On the ¢-adic cohomology of varieties over number fields
and its Galois cohomology

UWE JANNSEN

If X is a smooth, projective variety over a number field %, then the
absolute Galois group Gy = Gal(k/k) acts on the étale cohomology groups
HY(X,Q¢/Z(n)), where X = X x; k for an algebraic closure k of k. In
this paper I study some properties of these Gx-modules; in particular, I am

interested in the corank of the Galois cohomology groups
HY(Gr, H'(X,Qe/Z(n))).

It turns out that this question reduces to the situation where Gy is re-
placed by its decomposition groups Gy, or its maximal S-ramified quotient
G's for some suitable (finite) set S of places of k. In the last case, there are
only very few results, while in the local case the situation is somewhat bet-
ter, especially for the places p of good reduction, but the general question
is unsolved here, too. The aim of this article is to collect the known results
and to discuss several conjectures — some well-known and some new —
which would imply that the groups in question behave rather nicely.

The basic conjecture, Conjecture 1, is that H*(Gs, H(X,Q¢/Z¢(n))) is
finite for t + 1 < n or 2 + 1 > 2n. Since the Euler-Poincaré characteristic
of Gg is well-known, this amounts to predicting a very simple number for
the corank of H'(Gs, HI(X,Q¢/Z¢(n))) in this range.

In §2 I show how this conjecture for 7 + 1 < n is motivated by Conjec-
ture 2, which concerns Chern class maps from algebraic K-theory to f-adic
cohomology and can be seen as a certain (-adic analogue of a part of Beilin-
son’s conjectures. In fact, by results of Thomason one can draw a direct
connection to Beilinson’s conjectures.

Another motivation for Conjecture 1 is that its function field analogue can
be proved by using Deligne’s proof of the Weil conjectures, see §4. Behind
many results and conjectures of this paper stands the observation that the
Weil conjectures and the theory of weights can also be used heavily in the
number field case, and the hope that there might be an even closer analogy
with the function field case than visible today. As an example for the first
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statement, a vanishing theorem of Serre implies that the localization map

of continuous cohomology

H'(Gi, M) — [T H'(Gyp, M)
P

is injective for a torsion-free Zp,-module M, which is a pure Gi-module of
weight # 0.

This reduces the determination of corank H2(Gy, H{(X,Q¢/Z¢(n))) to a
purely local question, and leads to Conjecture 3 (sharpened form), saying
that

H' (X, Qe(m))®

vanishes except possibly for 0 < m < % see §5. For p 4 £ and good reduc-
tion, this is known, again by the Weil conjectures. For p 1 £ and bad reduc-
tion this would follow from a well-known conjecture about the monodromy
filtration, and for p | £ and good reduction it follows from the so-called crys-
talline conjecture, which has partially been proved by Fontaine-Messing and
Faltings. I explain why a naive form of the monodromy filtration cannot
exist for p | £ (this was observed by Mazur, Tate, and Teitelbaum several
years ago), and I discuss what the correct analogue should be, proposing
some kind of crystalline conjecture for the case of bad reduction.

If one tries to investigate whether H?(Gs, H'(X,Q¢/Z¢(n))) at least is
finite for almost all n € Z, one is immediately led to the question of whether
a certain Iwasawa module Z is a A-torsion module, see §3. This would
follow from Iwasawa’s conjecture on the vanishing of the p-invariant, but
is unproved yet. I show that the A-rank of Z has to be added to Soulé’s
expression for the corank of H'(X,Q¢/Z¢(n)) (sec [Soud, Theorem 1]),
whose determination is closely related to our subject. In fact, this paper
can be seen as a successor of [Soud], trying to investigate more closely the
mentioned coranks and to predict precisely the range where one expects a
simple expression for them.

In §6 I briefly discuss the “unstable range” n <7+ 1 < 2n, and in §7 I
treat the case of abelian varieties, where one can at least prove the local
conjectures.

This paper was initiated by the investigation of ¢-adic Chern classes
in [J3] and was influenced much by the work and ideas of Beilinson and De-
ligne, and by the study of Soulé’s paper [Sou4]. I would like to thank
W. Raskind, J. M. Fontaine, W. Messing, and especially K. Wingberg,
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P. Schneider and K. Kato for valuable discussions. Finally I thank the
DFG and the Mathematical Sciences Research Institute, Berkeley, for fi-
nancial support and hospitality during part of this work.

1. The basic conjecture.

The following notations will be valid for the whole paper:

k is a number field with algebraic closure k,

G = Gal(k/k) is the absolute Galois group of k,

Gp C Gy or G, C Gy is a decomposition group for the prime p or the
place v of k (well defined up to conjugacy),

X is a smooth, projective variety of pure dimension d over k,

£ is a prime,

S is a finite set of places of k, containing all places above co and ¢, and
all primes where X has bad reduction,

Gs = Gal(kg/k) is the Galois group over k of the maximal S-ramified
(= unramified outside of S) extension kg of k.

CONJECTURE 1. Let X = X x4 k. Then
a) i1+1<n, or

H2 d Hi A_:' =01
(Gs, H'(X,Q¢(n))) if b) i+1>2n.

REMARK 1: Here H{(X,Q(n)) = HY(X,Z¢(n)) @z, Q¢ is étale cohomol-
ogy, and it follows from the smooth and proper base change theorem that
the action of Gy on H*(X,Z,(n)) = lim— H*(X,Z/"(n)) is unramified out-
side S, i.e., factors through G's. The sheaves Z/€"(n) are defined as usual
by Z/€7(n) = pe-®", where pg- is the sheaf of £7-th roots of unity [Mil,
p. 163]. The corresponding Galois modules are denoted by the same sym-
bols, and there is a canonical isomorphism of Gy-modules H(X,Z,(n)) =
H(X,Z,)(n), where the Tate twist M(n) of a Z;-G-module is defined by
M(n) = M ®z, Z¢(n), with Z¢(n) = lim_ Z/€"(n). The G's-cohomology is
taken via continuous cochains, and since H'(X,Z,(n)) is finitely generated

as a Z,-module, we have
HV(G51 Hi(-ira Q[(n))) = HV(GSa Hi(Xa Zf(n))) ® Qe:
Z,
compare [J1, 5.15.c]. Throughout the paper we consider profinite groups G

and topological G-modules M; the cohomology will always be the continu-
ous one. If M is discrete (e.g., for H{(X, Q¢/Z¢(n)) = limz H (X ,Z/07(n)) =



318

H(X,Q¢/Z¢)(n)), this is the usual cohomology, described in [Sel]. Note
that we write Q¢/Z¢(n) for (Q¢/Z;)(n). We shall use the following basic
facts which follow from [Ta3, §2]: if M = lim_ M, for a projective system
(M,) of finite Z;-G-modules, then

(1) HY(G,M) = lim H'(G, M,).

This may be false for H”, v > 1, but if G satisfies the property
(Fe) HY(G,A) is finite for every finite Z,-G-module A,

then we have H"(G,M) = lim_ H"(G,M,) for all v. Moreover, if G
satisfles (F¢) and M is a finitely generated Z,-module, then HY(G.Al) is

finitely generated over Z, and the canonical map
(2) HV(G,]\J)®QL7/Z[—>HV(G,J\/[®Q('/Z£)

is an isogeny, i.e., has finite kernel and cokernel. Similarly, if N is a
cofinitely generated Z,-torsion G-module (i.e., the Pontrjagin dual N* is
a finitely generated Z,-module), then H”(G, N) is cofinitely generated and
the canonical map

(3) HY(G,T,N) — T,H"(G,N)

is an isogeny, where T¢A = lim.— A¢r is the Tate module of an abelian group
A. Again this may be false without (Fy).

We fix some more notation: If A is an abelian group and r is a natural
number, let A/r = AfrA and A, = {a € A | ra = 0}. If a group G
acts on A, let A9 and Ag be the fixed and cofixed module (module of
coinvariants), respectively. For an £-primary torsion group A4, let dim 4 be
the corank of its maximal ¢-divisible subgroup ¢ — Div 4; that is, dim A =
dimg, (€ — Div 4),, where F;r is the field with ¢ elements.

LeEMMA 1. The following statements are equivalent:
a) H(Ggs, H(X,Q¢(n))) = 0.
b) H*(Gs, H(X,Z((n))) is finite.
¢) H*(Gs,H'(X,Q¢/Ze(n)) is finite.
d) (if€#2, or if k is totally imaginary) H2(Gg, H(X.Q¢/Z¢(n)) = 0.
where HY(X,Q¢/Z¢(n)) = € — Div H'(X, Q¢/Zs(n)).
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PRrOOF: It follows from class field theory that G satisfies (Fp) (cf. [Mi2,
I 4.15]). Hence the groups in b) and c) are of finite and cofinite type,
respectively, and the maps

HY(Gs,H (X,Z¢(n))) @ Qe/Ze — H*(Gs, H(X,Q¢/Ze(n))

induced by the isogeny H*(X,Zs(n)) ® Q¢/Z; — H(X,Q¢/Z¢(n)) and (2)
are again isogenies. This shows the relation

dimg, H(Gs, H'(X,Qe(n))) = rankz, H(Gs, H'(X,Z,(n)))
= d1m H(Gs, Hi(X, Qg/Zg(n)),

and the equivalence of a), b) and ¢). Under the assumption in d), Gs has
¢-cohomological dimension cdy(Gs) < 2 [Br, 2.11]. Hence for an ¢-divisible
Gs-module N the cohomology sequence associated to 0 — Ny — N 4
N — 0 shows that H*(Gs,N) is £-divisible. Since an ¢-divisible group
of finite exponent is zero, the equivalence of ¢) and d) follows from the
finiteness of H(X,Qe/Z¢(n))/H (X, Qe/Ze(n)).

In the following, we shall assume ¢ # 2 or k totally imaginary, for sim-
plicity. We leave it to the reader to check that everything remains true for
¢ = 2 up to finite groups (in §3: up to A-torsion modules) of exponent two,
which does not matter for our purposes.

Example 1 For X = Speck, we have a non-trivial cohomology group
only for i = 0, H°(Speck,Zy(n)) = Zy(n), and we may take S = S = {v |
¢ - 0o}. The conjecture then claims

a) 1l<mn,or

H?(Gs,Q¢/Ze(n)) = 0 for b) 1>n,

ie., for n # 1. This has been conjectured by Schneider [Schil, p. 192].
Case a) has been proved by Soulé [Soul] via higher Chern classes on al-
gebraic K-theory; see the discussion in §2. Also for general X the case b)
seems to be much more mysterious; here it contains the Leopoldt con-
jecture (the case n = 0, see [Schl, §7]). Concerning n = 1, one has
Qe/Zy(1) = pgeo, the group of all £-power roots of unity, and

H*(Gs,Qe/Z4(1)) = Brs(k){€} = Q/7F5

where S’ = S\{v | oo}, see [Schl, 4.2], so this group is non-trivial in
general.
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Example 2 If E is an elliptic curve over k, then H°(E,Z;) = Z, and v
H*(E,1,;) = Z,(—1) are covered by the above. For the remaining case

1 = 1, we may use the Kummer sequence 0 — ppr — Gy LA Gm — 0 and |
the isomorphisms E(k) = Pic’(E) C Pic(E) = H'(E,Gn) to identify

HY(E,71/¢*(1)) = HY(E, )= Pic(E)p = E(k)ev.
Hence the conjecture here claims (r =n — 1)

a) l<r, or

H(Gs. Ege (r)) = 0 f
(Gs, Be(r)) = 0 for b) 0>r,

i.e, for r # 0,1 (Here Epo = U.E(k)er is the coeflicient system of £-power
torsion points of E.) If k is imaginary quadratic and E/k has complex
multiplication by k, this has been proved by K. Wingberg [W1i2] for primes £
which are regular for E. We shall see in §7 why r = 0,1 definitely has to
be excluded (remark 7).

It will be useful to reformulate Conjecture 1 in terms of H!(Gg, —), by
using Tate’s calculation of the Euler-Poincaré characteristic of Gs. For this,
note that X can be regarded as a variety over Q via X — Speck — SpecQ,
and then X xgC is a well-defined complex projective variety (non-connected
for k¥ # Q). In particular, X xg C is defined over R and hence has a
canonical involution F, (the “infinite Frobenius”, see [D3, 0.2.5]) on its
Betti cohomology H*(X xg C,Z). For a ring A C C and n € Z, define
A(n) = A-(2m)® C C, and let 0 = F, act on H(X xg C,A(n)) =
HY(X xg C,Z) ®z A(n) via Fs ® ¢, where c is the complex conjugation.
Let H (X xg C, A(n))* be the eigenspace for the eigenvalue +1 of o, re-
spectively.

LEMMA 2. If x(Gs,V) = Y°_,(=1)* dimg, H*(Gs,V) for a Qg-vector

space V with continuous action of Gs, then

—x(Gs,V) =) dimg, V- > dimg, V.
v|oo v]oo

v real

As a consequence,

X(Gs, H(X,Qe(n))) = — dimg H'(X xq C,R(n))™ =t xin(X) =t Xin:
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in particular, these numbers are independent of £ and S (satisfying our
assumptions) and depend only on n mod 2.

PRrROOF: This is proved as Proposition 2 in [Soud], cf. also [Sch1, 4.6].
Since it is important for the sequel, we sketch the argument. Let A bea G-
equivariant lattice in V (i.e., a Zg-submodule with A ®z, Q¢ = V), and let
A = V/A. Then dimg, H"(Gs, V) = dim H*(Gs, A) = dimg, HY(Gs, A),
—dimg, HY(Gs, A)/%, so the cohomology sequence for 0 — 4, — A 4
A — 0 shows

x(Gs,V) = x(Gs, Ap) — dimg, H*(Gs, A)/¢,

where x(Gs, Ar) = Yo_o(—1)" dimg, H*(Gs, A7) = — 3o, dimp, A¢ +
> vjoo dimp, H°(G,, A¢) by Tate [Tal]. Since H*(Gs, A)/L = @) H* (G, A),

v real .
one easily deduces as in [Sou4]

—x(Gs,V ZdlmA Z dim A®v,

v]oo v|oo
v real

i.e., the first formula. Since H(X xQ Q,Q) = Indg;‘Q Hi(X,Q,), where
Indgk‘2 denotes induction from G to Gg, this formula implies

— x(Gs, H(X,Qe(n)))
— dime, H'(X xq @ Qu(n)) - dime, H'(X xq @ Q(n))°
where G C Gg is a decomposition group at co. The choice of G cor-

responds to the choice of an embedding 7 : @ — C, and via the canonical

comparison isomorphism
Hi(X x@Q,Q) >  Hi(X xqC,Q) = H'(X xq C,Z)®Qe

the action of Fi, corresponds to the action of the non-trivial element in Goo
Finally, the Tate twist (£1) on both sides changes the action of G, and o
by a sign (i.e., by the non-trivial characters Go, — {%1}, (o) — {£1},
respectively), which shows

dimg, H'(X xg Q,Q¢(n))%= = dimg H (X xg C,R(n))*.

COROLLARY 1. a) dimg, HY(Gs, H' (X, Qe(n))) > —xin(X), with equal-
ity if and only if H'(X,Q(n))% =0 = H*(Gs, H (X, Q4(n))).

b) x(Gs, H'(X,Qe(n))) + x(Gs, H(X,Qe(i + 1 = n))) = —[k : Q] -
dimg, H(X, Qe).

The fixed module Hi(X,Q,(n))C* is related to Tate’s conjecture for i =
2n, but it always vanishes for ¢ # 2n:
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LEMMA 3. Ifi # 2n, then H (X,Q(n))% = 0 = H(X,Q¢(n))g, and
HY{(X,Q¢(n))% = 0= H'(X,Qen))g, for every p ¢ S.

PROOF: Let & be a smooth and proper model of X over Og, the ring of
S-integers in k, and let Xy, = X Xp, k(p) be its fiber at p € SpecOg =
Spec O\ S, «(p) denoting the residue field of p. By the smooth and proper
base change theorem (see [Mil, VI 4.2]), there is a canonical isomorphism
(note that p 1 £)

Hi(X,Qu(n)) = (%, Qu(n)),

where X, = X, Xy £(p) for an algebraic closure (p) of x(p). This is
an isomorphism of G,-modules via Gp - Gal(k(p)/x(p)), and by Deligne’s
proof of the Weil conjectures, Hi(Xp, Q) is pure of weight 7; that is, the

eigenvalues of the geometric Frobenius Frp, € Gal(«(p)/x(p)) are algebraic
integers whose archimedan absolute values are equal to (N p)% , where Np is
the cardinality of x(p) [D4, 3.3.9]. Hence H*(X,,Q;)(n) is of weight i —2n
(Frp acts on Q(1) via multiplication by (Np)~!). There can only be a
non-zero fixed or cofixed module, if the eigenvalue 1 appears, that is, if the
weight is zero.

2. Connections with algebraic K-theory.

Beilinson’s conjectures {Bel] concern the diagram

0

!

H*"Y(X,C)*
_7 H=1(X,R(n))* + F

-

-
-~
-~
~

(4 Kon_ o(X/T)™ C Ky y(X)™ — s HE(X xqR,R(n))

!

— v + n
0 o i HIERETOF

0
Here H} denotes the Deligne cohomology, which sits in a short sequence
as indicated, H*(X, —) stands for the Betti cohomology H*(X xg C,—),
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F' is the Hodge filtration on H*(X,C), and K,,(X)(™ is the subspace of
Kn(X) ® Q on which the Adams operators 1* operate via multiplication
by k™. The “regulator map” r is defined by Chern characters on Quillen’s
higher K-groups I\,,(X) with values in the Deligne cohomology, and factor-
' izes as indicated for v # 2n, since then F" N F* = H™" is zero. Beilinson
 thinks that the definition

Kn(X/2)™ = Im(Kp(X)™ — Kp(X)M),

X aflat, proper model for X over Z, does not depend on the choice of X and
then conjectures, among other things, the following, where we set 1 = v —1

for convenience.
CONJECTURE (Beilinson). For i < 2n — 2 the regulator map
r: Kon_io1(X/2)™ @R — HI(X,C)*/(H(X,R(n))* + F™)
is an isomorphism, and the dimension of these vector spaces is the order of
zero of the L-function L(V,s) for V = {H/(X,Q,)} at s=m:=1+1—n.

REMARK 2: The L-function of the strictly compatible system of Z-adic
representations V is defined by the Euler product

1
L(V,s) = l;ILp(V,S) = 1;[ det(1 — Frp(Np)=* | Vi)

Here I, is an inertia group at the prime p, Fr, is a geometric Frobenius

at p, and it is conjectured that
det(1 —Frp, T | V*) = det(1 — Fr, T | H(X,Q¢)"),p t ¢,

lies in Z[T), is independent of £ (with p 1 £), and that L(V,s) is convergent
for Re(s) > % + 1. By Deligne’s proof of the Weil conjectures [D4], all
this is known if one omits the factors where X has bad reduction. For the
considerationof m =i14+1—-n < %, one has to assume meromorphic contin-
uation of L(V,s). The conjectured analytic behavior of L(V,s) (see [D3])
is roughly described by the following picture.

| .
holomorphlc convergent
pa A V4
N . 24 )
possible poles | Euler product
€ > tral
(5) of bad Euler cerilnt
o
factors P ¥ N
4“' i .f\ i 7
m 0 3 H'Tl 3 +1 K]

functional equation s @+ 7 4+1—s
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The equality

(6)  ord L(V,s) = dimg H{(X,O)YJ(H'(X,R(n)* + F™),m < %

follows from the shape of the I'-factors and the conjectured functional equa-
tion, see [Bel, 3.3] or [J2, 4.14.a].

REMARK 3: The domain m < 0 (& 7+ 1 < n) can be considered as the

“stable range” for various reasons:

a) One has F"H'(X,C) = 0 for the Hodge filtration.

b) One expects equality Kon—i—1(X/2)™ = Kop_i—14(X)™ by con-
jectures on the K-theory of schemes over finite fields (cf. [Bel,
2.4.2).

c¢) The local Euler factors are expected to be holomorphic here (see also
the discussion in §4).

Via a) and b), Beilinson’s conjecture predicts
(1) Kan-imn(X)™W Q@RS HY(X,C)t/HI(X,R(n)t for m < 0.

Since H{(X,C) = H'(X,R) ®g C is an induced module for (), we have
dimg H*(X,C)* = dimg H'(X,R). Hence the dimension of the right-hand
side of (7) is —xi,n(X). On the other hand, ¢) would give

(8) ord L(V,s) = ord Ls(V,s) for m < 0,

where Ls(V,s) = [],¢sdet(1 — Frpy(Np)™* | HY(X,Q))™! is the partial
L-function.

We now consider an f-adic analogue of the above. Let HX  (X,Z¢(n))
be the continuous étale cohomology of X (see [DF] and [J1]). Then there
1s a Hochschild-Serre spectral sequence

) BT = HP(Gr, HU(X,Zo(n))) = HIH(X, Zy(n)),

see [J1, 3.4]. There are also Chern characters on K,(X) with values

in HY (X,Qu(¥)) = HX . (X,Z(*)) ®z, Q¢ (see [Sou3]), and, letting

Hcom.(Xva(n))O = I<er(H:ont(X7Qf(n)) = HY (X,Qf( )))7 ( ) defines a
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diagram

0

!

Hlon (X, Qe(m))o —— H'(Gi, BT (X, Q)

Kanou (X)W —— HZ (X, Q(n))

resl

HY(X,Q¢(n))®* =0forv #2n

which should be considered as the ¢-adic analogue of (4). Since c¢dg(G) < 2,
7 is surjective. One can also show that res is surjective and that Kern =
H?(Gr, H"72(X,Qe(n))), but this will not be needed in what follows.

CONJECTURE 2. The regulator map
7 Konoic1(X)™ Q@ Qe — HY(Gi, H(X,Qe(n)))

is an isomorphism fori+1<n (<= m:=i+1-n<0)

The analogy with Beilinson’s conjecture becomes quite clear by the for-

mulae

Hl(Gkai(Xan(n))) = EthGk(Ql"Hi(X?QZ(n))),
HY(X,C)"/(H'(X,R(n))* + F") = Extjy (R, H'(X,R(n))),

where M Hpg is the category of real Hodge structures over R (i.e., with
“infinite Frobenius F,.”), see [J2, 4.13]. In fact, the philosophy behind
both conjectures is that the motivic cohomology Hﬁl = Kon_i—1(X)®
describes extensions of the trivial motive by the motive H*(X)(n), and that
the regulator maps r are obtained by passing to the associated realizations,
see [Be2, 5,10], [D5], and [J2, §4]. In contrast to the Hodge realization,
we have a group H(Gy, H*"X(X, Qu(n))) = Ext, (Qe, H'"*(X, Qu(n)))
for the ¢-adic realizations, but comparison with Beilinson’s conjecture and
the general philosophy that there are “no non-trivial motivic 2-extensions
over Q” up to torsion (see [D5]) suggests neglecting this group for the
regulator map.
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All this is discussed in more detail in [J3], together with the function
field analogue of Conjecture 2, which would follow from several well-known
conjectures on K -theory and £-adic cohomology of varieties over finite fields.
In these notes we restrict ourselves to the connection with Conjecture 1.
We use the following fact, which has also been observed by P. Schneider
and W. Raskind.

LEMMA 4. Ifi # 2n — 2, then the inflation map

HY(Gs, H'(X,Qu(n))) ™ H'(Gi, H{(X, Q(n)))
is an isomorphism and, consequently, H'(Gy, H'(X,Q¢(n))) is finite-dim-
ensional.

PROOF: More generally, let M be a finitely generated, torsion-free Z,-

module with continuous action of Gs. Then there is an exact sequence
0— HY(Gs, M) ™ HY(Gr, M) - H (Gys, M)%s

(by [J1, §2], or by (1) and the well-known case of finite coefficients). By
assumption, G, acts trivially on M. For every p ¢ S choose a decomposi-
tion group Gy C Gi for p and let I, C G, be the inertia group. Then G
is the smallest closed normal subgroup of Gy containing the I, p ¢ S, and
hence the restriction

HY(Gig, M)®5 = Homeont,o5(Gra, M) — [ [ Homeont. 6, (13, M)
p¢S

is injective. Since p 1 € for p ¢ S, there are isomorphisms
Homeony,G, (I3, M) & Homeont, g, (Ze(1), M) = M(~1)"

by local class field theory. Hence the inflation is an isomorphism, if M (—1)"
=0forp ¢ S. For M = HYX,Z(n))/ torsion, this is the case for
¢ # 2(n —1) by Lemma 3.

COROLLARY 2. If Beilinson’s conjecture is true, then Conjecture 1 a) is
equivalent to the equality of dimensions in Conjecture 2.

PROOF: As explained in Remark 3, Beilinson’s conjecture implies

(11) dimg Kon—i— 1 (X)™ = —x;n(X) fori +1 < n.
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Hence the claim is clear from Corollary 1 a) and Lemma 3.

Example 3 Consider X = Speck: It follows from results of Borel
and Soulé that K5,(Oy) is finite for n > 0 and that the ¢-adic Chern
class

Cin I\,2n—l(ok)® Zf - Hélt(spec(ok[%])v Zl(n))

has finite kernel and cokernel for n > 1, where Oy is the ring of integers in %
(see [Soul] and [Sou2]). Now H (Spec(Ok[3]),Ze(n)) = H'(Gs,Ze(n))
for S = S (cf. (16) below), and K,(Or) @ @ & K (k)@ Q for r > 2,
as follows from the localization sequence and the finiteness of K, (F') for
a finite field F and m # 0. Finally, ¢; , vanishes on Kz,_;(Or)®) for
v # n by standard properties of Chern classes. Putting all this together,
one obtains the equality K2n,—1(k)®Q = I\’Zn_l(k)(") for all n > 1 and the
bijectivity of

r: Kono1 (k)™ @ Qe = HY(Gk,Qe(n)), n>1,

using Lemma 4. Hence Conjecture 2 is true for X = Speck. Since, by
Borel, Beilinson’s conjectures are also true for X = Speck, we may deduce
Conjecture 1 a) from this. The argument in [Soul] is different: there it is
proved that the Chern classes

c2,n  Kon2(Ok) ® Ze — HZ(Spec Ok[3],Z4(n))

have finite cokernels for n > 1.

Example 4 Let k be an imaginary quadratic field and let X = E be an
elliptic curve with complex multiplication by k. Assume that £ splits in k,
¢ = pp*, and that E has good reduction at ¢. In [Sou5] Soulé considers a

map

7 lim Kop—o(E,Z/€7) — HYGr, H'(E,Zy(n))), n > 1.

Here K;,—2(E,Z/¢") denotes K-theory with coefficients, sitting in an exact

sequence
0— Kono(E)/€7 = Kopn_o(E,2/€) — Kon_3(E)er — 0,

and the composition of r' with Ky, _»(E) — lim_ I{3,_2(E,Z/£") coin-
cides with the £-adic Chern character up to some factorials after tensoring
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with Q¢. Soulé finds that for a regular prime ¢ the composition of r’ with
the restriction

ap : HY (G, HYE, Zy(n))) —» HY(Gp, HY(E,Z((n))), n>1

to a decomposition group Gy at p has a finite cokernel. On the other hand,
it follows from the results of K. Wingberg mentioned in Example 2 that «p
has a finite kernel for regular £. Hence r' has a finite cokernel, in support
of Conjecture 2.

In concordance with a conjecture of Quillen, Thomason [Th] has shown
that for u > N := 8(d + 2)(d + 3)(d + 4) — 15 the map

Ku(X,2/07) - K&(X,2/¢)

is a naturally split surjection, where Kﬁ‘ is the étale (or topological) IU-
theory. This implies that the Chern class

Com i Kon— (X, 2/€7) — lim HY,(X,Z/€ (n))

has cokernel of finite exponent for 2n > v + n. On the other hand, the
spectral sequence (9) induces a surjective map

lim HY, (X, 2/7(n))o = H'(Gx, H' (X, Z4(n))),

where HY(X,2/¢"(n))o = Ker(H*(X,2/¢"(n)) = H*(X,Z/¢7(n))). In
fact, we have seen that (9) gives a surjective map

Honi( X, Ze(n))o = HY (Gr, H' 71 (X, Z4(n))),

and this map factors through lim_ H{(X,Z/€7(n))o, since H!(Gj,
H""YX,24(n))) = lime. H'(Gi, H*7(X,Z/€7(n))) is ¢-complete, see [J1,
4.4 and 5.16]. Altogether we obtain a surjective map

Ql ;@1{3'1 I{'Zn—i-l(X> Z/[r) - Hl(Gk)Hi(X7 Qf(n)))

ra

for 2n > i + 1+ N (Note that H*(X,Q(n))® = 0 for v # 2n). By the

exact sequences

0— Ku(X)N > Im K,(X,2/¢") - TeK,—1(X) — 0,
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where K, (X)" = lim._ K,(X)/{" is the ¢-completion of I{,,(X), this would
imply the surjectivity of the regulator map

(12) 7 Koneici(X) ™ @ Qe — HY(Gr, H(X, Qe(n)))
for 2n > i + 14+ N, if TeKon_i—2(X) = 0, ie., if Kon_;_2(X) has no ¢-

divisible torsion subgroup. Here we have used two facts: for an abelian
group A, a finitely generated Z,-module B and a homomorphism f: A —
B, the induced map A®z Q¢ — B ®z, Qg is surjective if and only if the in-
duced map A ®z, Q¢ — B ®z, Qu is surjective (applied to 4 = Kzn—;—1(X)
and B = HY(Gi,H (X,Z¢(n))/H (X,2¢(n))tor)), and the Chern char-
acter chiy1n @ Kon—i1(X) ® Q — HY Gk, H'(X,Qe(n))) vanishes on
Kon_i—1(X)™ for r # n. Via the localization sequence
= K(X) = Ku(X) = @ Kuaa(Xy) = Kyi(X) — .,
¢S

where X' is a smooth model of X over the ring of S-integers Og and X} =
X X0 &(p) is the fiber at p, the vanishing of T, ,(X) for all u would
follow from Bass’s conjecture that K, (Y") is finitely generated for a regular
scheme Y of finite type over Z.

In any case, if (12) is surjective, Beilinson’s conjecture would also imply
its injectivity. In fact, we would get —x;n(X) = dimg Kgn_,-_l(X)(") >
dimg, H}(Gk, H'(X,Qe(n))) and hence equality of dimensions by Corol-
lary 1 a).

3. Connections with Iwasawa theory.
Let M = HY(X,Q¢/Z;) and define

di = dim HY(Gs, M(n)), d\, = dim H*(Gx, M(n)),
rin = dim H*(Gg, M(n)), ri,=dim H*(Gy,M(n)).

i,n
LEMMA 5. Fori # 2n — 2 these numbers are finite and independent of S,
i’ !
s Tin 275

t,n? = "i,n"

and one has d; , = d
Proor: For any {-torsion Gg-module N and any set of places T D S, one

has an exact sequence

(13) 0— HY(Gs,N)B HY(G7,N) —» @ N(-1)%
PET\S

— H*(Gs,N) ™ H*(Gr,N) » @ N(-1)g, —0,
peET\S
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compare [Soud, p. 117]. If N is of cofinite type and if we assume
(14) N(=1)¢® and N(—1)g, are finite for p € T\S

(when N = H(X,Q¢/Z¢(n)) this is the case for ¢ # 2(n — 1) by the Weil
conjectures), then we immediately get

dim HY(Gs,N) =dim H(Gr,N), v >0, ifT isfinite.
If T is the set of all places, then G = G, and we still get

dim H*(Gs, N) = dim H (G, N),
dim H%(Gs, N) > dim H*(Gy, N),

in view of the fact that H?(Gs, N) is cofinitely generated.

LEMMA 6. Let fs: Xs — SpecOg be a smooth and proper model of X
over Og, the ring of S-integers in k. If v # 2n — 1, 2n, 2n + 1, then

dim H”(XS) Ql/Zl(n)) = du—l,n +ry—2,n
= —Xv-1,n + Tv—1,n + Tyv—2,n,
dim HU(X7 Ql/Zf(n)) = d:/—l,n + 7':/—2,71

= —Xv-1,n + Tv—1,n + T:,_g,n.
PROOF: The first equality follows from the Leray spectral sequence
(15) EP'? = HP(Spec Os, R fs, Qe/ZLe(n)) = HPYI(Xs,Qe/Le(n)).
Namely, by base change one has an isomorphism of sheaves
Rifs.Qe/Le(n) = ju R fuQe/Z4(n)

for the morphisms f : X — Speck and j : Speck — SpecOs, where
RIf,Q¢/Z,(n) can be identified with the G-module HI(X, Q/Z,(n)). Since

(16) H?(Spec Os,j.N) = H?(Gs, N)

for an ¢-torsion Gs-module N (regarded as a sheaf on Speck on the left-
hand side), cf. [Mi2, I1.2.9], we can rewrite (15) as

(17)  E}Y = H?(Gs,HY(X,Q¢/Zy(n)) = HP*9(Xs,Qe/Le(n)).
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This implies the desired equality, since all groups occurring in (17) are
cofinitely generated and H(X,Q¢/Z¢(n))C* is finite for ¢ # 2n. For the

latter reason, we have by Lemma 2
(18) —Xin =din — Tin for ¢ # 2n,

which shows the second equality.
For the third equality, we use the Hochschild-Serre spectral sequence

(19) EP? = HP(Gi, HI(X,Q¢/Ze(n)) = HPYI(X,Qe/Ze(n)).

Since these groups in general are not cofinitely generated, we have to be

a little bit careful with adding up dimensions in an exact sequence. Set
H(X,Qe/Ze(n))o = Kex(HY(X, Qe/Z4(n))) 5 HY(X,Qe/1e(n))). Then (19)
gives an exact sequence

(20) H""N(X,Qe/24(n))%* — H? (G, H"_z():(, Qe/Ze(n))

— HY(X,Qe/Z¢(n))o — Hl(Gk, HU_I(X, Qe/Ze(n)) — 0,

since cde(Gk) < 2. Now the second group in (20) is the direct sum of
its maximal ¢-divisible subgroup and a group of finite exponent (since
H?(Gy, N) is ¢-divisible for an ¢-divisible module N), and the first group
is finite for v — 1 # 2n. From this we easily deduce

dim H*(Gy, H" 73X, Qe/Ze(n))) + dim HY (G, H* (X, Qe/Ze(n)))
=dim H"(X,Q¢/Ze(n))o forv#2n+1
= dim H"(X,Q¢/Z¢(n)) if in addition v # 2n,

and the last claimed equality again follows with (18). O

Let kee = k(pee ) be the £-cyclotomic extension of k. Then Gal(ke./k) =
AxT withT'=Z, and #A | (¢ — 1). Let Hs = Gal(ks/ke.) and define

Y :=Y::= H (Hs,M)*, Y :=Y;:= H (Hs, M)*,
Z:=2Z;:= H'(Hs,M)*, Z:=2Z;:= H'(Hs, M)*,

where M = ¢ — Div(M) is the maximal divisible subgroup of M. These are
compact A-modules, where A = Z,[[']] is the completed group ring. Let x :
Gal(kec/k) — Z be the £-cyclotomic character (defined by (¢) = ¢X(?) for
€ pew and o € Gal(kec/k)) and let en = (#A)71 Y ca X (7)) € Zo[A]
be the idempotent projecting to the part where A acts via x® (n € Z). Of
course, e, only depends on n mod #A.
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LEMMA 7. a) Foreachn € Z, Ye, and Ze,, are noetherian A-modules, and
their ranks are independent of S.

b) ranky Ye, — ranky Ze, = —x;n(X).
¢) Ze, is a free A-module for alln € Z.

PROOF: a) Let Hy = Gal(ks/ks ), where koo /k is the unique Z,-extension
contained in kg /k. Then we have canonical isomorphisms

(21) H'(Hs,M(n)) = H'(Hs, M(n))> = (H"(Hs,M)e_,)(n), 20,

since £ ¥ #A, so the dual of this module is noetherian if and only if
H"(Hs,M)*e, is. Now the Hochschild-Serre spectral sequence for 1 —
Hg — Gs — T — 1 gives exact sequences

(22) 0— HYT,M(n)Hs) - H(Gs, M(n)) — H(Hs, M(n))F — 0,
(23) 0— HY(T,H'(Hs(M(n))) —» H*(Gs,M(n)) —» H*(Hg,M(n))" — 0,

and an isomorphism

(24) H(T, H*(Hs, M(n))) = H*(Gs,M(n)) =0,

cofinitely generated for all r and n, the same is true for H™(Hg, M(n))'.
Hence (H"(Hg, M(n))*)r is finitely generated over Z,. This implies that
H"(Hg, M(n))* is finitely generated over A. For the second claim let T be
a finite set of places containing S. By applying (13) to each intermediate

since cdI’ = 1, ¢d¢Gs < 2 and cdpHS < 2. Since H™(Gg,M(n)) is

layer k£ C k. C ko and passing to the limit over r, we get an exact sequence

(25) 0— H'(Hs,M(n)) - H'(Hp,M(n)) > @ M(n-1)
PET\S(koo)

— H*(H5,M(n)) — H*(Hp, M(n)) — 0,

since lim M(n — 1)gai(k., /k.) = 0 (the limit is taken via norms). The set
T\S(koo) of places in ko, above T\S is finite, since all primes p decom-
pose into only finitely many primes in the cyclotomic extension. Therefore

M(n —1))" is a A-torsion module (in fact, finitely generated
pET\S(koo)
over Z;), and the claim follows, in view of (21).

For b), we use the fact that

(26) ranky W = rankgz, Wr — rankg, wr
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for a noetherian A-module W (see, e.g., [Wil (1.4)]). Hence by (22)
and (23) we get
ranky Ye,—ranky Ze, = ranky H'(Hg, M(n))*—ranky H*(Hg, M(n))*
= dim H'(Gs, M(n))—dim H*(Gs, M(n))~dim H'(T, M(n)"3) = —x; n,
since dim H(T', M(n)Hs) = dim M(n)®s by the exact sequence

v-1

0 —— NT »y N » N > Nrp — 0

M(n)%s HYT,N)

for N = M(n)Hs and v a topological generator of T.
For ¢), we use the criterion (see [Wil (1.2)])

(27) W free <= WT =0 and Wr is torsion-free

for the A-module W = H2(Hj,M(n))*. Namely, H*(H, M(n))r =
HY(T,H*(HY, M(n))) = 0 by (24), and H?(HY, M(n))F is ¢-divisible as
quotient of the ¢-divisible group H2(Gs, M(n)). O

Iwasawa’s conjecture “g = 0” for all number fields K with ¥k C K C kg
would imply cd¢(Hs) = 1 (see [Sch3, 3.8]) and in particular the vanishing
of Z = H?(Hg,M)*. In any case, we have

LEMMA 8. Let G, = Gal(ks/k,), where k, = k(per) N koo. Then the
following statement are equivalent forn € Z:

a) Ze, is a A-torsion module.

b) H*(Hs,M)e_,, = 0.

¢) dim H*(Gs,r, M(n)) is bounded for r > 1.

¢') Foralln' € Z withn' = n mod #A, dim H*(Gs ., M(n')) is bounded
forr > 1.

d) H*(Gs,M(n)) is finite for one n' € Z with n' = n mod #A.

d') H*(Gs,M(n')) is finite for almost all n' € Z with n' = n mod #A.

PROOF: Since ranky Ze, = ranks Ze,, and Ze, = H2(HY, M(n))*(n) is
A-free, the equivalence of a) and b) is clear. The equivalence with ¢) and d)
follows from Lemma 1 and the exact sequences
(28) 0— HY(T,,H'(Hs,M(n))) » H*(Gs,r, M(n'))

— H*(Hg, M(n'))" -0,
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I, = Gal(keo/kr). Indeed, dim(A*)'r = [k, : k], and for a noctherian
A-module W the numbers

dim HY(T,, W*(v))

are bounded for r > 0, v € Z, and zero for almost all twists v € Z,
of. [Soud, Lemma 2]. Note that H"(Hy, M(n'))(v) = H'(HY, M(n' + 1))
for v = 0 mod #A. The equivalence with ¢') and d') is now clear, since a)
and b) only depend on n mod #A. O

In general, we obtain from (23)

Tin = dim H*(Gs,M(n)) = ranky Z;e, + rankzl(Y}en(—n))r

(29)
= ranky Z;e, for almost all n € Z,

and, via Lemma 6 and Corollary 4 below,

(30) dim HY(X,Qe/Zi(n)) = —Xy—1,n +ranky Z,_je,

for almost all n € Z.

These are the correct versions of Proposition 3 and Theorem 1 ii) in [Sou4],
as long as we do not know the vanishing of Z. The gap in loc. cit. 1.5 is
that one cannot conclude c¢dp, H = 1 from cdp,H, = 1 without any extra
argument, but the reasoning there still gives the following interesting result:

LEMMA 9. Let K be a finite extension of k over which M(n), becomes a
trivial Galois module, let Ko, = K koo be the cyclotomic Z g-extension of I{
and let M be the maximal abelian ¢-extension of Ko, which is unramified
outside £. If the p-invariant of the noetherian Z,|[Gal(K/K)|]-module
Gal(M/Ky) is zero, then H*(Hg, M)e_,, = 0.

PRrOOF: It follows from the assumption on the p-invariant that H(L)(¢),
the maximal pro-¢-factor group of Hg(K) = Gal(ks/K), is pro-f-free
(see [Wil, 5.4 and 5.6]). Now by definition G lies in the kernel of the
composite of the two homomorphisms

G 5 Aut(M(n)) 5 Aut(M(n))

given by the action of G4 on M(n) and the restriction to M(n),. Since
Ker 7 is a pro-£-group, Gx and consequently Hs(I) act on M(n) via their
pro-¢-quotients. Hence we can consider the inflation

HY(H5(K)(0), M(n)) ™ B*(H5(K), M(n)),
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and this map is an isomorphism (see [Neu, Cor. 1]). Furthermore the

corestriction

H*(H5(K),M(n)) = H*(Hg, M(n))

is surjective, since cdg(Hg) < 2 (see [Sel, I 3.3]). It follows that
cdo(Hg(K)(£)) <1 implies H?(HY, M(n)) = 0, hence the result, by (21).
O

The conjectured vanishing of Z, which would follow both from Iwasawa’s
“u = 0” conjecture or from Conjecture 1, may be more easily accessible than
either of these. For example, in the case X = Spec k one can in fact prove
H?(Hs,Q¢/Z;) = 0 (which is also called the weak Leopoldt conjecture)
without proving anything about c¢dy;Hs or Conjecture 1, see [Sch1l, 4.7].

4. Global results.

Conjecture 1 is in part motivated by the following result.

THEOREM 1. The analogue of Conjecture 1 is true in the function field

case.
This follows from the following, more general, fact.

THEOREM 2. Let U be a smooth curve over a finite field Fy and let F be
a smooth (= twisted-constant) Q¢-sheaf on U (£ # p = charF,) which is
mixed (D4, 1.2.2]. Then H*(U,F) =0 if

a) FVY(2) is entire [D4, 3.3.2], or

b) the weights in F are > 0.

(Here FV is the dual of F, and FV(n) is its n-fold Tate twist.)

COROLLARY 3. Let F be smooth of weight 1 (see [D4, 1.2.2]: for each
closed point z € U the eigenvalues a of the geometric Frobenius Fr, on the
stalk F; are algebraic numbers with absolute value |a| = (Nz)!/? for every
complex embedding). Assume that F' is positive (or effective), by which
we mean the following: F' is entire (i.e., the a are algebraic integers), and
FV(—i) is entire. Then H*(U,F(n)) =0 if

a)i+1<mn,or
b) i+ 1> 2n.
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PROOF OF COROLLARY 3: If FV(—i) isentire, then F(n)V(2) = FY(~i)(i+
2—n) is entire for :+2 —n < 0, since Q¢(v) is entire for v < 0. If the weight
of F is 1, then the weight of F(n) is 1 — 2n, which is > 0 for i + 1 > 2n.

COROLLARY 3 = THEOREM 1: Let X be a smooth, proper variety over
the function field k = F,(U) of U and assume that X has a smooth, proper
model f : X — U (i.e., good reduction over U). By smooth and proper base
change, F = R'f,Qy is a twisted-constant sheaf on U, and for each z € U
there is an isomorphism Fy = H'(X,,Q,), where X, = X xy Speck(z) is
the fiber of f at z and X, = X X x(z) k(z) for a separable closure Jr_) of
the residue field k(z) of z. If U is affine, and n = Spec k is the generic point
of U, then there are canonical isomorphisms

H'(U,F(n)) = H™(m(U,7), F(n)s) = H'(m (U, 7), (X, Qe(n))),

for all 7 > 0, where 7 is the geometric point over i given by Spec k, see [Mi2,
II 2.9]. In this situation, U is the analogue of Spec Og; note that by defini-
tion Gs = m1(Spec Og, ) in the number field situation.

To apply Corollary 3, we have to show that F' is positive. But by Deligne’s
proof of the Weil conjectures, H(X,, Q) is entire of weight i for z € U
closed, and by Poincaré duality and hard Lefschetz [D4, 4.1.1]

HY(X;,Qe)"(~1) = H* (X, Qe)(d ~ i) = H'(X;, Q)
is again entire (d = dim X).

PROOF OF THEOREM 2: If the weights in F' are > r, then the weights in
FV are < —r. By Deligne’s fundamental result (D4, 3.3.4], the weights w'
occurring in H}(U, FV(1)), the cohomology with compact support of U =
U xg, F, satisfy w' < —r +1—2 = —r — 1 (note that Q,(1) has weight -2),
and if FY(2) is entire, we have w' — 2 > 0, see [D4, 3.3.3]. By Poincaré
duality, we have

HYU,F)= HYU,FY(1)).
Hence for the weights w occurring in this mixed Gg -module, where Gg, =
Gal(F4/F,), we have w > r + 1, and w < —2 under assumption a). Sim-
ilarly, H*(U,F) = H(U,FY(1))V has weights > 7 + 2, and < —2 under
assumption a). We apply this to the exact sequence
(1) 0— HYU,F)  — HXUF)— HXU,F)* S0

\q’_/GFq [
w < —2, case a) w < —2, case a)

w > 1, case b) w > 2, case b)
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obtained from the Hochschild-Serre spectral sequence for l—:q/Fq. We con-
clude that H2(U, F) = 0 in both cases, since a mixed GF,-module can have
a non-zero fixed or cofixed module only if the weight zero occurs.

REMARK 4: The bounds in Theorem 2 seem to be sharp, and I expect
the same of the bounds in Conjecture 1, except for an improvement by
hard Lefschetz: H'(X,Qs) & H?*¢ (X, Q¢(d — ¢)), which would imply
H*(Gs,H (X,Q¢(n))) =0forn>d+1.

Question 1 Is the analogue of Theorem 2 true in the number field case
(U being replaced by Spec Os for a finite set S of primes containing all
primes above £)?

By the same arguments as above, a positive answer to this question would
imply Conjecture 1. So far, one does not know any number field analogue of
Deligne’s theorem that HY(U, F) is mixed of weights < v +r, if F' is mixed
of weights < r, or, what is more or less the same, the analogous result
for HY(Y,G), where Y is the smooth compactification of U. According
to the general philosophy of Iwasawa theory, the analogue of H*(Y,G)
should be a certain Iwasawa module over ko, — for example, the Galois
group Gal(L/ks) of the maximal abelian unramified ¢-extension L of k.,
for v = 1 and G = Q(1). But no integrality results exist in this setting
and perhaps cannot be expected in a “naive” way, cf. [Wa2]. Is it possible
that, nevertheless, there exists some theory of weights for these Iwasawa
modules?

We return to number fields and to the notations at the beginning of §1. It
turns out that the numbers } , = dim H?(G, H'(X,Q¢/Z¢(n))) are much
more accessible than the numbers r; , = dim H?(Gs, H(X, Q¢/Z¢(n))).

THEOREM 3. Let P be a set of primes of k of density 1.
a) The localization map (induced by the restrictions to the decomposi-
tion groups Gp)
" HY (G, H(X,Zo(n))) = ] H(Gp, HI(X, Ze(n)))
peP

has a finite kernel for i # 2n.
b) Let H(X,Zi(n)) = H'(X,Ze(n))/H(X,Zs(n))sors, where Aiors is
the torsion subgroup of an abelian group A. Then

&y HY(Gr, BY(X, 1)) — [ H(Gy HY(X, Ze(n))
peEP
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is Injective for i # 2n.
¢) The localization map

ay™ : H2 (G, H'(X,Qe/Le(n))) = P HX(Gy, H(X,Qe/Ze(n)))

all p
has a finite kernel and cokernel for i # 2(n — 1).
d) Let H(X,Q¢/Z¢(n)) = £ — Div H(X,Q¢/Z¢(n)). Then

65" s B G (X, Q/2a(n)) = @ H (G, H'(X, Qu/Le(n)))

is an isomorphism for ¢ # 2(n — 1).

PROOF: This follows directly from results of Serre: For a profinite group
G and a topological G-module M let

HYG, M) = Ker (HI(G,M) = HHI(C,M)) ,
C

where C runs over all (pro-) cyclic subgroups of G (and the cohomology is
the continuous one, as always). If § = Im(G — Aut(M)), then

HX(G,M)™ H(G,M),

[Se2, Prop. 6]. We now consider M = Hi(X,Z,(n)), ¢ # 2n, and G = G.
Then, by the Weil conjectures proved by Deligne, for a Frobenius Fr, € §
at p € S its eigenvalues on M are of weight 1 — 2n # 0 and thus satisfy the
condition in Lemma 2 of [Se3]. Hence the Lie algebra g of § satisfies the
hypothesis of Theorem 1 in [Se3], and we get

H' (g, M ® Q,) =0forallr > 0.

Hence
H7™(G, M) is finite for all r > 0

by results of Lazard, which show that H"(G, M) is a finitely generated Z,-
module for all 7 and that there is an injection H"(G,M)®Q¢ — H"(g, M ®
Q¢), cf. [Se3, Cor. to Lemma 3]. Moreover, since (M ®Q,)* = 0, we have

HNG, HY(X,Zy(n))) =0 (i # 2n),
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see [Se2, Theorem 1]. This implies b), since the kernel of the map in b) is
contained in H(G, H(X,Z«(n))) ([Se2, Prop. 7 and 8] — the proof also
works for a set of primes of density 1, cf. [Se4, II Notes].

For a) we may assume without restriction that S NP = §. Then
Hi(X,Zy(n)) = 0for all p € P (i # 2n). Thus the claim easily fol-

lows via the exact sequence
0 — HY(X,Z4(n))iors = H(X,Zs(n)) — H(X,Ze(n)) — 0,

and the fact that the localization map for the finite module Hi(X, Zo(n))tors
has a finite kernel by the theorem of Tate and Poitou [Tal, 3.1].
When P is the set of all primes, the cited global duality theorem also

gives an exact sequence
(32) 0 — (Kera? ™™™  HY(Gy, H'(X,Qe/Le(n)))

o B H(Gy, HH(X, Qu/Zu(n)) — H'(X,Qe/2e(n = D)o, = 0,
all p

by passing to the limit over the corresponding exact sequences for
Hi(X,Z/¢"(n)). Here we have used the fact that

(33)  Hom(H'(X,Qe/Ze(n)), Qe/Ze(1)) = H**7H(X,Z4(d + 1 —n))
by Poincaré duality, and that
(34) H°(Gx,Hom(4,Qe/2,(1)))" = Homg, (A(-1),Q¢/Ze)" = A(-1)c,

for the ¢-torsion Gg-module A = H*(X,Q¢/Z¢(n)). Now Ker afd_i’dﬁ—”
is finite for 7 # 2(n — 1) by a), and H(X,Q¢/Zs(n — 1))g, is finite for
i # 2(n — 1) by the Weil conjectures, which shows c).

If we replace HX,Q¢/Z¢(n)) by HI(X,Q/Ze(n)) in (32), then
Ker afd'i’dﬂ_" is replaced by Ker &fd_i’d+l~", since (33) induces an iso-

morphism
(35)  Hom(H'(X,Qe/Ze(n)), Qe/Te(1)) = H** (X, Zo(d + 1 — ).

Furthermore, the last group in (32) is replaced by H*(X,Q¢/Ze(n — 1))g,,
which is zero for 7 # 2(n — 1), as a finite and ¢-divisible group. Finally, by
Tate’s local duality theorem [Tal, 2.1] and (34) we get

(36) HY(Gy, H(X,Qu/Le(n))) = H (X, Qe/Le(n - 1))g,
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for all primes p. For p ¢ S this is zero for i # 2(n — 1) by the Weil
conjectures and the same arguments as above (good reduction, p 1 ¢).
Thus d) follows from b).

COROLLARY 4. H*(Gy, H{(X,Q¢/Zs(n))) = 0 (equivalently, ri, =0) for
almost alln € Z.

ProOF: This follows from Theorem 3 d) and (36), since obviously
Hi(X,Q¢/Z¢(n—1))g, # 0 only for finitely many n (at most dimg, H(X, Q¢)
many for fixed p).

For the Tate module T, A of an abelian variety A, the injectivity of the lo-
calization map H'(Gx,T¢A) — [], H'(Gy, TeA) has been shown by Walke,
by a different method (see [Wak] and also [Mi2, I p. 109 ff.]). Conjec-
turally, Ker a;’" and Ker a;’n are finite for all n € Z. Namely, Grothendieck
and Serre have conjectured that the action of Gy on H(X,Q,) is semi-
simple, and one has
LEMMA 10. If the action of Gx on H'(X,Q,) is semi-simple, then the

g

localization maps o™ and o™ have finite kernels for all n € Z.

PROOF: We have only to consider «;, since then the case of ay follows by
the global duality theorem. Let M = H'(X,Z,(n)) and

M = | ) MO,
K/k

where K runs over all finite extensions of k. By the assumed semi-simplicity,
the exact sequence

OﬁMééM—)M/Mls—)O

has a rational retraction, i.e., a map r as indicated with r o ¢ = ¢* for
some v > 0, and one has (M/M?®)® = 0. By the existence of 7, it suffices
to show that «; has a finite kernel for M?® and for M/M?® (the kernels
are always finitely generated over Z,). By passing to a finite extension
of k& and using the Hochschild-Serre spectral sequence, one easily reduces
to the case where G} acts trivially on M. But a; is even injective for the
module Z,, since Gy is generated by the G for p € P. On the other hand,
let G = Im(Gx & Aut(M/M?)) and let g be the Lie algebra of G. Then
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(M/M?®) ® Q)® = ((M/M?®) ® Q¢)® (see [L, V 2.4.10], and this space is
zero as remarked above. Since g is semi-simple by assumption this implies
H7(g,(M/M?®) ® Q) = 0 for all r > 0, see [ChE, Theorem 24.1], and we
may proceed as in the proof of Theorem 3 a).

5. The local case.

We now investigate the local groups H*(Gp, H (X, Q¢/Zs(n))).
LEMMA 11. a) Let m =t + 1 — n; then
dim H(Gy, H'(X, Qe/Ze(n))) = dimq, H*(Gy, H'(X, Qe(n)))
= dimg, H'(X, Q¢(n — 1))g, = dimg, H'(X, Q¢(m))°".
b) If p t ¢, then dimg, H'(X,Q¢(m))% < —ordeem Ly(H (X, Qs),s),
with equality if Fr, acts semi-simply on H'(X, Q)".

PROOF: a) The group G, satisfies the property (F}) and hence all conclu-
sions of Remark 1. This shows the first equality. The second one follows
from (36), and the third one from the isomorphisms

(37) HY(X,Qe(n—1))V = H? (X, Qe(d+1-n)) = H (X, Qu(s +1~n))

obtained from Poincaré duality and hard Lefschetz.
b) follows from the relation

—ord L(H'(X,Qp),s) = ord det (1 — Fry(Np)™* | H(X,Qe)")
= Of‘é det (1 — Fry(Np)™° | H{(X, Q)" (m))
(note that Fr, acts on Qu(m) via multiplication by (Np)~™). Hence this
number is the multiplicity of the eigenvalue 1 for Frp, on H (X, Qe(m))’,

while H(X,Q¢(m))°» = (H(X, Qg(m))IP)<Fr’) is the space of eigenvectors
for this eigenvalue. O

By Lemma 5 and Theorem 3, or directly by the exact sequence of Tate’s
duality theorem (compare (32))

H*(Gs, H'(X,Q¢/Z¢(n))) — p@s H*(Gy, H(X,Qe/Z4(n)))
— HY(X,Q¢/Ze(n - 1))gs — 0

and the known case of H2(Gy, H(X,Qe/Ze(n))) for p ¢ S we see that
Conjecture 1 implies the local
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CONJECTURE 3. H%(Gy, H¥(X,Qe(n))) =0 if
a)14+1<n,or
b) i+ 1> 2n.

(Equivalent formulation by Lemma 11: H'(X,Q¢(m))%" # 0 at most for
0<m< '—'Z,ﬂ)

The investigation of this divides into two cases.
Case p t £:  The case of good reduction has been treated above. Simi-
larly, one has

LEMMA 12. If X has potentially good reduction at p, then H*(G,, H{(X,
Q¢/Zy(n))) =0 fori # 2(n —1).

PROOF: Since cd¢(Gp) < 2, the corestriction is surjective on H?, so we
may pass to some finite extension, where X has good reduction and where
the result follows from the Weil conjecture.

In general, we may pass to some open subgroup Gy, of Gy such that the
action of its ramification group on V = H¥(X, Q) becomes trivial and the
action of its inertia group I, becomes unipotent (see [SGA 7 I]). Let M,
be the associated monodromy filtration, cf. [D4, 1.6.1]. This is a finite,
ascending, Gp-equivariant filtration on V' such that I acts trivially on
GrMV = M,V/M,_,V for all r € Z. There is the well-known

MONODROMY CONJECTURE (see [D1] and [RZ, Introduction]). One has
0=M_ . VCM_;VC---CM_VCMV=Y,

and Gr™ V is pure of weight i+ (with respect to the action of the Frobenius
in G}, /I; this does not depend on the choice of G}, and can be reformulated
purely in terms of Gy, cf. (D4, 1.7]).

The function field analogue was proved by Deligne [D4, 1.8.4]. For num-
ber fields the conjecture is known for abelian varieties; for further results
and discussions see [RZ)].

By definition of M, one has

(38) vl C MV,

hence the Monodromy Conjecture would imply that this G} /I,-representation
is mixed with weights between 0 and 7. In particular, this would imply the
following, well-known conjecture (cf. [D3, p. 319]):
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CONJECTURE (on the bad factors of the L-function). Ly(H*(X, Q),s) has
poles at most for 0 < Re(s) < %

This conjecture has been proved in many cases; by Lemma 11 b) it implies
Conjecture 3 for p 1 ¢ (in fact, we only need the case s =m € Z).

Case p | £ =p: Let C, be the completion of the algebraic closure of
Q,. Faltings [Fal] has proved the Hodge-Tate decomposition

(39) Hi(X,Q)QC, 2 @ H'X,0%)QCy(-),

Qp r+t=1 k
depending on an embedding & — C, inducing p. This is an isomorphism
of topological Gp-modules, and Tate has proved

ky (completion of k£ at p), v =0,

e ={ oy

see [Ta2, Theorem 2].

COROLLARY 5 (compare [Sou4, Theorem 2 iii]). For p | p one has

a) m<0 (< i+1l<n),or
b)m>:1 (< n<1l).

Gy
(Hi()_(,Qp(m))®Cp> =0 for
Qp
In particular, the same vanishing holds for H'(X,Q,(m))% C (H(X,
Q,(m)) ® C,)%, and, by Lemma 11, H*(Gy, H'(X,Q¢/Z¢(n))) vanishes
for the indicated values of n =1+ 1 —m.

To obtain a better bound than b'), we consider the finer, crystalline
theory. First assume that X has good reduction at p. Let X(p) be a
smooth and proper model of X over O,, the ring of integers in k,, and let
X, = X(p) xo, &(p) be the special fiber, where x(p) is the residue field
of Op. Let kg be the maximal unramified extension of @, in k; and let Og
be its ring of integers (note that OF = W(k(p)) is the ring of Witt vectors
for k(p)). Then one has the

CRYSTALLINE CONJECTURE (Fontaine [Fo2, A.11]). There are canonical
Gp-isomorphisms

Hi(Xan(m)) = {U € Héris(XP/Og) ®Bcris | gv = pmv} nE™
o3
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foralli >0 andme€Z.

Here H!?

s denotes the crystalline cohomology, and Beis = Bis(kp) is a

certain ring containing kg equipped with three compatible structures:

- an action of Gp
- a decreasing filtration F'* on Bis ®k3 ky
- a Frobenius endomorphism ¢ inducing the absolute Frobenius ¢ on
0
ky.
The Frobenius ¢ on H!, ® Beys is the tensor product of ¢ on Beys and

the crystalline Frobenius ¢ on H!; this makes sense, since both are o-

ris)
linear. The filtration F'* in the Crystalline Conjecture is naturally defined
on (Héris ® Beris) ®k‘,’ ky & (H! ®oo kp) ®k, (Beris ®k§' ky), as the tensor
product of the filtration F'* on Beis ®k2 kp and the Hodge filtration, via

the canonical isomorphism with the de Rham cohomology

Hciris(Xp/Og) @) kp = HER(X Xk ky/ky),
OP
see (BO).

Let ¢p = ¢l*(MFs] be the Frobenius with respect to x(p). Then ¢, acts
k9-linearly on Hi, (X,/O0p) ®op kyp, and it is known that the eigenvalues
of ¢p on this space are the same as the eigenvalues of the (geometric)
Frobenius Fr, on HE (X, Q) for £ # p, where Xy = X}, X (5 #(p) for an

algebraic closure «(p) of k(p), see [KM]. On the other hand, one has

k0, v <0,

In particular, the Crystalline Conjecture would imply

(40)  H'Y(X,Q(m))% C {v € Hisy(Xp/Op) @ kY | $pv = (Np)™v}.

Combining this with the (proved!) Weil conjectures, we would obtain
HY(X,Qu(m))C =0 for i # 2m,

as in the £-adic case of good reduction.

If kp = kg, the Crystalline Conjecture has been proved by Fontaine
and Messing (for p > dim X, see [FM]) and Faltings (in general, [Fa2]).
Hence we have
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COROLLARY 6. If p is unramified in k/Q and X has good reduction at
p | p, then HY(X,Q,(m))% =0 for i # 2m.

For arbitrary X there does not yet exist a “crystalline conjecture”. I think
that some analogue of the Monodromy Conjecture should hold. There is
an obvious guess: that there is an G,-equivariant filtration

0=M_i,V,CM_;V,C- C MV, C MV, =V, of V, = H(X,Qp)

such that G V, is potentially crystalline [Fo2, 5.6}, and over a finite ex-
tension of k, the polynomial of the “crystalline” Frobenius on the associated
filtered module [Fo2, 5.1] is the same as the polynomial of the Frobenius
on GrM V, for the corresponding f-adic representations Vy = H*(X,Qy)
for £ # p. However, this guess is false, as can be seen in the following
counterexample, due to Mazur, Tate and Teitelbaum.

Let wy(z) = (n(2)n(52))* = ¢—4¢* +2¢* —5¢°—. .., ¢ = €*™** where n(2)
is the Dedekind n-function. This is a new form of weight 4 of “Haupttyp” on
To(5) and the associated compatible system V = {V;} of two-dimensional
£-adic representations of Gg [D2] has the following properties [MTT, I §12,
II §15]:

1) the image of G5 in GI(V5) = Gl(Qs) is open,

i) for £ # 5, V[I"’ is one-dimensional, and the Frobenius Frs acts on it

by multiplication by —35.

For ii) we have combined the facts that as = —5 in the g¢-series wy =
Y n>1 ang™ and that the L-function of V' equals the L-function of w, at
all places (see [C]; indeed, the assertion needed for ii) was already proved
by Langlands in his Antwerp article and, independently, by Deligne in his
letter to Piatetski-Shapiro).

Consequently, V; has a non-trivial monodromy filtration for the decom-
position group G5 for all £ # 5, while V5 has no non-trivial G-filtration at
all; the same holds over any finite extension of Q. (The £-adic Monodromy
Conjecture is true here, by the way; since det V, & Q,(—3), Frs must act
by multiplication with -25 on the one-dimensional space V¢, for £ # 5.) To
see the connection with the subject of this paper, note that {V;} is a direct
factor of {H®(X,Q)} for a certain three-dimensional, smooth projective
variety X over Q [D2].

This example is useful for further observations. One can also show:

ili) V is unramified outside 5 (i.e., each V; is unramified outside 5 and #;
this follows from the construction in [D2]),
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iv) the image of Gg(,,) in GI(V5) is a pro-5-group [Ma2].
We deduce from this:

LEMMA 13. Let k be a finite extension of Q, and let Ay C V,, for each ¢, be
a G-invariant lattice (i.e., Ag = Z% as a Zg-module, with Ay ®z, Q¢ = V).
a) Vi(v)¢» = Qu, if v = 1, £ # 5, p | 5, and the degree f(p |
5) of p over § is even; Vi(v)® = 0, otherwise. In particular,
H?*(Gy, Ve/Ae(v)) = 0 for v # 3, and H*(G, V5/As(3)) = 0.
b) If Q(us) C k, then dim H?(Gk, Ve/Ae(3)) > 0 for £ # 5.
c¢) Let k = Q(u3). If S 2 S5, then H*(Gs,Vs(v)) =0 forallv € Z. If
£#5and S D SsUSy, then dimg, H*(Gs, V¢(3)) > 1. In particular,
dimg, H'(Gk, V5(3)) = 2, but dimg, H*(Gx, Ve(3)) > 2 for £ # 5.

PROOF: a) The case p + 5, p 1 £ is clear by good reduction and the Weil
conjectures. For p + 5 and p | £ the Gy-representation V; is crystalline,
since this is the case for ¥ = Q by Fontaine-Messing-Faltings, and the
associated admissible filtered module is the base extension of that for k£ = Q
(cf. [Fol, 7.3.2]). Hence we may argue using the Weil conjectures as in
Corollary 6. For p | 5 we have Vs(v)®" = 0 for all v € Z, since the
image of Gy in Aut(As) = Gla(Zs) is open by i). For p | § # £ we have
Ve(v)©r = {v € V[IP | Frp v = (Np)” - v}; by ii) this is non-zero if and only
if v = 1 and Frp is an even power of Fr5. The other assertions of a) now
follow from the analogues of Lemma 11 a) and Theorem 3 d) for V;; recall
that V is a direct factor of H3(X,Qg), moreover, (37) can be replaced by
the isomorphism V,Y = V,(3) (note that (R!fuQ)Y = R fiQe(1) in [D4,
3.7] by Poincaré duality).

b) follows similarly from the local results in a), since f(p | 5) = 2 for the
prime p | 5 in Q(u3).

For the first assertion of ¢) note that the action of Gs,(Q(u15)) factors
through its maximal pro-5-quotient G by 1i), and that this quotient is pro-
5-free by [Br, 3.3|, since there is only one prime above 5 in Q(u;5) and
the class number of Q(u;5) is 1 [Wal, Tables]. We obtain the vanishing of
H?(Gs,(Q(p1s)), Vs/As(v)), since the inflation

HY(G, Vs, As(v)) S H*(Gsy(Qprs)), Vs/As(v))

is an isomorphism (cf. [Neu, Cor. 1]). By the surjectivity of the corestric-
tion on H?, valid since cds(Gs,(Q(13)) < 2, we get the same vanishing for
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Gs, over Q(u3), hence for Gs with S D Ss, cf. (13). The other results
are clear from a), b) and the analogues for V; of Lemmas 1 to 5; we have
x(Gs,Ve) = —[k : Q] by Lemma 2, since the Hodge structure Vg belonging
to V in H3(X(C),R) is of type {(0,3),(3,0)} [D3, §7]. g

From this example we learn that for a compatible system V = {V,} of ¢-
adic representations the dimension of its Galois cohomology can get smaller
for the primes £ where V has bad reduction. In particular, the numbers
din, Tin and 1}, in §3 may depend on £. I would expect that they are the
same for all £ where X has good reduction. For r} , this would follow from
the Monodromy Conjecture and the Crystalline Conjecture, via Theorem 3.
For r; , (and hence d; ), compare §6.

I think that there should exist a p-adic analogue of the monodromy filtra-
tion on the “crystalline side”, in the following sense. Consider the following
category M F ,{P’N: objects are weakly admissible filtered modules D over ky
(see [Fo2, 5.1]) together with a nilpotent homomorphism of kp-modules
N : D — D satisfying ¢ "' N¢ = pN (no compatibility with the filtration
F*).! This implies that ¢ respects the monodromy filtration M, associ-
ated to N. Morphisms between these objects are morphisms of filtered
modules which respect N. There should exist a category Rep s n(kp) of
Qp-representations of G, = Gal(ky/k,), containing the crystalline ones,
and an equivalence of tensor categories between M F{pN and Repeis n(kp)-
Under this equivalence of categories, the crystalline representations should
correspond to those objects in M F| kpr for which N = 0 (note that this sub-
category can be identified with M ka,v the category of weakly admissible
filtered modules over kp). H'(X,Qp) should be in Rep;s n(kp) poten-
tially, i.e., over a finite extension of ky. If H'(X,Q,) is in Repysn(kp),
and D is the associated object in MFkV’N, the characteristic polynomial of
$p on Gr,{w D should be the same as the characteristic polynomial of Fry
on GrM V, for V, = H{(X,Qq), £ # p.

1 Added in proof: In a letter to the author (November 1987), J.-M. Fontaine observed
a wrong normalization of ¢ in the first version of this paper and pointed out that the
modules in MF,{;N should just be weakly N-admissible: in the notation of [Fol] this
means postulating ¢z(D’) < t5(D’) only for submodules D' C D respected by N. By
developing a formalism quite similar to the one for his Crystalline Conjecture, Fontaine
then gives a definition for Repcyq n(kp) and the functor to M F,{;N. This leads to a
precise formulation of the p-adic Monodromy Conjecture, and Fontaine proves it for
abelian varieties.
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This would imply

(41) H(X, Qp(m))c’ = HomG»(vaHi(X’ Qp(m)))
=4 HomMFZ,N(kg,D(m)) = {veD|¢v=pTv,Nu=0}NF™

We see that the dimension of this space can be smaller than the dimension
of

(42) {ve D | v =p™v,Nv =0},
which should equal the dimension of

(43) {ve€ H'(X,Q¢) | Fryv = (Np)™v,Nv =0}
= Hi(X,Qu(m)® € #p.

This would explain the phenomena discussed in Lemma 13.

The compatibility of N with F'* decides whether the mondromy filtra-
tion “lifts to characteristic zero”, i.e., to V, (compare the relation between
filtrations and lifting problems for p-divisible groups [Gr]). Consider the
example of the two-dimensional Gg,-representation V5 associated to wy.
For the associated object D of M FésN one expects a filtration

0=M_D g M_1D=ImN =KerN = MyD g MyD =D

such that ¢ acts via -5 on Gr]l’i1 D and via -25 on Gr{w D. If N is compatible
with F'*) then Ker NV and Coker N are weakly admissible; this implies D =
F° = F' 2 F? 2 F?* = 0. The associated 5-adic representation would be
a non-trivial extension of Q5(—2)(x) by Qs(—1)(x), where (x) denotes the
twist by the character belonging to the unramified extension of degree 2
of Qs. However, the Hodge filtration on D should satisfy

D=R2F' =F=F2F'=0

(recall that Vg is of type {(0,3),(3,0)}). Then Newton polygon and Hodge
polygon (see [Fol, 4.3]) look like:
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21 Py
(44) Py

1 2

It follows from [Fol, 4.3.3] that D is weakly admissible if and only if
¢ does not respect F'D. It is then also admissible, since the length is
4 < p =5 [FL, Theorem 8.4]. Moreover, we see from (44) that there are no
proper weakly admissible submodules, therefore the associated crystalline
G @s-representation Vs is irreducible as Vs is. Nevertheless, Vs should not
be isomorphic to Vs, since it corresponds to the module D with N = 0.2
REMARK 5: The discussion above suggests that one should — for all p
and ¢ — also expect H*(Gyp, H(X,Qe(n))) = 0 for i + 1 = 2n (that is,
HY(X,Q¢m))¢ =0 form = 1"2;—1), thus sharpening Conjecture 3. Also,
everything could be formulated for varieties over kp, not mentioning a global
field, and the conjectures should still be true.

6. The case n <1+ 1< 2n.

Let V be an {-adic representation of G5, then the kernels of the localiza-
tion maps
a1,5(V): HY(Gs,V) — P HY(G,,V)
pES
(45) v 2 v 2 v
az,s(VY(1)) : H*(Gs, V(1)) — @ H*(G,,V¥(1))
PES
are Q-dual tc each other by Tate’s duality theorem (here V'V is the Q,-dual
of V).
Question 2 Let V be pure of weight w. Is oy s(V) injective for w # —1
(or, equivalently, is a2 s(V) injective for w # —1)?
REMARK 6: Both G5 and the Gy satisfy the condition (F}) of Remark 1.
Hence, if A C V is a G s-equivariant lattice, then we have dimg, Ker a;, 5(V)

2Added in proof: In view of the previous footnote, it is possible that Vs corresponds
to the module D = Qse; & Qsez with ¢e; = —5eq, pes = —25e3, Ney = 0, Nex = €3,
F°D = D, F1D = F3D = Qses, and F*D = 0, which is weakly N-admissible but not
weakly admissible.
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= dim Ker a, 5(V/A) = rankz, Ker a; s(A), so we may equivalently ask for
the finiteness of the last two kernels. Also, we may replace A or V/A by
isogenous modules. In the commutative diagram

H*(Gs,V/A) —— pGGBS(Gp’V/A)

" |

H*(Gi,V/A) —— ﬂa H?(Gp,V/A),
all p

the bottom map is injective for V pure of weight w # —2 by the argu-
ments of Theorem 3. Hence for w # —2 we have dimKera; s(V/A) =
dimKer(H?(Gs,V/A) nf H?(G,V/A)) and may reformulate Question 2
in terms of the above inflation map. It is more complicated to describe
what this implies for the H?2-inflation for V or A.

THEOREM 4. The function field analogue of Question 2 has a positive an-
swer for w # 0,—1, —2. More precisely, let U be a smooth, affine curve over
a finite field Fy and let V be a Qq-representation of m,(U,#) of weight w
(here 77 is a geometric point over the generic point n = Speck of U). Let Y
be the smooth, projective compactification of U, and for each z € Y\U let
G; C Gy = w(n,7) be a decomposition group at . Then the localization
map
o HY(m(U,7),V) = @ HYG,,V)
z€Y\U

is injective for w # —1, except possibly when w = 0 and V* # 0, and

ag : H¥(m(U,7),V) — @ H*G,V)
zEeY\U

is injective for w # —1, except possibly when w = —2 and V(-1)g, # 0.
If w = —1, then «; and ay are the zero maps.

PROOF: Let F' be the smooth Qg-sheaf on U corresponding to V, and let
j : U = Y be the inclusion. Then the localization maps a, can be identified
with the maps a, in the relative cohomology sequence

(46) - — H"(Y,5iF) % H™(U, F) %

@ HI (Y, jF)—= HT Y, HF)— ...,
rEY\U
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compare [Mi2, 4.13.c]. It remains to consider the maps
Br: H(U,F)=H"(Y,sF)— H (U, F).

Now B, factors through H"(Y, j,F), and the Hochschild-Serre spectral se-
quence gives an exact sequence

0— HYY,j.F)r = H"(Y,j.F) - H'(Y,5,.F)' -0,

T = Gal(F,/F,) and Y =Y xg, F,. Moreover, Deligne has shown that
H™(Y,j.F) is pure of weight r + w, see [D4, 3.2.3]. This implies the
vanishing of H"(Y,j,F)forr+w #0andr — 14w # 0.

For r = 1 and w = 0 we get the isomorphism H*(Y,j.F) & H(Y, j.F)r;
the latter group has the same dimension as

HY,j.F)' = HY(U,F) = VC=.

1R

For # = 2 and w = —2 we have H%(Y,j,F) = H*Y,j.F)’
HO(Y,j.FV(1))rY, see loc. cit.; this has the same dimension as

HO(Y, 3. F¥(1) = (U, F¥(1)) = Homa, (V; Qe(1)).
Finally, for w = —1 and z € S, we obtain
HO(GI,V) — (VI,: )Ga.l(l_:q/rc(z)) =0

(I, C G, the inertia group), since the stalk F, = V7= has weights <
—1 [D4, 1.8.1]. By local duality, we also have

H*G,V) = HY G, VV(1))Y = 0.

This implies H'(G,, V) =0, since

3
0=x(G:,N):=Y (-1)" dimg, H*(G:,N)

v=0

for every Qg-representation N of G, (this follows, e.g., from [Tal, 2.2] as
in Lemma 2).

REMARK 7: If V is a semi-simple m; (U, 7j)-representation, we get the injec-
tivity of a, also for w =0 and w = —2: If V = Q} @ V; with V,°* =0, we
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have Ker a3(V;) = 0 by the theorem, and Ker a;(Q¢) = 0, since the class
group of k is finite. The case of a3 follows by duality.

The weight of Hi(X,Q¢(n)) is i — 2n; hence we ask for the injectivity of
ai',g = a,s(H(X,Qe(n))) for i # 2n — 1. Conjecture 1 implies that a;"”;
is injective for a) 1 + 1 < n or b) ¢ + 1 > 2n, hence that a;’f; is injective
for a) n < 0 or b) 7 + 1 < 2n, by using (37). Case b) would imply that we
could consider the regulator maps

ri Kopneici (X)W Q Qp — HY(Gs, H(X,Qe(n))), 2n—i-1>0,

locally. Conversely, a positive answer for Question 2 would imply that
Tim =Ti, fori# 2n —1, ¢ 3 2n — 2, hence that r; » could be computed in
purely local terms except for these values of 7 and n. If ¢ = 2n—2, then r} ,
can be infinite and r; , may depend on S, cf. Example 1. If ¢ = 2n—1, then
Tin is of “global nature”, and a; is expected to be zero, cf. Remark 5 and
Remark 8. Similar statements hold for the numbers d; , by the formula

Xin = dlle Hi()—(a Ql)ck - di,n + 7in,

in which H*(X,Q(n))C* vanishes for ¢ # 2n and is related to Tate’s con-
jecture for ¢ = 2n.

I conclude this chapter with some speculation on the regulator maps
for n < 14+ 1 < 2n. 1 think that they are still injective, at least if
one restricts to Kon_i—1(X/Z)™ ® Qq, and that the image of the last
group in H(Gs, H (X, Q¢(n))) can be described by local conditions. (For
i+ 1 = 2n, the above regulator maps are defined on Ko(X g") ® Qg¢, where
I{O(X)gn) = Ker(Ko(X)™ — H™(X,Q¢(n))¢*), and we consider this
whole space, since Ko(X/Z)™ = Ko(X)™). The nature of these local
conditions is suggested by work of R. Greenberg (on the Selmer group of a
compatible system of £-adic representations), S. Bloch (on Tamagawa num-
bers of motives), and P. Schneider (on a p-adic, local version of Beilinson’s
conjectures, aiming at relations between p-adic regulators and p-adic L-
functions). The subspace in question should be defined via the localization
map

HI(GSa Hi(Xv Qf(n))) - p?i‘ HI(GP» Hi(Xv Ql(n)))v
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as the pre-image of a space @pesAp, where for good reduction at ¢ the
spaces Ap € H}(Gyp, H'(X,Qe(n))) are defined as follows

A, =0forpt¥4
Ap = HER(X X kp/kp)/(¢—P")FnH§3R(X X ky/ky) for p | £.

The embedding of the last group in H*(Gy,—) is obtained via the con-
necting morphism of the G-cohomology sequence associated to the exact

sequence

(47) 0— H'(X,Q,(n)) = F™(Hpr(X X kp/kp) ® Beris)
2 B (X X ky/kp) @ Bexis — 0

derived from the Crystalline Conjecture (and proved for k, = kg and p >
dim X by Fontaine and Messing). The idea to consider these spaces for
p | p is due to K. Kato.

7. The case 1 = 1: abelian varieties.

The Kummer sequences 0 — ppr — Gy £ G,. — 0 induce an isomor-
phism
HI(X,Zg(l)) >~ Tng()_{,Gm) = TyA,

where A = _Pic_g(/k is the Picard variety of X/k. (Conversely, if we start
with an abelian variety A4, then we get such an isomorphism for X = A4', the
dual abelian variety). By [SGA 71, exp. IX, §6 {.], the local conjectures are
true in this case for every prime p: There is a filtration of Gy-submodules

(48) 0 C Te(A)* C To(A) C To(A)

(et = essentially toric, ef = essentially finite), coinciding with the mon-
odromy filtration after tensoring with Q, for p 1 £ (for the last property
see [SGA 7 1, exp. I, §6]), and a semi-abelian variety A over k, (the con-
nected Raynaud scheme) with the following properties: There is an exact
sequence of group schemes

02T+ A" 5B -0
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such that T is a torus, B is an abelian variety with potentially good reduc-
tion, and one has canonical Gp-isomorphisms

(49) Te(T) = To(A),

(50) To(A%) = T(A),

(all primes £). Moreover, there is an ismorphism

(51) Ty(4)/Tu( )" = Hom(Ty(A"), 7,(1)),

where A' is the dual abelian variety. Hence for p 1 £, Ty(A)%t, T,(A)*'/
Ty(A) = Ty(B) and Te(A)/Te(A)' are pure of weight -2, -1 and 0, re-
spectively. For p | £ = p, it follows from the work of Fontaine [Fol,
3.3.5], [Fo2, 6.2] that T,(T), Tp(B) and Hom(T,(T"),Z,(1)) are poten-
tially crystalline (here 7" is the maximal subtorus of (4')'?), and that
over a suitable extension of k, the characteristic polynomial of the crys-
talline Frobenius on the associated admissible filtered modules is the same
as the Frobenius polynomial on the f-adic counterparts, ¢ # p. By us-
ing the isogeny Tp(A)/Tp(A)*! — T,(4)**(—1) coming from [SGA 7 1,
exp. IX, §9], it is even possible to define a p-adic monodromy operator
N = N, : Vp(A) — Vp(A)(—1) such that the associated monodromy fil-
tration coincides with (48) after tensoring with Q,. Thus, in this case the
“naive” form of the p-adic monodromy is present, but this shall not be
needed in the following.

THEOREM 5. Let Vy(A) = To(A) Qz, Q.

a) HY(X,Qu(r +1))% = V,(A)(r)® =0 for r # —1.

b) H'(X, Q)% = Vy(A)(—1)% = X,(T)k, ®z Qu,
where X, (T)x, = Homy,(Gm,T) is the group of cocharacters over k, of T
(and T is the torus associated to A over ky, as above). If A has semi-stable
reduction at p, then rank X.(T);, = disto, where Ty is the maximal
torus of A?, the connected component of the special fibre A, of the Néron
model A of A (over O or Op), and T? C T, is the maximal split torus.

PROOF: For p t £ one has Ty(A4)(r)®» C To(A)(r)l C Ty(A)(r) (coinci-
dence of (48) with the monodromy filtration). Now T,(B)(r)%* = 0 for all
r € Z and Ty(T)(r)% = 0 for r # —1 by questions of weights, hence we
get a) and

To(A)(~1)% = Ty(A)(=1)% = Tu(T)(-1)*>

= HomGF(TgGm,TgT) = Homk,(Gm,T) ® Zg
z
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by the theory of tori.
For p | £ = p, we use the Hodge-Tate decomposition

HI(X,QP)§CP = HI(X,OX)@C,,@HO(X,QE\,)(%CP(—I)

as in Corollary 5 to deduce H'(X,Q,)(r + 1) = 0 for r # 0,—1. For
r = 0 we have Tp(4)% = T,(A(ky)) = 0, since the p-torsion in A(kp)
is finite. For 7 = —1 we first observe that (T,(4)/T,(4)%(-1))% = 0,
since Gy acts on T,(A)/T,(A)* via a finite quotient by (51). Furthermore,
T,(B)(—=1)¢» = 0 by results of Tate: let L/k, be a finite extension such
that B has good reduction over L, that is, extends to an abelian scheme B
over Op. Let B(p) be the associated p-divisible group over Or. Then we
have

T,(B)(~1)°* = Home, (T,Gm, T, B)
= Homo, (Gn(p), B(p)) [Ta2, Theorem 3]
= Homo, (B(p)”, Qy/Z;) = 0.

Here B(p)? = Hom(B(p),Gm) is the Cartier dual of B(p), which is con-
nected, since it is the p-divisible group of the dual abelian scheme B'. We
conclude as above

T,(A)(—=1)° = T,(T)(-1)¢’ = Homy, (G, T) ? zZ,.

If A has semi-stable reduction, then X,(T) = X,(7T) (isomorphism of
Gp-modules via G, - Gal(x(p)/x(p)) =: T') by construction of T, and
rank X, (T:)" = dim T? by definition.
COROLLARY 7. a) H3(Gy, HY(X,Qe/Ze(r +1))) = H*(Gk, A (1)) =0 =
H2(Gyp, Ages(r)) forr # 1.

b) Let So be the finite set of places, where A does not have potentially
good reduction. Then

H?(Gk, Ae= (1)) 2 D H*(Gyp, Ae=(1))

pES,

2 D Aw(k)e, = D Xk,
PESH PESH

where Ty is formed as above, but for the dual abelian variety A' (ie., Ty is

the maximal torus of the Raynaud group scheme (A’ x kp)%).
ProoF: This is clear from Theorem 4, Theorem 3 and the local duality

(52) H?(Gy, Ae= (1)) = (TeA'(-1))”
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coming from the perfect Weil pairings A (k) x A} (k) — per.

REMARK 8: From the above, we see that H?(Gj, A¢=(1)) may well be
non-zero. Hence the same is true for the group H?(Gs, A¢=(1)) mapping
onto it (cf. Lemma 5). Next we explain why H?(Gg, As=) can be non-zero

(compare Example 2): The Kummer sequences 0 — App - A — A — 0
induce an exact sequence

0— A(k)@Zg — Hl(Gk,TgA) — T[Hl(k,A) — 0,

where we have used the fact that A(k) is a finitely generated group by the
theorem of Mordell-Weil. We obtain

dile Hl(Gs, VeA) = dile Hl(Gk, Ve A) > rankz A(k).
On the other hand, we compute by Lemma 2
X(Gs,VeA) = x11(X) = —[k: Q) - dim A,

since the R-Hodge structure H!(X xgR, R) is of type {(0, 1), (1,0)} and thus
an induced module for F,. Hence dimg, H*(Gs, VA) > rankz A(k) — [k :
Q]-dim A, and this number can be strictly positive (there are elliptic curves
over @ with Mordell-Weil rank > 1).

This also shows that as s(Ve(A)) can have a non-zero kernel, since its
target is zero by Corollary 5 a); compare the exception in Question 2 (V,(A4)
has weight -1).

As explained, these counterexamples concern the case (i,n) = (1,1), but
they may also apply to the case i = 2n — 1, since H2""}(X,Z(n)) may
contain the Tate module of an abelian variety, namely the “abelian part”
of the n-th intermediate Jacobian, compare [Bl].

REMARK 9: Consider the exact sequence

o @ Ape(r = 1) L HY(Gg, Apeo (1)) N H2(Gy, Ageo (1)) — 0
p¢S

(cf. (13)). Surprisingly, the finite groups Az (r — 1)€* (p ¢ S) can add up
to an infinitely divisible group via é for » = 0 (can one describe this “adding
up” in a precise way?). Conjecture 1 claims that this cannot happen for

r # 0,1, and Question 2 asks whether this can happen for r = 1 (compare
Remark 6).
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In the end, we remark that the Iwasawa theoretic question about Z; =
H?*(Hs, HY(X,Q¢/Z))* (cf. §3) is related to Mazur’s conjecture [Mal,
p. 184]. In fact, let A be an abelian variety over k, let £ be a prime of
good reduction for A, and let ko /k be the cyclotomic Z,-extension, Hg =
Gal(ks/koo) etc. asin §3. Then Mazur’s conjecture, as generalized to super-
singular primes by Schneider [Sch3, p. 348], says that H7,, {(Oco, A(£)) =
0, where O is the ring of integers in ko, A is the Néron model of A,
and A({) is the associated ¢-divisible group, regarded as a sheaf for the

fppf-topology.

LEMMA 14. Assume that the conjecture of Mazur-Schneider is true for A
and £, and let S be a set of places of k containing all places above £- oo, and
all primes where A has bad reduction. Then H?(H, A=) = 0 (i.e., by (21)
and Lemma 8, H*(Gs, Ao (r)) = 0 for almost all r = 0 mod [k(u,) : k]).

PROOF: Let Og oo be the ring of S-integers in koo. It suffices to show the
surjectivity of the restriction

(53) H}ppf(OOO1 A(Z)) - H)%ppf(os,ooa "4(8))’
since there are canonical isomorphisms
H}ppf(Os,oo,A(Z) 2 H2.(05,00, A(0)) = HY(H, Ags ).

Indeed, the first one holds, since A({) is étale over Os o, and the second
one follows by the same arguments as (16). For the surjectivity of (53), it
suffices to show

(54) H} 0 1.8(Ooo, A(€)) = 0 for P € Spec Ouo\ Spec Oss, oo,

and for this we may pass to the Henselization Oco 3 of O at P.
If B | ¢, then the claim follows from [Sch2, Lemma 5], while for P t £
we may again pass to étale cohomology and use the exact sequence

e — Hu_l(l;oo,val“’) - H&,p(@w,m> .A(E)) - Heyt(éOO,‘nvA(Z)) e,

where koo g is the field of fractions of Ouo g, and HY,(Ouo 3, A(L)) =
HY((B), A(€) X0, k(PB)) for the residue field «(P) of P [Mil, III 3.11].
But cde(x(PB)) = 0 since x(P) contains all £-power roots of unity, and
Cdg(]::oo,ap) < 1 for the same reason.
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