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It is well known that the I-adic cohomology of a scheme X
H{(X,Z(j))= lim H{(X, Z/I"(}))

has good properties only if the étale cohomology groups H'(X,Z/I"(j)) are finite
(e.g. not for varieties over number fields). In particular, these groups do not arise as
derived functors, which causes problems with functoriality, already for the usual
long exact cohomology sequence associated to an exact sequence of l-adic sheaves.
The situation is similar for continuous group cohomology of Z,-modules defined
by continuous cochains. For example there does not always exist a Hochschild-
Serre spectral sequence for a closed normal subgroup. The reason for these
difficulties is the non-exactness of the inverse limit.

But the inverse limit is left exact, so we may try to define a good cohomology
theory H*(X,(F,)), defined for inverse systems (F,) of étale sheaves on X, by
deriving the left exact functor

{inverse systems (F,)

of étale sheaves on X } — {abelian groups}

0.1)
(F) > lim H(X,F,).

The aim of this paper is to show that this cohomology theory exists and has all the
properties we want.

It turns out, that for locally constant sheaves F, our groups coincide with the
continuous étale cohomology groups H.,.(X,(F,) defined by Dwyer and
Friedlander via the étale topological type of X (see [3], the definition there is more
general, but compare (3.28) below). Our definition, being based on derived
functors, applies to arbitrary sheaves [e.g., to G,, in the Kummer sequence (3.27)],
and is particularly suited for calculations in derived categories. In fact, this paper,
where we study the groups H._ (X, (F,)) and their properties for l-adic sheaves (F,)
by more elementary means, will be basic for a following one, in which we shall give
a new approach to the derived category of Z;-sheaves.
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The connection between continuous and usual l-adic cohomology is a follows.
If we define the continuous l-adic cohomology by

H f:om(X s ZI(J)) =H l()( > (Z/ ln(])))
(I invertible on X), the obvious spectral sequence induces short exact sequences

02)  0-lim" H'™ (X, Z/I"(j))— Heond X, Z,(j)) > lim HY(X, Z/I"(j))-0,

where (li_m‘ is the derivative of the inverse limit [see (1.5) for the standard

n
description].
Since m‘ is zero for systems satisfying the Mittag-Leffler condition, one has

Hiond X, Z(j))= H'(X, Z{j)),

if the H(X, Z/I"(j)) are finite, in particular, if X is a variety over an algebraically
closed field (the “geometric” case). On the other hand we show

Hon(Speck, Z(j)) = Hon( Gio Z4(j))

(continuous group cohomology, see [ 14, Sect. 2]) for a field k with absolute Galois
group G, = Gal(k/k) (the “arithmetic” case). Connecting both cases, we show that
for a variety X over k there is a Hochschild-Serre spectral sequence

0.3) HEoo(Gh HYX Xk Z()))) = HEHX, Z)),

which in general does not exist for the usual l-adic cohomology.

The paper is organized as follows. In Sect. 1 we collect the needed facts from
homological algebra. In Sect. 2 we compare group cohomology of inverse systems
with continuous group cohomology.

In Sect. 3 we introduce the étale cohomology groups HY(X,(F,)) of inverse
systems (F,) of sheaves on X, and prove some of their major properties, for
example the connection with continuous Galois cohomology for X =Speck, the
existence of a Hochschild-Serre spectral sequence, of cohomology with supports
and relative cohomology sequences, and of a Gysin morphism. There is also a cycle
map

0.3) el : CH(X)— H3,o (X, Zi))

for a smooth variety X over a field k which can be expected to have interesting
properties, since it is far away from being trivial on cycles algebraically equivalent
to zero, see (6.15).

In Sect.4 we investigate some “l-adic” properties of abelian groups, like
l-completeness or [-divisibility, and relate these to properties of inverse limits. We
show that the groups HY(X,(F,)) are what we call “weakly I-complete” groups
(called Ext-l-complete groups by Bousfield and Kan [1]),if I"F,=0for all n, e.g., for
(F,)=2Zi). Such groups behave very well, even if they are huge. For example, there
holds a strong Nakayama lemma for them, whose application to the H/(X, (F,)
gives an extension and sharpening of Tate’s results on the structure of continuous
group cohomology in {14, Sect. 2].
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In Sect.5 we treat torsion-free [l-adic sheaves F. We introduce their
©-cohomology by

0.4 H (X, FOQ): = Hi (X, IOQ
and construct a long exact sequence
(05) .. _’Hiont(X’ F)_’H{;ont(X’ F®Ql)£)HI(X’ F®QI/ZI) Q’H{;:n{(X’ F)—’ v

with a certain (true) sheaf FQQ,/Z, (e.g., Z())®Q,/Z,=Q,/Zi)), such that Imf is
the maximal divisible subgroup of its target and Imé is the torsion group of
Hi* (X, F). This again generalizes results of Tate [14, Sect. 2].

In Sect. 6 we introduce a cupproduct for continuous étale cohomology, which
often can be calculated in terms of (0.1) and allows the definition of Chern classes

c{E)e Hn X, Z(i)

of vector bundles E on a scheme X (I invertible on X).

This paper was started by the search for a spectral sequence (0.3), the following
investigation of Tate’s sequence (2.2) in [14], and its explanation by construction
(0.1) and the implied sequence (0.2). It is clear from the introduction that the
mentioned paper of Tate also influenced this work later on. I also thank Chr.

Deninger for bringing my attention to the derived functors of (1_12 and the papers by
Roos [10, 11].

Notations and Conventions: For an object A in an abelian category and meNN let
A be the kernel and A/m be the cokernel of A-"» A. Functors are often only
described on objects, when the functoriality is clear. The signs Z, Z/I" etc. denote
the abelian groups as well as the associated constant sheaves, Z, also denotes the
inverse system of sheaves (Z/I") on a scheme X.

1. Inverse Systems and Right Derivatives

Let o/ be an abelian category and /™ be the category of inverse systems in of
indexed by the set N of natural numbers with the natural order. Thus objects in
o™ are inverse systems

d, d
w— A, > A, — ... — A, A,
in o/ and morphism are commutative diagrams

w— A — A, o A, — Ay

2. l= s

"_)Bn‘i‘l-———)Bl—_’"’—‘)BZ—_)Bl'

Obviously &M is an abelian category, with kernels and cokernels taken
‘componentwise”.

(1.1) Proposition. a) o#™ has enough injectives if and only if of has enough injectives.
b) (4,,d,) is injective if and only if all A, are injective and all d, are split
Surjections.



210 U. Jannsen

Proof. The forgetful functor
VN>t
(4,5 dp)-A4,,
has the exact, faithful left adjoint
Uy A—> N
(11.2) AM...—»O—»O—»/IIE»A@»...-»A.
m-th place

(1.1.1)

Therefore if U,Ac I is a monomorphism into an injective object of &%, the
composition 424V, U, A<, V,I is a monomorphism into an injective object of /.
The exact, faithful forgetful functor

VN o™
(1.1.3)
(Ap, dp)H4,)
into the product category /™! is left adjoint to
Piaf™ o o
(1.1.4)

(AH)W»(ilj1 4, pn),

n+1 n
wherep,: [] A;— [] A4;isthe canonical projection. As above we conclude that P
i=1 i=1

preserves monomorphisms and injective objects and that &N has enough
injectives if /'™ has. Now an object (4,) of &/™ is injective if and only if all 4, are
injective in &/, so we get the other half of a).

If (4,,d,) is injective, the 4,,=V,(A4,,d,) are injective as remarked above, and
the monomorphism (A4,,d,)3 PV(A,,d,) given by the adjunction has a left inverse,
which immediately gives right inverses for the d, by choosing such for the p,
Conversely, if the d, have right inverses s, then (A4,,d,) is isomorphic to
P(Kerd,_ ,), which is injective, if A, and hence Kerd, _, is injective for every ne N
(here d _ ; =0 by definition). This proves b); for an explicit description of  see (1.5).

A left exact functor h: o/ — 4 into another abelian category induces a left exact
functor AN o/N— %" in the obvious way. If o — and therefore o™ — has enough
injectives, we can define its right derivatives R4

(1.2) Proposition. REN=(RIAN for i20, ie, R'HNA,,d,)=(R'hA,, Rd,)).

Proof. If (4,,d,)=Ac 1" is an injective resolution in oY, 4,61, is an injective
resolution for eévery n, and R°h(d,) is induced by the transition map I:, , -1},

If inverse limits over N exist in &, we can define the functor
limh: LN>B
A

(4y, d,)~~1im (hA,, h(d,)),
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which by definition is the composition of k™ with the limit functor Jim: 4" —2%. By
the left exactness of the latter, <11_rn_ his left exact if and only if h is, and we denote its
i-th right derivative by R’ (M_ h). In the following, we often omit the transition

maps d, in the notation. If &/ and # have enough injectives, then if  is left exact
and maps injectives to injectives, the same is true for AN by 1.1, and we have a
Grothendieck spectral sequence [6, 2.4.1]

a1 td ppta /i
(1.3) Ei= h:n" R%A, = EP*1=R? "(ll'r'n h) (A,d,),
where lim” is the p-th right derivative of [im.

(‘T“ (—;i—

By Roos [10] the derivatives of lim also exist —at least as universal 5-functors —
n

if % has the property (AB4*), see [6]: infinite products exist and are exact functors
(it was sufficient to consider products over N in our case). Moreover, in this case
lim?=0 for p=2, and there is a functorial exact sequence

(1.4) 0- lim B,— ] B,~—*» [1B,~ im" B,~0

for (B,,d,) in %, since the canonical exact sequence

(15) 0_’(Bm dn);PV(Bm dn)_'PV(Bn—lsdn—l)—’O

(B- =0 by definition), given by the commutative exact diagram,
n+1

n
id,dn,dn - 1d —(d, ydn- aaee
0 - Bn+1 (id,dn, dn - 1dn, l—l B Pn—(dnpTn + 1,dn- 1PN, . .0) N I—-[ B — 0

i
i=1
4,
ll’n ll’ -1
0_‘)3" (id,dp - 1,dn - 2dnl——rHB Prn~1~(dn-1PTn,dn- ZPTnX"HB__)O
i=1

(pr; the projections onto B)), is a lim-acyclic resolution of (B,,d,), if # satisfies
(AB4*), cf. Roos [10]. e

(1.6) Proposition. If o/ has enough injectives, h: of —2A is left exact and B satisfies
(AB4*), there are functorial short exact sequences

0- lim! R~ 1hA,,—+R" (lim h) (4,,d,)— lim R'h4,-0
< NEE 5

foriz 0 (where R™'h=0 by definition and the limits are taken via the maps R’h(d,) ).
Proof. If the d, have right inverses s,, the last map in the exact sequence
H B,

issurjective: a section is (t,) with £, =0 and t,, , for n> 1 recursively defined by ¢, ,
=3,(t, —pr,), where pr,, : [1 By — B, is the canonical projection. In particular, this is
n

id— (dn)

0—>hmB —»HB
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the case for (hl,, h(d,)) with (I,,e,) injective in /™. This shows that, under the
assumption (AB4*) for 4, there is a functorial long exact sequence

id—(Ri-

.. o IR 1ha, LB MEN T Ri-1pg 8 Ri<lilrz_h)(An,dn)

id — (Rik(dn))

- []RhA, [T1Rih4, >

for (4,,d,) in =™ inducing the claimed exact sequences.

(1.7) Remark. The exact sequences of (1.6) agree with those induced by the spectral
sequence (1.3) (if it exists) and the vanishing of lim” for p 2 2, if above for é one takes

n
the negative of the usual connecting morphism. This is also necessary to reobtain
(1.4) for h the identity functor.

For the rest of this section, fix an abelian category .7 with enough injectives
and a left exact functor h: o/ % into another abelian category 4, in which
projective limits over N exist. For 4=(4,,d,)in o™ define A[m] = (A, 1 m> dp + m) for
each m=0; then there are canonical maps A[m]->A by the composition of the
transition maps.

(1.8) Lemma. a) The morphism A[1]-> A induces isomorphisms
R <lt_n1 h)A[l]—gR" (Lgp_ h)A

foriz0.
b) If # has enough injectives or satisfies (AB 4*), the morphism B[1]— B induces
isomorphisms

f 112

for p=0 and BeO0W(AYN).

Proof. a)If Ao, I' is an injective resolution, A[1] ¢, I[1] is one, too, and we obtain a
commutative diagram

A[1] o I[1]°
canl lcan
A o 1

The claim follows as lim hI'[1]-> lim Al
NEE i

b) Thefirst case follows from a) with h the identical functor. The second follows
similarly, as lim' is effacable and the statement is obviously true for lim.

(1.9) Corollary. If A[m]— A is zero for some m=0,i.e., A is AR-zero, cf. [SGA 5,V
2.2], then R’ (}L@ h) A=0 for all iZ0.

We want a slight generalization of this.
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(1.10) Definition. Call a system (A4,,d,) ML-zero (Mittag-Leffler zero) if for any
n>1 there is an m=m(n)>0 such that the transition map C,,,—C, is zero.

Note that (4,,d,) is AR-zero, if one can take on m for all n.
(1.11) Lemma. If A=(A,,d,) is ML-zero, then Ri((l_i__xg h) (A)=0 for all i20.

Proof. By assumption there is a cofinal set J={n,,n,,n,,...} SN such that alt
transition maps in the inverse system (4,,d));.n, where the d’ are obtained by
composition of the d,, are zero. Now 11mh is also the composition of the exact
forgetful functor

VJIJZiNﬁMN, (An9anAnj’ d3)’

which preserves injective objects, with limh. The spectral sequence therefore

reduces the question to the case where all d, are zero, which is solved by (1.9).

By similar arguments, the statement of Lemma (1.11) is also true for hm and
hm on # satisfying just (AB4%).

(1.12) Lemma. The objects in s/~ which are ML-zero, form a Serre subcategory of
N

Proof. 1t is clear that subobjects and quotients inherite the property, and for an
exact sequence 0—+A4—+B—-C—0 with 4 and C ML-zero and m4(n) and m(n)

choosen for 4 and C as in Definition (1.10), we see that m ,(n) + m(n+m ,(n)) works
for B.

We use the prefix ML, if something holds in the quotient category, i.e., up to
systems being M L-zero. For example a complex A% B5 Cin o/ is M L-exact, if its
homology Ker ﬂ/Ima is ML-zero, and a system (A4,,d,) is called (M L) l-adic for a
prlme I, 1f it is ML-isomorphic to an l-adic system (4,,d,), ie., one with

ne1/I"A, <55 A’ The functor AN respects M L-zero systems, and by Lemma (1.10)

the R} (41_1_@ h) factorize through the quotient category. In particular we note
n

(1.13) Corollary. If 0—+A—B—C—0 is ML-exact in o™, there is a long exact
Sequence

...—>R‘(li(_m h)A—-»R"((l_i'r'Bh)B—;R"(li_nn}h) C—Ri*! (‘l_i;nlh)A»...

(1.14) Remark. Recall that a system (A4,,d,) is said to satisfy the Mittag-Leffler
condition, if for each n the image of the transition maps 4, , ,— 4, is constant for
m> 0. It is easy to see that this is the case if and only if (4,, d,) is M L-isomorphic to
asystem (A4}, d,) with surjective d;. The next lemma is well known (see for example
{10, Proposition 1]).

(1.15) Lemma. If # satisfies (AB4*) and BcOb(#®) satisfies the Mittag-Leffler
condition, then }im' B,=0.
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Examples of categories with (AB 4*) are the category Ab of abelian groups and
the category Mody of R-modules over an arbitrary ring R — (4B 4*) does not hold
i.g. for the category of discrete G-modules for a profinite group G or — more
generally — for the category of sheaves on a Grothendieck topology, see Roos [11].

(1.16) Lemma. If for A=(A,,d,)in /N all A, have injective resolutions of length N,
then A has an injective resolution of length N +1; in particular R’ (hm h) A=0 for
i>N+1.

Proof. 1fV(A,,d,)< I'is aninjective resolution, then PV(A4,,d,)c PI'is an injective
resolution, so the claim follows with the exact sequence (1.5). Note that the
indicated consequence holds even when neither (1.3) nor 1.6 can be applied.

(1.17) Remark. a) The functor E@_.@N*.@ preserves injectives, since it is right

adjoint to the constant functor #—%", B~»(B), which is exact and faithful.
b) For any meN there is a unique morphism of é-functors =,,: (R‘ (411—@ h), 6)
—(R'hV,, 8) such that "

n, R (g_xg h) (A,,d,)->R'hV,(A,,d,)=RhA,

coincides with the canonical projection limhA,—hA, for i=0. The ., are

compatible for different m, and the induced morphisms
R (<1-1-IE h) (4, d,)— lim R'h 4,

agree with those occurring in (1.3) or (1.6).

¢) If o/, &> o, and o, %> o, are adjoint functors, then AN and kN are adjoint in
an obvious way: this holds in general for functor categories Hom(I°, <7;), N being
replaced by any small category I.

While the considerations of Mittag-Leffler properties are specific for the case
I=N (made into a category as usual, with morphisms j < i), let us mention how the
other results carry over to the case of arbitrary small categories I.

(1.18) Proposition. Let o/ be an abelian category.
a) If of has enough injectives and possesses products indexed by the sets
I/i={morphisms j—>iin I} for allicl, then o' =Hom(I°, &) has enough injectives.
b) If o/ possesses arbitrary products, then Jim: ' o, the right adjoint of the
T

constant functor of »of’, exists, is left exact, and maps injectives to injectives.

The proofs are similar, the functor P in (1.1.4) now becomes

P(Aerfi= 1 A,-},

=i
where for i—i’ the morphism H I'[ Ajhas components pr;_,;.;: 1'] A;—Ajfor
-
j—i. Proposition (1.2) holds s1m11arly, and for ¢, # and h with the properties



Continuous Etale Cohomology 215

assumed there, (1.3) becomes
E% “—l_PR"hA = R”*"(j___h) (4),

where as before we have suppressed the transition maps in the notation. For the
description of lim” in categories satisfying (4B 4*) we refer to the paper of Roos

[10]. T

2. Connections with Continuons Group Cohomology

Let G be a profinite group, then the category M(G) of discrete G-modules is an
abelian category with enough injectives, and we let

(M, d,)H(G,(M,,d,))
be the i-th right derived functor of the left exact functor
M(GN-4b
(M,,d)~H (G, (M,,d,)) = lim H(G, M,).
Then by 1.6 we have short exact sequences '
2.1 0— (liTml H™YG,M,)~H(G,(M,, d,,))—»(l_i'_lrg H{G,M,)~0
for each i>0.

(2.2) Theorem. Let(T,,d,) be an inverse system of discrete G-modules satisfying the
Mittag-Leffler condition and let T= hm T, as a topological G-module. Then there
are canonical isomorphisms

Hon(G, T)x H(G, (T, 4,))

Jor i 20, functorial in (T,,d,), where H. (G, T) denote the continuous cohomology
groups defined by Tate in [14]. If 0—(R,)—(S,)—(T,)—=0 is a M L-exact sequence of
Mittag-Leffler systems with limits R, S and T, respectively, the above isomorphisms
induce an isomorphism of long exact sequences

.. > H{G,(R,) - HYG,(S,) » H(G,(T)) - H*'G,(R)) - ..

1% 2 Ll Rk
<o ™ HendG,R) » Heon(G,S) = Hoond G, T) > HGi(G,R) — .

cont M

the lower one associated to the exact sequence 0—R—S—T->0 (Note that Tate’s
existence criterion is fulfilled).

Proof. We may assume that all d, are surjective. By definition H (G, T)is the i-th
homology group of the complex

C(G,T)

of continuous cochains in T, and by the definition of the topology of T; this is the
inverse limit of the complexes C (G, T,) of continuous cochains in T,, where the T,
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have the discrete topology. It is well-known (using the homogeneous bar
resolution, see [4, 1. and 2.]), that C'(G, T,) is the complex of fixed modules of a
canonical complex

DG, T,)

of discrete G-modules, which is an acyclic resolution of the discrete G-module T,,
Moreover, this resolution is functorial, and we get a resolution

(T d)(DY(G, T,),d,)>(D*(G, T,), d}) ..

of (T,,d,) in M(G)Y, from which H!_ (G, T) is obtained by applying limH %G, —-)

and taking homology. So we only have to show that the systems (D¥(G, T,), d:) are
acyclic for Jim H %G, —), which follows at once from (2.1) and (1.15), since the

CYG, T)=H%G, DG, T)) form a Mittag-Leffler system. The functoriality is
obvious.

(2.3) Remark. The theorem in particular applies to the case of finitely generated
Z,-modules T with continuous G-action and the inverse system of the T, =T/I"T.
Note that for an exact sequence 0—R—S— T—0 of such modules, the sequence

0—(R/I"R)—(S/I"S)—(T/I"T)-0
is M L-exact.

3. Continuous Etale Cohomology

Let X be a scheme and (F,, d,) be an inverse system of sheaves on the small étale site
X, of X, then we define

H'(X,(F,,d,)=R’ (}1@ F) (Fudy),

fori=0, where I' = H%(X, —)is the section functor on the category S(X ,,) of sheaves
on X,, ie, HY(X,—) is the i-th derivative of the functor S(X,N- A4b,
(Fpdy,)~lim H %X, F,). By (1.6) we have short exact sequences

(1) O-lim' H7 X, F) > H(X, (F, dy)— im H(X, F,) 0.
For example this applies to an étale [-adic sheaf F =(F,) on X for a prime / (mostly
assumed to be invertible on X), and we call

H (X, F):=H(X,(F,)

the continuous cohomology groups of F. In particular we have continuous l-adic
cohomology groups H. (X, Z(j)) associated to the sheaves Zj)=(Z/I'(j)) (for a
definition of these sheaves and the Tate twist F(j) in general see for example [9,
pp. 163, 164]). The name is justified by

(3.2) Theorem. Let X =SpecK for a field K with separable closure K, and let
F =(F,) be a Mittag-Leffler system of sheaves on X ,; ( for example an l-adic sheaf )-
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Let Fy= (l_i'r'g(F 2z be the inverse limit of the stalks at the geometric point X =SpecK,
of X, considered as a topological group with continuous action of Gy =Gal(K/K).
Then there are canonical isomorphisms for i20

H(X,(F,)) 2 HioulGx, Fs),
Sunctorial in F and with respect to short ML-exact sequences.
Proof. Since the functor GG, gives an equivalence between S(X,,) and M(Gy),

and I'(X, G)=Ggx, the statement immediately follows from the definitions and
Theorem 2.2.

(3.3) Theorem. Let n: X'— X be a possibly infinite Galois covering of schemes with
Galois group G and let (F,) be a system of sheaves on X .. Then there is a spectral

sequence
E‘Z,'q = Hp(Ga (Hq(X’, ?I'*Fn») = Ep+q=Hp+q(X’ (Fn)) .

Proof. This is just the Grothendieck spectral sequence for the composition of

functors SEPN - M GF - 4b
(F,) ~» (I (X',n*F,)

) G 1 agG
M,) (ll'rln M ,,) = llnm M¢
since I'(X', n*F,)%=TI(X, F,).

(3.4) Corollary. Let X be a scheme of finite type over a field K with separable
closure K, let X=X xgK, and Gy=Gal(K/K). If (F,) is an inverse system of

sheaves on X ,, such that H(X, F,) is finite for every n and i, then there is a spectral
sequence

B = Hip (Glim HR, F)) = B7*1= HP "X, ().

Proof. If the H(X, F,) are finite, then the system (H(X, F,)) satisfies the Mittag-
Leffler condition, and we can apply (2.2).

(3.5) Remark. a) The corollary applies, if X is proper over K and the F, are
constructible (by the proper base change theorem, see [9, VI2.1]).

b) By Deligne’s finiteness theorem, cf. [SGA 43, p.236], we get another
example: if X is of finite type over K and [4charK, then there are spectral

sequences _
HZu G, HY(X, Z(j))) = HEIX,Z(j))

where HY(X,Zj))= lim H%(X,Z/I"(j)) and this group has the l-adic topology by

(4.5) below and Jouanolou’s theorem, cf. [SGA 5, V5.3.1].
¢) Ifmoreover G has finite cohomology for all finite I-torsion G g-modules (for
example if K is finite or a local field), then there are isomorphisms

Honi(Gr, HYX, Z(j))) = lim HY(G g, HYX, Z/I'(})))

Hiond X, Z(j)) = lim H(X, Z/1(j))
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by (1.15),(2.1), and (3.1), because the H{(X, Z/I"(j)) are finite (by the finiteness of the
HY(X,Z/I"(j)) and the Hochschild-Serre spectral sequence-note that this argument
and especially Corollary 2.8 in [9, VI] is false without the assumption on Gy).
Then the spectral sequence in b) is just the limit of the Hochschild-Serre spectral
sequences for Z/I"(j).

Much of the formalism of étale cohomology carries over to the groups
HY{X,(F,d,); on the other hand the cohomology H'(X, F) of a sheaf F can be
identified with the cohomology of the constant system F=(F,=F, d,=idg).

For a closed subscheme Z ¢, X and an inverse system (F,) of sheaves on X, we
have the cohomology groups with support

HHX,(Fn))I=R‘(EgFAX, —))(Fn),

where (X, F)y=ker(I'(X, F)~»T'(U, F))for U=X — Z, and — since the sequence of
functors

0= lim I5(X, —)- lim I'(X, —)— lim I'(U, =)0
is exact on injectives — a long exact sequence
(3:6)  ...oHTNU((F)~HYX,(F )~ H(X,(F)~H(U,(F)-....

There is also a cohomology with compact support for a scheme X separated and of
finite type over a field k by setting

Hc(Xa (Fn))' = Hi(X’ (.I!Fn))
for a compactification X Lz , and a long exact sequence
(3.7 . HENZ, (F )~ HUU, (F,)~ H{X, (F,) > H(Z,(F,))~...

for X, Z, U, and (F,) as above (same argument as in [9, 1111.307).

The main difference to usual étale cohomology is that H(X,(F,)) in general
does not commute with inverse limits in X and direct limits in (F,). However, we
still have

(3.8) Proposition. Let z be a closed point of X and 0% , be Henselization of the local
ring at z. Then

HYX,(F,))= H(Spec0% ., (F,)
for any inverse system (F,) of sheaves on X_,.
Proof. The morphisms Spec® ,—X induces a commutative exact diagram
0 - Jim! Hi"!(Spec0},, F,)  Hi(Spect .. F,) — im Hi(Spec0}... F,) = 0
' a2 i PR
0- lm'H'X,F) - HX/F,) - Ji_'r‘n_Hi(X,F..) -0

in which o and f are isomorphisms [9, I111.28].
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Since inverse limits exist in S(X ), we can define relative versions of all these
functors and we get many Grothendieck spectral sequences by (1.17) and the fact
that H%(X ,, —) and =, for a morphism = : X - Y commute with inverse limits. For
example, we already obtained (3.1) from Jim H(X, —)= Jim» H(X, ~)N, and

from lim H(X, —)=H%X, —)-lim we get
(3.9) H"<X,li_l_n_un) = HP* X, (F,).

Note however, that ]im? F, does in general not vanish for g2 2, see [11]. From

}i'lgHO(X, ——)=(1__inEH°(Y, —)omh and llflﬂ T =T, o}j;nl we obtain the twp spectral

sequences
(3.10) HXY,(R'n,F,)) = H?*(X,(F,),
(3.11) RPrm, lim?(F,) = RP*¢ (m n*) (F,).

As for the computation we have

(3.12) Lemma. For a morphism n:X—Y and a system (F,) of sheaves on X,,
R ((llﬂ n,,,) (F,) is the sheaf associated to the pre-sheaf Vis H'(V x, X, (F,y « x)) on

Y,.. In particular, lim*F,, is the sheaf associated to the presheaf U— H'(U, (F,)) on
X n

et

Proof. Leti:S(X,,)o P(X,,) be the embedding into the category of presheaves on
X, and a:P(X,,)—S(X,,) be the left-adjoint, a(P)=associated sheaf. With the
canonical map 7np: P(X,)—P(Y,) we have n,=anpi. Let (F,)=FoI be an
injective resolution of F in S(X,,). Then

R"((l_iirp_n*)(F,,)=#i (l%gnf]) =‘}f"(n*(l_inml'> =anP%i<i}i_"nlI'>,

as m, commutes with lim, and by definition Jf‘(z“li_mj ) is the presheaf
U~sHXU,(F,) on X,,. " "

Like in any abelian category with enough injectives, the Ext-functors
Exti((G,, g,), —) on S(X,)N are the i-th right derivatives of the left exact functor
S(X )N~ 4b given by

(F n f;,)"""HOInX«G", gn)’ (F n f;l)) .

(3.13) Proposition. There is a long exact sequence
<. Exti((Gys 8,), (Fyo f)) - [T EXti(G,, F,) S [ Exty(G, 4 1, F)

—Exty" (Gp, 8a), (Fpp fu) -
a=(g¥)—~(f,.), which is functorial in (G, g,) and (F,, f,).
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Proof. There is a functorial exact sequence
0—Homy((Gy» g (F» ) - [THomy(G,, F,) “*=5+ [THomy(G,+ 1, F)

in which the last map is surjective for injective (F,, f;): if the f, have right inverses s,
a preimage for (v,)e[]Hom(G,,,, F,) is (u,) with u; =0 and recursively u, ,,

=5,(u,g,—u,). This implies the claim by standard arguments in homological
algebra, as Ab satisfies (4B 4%).

(3.14) Remark. There are canonical isomorphism Exti(Z, (F,, f))= H'(X,(F,, £.)),
by extension of the obvious one for i =0 to the derived functors. Via these and the
analogous isomorphisms Exti(Z,F,)~HX,F,), the sequence in (3.13) for
(G,,2,)=Z coincides with the sequence constructed in the proof of (1.6).

Whenever purity or semi-purity holds for a closed immersion i:Z¢ X (cf.
[SGA 5, 3.1.4], [SGA 41, (cycle) 2.2]), it can be extended to our setting — in the
absolute case by the spectral sequence

(3.15) E%*=HMZ,(R%'F,) = H3* %X, (F,)
and the short exact sequences
(3.16) 0-» Jim! Hy™*(X, F )~ HYX, (F,))~ lim Hy(X, F,)0

for a pro-sheaf (F,) on X. The next theorem gives an example.

(3.17) Theorem. Let S be a scheme and (Z, X) be a smooth S-pair of codimension c,
i.e., a closed immersioni: Z ¢, X of smooth S-schemes such that each fibre over S has
codimension c. Let (F,) be aninverse system of locally constant torsion sheaves on X,
with torsion prime to char(S).

Then there are canonical isomorphisms for jeZ

(3.18) HAZ,(R*{F )= H; (X, (F,)).

If F, is annihilated by I", | a prime invertible on S, there is a canonical isomorphism of
inverse systems of sheaves

(3.19) (R*'F,) = (i*F,,®z R*I'Z/I").
Moreover, there is a canonical isomorphism of l-adic sheaves
(3.20) R*I'Z(c)=(R*I'uR) =@/ =Z,

given by the local cycle class, thus by combining (3.18), (3.19), and (3.20) one has the
Gysin isomorphisms

(3.21) HYZ,(i*F (—c)SHLY X, (F,), JjelZ,
and, by composing with Hi" 2(X,(F )~ H/* 29X, (F,)), the Gysin morphisms
(3.22) igt H(Z,(*F () H" (X (F,), JjeZ.

Proof. (3.18) follows from (3.15), since R%'F,=0 for g+ 2c see [SGA 4, XVI 3.7}.
For (3.19) and (3.20) see [SGA 4, XV 3.8, 3.10], and [SGA 44, (cycle) 2.2]; one only
has to check that the isomorphisms there, of which the second one is given by the



Continuous Ftale Cohomology 221

local cycle (or fundamental) class (loc. cit.), are compatible with the (obvious)
transition maps. The noetherian assumption in [SGA 43] can be avoided by using
[SGA 4, XVI 3.8.1], the separatedness by localization.

As usual there are analogs of (3.15), (3.18), (3.21), and (3.22) with supports in a
closed subscheme W of Z.

We end this section by defining a global cycle class in the continuous l-adic
cohomology. It will be clear from the construction that this can be done whenever
one has a cycle class in the usual l-adic cohomology, but to fix ideas we stick to
varieties over a field k.

(3.23) Theorem. Let X be a smooth variety over a field k and let 1% char(k) be a
prime. If Z is a closed subscheme of codimension c, then

HiZ,cont(Xa Zl(l)) =0 for i<2c and jEZ,
HE cond X, Z(j)) lim HZ(X, Z/1(j))

In particular, for Z irreducible and reduced there is a canonical cycle class (with
support )
lZ)=clZ(Z) € HE cond X, Z (<)),

which is the “limit” of the cycle classes clZ)e H (X, Z/I"(c)) defined in [SGA 44,
(cycle) 2.2.10]. The global cycle glass c1X(Z) is defined as the image of clX(Z) in
HZ (X, Z(c)).

Proof. The first statement follows from (3.16) and the vanishing of H(X,Z/I"(j))
for i<2c, see [SGA 44, (cycle) 2.2.8]. The rest is clear, since cl,, . ,(Z) is mapped to
cl,(Z) under the canonical morphism HZ(X,Z/I"* }(c))—H2(X, Z/I"(c)).

(3.24) Remark. If Z is a smooth prime cycle, then, directly by definition, c1¥(Z) and
cl*(Z) are the images of 1,e H%Z,Z,) under the Gysin isomorphism and
morphism, respectively. In particular, if k is perfect, then for any prime cycle Z of
codimension ¢ there is a canonical isomorphism

H%fcont(X7 ZI(C)) = Zl

such that cl(Z) is the image of 1 (use excision as in [6, VI, pp. 268, 269]).
Foracycle Z = ) n;,Z; of codimension c, with irreducible and reduced Z;;, we let
as usual

Cl(Z) = Z nj CI(Z]) € H|ZZC|, cont(X9 Zl(c)) = ("B H%‘;. ccnt(X’ Zl(c))
J I
and

c*(Z2)= xn; c¥(Z).

Then we have the following functorial properties [see also (6.13) below].

(3.25) Propesition. Let f: Y— X be a morphism of smooth varieties over the field k.
a) If Z is a cycle on X and f*Z is defined, then cl¥(f*Z)= f*cl*(Z).
by If fisaclosed immersion and W is a cycle on Y, then clX(W) = f,cl"(W), where
fy is the Gysin map.
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Proof. This is implied by the corresponding statements for the cycle classes with
support, which follow by passing to the limit from the properties of the classes
cl(Z) proved in [SGA 43, (cycle) 2.3].

(3.26) Lemma. For any scheme X on which | is invertible let
0="0y: Pic(X)=H'(X, G,)~ Hioul X, Z(1))

be the connecting morphism for the exact sequence

0—»#,,.“——»(1}‘ St G -0

(3.27) ! 1 Jid (*)
0—> pn - G,—>G,-0

of inverse systems of sheaves on X (called the Kummer sequence).

a) If i:Z o X is a smooth S-pair of codimension 1 for some scheme S, defined by
the invertible ideal JC Oy, then dy(—[J])=i,(1;), where [J] is the class of J in
Pic(X) and 1* H® (X,Z)—H2, . (X,Z(1)) is the Gysin morphism.

b) If X is smooth over a field and D is a divisor, then ([0 x(D)])=cl*(D).

Proof. Since J = O(— D) for the associated Cartier divisor D in a), this follows from
[SGA 41, (cycle) 2.1.2] and the commutative diagram

CI(D ) H é(X ’ Gm) _é_) H %)(X ’ #l") c'ln(D )

|| 1.17b) 1
HYX,G,) > H} onlX,Z(1))
! l

[0D)] H'X,G,) - Hin(X,Z(1))

for any Cartier divisor D in X, where the é above is the connecting morphism for
the sequence (*).

(3.28) Generalization. Let I, J be small categories, and let X : I—Schemes be a
functor into the category of schemes, i.e., a diagram of schemes. A sheaf F on X is
given by sheaves F; on X for each i €  and morphisms F,— X(a), F; for each a: j—»i
in I, functorial in the obvious sense. Then the category S(X) of sheaves on X is an
abelian category with enough injectives and arbitrary products (in fact, a topos).
The groups H%X,, F;) form an I°-diagram of abelian groups via the transition
maps HYX, F)—H°(X, X(),F)=HX,F) for a:j—i, and we define the
cohomology H*(X, F) by deriving the left exact functor

F-»lim H°(X,, F)
I
on $(X). We get a spectral sequence
(3.29) EBi= hm" HYX,F) = H?*YX,F).
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For J%-diagrams of sheaves on X, (F)eS(X)’, we define the cohomology by
deriving the functor

(F,-}wzli_J@ HO(X,Fj)z JiTm]iI_mHo(X,-,FU),

compare 1.18. We obtain the same result, if we extend X to a diagram X7:1x J
— Schemes (“constant in J-direction”), regard (F)) as sheaf on this, and take the
cohomology (note the equivalence S(X)’= S(X”)).

The case treated above is I = pt, J = N; for I =arbitrary and J = pt one obtains
usual étale cohomology on diagrams of schemes, and for I =arbitrary and J=N
we get, for example, continuous l-adic cohomology H*(X, Zj)) of diagrams X as
above, e.g., of simplicial schemes (I = 4°). For relative cohomology H* . ( f, Z(j)) of
morphisms f:X,-»X, (I=1-52) one rather derives the functor
lim Ker(H%(X 5, —)—H®(X,, —)) to get an exact sequence

cee —*Hiont(.f; Zl(])) _’H:-:ont(XZ’ Zl(])) L Hiont(X 1: Zl(]))—’H:::n%(f; Zl(]))—’ e
All results of this paper have counterparts for diagrams of schemes.

(3.30) Lemma. Let X be a locally noetherian simplical scheme and let (F);.; be a
diagram of locally constant étale sheaves on X. Then for r =0 there are canonical
isomorphisms between the continuous étale cohomology groups Hi,.(X, (F ;) defined
by Dwyer and Friedlander [3, 2.8 and the groups defined above, functorial in X and
(F).

Proof. With the notations in [3, 2.8], one has for r<m

H:ont(xa (F])) L h( Ollm (ho‘l’im l—iUle; Hom(n : U’ K('/”p m) <n>)NGJ- ’

where .#,=(M, G)) is the coefficient system determined by F, and lim’ indicates
limit only over those hypercoverings U of X for which F; is trivial on U ,. Since
K(A, m)— K(M, m) {n) is a weak equivalence for n>>m we may omit holim and
<{n). "

There are natural homomorphisms of cochain complexes
N Hom(n- U, K(My m)yg, T 5nC (- U, L) (M1t 5 nF AdiagU) [m]

functorial in Fj, where N is the normalization functor giving an equivalence
between simplicial abelian groups and cochain complexes, 7, is the canonical
truncation, and C'(n- U, L)) is the usual cochain complex for the local system L;
associated to F; on n- U. The first map is a quasi-isomorphism.

~ Let(F;o (I} be an injective resolution in S(X Y, then there are canonical quasi-
1somorphisms of J-diagrams of complexes

lim (F (diag U));~tot limy(I (diag U),+~(H*(X, ).

since the left functor is defined on all systems (F ;) of sheaves and its homology gives
a universal é-functor computing the cohomology of (F)). Since holim corresponds
to Rlim and #; to H™! via N, the result follows — the functoriality is clear.
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4. Inverse Limits and Properties of Abelian Groups

Let A be an abelian group and [ a prime number, then we have a short exact
sequence of inverse systems

0— ,M‘lA — A SLALN l""'.lA -0

@.1) Lood =
0> A A" "4 -0

By definition, hm nA="T(A) is the I-Tate module of A, while 11m I'd= ﬂ I"A

—l—dlv(A) is the subgroup of I-divisible elements. Denote by (A ]) the system
. 5AbAS .. then lim(4,)) and 1}9 (4,]) are uniquely [-divisible by 1.8.

Finally, by the exact sequence

0— "1 s A — AP 14— 0
Al I |
0—- I"A - A4A—> A/l"A — 0

we get the exact sequence (note that lim* (4, id)=0)
0> NIr4—»A—A4A- lim' I"4-0,
n \re

where 2=E_II_1A/I"A is the l-adic completion of 4, and therefore a canonical

isomorphism 2_i_n_11 I"4 = coker(4— A). So by (4.1) we get a “long” exact sequence
0 —-»Ll:lllnA — lim(4,) - NI'd — }iLnll,.A
| I
uniquely .

-div(A

A divisible "4V
— lim'(4,) - lim!'l"4 —0

A N
|

uniquely .
“2) Ldivisible  °OKeTA=4)
(4.3) Lemma. a) The image of hm (A4,1) in I-div(4) is -Div(A), the maximal
I-divisible subgroup of A.

b) Tor (}_1_1_11‘ ,,.A) =-D(Tor(A)) = Tor(l-D(A)), where Tor(B) is the torsion sub-
group and 1-D(B)=I-div(B)/I-Div(B) for an abelian group B.



Continuous Etale Cohomology 225
c) l-Div(Lig‘ ,,.A) =0.
Proof. a) can be checked directly, and b) follows from a) and the commutative
diagram
0— T4 — Ilm(4,) — I-div(A)
U J J
0 — T{(Tor(4)) — lim (Tor(A), )—I-div(Tor(A4))

— lm,d - lim'(4,)

2 T
— lim ,(Tor(A)) — lim* (Tor(4), 1)

since Li_rgl (Tor(4), 1) is I-torsion free and I-div(Tor(A4))=Tor(l-div(A4)) is I-torsion.

Note that A is the direct sum of /-Div(A4) and another group A’ with [-Div(4')=0.
For c) consider the exact sequence

O—’E;I.EMA_' Inl A [n] mA— !inﬂl nA—0

with a=id —(d,), where ,...4-%>,.A4 is the canonical map. Suppose given a™

=(@™) e[] »d4 with a™ =Ila"* Y mod Ima, ie.,
n

= Lam* D+l — du),

for (u{™)e[]»4.- Then

K o feo)
0
aP= Zo ™™ —dui ) = Zo "™ —d, Zo T
= =

ie, a9 =afv,) with v,= E I"u{™ (note that these sums really are finite, since
Mfm=0). q.ed. "

Recall that an abelian group is called l-complete, if the canonical map
A- li%nA/l"A=/i is an isomorphism.
(4.4) Proposition. For an abelian group A are equivalent:

a) A is l-complete.

b) A= y_”rgA,,, where the A, are Z,-modules with finite exponents.

) All groups in the sequence (4.2) are zero.
Proof. Clearly a) implies b), and for A like in b) we have I-div(4)=0, as

lim 4, [] 4,; so we only have to show that A— 4 is surjective. Take a sequence
n n
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a""’=(a§,"")eli_nrr_1 A,< [n]A,, with  a™*V=g™modi™ (li+nA,, . Then gf™*b
—ai™el"A, and thus af™=al"" for m 2 m(n): = max(m(n—1), exponent of A4,).
Let a=(a™™)e ["[ A,. Then ae !%1 A,, as
d, @+ 1) = glmin+ 1)) _ g m(n)
for the transition maps d,: 4, ;— A,. Furthermore we have

=0 m=m(n)

qmm) __ a("')
" el"d, m<mn),

ie, a—(a@™)elim A/I"4.

It remains to show that a) implies c). Since I-div(4)=0= !iLnl I"A, we get
li%nl mA2 }%n‘ (4,1). But as li%nl (A, is I-divisible, both groups must be zero by
(4.3¢c). Finally it is clear that M(A,l)=0 for I-Div(4)=0. q.ed.

The inverse limit A= Jim A, carries a natural topology, namely the onc
induced by the product topology on [] A4,, where the A, are endowed with the

n
discrete topology. In the situation of (4.4b), this “limit topology” is always coarser
than the l-adic topology of A. It might be different, as the example A= HZ/I

= lim ]'[ Z/I shows. However we have

n m=1
(4.5) Lemma. If (A,)is ML-l-adic, the limit topology of A= lim A, is the l-adic one.

Proof. Because the topology does not change under a M L-isomorphism, we only
have to consider an l-adic system (A4,). But then

n(ngmA,,x "[:11 {1}) i

(4.6) Definition (cf. [1, V1, Sect. 3]). Call an abelian group A weakly l-complete or
Ext-l-complete, if lim (4,))=0= lim' (4,)).

(4.7) Remark. This property can be expressed without inverse limits, because for
an abelian group (resp. Z,-module) 4 there are canonical isomorphisms (compare
5.5)

lim (4, ) Hom (Z [ﬂ A) (FHomg (@, 4)),

‘l_i_'_lr_r_ll (A, )3 Ext! (Z [H A) (& Ext}(@, A).

The vanishing of the first group is equivalent to l-Div(4)=0.
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(4.8) Proposition. a) If two groups in an exact sequence 0—A—B—C—0 are
weakly I-complete, then also the third.

b) The weakly l-complete groups form a full abelian subcategory of Ab.
¢) If (A,) is an inverse system of abelian groups such that each A, has a finite
I-power exponent, then lim' A, is weakly I-complete.

Proof. a) The exact sequence 0—(4, )—(B, ))—(C, )—0 induces an exact sequence
0— lirllg(A, - 11;111(3, H- k_m_ (- !i_"I_I_I‘ 4,)
- ‘li%nl (B,)— lingl (C,)-0.
b) We have to show that for a morphism f: 4— B of weakly I-complete groups

Ker f and Coker f are again weakly -complete. But from the short exact sequences
0—-Kerf 24— Imf —0
0— Imf — B— Cokerf — 0

we obviously have 11m (Imf,)=0= hm (Im f,1). Thus Im f is weakly I-complete,

and we can proceed by a).
¢) follows by applying a) to the sequences

0 —»limAd, — [[4, — X—0
“a n
0—-X — [4, — lim'4,—>0,
n <
because lim 4, and [] 4, are l-complete by (4.4).
We apply this to extend Tate’s results for continuous group cohomology in [14,

Sect. 2] to continuous étale cohomology.

(4.9) Corollary. Let X be a scheme and (F,) be an inverse system of sheaves on X ,,
such that each F, is killed by some finite power of 1. Then H(X,(F,)) is weakly
I-complete for each i=0; in particular I-Div(H(X,(F,)))=0.

Proof. This follows by applying (4.4) and (4.8a) and (4.8¢) to the sequences (3.1).

(4.10) Corollary. In the situation of (4.9), H(X,(F,) is a finitely generated
Z;-module if and only if H(X,(F,)/IH(X,(F,)) is finite.

Proof. This holds for any Z,-module M with [-Div(M)=0: Let YCM be a finitely
generated Z,-module with Y +IM = M. Then M/Y is I-divisible, hence zero by the
€Xact sequence

0= lim (M, )~ lim (M/%, )~ Jim" (¥, =0.
Since the vanishing of li_rg‘ (A, ]) carries over to quotients, we get the following

“Nakayama lemma” by the same arguments.

(4.11) Lemma. Let ¢ : Y— M be a homomorphism of abelian groups, which induces a
Surjection Y/IY-»M/IM. If lim"(Y,)=0 and I-Div(M)=0, then ¢ is surjective.
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(4.12) Corollary. Let ¢ : Y— M be a homomorphism of weakly I-complete groups. If
@ induces isomorphisms Y/IYSM/IM and Y M, it is an isomorphism itself.

Proof. By (4.11) there is an exact sequence 0—X — Y% M0, and the induced
exact sequence

05X Y3 M->X/IX->Y/IYSIM/IM—0
shows X/IX =0, i.e.,, X is [-divisible. But X is weakly [-complete by (4.8a), hence
X=0.

In (4.10), the H'(X, (F,)) have a (canonical) Z;-structure, since we may derive in
the category of Z;-modules. It is not clear a priori that a weakly [-complete group
admits a Z,-structure, especially not a unique one; however we have

(4.13) Lemma. a) The weakly l-complete groups have a unique structure of
Z;-modules such that any homomorphism between them is a Z;-morphism.
b) If A is weakly l-complete, there is an exact sequence

0-T,-»Ty—A-0
with torsion-free I-complete groups T, and T.

Proof. a) Give any weakly I-complete group A the Z;-structure induced by the Z,-
structure of @Q,/Z, and the isomorphism

A=HomzZ, A)Ti"EXt;(Qz/ Z, A)

1 _
coming from the Ext-sequence for 0»Z—~Z [7] —@©Q),/Z,—0, then the functoriality
is clear. The uniqueness follows from b), since any I-complete group has a unique
Z-structure (the l-adic topology is Hausdorff).

b) Choosing an exact sequence 0— X, » X ,—A—-0 with torsion-free abelian

groups X, and X ,, the sequence
0-ExtY(Qy/Z;, X )~ Ext(Qy/Z,, X o) > Ext (Q/Z,, A)= A0

is exact since Hom(@Q,/Z,;, A)=0, and T;: =Ext"Q/Z, X J=lim X JI"X; [compare
(5.3) below] is torsion-free l-adic. "

(4.14) Remark. a) From (4.13b) we see that the category of weakly I-complete
groups is the smallest abelian subcategory of Ab containing the I-complete groups.

b) If A is weakly I-complete, the connected component of the unit element
w.r.t. the l-adic topology is Ker(4-»A)=I-div(4), which is also isomorphic to
Liml 1A by (4.2). This is compatible with the fact that for any inverse system (4,,) of

topological abelian groups the topology of li(_m1 A, induced by the canonical
surjection [] An"”liln_l A, is the indiscrete one.

¢) There is an interesting structure theory for weakly (Ext-)I-complete groups,
see [8] and [1, Sect. 2-4], also for further literature.
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When is hm H(X, F,)=0for ascheme X and an inverse system of sheaves (F,)

on X,?In v1ew of the fact that “very often” the cohomology groups H(X, F) are
countable, e.g. if F is constructible and X is of finite type over a field k with
separable absolute Galois group G, = Gal(k,/k), the answer is in many cases given
by the following result of Gray [5, Proposition]:

(4.15) Lemma. Let (A,) be an inverse system of countable abelian groups. Then
liLnl A,=01f and only if (A,) satisfies the Mittag-Leffler condition.

(4.16) Corollary. Let (A,) be an inverse system of countable abelian groups. Then
lim 4,=0=lim" 4, if and only if (A,) is ML-zero.

Proof. A Mittag-Leffler system (4,) with lim 4,=0 is ML-zero, compare (1.14).

(4.17) Corollary. A countable group A is weakly l-complete if and only if it has
finite exponent I for some me N,

5. Torsion-Free /-Adic Sheaves and @),-Cohomology
Often l-adic sheaves arise by the following construction.
(5.1) Definition and Proposition. For a scheme X define the left exact functor
T2 S(X o) - S(X N
Froa(inF),

by

where the transition maps j.+.F— . F are induced by the multiplication with I.
a) R'TF=0 for i22 and R'T,F =T;'F:=(F/I"F), where the transition maps
F/I"*1FSF/I'F are the canonical surjections.

b) TF is l-adic if and only if lim.F =I-Tox(F) is I-divisible.

Proof. We use the following fact.

(5.2) Lemma. Let I be an injective sheaf on X,,. Then for every me N
a) I is m-divisible,
b) HO(X, I) is m-divisible,
¢) H(X,,)=0 for i=1.

Proof. a) follows from the statement b) for all schemes (étale) over X, b) follows
from the Ext-sequence

0—-Homy(Z/m, I)»Homy(Z, )™ HomyZ, [) > Ext{Z/m, )

associated to 0—»Z3Z—Z/m—0, and c) follows from a), b and the cohomology
sequence for 0—, I 1—+1-0.

For the proof of (5.1a) note that (T;, T,, 0, ...) is an exact é-functor on S(X ),
and T(I)=0 for injective I by (5.2a). The statement (5.1b) is clear, as both
assertions are equivalent to the equality ;.F =1,..,F for all neN.
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(5.3) Corollary. For a sheaf F on X, there is a long exact sequence
0-H\(X, (1-F)—~Ext}(@Q/Z,, F)~H*(X, (F/I'F))
—H*X, (F))~Ext3(Q/Z,, F)>H'(X, (F/I"F))~
Sfunctorial in F and X.

Proof. The functor S(X,.)—A4b, F~»Homy(Q/Z,F)= lim Hom(Z/I'Z, F)
= lingH"(X, ~F) is the composition of T, with li_nrgHO(X, —), and T, carries
injectives to Jim H°(X, —)-acyclics by (5.2c) and (3.1); note that H(X, .+ J)

—H%X, ,.I) is surjective by (5.2b). The statement thus follows from (5.1a) and the
Grothendieck spectral sequence

H?(X,R*T;F) = Ext}*(Qy/Z, F).
The functoriality of the latter in F and X is clear.
(5.4) Corollary. If F is l-divisible, there are canonical isomorphisms
H{(X, (-F) = EXty(Q/Z, F).

(5.5) Definition and Proposmon For a sheaf F on X, denote by V,F or (F,l) the
inverse system ...sF4F 4 F—.... Then there are canonical lsomorphlsms

HY(X,(F,)=~Exty (Z B] F ) ,
functorial in F and X.

1 . . .
Proof. Homy (Z [7], F ) =Homy (1%n)l Z,F )= ll_nl’l’_l(Ho(X ,F),l) is the compo-

sition of lim H %X, —) with the exact functor F~»(F,I), which carries injectives to
lim H%(X, —) acyclics by (5.2b) and (3.1).

(5.6) Corollary. For any l-divisible sheaf F on X, the isomorphisms above induce an
isomorphism of long exact sequences

. — Ext(Q/Z, F) — Ext, (z [;] F) — Exti(Z, F)
n n TZ
.- HXTH - HEFD) - HEXF

— Exty' (Q/Z, F) —
IK
— HY"YX,T,F) — ..,

coming from the short exact sequences

o-»z-»z[ ]—»Q,/Z,—»O
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and

0-T,F—(F, [)—)f—»o,
respectively.

Proof. Let Fo,I' be an injective resolution, then by (5.2a) there is an exact
sequence

O—)EI'—»(I, l)'—»!'-—-}(),

and the claimed isomorphism is obtained by taking homology in the commutative
exact diagram

0 — Homy(Q/Z,, 1) — Homy (Z E], I ) — Homy(Z,I)— 0

n [ 14
0— H°X,LI) — HX,(L)) — HX,I) —0,
as TTF o, T)I'isan (1_1& H(X, —)-acyclic resolution for I-divisible F. It follows from
the definitions that the induced isomorphisms are those of (5.4) and (5.5).
(5.7) Remark. Xf F is an I-primary torsion sheaf [e.g. the sheaves Q/Z(j) on X ],

1

one may replace Z [7] by Z, B:l =@, and Z by Z, in the statements of (5.5) and

1 .
(5.6), as Z,/Z and Q,/Z [7] are uniquely /-divisible.
(5.8) Proposition. For I-torsion sheaves F on X, the homomorphisms
Exti(Q/Z,, F)-Exti(@Q,, X) induce functorial isomorphisms

Exti(Q/Z;, F)® 7, Q~Ext}(Q, F).

Proof. As@),is flat over Z,, this is implied by the case i =0, which follows from the
commutative diagram

Homy(Q/Z,, F)®,,Q, — Homy(@, F)

R iR
?;HO(X’F)®Z;Q§ ?m(HO(Xs F)> l)’

in which the lower maps is an isomorphism by the following lemma, whose proof is
left to the reader.

(5.9) Lemma. If A is an abelian I-torsion group, the map

TA®2Q—lim(4,))

1
(an)® T,,TH (an+ m) ’

is an isomorphism. If A is l-divisible, it is a topological isomorphism.
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For ML-isomorphic inverse systems (F,) and (G,) on X, and an meN, the
systems (F,/I"F,) and (G,/I"G,) are also ML-isomerphic, solim F,/I"F, and
li_rgG,,/l"‘G,, are isomorphic. In particular, for a ML-l-adic system F=(F,) the
system (F,/I"F,) is M L-constant, and we define the sheaf FQ®Z/I™ on X, by

F®Z/I"=lim F,/I"F,

(= F,/I"F, for n>m where (F,)C(F,) is the subsystem of universal images).

(5.10) Definition and Proposition. For any M L-l-adic system F =(F,)e0b(S(X )"
define the sheaf FQ®U,/Z,c0b(S(X,,) by

FOQ/Z,=lim FRZ/I",

where FQZ/I" 22 FQZ/I"*! is induced by F—F.

a) The functor F~»F®Q,/Z, only depends on the M L-isomorphism classes of
objects and morphisms.

b) FRMQ,/Z, is I-divisible.

Proof. a) is clear from the remarks above, and b) follows from the exact
commutative diagrams
FRZ/"*' L FRZ/' — FRZ/l — 0

oal ) of
FRZ/I" L FRZ/™ — FRZ/I—0,

as the inductive limit is an exact functor for étale sheaves.

(5.11) Lemma. Let F=(F,) be an l-adic sheaf on X,,.
a) F is ML-torsion-free if and only if F,. =I"F,,, for all neN.
b) If F is ML-torsion-free, there is a canonical isomorphism

FoT(FRQ/Z).

Proof. a)By definition, F is M L-torsion-free if and only if ((F,) is M L-zero. If this is
the case, then for any ne N there is an m=m(n)>0 such that ,F,,, CKer(F,, .
—-F,)=I"F,.,. By the commutative exact diagram

0— an+m+l"Fu+m/lnFn+m - Fn+m/lnFn+m L Fn+m/ln+1Fn+m
R i i
0— Fart/lF iy = Fpi/lF, b Foiq
this is the case if and only if ,F,,=1I"F,,, i.e., if all maps in (,F,) are zero.
b) By induction on r we get ,F,=["""F, for all 1<r<n, and from the
commutative diagrams
F®Z/l"+1;;j Fn+1 /an+1

2] T
FQZ/I" = F,. /I'Fyy, = F,
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we see that the ¢, are injective and identify FQZ/I"Z with (FRQZ/I"*'). As this
holds for all ne N, we get canonical isomorphisms

W FRQYZ)< FRZ/I"2F,,

and via these the transition maps F,, ; = F, coincide with the maps ;. « (FRQ,/Z,)
- (F®Q,/Z) induced by l-multiplications.

(5.12) Remark. a) If F=(F,) is M L-l-adic, the projections FRZ/I"—F, induce a
canonical morphism of the l-adicsystem (F ®Z/I") - with obvious transition maps
—into F. This morphism is a ML-isomorphism and an AR-isomorphism if F is
AR-l-adic. So by (5.10a) and (5.11b) we get a canonical M L-isomorphism

T(FRQ/Z)-F,

if F is M L-torsion-free, which is an AR-isomorphism if F is AR-l-adic.
b) In particular, AR-I-adic and M L-torsion-free implies AR-torsion-free, so
that we may simply talk of torsion-freeness.

(5.13) Definition. For a ML-l-adic sheaf F=(F,) on X, define
Hi:ont(X’ F®Ql) = Hi(Xa (Fn))®llQl .

(5.14) Theorem. a) If F is a torsion-free M L-l-adic sheaf on X ,,, there is a canonical
exact sequence

o= H (X, F) > He o (X, FOQ) — H{(X, FRQyZ)~ HIMX, F)...

Sfunctorial in F and X.
b) In this sequence one has

Tor(Heon( X, F))=Im(H'~ (X, FOQ/Z)~ Hiond X, F)),

FDiV(H(X, FRQY/Z)) =Im(H (X, FOQ) —H(X,FRQ/L)).

Proof. a) Using the M L-isomorphism F<T(F®®,/Z,), this is the sequence from
(5.6) for FQQ/Z,;:

o= Hin X, IF®QY/Z))~ Hi(X,(FOQYZ, 1) > H(X, FRQ/Z)~ ...
combined with the isomorphism

Hicont(X’ I{(F®Q1/Zl))®lel :)Hi(Xﬂ (F®QI/Zb l))
implied by (5.8) and the commutative diagram
H f:ont(X ’ T_z(F RQ/ Z))®2,Q, — H X, FRQ,/Z,1)
54{1 55
Exti(Q/Z;, FQQ/Z)®7,Q; & Exti(Q, FRQ/Z,)

b) This is clear, since the H, (X, F®Q) are uniquely divisible, the
H{(X, F®Q,/Z) are torsion groups, and -Div(H. (X, F))=0 for all i=0 by (4.9).

(5.15) Theorem. Let X =Speck for a field k with separable closure k,and F =(F,) be
a ML-l-adic sheaf on X, Let Tzl_ig(F Jx be its “stalk” at the geometric point
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X =Speck, with the l-adic topology and give T®zQ), the induced topology w.r.t.
T-T®,Q:
a) The stalk of FQW/Z, at X is isomorphic to T® zQ,/Z, as module under G,
=Gal(k/k).
b) G, acts continuously on T and T®z,Q,, and there are functorial isomorphisms
foriz=0 ) .
H::ont(X’ F)-r\f')Hz:om(Gka T) .

¢) If Tor(T) has a finite exponent, these induce isomorphisms for i=0
Hiont(X7 F®Ql) :'Hfmm(Gk’ T®11Ql) .
d) If F is torsion free, these induce isomorphisms of the long exact sequences

e > Hiont(X’ F) - Hiom(X’F®Ql) - HI(X’F®QI/ZI)
R R R
o = HoGio T) = Hoonl Gio T®2,Q) — H'(Gy, T®2,Q/Z)

— HYNX,F) — ...

Rk
= Heg(Gu T) — ...

given by (5.14) and the short exact sequence

0-T-> T®1,Ql">T®z,Qt/Zl_’0 >
respectively.

Proof. a) By passing to an [-adic sheaf we easily see that (F®Z/I™), is canonically
isomorphic to T/I"T as G,-module and that these isomorphism induce an
isomorphism

(FOQ/Z), = lim (FRZ/I")s= lim T®g,Z/I"=T®z,Q/Z,.

b) By (4.5) the limit topology on T is the l-adic one, which implies the
continuity of the action and the claimed isomorphisms by (3.2).

c) We have to show that the canonical map H' (G, T)— H. . (Gi, T ®2,Q)
induces an isomorphism

Hiont(Gk’ T)®l; Ql ;'Hiont(Gk’ T ®lz Ql) .
As @, is flat over Z,, it suffices to show that we have isomorphisms
CH(Gy, T)®Q,= CH(Gy,, TR®XQ)

for the groups of continuous cochains. But if ¢:Gi— T has its image in Tor(T)
=Ker(T-T®®,), it is by assumption annihilated by I for some reN, which
shows the injectivity of the above maps. The surjectivity is implied by the fact that
every cochain y : Gi » T®®, has a compact image, which therefore is contained in
I7*Im(T - T®Q,) for some seN.

d) Inview of (3.2) and the construction of the upper sequence we have to show
that the exact sequence

0-(T/'T)~(TO®QYZ, )~(T®Q/Z, id)-0
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induces a commutative exact diagram

0— }}E T/'T — E_IB(T®QI/ZI’ > TRQ/Z —0
d ] I
0—- T - T, —-TOWZ -0

in which the vertical arrows are topological isomorphisms. This follows from (4.5)
and (5.9). q.ed.

We leave it to reader to formulate and prove the @Q,-analogues of the results in
Sect. 2 and Sect. 3, by “tensoring everything with Q,” over Z, or with Q over Z. 1
am indebted to the referee for pointing out a possible source of confusion: Like for
any abelian category the above means to work modulo (the Serre subcategory of)
objects of finite exponent, not modulo torsion objects. Note that

Hiond X, FOQ): = Heond X, )@Q
for F=(F,) in S(X,)* [see (6.9)] in fact only depends on F®Q, read as “F up to
systems of finite exponent”, while for F= (.é_)l Z/l‘) =1_im£1>,mF in Ab" one has
QR }_i:_n_F »+0. The spectral sequences (3.10) etc. carry over since only finitely

many terms are involved in the limit groups.

(5.16) Proposition. Let F=(F,) be a torsion-free M L-l-adic sheaf on X ,,and ZC X
be a closed subscheme. Then the exact sequence (3.16)

0 lim' Hy (X, F,)= Hz, o X, F)- lim HY{X, F,)-0
identifies Jim' Hy '(X, F,) with l-div(H7, o0 (X, F)).

Proof. We may assume F to be l-adic; then the M L-exact sequences
0-F-*5F-F,—0
induce sequences
0 H cond X, F)/I'= HAX, F,) > pHy, cond X, F) >0,
and, by passing to the inverse limit, an isomorphism

Jim HY, con X, F)/P'= Jim HyX, F,)

since Ty(HY ...d X, F)=0. This implies that in the sequence (3.16) the cokernel can

beidentified with the l-adic completion of HY _,.(X, F), hence the statement for the
kernel.

6. Cupproducts and Chern Classes

It will be useful and clearer to introduce cupproducts in the general setting of
derived functors. This is certainly well-known and included only for lack of a
suitable reference.
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(6.1) Definition. Let f: o/ —2% be a left exact functor between abelian categories
and assume that .7 possesses enough injectives and a tensor product.

a) Call an exact sequence 0—+A4'—»A—+A4"—0 in of admissible, if 0>A4'®B
—»A®B—-A"®B-0 is exact for each object B of <.

b) Say that o has the property C1(f), if any object A of .o/ can be embedded
into an f-acyclic object A° such that 0—A4—A4%°—>A4/4°—0 is admissible.

¢} Say that o has the property C2(f), if there is an exact functor C" associating
to each object 4 of & an f-acyclic resolution

C(A4): CUA)L CHA)»...»Ci4) -5 CH Y A)- ...

of A, which is admissible, i.e., such that 0—-Kerd'— Ci{(4)—Imd -0 is admissible
for every i=0.

(6.2) Proposition. Let o and & be abelian categories with tensor products. Assume
that of has enough injectives, and let f,, f,, and f5 be left exact functors o — 4.
a) If o has the property C1(f)) for i=1,2, then every morphism of bi-functors

H(AR f5(B)- f(A®B)
can uniquely be extended to a family of morphisms of bi-functors
R*f| AQRf,B~~ R**Uf3(AQ B)

(called cupproduct) such that
1) for p=0=gq it is the given morphism;
ii) if 0—>A'—> A— A" -0 is admissible and B is an object of o/, then the diagram

Rf,A" ® RY,B - R**%f(4"®B)
6®idl l‘s
RP*f, A’ ® RY,B - RPY1*1f (A'®B)
is commutative;
iii) if 0—B'— B—B"—0 is admissible, then for each object A of s# the diagram
R’fLA® RY,B" -2 R’ (A®B")
(~1Pid®é ]
RYiA ® R*"'f,B' = R****!f,(AQB)
is commutative.

b) If A" and B’ are f,-acyclic and f,-acyclic admissible resolutions of A and B,
respectively, there is a morphism

A'@B »J’

into an fs-acyclic resolution J* of A® B inducing the identity on A® B. For any such
the morphisms induced by

[HA® LB = f{(A®B)~ f3J°

in the homology give the above cupproduct (here asusual, A"® B’ is the complex with

ptq=n

(A®@BY'= @ A’®B and differential d=d,®id+(—1)’id®dy on A”®B").



Continuous Etale Cohomology 237

¢) Letg,,g,,and g, be left exact functors from B to another abelian category €
with tensor products. Assume that # has enough injectives and that f; carries
injectives to gi-acyclics for i=1,2,3. Let o/ have the property C1(f)) fori=1,2 and
A have the property C2(g,) for i=1,2. Then for couplings

Ji(4)® fr(45)- f3(4,84,),
81(B1)®g,(B,)—g3(B1®B,),
inducing cupproducts U, and U, respectively, there is a functorial cupproduct
(EPA@ By o B, r22,
of the Grothendieck spectral sequences
£y =R'gRfid; = E*""=R'"g fd;,  i=1,23,
(where A;=A,®A,), which coincides with
R"g, R, A, @R, Rf,A, s R?"*g5(RYf14, ®RY,4,)
£y RP**g RI*Yf3(A;®4,)
for r=2 and is compatible on the limit terms ;E%" with the cupproduct

R™g, f1)A,®R"(g, f,)A, L‘lg‘f*l'z'wn(gafs) (4, ®4,)
induced by

8:1/14,®8:/24,-8:(f14:1® f,45)— 83 f3(4, ®4,).

Proof. a) This is proved by induction and dimension shifting in a standard way,
compare Bredon [2, 116.2].

b) Since A" and B’ are admissible, A'® B’ is a resolution of A® B, as easily
follows from the first or second spectral sequence for the double complex (AP® B,
d,®id, (—1)?id®dj), whose total complex is 4 ‘® B". Therefore we get the wanted
morphism into an injective resolution I” of A® B. The second claim again follows
by induction and dimension shifting; note that A"®B'—J" induces AT1]®B"
—J[1] by taking the same morphisms and A'®B{1]—JT1] by multiplying
AP@BIT 1 Jrtatl with (—1)?, and that canonically HY(ATT1])=H?*(4’) etc.
(here (AT1])?=A47"" and d 4= —d  as usual).

c) Let A; be admissible f-acyclic resolutions of A; for i=1,2 and C; be the
functorial admissible g;-acyclic resolutions for i=1,2. Let J* be an injective
resolution of 4, ®A4, and let f3J 1" be an injective resolution of the complex
fJ"

By b) we have a morphism A,®A,—J" such that

HAI® fLA;- f3J

induces u,. Similarly, C;(f;4;)®C;(f>45;) is a resolution of the complex
fiA;{® f,A,, therefore we get a morphism into an injective resolution of
f14{® f,A, and by composition a morphism into I . This means we have pairings

CE[LADR C5(f,A5) 2o [p+sa+e
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with
doh=ho(c,®id)+(—1)Pho(i[d®c,)
and
ndeh=ho(d, ®id)+(—1)h-(id®d,,).

Here ,d and ;,d are the first and second differentials of I, respectively, c; is the
differential of C;, and d,, the differential induced by the differential d; of 4;(i=1,2).
Taking homology w.r.t. the second differentials we get pairings

CHRY, AD@ YRS, Az) 2o  HIT(IP ),

as the C; are exact functors. By assumption on I~ the complex , H?*(I") is an
injective resolution of H4*'(f,J)=R1*Y;(4,®4,), so by b) we see that (—1)*h
induces the claimed pairing on the E,-terms.

On the other hand (— 1)%*h induces pairings of the associated double complexes
(with second differentials (—1)?**,,d, (—1)%d,, and (—1)*d,, respectively), whose
first spectral sequences (after applying g,, g,, and g, respectively) are just the Leray
spectral sequences. So we get the pairing on these in an obvious way, compare
Bredon [2, Appendix 3]. To see the compatibility with the cupproduct on the limit
term, one may argue with the second spectral sequences like in [2, IV 6.5].

If of is an abelian category with tensor product, then o™ has the tensor

product given by
(4, d,)®(B,, €,)=(4,8B,,d,Qe,).

(6.3) Proposition. a) If of has the property CA(f) (resp. C2(f)) for f: o - %, then
N has the property C1(f™) (resp. C2(f™)), and o/™ has the property C1 (@ f )
(resp. C2 (}%Q f )), if B satisfies (AB 4*%). "

b) If G is a profinite group, then M(G) has the property C2(H%(G, —)).

¢) If o =8(X,) for a scheme X and every induced sheaf is f-acyclic (e.g.,
f=HYX, —) for a closed subscheme ZCX ), then of has the property C2(f). If
moreover #B=_S(Y,) for a scheme Y and f carries induced sheaves to H°(Y, —)-

acyclics (e.g., f=mn, for a morphism n:X—-Y or f=i' for a closed immersion
i:Y—>X), then /N has the property C2 (ﬁg f )

Proof. b) follows with the resolutions by induced modules, cf. Serre [12,12.5], and
the first claim of c¢) with the Godement resolution, cf. Milne [9, V 1.15].
In a), the statements for fN are clear by (1.2). For lim f let (4,,d,) be an object

of o/ and let 0— 4, A% A%/A4,~0 be admissible sequences for neN, with
f-acyclic objects A2. Then

0-(4,, ) P(A7)— P(4°)/(4,, d,) -0,

with 1induced by the adjunction of P and V [see the proof of (1.1)], is an admissible
sequence, and functorial, if the A2 can be defined functorially. So it suffices to show

that P(A?) is acyclic for lim £ If # satisfies (4B 4*), this follows from (1.3), since
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SNP(A7)=P(fA}) is acyclic for lim. Now assume that of = S(X ), #=S(Y,,), and

n
that the A? are induced sheaves on X,,. If such sheaves are carried to H%(Y, —)-
acyclic sheaves, the same is true for injective sheaves, so there is a spectral sequence

Jim? RYfNP(47) = RP*4 (l@ f ) P(AD)

by the lemma below. Therefore it suffices to show that P(fA?) is acyclic for 11m
which again follows from the lemma.

The examples given in ¢) are well-known, note that i' carries induced sheaves to
induced sheaves.

(6.4) Lemma. If X is a scheme and (F,) is a family of H%(X, —)-acyclic sheaves on
X, then P(F,) is acyclic for lim and lim H(X, —).
Proof. By (3.12) we only have to show the second statement, which follows with

(3.1) and (1.15).

If there is a natural cupproduct for functors f;, f,, and f; on &/, we always take
the “componentwise” cupproduct for 1Y, £3', and f3¥ on &/™. If Jim f; exists for

i=1,2,3, we always take the cupproduct for these functors that is induced by the
functorial morphisms

lL"IEflAn®(h%nf2Bn_’h<Tmf3(An®Bn)
which are the limit of the bilinear maps f; 4, x f,B,— f3(4,®B,). In particular,
there are canonical cupproducts (compare [6, V 1.17(c)]
(6.5) HE, (X, (F)®H%,(X,(G) > HE 2,(X, (F,®G,)

for étale pro-sheaves (F,) and (G,) on a scheme X, Z, and Z, being closed
subschemes, and a canonical cupproduct

(6.6) H?(G,(M))@HYG,(N,)—~HP"%(G,(M,®N,))
for inverse systems of discrete G-modules (M,) and (N,) for a profinite group G.

(6.7) Proposition. Via the isomorphism in (2.2), the cupproduct (6.6) is compatible
with the cupproduct for continuous group cohomology defined by Tate in [14,
Sect. 2].

Proof. The cupproduct for continuous group cohomology, w.r.t. the continuous
pairing Jim M, x lim N, lim (M,®N,), is induced by a morphism of complexes
C'(G,‘liﬁn_lM,,) ®C'(G,(liTmN,,) aC'(G,li%n_(M,,@)N,,))

[notations as in the proof of (2.2)], which is obtained by passing to the limit over n
from morphisms

C(G,M)®C(G,N,)»C(G,M,®N,).
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These are in turn induced by morphisms
D(G,M,)®D(G,N,)~»D(G,M,®N,)

via taking fixed modules under G, compare [4,4]. Since D (G, (M,)) is an admissible
limH %G, —)-acyclic resolution for (M), for any (M,,) satisfying the Mittag-Leffler
condition, the claim follows from (6.2b).

(6.8) Proposition. If &= Ab in the situation of (6.2a), then there are commutative
diagrams for systems (A,) and (B,) in o/
R”(ﬁmfl)(A,.) x R"(}jmf:)(&.)—* RP*‘*(E_n_xfa)(An@B,.)

i
lin_ml R?” 1flAn X (hTqulen - 41_1?1 Rp+thf3(An®Bn)s

(x,) X O (XU y2)
where (z,) is the image of (z, )e[] C,in lim1 C, via the canonical sequence (1.4), and
{t, )e}_C is regarded as element of ]'[ C, via the same sequence, and where the

vertlcal arrows are those from (1.6). In particular, the cupproduct vanishes on
lim! R?~1f, A, x lim' R*™f,B,
A N

Proof. By Remark (1.7), the vertical maps are the edge morphisms of the Leray
spectral sequence for limo f;, i=1,2,3. The claim then follows from (6.2¢) (case

s=0), once we have checked that the cupproduct
£ CocEpim i (G0D)

for inverse systems (C,) and (D,) of abelian groups is given by mapping ((c,), (d,)) to
(¢,®d,,). This follows at once from (6.2b) and the standard resolution for hm on

ABN, see (1.5).

Remark. If one interchanges the terms on the left side, one has to add a sign (—1)*
below to have a commutative diagram, as we change by (—1)" above and
(—1)®~ 14 below. This agrees perfectly with the sign (—1)* in (6.2¢).

We now want to compare the cupproduct with the Yoneda-pairing. For later
applications it is convenient to consider the Ext-groups not in S(X )N, but in a
certain subcategory.

(6.9) Definition. For an abelian category .« and a prime [, denote by /% the full
subcategory of /N consisting of the systems (4,,d,) with I"4,=0 for all neN
(called pro-I-systems).

(6.10) Proposition. Let X be a scheme and Z be a closed subscheme.

a) S(X ) has enough injectives.

b) The cohomology functors Hy(X, —) are the same, whether computed as
derived functors of HY(X, —) in S(X )N or S(X )%
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) Let Extj_,((F,),(G,)):=Ext§y_(F,),(G,)) for objects F =(F,) and G=(G,)
of S(Xa)".
1) There are canonical isomorphisms of é-functors

EXt;’—X(ZbG)_g')Hi(XaG)’ lgoa

where Z, stands for the system (Z/I") with obvious transition maps.
ii) There are canonical functorial homomorphisms

H(X,G)-% Exti_ (F, F®G)
such that the diagram

H(X,F) x H(X,G) — H*X,F®G)
R vl Ao
Ext]_(Z, F) x Ext;_(F,F®G)— Ext;*%(Z, F®G)

commutes, where the upper map is the cupproduct and the lower the Yoneda pairing.

Proof. a) This follows as in the proof of (1.1a), since S(X,,, Z/I"Z) has enough
injectives and for a family (1,), with I, injective in S(X ,, Z/I"Z), the inverse system
P(1,) is an injective object of S(X ,)*.

b) For(I,)as above, the object P(I,)is acyclic for HY(X, —)on S(X ), since the
inclusion S(X,,, Z/I"Z)—3(X ..} maps injective sheaves to flabby sheaves.

¢) i) The isomorphisms are obtained by deriving the obvious one for i=0.

i) Let G C(G) be the “canonical resolution” obtained by repeated embedd-
ing G5 C%G)> PV C%G), where C° is the Godement functor (cf. [9, III 120(c)] and
the proof of (6.3c) above), and let (F® G)' be an injective resolution of F® G. Then
there is a morphism FQC(G)—(F®G)" of resolutions of F®G, unique up to
homotopy, and the y* are induced by the obvious morphisms

Hom,_ y(Z,, C(G))—Hom,_x(F, FQ C(G))~Hom,_x(F,(F®G)).
With this, the commutavitiy is proved literally as Proposition 1.20 in V Sect. 1 of
Milne’s book [9].
Using (6.10c) ii), one now can proceed exactly as Milne in {9, V16.5] to prove
the wanted projection formula for the cupproduct:

(6.11) Proposition. Let i: Z— X be a smooth S-pair of co-dimension c for a scheme
S, and let | be a prime invertible on S. Then

com(Z Zl) X HZont(Za Zl) - H::nst(Z, Zl)
I'T li" T't
H:;om(X’ Zl) X Hz:n%C(X Z (C)) — Hr o zc(Xa Zl(c))

cont

is commutative, where i, is the Gysin map.
We now can prove the main result of this section.
(6.12) Theorem. Let | be a prime. Then there is a unique theory of Chern classes
cAE)e HiandS, Z(3), 20,

for locally free Os-modules E on schemes S on which L is invertible such that for c¢(E)
=(c{E))e H HZGolS, Z(1)
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a) o(L)=(1,64[L]),0,...) for L invertible,

b) c(E)=c(E'): c(E") for an exact sequence of locally fre Og-modules 0—E'—E
—E">0.

¢) f*c{E)=c{f*E) for morphisms f:8'-S8.

Proof. This is provided by the following data and axioms, see Grothendieck [7]
and also Jouanolou [SGA 5, VII 3]
1) Via the cupproduct, H*(S (—B HZ2 (S, Zi) is a graded ring, functorially

associated to S in a contravariant way

ii) 85:Pic(S)—>H2, (S, Z,(1)), defined in (3.26) via the Kummer sequence
0-Z,1)~(G,, )—G,—0, is a morphism of functors.

iii) For any smooth S-pair i: Z ¢, X of codimension ¢, S a scheme over Z[1/{],
the Gysin morphism i, : H*(Z)— H*(X)is a group morphism raising degrees by 2c.

A1) For any vector bundle E of rankm on S/Z[1/I] there is a Dold-Thom

isomorphism H*(IP(E))~ 6—) H*(S)é7 ™", which holds more generally by the
proposition below.

A2) Ifi:Z o X is a smooth S-pair of codimension 1, then d,([O(Z)])=i,(1,),
see (3.26a).

A3) The Gysin morphisms behave transitively. This is immediately clear from
the description of the local cycle class in [SGA 44, (cycle) 2.2.2c].

A4) For a smooth S-pair i:Z¢ X the projection formula holds by 6.11:
i ((*(x)uz)=xUiz) for xe H¥X), ze H¥(Z).

In fact, then the Chern classes ¢{E) of a vector bundle E of rank m on S are the
unique elements in HZ. (S, Z(i)) with

Z Ci(E)Uém ! =0 in Hcont(PS(E) Zl(m))

colB)=1, c¢{(E)=0 for i>m,

where E is the dual bundle and the notations are as in (6.13). (In [9, p. 273] one
either should take E as above or & the class of O(—1).) For general locally free O5-
modules one has to proceed as in [SGA §, VII 3.2].

(6.13) Proposition. Let S be a scheme and | a prime invertible on S. Let E be a locally
free Og-module of rankm, and P=Py(Q)-%S be the associated projective fibre
bundle. Let O (1) be the canonical invertible sheaf on P and £ = £ be the image of its
class [0(1)] in Pic(P) under the morphism

dp: Pic(P)— HZ,n (P, Z(1))
defined in (3.26). Then via p* the bi-graded ring @Hm, (P,Zj)) is a free module
over @ H'..(S,Z(s)) with basis 1,¢,....,E" 1 ie, the map
,s m- l . »
@0 H::;n%v(s, Zl(’_ v))—"H::om(P’ ZI(J))
h—1
(xO’ erey Xy I)H ;0 P*xvuév

are isomorphisms for every i and j.
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Proof. By (6.8), this follows, by passing to }im and }in_ll, from the corresponding
result with Z(j) replaced by the finite coefficients Z/I"(j) for any n, which holds by
[SGA 5, VI1 2.24].

We finish this section with two properties of the cycle map.

(6.14) Lemma. Let X be a smooth variety over a field k, 1+ char(k).
i) If two cycles Z, and Z, on X are linearly equivalent, then c1X(Z,)=cl*(Z,).
Therefore the cycle classes induce homomorphisms for i=1

X =cl* i : CH(X)-»H2% (X, Zi)),

cont'

where CHY(X) is the Chow group of cycles of codimension i modulo linear
equivalence.

iy If Z, and Z, aretwo cycleson X and Z | - Z, is their intersection product, then
cX(Z, - Z)=cX(Z,)uclX(Z,).

Proof. i) By assumption, there are a cycle Z on IP} x X and two points t,, t, of P}
such that for the induced morphisms ¢;: X —»IP! x X, i=1,2 one has ¢¥Z)=2Z,
and ¢%(Z)=2Z,. Choosing an automorphism « of P} with a(t,)=t, we have
(axid,)o ¢, =¢, and therefore

l(Z2)=3(lZ)) = pT((x xid)*cAZ)) = o¥cH(Z)) =clZ,),

since (x xid,)* acts trivially on H*(IP; x X) by (6.12): it fixes H*(X) and the
canonical ample class which comes from PP}.

i) Once the cupproduct is defined, this follows as in (3.25) by passing to classes
with support and then to finite coefficients, where the statement holds by [SGA 44,

(cycle) 2.3.9]. Note that by i) and Chow’s moving lemma we may assume that Z,
and Z, intersect properly.

(6.15) Remark. a) It is not true in general, that the cycle map factorizes through
algebraic equivalence, unless k is algebraically closed. Indeed by the theorem of
Mordell-Weil the morphism

c¥ =6, :Pic(X)~»HZ (X,Z,1))

cont’

is injective for k of finite type over the prime field and X projective over k: by the
Kummer sequence (3.27)

0-Z(1)~(Gp )~ G0

and the functoriality of (3.1), the kernel of the above map is I-Div(Pic(X)) for any
scheme X. If moreover H%X,G,) is finite, the induced map Pic(X)®zZ,
-HZ, (X,Z(1)) is an isomorphism, It would be very interesting to get similar
results on cl*+# for i>2.

b) It follows from the definitions that the cycle map
¥ : CH(X)—H*(X, Z(i))*
considered by Tate in [15] is the composition of cI* and the restriction map
HZ(X, Z,(1) = H¥X, Z(1)%
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where X = X x,k for an algebraic closure k of k. Tate conjectures that for a finitely
generated field k and X/k smooth projective cl¥ becomes surjective after tensormg
with @, [15, (7)]. A necessary condition for this to be true therefore is that res is
surjective up to torsion or, equivalently, that all differentials

dO, 2i : E0,2i__>Er,2i~r+ 1
in the spectral sequence of (3.5b) have torsion images. In a following paper we shall
in fact show this property for all differentials d?-, p,q=0.

¢) Let CH(X), be the kernel of cl¥, ie., the subgroup generated by cycles
homologous to zero (perhaps depending on /). Then the commutative diagram

0— CH{(X), — CH(X) — CH(X)/CH(X), — 0

! lax T s

0 — F'HZ (X, Zi) — Hiol X, Z (i) = H*(X, Zi))*=E3*
l

El R Héont(Gk, H2i— 1()?3 Zl(l))

induced by the Hochschild-Serre spectral sequence (3.5b) defines an “Abel-Jacobi

map . _
CIX CH'(X)O_*Hcom(Gk: HZI N I(Xa Zl(l)) H

and it can be shown that for a cycle Z on X homologous to zero
ClX(Z) € Hcont(Gka HZi - ‘(Xa Zl(l» = EXték(Zb Hzi N 1(X5 Zl(l))
is the class of the extension of continuous G;-modules

0— H* "N X,Z{i)) - H* (U, Z(k) - HF(X, Z,())—H*(X, Z i)
i g g
0— H¥ YX,Z[i) - E - Z,-cd¥Z) - 0

obtained by pull-back, where U = X\ |Z|. This will be discussed in another paper.
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