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Abstract. The linearized stability of stationary solutions for surface diffusion is studied. We consider
hypersurfaces that lie inside a fixed domain, touch its boundary with a right angle and fulfill a no-flux
condition. We formulate the geometric evolution law as a partial differential equation with the help of a
parametrization from Vogel [Vog00], which takes care of a possible curved boundary. For the linearized
stability analysis we identify as in the work of Garcke, Ito and Kohsaka [GIKO05] the problem as an
H~'-gradient flow, which will be crucial to show self-adjointness of the linearized operator. Finally we
study the linearized stability of some examples.
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1 Introduction
We consider the geometric evolution law
V=_AH, (1.1)

called surface diffusion flow, for evolving hypersurfaces I' in R™*!. Here V is the normal velocity of
the evolving hypersurface, H is the mean curvature and A is the Laplace-Beltrami operator. Our sign
convention is that H is negative for spheres provided with outer unit normal.

Surface diffusion flow (1.1) was first proposed by Mullins [Mu57] to model motion of interfaces where
this motion is governed purely by mass diffusion within the interfaces. Davi and Gurtin [DG90] derived
the above law within rational thermodynamics and Cahn, Elliott and Novick-Cohen [CEN96] identified
it as the sharp interface limit of a Cahn-Hilliard equation with degenerate mobility. An existence result
for curves in the plane and stability of circles has been shown by Elliott and Garcke [EG97] and this
result was generalized to the higher dimensional case by Escher, Mayer and Simonett [EMS98]. Cahn and
Taylor [CT94] showed that (1.1) is the H~!-gradient flow of the area functional and we finally mention
that for closed embedded hypersurfaces the enclosed volume is preserved and the surface area decreases
in time as can be seen for example in [EG97] or [EMS98].

We will examine surface diffusion flow with boundary conditions by considering evolving hypersurfaces
I' that meet the boundary of a fixed bounded region 2. These boundary conditions were derived by
Garcke and Novick-Cohen [GNO0O] as the asymptotic limit of a Cahn-Hilliard system with a degenerate
mobility matrix. At the outer boundary this yields natural boundary conditions given by a 90° angle
condition and a no-flux condition, i.e. we require at I'(t) N 9N

T'(t) L o9, (1.2)
VH -ngr =0.
Here V is the surface gradient and ngr is the outer unit conormal of I' at boundary points. The conditions

(1.2) and (1.3) are the natural boundary conditions when viewing surface diffusion (1.1) with outer
boundary contact as the H!-gradient flow of the area functional.



Smooth solutions I' of the flow (1.1) together with the boundary conditions (1.2) and (1.3) are area-
minimizing and volume-preserving in the sense that

%A(t) <0 and %Vol(t) o,
where A(t) indicates the surface area of T'(¢) and V (¢) the volume of the region enclosed by I'(t) and 052,
see e.g. [Depl0].

For one evolving curve in the plane with boundary conditions (1.2) and (1.3) Garcke, Ito and Kohsaka
gave in [GIK05] a linearized stability criterion for spherical arcs resp. lines, which are the stationary states
in this case. In [GIKO08] the same authors showed nonlinear stability results for the above situation.

We will introduce a linear stability criterion based on the work of Garcke, Ito and Kohsaka [GIKO05] for
curves in the plane and extend it to the case of hypersurfaces. One of the main difficulties lies in the
very beginning of the work when we want to introduce a parametrization with good properties to rewrite
the geometric evolution law as a partial differential equation for an unknown function. Therefore we use
a curvilinear coordinate system as in the work of Vogel [Vog00] which accounts for a possible curved
boundary. In this way we consider evolving hypersurfaces given as a graph over some fixed stationary
reference hypersurface. It is very important that we can describe the linearized problem as in the curve
case as an H ~'-gradient flow, because this is the main reason that the linearized operator is self-adjoint.
Then we are in a good position to apply results from spectral theory. We can relate the asymptotic
stability of the zero solution of the linearized problem to the fact that the eigenvalues of the linearized
operator are negative. Since we can describe the largest eigenvalue with the help of a bilinear form arising
due to the gradient flow structure, we can finally give a criterion for linearized stability of the original
geometric problems around stationary states. At the end of the work we discuss some examples.

The linearized equations are given through

8tp = _AF* (A[‘*ﬂ—F |O'*‘2p) in I'™ for all ¢t > 0,
0 = ((% - S(n*,n*)) p on OI'* forall t >0,
0 = 9, (Ap*p + |U*|2,0) on OI'* for all ¢ >0,

and the zero solution is asymptotically stable if and only if

2 |0_*|2p2) dH™ — S(n*,n*)pQ dHn—l
or*

I(p, p) = /F (IVr-p

is positive for all p € H'(I'*)\{0} with [,.. p = 0. Herein ¢* is the second fundamental form of I'* with
respect to the unit normal n* and S is the second fundamental form of the boundary 99 of the fixed
region with respect to the inwards pointing unit normal (—u) of Q.

This work is part of the thesis [Dep10] of the author, where also the case of three evolving hypersurfaces
that meet each other at a triple line, is considered. This problem will be the subject of a forthcoming
publication.

2 Parametrization

In this section we present a suitable parametrization in order to formulate a partial differential equation
out of the geometric evolution law (1.1)-(1.3).

In detail the problem consists in finding an evolving hypersurface I' = (J, (o ) {t} XI'(¢) with I'(t) C R+
evolving due to surface diffusion flow, such that I'(t) lies in a fixed bounded region Q@ C R"*! and the
boundary OT'(t) of each of the hypersurfaces intersects the boundary 99 of the fixed region at a right



angle. In formulas, the problem reads as follows. Find I' as above, such that

V. = —ApypH inTl(t) forall t >0,
Vr(t)H ‘nor(t) = 0 on OT'(t) forall t >0,
re) < Q for all ¢ >0, (2.1)
or¢) < o0 forall t >0, '
n(t)-p = 0 on OI'(t) forall ¢t >0,
ro) = Ty.

Here V, H, n, nor(t) and p are the normal velocity, the mean curvature, a unit normal of the evolving
hypersurface I', the outer unit conormal of I'(t) at OI'(t) and the outer unit normal to 9€2. Vrp( is the
surface gradient and Ar) the Laplace-Beltrami operator on I'(t). I'g is a given starting surface, which
lies in 2 and intersects the boundary 02 at a right angle.

Now we fix a stationary hypersurface I'* of (2.1), i.e. I'* lies in 2, intersects 92 at a right angle, fulfills
the natural boundary condition Vp« H* -ngpr- = Vp« H* - 4 = 0 on 0T'* and the surface diffusion equation
with V' = 0, resulting in constant mean curvature H*.

As a first step to describe the hypersurfaces I'(¢) that we want to consider, we set up a specific curvilinear
coordinate system as in the work of Vogel [Vog00], that takes into account a possible curved boundary
02 and the fact, that the considered hypersurfaces have to stay inside 2 and their boundary has to lie
on 0f). Therefore, we postulate for small d > 0 the existence of a smooth mapping

U:T" x (=d,d) — Q, (¢, w) — T(q,w), (2.2)
such that
U(q,0)=q forall geI* (2.3)
and
U(g,w) € 0 for all g € T . (2.4)

We also assume that for every (local) parametrization ¢ : D — T'* with D C R”™ open, the mapping
(y,w) — ¥(q(y),w) is a locally invertible map from R™ to R™. At last, we choose a normal n* of I'* and
impose the condition that 9,,%(q,0) - n*(q) # 0 for ¢ € I'*, which means that there is some movement
in normal direction. With a rescaling in the w-coordinate we can then even assume that

9w¥(q,0)-n*(q) =1 for g €T". (2.5)

In [Vog00] there are some examples for situations when such a curvilinear coordinate system exists. Due
to the angle condition at the boundary of I'*, we can conclude even more than (2.5) at the boundary
or*.
Lemma 2.1. For q € 9T, it holds that 9,,¥(q,0) = n*(q).

Proof. We see that for fixed ¢ € OI'* the curve c(w) := ¥U(g,w) lies on the boundary 0, and with
¢(0) = ¥(g,0) = ¢ it therefore holds 0,,¥(q,0) € T,(0€). With the help of the angle condition we get
T,I'* L T,(09Q) and so we observe that 0,,%¥(g,0)-v =0 for all v € T,I'*. So 9,,%¥(g,0) has just a normal

part, that is 0, ¥(q,0) = (0, ¥(q,0) - n*(q)) n*(q). With the rescaling condition of the normal (2.5) the
claim follows. O

With the help of the mapping ¥ from (2.2) we define the hypersurfaces, that we want to consider. For
a given smooth function

p:[0,T) x T* — (—d, d) (2.6)



we introduce the mapping

7 [0,T) xI'" — @, @°(t,q) = ¥(g p(t,q))- (2.7)
Then we observe that for fixed ¢t due to the assumptions on ¥, the function
oY :T" —Q,  2f(q) = P(t,q) (2.8)
is a diffeomorphism onto its image. We denote this image by T',(t), that is
Ty(t) = {®0(q) | g € T} (2.9)

In such a way we get an evolving hypersurface I' = ;¢ (o 7 {t} x I';(t) and we made sure that the
hypersurfaces I',(t) always fulfill the conditions I',(¢t) C Q and OT',(t) C 02. We also observe that for
p =0 it holds I'y=o(t) =I'* for all t € [0, 7).

At last we impose that the starting hypersurface I'y is given with the help of a smooth function pq :
I — R through I'o = {¥(q, po(q)) | ¢ € T}

With the help of the diffeomorphisms ®, we can finally formulate (2.1) over the fixed stationary
hypersurface I'* as follows. Find p as in (2.6) as a solution to the problem

V(¥(q,p(t,q)) = —App(t)H(\I/(q,p(t, q))) in I'* for all ¢t >0,
0 = (VFP(t)H . nan(t)) (\I/(q, p(t, q))) on OI'  for all ¢ > O, (2 10)
0 = (n()- w (Y, ptq)) on OI'* forall t >0, ’
p(0,q9) = polq) in T

3 Linearization

In this section we give the linearization of (2.10) around p = 0, which corresponds to the linearization of
(2.1) around the stationary state I'*. To get the linearization, we consider each term separately, write ep
instead of p in (2.10), differentiate with respect to € and set € = 0.

Lemma 3.1. The linearization of the surface diffusion equation from (2.10)
V(\Il(tv p(ta q))) = _AFp(t)H(\II(t7 p(t7 q)))
around the stationary state represented through p = 0 is given by
atp(tv Q) = 7AF* (Af*p(ta q) + |U* (q)|2p(ta Q)) )

where ¢ € T*, t > 0, Ar- is the Laplace-Beltrami operator on T'* and |0*|? is the squared norm of
the second fundamental form of I'" with respect to n*, which is given through the sum over the squared
principal curvatures.

Proof. For the normal velocity we use the representation
d
V(t, (g, p(t,0))) = n(t, ¥ (g, p(t,0))) - 7 V(g p(t, 0)) = (n(t,‘I’(q,p(t, ) -ﬁw‘lf(q,p(t,q))) ap(t, q) .
Therefore we can calculate

iV(t, W(q,ep(t,q)))

4 - d% (n(u U(q,ep(t,q))) - 0w¥(q,epl(t, q)))

(8t5p(ta Q)) ‘5:0
=0

e=0 e=0

+ (. (g0t ) - 0 ¥(a.2p(t0))) | Ouplt.q)
= (n(t7‘1’(q70)) -%\I’(q,ﬂ)) Ap(t, q)

= Oip(t,q),



where we used (2.5) in the last line. To see n(t, ¥(q,0)) = n*(¢) in the line before, we observe the
fact that n(t, ¥(q,ep(t,q))) is the normal of I'c,(t) at ¥(q,ep(t,q)) € I'cy(t), so that for ¢ = 0 the term
n(t,¥(q,0)) is the normal of T')=o(t) at ¥(q,0) € I'y=o. With (2.3) and I',=¢(t) = I'* for all ¢ we find
that n(t,¥(q,0)) = n(t,q) = n*(q) is the normal of T* at ¢ € T'*.

For the Laplace-Beltrami operator of mean curvature we use the transformation rule

= Ar, o H (L p(t0)) = A (H,(t9).

where ﬁp(t,q) = H(VU(t,p(t,q))) and AL, is the Laplace-Beltrami operator of I'* equipped with the
pull-back metric (®7)" 5, where 7 is a symbol for the euclidian scalar product in R?**.

Then we observe that for p = 0 due to ®9 = id|r- the identity A%* = Ar+ holds, where Ar« is the
Laplace-Beltrami operator of I'* with respect to the restriction of the euclidian scalar product. We
also have Hy = H*, where H* is the constant mean curvature of I'*. Therefore we get with a similar
calculation as in the work of Escher, Mayer and Simonett [EMS98]

d ~ d d
— A Hy = —AY H* = — (A{.H* =0.
de T c—0 07 gt ce0 de(&,_)/

=0 le—p

Finally, this gives for the right side of the surface diffusion equation
d ~ d d ~
= (o, we)| =- = H* = A | H. (¢,
de ( r-Hep(t, q) de - r (dE p(t:q) 5_0>
= —Ar- (Ar-p(t,q) + |07 (a)p(t,9)) ,

where we used the well-known linearization of mean curvature 6 H = Ap+ |o*|?p. A proof of this identity
using the notion of normal-time derivative can be found in the work of the author [Depl0]. O

ep
AZ?

e=0

The next point is to linearize the first boundary condition in (2.10).

Lemma 3.2. The linearization of the boundary condition
0= (Vr,wH - nor, 1)) (¥(g, p(t,q)))
from (2.10) around the stationary state represented through p =0 is given by
0= Ve (Arplt,q) + |o"Pp(t,)) - 1(a) = O (Ar-p(t.a) + [0 (@) p(t, )
where ¢ € O and t > 0.

Proof. As for the Laplace-Beltrami operator we can correlate the surface gradient on I',(¢) and on I'*
equipped with the pull-back metric (®7)" 7 via

Ve, H (¥ plt.0)) = d,®f (VE.H,(t.q)) .

where p = ®7(q) = ¥(q, p(t,q)) € T,(t) and dg®} : T,I'™* — T, ()T (t) is the differential. With the same
notation as in the previous lemma we get

d € EP 1T d € * =0 d EP IT
= (a0 (Vi) = e?)| @ eayrdop (L (Vi) )
=0 =Id
d_., d ~
— ZViH S
d{‘: VF 0 + VF (di‘: P(t q) 5_0>
=0 e=0

= Vr- (Ar-p+[0*?p) (. q) .



With the additional observation nar,_,) = nsr» = p due to the right angle condition for the fixed
stationary hypersurface I'* we can show the assertion. O

We proceed with the linearization of the boundary condition n(t, ¥(q, p(t,q))) - (¥(q, p(t,q))) = 0 on
oTr* for t > 0 around p = 0. To calculate this linearization at ¢y € II'* and ty; > 0, we choose a
local parametrization of I'* around gy with nice properties. More precisely, let U C R™*! be an open
neighbourhood of gy, V.C R"™! open and ¢ : U — V a diffeomorphism, such that

pUNT") =V N (RE x {0})  with (o(qo)), =0
We set D x {0} =V N (R} x {0}) and let F = (¢71)|,, i.c.
F:D—T*CcR"™, 2w F(x). (3.1)

This is a local parametrization extended up to the boundary around gy with F'(z¢) = go for some z¢ € 9D.
At the fixed point xg, we can demand the following properties.

(A)  01F(z0),...,0nF (x0) is an orthonormal basis of Tg,I'*,

(B) 01F(z0) = nar=(qo), where ngr~ is the outer unit conormal of I'* at I'"* and
(C)  (OWF x...x 0 F)(x0) =n*(F(z0)), where we just fix the sign.
The third assumption (C) uses the cross product for n vectors in R"*!, which in this case due to the
orthonormality of 01 F(x¢), ..., 0, F(xo) lies by definition in normal direction and we just want to fix the
sign.

With the parametrization F of I we also get a parametrization of I',(t) using the diffeomorphism
@Y : T* — I'y(t) with ®7 (o) = po for po € T'(t), which we denote by

Gi: D —T,t), Gi(z) := O (F(z)) = U (F(z), p(t, F(z))) .

Locally around (to, po), the normal n(t,p) = n(t, ®{(q)) = n(t, Y (F(x))) of T',(t) is given with the help
of the cross product of n vectors in R"*! through
"Gy x ... x 0,G,

) 0197 x ... x 0,97
p _ _ t n Py
n(t, & (F(z))) = [01Gy X ... x 0,Gy| () = |01®F % ... x 0,PF] (F(@)),

where 0; is the partial derivative with respect to x;. To calculate the linearization of the right angle
condition at the outer boundary, we need the following properties of ¥ at w = 0.

Lemma 3.3. With the help of the parametrization F' it holds for F(x) = q € T'*
(1) W(F(2),0) = F(x), ;¥ (F(x),0) = 9;F (),

and for F(z) = q € OT* we have
(i1) 0¥ (F(x),0) = n*(F(x)), 0;0,%(F(x),0)-n*(F(z)) =0.

Additionally, for the fired F(zo) = qo € 8T* it holds

(731) (O1¥ X ... x 9,) (F(x0),0) = n*(F(xo)),

i-th pos.

(iv) <81\I! X .ox 0pW X... X% 8n\11> (F(zg),0) = (=1)0; F(x0) and



i-th pos.

(v) (alxp X o % Oi0p W X ... X an\p> (F(20),0) = (aiawqf(F(xo),O) ~8iF(x0)) n*(F(x0)),

where i =1,...,n in each case.

Proof. This is a direct calculation using the properties of the vector product and the parametrization
F from (3.1) and will be omitted here. |

Now we can show the following linearization of the right angle condition.

Lemma 3.4. The linearization of the right angle condition at the outer boundary fort > 0 and q € OI'*
s given by

== Vrp(t,q) - u(q) + Sy(n*(q),n"(¢)p(t,q), (3.2)
e=0

where S is the second fundamental form of OQ with respect to —p. Note that n*(¢q) € T,0Q because due
to the angle condition for the stationary state T* the relation n*(q) - u(q) = 0 for ¢ € OT* holds true.

L (nlt, W(a,2p(1,0))) - (W (g, (1, 0)) )

Proof. We calculate the linearization at a fixed point gy € OI'* and ¢ty > 0. Using the above notation
for the parametrization F' and ®; we have to calculate

d ep ep ep
- { (alcpt X L% O ) (u X5 ) (F()) _ (3.3)
at the fixed point (tg,zg).
For the vector product in the above formula we do firstly some calculations without € to get
8;90 (F(x)) = 9, (\II(F(:U), o(t, F(:c)))) = 0,0 + 9, U ;p, (3.4)

where we used some short notation without variables. Furthermore we observe
(8@)5 X ... X 8n<I>f)
= ((31\1/ F0ipdT) X ... x (0,0 + @paw\ll))
n ift/h\pos.
= (61\11 X ... x&n\I!) +Zaip <81\II X...xX 0u,¥ X... x@n\I/>
i=1
n i-th pos j-th pos.
+Z@ip8jp <81\I!>< X 0T XX 0,0 x... ><8n\11>

i,j=1

i#]

+ h.o.t.

— (81\Il><...><8n\11>+zn:8ip<81\11><...>< ﬁxx@n@>
=1

Herein the terms h.o.t. contain more than two 9, ¥ in the cross product and therefore they also vanish.
Inserting the last identity into (3.3) for the fixed (to,xo) with F(zo) = qo, we can do the following

calculation
_4d
o de

4 [(81@;’]’ X ... % 8n<1>§0”) : (M o @jg) (F(x()))}
n i-th pos.

+Zai5,0(t0,QQ) (81\11 X ... X Ow\I/ X ... X 871\?) (qO,E,O(to,QQ))
i=1

- (81\11 X ... X 6n\I/) (g0,ep(to,q0))

. p(\ll(go,Ep(tquo»)}

e=0



d

- (alq/ XL an\p) (40, p(to, q0))

(€3]

—

+ Z@isp(to, CIQ) <81\If X ... X 8w\Il X ... X 8n\11> (qO,Ep(to, qO)) : M(\I/(QO, 0))

i=1

(2) e=0

d
+ (81‘11 X ... X 8n\I!) (o, 0) 401 - d—su(\ll(qo,ap(to,qo)))

(3) 4 £=0

We will consider the above numbered terms separately. For the first one, we calculate

d n ws.
d75(1) = Z <81\If X ... X 6w6k\11 X ... X 6n\11> (qo,O) p(to,go)
e=0 k=1

w
w
1=
<
=
(]

n*(qo) (5k5w‘I’(F($o)70) '5kF(330)) p(to, qo) -

k=1
Therefore we get
L)) plan) =Y (B F (o), 0) B (w0)) oo, a0) (" (a0) - plao)) =0,
=0 1 —_——

=0

where we used (¥ (go,0)) = 1(go) due to (2.3) and the angle condition for I'* to conclude n* - u = 0.
For the second term, we observe

d n i-t/,h_\pos.
yut) = ;&p(to,qo) (aqu XX PpW X oo X anxp> (F(x0),0)
3.3, (iv)

= _Zaip(thQO)aiF(xO) = —Vr-p(to, q),

i=1

where the last identity can be seen with the representation of the surface gradient in local coordinates
due to assumption (A) for F at the fixed z¢. Taking the scalar product with the normal yields

FO| o) = =T plto.20) - o).

which is the directional derivative —d,p(to,qo) of p in direction of the outer unit conormal p of I'* at
OT'*. Here we used the fact p(q) = nar-(g) on OT'*, that is the outer unit normal of Q equals the outer
unit conormal of I'* at OI'"* due to the angle condition.

For the remaining terms we observe

(3) - %(4) = (01T X ---8,W) (F(x0),0) - d%u(\l'(qo,ep(to,qo)))

. e=0
3.3, (1)
= 0) O g0) ko, a0))

8



where the directional derivative appears by definition with the help of the curve ¢(e) = ¥(qo, ep(to, o)),
which fulfills

c(e) € 9, ¢(0) = ¥(qp,0) = go and

, 3.3, (i)
¢(0) = 8T (g0, 0) plto, 90) 2 n* (g0 plto, q0) -

Due to linearity of the directional derivative, we finally get

3)- L

e = (n*(qo)'an*<qow) p(to, q0) = Sqo(n*(q0), 7" (q0)) p(to, q0) »

e=0

where S is the second fundamental form of 0 equipped with normal —p. Note that n*(go) € T, 0 due
to the angle condition for the stationary state I'*.
Altogether, the linearization of the boundary condition

n(t, (g, p(t,q))) - (¥ (q,p(t,q)) =0
at the fixed point (¢, qo) yields
d d d
= £(1) . - p(qo) + %(2) . - p(qo) + (3) - £(4) e
=0—Vrp(to, ) - #(q0) + Sqo(n*(0), 7" (q0)) p(to, 0)

Since the fixed point (¢g, o) was arbitrary, we can conclude the above linearization for every ¢ € 0I'"* and
t > 0, which completes the proof of Lemma 3.4. O

0

Putting the last lemmata together, we get the following linearization of (2.10) around p = 0.

op = —Ar- (Arep+|o*]?p) inT* for all t >0,
0 = (8H - S(n*,n*)) p on gI'* for all t >0, (35)
0 = 9, (Ap*p + |a*|2p) on OI'* forall t >0, .
p(0,q) = 0 inT*.

4 Stability analysis

In this section we derive conditions for the asymptotic stability of the zero solution of the linearized
problem (3.5). We first show that (3.5) can be interpreted as a gradient flow with respect to an energy F
given by a bilinear form I. Then we can show that the solution operator A of (3.5) is self-adjoint and we
will study its spectrum. Finally, we describe asymptotic stability through the condition that I is positive
definite.

We generalize the work of Garcke, Ito and Kohsaka [GIKO05] from curves to higher dimensions, which is a
non-trivial task as the geometry becomes much more involved. Since the problem (3.5) will be a gradient
flow with respect to the H ~!-inner product, we give its definition. We denote by {.,.) the duality pairing
between the dual space (H'(I'*))" and H'(I'™*) and we define the space H~'(I'*) by

— * 1)/
H ) i={pe (H'(T) | (p.1) =0} . (4.1)
Definition 4.1. We say that u, € H*(T'*) with [;., u, = 0 for a given v € H~1(I'*) is a weak solution of
—Apsu, = v inI™,
{ Ve, -ngr= = 0 on 0", (4.2)

if and only if u, satisfies (v,&) = [r. Vreuy, - V=€ for all & € HY(T™).



For p; € H~*(I'*), i = 1,2, we introduce the inner product (p1, p2)_; = [p. Ve, - Vreu,,, called the
H~'-inner product, where u,p, is defined as the weak solution of (4.2) with respect to p;. By definition,
we have the identity

(p1,p2)_1 = <p17up2> (43)
for p; € H=(I'*). For further use we also introduce the notation V := {p € H'(I'*) | [.. p=0}.
Definition 4.2. For py,ps € H(I'*) we define

I(p1,p2) = / (Vrep1 - Ve-p2 = [0"*p1 p2) —/ S(n*,n")p1 p2 (4.4)

and the associated energy for p € H'(I'*) by E(p) == £1(p, p).

The next point is to show that the linearized problem (3.5) is the gradient flow of E with respect to the
H~'-inner product (.,.) ;. This means that a solution p of (3.5) fulfils

(Gep,€) -y = =0E(p(1))(€)

for all ¢ € H'(I*) with [i.. £ = 0. Here, OE(p(t))(§) denotes the derivative of E at p(t) in direction of &.
Because of the definition of E via the bilinear form I, this derivative is given by

OE(p(t))(§) = I(p(t),¢) -

To simplify notation, we introduce the following time independent problem.

Definition 4.3. For a given v € H™'(I'*) we say that p € H*(I'*) with [.. p =0 is a weak solution of
the boundary value problem

vo= _AF* (Ap*p + |O'*|2p) mn I y
0 = Oup—Sn*,n*)p on OI'* (4.5)
0 = Vr- (App+|o*[*p) -nor+ on dr*,

if and only if p satisfies
<U7§> = VF* (AF*p+ |U*|2p) . Vr*g
F*

for all € € HY(I'™*) and 0 = d,p — S(n*,n*)p on Or'*.

In the case that v € L?(T'*) with fr* v = 0, we obtain from elliptic regularity theory on manifolds that
v = —Ap=« (Ap*p—l— |0*|2p) is fulfilled almost everywhere in I'* and V-« (Ap*p—l— \U*|2p) ~ngr+ = 0 is
fulfilled almost everywhere on 0I'*. The fact that the linearized problem is the gradient flow of E with
respect to the H ~-inner product follows from the next lemma.

Lemma 4.4. Let v € H1(I'*) and p € H'(T'*) with fr* p = 0 be given. Then p is a weak solution of
(4.5) if and only if

(U7§)71 = _I(p7§)
holds for all ¢ € H'(T*) with [... £ = 0.
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Proof. Let p € H*(I'*) with [.. p = 0 be a weak solution of (4.5). By (4.3) and Definition 4.3, we
deduce for £ € H*(T*) with [L.. £ = 0 the identities

08 = (e) = [ Tr- (Arep+ ") - Vieue.

Here, u¢ € H'(T'*) is the weak solution of (4.2) for the given ¢ € H'(I'*). Then, by virtue of
(Ar<p+|o*|?p) € H*(I'*) we see from the definition of the weak solution ue with (Arp«p+ [o*|?p)
as testfunction

VF* (Ap*p+|0'*|2p) VF*’U,g:/ (Ap*p+|0*|2p)f
I+ =
Now we conclude with integration by parts.
(v,8) 4 =/ (Ar-p+o*[p) € = —/ (Vrep- Vi€ = 0" *p€) +/ V- p - nar« §
= = ar=
—— [ Vrp Vet =0 Pre) + [ St pe = —T(0.6).
* 1_‘*

where we used the boundary condition Vr«p - nar- = 0,p = S(n*,n*)p on oI'** for p.

Conversely, assume that p € H*(I'*) with [, p = 0 satisfies (v,§)_, = —I(p, &) for all £ € H'(T'*) with
Jr. € = 0. Now we choose £ = —Arp.n for a given function n € H*(I'*) with Vp«n - npr- = 0 on OT*.
From Definition 4.1 we can write 7 = u¢ and with (4.3) it holds

<’U,’I7> = (11,5)_1 = —I(p,ﬁ) = _/F* (Vf*p V€ — |O'*|2,0£) + AF* S(n*an*)p§

— [ (Frp-Te-@rm) ~ 0" P (@rm) + [ St np(Ben)

F*
Since v € (Hl(l"*))/ we deduce from the above identity and elliptic regularity theory that p € H3(T'*).
Integration by parts gives then

(v,m) = — / (Ar«p Apen — Vr-(|o*|?p) - Vren)

+/ Vrsp - nars Apn — [0 [>p Vren - nor- —S(n*,n*)p Arn
ar+ \—:,_/0

:/ vl"* (Ap*p+‘g*‘2p) 'VF*T}— Ap*p vr*n.nal—w
T or+ —

[ @St Ay
or*
— [ Ve (@rp+ 10 Po) - Teont [ @ S in%)o) Ao
* ar‘*

To show that p is a weak solution of (4.5), we choose a sequence g,, € C*°(T'*) with given boundary data
gnlor+ = g with [i.. g, = 0 and which fulfills ||g,||z2(r+) — 0 for n — co. Then we solve the problem

AF*nn = gp in I,
Vrey -ngr= = 0 on OI'*

11



with additional condition [.. 7, = 0. A solution fulfills ||7, ||z — 0, which leads to

0 =/ (Oup = S(n*,n")p) g
or=

for arbitrary boundary data g € L?(0I'*). Therefore we conclude with the fundamental lemma that
Oup — S(n*,n*)p =0 on OI'* and we are led to the identity

(v,m) = [ Vr+ (Ar-p+ 0" *p) - Vren (4.6)
l—‘*

for n € H3(I'*) with Vr«n-ngr- = 0 on 9T'*. We can approximate an arbitrary function ¢ € H(I'*) with
such testfunctions 7 in the H'-norm. Therefore let w.l.o.g. ¢ € C°°(T'*) (otherwise we use an additional
approximation ¢,, — ¢ in H!(I'*) for smooth functions ¢, € C*°(T*)). In a small neighbourhood around
OT* we choose an extension u € H3(I'*) of p|sr+ which is extended constantly in normal direction and
fulfills

u = ¢ on JI',
Vr«u-ngr~ = 0 onol'*.

With the notation I'} = {p € I'*|dist(p,0'* < e}, where dist is built with the usual metric on a
hypersurface given by the infimum over all length of connecting curves, we choose additionally smooth
cut-off functions ¢, € C*°(I'*) with

(n=1inT%, Cu=01inT% and ||[VrCullp~ <n.

Then we set 7, :== ¢(, +u(1—(,), which by definition fulfills n,, € H3(I'*) and V1, -ngr~ = 0 on r'*.
Finally, it holds that 7, — ¢ in H'(I'*), since on the one hand

1 = #llz < lp(Gn = Dllze + lu(l = ¢z — 0

and on the other hand
[Vrenn = Ve=glrz = [[Vr- (0 — w) (G — 1)) Iz < [[Vrs(p — ) (G — Dllz2 + [[(¢ — u) Ve (Co — 1) 22 -

The first term tends to 0 and for the second one we observe with ¥, = (F’i\l“*g) that

J =0 o-ne= [ -Gl < [e-u [ wear.

n n n

Now we use that u emerges from ¢ by an extension constant in normal direction and the fact that ¢ is
locally lipschitz continuous to get for ¢ € ¥,, and some ¢* € OI'* the inequality

* * 2 ?
o(0) ~ u(@) = (o) — ola)? < Ldta.oP < 1(2)
Together with |Vr-(,[? < n? we get finally

/* [(p =)V (G — DI < C%nQ (/E 1)2 —0.

With this approximation we can write (4.6) with arbitrary testfunctions ¢ € H(I'*), which yields that
p is a weak solution of (4.5). We remark that this part of the proof strongly differs from the curve case

12



in [GIKO5]. O

The next steps consist in showing that the linearized operator is self-adjoint and to study its spectrum.
This linearized operator corresponding to (3.5) is given by

A:D(A) — H,
with
{ D(A) = {peHI")| (9, —S(n*,n*))p=00ndr* and [i.p=0}, )
H = {pe(H'T)) |(p.1)=0}
by
Ap.&) = | Vr- (Ar-p+ |o*[p) - V=€ (4.8)

Then we can relate the boundary value problem (4.5) to the problem of finding a p € D(A) with Ap = v.
By Lemma 4.4 we also have for all £ € H'(I'™*) with [i.. £ = 0 the identity (Ap,&)_; = —1(p,§).

Lemma 4.5. The operator A is symmetric with respect to the inner product (.,.)_;.

Proof. For p,{ € D(A) we have
(AP» E)_l = *I(P» E) = 7I(£7P) = (Afap)_l = (pv Af)_1 5

so that A is symmetric. a

The spectrum of A is related to the functional I with the help of the inner product (.,.)_;. In fact, for
an eigenfunction p € D(A) to the eigenvalue A of A, it holds

>\(,0, 5)—1 = ('Apa 5)—1 = —I(p, 5)

for all ¢ € HY(I'*) with fr* & = 0. The next point is to show boundedness of eigenvalues of A from above.
Therefore we need the following two lemmata.

Lemma 4.6. For all § > 0 there exists a Cs > 0, such that for all functions p € V the inequality

017200y < 0 IVe-pll72re + Cs llpll2s
holds.

Proof. Assume by contradiction that there exists § > 0 such that we can find a sequence (py),cny C V
such that

15nl1Z2or+) > S 1V PulZarey + nllpnl2y -
In particular we observe ||p,|z2(or+) > 0 for all n € N. Therefore, we get for the scaled functions
— i~ -1 L . — -2 : .
Pn = Pn (||pn||L2(8F*)) by mlﬂtlplylng with (||pn||L2(8F*)) the lnequahty
1> 6 Vr-pulliae) +nllonl?y -
This implies

1

1
lonll?) < o 0 asm—oo and ||V1"*,07LH%2(F*) <3

13



Since fr* pn = 0, we conclude from Poincaré’s inequality that p, is bounded uniformly in H(T*).
Therefore it converges weakly for a subsequence p, — 7 in H*(I'*) to some p € H'(I'*). Due to
0= (pn,1)p2 — (p,1)2 = [r. P we observe [..p = 0. Furthermore from the compact embedding
{pe HY(I)| [p. p=0} — H (") we see the strong convergence p, — p in H'(I'*). By unique-
ness of the limit and ||p,||z-1 — 0 we get finally 5 = 0. So we have p, — 0 in H'(I'*) By another
compact embedding H(I'*) — L2?(9I'*) we see p, — 0 in L2(0T*), which at last contradicts the fact
lpnllz2(or+) = 1 for all n € N. O

Lemma 4.7. There exist positive constants C1 and Ca, such that

P ey < Cillpl2y + Ca1(p, p)
forallpeV.

Proof. With an analogue argumentation as in the previous lemma we get the following inequality. For
all 6 > 0 there exists a Cs > 0, such that

lplZ2(rey < 81V pllZa(e) + Cs llollZy

holds for all p € V. To this end, we just need the compact embedding H'(T'*) — L?(I'*) instead of
H'(I'*) — L2(dT*). Now we obtain with the help of the above inequality and Lemma 4.6

I(p,p)=/F IVr*pg—/P IO"‘IQpQ—/aF S(n*,n*) p®

> |1V pl2arey = o™ Pllzos ey - lol3 2oy = 1505 0|z o) - o132 om0y

> (1= 61 1S n) s qor ) - 1 Vrep
— 18 (*, 1)l L= (orey - Cs, ol

> (1= 01180 1)l ore) = 2 10 Pllios ooy ) - IV pll3a o)

= (0" Pl (r+) s + 1S n") | ore) G, ) - ol

ﬁ:z(r*) - H|U*\2||Loo(r*) : ||P||%2(F*)

With the help of the Poincaré inequality on V' and by choosing d; and d2 small enough, we get the
assertion. ]

With the previous two lemmata we show boundedness from above for the eigenvalues of A.

Lemma 4.8. Let A be an eigenvalue of A. Then the following inequality holds

Gy
A< —
_027

where Cy and Co are the positive constants of the above Lemma 4.7.

Proof. Let p € D(A) be an eigenvector to the eigenvalue A, which in particular means p # 0. It holds
Xp,p)_1 = (Ap,p)_; = —I(p,p). Assuming that \ > %, we would have

C 1
0=1I(p.p) +A(p:p)_y > I(pp) + = (p:p)_y = = llpll3r ey > 0,
Cy Cy

which is a contradiction. O

Now we are able to show that A is self-adjoint with respect to the (.,.)_; inner product. Therefore we
use a property that implies the equivalence of symmetry and self-adjointness from [Weid76].
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Lemma 4.9. The operator A is self-adjoint with respect to the (.,.)_; inner product.
Proof. We use the following theorem of operator theory. If there exists an w € R, such that
im(wld—A)=H YT,

the properties symmetry and self-adjointness of A are equivalent, see for example [Weid76].
So we have to show that there exists an w € R, such that for given f € H~1(I'*) there exists a p € D(A)
with wp — Ap = f. This means that p € H3(I'*) is a weak solution of the boundary value problem

Ar- (Ar-p+]o*’p) +wp = f inT*,
Oup—8S(n*,n*)p = 0 on OT*, (4.9)
Vr- (Ap-p+|o*[°p) -nor- = 0 on 9",

The weak formulation consists in finding a p € H3(I'*) with d,p — S(n*,n*)p =0 on OI'* and

Ve (Brp+ |0 Pp) Vet b [ p6=(7,6)
r r

for all ¢ € H*(T*). Due to (f,1) = 0, inserting £ = 1 in this equation yields [i.. p = 0, so that a solution
p really belongs to D(A). To obtain such a solution p, we use the minimization problem

Fo) =5 [ (Ve

under all p € H'(T'*) with [.. p = 0. Here, uy € H'(I'*) is the weak solution of (4.2) with respect to
f € H=Y(I'*). With the help of Lemma 4.7 we can show that F is coercive for large w and therefore there
exists a unique minimizer p € V, which is characterized by the first variation of F' through

w
Pl et) = [ St G ol = [ o — min

d
:—Fﬁ
0 R (p+ev)

:/ (Vrp - Vv — |o**pv) — S(n*,n*)ﬁv+w(ﬁ,v)7l—/ urv,

e=0 or=

where v € V is arbitrary. By the Definition of uz in (4.2) and the identity (4.3), we observe that
w(p,v)_; = w(v,up) = w [r.. upv. Since in the above equation the testfunctions v have to fulfill the
constraint fr* v = 0, the identity is the weak version of the boundary value problem

{(Ap*p+|a*|2p)+wup+/\ = wuy in I, (4.10)

Oup—S(n*,n*)p = 0 on OI'*.
Here the Lagrange-multiplier A is given through
1 * |2 — * *\—
:|F*| (lo*p — wuz + uy) + S(n*,n*)p| .
I+ ar

Since uz and uy are in H'(I'*), we obtain from elliptic regularity theory that p € H3(I'*). Therefore
we can differentiate the first line in (4.10) and take the L2-inner product with Vp-¢ for some arbitrary
¢ € HY(T'*) to obtain

A

— A (Ap*ﬁ+|0*|2ﬁ) -V 4w Vr=up - V=€ = Vr=uyp - V=€
= I

T*

With the Definition of the weak solutions uz and uy from (4.2) we finally get
= Ve (Brp o p) - Vi +w/F pé = / (f,€)
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for all ¢ € HY(I'*). So together with the boundary condition from (4.10), we found a p € D(A) with
wp —Ap = f, provided w > %7 where C7 and Cy are the positive constants from Lemma 4.7. O

In the following theorem we give a stability criterion for the zero solution of the linearized operator A.
Theorem 4.10.
(i) The spectrum of A consists of countable many real eigenvalues.
(i1) The initial value problem (8.5) is solvable for initial data in H—1(T*).

(#i1) The zero solution of (3.5) is asymptotically stable if and only if the largest eigenvalue of A is
negative, in short notation o(A) < 0.

Proof. ad (i). We want to show that for some A € R, the operator (\] — A)~' : H — H exists and is
compact. For \ > g—;, where C7 and C5 the positive constants from Lemma 4.7 we showed surjectivity of

A —A:D(A) — H in the last Lemma 4.9. Since every eigenvalue p € o(A) fulfills 4 < % from Lemma

4.8, we see from the identity (A I —A) = XA — o(A) for the spectrum that there exists no eigenvalue zero

of NI — A provided A\ > g—; For a linear operator this means in particular that it is injective.
Continuity of the resolvent

A —A)':H— DA

for A > % can be seen by observing that

M-A(H=p & M-Ap) =",

which means that p € D(A) is a weak solution for the boundary value problem (4.9) with w = A. Solutions
of this problem fulfill an inequality

ol s ey < Ol flla-1(ry s

which gives continuity of the resolvent. Since the embedding D(A) — H~!(I'*) is compact, we get by

composition a compact operator (A1 — A)_l : H — H, provided A > g—; Together with the self-

adjointness of A from Lemma 4.9, we get the claim (i) with the help of an abstract operator theorem
from the book of Kato [Kat95].

ad (i7) and (i4i). Existence and stability of the problem
Find p(t) € D(A), such that 9p(t) = A(t)
can be treated with the theory of analytic semigroups as in the book of Lunardi [Lun95]. (I

The next lemma, which follows with classical arguments from Courant and Hilbert [CH68], gets together
eigenvalues of A and properties of the bilinear form I.

Lemma 4.11. Let
M 2> A>3 2> ...

be the eigenvalues of A (taken multiplicity into account).
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(1) For all n € N, the following description of the eigenvalues holds
1
Ap = inf sup —M
WeSn 1 pewrfoy (P P)-1
1
= sup o)

Wes, i peW\(0} (P, )1

where Y, is the collection of n-dimensional subspaces of V. and W is the orthogonal complement
with respect to the (.,.)—1 inner product.

(i) The eigenvalues A\, depend continuously on S(n*,n*) and |o*| in the L -norm.

Proof. The first part follows with the help Courant’s maximum-minimum principle from [CH68] and
the second part follows due to the structure of I,

Hpop) = [ (Freol =l Bty ar = [ Sty are

from which the continuous dependence can be seen directly. O

Now we can describe the eigenvalue A\ in the above lemma more explicitly.

Remark 4.12. For the largest eigenvalue A\ of A we have the description

M= min R (4.11)

peVA{0} (p,p)-1

From Theorem 4.10 we have asymptotic stability of the zero solution of the linearized equation (3.5) if
and only if A\; < 0. This leads to the following main conclusion.

Theorem 4.13. The zero solution of the linearized equation (3.5) is asymptotically stable if and only if

I(p,p) > 0

for all p € V\{0}, where I(p,p) = [r. ( —|o*[?p?) dH™ — Jop- S(n*,n*)p? dH" L.

5 Example

In this section, we consider an explicit given geometry. This means we will specify a region 2 together
with a hypersurface I'* lying inside ) and touching the boundary at a right angle. I'* will be a stationary
solution of (2.1) and we want to determine a Characteristic behaviour concerning the linearized stability

of I'*. For a,c > 0 we let Q = {(z,y,2) e R¥| %, .+ y2 + Z < 1} be surrounded by the ellipsoid

y2 2'2

A parametrization of E is given by f : [0, 7] x [0, 277] — F, f(u,v) = (asinucosv,asinusinv, ccosu).
We consider a stationary solution I'* of the surface diffusion equation (2.1) given by

I = {(z,9,0) € R?|2® +y* < a’}.
I'* is a circle in the (z, y)-plane lying inside the ellipsoid E with boundary

ar* = {(z,,0) € R?|2® +¢* = a®} = {f(Z,

5 v)|v € [0,2n]},
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that touches F at a right angle.
To decide on linearized stability of I'*, we have to examine due to Theorem 4.13 the positivity of

I(p,p):/p( 2 —o*?p?) */{w S(n*,n*)p?

for all p € H'(I'*)\{0} with [.. p = 0.

A straightforward calculation gives |0*|2 = 0 for the squared norm of the second fundamental form and
S(n*,n*) = % for the second fundamental form of 92 with respect to the inwards pointing unit normal
(—p) of . With this results the bilinear form from Theorem 4.13 reduces to

a
I(p,p):A*|VF*p2—§[9F*p2. (5.1)

To determine the minimum of I we proceed in an analogue manner as in Courant and Hilbert [CHG6S].
By using the fact that T'* is a flat disc in R3 with radius a > 0, we can replace the bilinear form (5.1) by
the following one.

a
o= [ V-5 [ g (5.2)
B (0)

2
¢” JoB,(0)

where B, (0) is the ball in R? with center 0 and radius a > 0, and p € H'(B,(0)) with [, (0) P = 0. Note

that V is the usual gradient in R2. We can simplify the bilinear form (5.2) further by introducing polar
coordinates (r,v) to get

o= " I ((am? ¥ 7}2(%@)2) rardo 5 [ 7 (o0, 0))? adi (53)

where ¢ = p oIl for polar coordinates II(r,9) with ¢ € H'((0,27) x (0,a)) and fozﬂ Jy @r =0. Here we
used the transformation rule |Vp|? = (8,¢)? + 7 (9p¢)?.
If we now want to solve the minimization problem

I(p, ) — min, ¢ € H'((0,27) x (0,a)) and /ow/o pr=20, (5.4)

we can assume for ¢ a Fourier series expansion as
o(r, ffo )+ Z fn(r) cos(n?) + gn(r) sin(nd)) , (5.5)

for functions fy, f, and g,. Due to the volume constraint we observe that foa fo(r)rdr = 0. At the
boundary of B,(0), formula (5.5) gives for r = a

o(a, *fo Z ) cos(nd) + g, (a)sin(nd)) .

Differentiating (5.5) with respect to r and ¥, inserting it into formula (5.3) for I(yp,¢) and using the
orthogonality of the trigonometric functions, we deduce the following expression for I.

o) =n [ rar v 3 [ (U207 + B (000 rar 5.6

00 a n2 a2 a2 0o u oo
+ WZ/O ((92(7’))2 + r2(gn(7‘))2> rdr — C—27r(f0(a))2 — ?“Z(fn(a))z _ ?WZ(QTL(Q))z.



Due to this structure we can minimize instead of I also the series of problems given by

/ g e — % (fo(a))? — i, (5.7)

I ((f,;<r>>2

o)
(g0 + rdr—° (g,(a))? — min for n€N. (5.9)
/ o)

fo=

rdr — —(fn(a))? — min for n € N, (5.8)

The first line (5.7) can be minimized at once by and therefore fo(r) = ¢ for some constant c. Due
to the constraint [j fo(r)rdr = 0, we observe fo(r) = O and in particular fo(a) = 0. So the first line will
yield the minimal value 0.

For n > 0, we must have f,,(0) = 0, otherwise the function ?—j( (r)%r = ”Trz’(]"n(r))2 from (5.6) would
have a pole at r = 0 that is not integrable. Therefore we can rewrite the integral in (5.8) as follows.

a 2 a 2 a 2
e o 2 _ ;o n b ,on )
(e St rae = [* (= 2) g g = [ (8- 24) v @),
so that the above minimization problem for f,, reads as
/a(f’—ﬁff?“dr—i— n—a—2 (fn(a))? min for n € N
o et c2 ) '

The minimum is attained if f}, — % f,, = 0, which gives f,,(r) = c,r" for some constant c,,. The minimal
value is then given by

Analogous calculations for g, yield finally the minimal value of I given by

”Z (”— ) fn(@))? + (gn(a))?) - (5.10)

With this minimal value we can give the following result about linear stability of I'*.

Lemma 5.1. With the above notations we get the following result for I'*.
(1) If ¢ > a, T* is linearly asymptotically stable.

(i) If ¢ < a, T* is linearly asymptotically instable.

Proof. If ¢ > a, we see that (n — ‘;—j) (1 — %] > 0 and the above minimal value is positive.

If on the other hand ¢ < a, we choose fi(a) = gl( ) =1 and f,(a) = gn(a) = 0 for n > 1, so that the
above minimal value simplifies to
a2

Using Theorem 4.13 yields the proof. O
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