type A’ flow
is not observed even at low values of the wall angle Gw. This observa-
tion differs from that made by Gardner [31]. In his experiments, the
thickness of the stagnant layer along the Vertical walls is very thin,

The effect of the wall roughness on the flow field is to increase
the tendency of stagnant material to appear in the flow field and to reduce

the range of mass flow operation of the hopper.

4,4.,7 Mass Flow Rate in Hoppers With Smooth and Rough Walls

The effect of the wall roughness on the flow field of granular
materials in hoppers has an effect upon the mass flow rate. A number
of investigators (Bosley et al [4], Savage and Sayed [86])1 have found
that the discharge rate out of a hopper with rough walls is greater than
that out of a hopper with smooth walls when the wall angle GW is greater
than some critical value. This is contradictory to one's expectation
since wall roughness virtually always increases the wall friction angle
and reduces the discharge rate.

This same behavior was also recorded in the present experiments
as shown in Fig.4.27. However, it can be partially understood by ob-
serving the flow field in hoppers with smooth and rough walls as shown in
Fig.4.26. The flow field in a holr;per with rough walls varies as a
function of the hopper angle GW in the following fashion. At low hopper
angles (when GW is less than about 37°) the flow field is of the type A’

The effect of the wall roughness is to increase the wall friction angle
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and to reduce the mass flow rate below that for a hopper with smooth
walls. As the wall angle GW is increased, stagnant material begins to
appear in the flow field and extends to the edge of the exit opening (see
Fig.4.26). The material is then flowing in an effective hopper whose
geometry is more or less independent of the angle at which the hopper
walls are set, The discharge rate depends only weakly on the hopper
wall angle. In a hopper with smooth walls, the flow field changes from
type A into type C2 and type Cl as the wall angle Bw is increased.

For hopper angles up to 85°, the material near the exit is sliding along
the hopper wall and the discharge rate depends on the hopper wall angle
8, (see Fig.4. 26). At intermediate hopper angles (37°=< 8.,< 85°%), the
discharge rate from a hopper with smooth walls is less than that from
a hopper with rough walls because the effective hopper angle is less for
the rough walled hopper than for the smooth walled hopper. At large
hopper angles, the merge point S for the smooth walled hopper is moved
to the edge of the exit opening and the flow is of type Cl (see Fig.4.26).
The measured flow rate from a hopper with smooth walls should then
approach that for a hopper with rough walls as shown in Fig.4.27.

The effect of the wall roughness on the flow rate is therefore a
consequence of its effects on the flow field. It may also be concluded
that the rate of discharge from hoppers depends mainly on the condition
near the exit and the location of the merge point S is a characteristic

of the condition of the hopper wall.

4.5, Analytical Studies of Funnel Flow Regime

4,5,1, Background

In the analytical study of funnel flow in hoppers, the number of
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unknowns are increased since the geometry of the flow field is not de-
fined. The validity of such analyses depends on their ability to de-
scribe the observed phenomena such as the transition of the flow field
and the shape of the funnel. A number of attempts have been made to
study these phenomena; however, the presence of the new unknowns
necessitate the introduction of assumptions about the flow field.
O'Callaghan [65] studied the transition phenomena using the
stress distribution in the bin. He wrote the equilibrium equation in a

cartesian coordinate system as

90 90
7 tam <PE
(4.1)
o0 oo
5% ey o0

Where y is in the vertically downward direction and x is in
the horizontal direction. By assuming a form of the shear stress
0 =axy and using the symmetry of the stress field, he derived the

Xy
expressions of 0 and O_ as
y x

(4.2)

The function f{y) is defined with the use of the ratio K :GX/UY .
O'Callaghan postulated that the transition from type B flow into type C

flow would occur when the coefficient of friction M= OXy/GX reaches

a maximum. The depth Yo at the transition is therefore obtained
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from the relation duw/dleO:O . This solution yields some predictions
which compare well with his experimental results, however, it involves
assumptions which are hard to appreciate. For example, by taking the
stress Oy to vary quadratically with the depth y, the validity of the
solution is restricted to very small values of y since OY is known to
vary exponentially with y in a shallow bin. The main assumption that
the transition would occur at the point where the coefficient of friction
is at a maximum is not based on any physical model. While it is true
that the stress field is changed from a depth-independent into a depth-
dependent distribution at the transition,v there is no explanation as to
why the coefficient of friction should go through a maximum at that
location.

Jenike [44] considered the balance of the force in the vertical
direction across the plane of the transition corner between the hopper
and the vertical bin. In Ref.44, a condition is given for the determination
of whether flow of type A or C will prevail. Implementation of this condi-
tion requires the comparison of a quantity S for the hopper with é,
value dp for the bin. The appropriate choice of ap depends on whether
the material is in a passive or active state. Hence it probably depends
implicitly though notexplicitly on the geometry H/W, W/D etc.

When the hopper is being operated in the funnel flow regime, the
boundary between the stagnant and flowing material must be determined
as a part of the solution of the flow problem. The presence of a new
unknown in the problem necessitates the iptroduction of new conditions on
the boundary between the stagnant and flowing material in order to com-

plete the mathematical problem.
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O'Callaghan [65] empirically correlated the funnel shape as a
logarithmic spiral. This is an extension of the results obtained in soil
mechanics where failure lines have a curved shape which is approxi-
mated by a logarithmic spiral (Sokolovskii [92]). The funnel boundary
is therefore represented by r = r, exp(6 tanop) where the constant r,
and the origin of the spiral are specified by the geometry of the bin.
This logarithmic spiral describes the funnel shape in a shallow bin
(type C1 flow) very well. However, the shape of the funnel boundary in
a deep bin (type Bl flow) is not as well represented. A possible expla-
nation is that the geometry and mechanism in a shallow bin approaches
more closely the phenomena which are occuring in the earth pressure
problem in soil mechanics. This similarity was mentioned by Brown
and Richard [11] who referred to the work of Airy in which he computed
the angle Gm of the plane along which a wedge of material near a verti-
cal wall would slide (see Fig.4.28a). The value of Gm is obtained by
maximizing the value of the horizontal force P which the wall exerts

on the material and it is given by

2
_ tanpsec o
tan em—tancp tanegp +tand (4.3)

It is interesting to observe that Eq. (4.3) which is for a plane flow condi-
tion gives values of Gm which are actually closer to the experimental
measurements of the angle of approach of an axisymmetrical flow field
than to those for a planar flow field.

Gardner [31] divided the stress field of type B flow into three

parts (see Fig.4.28b). In the upper part above line OB, the material
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is in a plastic state and the stress distribution is independent of the
depth of the material in the bin. The equilibrium equation would then
give the values of the mean stress O and the stress angle { along

OB (which is a stress characteristic). In the lower part of the hopper
near the exit, represented by the region OCDO in Fig. 4.28b, the
material is assumed to be in a radial stress state as proposed by
Jenike [42] and Sokolovskii [92]. The mean stress O and the stress
angle { along the stress characteristics OC is therefore defined.
Finally, the stress field in the region OBCO in Fig. 4.28b is computed
numerically from the data along the characteristics OB and OC and the
boundary BC of the flow is taken to be a stress characteristic of the
same family as OC. A comment which can be made about this solution
is that the funnel boundary BC depends on the wall angle ew; on the
other hand, the experimental observations of BC are more or less
independent of GW (see Fig.4.29). A possible explanation is that the
stress characteristic OC may not be well defined at large hopper angles.
As the hopper angle is increased, point O is moved farther away from
the hopper exit and the validity of the assumption of a radial stress field
in OCDO is questionable. Jenike [43] and Johanson [51] have shown that
the convergence of a radial stress state occurs only at points very close
to the hopper exit. Finally, Gardner experimented with a hopper with
rough inclined and vertical walls because he believed that under these
conditions the wall friction angle is defined and equal to the internal
friction angle. However, as discussed in Section 4.4.6, the presence
of roughness on the hopper wall will not only change its frictional pro-

perties but it may also change the behavior of the layer of stagnant
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material. It is thus unjustified to believe that one can describe funnel
flow in a hopper with smooth walls simply by specifying a value of the
wall friction angle different from the internal friction angle. More
specifically, while no stagnant material would be present in the flow
field of a hopper with smooth walls at small values of GW(GWN 109,
Gardner's solution still gives a boundary BC of the flow field. His
solution may therefore be valid only for hoppers with rough walls.
Giunta computed the boundary of the funnel of type C flow in an
axisymmetric flat-bottommed bin. His solution is based on two major
assumptions proposed by Jenike [42] and Johanson [51]. The first
assumption claims that a radial stress state exists in the flowing chan-
nel near the discharge and the second assumption claims that the bound-
ary of the funnel coincides with a velocity characteristic (see Fig. 4.28).
The value of the funnel angle P is obtained from the radial stress
solution such that the stress angle tlfw along the boundary is equal to
3w/4. Some empirical conditions are introduced in order to obtain a
unique value of B. The solution gives values of B ranging from 12. 5°
to 1.5° for values of the internal friction angle ranging from 30° to 60°.
This solution uses some assumptions which are difficult to justify, ’fhe
funnel shape, which is divided into a conical part with a vertical bin,
is at best an approximation of the actual boundary. Secondly, it is hard
to appreciate the conditions used to obtain the value of § apart from
the fact that they guarantee a unique value of PB. This approach was
used to solve for the funnel shape in a plane hopper during the present
study. However, it was found that it does not give a possible value of

B for all values of .
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4.5.2. Present Study

In the present study, two attempts have been made to analyze
funnel flows.

The first is an attempt to describe the transition of the flow field
(A=C and B~C transitions). The solution relies mainly on the suggestion
made by Jenike [44] concerning the balancing of the forces in the vertical
direction at the transition between the hopper and the vertical bin. Jenike
[44] claimed that the peak stress at the bin/hopper corner comes from
the difference between the vertical force QH in the hopper and the one
in the vertical bin, QB' When the hopper is in the funnel flow regime,
this peak stress is damped out. The difference QB- QH changes from a
positive value into an unknown one as the flow field changes from mass
flow into funnel flow. At the transition between the types of flow, he
assumed that QB:QH'

The force QH is computed from the radial stress solution by
integrating the vertical stress across the width of the hopper. It is

given by the formula

Q=ap gwitmyl-m (4. 4)

where q is a constant

pg is the bulk gravity force

W  is the bin diameter for a cylindrical bin or the width of the
bin for a plane hopper

b is the thickness of a plane hopper

m is equal to O for a plane flow and 1 for an axisymmetric

flow.
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The force QB ig obtained from the stress distribution in the
vertical bin, Using the Janssen expression of the wall stress and the
ratio k of the stresses in the vertical and horizontal directions, an

expression of QB is obtained as

-Ah/W
_mm 24m, 1-m(1 -e
Qp= G Ppgw syl (A ) (4. 5)
where
A =2(1+m)Ktan d
K =0,/0y

h is the height of the material in the vertical bin.

For plane flow, the condition QB:QH gives an expression of the
critical ratio h/W as

h, __1,0.
&) .= - ol -1q) | (4.6)

The total head of the material above the hopper exit is then equal to

Hy _ b, .1
G7) o p™ Gept 3 OO (4.7)

A number of comments can be made about this solution, First,
the stress distribution in the vertical bin is obtained from the Janssen
expression and gives only the lower limit of the stresses. Secondly,
the ratio K :Ov/ch is not very well defined as discussed by Sundaram
and Cowin [97]. The following results are computed using Eq. 4.7 and

a value of K equal to 0.4,
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Material ) 8 ew Transition H/W H/W

(o) (°) (°) Type from (4.7) from expt.
Sand 30 15 50 A-C 1.14 1
Sand 30 30 >70 B-C 1.58 1.5
Polystyrene 39 12 50 A-C 0.87 1.1
Polystyrene 39 39 >60 B-C 2.1 1.3

The computed results show some agreement with the experimental
measurements. However, it cannot constitute proof of the correctness
of the approach due to the uncertainties in the somewhat heuristic model
used.

The second solution consists of an attempt to compute the angle
of approach [ of the funnel boundary. It considers the flow field near
the merge point S at which the funnel ends along the hopper wall. A
pelar coordinate system with its origin at the merge point S is then
introduced and the region in the immediate vicinity of S is considered.
The resulting geometry of the problem as shown in Fig. 4.30 consists
of two regions. In region I, the material is flowing while it is in an
undeformed state in region II. The line 6 =61 is the boundary between
the flowing and the stagnant material.

For given values of el and the friction angles 60 and 61 along
6=0 and 61 , the solution in region II is obtained by solving the elastic
equilibrium equations. The solution in region I is obtained by solving
the equilibrium equations with the stress components satisfying the Mohr-
Coulomb yield condition. Since 61 is a line of discontinuity in the flow

field, the normal and shear stresses on both sides of the line must
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balance (Schofield and Wroth[87]). The stress components in region I
along 61 are then known and the equations can be integrated from 61
to B=m. |

The wall friction angle 62 along 6 =% is obtained from Coulomb

friction as
g
_ _r8
62— arc tan(0 >
66 g=
=1

The value of 62 is a function of 61 for given values of 60 and 61.
Although it seems to be straightforward, the solution has some
inherent computational difficulties and a solution has not yet been

obtained.

4.6. CONCLUDING REMARKS

In the present study, the various types of flow which exist in a
hopper with a vertical bin have been identified and classified. The
experimental observations show that the presence of the vertical bin
will cause funnel flow to occur at lower values of the hopper wall angle
8. The ratio of the height of the material in the bin to its width (H/W)
is important in determining the type of flow which is present and the
transition from one type of flow into another.

The non-dimensionalized funnel boundary is found to be independent
of the hopper angle Gw , the width of the exit opening D and the width of
the vertical bin W. It is mainly a function of the material properties.
Some changes in the flow field due to the proximity of the front and back
walls are observed when the hopper thickness falls below a certain limit.

~

Finally, the presence of the wall roughness affects the flow field of the
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hopper by causing stagnant material to appear at lower values of BW.
This change in the flow field is responsible for the fact that the rate of
discharge from a hopper with rough walls is actually slightly higher
than that from a hopper with smooth walls when the hopper wall angle
GW is greater than a certain limit,

An attempt to study the funnel flow phenomena analytically has
been made. However, the solution has some inherent difficulties which

remain to be studied.
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Figure 4.2 Schematic indicating the different flow patterns.observed.

Type A is mass flow. Type B has a stagnant corner and
Type C has stagnant side walls.
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CHAPTER 5
SUMMARY AND CONCLUSIONS

From this study of the flow of granular materials in hoppers,
the following conclusions can be made:

First, the continuum model describes the flow of granular ma-
terials in a mass flow hopper fairly well. The computed results of
the mass flow rate compare favorably with the experimental measure-
ments. The solution also shows that the boundary conditions on the lower
free surface at the hopper exit have to be specified with some care. For
a consistent analytical approach the conditions have to be specified
at a free surface which is initially unknown and must be determined from
the stress-free condition,

Second, the flow field in a hopper with a vertical bin is quite
complicated near the bin/hopper transition corner. The kinematics of
the deformation there is a complicated one with material at different
states of deformation being present. The flow field near the hopper
exit is however, fairly uniform with the motion being mainly in the
radial direction. Itresembles closely the one being assumed in the
analytical solution. This may explain the good agreement obtained
between the analytical and experimental results,

Third, the occurence of funnel flow in hoppers is strongly af-
fected by the presence of the vertical bin. The three types of flow in
the hopper are identified and classified. The observations show that

the ratio of the height of the material in the vertical bin to the width
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of the bin (H/W) must be used in addition to the hopper angle GW in
order to obtain a complete picture of the flow field. The boundary
between the flowing and stagnant material is observed to depend mainly
on the material properties. It is more or less independent of some

hopper dimensions such as the hopper angle Gw and the exit width D.
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APPENDIX A
PHOTOGRAPHIC RECORDING OF THE THREE TYPES OF FLOW

The three types of flow are recorded photographically as shown
in Fig.A.1. Type A flow (Fig.A. la) is the mass flow regime. Types
B and C flows (Fig.A.1lb, A.lc) are the funnel flow regimes. They
are classified according to the presence of stagnant material in the
flow field. Figure A.1ld shows the type C2 flow where the merge

point S is at some distance from the edge of the discharge opening.



Figure A.l. Photographic examples of the flow patterns for the sand
(cp:31°). The thickness, b, is 15.2 cm in all cases. The
following are the values of 6,, H, W, D (incm): (a) 70°,
36.8, 22.9, 1.9 (b) 80°, 58.4, 17.8, 1.37 (c) 70°, 35.6,
30.5, 2.54 (d) 50°, 35.6, 30.5, 2.54.



