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INTRODUCTION

This report is a study of the perflormence requirsments
necessary to launch & rocket propelled missile into & circular
orbit about ths e@rth@ Variocus trajectories by whieh & missils
can be launched into such an orbit ars investigated and an
estimation is meds of the minimun propellentegross weight ratio
required to reach stable orbital conditions at verious sltitules,

The velocity of 2 projectile traveling about the sarth
in a circular orbit must bhe such that its welight is exactly beal-

anced by the cenbrifugal f«

2

s

ree actbing upon it. The sxpression for

the reguired velocit

<

, relative to a non=-rotating earth, can be

o )

derlived from ths following figure.
z

mv*™, R
R~ R

2

K.
?D—E" R

"

By the law of Conservation of Energy, such an orbit, oncs
obtained, ﬁust remain circular unless influenced by additional forces,
The action of atmospheric drag would be to cause & continual loss of
energy; this loss would be made up =t the expense of potsntial energy,

causing the projectile to move in toward the earth in a contractig
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spiral. It cen be shown (ef. ref, 2) that, for sltitudes greater
thap one hundred end twenby miles, the rete of this contraction

is negligible,

E~"
=t

The precticel applications of an orbiting mi e are

nunercugs. A few &re as Tfollows:
a) A ra&io relay station for t@levisién and other
high frequency communication.
b) To earry instruments for continuous measurement
N

of upper atmos

&

rhencmens.,

e
Nt

A militsry weapon of unlimited renge, provided it

gn he brought back to emrth st will,

[}

The possibvility of AN

orbit by means of rocket propulsion depends prisarily upon the
conditions of propellsnt conswuupti fo
2 stable orbital veloelly,

) vin particuler,

3£ ST
specifie impulse ;.
h) sonsumpt Lo,
Y bt oratio
¢ LU TRTLIO,.

orbit is in the

neighborhced of 28,000 ft/sec. For an unb

=

C relocity

-3
o

Vpr =Ty g L (1Y) o

T wgpe bem L
LI Wg URE

whers J:SFiS agsumad oons
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400 sec., & repressptative value for a rocket fuel consisting of
oxygen and hydrogen, the valus of 3, the propellantegross weight
ratio, corresponding to V@.z 26,000 ft/sec., is Y = 0,867, Thus,
even with the most powserful rocket fusl, the required propellante
gross weight ratio is very high, and the importence of 2 more
caraful estimation of thﬁs ratio is evident.

A comprshensive analyéis of the important faetors which
influsncs the performance of an orbiting rocket has been mede by
We Z. Chisn of GALCIT. In this analysis, Dr. Chlsn considered a
vertical trajectory as a first approzimeation in obtaining estimates
of the altitude of the cirzular orbit and of the propsllant-gross
weight ratio required (cf. ref. 2},

This report extends the considsrations of Chisn's work
to obligue trajectories of variocus btypes, all of which terminate
at the end of burning with the proper velocity conditions for a
circular orbit, The first part of the report is & recapitulation
of Chients analysis,. The second part deals with the characteristics
of warious obligue trajectories by which a rocket may be launched
dirsctly into & circular orbit; and the third part snalyses a
procedure whereby the rockst is launched into an elliptieal orbit
near 1its perihelion, is allowed to travel as a frees body around the
earth to the aphelion of the sllipsse and then, by an additional

boost of veloeiby, is projected intoc a circuler orbit,
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Explanation of Symbols

accelsration

acceleration at end of buraing
angls of attack, measured from line of T
of rovket

arbitrary constant

eccentricity of elliptical orbit

thrust of roclet

gravitational constant; does not lnclude
caentripetal acceleration since all quan

o

to o rotating earth

1ight to axis

component dus to

tities are rslative

apparent value of g at earth's surface at equator (32,08 £t/s

altitude

trajsctory control factor as defined in Eq. (14)

£y

sontrol force perpendicular to £l

oo

"
f<3
mness of rockst

angular momentun of & free projsctils in

_ orde
=R %

x

inelination of fligh

ot

r
®
ot
fe3
y
~
[}
<
@
"
o
[e)
o
e.rﬂ

point
angle from aphelion of elliptic orbit to

of projectils

&

distence from earth's center to rocket

zht path

an orbit around earth

through lauwnching

displacemsnt vector

earth's radius at equator (taken as 3963.34 miles)

time
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tﬁ burning time of rocket
w weight of rocket

2 velocity

VQ stable orbital velocity

V; velocity at end of burniag

v retio of propsllant weight to initial gross weight of
rogket

S 13 orrectis
1) ocorrection
2) small increment

T~ 3.141s

¢> inclination of velocity of projection into slliptic orbit

with respect to & tangent to o clroular orbit through

projection,

Fy

the point o

All units ars in the foote-pound=second system,
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PART 1 - VERTICAL TRAJECTCRY

The basis of the solution to the problem of part two
of this report is the velocity=time relationship for a rocket in
vertical flight. This relationship is worked out in detail in
ref, 2, and is plotted in Fig. 4. The calculations involved the
following assumptions:

&) The specific impulse of the propellant and its
variation with altitude are taken from date preparsd by
D. A. Young, Aerojst Enginsering Corp., November 15, 1945,

b) The gravitation constant is assumed to vary inversely
as the sguare of the distance from the center of ths
earth,

c¢) The vehicle is launched &t zero velocity from sea levsl
at the egquator,

d) The wvelocity is relative to & rotating earth and the
orbital velocity is that required by a projectils
traveling in an eastward direction,

e) Air resistance is neglected (but the final required
orbital velocity is increased five percent to allow
for this loss.)

The variation of the specific impulse with altitude is

approximated by the equation
-AA
_LSP :Is’b.f-z;e(,—e )- (2)

where
-Tg% = specific impulse at sea lsvel
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e P

= specific impulse in vacuum

P
|

altitude, ft,

P‘
1

altitude exponential factor,

t 1s assumed that the designed expension ratio at the earth's
surfece is 23: i,e., the chamber pressurse corresponds to 330 pes.i.
For a gaseous oxygsn=hydrogen combinetion, and using the N.A.C.A,
stendard atmospherse, the paramsters sre found to be

~4 -1
=330 sec, I, = /11 sec, A= /LTo7T xro? £t

J:y% ~,

This smpirical formule chscks very well with results sstimated
theoretically by D. A. Young (ef. Fig. 13). With thess parameters
in Eq. (2), one can sse that the specifiec impulse increases by

about thirty percent at high altitude. Thus the veloclity correction

for variation of spscific impulse with altitude is additive and

o]

Lt to

(=2

caleulations in ref. 2 show

[

Q

be of ths ordsr of maznitude of

&

6,000 ft/sec,, for the vertisally fired rocket at the end of burning.
9 2 o &

The following date on the sarth are taken from the Handbook

of Chemistry and Physics (cf, ref. 3);:

R, sguatorial readius, 3,963,324 milss
Ve mean linear valocibty of rotation of the surface
st the equator, C.28% milss Sé@@nd

%o gravitation at equator, 32,08 ft/éec.z

A part of the gravitational fores at the squator is counbsre
belanced by the centrifugal force dus to the earth’s rotation. It
should be noticed that if a missile is fired vertically from a
rotating earth’s surface, the angular momsntum must bs conssrved,

Howsver, it cen be shown (ef. ref. 2) that the gravitetional constant

CONFIDENTIAL
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et varisus distances from the earth is very closely spproxi-

matesd by E 2
-~ (4]
ﬁ h jo R"‘-

Lo
(3]
st

where
- 2,
ﬁo' 32.08 ft@cc
£ A denotes the altitude of the orbit, ths stabls
orbital velocity relative to & non=rotating earth is given by

If the space vehicle in its orblt is moving in the sastward

(‘i
&.3
]
5
!
kr“ﬂ
(]
]
i)
[
o
o
i
‘
4
&
-
o
(&
b
<
=
s}
@
buw\
5
<t
H
L
B
ot
>

direction, then the st

1

the rotating sarth's

In this investigation, V, is the reguired velocity to be resched

the velocity=time relationship, Ths justification for this

assumpblon can bs showa by investigation of the magnitude of the

drag force. Assuming dra

where

“”’5

/C{A) = air density in slugs, based on the

¥

thermal varietion taksn by Whippls

D]

. &
A = ercssessctional area, ft,

ant

13}
[0
e
b
o3
<]
O
&
y
)
}.;.
}.3.
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If the mean free path of the air molecules is greater
than the length of the missile, the drag coefficient, (p ,
mey be estimeted on the basis of the transfer of impact momentum

of the molecules from the surrounding speace,

The ratio mean free peth =X Mach number .
length of missile Reynolds number

At an altitude of 50 miles, a velocity of 20,000 ft/sec., and

8 nissile diameter of 10 ft.,

— = - ———

R, /9000 = /000

Thereforse, CD is estimsted on the basis of a continuum flow pattern
rather than by the momentum transfer theory,

Since the exhaust jet is operating, base drag is
approximetely zero, Nose drag can be estimated for & 20° (half angle)
cone asCDNEIO.Z . At a Reynolds number of 1C,000, & missile of ten
calibers length has & skin friction coefficient = 0.2 » Thus the
total drag coefficient, Cp= 0.4 .

For exemple:; At an altitude of 50 miles, & 20 ton vehicle
with a diameter of 10 ft. would be subject to a drag force of

D= O.4xéﬁ§—x—l-°—:gx (25',000)1;( 257~ = 630 Ibs.
The decelerating effect of this drag is

D . b23x3208 ~ 4 5 £t/ sec”.

™ 40,000
The acceleration due to thrust during the lather stages of thse
trajectory is of the order of several hundred f‘t/sec.z, and thus
the effect of eir resistance is negligible during that part of its
flight. Although the loss due to drag in the early stages of the

flight mey be eppreciable, its proportionate effect on the terminal

velocity is small. To make ample allowance for any drag loss, the

CONFIDENTIAL.
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required terminal velocity is taken five percent greater than that

necessary for a stable orbit.

FIRST CRDER SOLUTICN, VERTICAL TRAJECTCRY.

The equetiocn of motion for & vertically fired rocket is
dv _ F-D Ro
(8)

dt = Tm do R+

In this squetion,

FL
R Ry
D=4p)ViGATO

R (R.+K)"= R,

Assuming alsc that the rate of propellant consumption is uniforn,

(5) may then be written es

dv _ i___f__/

i (x t) jo ' (6)
The integration of Eq. (58) for zerc initial velccity at the
ground is

V=g, Top, bn(1-2 %) — got (7)

Lol (12204 Ty gt -3t @

Numerieal computation of the altitude dependent
corrections are carried out in ref, 2 for verious combinations of
y andt% o These corrections are added to the corresponding
evaluations of Eqs. (7) and (8) to give the true velccity and

eltitude vs. time relationships for a vertical trajectory. The

CONFIDENFEMI-,J~M RO S ES TRt R LS S
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proper combinations of ¥ and t} to obtein stable orbital velocity
ere obtained by correlating these empirieal functions with the
velocity requirements of a steble orbit at variocus altitudes,

This constitutes the first order solution to the problem, Based
upen this solution, the minimum propellant=gross weight ratio
required is ¥ =0.89 , Lower values cf ¥ reduce the terminal
velocity below that necessary for & stable orbit at any altitude
within possible reech., Since the trajectory is vertical, an
estimation of the altitude of the steble orbit is uncertein,

Ref, 2 sets this value at 100 to 200 miles,
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PART II - OBLIGUE TRAJECTORIES

de '

MY LT

‘ -
Ve
.b /

™3

Fig. 1

Resolution of Forces Acting on & Rocket
Propelled Missile in an Oblique Trajectory.

The general equations of motion for a rocket propelled

missile in an obligue trajectory are:

dvV _ o (F£D _

dt—-‘}{ W CoS@*} (9)
de

IE:%[SW\G'FL} . (10)

Here the thrust is assumed to be alcng the flight path and 1if%
forces are obtained from aerodynemic surfeces. For the particuler
missile under consideration, these equations are modified by the
following assumptions:

a) 3_55 ?o

) D= o

¢) The rocket is essentially e wingless misgile and

control forces &re supplied by & component of the

thrust perpendicular to the flight peath; thus

GONFIDENTIAL
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«15=

L =Fsin of, where «A 1is the angle of attack
of the rccket.

In the velocity-time function used in these computations, i;
kS
R,
k* °

to obtain & correection to V(#) for & vertical trajectory,

is approximated by go Since Eq. (9) will be used only
assumption (&) introduces only & second order error. Similarly,
assumption (b) introduces negligible errors since drag is
allowed for in V(t)

It will be shown later that the control force, Ly ,
necessary to obtain steble orbital velocity in & horizontel
direction, corrssponds tc an acceleration of seversl 335 normal to
the flight peth. A wing capable of preducing this force at high
altitudes would be very large, complicating the structure of the
missile and causing & much larger drag. By utilizing a component of
the thrust of the rocket motor to supply this control force, these
complicetions are eliminated and the eguations of motion are greate
ly simplified.

With these assumpticns, end referring to Fig. 2,

Eq. (9) and (10) are modifisd to the following generel form,

dav Cos B8+D
Mae TR

rv\a S+ Fsinel
Fig. 2
Resolution of Forees Acting on a Rocket

Propelled Missile Whers Control Forces
Are Supplied by & Component of the Thrust
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L€ (12)
d8& . £
1t ﬂs‘”‘& " gy St (12)

The above equeticns will be developed first for e free, i.s. un-

controlled, trajectory and then for & controlled trajsctory.

THE FREE TRAJECTORY.

For & free trajectory, o{=o0 , and Egs. (11) and (12)

beocome
dv _ F
dt 9{ W "C°56} (13)
de . Z s o6 .
dt Y " (14

From Eq, (l&)

[ e de. . fic(t G (4)

o
| %l i‘c‘:se)]

Sin S - Sin® G
(+c,°5 9,0 [+Cos®

For the missile to enter the circular orbit ot the end of burne-
ing, it must be traveling in a horizontal direction, thet is,
610 =90 . Thus

_Sinfe% 2 |

| +Cos &
this can be further reduced to

| +Cos® 2G
.___._.i..:e

| ~Cos®
solving for Ces ©
Z.Cr'"
CO-S‘Q"— G-
e+
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17=

since é@r 26 |
tanh G = = = -
e+ e e + 1
tb
Cos ® - Ginh [ E At (18)
A v

Eg. (15) can be integrated numerically using values of
velocity obteined from the computetions for e vertieal trajectory
(cfs ref, 2), giving & first approximation of 6(t),

For & free inclined trejectory, i.s., with &£ =0,

Cﬁ%‘é :g_{%*&:se})

apd for a vertical trajectory,
"4
Gt HE
dt w
The correction, ®V , to be applied to the velocity of a vertical

trajectory, is v and differentisting

inclined = Vverticel ?

Cl $ vV - dvn‘nchncd - -4 Vve,»t.'ca/

dt dt ¢t
:1(1—0-:9-), or
t )
SV :[3(I~Cose)dt (16)
t,

where 6 = 6{t) as obteined from the integretion of Eq. (15). This
gives & first approximation of § V(%) and hence of Y(¢) .
Repeeting the integration of Eq. (15) and Eq. (16) using the first
approximation of &(t)and v(#), & second approximation is cbteined,
It was found by cafz’ying out this process thet the second approxiws
métion differed from the first by less than one percent of the
velocity, and it may be concluded that first approximations of these

guantities are sufficiently accurate,
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Wiith & (¥ and V() known, altitude and horizontal dis-
tance cen be obteained from

t
t\.=/ VCos® Jt (ef. Figs. 9 and 16) ()
Q

t
X =/ VSinBdt (ef. Figs. 14 and 15) (18)
[-]

THE CCONTROLLED TRAJECTCRY.

In a free trajectory, the energy in the propellant is
expended in accelerating the rocket to & veloclity V?: and in lift-
ing it to an aldtude lLP . For eauny other trajectory, 2 portion of
the propellant must be utilized to provide & controlling force.
Prom the propellent consumption standpoint, the free trajectory
is the best; howevser, even with the highest propellant-gross
weight retio considered, the meximum ordinste is only 29.6 miles.
It is thus necessary to go to a controlled trajectory in ordsr to
obtain sufficient altitude to avoid the dense atmosphere surround=
ing the earth,

Thers are, of ccurse, an infinite number of possible

contrelled trajectories given by

4.6
12 . fw

and there must be one such function which will reguire 2 minimum
amount of fusl to reach stable orbital velocity at a given altitude.
A rigorous solution of this preblem will not be attempted, but it
is belisved that the following apalysis will give results which ars

sufficiently eccurate for the present purpose,

CONFIDENTIAL
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Defining the engle A such that

F
e n = - lne'
W Sink = (k-1)s

where k ,» & constant greater than one, is the control factor,

then

_C(_s_ 2 k—g: Sin ©&
dt 4

and, for constent values of K ,
i
COSG :hnk k/ —\?:dt (13)
¢

In & menner similer to that used for the free trejectory,

the expression for OV in the controlled trajectory is derivad as

t
SV - gﬁ(,_cose)~ V—f/(“Cc:o()} dt
él

whers Cos ® is given by Eq. (19); also

Z
F = '—‘,—t—;Wo
and
wo= (1-YE) W,
= tp 0
or

E . I

end from the dsfinition of & ,

.Sl-ﬂd 3 (k-’)%SD.V\ 6 ]

P
[3M]
g

-

Thus all gquanbitiss in Eq. (20) are knowm, and a numerical

integration can be sarrisd oub,

*The variation of L with altitude was taken into consideration
in the caleulation of V for a vertieal trajectory. In this
equation an average valus over the entirs trajectory is ussd,
This value is 420 sec, (ef. Fig. 13).

CONFIDENTIAL = -



Finally, V VVert‘. cal * 9V end ws now havs Pirst
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v)

CVROTR YT g
OF PROPELLANT =GRS

trajectory

o gy T 2L s 4 s o e 2 'T; o 7 oo Tony 3 2y
Since the altitude srajectory is less than

thet in the vertleal trajecbory, the velociby reguired for a stable

i be reduced below that of the vertical trajectory, and this

o

reduction in tp iz given Dbys

$t, - V- Vs

1 . .
where & the acceleratiox

P L

burning is

? the inclined trajectory at end of

(ef. Table 1)
-y  Rgr 0°
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and finally, ,

Jx Lo (ef. Tabls 1) (22)
tP
Fig. 8 gives ths fuel requirements of various inelined
trajectories, The curves of Fig. 6 give the propellant-gross
welght ratio and burning tims requirsd by & rocket to reamch a
given altitude with a velociby just sufficient for a stable orbit.
For any polnt on a given altitude curvs, there is & corresponding
vy "tP and control factor, k@ but the lowest point on the
curve corresponds to the most economical trajectory sines it
requirss the smallsst value of Y .« Thus, for sach altitude,
thers is an ideal control factor, K , and corresponding burning
tim@,'tﬁ ¢ Furthermors, for sach valus of V) there is & meximum

altitude obtainzble, with ths necessary valuss of K and fp

b

uniguely defined, I% is seen that, fcr‘QzClP?, the highest
possible altitude is 53 miles,

It must be remembered that the high veloeity reguired

N

for an orbiting missile pleces severs limitetions upon the

4]
¥

™

possibility of its sucecessful launching, Most of the altitude
reached by & wertically firsd rocitst is obbtained during the later
stagss of f£light when the velocity is high. Since the final
velocity of an orbibing missile must be horizontal, its altitude
is, of necessity, very much reduced, It is desirabls, thersfore,
to keep the flight path nsarly vertical for as long as possible
ard still be able'to turn the missils inbo & horizontal dirsction
at the end of burning.

Since the rocket must sventually turn through 90°, the

integral of i%g is fixed, and if 6 is to bs kept small during
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the early stages of flight, ft%:? must be smell at first and

large near the end of the trajectory.
The sonbrol force nscessary to turn the rocket from ths

vertical towards the horizontel is L= W\Vf‘{—f - mg Sin 8.,
d6

d¢  °
V is large near the end of the trajectory and, if L is to be

kept within reasonable limits, ‘%f must be relatively small,

As an exampls of these considerations, let us examine

d6
dt °

The Germen V-2 followsd a path given by &= Cf}év-
b
de - C‘t

or —— = where C was given a series of values throughout
dt ’
'{”hg o 2 $ 5717 = 77\ *1
the powsred trajectory. As a simple case, we will let 8= T Er s
7
which meets the condition that &= O when €=0 and 6=70°

when T = tp .

Herein lies ths limitation on the function describing

two types of functions which deseribse the variation of

For ‘f{b= 45 sec,, the accelieration normel to the flight

path at the end of burning is

L 2™ 50003208 = 1772 Fifsec = 53.5’:'5.
m =95 "%

This acceleration could not pessibly be obbtained by merodynamiec

foreas and would requirs over 70 percent of the dirsct thrusit of

the rockst motor; i.e., an angle of attack of over 45 degrees,
The frese trajectory furnishes an example of the other

A&

extreme, Since no control is used, :é_t- and © are large near
the beginning of the trajectory and the resulting altitude is low
(efe Pige 9)e

The conclusion 1is that a compromiss must be meds such

that g8 is swall in the sarly sitages of flight to give a
dt
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higher altitude, increase to a maximum somswhers near the middle

of the trejectory, and then decrsass as V vecomes very large,
keeping down the required control forcs,

The type of control investigatsd in this report

e

accomplishes this compromise to & fair degres. We assume thet

the sntire control force is obtained by a component of thrust

perpendicular to the velocity as shown in Fig., 2. The variation

46

dt

From the standpoint of obteining meximum altitude, K. should be
: d o

large, since this allows 4t and hence € to remain small for

a longer period of time. A very high value of K would result

s . “s

of with time for various values of K is shown in 7i ige 12,

in a flight path which would be nearly vertical until shortly
before the end of burning and then curve sharply over into the
horizontel,

The value of K is limited, however, sines it haus a

W
Sin X = (};-o)'7; SinB,

Thus <A incrseasss with ko and since the velocity thrust is

reduced by Cos ok , so also is the velocity. This decrsase in

Q

velocity represents the cost of control. Sines the final

zity must be sufficient for s stable orbit, K hes e maximum

}Pnﬂ

ve
value for sach combinstion of V and f,o . It also has an optimum
valae for given trajectory requirements as seen from Fige 6, This

opbimun value is epproximatsely two in mosh cases,

CONFLDENT .LAL
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The mngle oA is plotted inm Fig. 11 and it is nobed
that, for K optimum, o hes 2 meximum velus of sbout 12 degress,
oceurring at around the helf burning time when V’ is still
relatively low. The five percent loss in weloeclity originally
allowed for is believed ampls to cover the lincreased loss due

to drag resulting from the anglse of attack v( .
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PART 111 - THE ELLIPTICAL TRAJECTORY

It has been shown that the mexinus eltitude attaine
eble by continued powered f£light is about 53 miles for ) =0.99 ;
however, it is possibvle to reach considerably greeter altitudes
along exn elliptical orbit.

If the missile is brought into steble conditions et

e given altitude by the methced of Part II, and is then allowed

ok

¢ burn for & ghort additional time, it will enbter into an
slliptical crbit of smell sceentricity with the center of the
sarth at ons focus. The aphelion of this orbit will, in general,
be at & greater altitude then the point of projecticn; end if,

at the aphelion, the rocket is given another smsll boost of
velocity, it may enter ¢ circular orbit at thet altituds.

The following snelysis gives, to & first spproximetion,
the reguirements and results of such & method for launching =

rocket into 8 stable orbit.

b
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Vl =\/IS+6V/

Fig. &

Disgram of the Elliptical Trajectory for Launche-
ing & Rocket Fropelled Missile into the Stable Orbit.

The path of a free body treveling in an elliptical orbit

around the earth is given by

- £
R = FoR3 (1 — e cos ¥)

where the center of the earth is at one focus of the orbit.

pea

(28}
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The notations are:
f? is the distance of the projscbile from the escth's
cenber
/?Z is thse mean radius of the earth, 3963.3%% miles st
the equator
3& is the gravitetlon constant et the earth’s surface

, n . 2 l
f ig the anguler momentum of the projectile = R of

and is constent
e is the eccentrisity of the orbit

}V is measured from the sphelicn (point 2
The shepe spd orienteticn of the orbit are dependsnt
only upon the direction and megnitude of the velceity with which
the body is projected into free flight, The approximetions and
assumptions introduced are
2) The point of projection (point 1) is et an
altitude ﬁ, s great enough that atmospheric
drag nay be neglected,

b) The eccentricity of the orbit is smell. This

fde
w

necessary in order thet powers of @ mey bs
neglected in the spproximate sclutiom. Small
eccentricity results in the velcelty at ephelion
\ , being only slightly less than that reguired

for a clreulsr orbit.

B

Smell scceniricity requires that the projection

velocity, V) ,

CONFIDRNTTAL -+ i o
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1) wvery neerly tengent to the circuler orbit
through peint 1.

2} very nearly equal in megnitude to stable
orbitel velocity. In order to gain the
most altitude, point 1 must be nesar the
perhslion; hence VO should be slightly
groater then steble orbital velocity at
point 1.

From the general expression, Eq. (23), one cbitains
A
(o(R Rie*sin %(0{;&)
—_ =
o £ (1 — e cos y)?

8150 V;A ] (5}&)‘2 X R»“%}Z}l

2

p*(e*+1-aecos ¥)
R(1 — & cos ¥)?

V

V. pi1-aecos¥)  giR'(1-2ecosy)
RY1 - ecos ¥)* #*

V -8R [ secos ¥
70

Since @ is small, the radical mey he expanded, and

egain neglecting second order terms,

9% (1 — e cos V)
V=%
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This is the approximete expressicn for \/ et various positions
in the ellipfical orbit provided f and € eare known, The
velves of f‘ and € can be determined as follows:

At point 2, /?=R3/ y:o, thus

_ £
Ra— ﬁ'oRoa(/"e)

and 2

R, = 570

9o R (1 —~ec0570,)

80

Ra [ — ECOSYr

R I—e
or

/C?a '—Rl - gﬁ

()
!

(A’; ‘“/\:'/)J-R,(I-'COS'S(/,) SR +ﬁ,(/-Co5'¢/,)
Since % lies between 90° and 180°, S A is small compared
to /?/(/—COS '5[/,) ; hence
_ SKR
€= (25)

Ri(/—cosy,)

Since 70 is constant,

p= JPR(1-e)Ra - /%/?ozﬁ'(’*%,ﬁ)//'e/

and C are small, hence the radicel may be

5R
R,

expanded. Neglecting second order terms,

SR
f: /g/o/?gz/q((/ "";ZL"R;I‘ -“;%'8

end putting in Eq. (25) for € ,

Here again

- ° o:l - JRCOS% 6
70' ?R Al 2/?,(/-(‘0.;%) (2e)
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Eqs. (26) and (26) give the values of @ and o for
given R, and 1{ . In order to bring this vehicle intc such an
orbit, velocity ircrements &V, and § Vo must be imparted et
points 1 and 2, respectively, of the elliptical orbit, These
increments can be desermined by using Bgs. (24), (28) and (26),

Let

SV; = VI h '/'s (27}

- SR Cos%
R 7’°fal R, (1- Cos ) - %ﬁfol

Ja ik [ | 2Lt

2.?.(/—-Cos7é)

Neglecting second order terms, this reduces to
ﬁ | (
sV,

5V :SEV '—COS%

o [}
ZEI < ( — C»Os’p ‘ (25)&3

or

Similerly,

sV, = V- \/Ls

sU, = 2R BEe(1-e)

which reduces to:

SE |
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It is inberesting bto note that the totel velocity
inorement, &V, + &V , is independent of "//' :

/ ~Cos 'F‘
‘“(osy’, I*Cosy;

SV:SV' +SV,__:—§—- V'S(

Thus the altitude reached by this method depends ounly
upon the total veloeity incresment, § V: + SV,  or, more

s o 2

besically, upon the smount of propesllent rempining elter the

=]

missile snbers the elliptical orbit,.

o)
f
5
P
=l

We can closely spproximate the finel altitude as fo
&) Let Y correspond to total smount of fuel,

b) Let ), correspond to minimum fuel required to
regch an altltude "L, with stable orbital velocity

(cbtain ¥, from Fig. 6),

e

¢; Obbtain ‘t,= burning time to h, from Flg, 6,

d} Since SK is independent of ‘Y{ we need consider
only the totel velocity increment SV=SV' +&§V, .
Thus ‘

SV:=a xSt
where 3,_’). ¢ SV
St=1, 57" 2%
—_— 2
- ‘LA.(Vr+iS9) "@o Po * raon
= [ ‘uﬁ}
(¢, +L8t)(1-v, -+ &) R, .

% " = w k]
"In this computetion, an sverage velue of I, was used corres-
ponding to the sltitude A, . See Fig. 13.
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o) SR =2F % |
where V’S is obtained from Eq. (1)
f) Finally, h, = h, + §&

If, at point 1, the velocity is tangent to a circular
orbit through point 1, then the projection point is at the
perhelion of the elliptical orbit., For this cese:

SE
$V,= §h - iR, Vis (33)

If the velocity of projection is inclined by a smell
angle, ¢ s from the tangent to the circular orbit at point 1,
the values of ’),L and eccentricity, € , of the orbit can be
determined for any required value of &§& , By observing the
component of velocity tangent to the circular orbit at point 1

in the following figure, one may write

dL Rg¢ )
t
K o)
BRI b
Cos <P = T = R, V, (34)

The first order approximations of the preceding paragraphs

give P= F. \/, » hence cos (ﬁ must be evaluated to & second order

CONFIDENTIAL
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of approximeticn, This gives:

24 (l—~€ Cos Y’,)L
CDS ¢ = 2
e"s.'m"’i‘, 'f(l"'e Cas%)

S (I—e tos %) (1T 20 Cos et 4 )

Negleecting terms of the third order end higher,
2
Costd, 1-e((~Cos” k)
or

. / -
Sin ‘P, - E S“"¢ (35

Solving Eqs. (28) and (35} for ’}% in terms of the known

quentities 4 E , and the reguired SK :

t?m“z": %—Cscqf

The velues ¢f @ , 8 ¥, , and S Vi can be obtained
by substitubing ’f' from BEq, (36) into Egs. (25), (28) an& (30).

This epproximate solublon of the ellipbic orbit is based
primerily on the essumpticn that the eccentricity is small. On
this besis, it wes found that ths gein in eltitude doss not depsnd
upon the eccentriecity, but only upon the velcclity increments 'Y V,
and & V-,_ .

r § V, should YWe negabive, i.6., ‘/, is less than Vn,;
sad if ¢ is fairly large, the eccentricity of the orbit is no
longer small. The errors inlroduced by assuning § £ irdependent
of Q under these conditions, though perheps not negligible, are
not large, This considerstion leads to &t lewst a partisl solution

to the dreg problem during the elliptlc part of the trajectory.
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Heretofore, it has been assumed that the missile is
brought into steable orbital conditions just before projection
into the elliptical orbit, If, instead, the rocket motor is
cut off some time before steble crbital velocity is reached, the
missile may have & vertical component of velccity sufficient to
carry it quickly above the region where drag is importent, The
sum of the velocity increments, Sl/,-/- J/;, is unchanged in this
case and hence the gain in altitude is still given by Eq. (31),
subjsct only to the errors introduced by essuming SR independent
of @ .

The calculations for the elliptical trajectory are
summerized by Fig. 7. It is noted that an appreciable gain in
altitude is possible by reserving & small portion of the fuel for
accomplishing the elliptical orbit. Since atmospheric drag wes
neglected, the curves of Fig, 7 represent an optimum., The point of
project‘ion must be high enough that drag does not seriously reduce
the velocity during the free flight in the elliptie orbit, since
a smell reduction in velocity during this stage may greatly reduce

the final altitude,

CONFIDENEEAL iCATILN cancal
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CONCLUSIONS,

The possibility of launching an unboosted rocket missile
into a circular orbit eround the earth depends very critically
upon the propellante-gross weight retic, The curves of Fig. 7
give approximately the maximum altitude of the stable orbit for
vericus values of ¥ , regardless of the method of launching,

The value of Y= ©-89 seems to be the minimum value of propellant
gross weight ratio with which & single stege missile can be
successfully launched into a stable orbit. I1If >y cen be raised
to .90, the possibility becomes very much more certain., In view
of the difficulty in obtaining these high propellant-gross

weight retios, it is somewhet doubtful that a single stage rocket
can be launched into the circular orbit with the present fuels,

The analysis in Part II of this report can be extended
directly to trajectories for launching & missile into an elliptie
orbit of larger eccentricity by simply setting the boundery condition
on € at some angle less than 90°, This will allow choice of &
larger control factor, K , and result in higher eltitudes at the
end of the first launching stage., By utilizing an elliptic orbit
of largsr eccentricity, the effect of drag will be minimized and the

altitudes given by Fig. 7 c&n be more closely approached.
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IABLE I
k. X mices h mies |SVp ffsed v’ t;, &'p ?'_, Qt=p ?'5
1 123,42 7.65 1995 .8643 76,61 36,53 3,72
2 - 117,67 13,87 1572 .8687 77,00 38,28 n
3 112,09 18,91 1125 .8722 7736 59,20 w
3 106.48 23,00 629 . 8772 77.76 39,77 "
5 101.57 26457 156 L8815 78,13 40,03 "
1 106,22 14,13 2434 .8679 | 101,01 50,42 2,84
2 148,19 23,95 1755 .8739 | 101.71 31,55 W
5 138,41 31,37 1148 .8790 | 102,31 31,89 n
4 130,61 5726 557 . 8838 | 102,87 32,05 R
5. 122,72 42,12 -15 .8885 | 103,40 32,05 "
1 192,79 18,81 2819 ,8715 | 123,58 26,72 2,33
) 176,58 31,55 2017 L8782 | 124,53 27.56 | ©
3 162,81 40,88 1237 .8842 | 125,18 27.65 ™
4 150,72 48,15 430 .B3904 | 126,06 27,52 W
5 140,38 54,06 ~335 8965 | 126,92 27.50 "
1 218,50 24,68 3065 .8762 | 143,92 24,57 2,01
2 157,37 40,53 2138 .8831 | 145,056 24,86 L
3 180,15 51,08 1254 .83896 | 146,11 24,79 "
4 166,04 59,62 416 .8959 | 147,15 24,77 "
5 152,90 | 66,16 -525 L9029 | 148,29 24,69 W
1 236,13 29,58 | 3288 .8815 | 164,54 23,36 1,77
2 215,90 48,67 2243 .8882 [ 165,80 22,93 n
3 194,42 61,20 1268 .8951 | 167,08 22,83 "
4 176.84 70,47 272 L9061 | 169,13 22.76 w
5 166,15 78,90 ~459 .9073 169,36 22.67 w

RT T t T 3R S AR < 5 e, B U e
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TABLE II ¥=.880 Gp=78sec.
k=1 k=2 k=3 K4 kx5 k=t k: 2 k=3 k:9 k=5
—Altitude A , (Miles) > Distance , X, (Miles)— ™
o] 0 0 0 0 0 0 C 0 O
1.08 1.7 2.00 2,12 2.17 2,06 l.44 <92 56 058
5,36 9.5 12,50 14,8 18,70 29,60 26,40 23,40 20667 18,38
Te65 13,87 18,91 23,0 26,57 | 123,42 117,67 112,09 106,48 101.87
—— O (Degrees) L (Degrees ) —>
0 0 0 ¢ 0 e o 0] 0
57486 33.6 18.9 10,4 5.7 Bel 7e1 6.0 4.4
692 51,1 36.5 25,7 17,9 Te8 11,9 13.1 12.3
7509 62.7 50.7 40.6 5202 709 1509 l?eﬁ 1905
80,3 709 62,0 53,8 46,2 7.4 14,0 19,3 2363
83,3 7667 7062 635 58.2 6,5 12,9 13,6 23,7
85.5 81.0 7646 72,2 68,1 5,7 11,2 18.5 21.7
872 84,3 8l.3 73,7 765 4.6 9.2 13,8 18,3
88.4 86,9 85.2 83.5 82.1 3,6 T2 10.8 14.3
89,3 88,7 87,9 87.3 86,7 2,5 5,0 7.6 0.1
90.0 90,0 90,0 90,0 90.0 1.4 2,9 4.4 5.8
ke Veloeity, V+ §V , (£t/sec) <— Control Accaleration (a's ) >
0 0 0 0 0] o 0 0 0
734 734 734 734 734 «5534 6466 « 543 399
1,798 1,661 1,599 1,581 1,577 7776 1,190 1,300 1,229
4,506 4,232 4,032 3,889 3,809 «945) 1,766 2.421 2.895
8,547 8,187 7,865 7,493 7,298 9878 1,946 2,858 3,709
14,865 14,460 14,054 13,613 13,208 .998¢ 1,993 2,982 3,962
27,319 26,806 26,360 25,863 25,307 1,000 2,000 3,000 4,000
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TABLE II (Continued)

V=885 tp=103sec,
k=1 k=2 k=% k=4 k=Y k=i k=2, k=3 kx4 k=4
#Ecl <— Altitude, A, (Miles) Distance, X, (Miles) —

0 6] 0 0 o 0 C 0 0 0 0
20,6 1.78 2.4 2.58 2063 2,75 2,14 1.13 57 +29 018
61.8 10,10 16,3 20.5 2304 25,5 36,51 29,81 24,62 20,49 17.18

103.0 14,13 23,95 31.37 37.26 42,12 | 160,22 148.19 138,41 130.61 122,72
e -6 (Degrees) > < {Degrees)

0 0 o 0 0 0 0 0 o 0
10.3 44,5 19.0 748 3.2 l.4 4.7 Se 9 244 1.3
20,6 59,5 36,2 21.2 12.2 Te0 TeT 9,5 Bed 6,3
3069 68,4 49,5 34.8 24,1 16,5 8,9 13.4 14.4 13.4
41,2 74,4 £9.8 47,2 3667 28,2 8.8 15.2 18.7 21.6
51.5 78,4 67,4 571 47,9 39,9 8.2 15,1 20,3 233
61,8 83,9 778 71.9 66,2 60.7 Ted 14,3 20.9 26,9
72.1 86.2 82,4 78.5 74,8 7i.1 6.0 11,9 17,8 23,6
82,4 87,9 85,7 83,6 81,5 79.4 4.6 9.2 14.1 18,6
52,7 89.1 88,2 87,4 86,4 85.6 2,2 6.4 9e7 13.0

103,0 90,0 90,0 90.0 90,0 80.0 1.8 3.6 565 7ed
L Volocity, VY +8V (ft/sec) s«— Control Acceleration ( «?'S ) —>

o 0 0 0 o} 0 0 0 0 Q
10,3 660 660 660 £60 660 «325 «272 « 187 081
20.6 | 1,674 1,485 1,451 1,447 1,448 (590,722,633 507
41,2 4,321 3,911 3,718 3,636 3,614 863 1,464 1,790 1.830
61,8 8,392 7,821 7,425 7,143 6,965 «978 1,903 2,753 3,780
82.4 14,823 14,173 13,634 13,148 12,717 « 997 1.987 2,970 34985

103.0 27,525 26,843 26,239 25,648 25,078 1.000 2,000 3,000 4,000
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TABLE II (Continued)

= 890 =126
k=1 K=2 k23> k=4 Kk>5 k=i k=2 k=3 k=4 k=5
ml.ic_-LrA— Altitude, A, (Miles) : 4 Distance, X, (Milss) — >
0 0 0 0 0 0 0 0 0 0 0
25.2| 2,14 2,73 2,87 2.91 2,92 2,14 1,00 .48 .22 11
75.6 | 12,72 20,15 24,89 28,15 30.48 | 41.90 33.49 26,98 21,91 17,93
126,0| 18,81 31,53 40,88 48,15 54,06 | 192,79 176.58 162,81 150,72 140.38
«— O (Degress) 4 ol (Degrees) — >
0 0 0 0 0 0 0 0 0 0
12,6 | 37,7 13,2 4.5 1.6 o7 4.0 2,7 1.4 2.1
25,2 | 56.4 32,1 17,6 9.5 5.1 8.5 9.6 7.9 5.6
378 | 65.4 44,9 29,7  19.4  12.6 10,1 14.2 14,3 12.4
50,4 | 73,2 57.8 44,6  33.9 25,5 10,6 17,7 21,3 21,9
63.0| 78.5 67.4 57,1 48,0 39,9 9.9  18.3 24,7  28.8
75,6 | 82,3 74,8 6744  60.6 54,0 8.8 16,9 24,2  30.6
88,2 | 85,3 8044 75,7  Tl.l 66,6 7.2 13,7 21,1 27,8
100,8| 87,3 84,7 82,1  79.4 76,8 5.6 11,1 16,6 22,3
113,4 | 88,9 87.7  86.6  85.6 84,4 3.8 7.7 1le6  15.5
126.0| 90.0 90.0  90.0 90,0 90,0 2.2 2,1 6.4 Be6
—Velocity, V+dV  (ft/sec) M Control Accelsration ( j's ) ——
0 0 0 0 0 0 0 0 0 0
12,6 | 591 591 591 591 591 .221  ,158 ,080 116
25,2 | 1,491 1,344 1,319 1,316 1,316 .532 604  ,494 354
50.4 | 4,093 3,666 3,463 3,388 3,374 o887 1,403 1,67 1,72
75.6 | 8,204 7,563 7,084 6,734 6,517 | L965 1,847 2,61 3,24
100,.8 {14,730 13,971 13,282 12,636 12,077 .990 1,985 2,95  3.89
126,0 127,808 27,003 26,223 25,416 24,651 1,000 2,000 3,00 4,00
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TABLE I1 (Continued)

V:=.89% o= 197 se<.

K=~1 k~2 k=% k>4 k=5 k=1 k=2 K>3 kad k=5
sec) k—— Altitude, A, (Miles) < Distance, X, (Miles) |
O 0 0 0 G 0 C 0 0 0 0
29.4 2459 3,14 3.06 3.,C7 3,28 1,78 «63 .23 +08 « 04
88,2 16,40 25,21 23,85 $2,90 35430 44,50 35.80 28,10 20.45 16.16

147.9 24,68 40,53 51,08 59,62 36,16 213,50 197,37 180,15 166,04 152,90
9 (Degrees) > K (Degrees) =
0 C 0 0 0 Q3 0 Q 0 0
14,7 27,1 €.7 1,7 o7 b 2.4 1.1 o4 o8
29,8 45,8 21,2 9,2 4,1 1.9 6.7 5.9 348 264
44,1 604 374 22,2 13,0 TeT 18,0 12,5 11,2 8e7
£8,8 697 51,8 37 ¢4 26,6 18,7 11,4 17.7 19,7 13,8
T5e5 75,1 62,8 51,1 40,9 3245 11.1 18,6 25,1 27,7
88,2 £20.5 71,6 629 54,9 47,6 Fe3 18.9 2644 3.4
102 ,.9 84,2 786 73.1 6745 62 ¢4 o3 16.3 22,0 31le3
117,.,6 88,9 83,3 80,6 775 T4,5 8,3 12,7 18,9 25,3
132.3 88,7 87.4 86,1 84,8 83,5 4,3 8.7 13.1 17.6
147,0 900 90.0 5040 9543 90,0 2.4 244 Tel Te4
k—Velocity, V+ SV  (£t/ssc) Consrol Acceleration ( j 's ) —
0 0 Q 0 0 0 0 C 0 ..
14,7 525 529 529 529 529 oLl 0385 189 <08
29,4 1,318 1,210 1,181 1,199 1,300 362 322 e21D ¢ 130
58.8 | 2,795 3,365 3,201 3,168 3,160 .786 1,215 1.341 1,281
83,2 7,912 7,208 6,715 5,401 65,225 . 5453 1,781 2,456 2,95
117,58 14,515 13,648 12,883 12,287 11,593 « 954 1,873 2,928 Z.E5
147,0 | 27,931 27,054 26,170 25,332 24,351 1,000 2,000 3,000 4,00
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_V=.900 o= 16858
k=( k2 k>3 k=4 k=5 k=~ k2. k=3 kod ks
feeqg |[<— Aluitude, A, (M1 > Distence, x, (Miles) —
0 0 0 0 0 0 ¢ 0 0 C 0
53,6 277 3.10 3.12 3,13 3.14 1,38 & oo 056 «02
005 19,22 29,10 34,15 37,21 35,80 43,58 25 25,75 13,50 14,38
158.0 29,58 48,67 61,20 70,47 78.90 | 236,13 215,90 194,39 176,24 156,15
¢ © (Degrees) <X (Degrees) —mM8 5
2 ¢ 0 0 0 0 0 0 0 G
16,8 18,0 3¢3 oS o3 o7 1.3 ) 3 o
33,6 35,2 14,4 5.1 1.8 o2 Ged 3.3 2,0 1.0
50.4 54,7 80,0 15,8 2.2 4,3 9,3 0.1 Te% Se8
£7.2 65,9 45,5 30.4 20,0 13,0 11,7 15,5 15,9 14,8
34,0 7345 58,3 45.5 3446 23.2 12,1 20,3 24,8 2568
1008 79,1 68,6 58,8 43,9 42,0 11.2 20,5 28,5 3362
17.6 B3,4 74,4 70,2 54,1 58,1 Fe2 13,0 25,3 33T
1344 3.4 82,7 79.1 T545 72,0 7ol 14,1 21,2 28,3
151.% 3,5 87.0 85,5 84.0 82.6 4.8 9.7 14,6 13,6
168,0 90,2 90,0 90,0 90.0 5C.0 Def Sel Yo7 153
k-Velocity, V+3SV Jsec) Control Acceleraticn ( 9 's ) —m
o 0 0 0 0 0 0 0
le.8 468 469 469 48 469 +068 L0008 012 LOLE
33,6 | 1,0%¢c 1,082 1,078 1,078 1,078 249 81 L0897 L0350
€7.2 | 3,400 3,105 2,983 2,959 2,981 714 (936 1,025 9
100.&6 | 7,100 6,817 6,342 6,060 £,071 (532 1,705 2,285 2,68
124,64 | 13,900 13,27¢ 12,458 11,731 11,331 .91 1,865 2,90 3,50
166.0 | 28,133 27,088 26,101 24,573 24,386 1,000 2,000 3,00 4,00
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