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ABSTRACT

The Reynolds equation for the pressure distribution of the lubricant in a journal bearing with finite length is solved analytically. Using
the method of the separation of variables in an additive and in a multiplicative form a set of particular solutions of the Reynolds
equation is added in the general solution of the homogenous Reynolds equation and a closed form expression for the definition of the
lubricant pressure is presented. The Reynolds equation is split in four linear ordinary differential equations of second order with non
constant coefficients and together with the boundary conditions they form four Sturm-Liouville problems with the three of them to
have direct forms of solution and one of them to be confronted using the method of power series. In this part of the work, the
mathematical procedure is presented up to the point that the application of the boundaries for the pressure distribution yield the final
definition of the solution with the calculation of the constants. The distributions of the pressure given from the particular solution and
the solution of the homogeneous Reynolds equation are presented together with the resulting pressure. Also, the results of an
approximate analytical solution using Bessels functions and linearization of the fluid film thickness function are also presented
together with the results of the numerical solution using the finite differences method. Diagrams for the pressure profiles under the
current study are compared with those from the approximate analytical and the numerical solution. The locations in which the
maximum, the zero, and the minimum pressure are presented are given as a function of eccentricity rate with closed form expressions.
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1 INTRODUCTION
The exact analytical solution of Reynolds equation for lubrication of journal bearings [1] is up to nowadays a problem under
investigation. Most investigators achieved to define functions of pressure distribution P(6,x) under approximate solutions of

Reynolds Eqg. (1.1).
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The approximate analytical solutions of the Reynolds equation are based on the assumptions that one of the two terms in the left side
of Eq. (1.1) can be neglected. The first term can be neglected when the journal bearing is considered as a bearing with high length to
diameter ratio (long bearing, L/D>>1 [2]) and the second term when the journal bearing is considered as a bearing with low length to
diameter ratio (short bearing L/D<1 [3-8]). Such solutions for pressure distribution give considerably simplified mathematical
expressions. They are exact solutions in the sense that they satisfy Eq. (1.1) for the case of infinite axial length or of infinite short
bearing. However they are regarded as approximate solutions when they are used to determine the pressure distribution in bearings of
finite length.

The research contributions in the analytical calculation of the pressure distribution in a journal bearing with finite length are not many
and they have not been made recently. Some of them are referenced in brief in the current work. Kingsbury [9] determined the
pressure distribution by an experimental electrical analogy. Christopherson [10] determined the pressure distribution by utilizing the
mathematical model of “relaxation”. Vogelpohl [11-13] achieved to give closed forms of the functions for the pressure distribution
along both directions of the journal bearing, axial and circumferential. Vogelpohl [11-13] assumed a partial solution of the Reynolds
equation that corresponds to a “long bearing approximation” and then he used the technique of the separation of variables for the
solution of the homogenous Reynolds equation. By adding the two solutions, the pressure distribution was defined in closed form.
Cameron and Wood [14] had extended the work of Christopherson [10] to show the effect of length to diameter ratio on eccentricity
ratio, attitude angle and friction coefficient. In all cases, these solutions are given to express natural phenomena in the oil film on the
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basis of Reynolds assumptions regarding lubrication, the most important assumption being that certain terms in the generalized
Navier-Stokes equations for flow in a viscous fluid may be neglected.

In the current work the Reynolds equation of the form of Eq. (1.1) is treated similarly to the path that Vogelpohl [11-13] followed, but
there are crucial differences that have to do with the way that the particular solution is obtained and with the solutions of the ordinary
differential equations that are yielded during the procedure. In the beginning of the current work the Reynolds equation is classified.
As expected it turns out that it is an elliptic equation, which is reasonable since it defines a static problem (the time is not considered
as an independent variable but as a parameter that gives the eccentricity and its rate of change)

The strategy for obtaining the analytical solution is based in the application of the powerful method of separation of variables. The
crucial step is a splitting of the solution in to two parts. The one satisfies the homogeneous Reynolds equation; namely, Reynolds
equation without the second part that the pressure does not interfere. For solving this part we assume a multiplicative separation of the
independent variables so we obtain two Sturm-Liouville problems. In this point, the contribution of the current work is that the use of
the power series method is used in order to obtain the eigenfunctions of the one Sturm-Liuville problem while in the literature the
corresponding confrontment of this problem is made with the linear approximation of the fluid film thickness function and the
expression of the eigenfunctions using Bessel functions or normal sinusoidal functions. In the current work, the “easy” sturm-Liuville
problem is solved and the eigenvalues of it are incorporated in the functions defined with power series.

The second part is a particular solution of the Reynolds equation itself. For finding a particular solution we assume an additive
splitting of the independent variables and two Sturm-Liuville problems are obtained. The first has to do with the pressure distribution
along the circumferential coordinate and it has a direct solution with a closed form expression taken from the literature for ODE
treatment. The other problem has to do with the pressure distribution along the axial coordinate and the boundary conditions which
are chosen yield a trivial solution, without this to be problematic for the further progress of the solution. The current particular
solution is also a contribution of the current work since it is actually a set of particular solutions that can be different from the solution
of the infinitely long bearing as used in [11]. The current particular solution yields the long bearing pressure distribution as a sub case.

The paper is organised as follows. The section 2 contains the basic ingredients of Reynolds equation together with the classification of
it and the crucial step where the unknown pressure P is split into two functions g and u. The Section 3 is related with the evaluation of
the particular solution of the Reynolds equation, u. In Section 4 we present an analysis for evaluating the function g using again the
method of separation of variables, but now in a multiplicative form. The treatment with the Bessel functions and the approximating
analytical solution is also given. The last section, section 5 deals with the boundary value problems. The resulting pressure is
evaluated for a specific set of values of the physical and geometrical journal bearing characteristics and is compared with the
analytical approximating solution and the numerical solution using finite differences method. The article concludes in Section 6 where
also the forthcoming results are described.

2 REYNOLDS EQUATION: CLASSIFICATION AND SPLITTING OF THE SOLUTION

The problem of the lubrication of journal bearings with finite length is defined in this work as the calculation of the pressure
distribution of the Newtonian lubricant that is assumed to flow under laminar, isoviscous, and isothermal conditions in between the
rotating journal and the static bearing. The journal of radiusR and length L, is assumed to be rotating with a constant rotational

speed Q (counter clockwise) and to be constantly located in a point of eccentricity e with respect to the geometric centre of the bearing
of radius R +c, and length L, after an application of a constant vertical loadW as shown in Fig. 1. The journal eccentricity is assumed

to have rate of change described by the velocity é . The journal and the bearing are supposed to be in parallel (aligned bearing) and the
fluid film thickness h becomes a function of the unique parameter & for a time moment of constant eand € which means that the
function for the fluid film thickness ish =c, +ecos(&)and its time derivative asoh/ot =écos(6). The dynamic viscosity of the
lubricant is assumed to be constant and equal to x through the entire control volume (notified with shadow in Fig. 1) that is defined
from the bearing and the journal surfaces. The attitude angle of the journal is defined as ¢, with respect to the vertical coordinate axis

(see Fig. 1). The boundary conditions for the pressure distribution are left to be defined in the last section where the numerical
application is made.
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Fig. 1. Definition of the coordinate system and of the parameters of operation and design in a plain cylindrical
journal bearing.

The starting point is the equation of Reynolds which is expressed as in Eq. (2.1).

3 3
2 h* aP(x,0) +i2i ° P(x,0)|_ o ,oh 21)
ox\ 6y ox R200\6u 00

The constant magnitudes Q,R, u,c,,e,&,W represent the rotational speed of the journal, the radius of the journal, the lubricant

dynamic viscosity, the bearing radial clearance, the journal eccentricity, the journal eccentricity rate of change and the external
loading force correspondingly, see Fig. 1.

After substituting the fluid film thickness function of Eq. (2.2) into Eq. (2.1) and performing the derivations one will arrive at Eq.
(2.3).

h=c, +ecos(6) (2.2)
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Eq. (2.3) is the one that we are going to work with. This is a non homogenous linear partial differential equation of the second order
for the unknown function P(x, &) with trigonometric coefficients. Before embarking on the core of our analysis we classify Eq. (2.3).

For doing so we need to evaluate the discriminant as in Eq. (2.4).
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Whatever the expressions of h, R, x are, we speak about an elliptic partial differential equation. The crucial step for obtaining the

solution is based on the following splitting of the solution. We assume that the unknown function can be written in the form of Eq.
(2.5).

P(x,0)=u(x,0)+g(x,0) (2.5)

v A
particular homogenic



The function u(x,6) is a particular solution of Eq. (2.3) while the function g(x,&)describes the set of solutions for the
homogeneous Reynolds equation, namely, Eq. (2.3) without the right hand side term. In order to see more clearly that instead of
seeking P(x,6) we can seek for the functions g(x,#)andu(x,&)one may write the differential operator of Reynolds equation as in
Eq. (2.6).
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If one applies this operator to both sides of Eg. (2.5) he will immediately verify that equivalently one may seek for the
functions g (x,#)and u(x,8).

3 EVALUATION OF THE PARTICULAR SOLUTION
In order to evaluate the function u(x,&) a particular solution of Eq. (2.3) is needed. For doing so we assume that u(x,e) can be split

in the following additive form of Eq. (3.1).
u(x,0)=op(x,0)+y(x0) (3.1)

We are looking for a solution where the independent variables can be split in the above form. If we substitute Eq. (3.1) in Eq. (2.3)
after some calculations Eq. (3.2) is obtained.
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(3.2)

By inspecting the above equation one observes that the right hand side is a function of & while the left hand side is a function of
xonly. So, the equality will be feasible only when both sides are equal to the same constant C . From the latter equation we obtain

two equations for the functions ¢ (@) and y (x) . These are ordinary differential equations written as in Egs. (3.3) and (3.4).

d*w (x)
_ =C 3.3
e 3.3)
1 d’p)  3esin(09) de(0) , 6ueQsin(@)  12uécos(0) _c (3.4)
R® do*  R*(c,+ecos(9)) d0 (c +ecos(9)) (c, +ecos(0))
Eqg. (3.3) can be solved directly to give Eq. 3.5.
2
y/(x)z—cx +CX+C, (3.5)

The constants c,,c,are arbitrary constants of integration. For solving Eq. (3.4) one observes that we talk about a linear ordinary
differential equation with non-constant coefficients where the unknown function (0(6’) is not present explicitly. So, by setting 2(9) as

in Eq. (3.6), instead of Eq. (3.4) we may solve the following linear ordinary differential equation defined in Eq. (3.7) of the first order
for the function z(0).

de(6) _
= 2(9) (3.6)
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The generic set of solutions of the last equation is given in Eq. (3.8) [18].

3esin(6) P ([ _3esin(9) 0 2 . 2.
(6)= ej(cr+ecos(9)]d : +J. ] I[cr+ecos(9)]d _ BQuR esm(é? +12§2,uR ecos(i’) vcllas (3.9)
(c. +ecos(d)) (c, +ecos(6))

All the integrals in Eq. (3.8) can be evaluated using direct closed form expressions. By evaluating the integrals that appear in the
expression for z(&) one can integrate the outcome one time and obtain the function ¢(8), Eq. (3.9).

0(0) = [2(0)d0+c, (3.9)

The sum of ¢@(6) andz//(x) renders classes of particular solutions by choosing values for the constantsC,c,c,,c,,c,. By
choosing C = 0 we obtain Egs. (3.10) and (3.11).

v (X)=cx+c, (3.10)
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For the pressure distribution yielded from the particular solution, the boundary conditions are setting the pressure equal to zero at the
both ends of the bearing in axial dlrectlonx=J_r?b and at the circumferential location of & =0. With the following boundary

conditions in Egs. (3.12-3.15) the constants c,,c,,c,,c, can be defined as in Egs. (3.16 — 3.19). The formula in Eq. (3.15) does not

correspond to a boundary condition but it expresses the symmetry of pressure distribution to the horizontal axis of Figure 2 and it also
coincides with the boundary condition at € =2z . The most known assumptions for pressure distribution through the circumferential

direction (along @) that are given in the literature are: a) the Sommerfeld condition in which ¢(0)=0 and ¢(7)=0, b) the
Reynolds condition in which¢(0)=0 and (p(e*):o, and c) the Gumbel condition in which¢(0)=0, ¢(z)=0and ¢(&)=0 for

7 <0<2r (xfilm bearing). When €=0then the Eq. (3.15) yields the Reynolds condition with® =z. When €=0it is

consequently & = 0and for this reason the formula of Eq. (3.15) is used, and instead of predefining the angle 8 and use it as a
boundary of zero pressure it is let to be defined by the global pressure distribution through & giving to the current analysis a further

generality. The values of @ as a function of éare presented in the section 5 because 8" is lightly effected also from the values of the
pressure yielded by the homogeneous solution g (x,6)that is added to ¢(&).

"”(%j =0 (3.12)
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¢(0)=0 (3.14)
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The current particular solution corresponds to the pressure distribution developed in an infinitely long bearing and for a numerical
application with the parameter values of Table 1 the pressure distribution along the circumferential direction is shown in Figure 2 for
three cases of the eccentricity velocitye. The current particular solution gives a further contribution in Reynolds equation treatment
because the additive separation of variables can yield the solutions of the long or of the short bearing without the need of “erasing”

the one of two left hand term in Eq. (2.1).
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Fig. 2. The pressure distribution along the angular
coordinate ¢ given from the particular solution ¢(6).

R =0.05m e=0.7c, Q =100rad/s

1 =0.05Pas

¢, =500um L, =0.10m

Table 1. Definition of the values of the geometrical
and the physical parameters of the current journal
bearing.
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Fig. 3. The pressure distribution along the angular
coordinate ¢ given from the particular solution ¢(6).

As shown in Fig. 2 the pressure distribution of the particular
solution becomes zero at the angle ¢ that is a function of the
eccentricity velocity. The pressure distribution given by the
particular solution is symmetric to the horizontal axis aty=0 for
the case of ¢=0. The pressure distribution is intensively affected
from ¢ and obtains much higher maximum values even for small



values of esuch as ¢=0.0010r while the domain with negative pressure has an increment in its minimum pressure.

4 EVALUATION OF THE HOMOGENEOUS SOLUTION
The evaluation of g(x,8) of Eq. (2.5) is performed in this section. As it was claimed this should be the generic set of solutions for

the homogeneous Reynolds equation, namely for Eq. (4.1).
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We assume that the independent variables of the function g(x,&) can be separated in the multiplicative form of Eq. (4.2).

g(x,0) = f (8)m(x) (4.2)
By using this assumption in Eq. (4.2) one will arrive at the following outcome of Eq. (4.3).

m”(x):if”(a)_i esin(8) f'(9)
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(4.3)

By inspecting the latter equation one realizes that the left hand is a function of x while the right a function of @only. So, in order this
equality to be feasible both sides should be equal to the same constant, set 4 . We thus obtain Egs. (4.4) and (4.5).

=2 (4.4)
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The primes denote ordinary derivative with respect to the functions arguments. For treating Eq. (4.4) we distinguish the following
cases:
a) If 2 =0Eq. (4.4) becomes as in Eq. (4.6) which can be solved to give Eq. (4.7).

m"(x) =0 (4.6)

m(X) = csx+¢, (4.7)
b) If 1 >0 then A =k? and the solution is as in Eq. (4.8).

m(x) = ¢ cos(k x)+c, sin(k x) (4.8)
¢) If A <0 then A=-k? and one will finally arrive to the following solution as in Eq. (4.9).

m(x)=cse™ +ce™ (4.9)



Eq. (4.5) can very easily be solved if 2 =0s0 as to make Eq. (4.5) a first order differential equation (using the corresponding
transformation as in Eqg. (3.6)) and then to be treated as Eq. (3.7). Such an assumption would yield linear distribution of the pressure
through the axial coordinate, since it would be m(x) = c,x +cg, thus the case of 4 =0is not accepted.

If 4+ 0then the differential equation of Eq. (4.5) has not direct closed form of solution. Vogelpohl in [11] incorporates in detail the
treatment of the homogenous Reynolds problem with the assumptions made by Michell [5] and Duffing [15] for the linearization of
the fluid film thickness function so as Eq. (4.5) to be solvable. The subsections 4.1 and 4.2 show how the current problem was treated
in the past and how it is treated in the current paper.

Two ways are presented in this paper in order to continue with the solution of Eq. (4.9) rewritten as in Eq. (4.10). The first way is to
approximate the trigonometric coefficients, introduced by the term 3h’/h in Eq. (4.10), with a linear function of first order as Michell
[5] and Duffing [15] did so as to obtain a solution using Bessel’s functions. This approximation is presented in subsection 4.1 with the
use of a linear function for h . The second way is to use the power series method and to give the exact solution of Eq. (4.10) as a sum
of infinite series. This way is presented in detail in the subsection 4.2.

3h'

£(0)+=-1'(0)-2R*f (9) =0 (4.10)

4.1 Linear approximation of the fluid film thickness and use of the Bessel’s functions for the definition of f (9)

Michell in [5] uses the formula h = const.8 in order Eq. (4.10) to become as in Eq. (4.11) and its solution to be given using Bessel
functions.

f”(0)+%f’(6)—/1R2f(0):0 (4.11)

Duffing in [15] used also linear varying fluid film thickness; he used the transformation f (¢)=w(8)/H , withH? =h®/ x; and
using these transformations the Eq. (4.10) was written as in Eq. (4.12). Since H? = const.6” = a*§?, this yield H" = 0 and then the
eigenfunctions of Eq. (4.12) can be of the formw;, =sin(46).

W (0)+Aw(8)= l:' w(0) (4.12)

In the current analysis the trigonometric function h is approximated with the linear function h” that is defined in Eq. (4.13) and shown
in Fig. 4 for the set of the values of the Table 1.

h™=(c, +e)—§¢9 (4.13)
T

With the use of h” the solution of Eq. 4.10 is feasible using Bessel functions and the general solution is presented in Eq. (4.14) for
both cases of positive and negative value of 1.
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Fig. 4. The trigonometric function of fluid film thickness
hand the linear approximation of it h*, as a function of
the angular coordinate 4.

i(c, +e)kzR i(c. +e)kzR
BesselJ (1, W_ikRaj BesseIY[l, W—ikRe]
C, +C, ,/1=|(2
f(0)= C.m+er—2ed c.w+er—2e0 10
Besseld[1, ST IRTR ol gesserv(1, (G TRTR gy
2e 2e )
—c, e, ek
C. 7 +er—2ed . +er—2ed

Since no imaginary solution can be accepted, only the case for A =—k?is accepted. The solution of Eq. (4.10) given by Eq. (4.15) will
form a boundary value problem with results plotted together with those from the exact solution given by the Power Series method,
presented in what follows.

c +e)kzR —(c. +e)kzR
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4.2 The use of the method of power series for the definition of f (9)

The method of the Power Series [17] is used in this subsection in order to define a solution for Eq. (4.10). The first step is to convert
Eg. (4.10) from a linear ODE with trigonometric coefficients in a linear ODE with polynomial coefficients, thus the transformation

cos(#) = ¢ is used and we are looking for a function f (€)= f (). The derivatives of f(&)are defined in Egs. (4.16) and (4.17).

df  df £ 7
E:_%Sm(é’):_f (E)N1-¢ (4.16)



d2f  d*f ., df T 2\_ 1
Y- sin (0)—£cos(0)_—f (&)(1-&%)-fr(&)¢ (4.17)

By substituting the last two expressions into Eq. (4.10) the following differential equation in Eq. (4.18) is obtained.

(a8 +p&-as-p)i"(&)+(4as”+pE-3a)f'(&)+(-B8ays-38y)f(£)=0 (4.18)

The constants «, £,y are defined as in Eq. (4.19).
a—%e, ,B:%Cr, y=2AR? (4.19)

Study of f(&)in the ordinary points
For all the ordinary points of the differential equation in Eq. (4.18) we assume that the solution can be written in the form of Eq.
(4.20).

f(&)=26,¢" (4.20)

The first and the second derivative of the function f(cf) are defined in Eq. (4.21) and (4.22) for the correspondingly.

- ié’n nemt (4.21)
f"(g):i&n n(n-1)&m? (4.22)

By substituting the last three expressions to the differential equation one will find out that the constants that appear in the power series
expansion are determined by the following formulas as in Eq. (4.23).

[an +an-(2+3y)a)s,, +(fn?)5,—(an*+4an+3a)s,,, —(Bn* +3n+25) n+2](i§”]+(2a+3a7)5120

n=0

5,=0 (4.23)
(an +an—(2+3y)a)d,,+(An*)d,—(an’ +4an+3a)s,,, —(Bn* +3nB+28)5,,, =

Study of f (¢£)in the singular points
The differential equation of Eq. (4.18) is now written in the form of Eq. (4.24).

fr(£)(E-1)(&+1)(al +B)+ T'(&)(x(aé + B)+3ar(&-1)(&+1))+ T (£)(-3d (a& + B)) =0 (4.24)

The term multiplied with the higher order derivative has the following roots as in Eq. (4.25).

10
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The first corresponds to the valued =0, while the second to the valued=rx. The third one is not accepted because it
yields cos(@) <-1. So, we have two singular points, in the values & =+1. For them, a separate analysis has to be performed. For the

singular point& =1we have that it is a normal singular point since analytic functions A, (ef) A(g) exist such that Eq. (4.26) to be
satisfied.

(£-1)(x(as+p)+3a(s-1)(&+1)) = (¢ -1) (s +1)(as + B) A (&)

(4.26)
(&-1)°(3r(ac+p)) = (-1 (£ +D)(ac+ A)A ()
The series expansions of the functions A, (&), A (5) are as in Eq. (4.27).
n+ n+ n+l
= =g+ £§+1J1 =( a
=— = -3 —£+1
;( ) 25 e
nel (4.27)
_3 Z( §+1)
So, the indicative equation of this normal singular point is as in Eq. (4.28) with the two roots as in Eq. (4.29).
, 1
p(2)=2"-22 (4.28)
1
A =04, = > (4.29)
For this singular point the solutions will be of the form of Eq. (4.30)
=35,(6-1
n=0 . (4.30)
f = 5 Zen
n=0

After a similar procedure as the one described for the ordinary points, one will be led to the following formulas of Eq. (4.31), for the
calculation of the constants of the above power series in Eq. (4.30).

6,=0
) ) (4.31)
(-1+n+a(-27+(n-1)"))5,, +(n(L+ Bn)-a(37+n-30)), + (L+2n)(a+b+an)s,., =0
For the coefficients of the other independent solution one will be led to the following formulas of Eq. (4.32).
e,=0
3 (4.32)

a(lz+3y—6n + nzjgn_l +[%—13a—ﬂ—12a7—12ﬂ7/—(32a+ 4B)n+(12a+4p) nzjgn —(a+ ﬁ)(§+ njgn+1
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For the normal singular point £ = —1 we have the following independent solutions of Egs. (4.33) and (4.34).

AGEWAEE @.33)
f,(&) =|§+]ﬁ ig" (£+1) (4.34)

For the definition of the constants in Egs. (4.33) and (4.34), the formulas of Egs. (4.35) and (4.36) are used correspondingly.

5,=0

4.35
(—1+n+a(3—37/—3n+nz))§n71+(—3a72 +pn +a(3py + n—3n2))5n +(1+n)(-2+a-B+an+24n)s,,, =0 (4.35)
&=¢,=0
(%—3ay+n+a(%+ annl +[a[—1—21+37—8n—2n2j+ﬁ£%—3y+3n+ nZDgn - (4.36)

G(m 2n)(4+a+2an+48(2+ n))jgn+1 =0

5 APPLICATION OF THE BOUNDARY CONDITIONS AND PRESSURE EVALUATION

Two boundary value problems are treated in this section. The first has to do with the distribution of the pressure in the axial direction
of the bearingm(x)and the second with the distribution in the circumferential direction f (¢). The boundary value problem for

m(x) is defined is defined from the ODE in Eq. (5.1) and the boundary conditions of Egs. (5.2) and (5.3).

m"(x)-k*m(x)=0 (5.1)
L

m( > j_l (5.2)

m(—%jzl (5.3)

The explanation for the boundary conditions in Egs. (5.2) and (5.3) is that the resulting pressure at both ends of the bearing
P(+L,/2,0)has to be equal to zero (the atmospheric pressure is not incorporated) and thusu(+L,/2,6)=-g(+L,/2,0), that

means ¢(0) =-m(xL,/2) f(6).

The general solution of Eq. (5.1) is given in Eq. (5.4). The general solution in Eq. (5.1) is substituted in the boundary conditions of
Egs. (5.2) and (5.3) and one can define the constants c, and ¢, and obtain the solution as in Eq. (5.4). The eigenfunctions m, (x)are

written as in Eqg. (5.5) with k to be the eigenvalues of the problem of Egs. (5.1 - 5.3).

Lk Lk
e’ K e? “kx
m(x)= 1+e"* ¢ +1+ ghk ¢ (54)
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m, (X)= e’ ey & g~
" 1+ebk 1+ebk ’ (5.5)
Kk =27 h=12

The boundary value problem for f (49) is treated in the two following subsections 5.1 and 5.2 for the cases that f (9) is defined using
Bessel functions (Section 4.1) and Power Series (Section 4.2) correspondingly.

5.1 Boundary value problem for f (6)using Bessel Functions

The boundary value problem is consisted from the ODE in Eq. (5.6) and of the boundary conditions of Egs. (5.7) and (5.8).

3n”

7(0)+=— 1'(0)+K°R 1 (6) =0 (5.6)
f(0)=0 (5.7)
f(r)=0 (5.8)

The explanation about the boundary conditions in Egs. (5.7) and (5.8) is that in the beginning of the oil film (8 =0) the pressure
P(x,0)has to be zero and thus ¢(0)=-m(x)f(0). Since ¢(0)is chosen to be zero (see section of the particular solution)

then f (O) =0. Also, since f (0) is the homogenous solution there is no influence from ¢ (this means & = 7 ) and the pressure yielded
from the homogeneous problem becomes also zeroat #=6" = .

The general solution of Eq. (5.6) is given in Eq. (5.9). The substitution of the general solution in the boundary conditions gives the
system of equations in Eq. (5.10).

(c, +e)kzR —(c, +e)kzR
BesselJ| 1, ~——*———kRé BesselY|1l ——————+kRO
£(6)=—c 2¢ c 2¢ (5.9)
! c, 7w +ex —2e6 ’ c, 7w +er —2e0
(c, +e)kzR —(c, +e)kzR
BesselJ| 1, ~———F—— BesselY|1l, —————
2e 2e
—C, +Cq =0
C7m+er C,7+er
(5.10)
- kzR - kzR
BesselJ| 1, 7((; +e)kr -kRz BesselY| 1, 7(Cr +ekr +kR7
2e 2e
c, +Cq =0
C.7T—enm C.7T—erm

The constants c, and ¢, can be determined as the solution of the system of Eq. (5.10) as in Eq. (5.11).
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BesselY _’]_, M
c 2e
7=
c +e)kzR 5.11
BesselJ [1, W] ( )
2e
c, =1

The characteristic equation of the system in Eq. (5.10) is given in Eq. (5.12) and is plotted in Fig. 5 as a function of k for the set of
values of Table 1. The eigenvalues «, are determined as the roots of it and for the current set of values of Table 1 they are very well

approximated by the formulax, = 20n. The eigenfunctions f,(&)are given in Eq. (5.13) together with the eigenvalues x, for the

current set of values of Table 1.

(c, +e)kzR —(c, +e)kzR
Bessell| 1, ~——F—— BesselY |1l ——F——
2e 2e
C,7T+er C,7m+er
R R =0 (5.12)
—(c, +e —(c, +e
BesselJ| 1, M—kRﬂ' BesselY | 1, M-ﬁ- kRz
2e 2e
C,7T—erx C,7T—em
(c, +e)x,zR —(c, +e)x,7R
Besseld| 1, ~—————«,Ré BesselY| 1, 2 +x,RO
f.(0)=—C +C 5.13
(0)=¢ C, 7 +em—2e0 ? C, 7w +em—2e0 6.13)
K, =20n,n=12,..
6—- 400000—-

// ——x =0 - Bessel Function

Pressure g(0,y), Pa

Characteristic determinant, Sign( JLog(Abs( ))

24 -100000 - : T Y -
] ] v Y. -, i — = x=0-Power Series
4+ u b b N ~200000 i -+ -x=0.5L/2 - Bessel Function
- 400000 “. i =-=—x=0.5L/2 - Power Series
6+ - i x =1 /2 - Bessel Function
1 -400000 e x = [ 2 - Power Series
-8 T T A | T T T
0 210 40 GIO 310 1[|I|0 120 1z|10 160 1é0 200 220 240 2é0 0 rlr Zlﬂ
Constant & Angular coordinate #,rad
Fig. 5. Values of the characteristic determinant of the Fig. 6. The pressure distribution along the angular
boundary value problem for f (#)as a function of k, for coordinate @ given from the homoOgenous

solution g (¢, x)for variable values of axial

coordinate x and for the two different solutions using
Bessel functions and Power Series method.

the case of use of Bessel functions
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-50000
-100000 -
o -150000-
i.:._ { 400000 :_\ '
>3 200000 Z 200000 | 70,05
5 % -
@ -2500004 —— = 0.4 = - Power Series Y g 0 /
a 14 - - #=04r-Bessel . g 200000 | (0025
§ -300000 * /' - - - -f1=0.6 7 - Power Series '\.'_ 5 400000 ° 74 =.-S
o {/ —-=— =06 7-Bessel ' ) o @
350000, ~--~=0.8 1 - Power Series I 2 bl
S #=0.8 - Bessel ' 2 4 s
e Agury, _ /0025 §
-0.050 0025 0000 0025 0,050 "inate B /2 g
Axial coordinate x, m 27 0.05
Fig. 7. The pressure distribution along the axial Fig. 8. The pressure distribution g(#,x)given from the
i X Oi . . .
coqrdlnate given fr-om the homogenous homogenous solution using the Power Series Method
solution g(¢,x) for variable values of angular as a function of angular and axial coordinates.

coordinate 8.

5.2 Boundary value problem for f(H)usinq Power Series

The current boundary value problem is consisted from the ODE in Eg. (5.14) and of the boundary conditions of Egs. (5.15) and
(5.16).

(a&+pE-aé-p)i"(&)+(4as®+ pE-3a)f'(&)+(-B8ays-38y)f(£)=0 (5.14)
f(-1)=0 (5.15)
f(1)=0 (5.16)

The explanation of the current boundary conditions corresponds to this of Egs. (5.7) and (5.8). Using the solution of Eq. (4.20) and
the eigenvalues Kk, =n—”,n =1,2,... the eigenfunctions fn(cos(e))are defined using the iterative formula Eq. (4.23) and the two
boundary conditions for every n=1,2,.... For the current evaluation a total number of n=100was used. The analysis around the

singular points is used also in the evaluation of the eigenfunctions fn (cos(ﬁ)) when the higher eigenvalues are incorporated.

The normalized eigenfunctions of both problems (form(x)andf(e)) are given in Egs. (5.17) and (5.18) with the constants
a, ora,and S, to be defined in Egs. (5.19) and (5.20) correspondingly [17].

f.(6)=a,f,(6) or T,(6)=a,f,(0) (5.17)
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m, (6) = B,m,(6) (5.18)

) do=1n=12,.. or j(a f (0 )) do=1n=12,.. (5.19)

n'n

O'—.ﬁ

V.4

[(Bm, (o) ) do=1n=12,.. (5.20)

o

5.3 Evaluation of the resulting pressure

The solution of g (x, 9) can now be written as in Eq. (5.21). The constants &, are defined in Eq. (5.23) using the boundary condition
for zero pressure at the ends of the bearing which yields ¢ (6) =-m(+L, / 2) f (¢) or since m(£L, /2) =1, f (8)=—-¢(8)see Eq.
(5.22).

0)=3(5,F,m,) or g(x.6 :i(é im,) (5.21)

n=1 n=.

@ﬂ(@)m{%}&zf‘z(a)mz[%}53?3(0)@[%}....=—¢(9) for forfand Soré. (5.22)

5 = J'OZ”[_(D(Q) f.(o)m, (%)}de or & = jj”(—(p(e) T (o)m, (%Dde (5.23)

The pressure distribution defined in Eq. (5.21) is plotted in Figs. 6-8 for both cases of the eigenfunctions ﬂ (9) (Bessel functions)

and f:n (6) (Power Series method). As it can be seen in Figs. 6 and 7 the Bessel functions yield differences in the pressure distribution

along both the axial and circumferential coordinate. The two distributions have similar maximum and minimum pressure value but in
different locations of 8. The differences in the pressure distribution are more intense in the domain around the axial centre of the

bearing (x=0) but both distributions tent to be equal near the axial ends of the bearing (x=+— L, ) and this is because in these

locations both distributions are forced to tent to ¢ ().

The resulting fluid film pressure distribution is then defined explicitly as in Eq. (5.24) and is plotted in Figs. 9-12 through angular and
axial coordinate, together with numerical results obtained during the current work from the solution of Eq. (1.1) using the Finite
Differences Method.

P(X,H):¢(49)+://(x)+ni:;@n .(0)m, (x)) (approximate analytical)

B(x.0)=0(0)+v(x)+3 (3,

(5.24)

E

(6)m, (x)) (exact analytical)

In Figs. 9-11 it can be seen that the resultant pressure distribution presents differences comparing the numerical solution with the
approximate analytical solution (using Bessel functions) and the exact analytical solution (using the Power Series method) especially
in the values of maximum and minimum pressure. The divergence in the value of the maximum pressure becomes more intensive
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when the parameter of eccentricity velocity obtains higher values (see Fig. 11) while the minimum pressure value is not affected as
much as this of the maximum.

The resulting pressure distribution through the axial coordinate is plotted in Fig. 12 for the three cases of evaluation. The differences
are becoming more intensive for values of @where the pressure tents to maximize (eg. @ =0.87) while in the other domains of the
pressure diverge less. What those differences mean for the resulting impedance forces of the fluid film in the journal is a concept that
is left to be discussed in future work.

A three dimensional plot for the resulting pressure distribution is given in Fig. 13. Having also a look in Figs. 3 and 8 one can realize
how their distributions contribute in the resulting pressure of Fig. 13. Using Eq. (5.24) the values for the angles of the maximum and
the minimum pressure can be calculated by finding the roots of Eq. (5.25), while the roots of Eq. (5.26) are the angles of zero
pressure. The roots of Egs. (5.25) and (5.26) are evaluated numerically and they are plotted in Fig. 14 as function of the parameter é
for the three cases of study. The three cases of evaluation have differences in where the pressure obtains the maximum and the zero
pressure especially as € takes higher values.

5.7, (0)m, (o))j =0 (5.25)

5.%.(0)m, (0)) =0 (5.26)

6 CONCLUDING REMARKS, CONTRIBUTION AND FUTURE CONCEPTS

The current work gives the path of obtaining an exact analytical solution of the Reynolds equation for the lubrication of journal
bearings with finite length. The contribution of the current work can be described with the following comments which highlight the
differences to the solutions given in the past.

a) A set of particular solutions of the Reynolds equation is given with a sub case of them to correspond to the pressure
distribution of the infinitively long bearing without the demand of excluding any partial derivative in Reynolds equation.
This means that a particular solution that describes either the infinitely long or the infinitely short bearing can be defined
regarding the boundary conditions that are applied in the function of the particular solution for the finite bearing.

b) The homogeneous Reynolds equation is treated without the use of any approximating function for the fluid film thickness
and the use of Power Series yield a closed form solution for the homogeneous Reynolds Equation for the finite bearing.

c) The analytical expression of the resulting pressure as a function of eccentricity rate of change é gives the ability to define a
formula that together with the initial condition for the pressure distribution in the circumferential beginning of the film lets
the angle of zero pressure to be self defined. An additional benefit is that there exist closed form formulas for the definition
of the angles of maximum and minimum pressure of the lubricant in the finite bearing.

A study of the pressure distribution under the approximation of the fluid film thickness function with a linear function was motivated
from the literature in order to show the differences between the approximate analytical solution using Bessel functions and the exact
analytical solution using the method of power series. The current work does not intent to estimate the importance of the differences in
the pressure distribution between the methods of evaluation (approximating analytical or numerical) because there are cases of
operational conditions that these differences are minimized and cases that can yield higher divergence between the theories.

Two linear ordinary differential equations of 2nd order and with trigonometric coefficients were solved in this work. They were
extracted and formed under the proper assumptions of splitting the solutions and the independent variables. The trigonometric
coefficients that were introduced by the function for the fluid film thickness introduced the great difficulty in solving the Reynolds
equation. Since the one of them, which corresponds to the particular solution, has direct form of solution whatever the thickness
function is, and the other, which corresponds to the homogenous solution, can be confronted using the power series method, a new
concept comes up and has to do with the introduction of a different function for the fluid film thickness that corresponds to a worn
journal bearing.

17



This part of the work for the analytical solution of the Reynolds equation was planned to give the formulas of the pressure
distribution of the lubricant in a finite journal bearing. These formulas happen to have functions that can be integrated in space
domain with closed form expressions so as to give the resulting impedance forces of the lubricant to the bearing. This fact gives the
ability to define the closed form expressions for the stiffness and damping coefficients of the lubricant film and this is a concept to be
made in the future work together with the definition of the formulas for the operational parameters such as the eccentricity and the

attitude angle as a function of Sommerfeld number.

Analytical - Bessel Functions
— = Analytical - Power Series

400000 - 5 B 2
- Numerical - Finite Diferences

Analytical - Bessel Functions
— = Analytical - Power Series
- Mumerical - Finite Diferences

Pressure F(tly), Pa
Pressure F(tly), Pa

h 0 - pYs 0 x 2
Angular coordinate ¢,rad Angular coordinate ¢,rad
Fig. 9. The pressure distribution P(¢,x) along the Fig. 10. The pressure distribution P(6, x) along the
angular coordinate¢ in the axial centre of the bearing angular coordinate @ in the axial centre of the bearing
(x=0)for =0 (x=0) for é¢=0.0002QR
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© .
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Figure 11. The pressure distribution P(e,x) along the Fig. 12. The pressure distribution P(e,x) along the axial
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