ON_ THE STRUCTURE OF GALOIS GROUPS

AS GALOIS MODULES

Uwe Jannsen

Fakultdt flir Mathematik
Universitdtsstr. 31, 8400 Regensburg
Bundesrepublik Deutschland

Classical class field theory tells us about the structure of the
Galois groups of the abelian extensions of a global or local field.
One obvious next step is to take a Galois extension K/k with Galois
group G (to be thought of as given and known) and then to investigate
the structure of the Galois groups of abelian extensions of K as
G-modules. This has been done by several authors, mainly for tame
extensions or p-extensions of local fields (see [10],[12],[3] and [13]
for example and further literature)} and for some infinite extensions
of global fields, where the group algebra has some nice structure
(Iwasawa theory). The aim of these notes is to show that one can get
some results for arbitrary Galois groups by using the purely algebraic
concept of class formations introduced by Tate.

1. Relation modules.

Given a presentation

1R > F * G=* 1
m m

of a finite group G by a (discrete) free group Fm on m free generators,
the factor commutator group R;b = Rm/[Rm,Rm] becomes a finitely
generated Z[G]-module via the conjugation in Fm' By Lyndon [19] and

Gruenberg [8]1%2 we have

1.1, PROPOSITION. a) There is an exact seguence of %[G]-modules

ab

m
(1) 0 - R e

+ %[G] Gy > o0,

where TI(G) is the augmentation ideal, defined by the exact seqguence

(2) 0+ T@) » zmlc] g o, aug( ] ao) = ] a.
o€G oeG
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SEEE Y R;b T o™t ep as QG-module.

c) For a second presentation 1 - Rn - Fn + G- 1 one has
X ozc™ S & o zic)”
n m

and therefore

(3) Rn (n im)l

for ever rime if we set R =% _ 8, R Z the ring of
y p P, _ o %z B ( o g

integers in the field Qp of p-adic numbers).

In particular the G-structure of R bp only depends on m; for R;b
itself and minimal m this is still an open problem, see [8]. One has
RZ® 2 1(6) @,1(G) for m = (G:1)-1, and R2P ¥z (g)™ !
(z,q, Zp and Qp Z;e always equipped with tho trivial G-action). If G
mgP
presentation 1 +Rm > Fm<+G +~ 1 of G by a free pro-p-group on m free

® Z for cyclic G

is a p-group, R is just the factor commutator group of ﬁm in any

generators. If the order of G is prime to p, one has R;bp :Zp[G]m_lmp.
14

Tate has shown (see [16]) that R;b is a class formation module for
G, i.e.,

b

(4) wtw, ) ¥ el 2w

for all subgroups U of G and all i €Z (here and in the following we
take the modified (Tate) cohomology groups), where the isomorphism is
obtained by taking cupproduct with the restriction of a generating
2, Rab) = Z/(G:1)Z. It turns out that Rab has to be
regarded as a standard object with this property - all other class

element of H
formation modules only differing by "projective kernels":

1.2. THEQOREM. Let G be a finite group, Gp a p-Sylow subgroup and M a
finitely generated Zp[G]—module with the property

1
' = 0
HZ(GP M)
* it .
(*) Hz(Gp, M) xp/(cp. 1)zp
G, M = : 1)Z_ .
H™{ ) %p/(G 1) o

a) There is an exact segquence

(5) 0 »Xx - R® 4 M- o0
m, p

for some m € IN and some projective ZP[G]—module X.
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b) If M is torsion free (as Zp-module}, the sequence (5) splits, so

~ ab
Me X = R
n,p
c) There is an exact sequence
(6) 6~ M>M > Ip(G) + 0
with a cohomologically trivial Zp[G]-module M' and IP(G) = Zp ® I1(G).

Proof. The proof of a) is nearly as in [13]1I: ILet
0 +M>E->G-~>1

be the group extension corresponding to a generating element of
H2(G,M), and choose a homomorphism «(: Fm + E with dense image (m
ab

suitable). This induces a surjection o: R o + M, let X = ker .
f

From the long exact sequence of cohomology under Gp we get Hz(G , XY = O
= HB(GP,X), so X is cohomologically trivial, i.e., projective, as X
is torsion free.

b) is clear (compare [13] 1.5), and M' is defined by the exact
commutative diagram

I (G == I (G
p{ ) p{ )
0 — X —> %p[G]m — M — 0
]
0 |
0 —» X -—» R > M —> 0,
m,p

where the middle column is given by l.1l.a).

2. Cohomologically trivial zpiG}-modules.

We fix the following notations. For a finitely generated ZP[G]—
module M, Tor (M) will denote the %p~torsion submodule of M,
M* = Hom(M,Qp/Zp) is the Pontrjagin dual of M (with the operation
(0f) (m) = £(07Im)), and d5(M) is the minimal number of z,[c1-
generators for M. Tensor products now are taken over %Z_, if not
denocted otherwise., For a pro-finite group A (abelian or not) A(p) is
the maximal pro-p-quotient.

A.ZP[G]—module P is projective 1iff it is torsion free and cohomo-
logically trivial, and then determined by the structure of mp@P as

Qp[G]—module by a theorem of Swan [23] 6.4. This generalizes to
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2.1. THEOREM ([12] 1.2.). For cohomologically trivial, finitely
generated Xp[G]—modules M and M' the following statements are

equivalent:
iy M = M.

ii) Tor(M) = Tor(M') and mp@ M @8 M.

P

12

Furthermore we have the following construction, which follows
from [12] 1.8~1.10.

2.2. LEMMA. ZLet N be a finite %p{G]—module.

a) There is a presentation (exact sequence)

L £

z [c]" L %p[c}m —>N* — 0

P

if and only if there is an exact seguence

m £t 3

0 > Z_I[G —> % _[G]T » M > 0
P P

for the cohomologzcallg trivial Z [Gl-module M with Tor (M) = N  and
e, @MZm[G]

+
b) In the above statement, £ can be chosen to be the transpose of f

in the following sense: If £ is given by the matrlx (a.j with
+
aij € %p[G], f is then given by the matrix (a ), where T is the
anti-involution of %p[G} given by
+ -
) a; o) = ao b .
cEG s13e

3. Applications to number fields.

Let K/k be a finite Galeis extension of local or global number
fields with Galois group G (function fields can be treated similarly)}.
Fix a prime p and let X be
i) the maximal p-extension of K, if k is local,

ii) the maximal p-extension of K unramified outside 8§, if k is global;
here S is a finite set of non-archimedean primes of K closed under
the action of G and containing all primes above p and all primes
ramified in K/k.

For every field k € L © K we set GL = Gal(K/L), and we want to
ab
K *
Notations: for any field L, uL is the group of roots of unity in L,

and up = {z € Hg|g™ = 1} for an algebraic closure 0 of L.

consider the finitely generated Rp[G}—module G
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i) For local fields the only interesting case is where p equals the
residue characteristic. The following theorem generalizes the results

for p-groups due to Borevid, K. Wingberg and the author (see [2],[3],
{131 and [25]):

3.1. THFEOREM. Let k be of degree n over {_.

a) G is generated by n+2 elements, and there is an exact sequence

ab ab
(7) 0 - ZP[G] > Rn+2,p > GK > 0.

b) I1f K is regular (i.e., up $‘K), G is generated by n+l

elements, and there is an isomorphism

0

(8) gab r2P

K n+l,p

Proof. We only show a), because b) is similar, using the splitting
of (7). As the reciprocity map induces an isomorphism between Gab
and the projective limit over the groups KX/KXpn for all n, Gib»has
the property (*), and using the p-adic logarithm we get an isomorphism

ab ~ n
(9} @ © G = QP[G] & Qp

Let R be defined by the exact commutative diagram

Ip(G) = Ip(G)
0 > =[Gl » zp[.@}n+2 - M o+ 0
I 1 1
0 -+ EP[G] -+ R -+ ng + 0 ;

where the right column is given by 1.2.c) and the middle row exists by
2.2., because M' is cohomologically trivial, Tor(M') = pK(p) is
cyclic and Qp e M = mp[G]n+1 by (9). If we can show tha:b G is
generated by n+2 elements, we are done, because then R = Rn+2,p by
applying Schanuel's lemma to the middle column and 1l.l.a).

For this we may assume that the ramification group of G is
abelian, by Burnside's theorem on p-groups. If L is the fixed field
of the ramification group, G is then a quotient of the middle group in
the extension

(10) 1 +Gib > G /16,61 > § » 1,
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where G = Gal(L/k) is generated by 2 elements. Applying the above to
L instead of K we get a surjection

— ab —
[ZH Rn+2,p{G) + G

ab
L ¥

ab
L
1 belonging to (10) (proposition of Weil-

which induces an isomorphism in cohomology. As HZ(E,G )y is
generated by the element x
Safarevic) and HZ(E,Rizz) by x, belonging to

ab =
(11) 1 - Rn+2 - Fn+2/[Rn+2,Rn+2] + G+ 1

(Tate, see [16]13.), after possibly multiplying @ by a unit in Zp,
in HZ(E Rab

0 ""n+2,
under the map induced by . This means ([1llp. 179) there exists a

we may assume that the image of x p) is mapped to Xy
lifting

@ F_ /IR /R 1+ G /G ,G]

that induces @ and therefore has dense image. So Gk/[GL,GL} is
{(topologically) generated by n+2 elements.

3.2. COROLLARY. The absolute Galois group of a p-adic number field

k is generated by n+2 elements, n = [k:@p], and this number is
minimal.

Indeed, if K = k(up) and Gk was generated by n+l elements, Gib

would be generated by [K:k]+1 elerents as %p—module (using (7) and
the rank of R2D), which is not true. 3.2. was shown in [15]1.4.d)

for

< k.
p_.
ii) In the case of a global number field we assume that k is totally
imaginary for p = 2 and fix the following notations.

ry and r, are the numbers of the real and complex places of k,
1

< r
1 -1
real places of k which ramify in K/k. &_ is the set of primes above

respectively, and r is the cardinality of the set S) of the
P in k, and for any set T of primes in k and any extension L/k we let
T(L) be the set of primes in L lying above primes in T. Finally, L,p
denotes the completion of L with respect to the prime p of L, and
d(H) is the minimal number of generators for a finitely generated
profinite group H.

If s = ¢ and hence ri = 0 (e.g., for K/k a p-extension), all
statements are remarkably simplified, and we have a complete analogy

with the local case.
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3.3. THEOREM. Let k be a finite extension of (@. If Leopoldt's

conjecture with respect to p is true for XK ([6] p. 274), G;b has

the property (*), and the following holds.
a) If d(Gk) < 4, there is an exact sequence

ab ab
(12) 0+X->Rd'p—>GK > 0

with a projective xp[G]—module X, whose structure is defined by the

isomorphism

1]
(13) xezp[G]r‘ Ty ® zp[c;]d‘rl‘l ,

1
Soo

where Y_, is the free Zp—module with basis S;(K) and the natural
[+~

(left) action of G.

b) One has dG(Tor(ng)*) < d(Gk)-rz-l—ri+dG(YS. ) and conversely

o]

. ab * v " . n
d(Gk) < max(d(G),dG(Tor(GK ) )+r2+1+rl—r1), if YSO,o has rl free
Z_[Gl-summands.

P
c) If Gib is torsion free, the segquence (12) is splitting, and there
IN

is an isomorphism

ab d-r;-1 ~ ab
(14) GK 2] ZP[G] Z8; ® Rd,p ,
where ZS' is defined by the property
e
~ r]
v =
(15) "S; ® ZSolo ZP[G] .

d) If G;b is torsion free and up < K, G 1is generated by

r,+l+r!-r! elements (and so is G by <¢)). So for S; = ¢ we then

2 171
get an isomorphism

k

a
(16) GK r2+l,p

3.4. Remarks. a) Ry the existence of r.,+1 linear independent Zp—

2
2+1 in (13). X is well defined

by the Xrull-Schmidt theorem for ZP[G]mmodules, in particular

extensions over k one has always d > r

(17) x Ty d-rz-l-ri

s ) ZP[G]

1
©

]
for 4@ - r, - 1l - r1 > 0 and
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for 8! = ¢.

b) Choosing one decomposition group G;T c G for every prime g € S;,

the module Y, can be described as
G
(18) YS' = & IndG (Z2_),
w pes! g P
where Indg means induction from G” to G. As well
b
G
(19) ZS‘ = ® IndG (Zp(—l)),
® pes’ ]

where Zp(-l) is the module Ep, on which the non-trivial element of

Zz (G .1 =

p s
xpexg(—l), which shows (15) {(recall that S; = ¢ for p = 2 by
assumption).

Gp acts by multiplication with -1. For p # 2 one has

Proof of 3.3. As & contains 8§ and k 1is totally imaginary for
p = 2, we have cdp(Gk) < 2 (see [4] 2.11), and
(20) B2 (G,, O_/B_) = 0

K, --p p ’
if and only if the Leopoldt conjecture is true for K and p (using the
same arguments as in [9]4.4), In this case, cdp(Gk) < 2 implies
(21) Hl(GL,G}p/%p) =0 for all k c L ¢ K
not only for i > 3 but also for i = 2, using (20) and the surjectivity
of the corestriction, see [22]1I 3.3. Using the spectral seguence

i 3 __ i+
(22) H"(G(X/L), H (GK,QP/%p)) = H (GL,QP/ZP)

b

one shows as in [16], App., or [9] 2.3, that G; has the property (*)

and HZ(G,Gib) is generated by the element belonging to
0+ »6/6,6]> 6 » 0
K k K'"K )

Proceeding as in the proof of 1.2.a), we get an exact seguence

ab ab
{23) 0+ X - Rd’p+GK—>O
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with projective X, if Gk/[GK’GK] is generated by d elements.

On the other hand, class field theory gives us an exact sequence

o}
(24) U.@%Z > 1 U (p) » G > Cl.(p) ~ 0,
{ K
KEP  pes(x) Fp K
where UK (resp. UK ) denotes the group of units in K (resp. KF) and

ClK is the class grgup of K.

If the Leopoldt conjecture is true for K and p, the first map in
ab

(24) is injective and we may compute mp ® GK . By Dirichlet's

theorem @ & Q@UK is isomorphic to the @-vector space with all
archimedean places of K as a basis and the natural permutation action
of G on this basis. Therefore

~ L Ta+r1-r]
(25) Qp & mp®ZUK Qp®YS, & Qp[G]

o

On the other hand, by the local theory one gets

(26) o ® (T v, (@) T 61" = g_te1"
P opesx)y Ky P P
with n = [k:@0] = Y [k_.: @ 1. By (24) we calculate
Fesp B P
5 ab ry+r,-r; ~ -1 L1421, ,
(27) meGK ® QPQYS; ® QP[G] @p[c] & mp
while (23) and 1.1.b) imply
ab ~ ab ~ d-1
23 QG ® /X = ®R = G 23] .
(28) Qp K Qp Qp d,p Qp[ ] Qp

Combining (27) and (28) we get

d—r2-1
)
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rl
D ® (X ®Z [G]! ® (Y., ® Z_[G
D, © ( pl17H) F 0y @ (v, o6
which implies (13) by Swan's theorem.
To show the first part of b), we apply the functor
M~ M+ = Hom(M,Zp) to (12) and get the exact sequence
ab, + ab , + + ab)*

0 - (G_.7) > (R Y o+ X - Tor(GK

R d,p > 0

because of the canonical isomorphism Extl (M,%p)‘; Tor (M) *. As

dG(MQZp[G]) = dG(M)+l for a finitely generated Zp[G]—module, see
[8] 5.8, we get
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ab, + _ — - -
dG(Tor(GK )7) < dG(X ) = dG(Y )y + 4 r, 1 ry

+

e

by (13) and the isomorphism ZP[G] Zp[G], which also implies

dG(P+) = dC(P) for projective P.

For the second part of b) one proceeds as in the proof of 3.1.

(where we had dG(Tor(G;b)*) =1 and d(G) < n+2), by considering
ab oy ~ %y ry N .
GK ® YS; for YSO,o = YS$ ® ZP[G] , and c¢) is clear.
For d) we use the fact that H2(GK,Z/pZ) = 0 for torsion free ng

(which follows from (20) and the cohomology sequence for

0 > %Z/pZ ~ Qp/%p £ mp/xp + 0). If K contains a primitive p-th root
of unity, this is only possible, if K has only one prime By above p,
see [4] 3.3. In particular, G is equal to the decomposition group for
By and we may use the same arguments as in the local case (considering

: ab
again GK ® YSé)'

3.5, COROLLARY. I1f K/k is a p-extension (and Leopoldt's conjecture
is true for K and p), let d = dim Hl(Gk)and r = dim Hz(Gk) be the

numbers of generators and relations of the pro-p-group Gk,reqmcthely.

Then ¥ = d—rz—l = dG(Tor(G;b)*) = p-rank of Tor(Gib), and there 1is

an exact sequence

k ’
for M a finite Z [G]-module and G a p-group, one has dG(M*) = p-rank

of M*/IP(G)M* T (MG *,

b ab
29 0 + % [6]1F > R _ -+ @+ ¢
(29) L16) o
Proof. The equality 1-d+r = X(Gk) = -r, was shown by Tate [24],
H2(Gk,mp/Zp) = 0 implies H2(Gk)* ¥ (x € ZP|px = 0}, see [5] 5.6.,
and H2(GK,mp/zp) = 0 implies (g?b)G ~ 62P see[9] 2.3. Finally,

3.6. Examples and remarks. a) The numbers d and r in 3.5. have been

studied extensively by Koch in [17]. 1If s, resp. s', denotes the

cardinality of S, resp. the subset S' = {p€ S|up c k }, one has
) ) _
s' <r < s'+ cp + rl + r, 1 for “p $ k,
{30)
r =858 + cp -1 for ”p < k,

where cp is the p-rank of the S-class group of k (quotient of Clk
by the classes of the primes in S), and in both cases r = s'-1 for
large S.

b) If K is a p-extension of k = @ (p # 2) and Leopoldt's conjecture
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is true for K and p (e.g., K abelian), there is an exact sequence

+ G +~ 0,

sl
(31) 0 - ZP[G] > Rs'+1,p K

with s' as in a) (use (30))

c) If k = @(/-D) is imaginary quadratic and p > 5 does not divide
the class number of k, then for § = Sp the group Gk = Gk e is free
14
P
on two generators by (30). So for any p--extension K of k which is
unramified outside p the Leopoldt conjecture is true for K and p (by

{(20)) and there is an isomorphism

ab o~ ab
GK = R2’p .

The same is true for p = 3 if the localizations above @, do not

3
contain Mge

4. The special case of Zp—extensions.

Let K/k, G = Gal(K/k),S,f,GL Gal(K/L) and the other notations
be as in the beginning of §3. If k is a global field, assume that
Leopoldt's conjecture is true for K and p, and that k is totally
imaginary for p = 2.

4.1. THEOREM. Let Gp be a p-Sylow group of G and Kp be the fixed

field of Gp. If Gp is cyclic, the following assertions are eguivalent:

i) Gab S M'®OR with M cohomologically trivial and R torsion free.

ii) The extension K/Kp is embeddable in a Zp-extension.

Proof. In a decomposition i), the Zp[G]-module R has the property

(*), so as G_-module R = %_ ® P with P projective, as follows from
1.2.b) and (3). The projection G;b—4» %p induces an isomorphism in

the cohomology under Gp, so there is a commutative diagram

¥
et

1 - G;b > GK /[GK,GK} -+
(32) i P
p -

1 =

’,') ——
T

+

H

p

which shows ii).

On the other hand, if there is a diagram (32), we can solve the
embedding problem
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(33) ’

¥
lh}R:lbp_)E-) > 1
L4

{i.e., the dotted arrow making the diagram commutative exists), where

E corresponds to an element of HZ(G,Rabp) which under the restriction

m,
map goes to that element of HZ(GP,R;bp), which corresponds to the
. . ! . ab ~ m-1
lower sequence in (32) via some G_-isomorphism R =% &2 _[G
d (32) p P m,p - Zpp(Cp]

(G generated by m elements). Indeed, the solvability may be checked
on G_ by a theorem of Hoechsmann, and there it is solvable by
assumption. (In fact one has to look at the induced problems with

kernel R;bp/pr R;bp for all r to have finite modules and then use the
r r
fact that Gk is finitely generated).

We get a map ng > R;bp, which induces an isomorphism in
cchomology (because it does in dimensions i = 1,2,3). Adding a
suitable map %p[Glr -+ R;bp, we get a surjective map

7
ab r ab
GK ] ZP{G] ‘_;’Rm,p R
whose kernel Q must be cohomologically trivial. Therefore the
corresponding exact seguence splits, as Ribp is torsion free, so
’
ab ~ _ab r
m,p ® 0= Gy (-BZP[G] ,

which shows i) by the Krull-Schmidt theorem.

4.2. Remark. If Gp has d generators, 4 > 1, consider the statements

ii)? K/Kp can be embedded in a ﬁd—extension, ﬁd the free pro-p-group

on d generators.

iii) The embedding problem

G
|
asab ~ ~ ~
(34) 1 > Ry =~ Fd/[Rd,Rd] > Gp+ 1
is solvable.

Then i) <= iii) = 3ii)', and iii) == 1ii)' for local fields by

a result of Lur'e [18], compare [14] for the case of p-groups.

By 1.2.b) and 2.1. the modules M' and R in i) are determined by

Tor (M') = Tor(GEb), mp@M' and mp@R. But Qp@Gib is known, and M' and

R are uniquely defined up to projectives, so for (p~Sylow groups
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ab is completely

embeddable in) Zp—exten51ons the Z [G]l-structure of GK
determined by Tor(G ). We 1llustrate this first by completely
determining the structure in the local case.

For this we also allow K/k to be infinite, in which case Gib is

a module over the completed group ring %p[tG]] = lim Zp[G/U], where

U runs over all open normal subaroups of G. The relation module for

G may then be described by rR2P = R (G) = 1im Rab (G/U), starting
m,p < m,p

from a homomorphism Fm + G with dense image, which induces exact
sequences 1 » R (U} > Fm + G/U + 1 for all U. Another description
: ab aa a o . .

R = ~ 2 r
is Pm p(G) Rm @x %p’ wh?re 1~ Pm > + G > 1 1is a presentation
by a free profinite group Fm on m generators.
4.3, THECREM. Let k be of degree n over Qp and XK/k be a Galois
extension such that K/Kp is a %p~extension or embeddable in a
Zp-extension, where Kp is the fixed field of a Pp-Sylow group of G,

a) G has two generators.

b) If K/Kp is cyclotomic and of finite degree,

ab ~ n
(35) GK = uK(p) -] ZPEGB ® %p.

c) If K/Kp is cyclotomic and of infinite degree,

ab o~ § n
(36) K Xp(l) ] %pﬂG 1 R
where % (l)ais the Tate module of u,{p) (& (l)CS = lim u for
P K p 1 Vpr
up < K, = 0 for up ¢ X).
d) If K/Kp is not cyclotomic,
ab ~ ab n-1

37 G ® Z_[IG = M' ® R ® Z _[G y
(37) X pK 1 2,p pﬁ 1
with M' given by the exact sequence
(38) 0 -~ Z_IGl~ Z _[C]°+ M' » 0

p P

1 » (x-g, l+(g-1L))),
where: X generates the p-Sylow group, q is the order of UK(p),
g €%p with ;X = Cg for all [ € uK(p), and A 1is the idempotent of

ZPHGOB which belongs to the action on uK(p); here G  is a maximal
p'=subgroup (i.e., with order prime to pP).

Proof. Let Lg {resp. L } be the fixed field of the inertia (resp.
ramification) group and o Gal(Ll/k) > (% /p % ) ; 0 < s < =, be the
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character of the operation on Gal(K/L }. Then Gal(Ll/k} has two
generators 6,7, where T generates Gal l/L and ¢ can be chosen such
that a(o) generates the image of o. If t¥ generates Ker o N <1> , G
is generated by x1T and o (where o and T are suitable liftings in G),

because the order of 1 is prime to p and xt¥ = tTx.

If Lg is the maximal p-extension of k in L., the order of
Gal(Ll/Lg) is prime to p, and G0 can be chosen as the image of a
section of Gal(K/Lg)-m» Gal(Ll/Lg).

By taking limits, c) follows from b), and in b) we may assume G
to be finite (by a compactness argument we may take compatible
isomorphisms (35), for which the transition maps on %p are just
multiplication with the group index). Now uK(p) is cohomologically

trivial for cyclotomic K/Kp, and % is a module with the property

P
(*) for G, because the p-Sylow group maps isomorphically onto the
ab ~
g =
which must be free by Swan's theorem.

maximal p-~guotient. Therefore G uK(p) @ Zp ® P with projective P,
For d) we may again restrict to finite groups and then only have

to check that M' is the cohomologically trivial module with

Tor {(11') = uK(p) = Tor Gab and QPEM‘ = Qp[G]. By 2.2. we only need

to show that

2 *
%p[Gl - Zp{G] > uglp)™ > 0

(1,00 » x '-g,
1 = generating element,

~

(0,1) » l+(g-1rt

is exact. This is easy, using the fact that x and G, generate G.

4.4. Remarks. a) If g = (G :1) is finite and 8: G, * (&/pE)* Ez;
is the character describing the operation on uK(p), one has
A= n;1 ZB(p)_lp, where the sum runs over all p¢g€ Go' For infinite

G0 one takes the limit of these elements for finite guotients.

b) The case Go = 1 has been studied by Iwasawa in [11] and the split
case (i.e., G is the product of zp and GO) by Dummit in [7]. They also

get b) and c) but instead of d) an exact sequence O—»ng‘+z [G] +qun-+0
which cannot exist in the non-split case, because then mp @G;b is

not free.
¢} For n > 2 one may cancel one % KGH in (37) and so get an explicit

formula for Gab If the group G lS given, it is easy to determine Ppr
I
and a free summand of M' ® Rgbp for n = 1. For example, in the split
ab ! ab o~
case R =z Gl 9% f K:¥ ] <= and =% £ K:K ] = o,
a 2,p II]! > for | b] w0 Rp plIGll or [ pl
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For global fields 4.1. immediately implies

4.5. PROPOSITION. If the p-Sylow subextension of K/k is embeddable

in a Ep-extension and K is a totally real number field,
ab o~ ab
{39) GK = Tor(GK VK Zp,

and Tor(G;b) is cohomologically trivial.

Now let k be an arbitrary finite extension of @ and K = U Kn be

n
the cyclotomic T-extension, Kn = k(u } and T = Gal (K/k}. Let

n+l
Tn = Gal(K/Kn) and assume that Leopoldt's conjecture with respect to p
is true for all Kn (e.g. k abelian). We want to relate the Zp[[F]—
module Xl = G;b (usually considered for § = Sp, i.e., Xl = Gal (M/k},
where M 1is the maximal abelian p-extension of K unramified outside p)
and X3 = Gal(L'/K), where L' is the maximal abelian p-extension of K,
which is unramified and in which every prime splits completely.

By Tate's duality theorem we get an exact seguence

(40) 0>y, (p) > I v @ ¥ Tor(6Z®) + R (k) > 0
n

pES(Kn) n,p n
where Rl(Kn) is the kernel of the map

1 1
(41) H (GKn,uK(p) -+ I H (G

FES(Kn) n,p n,g

induced by the restriction maps {(compare [2112.5.ii), HZ(GK,QP/ZP) =0
implies HZ(GK,ZP) = Tor(G;b)*, ¥ is then given by the reciprocity map).

By taking limits we get an exact sequence

(42) 0 »uplp) » @ My (p) ~ lim Tor(ng) > Hom{X3,uK(p)) +~ 0,
RES(K) » n n
and, by dualizing and setting X4 = (lim Tor(G;b))* (the limit being
> n
n

taken via the transfer maps), the exact sequence

(43) 0 > X,(-1) - X, ~» I Z (1) -~ Z_(1) - 0O,

3 4 pes (k) P P
where M(n) denotes the n~th Tate twist of a Zp[rﬂ-module M (as in [61).
Let A = Gal(Ko/k), d = (A1), and e; be the idempotent in %p[A]
belonging to the i-th power of the cyclotomic character, 0 < i < d-1.
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We then may split Xl(X3,...) into the direct sum of the ein (e.X_,+=+)

i3
and consider these as modules under A = EPEFOB,

Suppose now that e. .X, is known (and so also (el—iXS)(—l) =

1-i73
e_; (X3(-1))) and suppose further that we can calculate e_;X, from
(43) (e.g., if S(K) contains just one prime). Then we can get ein as
follows: Choose a minimal presentation
' ( u
(44) a %) L o x o,
-1"4
and take the transpose as in 2.2. to get an exact seguence
m, (a;) 24
(45) o~ AT oAt oM oo,
(Mi defined by exactness). Then there is an isomorphism
~ di
(46) eX, = Mi$A '
where
r, +r, for d even and i odd,
(47) di =myoT ﬁi + r, else.
. ab I|m * ab, | *
Indeed, we have (e .X,) = (e, lim Tor(G,”) 7) = (e,Tor(G.7)) for
-1"4 Fm iz Kn i Km
the module of coinvariants under Fm, using the fact that the transfer
induces an isomorphism Tor(GEb) ¥ Tor(GKab )Pn if HZ(GK ,@ /Zp) =0.
n n+1 n+1 p
So by 2.2. (Mi)P is cohomologically trivial with torsion module
m
isomorphic to eiTor(Gib). The same is true for (eixl)F , as follows
m m

from the spectral sequence

A 3 i+j
(48) (T ,H (GK;QP/ZP)) => H (Gx ,mp/zp>.

™
Therefore by 2.1. these modules only differ by projective %p[PO/Fn]—
modules, whose structure is easily calculated knowing the structure
of eimp®Gab Passing to the limit we obtain (46).

K
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