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Abstract

L. Carlitz observed in 1953 that for any a € F}, the transposition (0 a) can be
represented by the polynomial

pa(z) = —a*(((x — )72 +a~1)12 — g2

which shows that the group of permutation polynomials over F, is generated by the
linear polynomials az + b,a,b € F,, a # 0, and 2772

Therefore any permutation polynomial over F, can be represented as
Po=(..((apx +a1))"?+a)? ...+ ay,)"*+ any1, for somen > 0.

In this thesis we study the cycle structure of permutation polynomials P,, and we
count the permutations P,, n < 3, with a full cycle. We present some constructions of
permutations of the form P,, with a full cycle for arbitrary n. These constructions are
based on the so called binary symplectic matrices.

The use of generalized Fibonacci sequences over [F, enables us to investigate a
particular subgroup of S,, the group of permutations on F,. In the last chapter we

present results on this special group of permutations.



PERMUTASYON POLINOMLARININ CEVRIM YAPISI UZERINE

Ayca Cesmelioglu
Matematik, Doktora Tezi, 2008

Tez Danigmani: Prof. Dr. Alev Topuzoglu
Tez Es Danigmani: Dog. Dr. Wilfried Meidl

Anahtar Kelimeler: derecesi n olan simetrik grup, sonlu cisimler, permiitasyon
polinomlari, birterimli polinomlar, Dickson polinomlari, ¢evrim yapisi, dogrusal

olmayan sozde rastgele say1 iiretecleri.

OZet

L. Carlitz (0 a) devriniminin
pa(z) = —a*(((z — )" +a )% — )™

polinomu tarafindan temsil edilebilecegini, dolayisiyla I, iizerindeki permiitasyon poli-
nomlariimn olugturdugu grubun dogrusal polinomlar az + b,a,b € F,,a # 0 ve 972
tarafindan gerildigini gostermistir. O halde I, iizerindeki herhangi bir permiitasyon

polinomu en az bir n igin
Pu(x) = (... ((aor + a1)T* + a9)T 2. ..+ an)? > + any1,

seklinde yazilabilir.

Bu tezde, n < 3 i¢in P, seklindeki permiitasyon polinomlarinin gevrim yapisi ince-
lenmis ve tam g¢evrime sahip olanlarin sayisiyla ilgili sonuglar elde edilmistir.

Herhangi bir n tek sayisi i¢in, tam c¢evrime sahip P, polinomlarinin ingasi i¢in ikili
simetrik matrisleri kullanan metodlar gelistirilmigtir.

F, tizerinde tanimli genellestirilmis Fibonacci dizilerinin kullanimi permiitasyon
polinomlar1 grubunun belirli bir altgrubunu incelenmesine olanak saglamistir. Tezin

son boliimiinde bu 6zel altgrupla ilgili sonuglar verilmistir.
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CHAPTER 1

INTRODUCTION

Throughout this thesis, F, denotes the finite field with ¢ = p" elements where p is
a prime, r > 1 is an integer. A polynomial f(x) € F,[z] is called a permutation
polynomial if the polynomial function f : ¢ — f(c) from F, into F, is a bijection.
Permutation polynomial will be abbreviated as PP. We are concerned with the set of
all PPs over [, which is a group under composition and subsequent reduction modulo
x?—z. The group of PPs over F, is isomorphic to S;, the symmetric group on ¢ letters.

PPs over finite fields have applications in many areas including cryptography, pseu-
dorandom number generation and combinatorics. Despite the recent progress on this
topic, there are still many open questions, see, for instance [23,24,34]. The following

problems have attracted particular attention:
e Finding new classes of PPs.
e Determining the cycle structure of classes of PPs.
e Enumeration of special classes of PPs.

This thesis addresses the last two questions.

1.1. Some Classes of Permutation Polynomials

In this section we will review some of the known classes of PPs over F,.
Given an arbitrary polynomial f(z) € F,[z], it is a difficult task to determine

whether f(x) is a PP of F,. A useful criterion for a polynomial being a PP was



given in 1863 by Hermite [19] for prime fields, which was then generalized in 1897 by
Dickson [14] to arbitrary finite fields FF,,.

Theorem 1.1.1 (Hermite’s Criterion)
A polynomial f(z) € F,[z] is a PP of F, if and only if the following two conditions are
satisfied:

(i) f has exactly one root in F,.

(ii) For each integer t with 1 <t < q—2 and t # 0 mod p, the reduction of f(x)

mod (z? — ) has degree < q — 2.

See [26, Chapter 7] for the proof.

As a corollary of Hermite’s criterion, f(x) is not a PP if the degree of f(x) divides
q— 1, which also implies that the maximal degree of a permutation polynomial modulo
9 —xisq— 2.

Let G be a finite abelian group. A character x of G is a homomorphism from G
into the multiplicative group U of complex numbers with absolute value 1, i.e. it is a
mapping from G into U which satisfies x(g192) = x(91)x(g2) for all g1,92 € G.

For any finite field [F,, there are two classes of characters, additive characters which
are the characters of the additive group F, of ¢ elements and multiplicative characters
which are the characters of the multiplicative group F; of ¢ — 1 elements. By using the

nontrivial additive characters, another criterion for identifying PPs can be given:

Theorem 1.1.2 The polynomial f(z) € F,|x] is a PP of F, if and only if
> x(f(e) =0
cely

for every nontrivial additive character x of IF,.

For a proof of the theorem see [26, Chapter 7].
Only a few good algorithms are known for testing whether a given polynomial is
a PP. In general, it is not easy to find new classes of PPs. We start by listing some

well-known classes of PPs:

(1) Linear Polynomials: Every linear polynomial ax +b € F [z] , a # 0, is a PP
of F,.



(2) Monomials: The monomial 2" permutes F, if and only if ged(n,q — 1) = 1.

(3) Dickson polynomials of the 1st kind: For a € F,, Dickson polynomials of
the 1st kind are defined by the formula

Dn(gc,a):LgJ i .(n_.j>(—a)jxn—2f. (1.1)

J=0

Obviously, deg(D,(z,a)) = n and D, (x,0) is just the monomial 2. The Dickson
polynomial of the 1st kind D,(x,a) with a € F; is a PP of F, if and only if

ged(n, ¢ — 1) = 1, see [25, Chapter 3] for a proof.

(4) Dickson polynomials of the 2nd kind: Dickson polynomials of the 2nd kind

E,(z,a) with parameter a € F, are defined as

Ey(z,a) = S (” _,j) (—a)z"%. (1.2)

=0~ 7

ME

From (1.2), it is easy to see that deg(E,(x,a)) = n and E,(z,0) = 2™ It
was shown by Matthews [30] that the conditions n + 1 = £2 mod m for each
of the values m = p, (¢ — 1)/2, (¢ + 1)/2 are sufficient for E,(z,1) € F,[z] to
induce a permutation of F,. Later, Cohen [10] proved that when ¢ is a prime
these conditions are also necessary to conclude that E,(z,1) is a PP. Further
results about Dickson polynomials of the 2nd kind that are PPs can be found in

Coulter [12], Henderson and Matthews [17] and Henderson [18].

(5) Linearized Polynomials: Let F « be the extension field of I, of degree k. The
linearized polynomial L(x) defined as

k—1

L(z) = Z az? € I []

i=0
is a PP of F . if and only if # = 0 is the only root in Fx of L(x), i.e. the Fy-linear
operator induced by L(x) on F . is nonsingular. See [26, Chapter 7].

Some other classes can be found in [26], Chapter 7. For some recent constructions we

refer to the articles [2,37,38]



1.2. On the Cycle Structure of Permutations

Among the classes of PPs defined in the last section, the cycle structures of (1), (2)

and partly of (3),(5) are known. We give the related results below. In the following,

Ni(f) is used to denote the number of cycles of length k of the permutation corre-

sponding to f € F,[z].

(1)

(2)

(3)

For a linear permutation ax + b € F,[z], the cycle structure is as follows: If
a =1,b € F; then f(x) has p"~! cycles of length p. If a # 1 and s is the order
of a in Fy, then the permutation corresponding to the polynomial f(z) = az +b

has a fixed point and % cycles of length s.

A monomial g(z) = 2™ which permutes F, has a cycle of length m if and only
if ¢ — 1 has a divisor ¢ such that the order of n modulo t is equal to m. Then

Nn(g) satisfies

mNm(g) = ged(q — 1,n™ — 1) = > "iNi(g).
ilm

<m

See Ahmad [1] or Lidl and Mullen [22] for the proof.

For Dickson polynomials of the 1st kind (1.1) which permute F,, the results about
the cycle structure in the cases a = 1 and —1 are stated in the following theorems

from [22].

Theorem 1.2.3 D, (z,1) € F,[z]| has a cycle of length m if and only if ¢ — 1 or
q+ 1 has a divisor t such that n™ = +1 mod t. Then N,,(D,(x,1)) satisfies

MmN (Dn(2,1)) = [ged(g + 1,n™ + 1) + ged(q — 1,n™ + 1)
+ ged(qg+1,n™ = 1) + ged(q — 1,n™ — 1)]/2

- € — ZZM(Dn(ma 1))
<m

where

1 ifp=2 orpisodd and n is even,

2 if pis odd and n is odd.

€1 =



Theorem 1.2.4 Let v,(m) denote the largest power of p dividing m for m # 0
and set v(0) = oo. If n and q are odd then D,(x,—1) € F,x] has a cycle of
length m if and only if ¢ — 1 or ¢+ 1 has a divisor t such that n™ =1 mod t or
2(n™+1)=0 mod t. Then Ny, (Dy(x,—1)) is given by

MmNy (Dp(z,—1)) = [arged(n™ +1,2(q+ 1)) + asged(n™ +1,q — 1)
+ azged((n™ —1)/2,q+ 1)+ ged(n™ — 1,q — 1)]/2
— 1= Y iN(Dy(x,—1))

im,i<m
where
1 ifrg(n™+1) =1a(qg+1), 1 ifre(n™+1) <wa(qg+1),
a) = A9 =
0 otherwise, 0 otherwise,
1 ifre(n™+1) > 1a(g+1),
as =
0 otherwise,
2 ifnm=1 mod4andq=1 mod 4,
€1 =
0 otherwise.

See [22] for the proofs of these results.

(5) For the cycle structure of linearized polynomials over F, the reader is referred

to [32] since the results are too technical to state here.

Cycle structure of PPs is of theoretical interest but it is also needed for certain
applications like generation of pseudorandom sequences.
Let ¢(z) € F,[z] be a polynomial of degree d > 2. The sequence (u,,) defined by the
recurrence relation

Un41 = w(un)a n >0, (1'3)

with some initial value uy € [ is called a nonlinear congruential pseudorandom number
generator.
In the following, we present some nonlinear pseudorandom number generators that

have been considered in the literature. Note that when ¢ (z) is a PP of I, the length



of the cycle containing sy in the cycle decomposition of ¥ (x) is the period length of
the sequence (uy,) in (1.3) with the initial value uy.

First, we describe a popular pseudorandom number generator which is especially
used in cryptography.

The power generator over IF, is defined as

Pni1 :¢(pn)7 n = 1727"' (14)

for an initial value py € Iy, where 1 is the monomial ¥)(z) = 2° € F[z].
Clearly, the power generator (p,,) becomes eventually periodic and it is purely periodic
when z¢ € Fy[z] is a PP. Recall that ¢(z) = 2° € F,[z] is a PP when gcd(e,p—1) = 1.
In [33], Shallit and Vasiga, in [9], Chou and Shparlinski proved some results about the
preperiod, cycle length and their average values for the power generator. For further
results on the properties of the power generator we refer to Shparlinski, [34, p.353].
Another example of nonlinear pseudorandom number generators is obtained by
using a Dickson polynomial of the 1st kind D,(z,1) in (1.1), namely ¢(x) = D.(z,1) €
[F,[z]. Results on the quality of this generator with respect to applications in cryptology
can be found in [4].

The inversive pseudorandom number generator is defined as

Sna1 = 1(n) (1.5)

where ¥(x) = az?? +b,n > 1, and a,b,sy € F, with a # 0. The problem of con-
structing sequences (s,) defined by (1.5) with the maximum possible period was first
considered by Eichenauer and Lehn over the prime field F,, and in [15] it was shown that
if f(x) =2*—ax—b € Fplx] is a primitive polynomial over F, then (s,,) is a sequence of
period p. In [16], Flahive and Niederreiter extended the result of Eichenauer and Lehn,
by showing that (s,) is a sequence of period p if and only if for the roots «, 8 € F2 of
f(z), p+ 1 is the smallest integer such that (%)p+1 =1, ie. p+1is the order of 5.
In [7], Chou proved the same statement for the sequences (s,) over an arbitrary finite
field F, and in [8] he presented all possible period lengths for the inversive generator,

i.e. the cycle structure of the permutation associated to ¥(z) = ax?™2 + b € F,[z].

Theorem 1.2.5 Let a,b € F, with ab # 0 and f(x) be the polynomial f(x) = x* —
br —a € F,lx].



(1) If the polynomial f(z) has a double root i.e. f(z) = (x — a)? for some a € F,
then

(i) Y(a) = a,
i) if a sy € F,\ {1} then s, = 0 for some n > 0 and the period length of (s,
P
sp—1,
iii) if a”lsg € B, \ F, then s, # 0 for any n > 0 and the period length of (s,
g \ 'p
18 P.
(2) Suppose that the polynomial f(x) has distinct roots in Fpe ie. f(z) = (v —

a)(z — B) for some a,3 € Fp and o(my) denotes the order of the polynomial
mye(x) =2* + (b*/a+2)x + 1 € F [z].

(i) If f(s0) =0, then ¥(s0) = s,
(11) if p is odd and o(my) is even then the period length of the sequence (s, ) with

so=0b/2iso(my) — 1 and s, =0 for some n >0,

(111) if both p and o(my) is odd then the period length of the sequence (s,) with
so = b/2is o(my) and s, # 0 for any n > 0,

() if f(so) # 0 and sy # b/2 whenever p # 2 and the order o(My) of the

b;(t;l)a) X + 1 di’l}ides O(mf>; th@n STL = 0 forr

some n > 0 and the period length of the sequence (s,) is o(mys) — 1,

polynomial My(z) = 2* — (2 +

(v) if f(s0) # 0 and so # b/2 whenever p # 2 and o(M;y) does not divide o(my),
then s, # 0 for any n > 0 and the period length of (s,) is o(my).

The inversive generator is known to behave well according to most of the quality
measures for randomness. These generators will be mentioned again in Chapter 2,
since they can be considered as a special case of the PPs, that we study in this thesis.
For a comprehensive survey on pseudorandom sequences and results about the related
randomness measures, see [36].

In this thesis, we present results on the cycle structure of another large class of
PPs and also give methods of constructing PPs over [F, with the largest possible cycle

length.



1.3. Enumeration of Permutation Polynomials

It was mentioned in Section 1.1 that the enumeration of PPs with certain features
is of interest. In particular finding the number of PPs of a fixed degree is a long
standing open problem. Das [13], Konyagin and Pappalardi [20, 21], Malvenuto and
Pappalardi [28] dealt with this problem and obtained the results which support the
common belief that the vast majority of PPs are of degree ¢ — 2. Das showed the

following result for the number of PPs of degree p — 2 over the prime field in [13].

Theorem 1.3.6 Let N,(p—2) be the number of PPs f(z) € Fylx] with f(0) = 0 having

()

Let N,q4 be the number of PPs over F, of degree < ¢ —d — 1. Trivially, N, (1) =

degree p — 2. Then

No(p—2) - (1—;) (p—1)

q(¢ — 1) and N,(d) = 0 for d|g — 1. In [20], Konyagin and Pappalardi showed the
following bound for N ;.

Theorem 1.3.7 The number Ny of PPs of degree < q — 2 satisfies

2e
[Ng1— (¢ =D < ?qq/z-

Using the bound in Theorem 1.3.7, it is also possible to derive a bound for N,(p—2),

< /%p@—z)/z
v

which is asymptotically better for a factor proportional to p'/? than the bound in [13].

M@—%—O—?@—W

However Das also gives an algorithm to calculate the number of PPs of degree p — 2.
As a continuation of their work, in [21] Konyagin and Pappalardi gave the following

result.

Theorem 1.3.8 Let N,(k1,...,ka) be the number of PPs over F, for which the coef-

ficient of 2% is zero for all 1 <i < d where 0 < ky < ... <kqg<q—2. Then

< (1 + fé) (g — ki — 1)) /2.




Note that N, q = N,(¢ —d —1,...,¢ — 2) and the result above can be used to obtain
a bound for N 4.
In [29], Malvenuto and Pappalardi gave upper and lower bounds on the number

Ny k) of PPs over I, of degree ¢ — k with a k-cycle where 3 < k < 6.

Theorem 1.3.9 Let ¢ be the Euler ¢-function. If ¢ =1 mod k then

k
Nofw = %q(q - 1).

If the characteristic p of F, satisfies p > ek=3)/e then

(k —1)!

N,
k

ok <

q(q—1).

The authors also gave the complete formula for N, ) for the cases k = 4,5 and partial
formulas for k = 6.
In the next chapter of this thesis, we introduce a class of PPs, determine their cycle

structure and present enumeration results for those with full cycle.

1.4. Generators for the Group of Permutation Polynomials of [,

L. Carlitz observed in 1953 that any transposition (0 a) for a € F; can be repre-

sented by the polynomial
pa(z) = —a*(((z — @) +a)"* —a)*?, (1.6)

and hence S, is generated by the linear polynomials ax + b for a,b € Fy, a # 0 and
2972 see [6]. The result of Carlitz is the starting point for the work presented in this
thesis.

The following results also stem from the work of Carlitz:

Theorem 1.4.10 Let ¢ > 2, ¢ be a fized primitive element of F, and A, denote the

alternating group on q letters.

(i) S, can be generated by cx,x + 1 and x772,



(i1) Aq can be generated by its subgroups {a*x 4 bla € F},b € Fy} and
{272 +a)"a € Ty},

(iii) A, can be generated by *z,x + 1 and (972 +1)72,

For proofs of the results above see Theorem 7.19, Theorem 7.21 in [26].
In [35], Stafford showed under which conditions on k, the group generated by the
linear polynomials ax+b, a € F;, b € F, and the monomial 2* where ged(k,qg—1) =1

is S,.

Theorem 1.4.11 Let 1 < k < q — 2 be an integer with gcd(k,q — 1) = 1. Define

Gr=<ar+b,z*lac Fy,b € Fy > which is a subgroup of Sg.
(i) Ifpis odd and k is not a power of p, then G, = S,.

(i1) If p =2 and k is not a power of 2, then Gy, D A,. Moreover, Gy, = S, if and only

if % is an odd permutation.

This result specializes to the result of Carlitz when k = ¢ — 2.
Motivated by the result of Carlitz, a particular representation of PPs will be intro-

duced in the next section.

1.5. Polynomials P,(x)

By Carlitz’s observation mentioned in Section 1.4, it is seen that any PP can be
written as a composition of the polynomials of the form p,(x) with a € F; given by

(1.6). Based on this result we define a class of PPs over F, in a recursive way as
Po(z) = (Pp1(2) % + @y, forn > 1 (1.7)

by setting Py(x) = apx +ay € F,[z] with ag # 0. Note that it is also possible to express

P,.(z) as follows:

Po() =(...((apx +a))"? +a2)” ... +a,)" >+ any1, n > 1, (1.8)

10



where a; # 0, for i = 0,2,...,n. Due to the result of Carlitz, any PP over F, can
be expressed as a P,(x) for some n > 0. We write P,(z) = P,(z) if a,y1 # 0 and
Pn(x) = P,(z) if a,+1 = 0, since it is more convenient to treat the cases a,; = 0 and

an+1 7 0 separately. For the polynomial
Puz)=(..((apx +a)"? 4+ a)"?... 4+ a,)"? + aps1,

we consider
(..((apx +a) ™ +ax)™' . 4 an)  H ang,
i.e.
ani1 +1/(an +1/(...+ a2+ 1/(agz + a1) .. .)),
for which we can put

= Q1T+ Baga

R, () PP (1.9)

where

o = apag—1 +ap_o  and By = apBr-1 + Br—2, (1.10)

for k > 2 and ag = 0, a7 = ag, By = 1, f1 = a;. We remark here that a; and [, cannot

both be zero.

For the polynomial P,(z), the fractional expansion and the related nth convergent
_ Qn— T+Fn— . . .

Ry (z) = =25 3*= are obtained similarly.

We define the string O,, of poles as

O, ={x;:2;= _7@,2' =1,...,n} C P/(F,) =F, U {c0c}. (1.11)

(2

We note that any three consecutive elements of O,, are distinct. In fact, if z;, = x4

for some 1 < k < n then =2 = =941 Therefore
(23 Q41

0 = arp1Br — it
= (_1)k(04150 - ﬁlao)
= (—1)k0,0

and this contradicts to the assumption that ag # 0.

If 2p_1 = T4 for some 1 < k < n then 2=t = Pkt — _ Ghn10ktohkor  Phepefore
k-1 k41 k418 +Bk-1

10k Br—1 + 01 8k—1 = Q10810 + 0g—18k-1

11



and
a1 (0 Be—1 — Brog—1) = 0.

Since agy1 # 0, apfr_1 — Brax_1 = 0 gives a contradiction by using the previous
paragraph.

For x € F,\O,, , R,(z) = P,(z) and R,(z) = B,(z) .

Related to the nth convergent R, (), the function F,(z) is defined by

R, () for x # x,
Qpt1/0, whenz =z, € F,.

After defining the function F,(z) in a similar way, we put F,,(z) = F,(z) if a1 # 0,
and F,(z) = F,(x) if ap+1 = 0. Since R, (x) never takes the value o, 11 /v, F,, becomes
a permutation of [F;,. The next lemma describes the relation between the values of P,

and F,, when the poles are distinct and are elements of [F,.

Lemma 1.5.12 If the poles x1, 22, ..., x, are distinct and in F,, then

Folzimy) for 2<i<n
Folzy) for =1

Pr(z:) =

for all n > 2. Therefore the permutation P, = P,(x) can be expressed as a product of

the n-cycle (Fo(xn-1) -+ Fu(x1) Fulzy)) with the permutation F,(x), i.e.
Pu(@) = (Fa(@n-1) - Falz1) Falzn)) Fu(z), (1.12)

(multiplying in right-to-left order).
Proof: The lemma can easily be proved by induction. Note that

ao(a2a3 + 1)33 + a1aq9a3 + a1 + as
o + ajas + 1 ’

JTQ(ZL') =

Substituting x = x1, we have

FQ(%) = a3 and by definition, ]—"2(352) — %_
Qg
Recall that Py(z) = (aoz + a1)"* + a» and Fi(z) = aoazi:iﬁw—l. Po(x) satisfies
(&%) -2 «
Pa(w1) = (Pr(w1))"™* + as = (Fi(21)"* + as = (a_) a3 = = = Fal)
1 2
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and

Pa(2) = (Pr(a2))" % + as = (Fi(x2))" > + as.

We have Fj(x2) = 0 and hence the desired equality is obtained.

For the rest of the proof the values of P, will be considered, the case of P, can be dealt

with similarly. Suppose we have P, _1(z;) = F,_1(x;_1) for 2 < i < n — 1. Then we

obtain

Pn(l’z) = (Pn_1($z) + an)q72 = (Fn—l(xi—l) + (Zn)q72
B ( nTi—1 + Bn )q—2 _ Fn(xi_l)

O 1%i—1 + Bn-1

for 2 <i <n—1. We have P,_y(z,) = F,_1(x,) since all the poles in O,, are distinct,

the pole z,, is not in O,,_;. For z = x,,, we obtain

Po(z,) = (Po1(1y) +an)T 2 = (Fy_1(2,) +0,) 2 =0

o Qp_1Tn-1 + ﬂn—l
ApnLp—1 + 6n

Finally, with the assumption that P, 1(z1) = F,,_1(z,_1),

= F,(zp_1).

q—2
Op—2 > Q1

Qn—1

Po(a1) = (Poca(1) + an)q72 = (Foa(zna) + an)qiz - (

The equation (1.12) is immediate now, since P, and F;, differ only at the poles.

a

We will use Lemma 1.5.12 and results on the cycle decomposition of F,, to obtain

the cycle decomposition of P,,. The cycle decomposition of F,, can be obtained from

the result of Chou on the inversive generator given in Theorem 1.2.5. Recall that

the inversive generator (s,) was defined in a recursive way by the polynomial ()

az?? + b with an initial element s, € F,. Note that, ¢ (z) is Pyi(z) with a; = 0.

Representation of PPs by polynomials of the form P,(z) in (1.8) enables us to

introduce a new approach to the enumeration of PPs. In Chapter 2, we present some

enumeration results for the number of PPs of F, of the form P;(x) with a given cycle

decomposition and also for the permutations Py(x) and Ps(x) with full cycle.
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CHAPTER 2

CYCLE DECOMPOSITIONS OF P,(z) AND Py(z)

In this chapter, we give all the results about the cycle structure and the enumeration
of the permutations Py(x) and Ps(x) with full cycle.
Recall that P, (x) was introduced in (1.8) as

Po(x) = (... ((apr +a1)" >+ a2) . ..+ a,)" > +api1, n > 1

where a; # 0 for all ¢ = 0,2,3,--- ,n and Lemma 1.5.12 showed the close relation
between the values of P, (z) and F,(z).

In the following section, we first define permutations of [F, based on nonconstant ra-
tional transformations, then present the results about the cycle structure of these

permutations, which will be frequently used throughout this thesis.

2.1. Permutations defined by Rational Transformations and Their Cycle

Structure

Let

ar +b

R(x) = p— e F,(x), c#0, (2.1)

be a nonconstant rational transformation. As before we define the permutation of I,

related to (2.1) as

R(x if ¢ # =4,
F(z) = (@) . 7_&11 (2.2)
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In this section, the cycle structure of this particular permutation will be considered.

Let
a b

¢ d

A:

denote the matrix in GL(2, ¢) associated with R(x) in (2.1) (and at the same time with
F(z) in (2.2)). The cycle decomposition of the permutation F' is closely related to the
properties of the characteristic polynomial f(z) = 2? — tr(A)z + det(A) of the matrix
A.

We define two sequences (A,,) and (B,,) over I, recursively by using the matrix A,

An—l—l — A An
Bn+1 Bn

y AO = S0, BO = 1, (23)

for s € F,. Putting s, = F"(s¢), n > 0, we observe that s,, = A, /B, if B, # 0 for
0<m<mn,and s, = Apy1/Bps1 if B, #0 for 0 < m <n—1and B, = 0. From

(2.3), it is easily seen that the sequences (A4,) and (B,,) satisfy
An1 = aA, +bB, and B,i1 =cA,+dB, (2.4)

for all n > 1. Since ¢ # 0, from the second equation in (2.4), we obtain

Bn+1 - dBn
C

A, = (2.5)

and
A, —d N B,

B, c cB,

Inserting (2.5) into the first equation of (2.4), a second order recurrence relation is

obtained for B,

B2 =tr(A)B,+1 — det(A)B,
for n > 0 with By = 1, B; = c¢sp + d. Note that the characteristic polynomial of
the recurrence relation (B,) satisfies, is the same as the characteristic polynomial
f(z) = 2® — tr(A)z + det(A) of the matrix A. Suppose that f(z) has roots a, 3 € Fpe.
Solving the recurrence relation for (B,,) yields

an—i—l _ ﬁn+1 + (CSQ _ CL)(Oén _ ﬁn)

B, = 2.
n o — ﬂ ( 6)
and hence
An _ _C_l + an—l—? - ﬁn+2 + (CSO - a)<an+1 - ﬁn—&—l) (27)
B, ~ ¢t e = B+ (s — a)am — 5]
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when B, # 0 and a # 8
B,=((n+1Da+ (csop—a))a™! (2.8)

which yields
A, d N (n+2)a? + (csp — a)(n + 1)« (2.9)
B, c c[(n+1)a+ (cso — a)n]

when o« = § and B,, # 0.

The equations (2.7) and (2.9) above can also be expressed in the form

Ay _ (o™ = 3" )so = (a” = §")(dsy = b)
B_n - antl — ﬁnJrl + (an _ ﬁn)<080 o (1) ) (210)

A, (n+1)asy —n(dsy —b)
B,  (n+Da+n(csy—a)’ (2.11)

which are sometimes more convenient to use in the following sections.

The result on the cycle decomposition of the permutation (2.2) is presented in
the next theorem. In the following, ord(z) denotes the order of an element z in the
multiplicative group of Fp. Concerning the cycle decomposition of permutations 7
of F,, we use the following notation. Consider a permutation 7 of IF,, which can be

expressed as a product of disjoint cycles (or which is of the type),

D2 @)
n2

U L) (2.12)

(
ST, .

ni

T = 7'1(1) 7'2(1) .

where each TJ@, 1 <j <mny is acycle of length [; with [y > I, > ... > [, > 1 and
nyly +naly+ ... +n4ls = g. The cycle decomposition of a permutation of the type (2.12)
will be denoted by

T(T) = [77/1 X l1,7l2 X 12,...,77,3 X ls]

which means that in the cycle decomposition of 7 there are n; cycles of length ¢, ns
cycles of length ¢y and finally n, cycles of length /.

Theorem 2.1.1 below, which we express in a slightly generalized form, is essentially
given in Theorem 1.2.5. The proof is presented here because it is a bit simpler than

that in [8].

Theorem 2.1.1 Let F' be the permutation defined by (2.2), and let f(x) be the char-

acteristic polynomial of the matriz A associated with I'. Let o, 3 € Fy2 be the roots of

f(x).
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(i) Suppose f(x) is irreducible. If k = ord(§) = el 1<t < then

T(F)=[t—1)xk,1x(k—1)].
In particular F is a full cycle if t = 1.

(11) Suppose o, 3 € F, and o # 3. If k = ord(%) =1 t>1, then

t

T(F)=[(t—1)xk1x (k—1),2x 1].

(ii) Suppose f(x) = (x —a)?, a € F; =F,\ {0}, then

T(F)=[(p" =1 xp1x(p—1),1x1].

Proof: We put s, = F"(so) for so € F,. A fixed point sy € F, of F(x), yields a
cycle of length one. The equation so = F(sg) = (aso + b)/(csg + d), or equivalently
cst + (d — a)sp — b = 0 has two distinct solutions in F, if the discriminant D =
a? — 2ad + d* + 4bc is a nonzero square in F,. If D = 0 there is only one solution
and no solution if D is a nonsquare in [F;,. The term D is also the discriminant of the
characteristic polynomial f(x) = 2% — tr(A)z + det(A) of the matrix A hence there are
two cycles of length one if f(x) has two distinct roots in Fy, a cycle of length one if
f(z) has a double root, and none if f(x) is irreducible.

For o # 3 and sy = a/c, we have B,, =

a"+1_ﬂ”+1

o5 — and equation (2.7) implies

An d Oén+2 _ ﬂn+2
= - 2.1
Bn c + C(an-i-l _ ﬁn—i—l) ( 3)

If ord(a/3) = k, then n = k — 1 is the smallest integer such that B,, = 0. Using (2.13),
we have sy_o = —d/c and hence s,_1 = F(—d/c) = a/c = so. Therefore the cycle
containing sy = a/c is of length k — 1.

If so is not in the cycle containing a/c and hence —d/c, then from (2.10) it is easily
seen that B, # 0 and s, = A,/B, for all n > 0. In order to determine the length of

such a cycle, we put A, /B,, = s in (2.7) and, obtain the condition
(aso 4+ b)(a™ — ") = so(csg + d) (™ — G").

Therefore we have n = 0 mod k and thus the cycle has length k, or asg+b = sg(csg+d)
and s¢ is a fixed point of F(z). This completes the proof of (i) and (i1).
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In case o =  and sy = a/c, (2.9) yields

A, d n—+ 2
__4, nte 2.14
Bn ¢ cmnsD” (2.14)

From (2.14), it is easy to see that the smallest integer satisfying s, = —d/cisn =p—2
and with a similar argument used for the previous case one can also see that the cycle
containing sy = a/c is of length p — 1. The only fixed point of F is so = (a — d)/(2c¢).
This completes the proof for the case of a prime field. For ¢ = p", » > 1, suppose that
Sp is not in the cycle of a/c and it is not the fixed point (a — d)/(2¢). Then we have
sp = A,/ B, for all n > 0, and by setting A, /B, = s in (2.9) we get

(aso + b)n = so(cso + d)n = nlesy + (d —a)sg — b) =0
and since sq is not the fixed point of F(x), we obtain n = 0 mod p. O

Remark 2.1.1 The rational function R(z) with a = ay,b = ay',c = 1,d = 0, gives
rise to the permutation F(xz) which coincides with Pi(z) = Pi(z) = apz?? + as.
In [8] Chou focuses on this particular permutation which was introduced in Section 1.2.
Theorem 2.1.1 gives the cycle structure of the polynomials P(z) = (apx + a1)?2 + ay

and Py(x) = (apx + a1)?2 for arbitrary values of ag, ay, as.

The following lemma is an enumeration result on the permutations F' of the type (2.2).

For the rest of the thesis ¢ denotes the Euler ¢-function.

Lemma 2.1.2 Let k > 1 be a divisor of either ¢+ 1 or ¢ — 1. The number of monic
quadratic polynomials f(x) = 2* — Tax + D € Fy[x] with two distinct roots a, 3 € Fe
and ord(a/B) = k is given by @(q —1).

Proof:

We have to distinguish two cases. If f(z) is reducible, then first we choose an
element 0 € IF; of order k|g — 1. There are ¢(k) such elements. Then we choose an
arbitrary element 3 € F; and set a = §3. The polynomial f(r) = (z — a)(z — ) € F,
will then have the required properties and the number of these polynomials is @(q— 1).

The number of irreducible polynomials g(z) = 2* + Cz + 1 € F,[z] of order k
is known to be ¢(k)/2, see [26, Theorem 3.5]. Suppose g(d) = 0. The polynomials
f(x)=2*—Tzx+ D = (z — a)(x — 3) € F,[z] with (T?/D) — 2 = C are exactly the
polynomials that satisfy «/5 = d (see [7, Theorem 3]). Since C' # —2, the parameter

T can be chosen in ¢ — 1 different ways and then D is uniquely determined. O
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Theorem 2.1.3 Let F' and k be as in Theorem 2.1.1. Suppose ¢ > 5. The number of
distinct permutations F' with the given cycle decomposition is equal to gb(k)%q in the

cases (i) and (ii) of Theorem 2.1.1, and is equal to (¢ — 1)q in the case (iii).

Proof:

Without loss of generality we can assume that ¢ = 1. Note that the matrix A,
with fixed characteristic polynomial f(z) = 2% — (a + d)x + (ad — b), is then uniquely
determined by the element a € F,. The number of permutations with the given cycle
decomposition is the product of the number of polynomials f(z) with the number of
choices for a € F,. If f(x) has distinct roots, then by Lemma 2.1.2, there are ¢(k)%*
choices for the polynomial f(x) where k|g + 1 or k|¢g — 1 according to whether f(z) is
irreducible or reducible. Once the characteristic polynomial f(x) is fixed, there are ¢
possible choices for a.

The formula for the case (4ii) immediately follows from the fact that there are ¢ — 1
polynomials of the form f(z) = (z — a)? a € 7 and ¢ choices for a € F,. a

Theorem 2.1.1 plays an important role in our study of the cycle structure of P,

n > 2. For n > 1, the rational transformation R,(x) in (1.9) is of the form R(x) in

(2.1) and hence one can associate to it the characteristic polynomial

f(x) = f(n,2) = 2® = (any1 + Bn) T + Qi1 Bn — Busram, (2.15)

with ag, Bk, k > 1, as in (1.10). Then the cycle decomposition of F,(x) follows by
Theorem 2.1.1 and one can determine the cycle structure of P, by the use of Lemma
1.5.12 together with the positioning of the poles 1, ..., x, in the cycles of F,. The

same method also works for P,(x) with

f(l’) - f(n,x) - ZE‘Z - (an—l + 611)55 + an—lﬁn - Oénﬁn_l- (216)

2.2. Cycle Structure of Py(z)

In this section the cycle structure of the permutation
Pa(x) = ((apr + Ol1)q_2 + ag)q_2 + as, apas # 0
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will be studied. Using the notation of (1.11), we have the poles 21 = —o, Ty = —%

such that x1, x5 # oo and the corresponding rational function becomes

ao(a2a3 + 1)ZE -+ al(agag + 1) + as
apar + ajas + 1 ’

Ra(z) = (2.17)

By (1.12), we have

with Fy(z) = Ra(z) if © # 29 and Fao(zs) = (azaz+1)/as. The associated characteristic

polynomial becomes

f(z) = 2* — (ap(agas + 1) + aras + 1)x + ay. (2.19)

In the following, C(, ) is used to refer to the cycle of the permutation 7 € S, which
contains x € F, and ¢(7, z) denotes the length of C(7, z). We make the convention that

when we write y = 7"(x), the exponent n is chosen to be minimal.

Lemma 2.2.4 Let F' be a permutation of F,, u,v € F, and P = (u v)F where multi-

plication is performed from right to left.
(a) If u= F"(v) and ((F,v) =1, then u ¢ C(P,v), {(P,v) =n and {(P,u) =1 — n.
(b) If u ¢ C(F,v), {(F,u) =k and ((F,v) =, then u € C(P,v) and {(P,v) =k + .
Proof:

(a) Let to = v and t; = P’(ty). Then t, = v, t; # v for 0 < j < n and {(P,v) = n.
Hence t; # u for all j > 0, i.e. u ¢ C(P,v). Let so = u and s; = P7(sp). Then

Si—p = w and s; # u, 0 < j < —n. Consequently, {(P,u) =1 — n.

b) Let to = v and t; = P’(ty), then we have t; = u, ty4; = v and t; v for
j + j
0<j<k+I.

|

First we consider the case where the polynomial in (2.19) has two distinct roots

a, (.

Lemma 2.2.5 Suppose f in (2.19) has two distinct roots o, 8 € F 2 satisfying ord(g) =
k. Let vo= (B —1)/(a— 1) € PY(F,2).
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(a) 11 € C(F,xs) if and only if v§ = 1.

(b) When (2.19) is reducible, the pole x1 is a fized point of Fo if and only if az =

—al/ao.

Proof:

(a) From the proof of Theorem 2.1.1, we see that the cycle which contains %3;“ is

of length k£ — 1, and (2.10) implies that s, = F3'(s¢) with so = %ﬁ“ satisfies

1 n __ Aan
Sn:a2a3+ — il , 0<n<k—2,
as as(antl — Bty

where si_o = x9. Since Fa(x1) = ag, x1 € C(F2, ) if and only if

1 n __ Aan
a5 = Fyle)) = s, = 202 F L 20 (2.20)

as a2(an+1 _ ﬁn—l—l)

for some 0 < n < k — 2. Equation (2.20) is equivalent to o”(a — 1) = 8"(8 — 1)

and a # 1, which is equivalent to (§)" = 0. Consequently, z1 € C(F2,z2) if
and only if 7 € (§), or & = 1. We remark here that v, = ($)" holds for some

n <k —2, and not for n =k — 1, since (§)*' = 5

(b) The second assertion follows immediately by equating x1 = = and F3(z1) = as.

|

The length /¢; of a cycle Tj(i) in (2.12) depends on the values of some parameters in

some cases below and hence the ordering of the ¢;’s varies. The notation 7 (7) is used

when the ordering ¢; > ... > ¢, does not necessarily hold.

Theorem 2.2.6 Suppose that the polynomial f in (2.19) has two distinct roots o, 3 €
Fg satisfying ord(§) = k. Let k = L1 <t < (q+1)/2, when f(x) is irreducible
and k=94, 1 <t <(q¢—1)/2, fora,3 €F,. Put vo= (8—1)/(a —1) € P(Fp).

1. If v¥ # 1 and f(x) is irreducible, then T (Py) = [1 x (2k — 1), (t — 2) x k]. In
particular Py is a full cycle if k = (¢ +1)/2.

2. If v # 1 and f(x) is reducible, then

(a) T(Py) =1 x (2k—1),(t —2) x k,2 x 1], when a3 # —ay /ay,

(b) T(Py) =t x k,1 x 1], when a3 = —ay /ag.
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3. Ifyk =1 and f(x) is irreducible, then T(Py) = [(t—1) x k, 1 xn,1 x (k—n—1)]

for some integer 1 < n < k — 2.

4. If vk =1 and f(z) is reducible, then T (Py) = [(t—1)xk, 1xn, 1 x (k—n—1),2x1]

for some integer 1 < n < k — 2.

Proof: Equation (2.18) implies that the cycle decomposition of Py(z) is the same
as the cycle decomposition of Fy(x) given in Theorem 2.1.1, except for the cycles
containing i, rs.

Recall that z, is in the unique cycle of Fy of length & — 1. Therefore, the cycle
decomposition of Py(x) is obtained by Lemma 2.2.4 if we know the location of z; in
the cycle decomposition of F(x). The condition for x; to be in the cycle of length
k — 1 is given by Lemma 2.2.5(a) when f(z) is reducible, F, has two fixed points and
Lemma 2.2.5(b) gives the condition for z; to be one. The claim for all possible cases

then follows immediately. |

Remark 2.2.2 The exact cycle decomposition of Pa(x), in the cases (3) and (4) of
Theorem 2.2.6 is determined by the smallest integer n for which (a/B)" = g is satisfied.

Hence one encounters the problem of evaluating a discrete logarithm.

Theorem 2.2.7 Suppose that the polynomial f(z) in (2.19) has a double root o # 0.

1. Ifa=1, then ag = 1, a3 = —ay/ag and T(Py) = [p"~* x p]. In particular, if

r =1, then Py is a full cycle of length ¢ = p.

2. Ifa e Fy\ {1}, then T(P2) = [(p" ' — 1) xp,1 xn,1 x p—n—1,1x 1], where
n=a/(l—a).

3. Ifr>1and a € F,\Fy, then T(Py) =[1x 2p—1),(p" ' —2) x p,1 x 1].

Proof: (1)If f(x) = (z—1)2, from (2.19), it is easily seen that ag = 1 and a3 = —a, /ao.
Thus z; is a fixed point of F, by Lemma 2.2.5(b). The assertion follows by Theorem
2.1.1 and Lemma 2.2.4.

(2) If x; € C(Fy,x9) then by Theorem 2.1.1 and Lemma 2.2.4, the claimed cycle
decomposition is obtained. Hence Fy(z1) = a3 and Fa(xs) = (asaz + 1)/aq are in the

same cycle. Thus sy = Fa(xe) would yield Fo(zq) = s, for some n > 1. Therefore
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(2.14) gives the condition

ao0s3 + 1 n .
az = — or equivalently a =
as as(n + 1)«

n+1

for some 0 <n < p—2. Hence x;, 2, are in the same cycle if and only if a € F,, \ {1}.
Therefore the cycle decomposition above follows with n = a/(1 — «).

(8) By using Theorem 2.1.1 and its proof, it is easy to see that in the cycle decom-
position of F», the possible cycle lengths are p,p — 1,1, and ¢(F,, 1) = p if and only
if 1 ¢ C(F2,x2) and 24 is not a fixed point. From the proofs of (1), (2), one can see
that this is equivalent to o € F, \ F,. In this case, Lemma 2.2.4(b) implies that the
cycle of length p — 1 (containing x3) and the cycle of length p, which contains x;, join

up to form a cycle of length 2p — 1. O

2.3. Enumeration of PPs of the Form P,(x) with Full Cycle

The connection between the permutations P, and F, brings up the question of
whether or not a one-to-one correspondence can be formed between the set of permu-
tations P,, and specific subsets of the set Sg of all formal expressions Sg = {R(z) =
(ax +b)/(cx +d) : (a,b,c,d) € Fy}.

As expected, there is a one-to-one correspondence only if n is small, namely for
P1, Py, and Ps. In the case of Pi(x) = (apz + a1)?? = Fi(x) , one needs to consider
the subset Sg) = {1/(apx + a1) : ap # 0,a; € F,}. The identification a = 1/as,b =
a1 /(apas),d = (ajaz+1)/(apaz) describes a one-to-one correspondence between the set
of permutations of the form P, and the set of rational transformations (ax 4 b)/(x + d)
with @ # 0. The permutation P, is then given by Py(z) = ((agz + a1)72 + a)?™% =

(a O)%, where a, b, d are defined as above.

Proposition 2.3.8 Let ¢ > 5. There is a one-to-one correspondence between the set
of permutations of the form Py and the set of the formal expressions (ax + b)/(cx + d)
with ¢ # 0, ad — bec # 0 and a — ad + be # 0.
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Proof:

ar+b

orq» We obtain

Equating (2.17) with the formal expression
a = ap(agag +1),b = ay(asaz + 1) + az, c = apaz, d = ajas + 1.

Then it follows immediately that ¢ = agas # 0, a — (ad — be) = apazasz # 0, and
ad — bc = ay # 0. For given a,b,c,d satisfying the above conditions, one gets the

unique solution of the above system of equations as

1—d)D - D
Q,CLQZ—E andagza ,
c D c

ag = —D,a1 =

with D = ad — be. Consider the set A = {(a,b,c,d) € ]Ffll | ¢ # 0,ad — bc # 0,a —
(ad — be) # 0}. The cardinality of A and the set of all possible expressions for P, is
a(q—1)°

Now that a one-to-one correspondence is established between the set S](;) ={R(z) =
(ax +b)/(cx +d) : (a,b,¢c,d) € A}, and the set Sp, = {(((apz + a1)72 + a2)7? + a3 :
apasas # 0}, it remains to show that two elements Py (z) = ((agz +a1)?" 2+ az)?" 2 + as
and Py(z) = ((ajz+a})?2+ah)4%+a} of Sp, induce the same permutation if and only
if a; = a} for i = 0,1,2,3. Clearly, if P, and P} correspond to rational transformations
Ry # R, and q > 5, then the permutations are different. Now suppose that P, P,
are mapped to the same rational function (but distinct elements of 81(?32))7 ie. Ry =
(ax +b)/(cx +d) and R, = (eax + €b)/(ecx + ed), € # 1, by the injection above. Then

1—-d ,./

_ / ! 1—ed
- T = —a)/ay =

€c

the corresponding poles are given by 21 = —ay/ay = and

Ty = 25 = —b/a. Hence by (2.18), P, and Pj induce different permutations.

The following corollary is an easy consequence of Theorem 2.1.1

Corollary 2.3.9 The permutation Ps is a full cycle if and only if

(1) (i) the polynomial f(z) in (2.19) is irreducible,
(ii) the roots a, 3 € Fpo of f(x) satisfy ord(a/5) = (¢ +1)/2,
(iii) vo = (B — 1)/(o — 1) satisfies v £ 1, or

(2) F, is a prime field and f(x) = (x — 1)* (then ap = 1, a3 = —a1).
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Proof: In case of (1), Theorem 2.1.1 implies that F, is composed of two cycles Cq,Cs
of lengths (¢ + 1)/2 and (¢ — 1)/2, respectively. The pole x5 lies in the cycle Cy. The
parameter 7, introduced in Lemma 2.2.5 is related to the distribution of the poles,
more precisely, 1 € Cy also if and only if 78q+1)/ > = 1. Hence by the condition (1-iii)
and Lemma 2.2.5(a) x; € Cy, w2 € Cy and (2.18) implies that C;,Cs join together to
yield a full cycle.

For the case (2), Theorem 2.1.1 (74) implies that F5 is composed of a fixed point
and a cycle of length p — 1 which contains z5. Since ay = 1, a3 = —ay, we have z; as
the fixed point by Lemma 2.2.5(b) and (2.18) implies that the two cycles join up to
give Py, which is a cycle of length p. O

Lemma 2.3.10 Suppose f(x) = 2? — Tx + D € F,[x] is irreducible with roots a, 3 €
Fp, and let vo = (8 —1)/(a —1). Then

(i) ord(~o) divides q+ 1,

(i) v # 1 and o # B/a.

Proof: (i) With § = a? and the observation that

L (BT g1 (B-1Y
7ng_(a—l) _(oﬂ—1><a—1>_1’

assertion (1) follows.

(#9) Easily follows from the assumption « # (. O

Theorem 2.3.11 Letq > 5. The number of distinct permutations of the form Py(x) =
((apr 4+ a1)T2 + a2)? 2 + a3 € F,[z] with full cycle is

16(E1) (g + 1)glg — 1) when q = p" for a prime p with r > 1, and

1050 (0 + p(p = 1) + p(p — 1) when q = p is prime.

Proof: We first count those Py which satisfy condition (1) of Proposition 2.3.9.

We fix a polynomial g(z) = (z — §)(x — 6 !) with ord(§) = (¢ + 1)/2. Among the
q — 1 polynomials f;(z) = 2> — Tz + D; = (v — a;)(x — 3;), i = 1,...,q — 1 with

a;/B; = 0 (see the proof of Lemma 2.1.2), we need to count the ones, which satisfy

ord(2=){ (¢ +1)/2.
Bi—1
a;—1

a;fi — o — B = ;5 — a; — ;. Multiplying both sides by § = «;/8; = «;/0; yields

We put vy = and show that vy # o) for @ # 7. If Y36 = Y0(), then
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;0 + oj = o0 + «; which is equivalent to «;(d — 1) = a;(d — 1). Hence we have
a; = o and therefore 3, = 3;, i.e. i = j. Consequently, the sets I = {0a),1 =
l,....,q—1}and ' = {n € Fpe : "™t =1, # 1, # 6 '} are the same by Lemma
2.3.10. The cardinality of the set I'c = {n € I" : ord(n)|(¢ + 1)/2} is easily seen to be
(¢+1)/2 =2 and hence |I'\ T'y| = (¢ + 1)/2. Therefore, exactly (¢ + 1)/2 polynomials
in {fi(x),i =1,...,q — 1} satisfy ord(a;/3;) = ord(d) = (¢ + 1)/2 and 7((;(;;)&)/2 # 1.
Given such a polynomial f;(z) = 2? — Tyx + D;, the coefficient ag in (2.19) is uniquely
determined by a9 = D;, we have ¢ choices for a; € F, and ¢ — 1 choices for ay € Fy.
The coefficient ag is then uniquely determined by T = ag(asas + 1) + ajag + 1. Since

q+1
w distinct choices for the polynomial g(z), we obtain %%q(q —1)

we have
for the total number of permutations Po(z) with full cycle in case ¢ = p”,r > 1. (Note
that here we use the one-to-one correspondence between the parameters (ag, ai, as, as)
describing Py and permutations induced by them).

For the case that F, = F, is a prime field we additionally obtain permutations P

with a full cycle if f(x) = (z — 1)%. As can be seen easily we then have
Pa(z) = (x4 a1)’* + )’ — ay

for some arbitrary a; € F, and ay € F. O

2.4. Cycle Structure of P;(z)

In this section we determine the cycle structure of the permutations of the form Ps(z).

Recall that Ps(x) is defined as
Ps(x) = (((aor + a1)" > + a2)?> + a3)*? + a4 € F,[z]

with a; # 0 for i = 0,2, 3.

We have the poles ) = —%, 0y = —u2H 4y — —‘%‘—atisz?’ by (1.11) and the

corresponding rational function R3(z) is given by

(apag(asas + 1) + apas)x + aras(asas + 1) + azas + ajas + 1
ag(asas + 1)z + ay(agaz + 1) + as '

Rs(x) = (2.21)
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First, we assume that asas +1 # 0 hence x5 € F,. Then the relation between the cycle

structure of P3(z) and F3(z) is given by Lemma 1.5.12 as
,Pg(iﬂ) = (fg(l’z)fg(l’l)f'g(l'g))‘/fg(.I') (222)

If asaz + 1 = 0 then the last pole becomes x3 = oo and this case will be investigated
at the end of this section.
The permutations Ps(x) and Ps(z) are both obtained as products of 3-cycles and
permutations defined by the rational transformations of the form (2.21) with a4 = 0
and a4 # 0, respectively. We study only the cycle structure of the PPs of F, of the
form

Py(x) = (((apr + a1)T 2 + a2)?? +a3)’™%,  apazas #0 (2.23)
in this section, since the cycle structure of P3(z) can be obtained by applying the same
method. The characteristic polynomial in (2.16) associated with

agQeT + ajas + 1
ap(asas + 1)x + ai(azaz + 1) + as

becomes

f(z) = 2? — (agag + ai(azas + 1) + ag)x — ag (2.25)

and Fj denotes the permutation corresponding to Rs.
The following lemmas are needed for the analysis of the cycle decomposition of
P5. The integers n, m which appear in Lemmas 2.4.12, 2.4.13 are again chosen to be

minimal.

Lemma 2.4.12 Let F' be a permutation of Fy, u,v,w € F, and P = (u v w)F.
Suppose that u = F"(w) and ((F,w) = 1.

1. If v=F™(w), then
(a) u,v,w lie in distinct cycles of P and {(P,u) = | —n, {(P,v) = n —m,
((P,w) =m if m < n,

(b) u,v,w are in the same cycle of P with length | if m > n.

2. Ifv ¢ C(F,w) and {(F,v) =k, thenv € C(P,w), u ¢ C(P,w) and {(P,w) = k+n,
U(Pu)=1—n.
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Proof: (1) Let u = F(y1),v = F(y2) and w = F(y3), then P(y;) = v, P(y2) =
w and P(y3) = u. If m < n, then P(z) has the following three types of cycles:
(w F(w) ... y2), (v =F™w) F(v) ... 1) and (u = F™(w) F(u) ... y3) of lengths
m, n —m and [ — n, respectively.

If m > n then the cycle of F(z) of length [ containing u, v, w becomes the cycle

(w F(w) ... nv F(v) ... ysu F(u) ... ya)

of P, again of length .

For the proof of (2), as in the proof of (1), we assume u = F(y;),v = F(y,) and
w = F(y3). Then P(y;) = v,P(y2) = w and P(y3) = u and P(x) has the cycles
(w F(w) ... 310 ... y2), (u=F"(w) ... y3). O

Remark 2.4.3 It is possible that both F' and P are full cycles. Suppose that F is a
full cycle. 1t follows by Lemma 2.4.12(1.b) that P = (u v w)F = (v w)(u w)F is also

a full cycle if and only if m > n where u = F™(w) and v = F™(w).

Lemma 2.4.13 Let u,v,w, F, P be as in Lemma 2.4.12. Suppose that u ¢ C(F,w),
UF,u) =k and ((F,w) = [.

1. If v ¢ C(F,u), v ¢ C(F,w) and {(F,v) = j, then u,v,w are in the same cycle of
P, of length k +1+ 5.

2. If v = F"(u), then u € C(P,w) with {(P,u) = {(P,w) =1l+n and v ¢ C(P,w)
with ¢(P,v) =k —n.

3. Ifv=F"(w), thenv € C(P,u) with {(P,u) = {(P,v) = k+1l—n and w ¢ C(P,u)
with ((P,w) = n.

Proof: The proof is very similar to the proof of Lemma 2.4.12 and hence omitted. O

Now we turn our attention to the permutation P;. By the lemmas given above,
it turns out that, for determining the cycle decomposition of Pj, the location of the
elements F3(x1), F3(x2), F5(x3), i.e. o1, 22, x3 in the cycles of Fj relative to each other
is of ultimate importance. In the following lemma we consider the problem of locating

the poles within the cycles of F3.
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Lemma 2.4.14 Suppose that the polynomial f(x) in (2.25) has two distinct roots

a, € F with ord(3) = k. Let v1 = (8 —as)/(a — a3),72 = (a8 + 1) /(aza + 1),73 =
(B—a1)/(a—ay) € P(F,). Then

(i) z1 € C(Fs,x3) if and only if v¥ =1,
(ii) xo € C(F3,x3) if and only if v5 =1,

(iii) the poles x1,xo, w3 lie in different cycles of Fy if and only if ¥¥ # 1, v8 # 1 and
Vs # 1.

Proof: Note that for sg = as/(azas + 1), we obtain by (2.10) that

1 an_ﬁn
y = ———— ——— ], 0<n<k-2 2.26
s agaz + 1 (a2+an+1_5n+1) SN ( )

Recall that x3 is in the cycle of length £ — 1 by the proof of Theorem 2.1.1.

(i) Obviously F3(z3) = —%2— is in the cycle of length £ — 1. Consequently by (2.26),

aza3+1

the pole z1 = —Z—(l) is contained in this cycle if and only if

1 n a — ("
rn=——~»\\a+—7—1,
! asasz + 1 2T gntl gl

for some 0 < n < k — 2. This is equivalent to

a™(ag + (a1asas + ar + aoaz)a) — B (ao + (arasas + a1 + apaz)) = 0
a"(—af+(a+ B —a)a) = f"(—af + (a+ B —a3)B) = 0
and
a"a — az) = B (B — a3) and a # a
for some 0 < n < k — 2. This implies (a/B)" = (8 — as)/(a — as) for 1 <n <k — 1

and so =% ¢ <9>, hence (8=%)k = 1.
3 g

a—a3

(ii) can be obtained similarly from the condition
T2 = anas + 1 (a2 - antl — ﬁn+1>

(iii) If ¥, 7% # 1 then neither x;, nor z, is in the cycle of length k — 1. Now we

for some 0 <n <k — 2.

note that F3(z2) = 0 and Fj(z1) = 1/a3. Consequently, x; € C(F3,z2) if and only if
1/a3 = F}(0) for some 0 <n <k — 1. With (2.10) we get
(a1a9 + 1)(a™ — B") 1

(antl — gty — goag(a™ — B7)  as
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for some 0 < n < k — 1, which is equivalent to

o, a—ap
B) _5—04 _1/73

for some 0 <n <k —1. O

(

Theorem 2.4.15 Suppose that f(x) in (2.25) is irreducible with roots o, 3 € Fp2. Let
k= ord(§) = TR <t < T and v = (6 — ag)/(a — a3), 72 = (azf + 1)/(aza +
1),y =8 —-a)/(a—a1).

(1) If v& =45 =1 then
(a) T(P3) =[(t—1)xk,1x (k—1)], in particular Ps is a full cycle if k = q+1,
or
(b) T(P3)=1[t—1)xk,I1xm,1x(k—n—1),1x(n—m)]

for some integers 1 <m <n < k—2.

(2) If 7w #1 and 5 =1 then T(P3) = [1 x (k+n),(t —2) x k,1 x (k—n —1)] for

some integer 1 <n < k — 2.

(3) If ¥¥, 45 7% # 1 then T(Ps) = [1 x (3k — 1), (t — 3) x k]. In particular Py is a
full cycle if 3 divides ¢+ 1 and k= (¢ +1)/3.

(4) If Y&, 7% # 1 and v =1 then T(Ps) = [1 x (k+n—1),(t —2) x k, 1 x (k —n)]

for some integer 1 < n <k —1.

(5) If vF =1 and v§ # 1 then T(P3) = [1 x (2k —n — 1), (t —2) x k,1 x n] for some
integer 1 < n < k — 2.

Proof: If we put u = F3(xs),v = F3(x1) and w = F3(x3), and recall that P3(z) =
(F3(xe) Fs(z1) F3(x3))F3(x), then the theorem follows from Lemmas 2.4.12; 2.4.13,
2.4.14, and Theorem 2.1.1 on the cycle decomposition of F3(z). O

Remark 2.4.4 The exact values for the parameters m and n are given by the relative
positions of the three poles when they are in the same cycle of F3. These relative
positions are essentially described by the integers n; for which we have v; = (/)™
1 =1,2,3. Their identification, as in the case of P, requires the evaluation of discrete

logarithms.
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If f(z) is reducible over F,, then Fj has fixed points, i.e. cycles of length one, which
have to be taken into consideration. Fj has two fixed points when the roots of f(z)

are distinct and has only one fixed point when f(z) has a double root.

Lemma 2.4.16 Suppose that f(x) in (2.25) is reducible over F,. Then

(i) the pole z1 is a fixed point of F3(x) if and only if a3 = —%

ar’

(ii) the pole x5 is a fized point of F3(z) if and only if ay = —=

ay’

Proof: The pole z; is a fixed point of F5(z) if and only if — = i = F3(z1). Hence
the condition in part (i) follows. Fj(z2) = 0 and hence x5 is a fixed point of F3(x) if

and only if —@2tl — O
agas

Remark 2.4.5 Suppose that f(zx) in (2.25) has distinct roots o, 5 € F, and vy, v, are
as in Lemma 2.4.14. Fori = 1,2, ¥ # 1 when x; is not a fized point. The pole x3,
which is always in the cycle of Fs of length k — 1, is not a fized point of F3 unless
k=2.

Theorem 2.4.17 Suppose that f(z) in (2.25) has two distinct roots o, 3 € F,. Let
k =ord(3) = %; 1<t< q;217 and 1 = (8 — az)/(a — az),v2 = (a2 + 1)/(az2a +
1,73 = (8 —a1)/(a —a1), 11,72, 73 € P'(F,).

(1)-(5) If a3 # —ap/ar and ay # —1/ay, then T (Ps3) is the same as in the cases (1)-(5)
of Theorem 2.4.15, except that, in each case P3 has two more cycles of length 1

(here of course, k = q;—l, not % as in Theorem 2.4.15).

(6) If a3 = —ag/ay and ay = —1/ay, then T(P3) = [1 x (k+1),(t — 1) x k]. In
particular Ps is a full cycle if k =q — 1.

(7) (a) If a3 = —ag/a; and v5 =1 or
(b) if ay = —1/ay and ¥ =1,
then T(Py) = [(t— 1) x k, 1 xn,1x (k—n),1x 1], with2 <n <k —1 in the
case of (a) and 1 <n < k — 2 in the case of (b).

(8) If as = —ag/ar, az # —1/ay, 75 # 1 or ag # —ag/ar, ay = —1/ay, % # 1 then
T(Ps)=1[1x2k (t—2) xk,1x1].
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Proof: The assertion follows as in the proof of Theorem 2.4.15, by using Lemmas
2.4.12,2.4.13, 2.4.14, 2.4.16, with u = F3(x3),v = F3(z1), w = F3(z3) and by Theorem
2.1.1. O

Now we focus on the case where the polynomial f(z) in (2.19) has a double root
o € F} = Fy.. We recall that in this case, T(F3) = [(p" " — 1) x p,1 x (p—1),1 x 1].

We will use the following lemma.

Lemma 2.4.18 Suppose that f(x) in (2.25) has a double root o € F}. Then
(i) 1 € C(F3,x3) if and only if a/as € F), \ {1},
(i1) xo € C(F3,x3) if and only if —asa € F), \ {1},

(111) x1 € C(F3,x2) if and only if a1/ € F), \ {1}.

Proof: For sy = as/(agas + 1), the equation (2.11) can be written as

A, 1 N n 1 n (2.27)
_—— Qa _— - — gy — . .
B, asaz+1\ ° " a(m+1) ao(azas +1) \ n+1

If we set s, = F(sg), then s, = g—z in (2.27) forn=0,1,...,p— 2.

(i) From (2.27) we obtain that x; is in the cycle of length p — 1, i.e. in the cycle

that contains x3, if and only if

Fy(a1) 1 a9 . n 1 n «Q
T)=— = . or = —
s a3z asaz+1  (n+1)a asaz+1 n+1 as

for some 0 < n <p— 2. This is equivalent to o/az € F, \ {1}.
(ii) The analogous condition for z is

Qs n 1 n

F: =0= .
3(w2) a2a3+1+(n+1)a asas + 1 o n+1

= —Ao(x.

(iii) Since F3(z2) = 0 and Fj(z1) = 1/as, one can obtain the condition for 1, s to be

in the same cycle, by setting sop = 0 in (2.11). This yields

1 1
— = (@raz + 1n or na; =a(n—1)
az  (n+1)a — apagn

for some 1 <n <p-—1. O

Remark 2.4.6 Ifr =1, F, is a prime field, then o = ag if and only if x1 is a fized point
of F3(x) and hence by Lemma 2.4.16, a3 = —ag/ay. Similarly o = —1/ay implies that
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T9 is a fized point and ay = —1/ay. Using a® = —ag and 2 = agas +ay(asaz + 1) + as,
it can be shown that these equivalences also hold if Fy is not a prime field. Consequently
((Fy,x1) = pif and only if a/as € F,\F, and ((F3,x2) = p if and only if —asae € F\F,,.
Moreover one easily obtains that o = ay implies that either x1 or xo is fixed point of

Fg(l’)
Theorem 2.4.19 Suppose that f(x) in (2.25) has a double root o € F;, =7,

(1) If a/as € F,\ {1} and —asa € F, \ {1} then
(a) T(Ps)=[(pr'—1)xp1x(p—1),1x1], or
0) T(P)=[(p'=1)xplxmlx(p—n—1),1x(n—m),1x1] for some

mtegers 1 <m <n <p—2.

(2) If « = —1/as and a/ag € F, \ {1}, or a = a3 and —asa € F, \ {1}, then
T(P3)=[(p ' —=1)xp,1xn,1x(p—n)] for some integer 1 < n < p—2 in the

first case and 2 < n < p—1 in the second case.

(3) If r > 2, aas € F, \ {1} and —asa € F,\ F,, then
T(Ps) =[1x(2p—n—1),(p" ' =2)xp, 1 xn,1x1] for some integer 1 <n < p—2.

(4) If r > 2, aJag € F,\ F, and —asa € F), \ {1} then
TP) =[1x(p+n),p—" -2 xp1x(p—n-—1),1x1] for some integer
1<n<p-2.

(5) If r > 2, and o = a3 and —asae € F \Fy, or afaz € F \F, and a = —1/asy, then
T(Ps) =[1x2p, (p" —2) xpl.

(6) If r > 2, —asae € F,\ F, and ay/a € F, \ {1} or a; =0, then
T(P) =[(pt—2)xplx(p+n—1),1x (p—n),1x 1] for some integer
1<n<p-1.

(7) If r > 2, aaz € F \F,, —aca € F/\F,, a1/ € F,\F, and ay # 0, then
T(Py) =[1x@Bp—1),(p"" =3) xp,1x1].

Proof: The theorem follows from Lemmas 2.4.12, 2.4.13, 2.4.16, 2.4.18, the remark

thereafter, and Theorem 2.1.1. O
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Finally we consider the case where asas + 1 =0 = ag, i.e. £3 = oo or equivalently

1
Ps(z) = (((apw + a1)?™ % + ag)?* — a—)q_Q. (2.28)
2
The function R3(z) reduces to the linear polynomial
R3(x) = —ag(apasx + ajas + 1), (2.29)

in this case thus Fs(x) = Rs(x) for all x € F,. From Equation (2.28) one sees that
Py(z1) = 0 and Ps(x2) = —as. Therefore

F(z) T F# T1, T
Py(z) = § F3(x) =0 T =1 (2.30)
F(z1) = —as T =Ty
and
Py(x) = (Fs(z1) F3(22))F3(2) = (—a2 0)F3(), (2.31)

hence the cycle decomposition of Ps(z) can easily be determined by Lemma 2.2.4. We
note that Fy(x) = ax + b is a full cycle when » = 1 i.e. F, is a prime field, a = 1
and b # 0. If a # 1 and k is the order of a in F,, then F3(z) has one fixed point
o =b/(1 —a) and T(F3) = [(¢ — 1)/k x k,1 x 1]. The following proposition gives
the conditions for P; to be a full cycle. The cycle decomposition of P3 in the cases
where it is not a full cycle can easily be obtained by an argument, similar to that used

previously.

Proposition 2.4.20 Let Py(z) = (((aoz + a1)?* + a2)?™? — =), agas # 0. The

permutation Py is a full cycle if and only if ord(—aga3) = q—1 and one of the following

holds: ay = apas or a; = —1/as.

Proof: Note that the fixed point p of Fj is equal to x; if and only if a; = agas and
o is equal to x5 if and only if a1 = —1/ay. Then the proof follows from Lemma (2.2.4)

and the previous paragraph. O

Remark 2.4.7 Since x3 = 0o yields Py = (—ay 0)F3, where Fy is a linear function,
by putting F3(x) =z (i.e ag = —1/a3 and a; = —1/ay in (2.28)) and —ay = a we get
Psy(z) = po(x), the transposition (1.6), described by Carlitz.
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2.5. Enumeration of Permutations of the form P;(z) with Full Cycle

In this section we count the number of P3(x) with full cycle. First we give a result
establishing a one-to-one correspondence between P3(x) and a certain subset of IF';1 (or

formal expressions of the form (ax 4 b)/(cx + d)).

Proposition 2.5.21 Let g > 5. There is a one-to-one correspondence between the set
of PPs of the form Ps and the set of the formal expressions (ax + b)/(cx + d) with
a# 0, ad—bc#0 and ¢+ ad — bc # 0.

Proof: We put
a = apag, b = ajas + 1,¢c = ag(azas + 1),d = a1 (azaz + 1) + ag

by considering (2.24). Then it immediately follows that a = agas # 0, ¢+ ad — bc =
apazaz # 0, and ad — bc = —ag # 0. For given a, b, ¢, d satisfying the above conditions,
one gets the unique solution of the above system of equations as

1-0)D D
(—>,a2:—g anda3:C+ ,

a D a
with D = ad — be. Note that the cardinality of the set A = {(a,b,¢,d) € Fy | a #

ap = —D,a; =

0,ad — bc # 0,c+ ad — be # 0} (and that of the set of possible expressions for Pj) is
(g —1)*.

Now that a one-to-one correspondence is established between the set Sz(??) = {R(x) =
(az+b)/(cx+d) : (a,b,c,d) € A}, and the set Sp, = {(((apz+0a1)T 2 +ay)9 2 +a3)?2 :
apasaz # 0}, it remains to show that two elements Ps(x) = (((apz + a1)?72 + a2)472 +
az)?? and Pj(z) = (((apz+a})i 2 +ah)??+a})? 2 of Sp, induce the same permutation
if and only if a; = a for i = 0,1,2,3. Clearly, if Py and Pj correspond to rational
transformations Ry # R} and g > 5, then the permutations are different. Now suppose
that P3, P; are mapped to the same rational function (but distinct elements of Sg’)),

i.e. Ry = (ax+b)/(cx+d) and R = (eax+eb)/(ecx+ed), € # 1, by the injection above.

Then the corresponding poles are given by =1 = —ay/ag = 17_1’,;5’1 = —a}/a, = 16_—(161’
and clearly zo = 2, = —b/a and x3 = x5 = —d/c (if ¢ = 0, then z3 = x4 is the pole at
infinity). Hence by (2.22), (2.31), P; and Pj induce different permutations.

O
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Remark 2.5.8 The set of permutations P with x3 # 00, i.e. asaz+1 # 0, corresponds
to the set Sg’/) = {R(z) = (ax + b)/(cx + d) : (a,b,c,d) € A,c # 0}, which is of
cardinality q(q — 1)*(q — 2).
We emphasize that if (ag, a1, as, as) # (ag, ay, ay, az), then the permutations induced by
Ps, P:; and also by Py, Py, are actually distinct. This is not true anymore for Pj.

For u,v € ¥, the transposition (uv), for instance, can be expressed as P3 for both
choices of ag = —1/(u — v)?, a; = —uag, ay = v —u, az3 = 1/(u —v), ay = v, and

/ / / / !/

The following remark collects all possible full cycle cases for Ps(x) which are given

in Theorems 2.4.15, 2.4.17 and Proposition 2.31.

Remark 2.5.9 The permutation P3 in (2.23) is a full cycle if and only if one of the
following conditions (1)-(4) is satisfied.
(1) (i) The polynomial f(z) in (2.25) is irreducible,

(ii) the roots o, B € F 2 of f(z) satisfy ord(o/B) = q+1 so that F is a full cycle,

and

(7i) the pole x; lies between the poles xs, x3 in the cycle Fy.

(2) (i) The polynomial f(x) in (2.25) is irreducible,

(ii) 3 divides g+ 1, and the roots o, 3 € F2 of f(z) satisfy ord(e/3) = (¢+1)/3,
i.e. Fy is composed of 2 cycles of length (¢+1)/3 and 1 cycle of length (¢ —2)/3,

(iii) the elements v1 = (8 — a3)/(a — a3),v2 = (axf 4+ 1)/(agax + 1),v3 = (8 —

ar)/(o — ay) € Fpe satisfy 7§q+1)/3’7§q+1)/377§q+1)/3 # 1, i.e. the poles x1, 3, x3

are in distinct cycles of F3.

(3) (i) The polynomial f(z) in (2.25) has two distinct roots o, € F,

(ii) ord(a/3) = q — 1, i.e. F3 is composed of one cycle of length ¢ — 2 and two
cycles of length 1,

(111) asas + 1 # 0, i.e. the pole x5 is in IF,,

(iv) ag = —ap/ay and ay = —1/ay, i.e. x1, x5 are the fized points of Fi.

(4) (i) azas +1 =0, i.e. F3(x) is linear,
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(11) ord(—aga3) = ¢ — 1, and

(iii) either a; = agas or ag = —1/ay, i.e. either xy or x4 is the fized point of Fj.

Before we give the results about the number of P; with full cycle, we present a
lemma on some simple properties of the parameters 7,72, v3 introduced in Theorem

2.4.15.

Lemma 2.5.22 Suppose f(x) = 2* — Tx + D € F,[z] is irreducible with roots a, 8 €
Fp2, and let v;, © = 1,2,3 be defined as in Section 2.4. Then

(1) ord(v;) divides ¢+ 1 fori=1,2,3,
(ii) % # 1 and 5 # B/a fori=1,2 and 5 # 1,
(i1i) v1 = 72 if and only if asas +1 =0, and vy = 73 if and only if ajas +1 = 0.
Proof: (i) With § = o and the observation that
a1 _ (ﬁ—as)"“ _ (ﬁq—ag) (ﬁ—as) _
71 - . - q _ 4 _ - ]-)
o — as al —ad ) \a—as

the assertion follows for v, and also similarly for 79, 3.

(ii) Follows from the assumptions as # 0, az # 0 and « # (.

(iii) Trivial. O

Theorem 2.5.23 Let g > 5. The number of distinct permutations of the form Ps(x) =
(((apr 4+ a1)T 2 + a2)?? 4 a3)? 2 € Fy[x] with full cycle is

9@ +1)(g—1)*q¢—2) +36(¢—1)(g—1), i 3 (¢+1) and
10a+1)(a—=1)%(g-2) +30(a—1)(g — 1) + 56 (%) (¢~ (g +1)% if 3] (a+1).

The proof consists of four parts, corresponding to each condition in Remark 2.5.9.
Proof: We start with case (1) of Remark 2.5.9 and fix a polynomial f(z) = 2? — Tz +
D e F,[z] with roots o, 8 € F 2 satistying ord(%) = g+1. Then any associated rational
function of the form R(z) = (ax + b)/(cx + d) satisfies a +d = T and ad — bec = D.

We recall that the corresponding permutation is always a full cycle. This cycle can be

expressed as (sp $1 ... S4—1) With so = a/c, s,—1 = —d/c = x3. Equation (2.10) shows
that
a a® — ﬁn
Sp = — —
c c(an+l — gntl)
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for 0 < n < ¢g— 2. In order that the pole x; lies between x5 and x3, we fix a pair
of integers (j1,72) with 0 < jo < 51 < ¢ — 2, and put s;, = x1,5j, = 2. Since
r1 = —ay/ap = (1 —b)/a and xy = —b/a, we have s;,41 = R(—b/a) = 0 and s;,41 =
R((1 —=b)/a) = a/(D + ¢). Here we note that D + ¢ # 0. Consequently we have

which uniquely yields a = D(a?2t! — gty /(@22 — 32%2)  We note that a # 0,

otherwise /2! = 3271 which contradicts with ord(a/3) = ¢ + 1. With

T DT ¢ c(aint2 — gn+2)

we obtain
= al(@?? = B (o= ) - D,

Finally, we get d =T —a and b = #. Hence with the choice of the characteristic
polynomial f(z) and the positions ji, js for the poles x1, x5 in the cycle of F3, we obtain
a, b, c, d uniquely, where a # 0, ad — be + ¢ # 0, and of course ad — be # 0. It is easy to
see that different choices of the triples f(x), j1, j2 give different elements of the set A,
defined in the proof of Remark 2.5.21. By the same proposition we know that in order
to enumerate the set of permutations Pj satisfying condition (1) of Proposition 2.5.9,
it is sufficient to count the possible choices for f(z), j1,j2. But there are @(q —1)
choices for f and (¢ — 1)(¢ — 2)/2 choices for the pairs (ji, ja).

We now turn our attention to the third case of Remark 2.5.9. In this case Pj is of

the form

Py(2) = (((agw + )" = )12 = 20y, (2:32)

and the associated characteristic polynomial is given by

f(z) =2*— (a1 — @)x — ag. (2.33)
451
It is sufficient to determine the number of choices for the pair (ag,a;), aga; # 0, for

which the roots «, 5 of the polynomial (2.33) satisfy ord(a/3) = ¢ — 1. We recall that

w polynomials f(z) = 2> — Tz + D with distinct roots a, 3 satisfying

there are
ord(a/3) = ¢ — 1. For a fixed polynomial f(x) with these properties, ay in (2.33) is
determined to be ag = —D # 0. With T' = a; — Z—(l) we get exactly two nonzero solutions

for a;, namely

T+ VT?—-4D
5 .

a1 =

38



Clearly 7% — 4D is a nonzero square in [F, since f(z) has two distinct roots in F,. Thus
we have ¢(q — 1)(¢ — 1) permutations Py of the form (2.32) with a full cycle.

We now consider the fourth case of Remark 2.5.9. First suppose that a; = agas, i.e.
x1 is the unique fixed point of the linear function Fs(x) = Rs(x) given in (2.29). Then
we require ord(—apal) = ord(—%) = q— 1. For each of the ¢(q— 1) choices for —a?/ag
we have ¢ — 1 choices for a;. The coefficients ag and a, are then uniquely determined
as nonzero elements of F,, and hence a3 is uniquely given by asasz +1 = 0. When x is
the fixed point of F3 we similarly get the same number, ¢(q — 1)(q — 1).

Therefore in case agaz + 1 = 0, the total number of P3(z) with full cycle is given by
2¢(q — 1)(q¢ — 1). This completes the proof of the theorem if 3 does not divide ¢q + 1.

Finally we assume that 3 divides ¢ + 1 and consider the case (2) of Remark 2.5.9.
For each of the @(q — 1) distinct irreducible polynomials f(z) = 2> — Tx + D =
(z — a)(z — 3) with ord(§) = 21 we can determine the number of permutations P as
follows. By (2.25) the parameters ag, ai, as, ag satisfy ag = —D and agas + a1 (azas +
1) 4+ a3 = T. We also recall that asas # 0. Hence we have ¢ — 1 choices for ay. The

parameter a; is uniquely determined by

T+ DCL2 — as
= 2.34
“ aoQ3 + 1 ’ ( )

if and only if a3 # —1/ay. Consequently, for each f we obtain precisely (¢ — 1)(q — 2)
possible parameters (ag, a, as, ag), and hence distinct permutations P3. We therefore

have the cardinality of the set Sr of permutations P, satisfying the conditions (2-i,

ii) of Remark 2.5.9:
o(%5)
2

|1Sk| = (a—1)*q—2).

We recall that for P; € S, the permutation Fj is composed of exactly 3 cycles.
Our aim, of course, is to obtain the cardinality of the set S = {P; € Sr : 7§q+1)/3 =+
1,4 =1,2,3}, i.e. we wish to enumerate P; € Sp, for which the poles 1, s, 23 lie in

distinct cycles of F3. For this purpose, we evaluate |Sg\ S| by considering the partition:
SF \ S = 8173 U 5273 U 8172 U 517273, (235)

where S; ; is the set referring to the case of the two poles z;, x; being in the same cycle
of F3, which does not contain the third pole, 1 <7 < j < 3. The set S 23, obviously

refers to the remaining P3; with all three poles lying in the same cycle of F3.
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In parts (i)-(iv) below, we calculate the cardinalities of the four sets in (2.35),
partitioning Sp \ S.
(i): We recall that this case is equivalent with *y{q“)/ =1and fyéqﬂ)/ % £ 1, which

implies 7§q+1)/3 # 1. Since we have v; # 1, g by Lemma 2.5.22, out of the %1 elements

g+1

of Fp2 whose order divides (¢ + 1)/3, 71 can have only %= — 2 values. For each choice

of v = (B — a3)/(a — a3) we uniquely obtain az = (ay; — 5)/(71 — 1). Note that a3
is in fact an element of F,. Now 7, is among the 2(q 4+ 1)/3 elements of F,2 whose
order divides ¢ + 1 but not (¢ + 1)/3. The coefficient as is then uniquely given by
as = (y2 —1)/(8 — a72), again an element in F,. Since ay = —D is determined by
f(z), we finally obtain a; by equation (2.34) which is well-defined by Lemma 2.5.22.

Therefore | Sy 3| =7 = qﬁ(%)(q —1) (4+1)éq*5).

(ii): This case is essentially the same as (i), with 71,72 are interchanged. Hence

Sal =72 = 11 = B(151)(g — 1)),

iii): This case applies for 7477 £ 1 and A4™7% = 1. Then ~\7"V/3 £ 1 follows.
2 3 1

q=2

5~ choices for 3, each choice uniquely

Since we only have to exclude v3 = 1, we have
defines a1 = (ays — 0)/(vs — 1) € F,. For 7, we have 2(q + 1)/3 choices, again
each choice uniquely determines ap. From T = agas + ai(azaz + 1) + ag we obtain

az = (T — a1 — apaz)/(a1as + 1) which by Lemma 2.5.22 is well-defined since vy # 7s.

+1 (¢+1)(g—2)
L) (g — )=

Consequently, [S1o| = 73 = ¢(%3

(iv): This is equivalent to v\*™/* = {7"V/% — 1 and consequently also 7{7"/% = 1.
Again by choosing 7, and 7, appropriately we obtain az and as, respectively, and then
by equation (2.34) we get a;. Here we need to exclude the possibility 7, = 7 in order
to avoid asas +1 = 0. Consequently for each of the (¢ —5)/3 possible choices for 7, we
have exactly (¢ — 8)/3 choices for v. This yields |Sy 23] =7 = qﬁ(%)w.

Finally we can calculate

o(5) = q+1 q+ 1)
51= 210 2) - Sm = e - @
i=1
and the proof is complete. O
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CHAPTER 3

CONSTRUCTIONS OF P, WITH FULL CYCLE

In this chapter we consider the construction of permutations P, with given number
of cycles, where we focus on the most interesting case of permutations with full cycle.

We first introduce some preliminaries in the first two sections.

3.1. Multiplication by Transpositions

Cohn and Lempel determined the number of distinct cycles obtained by multiplying a
single cycle of length m by a sequence of symbol-disjoint transpositions in [11]. Beck
generalized this result to arbitrary transpositions in [5]. We use the main results of [5]
which will be presented in this section.

We fix a cycle 7 = (sg $1 ... Spm_1) and consider the set T" of transpositions of
the set {so, S1,...,Sm—1}. For two transpositions oy = (s;, sj,), 02 = (84, Sj,) € T we

define (o A 03), = 01 A 03 by
1 if 01097 is a full cycle,
01 A 09 =
0 if o107 is not a full cycle,

where the multiplication, again, is performed from right-to-left. The next definition

associates a binary matrix to a sequence oy, 09, . .., 0y of k transpositions in T (cf. [5]).
The link relation matriz of the transpositions o1, 09,...,0, € T is defined to be the
binary, symmetric k x k-matrix L(oy,09,...,0k) = (L;;), where

Lji:LZ‘jZO'i/\O'j if 1§Z<j§kaDdL“:OfOl"Z:1,k’
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We remark that for the definition of A, the ordering of the transpositions is crucial.
The following proposition is the main theorem of [5]. As usual null(A) denotes the

dimension of the null space of the matrix A.

Proposition 3.1.1 The number of cycles in the cycle decomposition of o105 ...0T s

giwen by null (L(oy,09,...,0%)) + 1.

An easy consequence of the above result is that the product o105 ...0,7 is a full cycle

if and only if the matrix L(oy, 09, ...,0}) is invertible.

Example 3.1.1 Lemma 2.4.12(1.b) shows that (s;,, S;)(Siy, s;)T is a full cycle if and
only if s; = ™(s;,), 85 = 7™(ss,) and m > k, in other words, T = (..8iy...8i,...85..). In

this case we have (S;,,5;) A (Siy, 8;) = 1 and the corresponding link relation matriz is

01
10

We close this section with some remarks on link relation matrices.
Each link relation matrix has zeros in the main diagonal. We call a binary, symmet-
ric matrix with zero diagonal a binary symplectic matriz in accordance with [27, Chap-

ter 15]. From [27, p.436], one can see that there are exactly

k)2
N(k, k) = 22 GO @2 — 1)

i=1
invertible binary symplectic k£ x k-matrices if k is even and there is none if k is odd.

We define two canonical invertible binary symplectic matrices which we will use in
the construction of P,(x) with full cycle.

For an even integer k, let K = (K;;) be the k x k-matrix defined by
KQt,thl = K2t71,2t = 1, = 17 27 s k/2

01

10
as blocks. Evidently each row and each column of K contains exactly one nonzero

and K;; = 0 for the remaining entries. Then K is in block diagonal form with

element, and K is invertible. We call this matrix the canonical invertible symplectic
k x k-matriz of type I. Now again for an even integer k, we define another £ x k-matrix

M = (M,]) over ]FQ by
M;;=1ifand only ifi +j < k+ 1 and i # j.
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Clearly M is an invertible binary symplectic matrix. We call the matrix M the canon-

ical invertible symplectic k X k-matriz of type I1.

3.2. Link Relation Matrices and Ordering of the Poles

Suppose that for a given P,(x) the poles defined by (1.11) are distinct elements of IF,.
Recall that by Lemma 1.5.12 we have

P,(x) = (Fu(zp-1) -.. Fu(z1) Fo(x,))EFu(z),

which can also be written as

= 0102...0,1F,(2). (3.1)

If F,,(z) = 7 is a full cycle, then the number of cycles in the cycle decomposition of
P,(z) is determined by the rank of the link relation matrix L(oy,09,...,0,-1). By
the example following the Proposition 3.1.1 we see that o;, A og;, = 1 for 7; < iy if
and only if F,(z,) = 78(F, (%)), Fu(r,) = 7™(F(x;,)) and m > k or equivalently
T, = 7%(x;), 2, = 7™ (x;,) and m > k (where again the exponents k,m are mini-
mal). The ordering of the poles in 7 therefore determines the link relation matrix
L(oy,09,...,0,-1). Unfortunately, not all invertible binary symplectic matrices give a
proper ordering of the poles for the construction of P,(x) with full cycle when F,(x)
is a full cycle. In Section 3.5 we deal with the problem of identifying the appropriate

matrices for this construction.

Example 3.2.2 Suppose that n is odd, T = F,(x) is a full cycle and the poles in T are

ordered as follows:
X2y, L1, T4y X3y X2ty T2g—1y -+ - 3 Ln—1,Ln—2,Ln-

If © is even, then there is no j such that i < j and x; appears before x; in 7. Thus

the 1th row of the link relation matrix L contains only zeros after the main diagonal.
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If v is odd, then x;y1 is the only pole with larger index that lies before x; and hence
L;it1 =1 1is the only 1 in the ith row after the main diagonal. Therefore this ordering

of the poles corresponds to the canonical invertible symplectic (n — 1) x (n — 1)-matriz

of type L.

Example 3.2.3 For an odd integer n we consider the canonical invertible symplectic
(n—1) x (n—1)-matriz M of type I1I. We regard it as L(o1,05...,0,_1), corresponding
to (3.1), and determine the ordering of the poles in T = F,(x) = (S0 S1...54-1) where
Sq—1 = Tp. All entries in the first row are 1 except for Myy. Thus the poles x; = sj,,
2 <1< n—1, all appear before x1 = s;,, i.e. J; < j1 for all2 < i < n —1. For the
elements in the second row of M we have My; =1, 3 < j <n—2, and My,,_1 = 0.
Thus other than xy, x,_1 s the only pole which lies between xs and x,, i.e. jo < Jn_1
and j; < jJo for 3 < 1@ < n — 2. With a similar argument we see that xy,...,x;_1
and Tp_1, ..., Tn_—1y all lie between x; and x,, i =3,...,(n+1)/2. Consequently we

obtain the ordering

T(n+1)/2) T(n—1)/25 T(n+3)/25 L(n—3)/25 + - + s Tn—2, L2, Tn—-1, T1, Tn

of the poles in accordance with the matriz M.

3.3. Constructing P, with Prescribed Poles

Let 1,9, ..., x, be fixed poles in F,, not necessarily distinct. Note however that
iy Tiv1, Tivo, 1 <1< n—2 are always distinct.

For the rational function R, (z) = (ax + b)/(cx + d), associated with P,, we have
x, = —d/c and z,_1 = —b/a. Since w.l.o.g. we can put ¢ = 1 and thus d = —z,, we
have ¢ — 1 choices for R,(z). As can be seen below, any one of these possible choices
for R,(x) = (ax 4+ b)/(z + d) = (eax + €b)/(ex + ed) uniquely defines P, (z).

The construction procedure starts with the initial values

Op = Eaﬁn = Gd, Op_1 = 6a)ﬂn—l =eb
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where d = —x,, and a,b are fixed elements of F, such that z,,_1 = —b/a and € is a

variable. By the identity

i T Ti—20 .
a; = fi + xiza , 1=3,...,m, (3.2)
Bi-1+ Ti—a0ti1

which follows by (1.10) and (1.11), we obtain the unique value for a,,

_edt Ty 96 d+Tpoo
 eb+ 1, 06a b+ x, 00

Qn

Then we can express a,,_s = @, — @4, and B, o = B3, — a,(,_1, again as multiples

of e. Similarly one obtains by the equation (3.2) the exact values for a,_1,...,as, and
values for a,,_3, 8,_3, ..., a1, 1 as multiples of €. In the final step as, ai, ag and € are
calculated:

From ag = 0, By = 1 and as = asa; + ag we first obtain as = as/ay. The identity
By = a1 + By = azy + 1 then yields the value for e. Finally, we have a; = 3 and

ag = (.

Remark 3.3.1 An obvious modification of this algorithm also works when some x; =

00, see [3].

3.4. Constructions of P, with Full Cycle

In this section we present two constructions of P, with full cycle. We first consider the
case where n is odd.

The main idea here is to choose a rational linear transformation R(x) = R, (z) such
that the corresponding permutation F,(z) is a full cycle, and then to position the poles
r1,%2,...,Tn_1, T, in this cycle in such a way that the link relation matrix correspond-

ing to the product of transpositions

(Fu(w1) Fo(n))(Fu(x2) Fo(wn)) - (Fu(@n-1) Fo(zn)) (3.3)

is invertible. Proposition 3.1.1 implies in this case that the permutation P, (z) in (3.1)

is a full cycle.
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First we choose an irreducible polynomial f(z) = 2% — tr(A)x + det(A) € Fylz] , of
order ¢ + 1 to serve as the characteristic polynomial of the matrix A associated with
R(z) = R,(z) = (ax +b)/(cx + d). Theorem 2.1.1 guarantees that the corresponding
permutation F,(z) is a full cycle, i.e. (so ... s,-1). It also follows by the proof of
Theorem 2.1.1 that the cycle starting with sy = a/c satisfies s,_1 = z,, = —d/c. Now
we choose a suitable invertible (n —1) x (n— 1) link relation matrix L(oy, 09, ...,0,_1),
which exists since n — 1 is even. We position the poles x1 = s;,, 22 = Sj,,...,Tp_1 =
Sj,_1>Tn = Sg—1 according to the matrix L(oy,09,...,0,-1). We use this ordering to
find the matrix A. Since we should have z,,_; = —b/a, from F,(=b/a) =0, x,_1 = s, ,
and (2.10) we obtain the condition

a det(A) a.jn71+1 _ /Bjnfl“rl
Sjn—1t+1 = E - I ’ Qin—1+2 _ ﬂjn—l-‘r?

=0, (3.4)

where a, f € F2 are the roots of f(x). The equation (3.4) yields

O{jn—1+1 _ ﬁjn—l+1

a = det(A) -

Qdn—112 — Bin-112’

We note that a € F,. Then d = tr(A)—a, and for each ¢—1 choices of b € F; we obtain
a unique value for ¢ = (ad — det(A))/b. Now the values so = a/c, sj, , = xp—1 = —b/a
and s,_1 = =, = —d/c can be evaluated. The values of the remaining poles z; = s,
i =1,...,n—2, can be obtained from (2.10) with sy = a/c, and P,(z) can then be

determined with the procedure described in Section 3.3.

Example 3.4.4 ¢ =11, n=5:
We choose the irreducible characteristic polynomial f(x) = x* — 8z + 6, for which the

roots a and 3 = o' satisfy ord(a/3) = q+ 1 = 12. We fix the position of the poles as
81 = 3,84 = X2,86 = 4,58 = 11

where sg = a/c, si0 = x5 and the matriz A is as specified in the construction above.
This particular ordering of the poles corresponds to the canonical invertible symplectic

4 x 4-matriz of type II. From x4 = sg we obtain

T AT
0‘8_6:6
a8 — 38

and thus d = 2. We choose b =1 and calculate ¢ = (ad —det(A))/b = 6. Consequently

a = det(A) -

6x+1_9c—|—2

R(z) = Bs(r) = -5 = 712
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is the rational function associated with our permutation Ps(x). Therefore x4y = —b/a =
9, x5 = —d/c =T and with (2.10) for sy = a/c =1, we obtain x1 = 6,29 = 10,23 = 5.
We can now apply the algorithm of Section 3.3 to determine Ps(x):

As initial values we have
a5 = 6765 = 46,0(4 = E754 = 2e.

Recursively we obtain

+ z30¢
B4 + T30
B4+ o0y
ay=———— =T, =0y —asa3 =3¢, B = 4 — asf33 = 3¢,
B3 4+ xo0u3
+ 1«
CLS:M:E)’ 0_/120[3—@30[2:26, 51253—(13ﬁ2:10€.
B2 4 z1009

Finally we get ay = as/ay =7, and the equation P = asfy + 1 yields 3¢ =7 - 10e + 1
and therefore € = 10. Hence ay = 1 = 1, ap = a1 = 9, and our permutation Ps(x),

which 1s a full cycle, is given by
Pi(z) = (92 +1)* +7)? +5)° + 7)" + 6)°.

Now we consider the case where n is even. We choose an irreducible characteristic
polynomial f(z) = 22 —tr(A)z+det(A) € F,[z] of order (¢+1)/2 with roots a, 8 € F e,
with the additional property that

(g+1)/2
(=)

a—1

Accordingly we fix a matrix A and a rational function R(z) = R,(z) = (ax +0b)/(cx +
d). By Theorem 2.1.1 and Lemma 2.2.5(a), the associated permutation F,(x) has
one cycle of length (¢ — 1)/2 that contains the pole —d/c and one cycle of length
(¢ + 1)/2 that contains the pole —b/a. Since F,(—b/a) = 0 we consider the cycle
T = (50 51 ... S(g—1)/2), where 5o = 0 and s,_1/» = —b/a. We choose an appropriate
invertible (n — 2) x (n — 2) link relation matrix that we correspond to the product of

transpositions

(Fn(xl) Fn(ﬁn—l))(Fn(‘T?) Fn(xn—l)) e (Fn(xn—2) Fn(xn—l))-

According to this link relation matrix we choose the positions of the poles 1 = s;,, 22 =

Sjyy--sTp_2 = S; _,, all in the cycle 7. The values for the poles x; = s;,,72 =
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Sjyy .-, Tn_2 = S; , can be calculated by the equation (2.10) with so = 0. The
permutation P,(x) is then obtained by the procedure described in Section 3.3.

We note that we can write

= (Fu(@n-1) Fa(zn)) (Fu(@1) Fu(zn-1))(Fa(22) Fo(@n-1)) - .. (Fa(Tn-2) Fa(zp-1))Fa(z)
= TaTiTe - . Tao by ().

With our choice of the poles, the transpositions 71,...,7,_2 only act on the cycle 7
containing x,_; = —b/a. Since we chose the corresponding link relation matrix to be
invertible, by Proposition 3.1.1 the product of these transpositions transform the cycle
of length (¢+ 1)/2 into another cycle of length (¢ +1)/2. The cycle of length (¢ —1)/2
is unchanged. The last transposition 7, = (F,(z,-1) F,.(x,)) joins up the two cycles,

resulting in the full cycle P, (z).

Example 3.4.5 ¢ =17, n =6:

The roots av, 3 of the irreducible polynomial v +x + 8 satisfy ord(a/B) = (¢+1)/2 =9
and ((B—1)/(a—1))? =6(a+1) # 1. We choose the corresponding rational function
R(z) = Re(x) = (x 4+ 7)/(x + 15), which yields the poles x¢ = 2 and x5 = 10. The
associated permutation Fg(x) has then a cycle of length 9 of the form (s, s1,- .., Ss)

with so = 0 and ss = v5 = 10. We choose the remaining poles to be
81 = X2,83 = 1,84 = Ty, 56 = I3

which corresponds to the canonical invertible symplectic 4 X 4-matrix of type I. By
(2.10), for so = 0 we obtain x; = 14,29 = 5,23 = 15 and x4 = 6. Applying the

algorithm of Section 3.3 we obtain
Ps(z) = (47 +12)" +9)" +10)' + 3)"* + 5)"* 4 16)*?,

which is the full cycle (1,9,12,7,13,8,11,2,0,5,6, 3,10, 16, 15,4, 14).
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3.5. Matrices, which are Suitable for Construction of Permutations with

Full Cycle

Given a polynomial f(z) = 2* — tr(A)z + det(A) € F,z] of order ¢ + 1 and
an invertible binary symplectic matrix, can we always choose an ordering of poles
x1,Za, ..., T, in the cycle of F(z) which allows a construction of P,(x) with a full cycle
as in Section 3.47 The answer is "no”. In this section we will characterize the matrices
which enable such a construction.

Recall that for the (n —1) x (n — 1) link relation matrix L(oy, ..., 0,-1) = ({;;), we
have

1 if z, = F¥x;), z, = F™(x;) with m > k,

n

0 if z, = F¥(x;), 2, = F/™(z;) with m < k,

n

fij =

for any 1 <4 < j < n — 1. We remark here that z, = F¥(z;) always means that k is
the minimal number satisfying this equality. We arrange the elements in the full cycle
F,.(z) so that the pole z,, is the last element of the cycle.

The invertible binary symplectic matrices which are not suitable for the construction

of P,(x) with full cycle are characterized in the following proposition.

Proposition 3.5.2 Let n be an odd integer and L be an (n — 1) x (n — 1) invertible
binary symplectic matriz. L does not correspond to an ordering of poles x1,...,x, in
a cycle if and only if for some integers i,j,k with 1 < i < j < k < n—1 we have
Lij=0,lLix=11x=0o0rl;=11;,=01;=1.

Proof: Suppose L satisfies l;; = 0,1 = 1,1 = 0 for some integers 1 <7 < j <k <
n—1. From [;; = 0, we see that the poles are arranged in the order ..., x;,...,zj,..., 2,
and since [;; = 1 the poles z;, xy, x, will be ordered as ..., xg,...,2;,...,x,. Hence
we have the ordering ..., xy,...,2;,...,2;,...,x, Which contradicts to the entry [;;, =
0. For the other case we have l;; = 1,l;; = 0,1, = 1. The poles are ordered as

ey Xjy e Tjy ..., Ty since ;; = 1 and [ = 0 implies ..., 2, ..., 2, ..., 2z, which
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gives ..., xj,...,Tj,...,Tk,...,Tn. On the other hand z;, = 1 yields the ordering

.y Thy .-, T4, ..., Ty Which is a contradiction.

There are 22 = 8 choices for the entries lij, lig, ljr, for 1 < i < j <k <n—1 but the
number of permutations of the poles z;, z;, x, , is 3! = 6 with z,, always located at
the end. This shows us that there are only two cases given by the proposition which

do not correspond to an ordering of the poles. O

Some Examples: The following 4 x 4 matrices are types of invertible binary

symplectic matrices which can not be used to order the poles zy, ..., x5.
0010 0011 0100
0001 0010 1010
K = 5 L = M e
10 00 1100 0101
0100 10 00 0010
For the first matrix we have k15 = 0,k13 = 1,kos = 0, for the second matrix

lio = 0,014 = 1,154 = 0 and for the third matrix mis = 1, mi3 = 0, mo3 = 1.

In the following part we present some examples of (n—1) X (n— 1) invertible binary
symplectic matrices which are suitable for the construction of P, (x) with full cycle when
n is an odd integer. The first two types of matrices are actually the invertible binary

symplectic matrices introduced in Section 3.1.

TYPE 1 ] ]
01000000

(01000 0] 10000000

(010 0] 100000 00010000
1000 000100 00100000
000 1 001000 00000100
0010 000001 00001000
(00001 0] 00000001
(00000010

Corresponding ordering of the poles:

Loy L1y Ty LGy eeny Topy L1y eey L1, Tn_2, Ty, for all 3 <t < (n—3)/2.
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TYPE 2

-01 111 1-
_01 1 1_ 101110
1 010 110100
1 100 111000
_1000_ 110000
_100000_

Corresponding ordering of the poles:

T(n+1)/2> T(n—1)/25 L(n+3)/25 L(n—=3)/25 +++» Ln—2, L(2, Tn—1, L1, Tp-

TYPE 3
(001111 1]

(0011 1] 100010
1010 100110
1100 101010
100 0 111100
(10000 0|

Corresponding ordering of the poles:

_ = O

Tp—2,T2, Tpn—3, T3 -y L(nt+1)/2y L(n—1)/2) Tn—15 L1, Tn-

TYPE 4
(00000 1]

(000 1) 000011
001 1 000111
0101 001011
1110 011101
_ _ 111110

Corresponding ordering of the poles:

Tp—1,T1, Ln—2, T2 ++s L(n4+1)/2) L(n—1)/2) Tn-
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TYPE 5

(01010 1]
(010 1] 100000
1000 000101
000 1 101000
101 0] 000001
(10101 0]

Corresponding ordering of the poles:

L2y Xgy -ves Tn—1, L1, L3y -T2, Ty

TYPE 6
—O 1 111 1-
_O 11 1_ 101111
1 011 110111
1 101 111011
1 110 111101
_1 1 111 0_

Corresponding ordering of the poles:

Tn—1,Tpn—2,Tp-3, ..., L3, T2, L1, Tnp-

TYPE 7
_O 1111 1—
-O 11 1- 1 00 00O
1 000 100001
1 001 100011
1 010 100101
- - 101110

Corresponding ordering of the poles:

L2y Ln—1, L35 Ln—25 -5 L(n+3)/2) L(n+1)/25 L15 Ln-
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TYPE 8

(00010 0]
(001 0] 000110
0011 000111
1100 111000
0100 011000
(00100 0]

Corresponding ordering of the poles:

L(n+1)/2> L1y T(n4+3)/2, L2y +-+y Tn—2;, L(n—1)/2, Tn-

TYPE 9
(01010 1]

(0010 1) 100101
1001 000101
000 1 111001
1110 00000 1
) _ (11111 0]

Corresponding ordering of the poles:

Tn—1,Tn—3, .-y La, T2, X1, T3y ..., Tpn—2,Tnp.
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CHAPTER 4

PERMUTATIONS ASSOCIATED WITH GENERALIZED FIBONACCI
SEQUENCES

Let p be an odd prime and ¢ = p” where r > 1. In this chapter we consider the
PPs of the form (1.8) with ap = 1, a,41 = 0 and a; = a for all 1 <7 < n where a € F;.

Consequently, our PPs are of the form
Poo()=(..(z+a)"+a)"?...+a)? € F,z]. (4.1)
One can see immediately that R, ,(z) takes the form
Ron(z)=a+1/(a+1/(...+a+1/(x+a)...),

and hence the connection of P, ,(z) to the generalized Fibonacci sequences becomes
evident. Recall that the generalized Fibonacci sequence (G,,) is defined as G2 =

aGypi1+ Gy for alln > 0 with a € Fy, Gy = 0,Gy = 1.

4.1. Cycle Structure

Let n be the real valued function on F; defined as

1 if cis a square in [y,
n(c) =
—1 otherwise.

n is a multiplicative character of IF, called the quadratic character of IF,.
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Theorem 4.1.1 Let P,,, be the permutation defined by (4.1) and f(x) be the polyno-
mial f(x) = 2* —ax — 1 € Fy[x] with the roots a, 3 € Fp2. Let k = ord(3) when o # 3

and n be the quadratic character of IF,,.

(a) If n(a® +4) = —1 then

T(Pup) = [(% — Dged(k,n) x ﬁ,gcd(k —1,n) x ﬁ]
(b) If n(a® +4) =1 then
T(Pup) = [(% —1)ged(k,n) x ﬁ,gcd(lﬂ —1,n) x m, 2 x 1]
(c) If a* +4 =0 then
T(Pan) = [0 = D)ged(p, n) x ——— ged(p — 1,n) x =l g 1].
’ ged(p, n) ged(p —1,n)

Proof:

The polynomial P,,(z) can be written as the composition of the permutation

Poi(z) = (x 4+ a)T? € F,lz] as (Py1)"(z) = P,n(z). Hence, the cycle structure
of the permutation P, ,(z) is fully determined by the cycle structure of P,;(z), i.e.
7(Pan) = T(P}1).
Recall that P, ;(z) = F,(x) for all z € F,, where F,(x) is the permutation defined
by the rational transformation R, ;(z) = ﬁ € F,(z). The characteristic polyno-
mial associated with R, (z) is the polynomial f(z) = 2? —ax — 1 € F,[z] and the
conditions (a),(b),(c) correspond to f(z) being irreducible, having distinct roots and
having a double root in I, respectively. By Theorem 2.1.1, one obtains the cycle
decomposition of P, for the cases (a),(b),(c) as follows:

(a) T(Poy) = (57 — 1) x k.1 x (k= 1)],

(6) 7(Pan) = [(57 = 1) >k, 1x (k= 1),2 % 1],

(¢) T(Pay) = [0 = 1) xp,1x (p—1),1x1].

We write P, as a product of disjoint cycles as

IZJ.::CHC&---CE

— g+l —
,s=4=and s=p

g—1 r—1

Tk
the cycles so that ¢(Cy) = k — 1,4(C;) = k for 2 < j < s in the first two cases and

where s = in the cases (a),(b),(c) respectively. We arrange
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((Cy) =p—1,4(C;) =p for 2 < j < s in the last case. Since the cycles C1,Cy, ..., C;
are disjoint, we have P, = P}, = C7'Cy ... CY.
We only have to show that for a cycle C' = (0105 ...0ycy) of length ((C), 7(C") =
[gcd(n7 0(C)) x % . Then the proof follows for all the cases of the theorem.
Let t be the length of the cycle C,, containing o; in the cycle decomposition of C",
i.e. Cpp = (01041 - .. 0@—1)n+1) With the indices written modulo ¢(C'). It is clear that
the cycles of C™ are all of the same length ¢ and the order of C" is t = %.

O

Remark 4.1.1 The case (c) of the theorem occurs if and only if ¢ = 1 mod 4 and
a = 2v where v € F, satisfies v* + 1 = 0. Hence, we do not have the case (c) of
Theorem 4.1.1 in case ¢ = 3 mod 4.

Corollary 4.1.2 Let G, be the subgroup generated by P, 1(z) = (x+a)?? € F,[z] and
f(z) =2 —azx —1€F,[x].

(i) Suppose that ¢ =3 mod 4 or a®> + 4 # 0. If for the roots a, 3 € F, of f(x) we
have ord(3) =k > 1 then

k—1 if k=q+1 or k=q-1,
k(k—1) otherwise.

|Ga’ =

(ii) If g =1 mod 4 and a = 2y where v € F,, satisfies v* +1 =0 then

p—1 if r=1,
|Ga| =

p(p—1) otherwise.

Proof: The proof follows from the arguments used in the proof of Theorem 4.1.1. O

The following corollary is an easy consequence of Theorem 4.1.1 and Remark 4.1.1.

Corollary 4.1.3 Suppose that a € F, and ¢ = p. Then |G,| = p if and only if p = 3
mod 4 and ord(§) =p+ 1.

56



4.2. Generalized Fibonacci Sequences and Poles of F,,

Recall that the generalized Fibonacci sequence (G,,) is defined as G, 12 = aG,y1 +
G, for all n > 0 with a € F, Gop = 0,G1 = 1.

Lemma 4.2.4 The rational function R, ,(z) associated to P,,(x) satisfies

Gn—lx + Gn

Ran == ~

n(@) Gnx + Gy
for alln > 1.

Proof:
For n =1,
1 G(].I + Gl 1
1) r+a o Gixr+Gy z+a (4.2)

Hence the claim is true for this case.

Suppose that R, ,—1(x) = Gn-224Cny  They

Gn-12+Gn
1 1
a,n n—2T+Gp_
@t Ran-1®) ot Zgoie
o Gn—l‘r + Gn o Gn—lx + Gn
(G + G +aG, + Gy Gur+ Gy
O
. . . . o G .
Consequently, the string of poles is given by O,, = {z; : &; = —G—t,z =

1,...,n} C PY(F,).
The polynomial f(z) = 2 — ax — 1 € F [z] is the characteristic polynomial of the
shortest recurrence relation satisfied by the sequence (G). If f(x) in Theorem 4.1.1

has distinct roots o, 8 € F2, then G, is of the form
G, = " + 0",

From the initial values Gy, GG1, we derive the formula

Oén_ﬁn

G, = P
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and therefore

Gii aitl — gitl
Oa,n:{xi:xi:_ éz = — Ozi—ﬁi ,Z:].,...,TL}.

If ord(%) = k then G}, = 0 and hence z;,_1 = 0, ), = .

If a>+4 = 0 i.e. the polynomial f(z) has a double root « € F, then G,, is of the form
Gn = (Cl + an)()én

and we obtain the formula

n—1
Gn=n<§> ,n > 0.

The string of poles is then

Gi+1 _ —(Z—i‘l)g .

Oa,n = {Z’l Xy = —
for all n > 1 with z,_1 = 0 and z, = oo, i.e.
O, C {ag €F,:acF,\{p—1}}U{oc}

with equality for all n > p.
The following lemma is an easy generalization of d’Ocagne’s identity for Fibonacci

sequences

Lemma 4.2.5 G, 1G; — GG = (=1)""G,,_; for alln > j > 0.

Proof:

For n > j we have

Grs1Gj — GuGor = (aGh + Gp1)Gy — GoaGy + Gy1)
= —(GnGj1 — G Gy)
= —(Gj1(aGpo1 + Gpo2) — Goq(aGio1 + Gj-2))
= (-1)*Gu1Gj2 — Gj_1Gp o).

By repeating this process, we obtain the equality

(1) (Goej1Go — G1Go_y) = (=1) G,y
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Proposition 4.2.6 Let f(z) = 2® —ax —1 € Fy[z] and o, 5 € F2 be the roots of f(x)
with oo # 3. Let k = ord(g). Then

(a) the poles w1, ...,z associated to P,y are all distinct,
(b) xpprj = forallr > 1 and 1 < j <k,

(¢) the poles z; fori=1,..,n—1,n+1,..,k are not the fized points of F,,(x) for

any 1 <n<k-—1.

Proof:

(a) Assume that z; = x; for some 1 < i # j < k. Then

G; G,
+1 +1
r;=——— =——"and

G, G,
Gi+1Gj - GiGj—H - 0

Without loss of generality, suppose that j <. Then we can write the equality as
j+1
(—1)"Gij =0

by using Lemma 4.2.5, which implies G;,_; = 0. This contradicts the fact that k is the
smallest integer with G = 0. For j < k, we have z; # oo, otherwise G; = 0 which is

again a contradiction.
(b) (%)k = 1 implies

rk __ pQrk k\r __ k\r
Grkzo‘a_g :(5)05_(5) —0 (4.3)

for all » > 1. Lemma 4.2.5 and (4.3) gives

Grirj1Gj — GGy = (—1)71Ghy = 0.

Then we have

G Gy
x’l‘k‘i‘j - G

J
rhtj G;

(c) Note that F,,(x) = R,,(z) for all z € F, \ {x,} where z,, is the pole of the

rational transformation R, ,(z). Since
Fon(z) =2 <= Rypn(x) =2 forzeF,\ {z,},
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the fixed points of F, ,(x) other than x,, are the roots of the polynomial
g(z) =2*+ar — 1 € Flz].

<_GZ~+1> B ( G,+1) CGin | Gl —aGinGi— G
NG ) T G, G, G2
GG — aGi) = G2 GinGiy — G2
- G2 - G2

(Gl
&

where the last equality follows by the generalization of Cassini’s identity. Hence z; is

not a root of g(z) fori =1,...n—1,n+1,.. k.

For x = x,, = _(é”“, we obtain F, ,(z,) = _GG"”, and hence x,, is a fixed point if and
only if Gn+1 + Gn,1 =0. O

In this chapter, we worked on the cycle structure and the string of poles of a certain
subset of P,(x), namely, the set of polynomials P,,(z) for n > 1. When we impose
conditions on the coefficients a; for 0 < ¢ < n, the requirements for having a certain
cycle structure became easier to check and also the set of polynomials we worked on is
a cyclic subgroup of the group of PPs over F,.

Recall that for a permutation p(z) over F, it is always possible to find P, (x) such
that p(z) = P,(z) with n > 0. The minimal n satisfying the equality is called the
Carlitz rank of p(x) which is denoted by Crk(p(z)), see [3]. In other words, Crk(p(z))
is the minimum number of inversions needed to obtain p(z). In [3], a method was
presented to determine the Carlitz rank of permutations. As observed in [3], it is
not possible to write P,(x) as P (x) for m < n < L=, when the poles are distinct.
In our example, the relation of the poles x,--- ,x, with the generalized Fibonacci
sequence enabled us to determine the string of poles completely for any n > 1. If
f(z) has a double root then the poles xy,--- ,z, are distinct and if f(x) has distinct
roots «, 8 € Fp2 with k = ord(%) then the poles x1,-- -,z are distinct by Proposition

4.2.6(a). By using the results in [3], we obtain that
—1
Crk(P,,(x)) =n, when n < min {p +1 qT} ‘

in case f(x) has a double root and

-1
Crk(P,n(z)) =n, when n < min {k +1, a 5 } :
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when f(x) has distinct roots.
A natural extension of the results in this chapter would be to impose other condi-
tions on the coefficients a;, for 0 < i < n+ 1, of P,(x) € F,[x] and study the cycle

structure of the resulting PPs.
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