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ABSTRACT. The asymptotic behaviour of the solutions of three-dimensional
nonlinear elastodynamics in a thin plate is studied, as the thickness h of the
plate tends to zero. Under appropriate scalings of the applied force and of the
initial values in terms of h, it is shown that three-dimensional solutions of the
nonlinear elastodynamic equation converge to solutions of the time-dependent
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1. INTRODUCTION

This paper concerns the rigorous derivation of two-dimensional dynamic models
for a thin elastic plate starting from three-dimensional nonlinear elastodynamics.
To be definite, we consider a thin elastic plate of reference configuration 2 :=
Q x(—%, %), where Q' C R? is a bounded domain with Lipschitz boundary and
h > 0. We assume the plate to be made of a hyperelastic material whose energy
potential W : M3*3 — [0, +o00] is a continuous function, satisfying the following

natural conditions:
W(RF) =W(F) for every R € SO(3), F € M**® (frame indifference), (1
W =0 onSO(3), (1.
W (F) > Cdist*(F,SO(3)), C >0, (1
W is C? in a neighbourhood of SO(3). (1
The dynamic equation of nonlinear elasticity reads as
9w — div, DW(Vw) = f* in [0, 7] xQp, (1.5)
where w: [0,7,]xQ; — R3 is the deformation of the plate and f": [0,75,]x€), —
R3 is an external body force applied to the plate. Equation (1.5) is typically
supplemented by the initial conditions
wlr—o = w", drw|r—o = 0",

and by boundary conditions, such as mixed Neumann—clamped boundary condi-
tions:
w|aQ/x(—g,g) =T,

(1.6)
DW(Vw)egwai% =0,
or, assuming €)' = (—L, L)?, mixed Neumann-periodic boundary conditions:
(w(T,z) — :c)|w _ = (w(T,x) — x)’m . a=1,2,
o=t =t (1.7)

DW(Vw)e;),’%:i% =0.
1



2 H. ABELS, M.G. MORA, AND S. MULLER

The intent of this paper is to characterize the asymptotic behaviour of solutions to
(1.5), as the thickness parameter h tends to zero, by identifying the two-dimensional
dynamic equation satisfied by their limit as h — 0. Our purpose is to rigorously
deduce a two-dimensional dynamic model for a thin elastic plate. Lower dimensional
models for thin bodies are of great interest in elasticity theory, as they are typically
easier to handle both from an analytical and a numerical point of view than their
three-dimensional counterparts. The problem of their rigorous derivation starting
from the three-dimensional theory is in fact one of the main questions in elasticity.
We refer to [2, 4, 11] for a survey of the classical derivation approach and a discussion
of the history of the subject.

Steady-state solutions of (1.5) satisfy the stationary equation —div, DW (Vw) =
f* in Qy, together with the boundary conditions (1.6) or (1.7), which formally
correspond to the FEuler-Lagrange equations of the energy functional

EMw) = - W(Vw)dx — 1 ffwde.
h Jq, h Jo,

It is therefore natural to look for local or global minimizers of £*. The study of

the asymptotic behaviour of global minimizers of £", as h — 0, can be performed

through the analysis of the T'-limit of £ (see [5] for a comprehensive introduction

to T'-convergence). To do this, it is convenient to rescale €2 to a fixed domain

Q= 'x(—1,1) and to rescale deformations according to this change of variables,

o) = (U0 = e’ )

by setting
ys(x)

for every = (2/,23) € Q. Assuming for simplicity that f"(z) = f(z'), the
energy functional £" can be therefore written as

T"y) =EMw) = | W(Vay)da— [ f" yda,
Q Q
where we have introduced the notation

Viy = (V'y| +0sy).

Let now »”" be a minimizer of J" subject, for instance, to the (rescaled) clamped
boundary conditions

!/
Y () = (ha;g) for z € O x(—1,3).

The asymptotic behaviour of 4", as h — 0, depends on the scaling of the applied
force f" in terms of h. More precisely, if f" is of order h® with a > 0, then
Ty < ChP, where B3 =« for 0 < a <2 and = 2a—2 for a > 2, and y"
converge in a suitable sense to a minimizer of the functional given by the I'-limit
of the sequence h™?J" as h — 0 (see [6, 7, 10]). In particular, it has been shown
in [7] that, if f* is a normal force of the form f"(z') = h®f(2')es with a > 3 and
f e L), then

0

that is, minimizers converge to the identity. This suggests to introduce the (scaled)
in-plane and out-of-plane displacements defined by

!
y" = <$> strongly in H'(;R?), (1.8)

Nl

1 1 [
Uh(l"') = W/ X ((yh)/ - 33/) dxs, Uh(ﬂfl) = W/ . y:if dzs.
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As h — 0, (u",v") converges strongly in H'! to a limit displacement (u,v), which
is a minimizer of the I'-limit of 1/h2*~2J" (see [7, Theorem 2]). More precisely,
if « =3, then (u,v) is a minimizer of the von Kérmdn plate functional

1
Jox (u,v) = 5 /Q/ Q- (sym V'u+ %V’v ® V’v) dz’

1
+— [ Q(V)*)da' — [ fuda
24 S)/ S)/
with respect to the boundary conditions © =0, v =0, and V'v =0 on 99'. Here
Q2 : M?*2 = R is the quadratic form defined by

QQ(G) = ﬁgG G = FI’r}i:nG Qg(F), (19)

where Q3 : M3*3 — R is the quadratic form given by Q3(F) := D?*W(Id)F: F,

while F"" denotes the 2x2-submatrix of F' defined by F/; = [F; for 1 <i,j <2.
If instead a > 3, then the limit in-plane displacement v is equal to 0, while the

out-of-plane displacement v is a minimizer of the linear plate functional

Jiin(v) = 1 Q2((V)2v)da' — | fvda'
24 Jo Iy
with respect to the boundary conditions v =0 and V'v =0 on 9.

This convergence result has been extended in [15] to the case of a sequence
of solutions of the equilibrium equation —div, DW (Vw) = f", assuming suitable
growth conditions from above on the energy potential W . This assumption has
been removed in [14], but this requires to work with a different notion of stationarity,
related to the Cauchy stress tensor balance law (see [3]). A different approach, based
on centre manifold theory, was pursued by Mielke in [12] to compare solutions in a
thin strip to a one-dimensional problem. Another related result is due to Monneau
[13]: given a sufficiently smooth and small solution of the von Kérmén equation,
he proved the existence of a nearby three-dimensional solution.

In this paper we focus on the dynamical case with f"(r,2) = h®f(7,2')es,
a >3, and f € L%((0,400); L?(€)). We also assume that the initial values w",
w" have the following scaling in terms of h:

1 / @) de+ [ WV (@) de < CR2,
Qp Qp
which can be equivalently written on Q as
%/Q [w" (2!, has)|? dx + /Q W(Va" (2, has)) de < Ch**~2. (1.10)

Let w" be a solution to (1.5) on [0,7,]x€,. To discuss its limiting behaviour as
h — 0, it is convenient to rescale € to the fixed domain ), as before, and to
rescale time by setting t = h7. According to this change of variables, we set

Y (t,x) = wh(%7 (', has))

for every (¢,z) € (0,73,)xQ, where T), := h7,. With this notation we have that
the scaled deformations y” satisfy the equation
h20%y" — div, DW (Vpy") = h%ges in (0,T5)x €, (1.11)

where g(t,2') := f(£,2') for every (t,z) € (0,400)x€Q and the scaled divergence
div,® of a given ® € H'(Q; M3*3) is defined by

1
dth(I) € 1= Z 6]-(I>ij + E&g@g 1= 1, 2, 3.

j=1,2
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The scaled deformations y” satisfy the following initial conditions:
y"(0,2) = w" (2, has) for z € Q, (1.12)
Oy (0,2) = +d"(2/, has) for z € Q, (1.13)

together with the mixed Neumann—clamped boundary conditions
!/
h 1’
Yo -1 hH = ( >,
“22) 7 \has (1.14)
h _
DW(vhy )63‘I3:ﬂ:% - Oa

or, respectively, assuming Q' = (—L, L)?, the mixed Neumann-periodic boundary

conditions
h _ ! _(.,h _ !
(o - ()., = (reo- ()
DW(Vhyh)eg|m3:i% =0.

We note that (1.10) is equivalent to the following scaling condition on the initial
values of y":

a=1,2,
za=L (1.15)

%hQ/ |8tyh(0,:c)\2da:+/ W(Viy"(0,2)) dz < Ch?*~2,
Q Q

The existence of a solution to (1.11), supplemented by the initial conditions (1.12)-
(1.13) and the mixed Neumann—periodic boundary conditions (1.15), is guaranteed
by the recent results of [1]. More precisely, we have proved in [1, Theorem 3.1] that,
in the case a > 3, under suitable regularity assumptions on f and appropriate
scaling and regularity of the initial data @w", wW" (compatible with (1.10)), for
every T > 0 there exists hg > 0 such that a strong solution exists on [0,7] for
every h € (0, hg). In the case a = 3 we have shown that, if in addition f is small
enough on [0,77], a strong solution exists on [0,77] for every h € (0,1). In other
words, we can assume that there exists a solution to (1.11) on a time interval [0, T
independent of h.

In this paper we prove (Theorem 2.1) that, if y” is a weak solution to (1.11) on
[0,T7], satisfying the initial conditions (1.12)—(1.13), the boundary conditions (1.14)
or (1.15), and the energy inequality, then convergence (1.8) still holds uniformly in
time. Moreover, the in-plane and out-of-plane displacements

1
2

1

1 3 1

ul(t, 2 = 7ot / ) (y") —2') das, o (t,a') = oz / ) Yt das
-3 -3

converge in a suitable sense to a limit displacement (u,v). For « = 3 the limit
displacement (u,v) is a solution to the dynamic von Kdrmén plate equations

v+ Sdiv[divL((V')?v)] — div[La(sym V'u + Vv @ V'0)V'0] =g,
div[La(sym V'u + $V'v @ V'v)| =0,

in [0,T]x€’, and satisfies the boundary conditions (1.16)
o =0, vloa =0, Vivlaw =0, (1.17)

or, respectively,
Upoe = Ueo-1, Vot =V|wo=1, V'Vlpoe—r=V0|s.~1, 1.18)

and the initial conditions

’U|t:0 = w3, Gtv|t:0 = W3. (1.19)
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Here L5 is the linear form introduced in (1.9), while the limiting initial values ws;
and 13 are the limits of suitably scaled averages of w% and w? (see (2.8)), which
exist owing to the scaling condition (1.10).

For a > 3 the limit in-plane displacement u is equal to 0, while the out-of-plane
displacement v is a solution to the dynamic linear plate equation

v+ Sdiv[divLa((V)?v)] =g in [0, T]xY (1.20)

and satisfies the boundary conditions (1.17), or, respectively, (1.18), and the ini-
tial conditions (1.19). This generalizes the convergence result of [1, Theorem 4.1],
where we proved that for a special choice of the initial values and under the assump-
tion W (F) = dist*(F, SO(3)) the asymptotic development of the three-dimensional
strong solutions of (1.11) can be characterized in the case «a > 3 in terms of the
solution v of (1.20).

To our knowledge, the present contribution, together with the results of [1], is
the first rigorous derivation of a lower dimensional elastodynamic model for a thin
domain in the nonlinear framework. This problem has been extensively studied
in the linear setting (see, e.g., [16, 18, 19, 20]), that is, performing the derivation
starting from the three-dimensional linearized evolution model. However, since thin
structures may undergo large rotations even under the action of very small forces,
one cannot assume a priori the small strain condition, on which linearized elasticity
is based. Our result implies, in particular, that the use of the two-dimensional dy-
namic linear plate equation (1.20) is mathematically justified whenever the applied
loads are of order h® with « > 3 and the initial values satisfy (1.10).

We also mention a related result by Ge, Kruse, and Marsden [8], where the prob-
lem of the limit of three-dimensional evolutionary elastic models to shell and rod
models is addressed by studying the convergence (in a suitable sense) of the under-
lying Hamiltonian structure. This approach however does not provide convergence
of solutions.

2. STATEMENT AND PROOF OF THE MAIN RESULT

This section is devoted to the proof of the following theorem, which is the main
result of the paper. We shall denote by Jr the time interval given by [0,7] if
T € (0,+0), and by [0, +00) if T = 4o0.

Theorem 2.1. Assume that (1.1)-(1.4) hold and that W is differentiable and
satisfies the growth condition

|DW(F)| < C(|F|+1) for every F € M>*3, (2.1)

Let o > 3 and let (w") C L*(Q;R?) and (w") € HY(Q;R3) be two sequences
satisfying

%/ |w" (2, has) |2 dac—l—/ W (V" (x', has)) de < Ch?*~2, (2.2)
Q Q

Let T € (0,+00], g € L*((0,T); L3(%')), and hg > 0. For every h € (0,hg) let
yh € L2((0,T); HY(Q; R3)) with

dey" € L*((0,7); L* (% R?)),

02" € L2((0,T); H- (% RY))

be a weak solution to (1.11) in (0,T), satisfying the boundary conditions (1.14)
(or, assuming Q' = (=L, L)%, (1.15)), the initial conditions (1.12)-(1.13), and the



6 H. ABELS, M.G. MORA, AND S. MULLER
energy inequality
%h2/9|8tyh(t,x)|2dx+/QW(Vhyh(t,x))dx
< %/Q|u§h(x’,hx3)|2dx+/QW(VzDh(x',hw3))dx (2.3)
+/0t/9 hg(s,x" )0yl (s, x) dads
for a.e. t € (0,T). Then
Y — <m’> strongly in LS. (Jr; H(Q;R?)). (2.4)

0

Moreover, setting

[N
Nl

1 1
u"'(t,2") = W/ ((y") — ') das, o (t,2') = a2 / ) vy das,

_1
2

the following assertions hold.

(i) (von Kdrmdn regime) Assume o = 3. Then, there exist u € LS .(Jr;
HY(Q;R?)) and v € Lo (Jp; HE(Y)) N WE(Jp; LA(QY)), with dw €

C(Jr; H3(Q)), such thlc(;;, up to subsequencle(jsc,
ul = weakly® in LS, (Jp; HY (Q;R?)) (2.5)
and
o — v strongly in LSS.(Jr; L2(Y)), (2.6)
ol = O weakly* in L3S, (Jr; L2(Q)), (2.7)

as h — 0. The limit displacement (u,v) is a weak solution in (0,T) of the
dynamic von Kdrmdn plate equations (1.16), supplemented by the boundary
conditions (1.17) (or, respectively, (1.18)) and the initial conditions (1.19),
where

1
3
%/ @h (-, has)drs — w3 strongly in H'(SY),
_1
i (2.8)
2
%/ Wh (-, has) drs — w3 weakly in L>(SV).

(ii) (linear regime) Assume « > 3. Then, (2.5) holds with w = 0 and there ex-
ists v € LS (Jp; HX(Q) MWL (Jr; L2(Y)), with 8y € C(Jp; H-3(Y)),
such that, up to subsequences, (2.6)—(2.7) hold. The limit displacement v
is a weak solution in (0,T) to the dynamic linear plate equation (1.20),
supplemented by the boundary conditions (1.17) (or, respectively, (1.18))

and the initial conditions (1.19), where now

] 1
W/z W% (-, has)drs — ws  strongly in H (),

(2.9)

NI e

1
W/ Wl (- has) des — 3 weakly in L*(Q).

3
Remark 2.2. The existence of the limits in (2.8) and (2.9) is guaranteed by the
scaling condition (2.2) (see Step 7 in the proof of Theorem 2.1).



THE VON KARMAN PLATE EQUATION AS A LIMIT OF 3D ELASTICITY 7

Remark 2.3. We shall consider the following notion of weak solutions. We say
that a function y" € L2((0,T); HY(Q;R?))NH((0,T); L?(2; R?)) is a weak solution

o (1.11) in (0, T) satisfying the boundary conditions (1.14) if y"* = (2, hx3) on
(0 T)x0x(—1, 1) and the following equation is fulfilled:

T
/ / h28,y" - Opp dxdt — / / DW (Viy") : Vi dzdt + / / h3gps dadt =0
0JQ 0JQ 0JQ

for every ¢ € L2((0,T); HY(Q;R3)) N HL((0,T); L?(2;R3)) such that ¢ = 0 on
(0,T)x0Q x (-3, 1).

Analogously, we say that a pair (u,v) with u € L (Jp; HY(Q;R?)) and v €
L (Jr; H2(Q) N W;COO(JT,LQ(Q’)) is a weak solution to (1.16) in (0,T), sup-

plemented by the boundary conditions (1.17), if (1.17) is satisfied and for every
T’ € Jr the following two equations are fulfilled:

T T
/ 8tv8t¢) dx'dt — / / Lo(sym V'u+ Vv @ V'v): Vo ®@ V¢ da'dt
0 ’

/ /, )20): (V)2 da’dt + /OT/// gbda'dt =0

for every ¢ € L2((0,T"); H3(Y)) N HL((0,T); L*(Q')), and
T/
/ Lo(symV'u+ £V'v @ V'v): V' da'dt = 0
o Jor

for every o € L*((0,7"); Hj (S¥';R?)). Finally, a function v € L2 (Jr; H2(Y)) N
Wllocoo(JT;L2(Q’)) is a weak solution to (1.20) in (0,7"), supplemented by the

boundary conditions (1.17), if (1.17) is satisfied and for every T’ € Jr the fol-
lowing equation is fulfilled:

T/
/ 00, ¢ da’ dt — // ):(v’)2¢dx’dt+/ / gpdx'dt =0
0 Q ’ 0 ’

for every ¢ € L2((0,T"); H3 () N HE((0,T"); L3(Q)).

Remark 2.4. The notation L} (Jr;X) denotes the space of all strongly mea-
surable functions which are p-integrable (or essentially bounded if p = oo0) on
every compact interval of Jp with values in the Banach space X. In particu-
lar, if T € (0,+00), the space L} (Jr;X) coincides with LP((0,T); X), while,
if T = +o0, L} (Jr;X) is the space of functions belonging to L?((0,7"); X) for
every T' < +oo.

Two of the main difficulties in the proof of Theorem 2.1 are to show that the
deformation gradients must be close to the identity, because of the smallness of
the applied force and of the initial data, and to derive enough compactness to pass
to the limit in the three-dimensional equation. The key remark is that the energy
inequality (2.3) satisfied by the solutions 3", together with the scaling assumptions
on the applied force and the initial values, imply a corresponding precise scaling of
the elastic part of the energy (see (2.12) below, in the case a = 3). By applying the
quantitative rigidity estimate proved in [6, Theorem 3.1], we can deduce from this
bound on the elastic energy of y, a decomposition of the deformation gradients
Viy" into a rotation R" (depending only on the in-plane variables) and a strain
G" of order h®~! (see (2.28) below, in the case @ = 3). The good controls
on R" and G" provided by the rigidity estimate are now the crucial ingredient
to obtain the compactness properties needed to pass to the limit in the three-
dimensional equation. In particular, the following compactness criterion in the
space LP((0,T); B), B a Banach space, will be used.
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Theorem 2.5 ([17, Theorem 6]). Let X — B — Y be Banach spaces with com-
pact imbedding X — B. Let T € (0,+00) and let F be a bounded subset of
L>((0,T); X). Assume that for every 0 <t; <to <T

sup || Zsf — fllzi((tr,0);v) — 0, as s =0,

fer
where Ty f (t,z) = f(t + s,xz) for every t € (—s,T —s) and x € X. Then F is
relatively compact in LP((0,T); B) for every 1 <p < co.

We are now in a position to prove Theorem 2.1. We prove the statement only in
the case of the mixed Neumann—clamped boundary conditions (1.14) and for the
scaling a = 3. The proof in the case of the mixed Neumann—periodic boundary
conditions (1.15) or for the scaling o > 3 is completely analogous.

Proof of Theorem 2.1. Let a = 3 and let y" be a weak solution to (1.11) in (0,7),
satisfying the mixed Neumann—clamped boundary conditions (1.14), the initial con-
ditions (1.12)—(1.13), and the energy inequality (2.3). The assumption (2.2) on the
initial data and (2.3) imply that

1p2 / 1Oy (¢, 2)[2 d + / W (Vg (t, 7)) dz
Q Q

t 1 gt 1
< Ch* + hg(// lg(s,2")|? d:n'ds)2 (// |0y (s, ) | al:rds)2 (2.10)
0Jor 0Ja

for every h € (0,hg) and a.e. t € (0,T). By the Cauchy inequality we deduce that
for every T' € Jr there exists a constant C(T”) > 0 such that

T/
/ / |0,y"? dedt < C(T")h?
0 Q

for every h € (0, hg). Therefore, by (2.10) we have that

sup / |0uy" (t, z)|? dz < C(T")h?, (2.11)
te[0,T] JQ

sup / W (Viy"(t,z)) dz < C(T")h*. (2.12)
tel0,77] JQ

Step 1. Construction of approximating rotations. By the energy estimate
(2.12) and by [7, Theorem 6 and Remark 5] we can construct an approximating
sequence (R") in LS (Jr; H2(Q; M3*3)) such that R"(t,2’) € SO(3) for a.e.

(t,z') € (0,T)xQ and

sup ||y (t,-) — R"(t, M2 < C(T)R?, (2.13)
t€[0,77]

sup ||V'R"(t,)llz2y + sup h[I(V)?RME ) p2iy < C(THh,  (2.14)
t€[0,77] t€[0,T]

sup ||R"(t,) —1d| g1y < C(T")h (2.15)
t€[0,77]

for every T' € Jp. By estimates (2.13) and (2.15) we deduce that
Wiy — 1d  strongly in LS, (Jp; L2 (Q; M3*3)),
hence d3y" — 0 and

Vy" — diag(1,1,0) strongly in L2, (Jp; L2(Q; M3*3)).

loc
Since |y"(t,x) — (2/,0)] < 1h on Q' x (—1,1) for a.e. t € (0,T), the previous
convergence together with the Poincaré inequality implies (2.4).
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Step 2. Convergence of the sequence A" := (R" —1d)/h. Let us now consider
the sequence

o R-1d

: —
By (2.15) there exists A € Lo (Jr; H(; M3*3)) such that, up to subsequences,
At ~ A weakly® in LS, (Jp; HY(Q; M3*3)). (2.16)

We also notice that
R —1d B (Ah')TAh‘

sym — 5 (2.17)
hence sym (R" —1d)/h? is bounded in L2, (Jr; LP(Q'; M3*3)) for every p < co. In
particular,

sym A" — 0 strongly in LS, (Jr; LP(Q'; M3*3)) (2.18)

and A is skew-symmetric.
We now claim that (A”e,) is strongly compact in L{ (Jr; LP(Y;R?)) for a =

loc

1,2 and any 1 < ¢ < 00, 2 < p < co. As (A"e,) is uniformly bounded in
Lo (Jr; HY(Q;R3)), by Theorem 2.5 it is enough to show that for every 0 < t; <
ta <T and any h; — 0

li_r)r(l) sgp /}:2 | A" (t+ s, )ea — A" (t,)eallg-1(qr) dt = 0. (2.19)
We first observe that for a.e. t € (t1,t2) and |s| < ¢
1AMt + 5, )ea — A" (t, Jeallr-1(a)
< FIR"(t+ 5, )ea = ay" (t+ 5, )| H-1()
+ HlOay" (t + 5,) — 0t (t, )l m-10) + FIR"(t,)ea — ay™ (&, )| H-1(0)-
Owing to (2.13) there exists a constant C(t3) > 0 such that
FIRM (7, Jea = 8ay™ (7 ) lu-1(0) < FIR" (7, )ea — Oay" (7, ) 12() < Clt2)h
for a.e. T € (t1,t2 + ). Moreover, in the same time interval we have
#l0ay™(t +s,) - 5<:yh(t, WMe-10) < 5lly"(t+5,) =yt 2o
< %/t " 18" (7, )| L2 () dr < Ct2)]s],

where the last inequality follows from (2.11). Combining together all the previous
inequalities, we conclude that

to
/ A"t + 5, )ea — A"(t, eallm-1a) dt < C(t2)(2h + |s[)(ta — t1).  (2.20)
ty1

Now, let (h;) be any sequence converging to 0 and let us fix € > 0. Clearly the
supremum over the finite set {h; : h; > ¢} tends to zero as s — 0, since

ta
/ 1 (s 82) — F(t oo d — 0

t1

for any fixed f € L (Jr; L*(€;R?)). On the other hand, by (2.20) the supremum

loc
over the remaining set {h; : h; < ¢} satisfies

ta

limsup sup / | AR (t + 5, )eq — AP (2, Deallm-1(ay dt < 2C(t2)e(ta — t1).
s—0 h;<eJty

Since € is arbitrary, this establishes (2.19) and, in turn, strong compactness of

Ahe, in L (Jp; LP(Y;R?)).

loc
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Using the strong compactness of A”e, in the identity (2.17) and the fact that
A is skew-symmetric, we obtain that for every «, 3 = 1,2

RM —1d
(sym T)aﬁ = —L(Ahe, - Aleg) — —L(Aeq-Aeg) = 1(A%),s  (221)

strongly in L} (J7; L2())) for every 1 < g < oo.

loc

Step 3. Convergence of the displacements. From (2.13) and (2.17) it follows
that the symmetric part of V'u” is bounded in L{° (Jr; L?(;M?*2)). Since
uh(t,x’) = 0 for (t,2’) € (0,T7)x99, the Korn-Poincaré inequality implies that
" is bounded in L2 (Jr; HY(Q';R?)). Therefore, there exists a function u €
loc(JT’ H'(€;R?)) such that, up to subsequences, (2.5) is satisfied. In particular,

we have that for every T €(0,7)

/ Jdt — / dt  weakly in H'(Q';R?),
0
hence
T/
/ dt — / )dt  strongly in L?(9SY; R?).
0

Since u = 0 on 9 for a.e. t, this implies that fOTl u(t,z’) dt = 0 for a.e. ' € OV
and every T" € (0,7T), which yields u(t,z’) = 0 for a.e. (t,2') € (0,T)x0% .
Moreover, passing to the limit in the identity
1
1
hdyut = } / (D2yy — Rly) ds + Al
1

2

and owing to (2.5), (2.13), and (2.16), we deduce that

Ay = 0. (2.22)
Using (2.13), (2.15), and the boundary condition
v (t,2’) =0 for (t,2') € (0,T)xdY, (2.23)

it is easy to see that v is bounded in L (Jr; H1(€))). Therefore, there exists
v € L (Jr; H(Y')) such that, up to subsequences,

" —~ v weakly® in L5, (Jr; HY(Y)). (2.24)

Arguing as above, we infer from (2.23) and (2.24) that v(¢t,2') = 0 for a.e. (t,2') €
(0, T)x3Q'. Moreover, the energy estimate (2.11) implies that 9;v" is bounded in
L2 (Jr; L2(©)). This guarantees (see [17]) that v € VVliCOO(JT;Lz(Q’)) and that

the convergence properties (2.6) and (2.7) are satisfied. Furthermore, from (2.13)
and (2.16) it follows that for a = 1,2

Bav = Asa. (2.25)

Since A € L2 (Jr; H(Q; M3*3)), we deduce that v € LS (Jr; H*(Q')). Combin-
ing together (2.22) and (2.25), we conclude that

A A
A= — (V0v> Res+e3® (VOU> . (2.26)

Arguing as in [7, Corollary 1], one can show that the first moment of the displace-

ment, defined by
h n._ [? h !

1
2
satisfies

): 1 V’U * . 1 / 3
CL — —Aeg T\ 0 weakly™ in Lis.(Jr; H (Q;R?)).



THE VON KARMAN PLATE EQUATION AS A LIMIT OF 3D ELASTICITY 11

As ¢M(t,z') = 0 for ae. (t,2') € (0,T)x0€, the previous convergence, together
with the compactness of the trace operator from H'(Q);R3) into L2?(0Q);R3),
yields that V'v(t,2’) = 0 for a.e. (¢,2') € (0,T)x98 .

Step 4. Decomposition of the deformation gradient in rotation and strain.
We now make use of the approximating sequence of rotations R" to decompose the
deformation gradients as

Viny" = RM(1d + h2GM), (2.28)

where the sequence G" is bounded in L (Jr; L*(Q; M3*3)) by (2.13). Thus, up

to extracting a subsequence, we have that
G" ~ G weakly* in Li2.(Jr; L3(Q; M3*3)). (2.29)
Arguing as in [7, Lemma 2], we find that for 8 =1,2

Rh(t,x’)Gh(t’m/’xg + E)e[g — Gh(t, 2, z3)egs

£ 1 h !
783y (t7£L’,CIJ3 +£) 7
:aﬁ(%/ h ).
0

h

Since R" converges to Id boundedly in measure on (0,7')xQ for every T’ €
Jr, we have by (2.29) that the left-hand side of the previous expression con-
verges to the difference quotient (G(t,2',xz3 + l)eg — G(t,2',x3)eg)/l weakly™*
in L° (Jr; L2($5;R?)), while the right-hand side converges to dgAes weakly* in

loc

L2 (Jr; H-YH(Q;R3)) by (2.13) and (2.16). Thus, we conclude that

G(t,x',xs + l)eg — G(t,2', x3)eg
L
hence there exists some G € Ly (Jr; L2(Q; M®*3)) such that

= 05 A(t, 2 )es,

G(t,2',23)es = G(t, 2" )es + 2305 A(t, 2 )es.
Taking into account (2.26), we deduce that for a, 3 = 1,2
Gap(t, ', x3) = Gaplt,a) — 230250(t, ') (2.30)

Let G” be the 2x2-submatrix given by G‘gﬁ = Gap for 1 < a,3 < 2. In order
to identify the symmetric part of G, we first observe that

B z h_1d :  Rh-Id
/ sym (R"G") dxs = / sym VhyT drs — / Sym ——5— dxs.
1 —

1
2 2 2

N

Passing to the limit and using (2.5), (2.21), and (2.26), we deduce that
symG” = symV'u + 1V'o @ V'v. (2.31)

Step 5. Convergence of the stress. We can now derive the limit equations
satisfied by u and v. To this aim we set

E":= 5 DW(Id + h*G").
Then, by frame-indifference we have
DW (Vpy") = R"DW (Id + h2G") = h>R"E™,

so that equation (1.11) can be written in the weak form as

T T T
/ Oy - By daxdt — / / RMEM . Vo dxdt + / hgpsdxdt =0  (2.32)
0Ja 0Ja 0Ja
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for every ¢ € L2((0,T); HY(Q;R3)) N HL((0,T); L*(£2;R?)) such that ¢ = 0 on
(0, T)x0 x(—1, 1) (see Remark 2.3). We also note that arguing as in [15, Propo-

202
sition 2.3], one can show that
E" ~ E:= LG weakly* in LS (Jp; L?(Q; M3*3)), (2.33)

where the linear map £ on matrix space is given by £ := D?W (Id).
Let T € Jr and let ¢ be a test function such that ¢ = 0 on (77,T)xQ.
Multiplying (2.32) by h and passing to the limit as h — 0, we obtain

T/
/ Ees-03pdxdt =0 (2.34)
0 JQ

for every ¢ € L2((0,T"); H*(Q;R3)) N HL((0,T"); L*(Q;R3)) such that ¢ = 0 on
(0,T")x0Y' x(—%, %) and every T” € Jy. Here we have used (2.11) and the fact
that R"E" converges to E weakly* in L>((0,7"); L?>(Q;R?)), since R" converges
to Id boundedly in measure on (0,7”)x€Y. Equality (2.34) yields Fez =0 a.e. in
(0,T)xQ and, since F is symmetric by (2.33),

Ey1 Eip O
E=|Ew E» 0]. (2.35)
0 0 0

Step 6. Derivation of the limit equations. Let us introduce the zeroth and
first moments of E", defined by

_ 3 . 3
EMt,2') = EM(t, x) dxs, Eh(t 2) = / 3 E"(t, x) dxs,
1 1
-3 -2
and let us fix 77 € Jr.
Let v € L*((0,7"); Hy (s R?)) N Hy((0,77); L*(2;R?)). Choosing ¢ = (¢,0)
as test function in (2.32), we obtain

T 2 T’ 2
/ / > 0hOnpa dadt — / / > (RMEMapdstba da'dt = 0.
o Jao 3 0 " ap=1

Passing to the limit as h — 0 and using (2.11), we deduce

T’ 2
/ / > Eapdpthe da'dt = 0 (2.36)
0 ! a,B=1

for every ¢ € L2((0,7"); H3 (V;R?)) N HE((0,T"); L?(€Y'; R?)). By approximation
(2.36) holds for every v € L2((0,T"); Hi(Q; R?)).

Let now ¢ € L2((0,T"); H3(Q')) N HZ((0,T"); HL(€Y')). Considering ¢ = (0, ¢)
as test function in (2.32), we have

T’ T’ 2 T
/ " da’ dt — / / Z H(R"E")3000¢ dz'dt + / / goda'dt = 0.
o Jor o Jor [ o Jar
(2.37)
We notice that
L(RMEM)30 = (A"EM)30 + LEL.. (2.38)
The strong compactness of Aeg in L2((0,7"); LP(Q/;R3)) for 2 < p < oo and
identity (2.25) ensure that for §=1,2

T’ T’
/ AL ER Oadda’dt  — / Ep0a05v0,¢ da'dt,
O S2/ 0 gl/
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while property (2.18) implies that A%, — 0 strongly in L>((0,T"); LP(Q')) for
every p < 0o, hence

TI
/ AL ER O,pda’dt — 0.
0 J

These two convergence results, together with (2.7), (2.37), and (2.38), guarantee
that

T 2
lim / / LEL 006 dx'dt
h—0Jy Jor ; h=3
T’ T 0 T’
z/ 8tv8t¢dx'dt—/ E":V’v@VQﬁdw’dt—F/ / g¢ da’ dt
0 Jo 0 Jo 0 Jo
(2.39)
for every ¢ € L2((0,T"); HZ(Q)) 1 H((0,T"); HY ().
In order to derive the equation satisfied by the first moment FE, let us con-

sider n € L2((0,77); Hy(V;R?)) N H((0,77); L*(Y;R?)). Choosing ¢(t,z) =
(z3n(t,2'),0) as test function in (2.32), we obtain

T’ 2 T 2
/ / Z 2304y" Oyno ddt — / / Z (RhEh)agagna da'dt
0o Jo o Jor

a,B=1
» , (2.40)
—/ / > HRMEM)asna da'dt = 0.
0 ! a=1

We note that for « =1,2 and j=1,2,3

3
%(RhEh)a?» = ZAZjEjhg + %Eﬁg, (2.41)
=1
Al Bl = — Al Bl + 2(sym A") jo ETS. (2.42)

Using again (2.18) and the strong compactness of Aes in L2((0,7"); LP(Y'; R?))
for 2 < p < oo, we deduce from the previous decomposition

T 3 T’ 3
/ / Z AZjEfgna de'dt — — / / Z AjoEjzne dx'dt =0,
0o Jao i35 0 JO i

where the last equality follows from (2.26) and (2.35). Therefore, passing to the
limit in (2.40) and using the energy estimate (2.11) and the decomposition (2.41),
we obtain

/ 9 ) ,
/OT /Q az::l LEMpada'dt  — - /OT /Q/ %;1 EapOpa da'dt.  (2.43)
Using the identity

E" — (EMT = —p? (Eh<Gh)T -~ Gh(Eh)T),
one can prove that

sup [[E" — (E")7T |11 () < C(T)h? (2.44)
te[0,77)
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(see [15, Step 4 in the proof of Theorem 1.1]). Choosing n = V'¢ in (2.43) and
combining it with the previous remark and (2.39), we conclude that

T i
/ OO da’ dt — / / E":V'vo V' ¢de'dt
O i /

Q
//E” ¢dmdt+//g¢dxdt—0

for every ¢ € L2((0,T"); H3(Q') N W1 (Q')) N HE((0,T"); H}(Y')). By approxi-
mation (2.45) holds for every ¢ € L2((0,T"); H3(Q')) N HA((0,T"); H ().
By [15, Proposition 3.2] and (2.30) we obtain

E" = L2G" = L2G" — 23Lo((V')20).

(2.45)

As a consequence of this equality and of (2.31), we have
E" = Lo(symG") = Lo(sym V'u + 1V'v ®@ V'v),

while
E=—%L5((V')?0).

Owing to the last two identities and to equations (2.36) and (2.45), the limit dis-
placement (u,v) is a weak solution to (1.16) (see Remark 2.3).

Step 7. Derivation of the initial condition. It remains to prove that v satisfies
the initial conditions (1.19). First we observe that assumption (2.2) implies that,
up to subsequences,
1

W8 (-, has) dey — b3 (2.46)

1
P)
h 1
2

weakly in L?(Q'), and that

Nl=

%/ @8 (-, hag) drs — w3 (2.47)
-3
strongly in H'(Q'), owing to [9, Lemma 13] (the proof of the Lemma can be easily
adapted to cover also the case o > 3).
Since W1°((0,7"); L%(Q)) embeds into C([0,7T"]; L%(Q')), we have that v, v €
C([0,T"); L*(Q")) for every h € (0, hg), so that by (1.12) and (2.6)
1
3
v™(0,) = %/ Wk (-, has) des — v(0,-)
Y 1
3
strongly in L?(Q'). By (2.47) we conclude that v(0,2’) = w3(z’) for a.e. ' € Q.
Using the decompositions (2.38) and (2.41), and the estimate (2.44), we deduce
from equations (2.37) and (2.40) that there exists a constant C' > 0, independent
of h, such that

T’ 2
\ /O / / (awha@ -y 5t(23t8a¢) dm’dt’ < Cl1éll p2qorysmzcaryy
a=1

for every ¢ € C°((0,7")xQ’). Here (" is the first moment of the displacement
introduced in (2.27). This implies that the sequence

2
070"+ 070aCh

a=1
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is uniformly bounded in L?((0,7"); H=3(£')). On the other hand, by (2.11) the
sequence (9;0,C") converges to 0 strongly in L*°((0,7"); H~1()')); thus, by (2.7)
we conclude that
2
Dl + Z D10aC — Opv weakly™ in L®°((0,T"); H-1(Q)).

a=1

As HY((0,T"); H=3(Q)) N L*((0,T"); H~1(€Y')) embeds compactly into the space
C([0,T"]; H=3(£Y')), it follows that

2
190" (8,) + >~ 0udaCh(t,) = Dot )l -s@y — 0

a=1

uniformly for ¢ € [0,7"]. In particular, we have
2
0p"(0,-) + > 0:9aCl(0,-) — 9(0,")
a=1

strongly in H~3(€2’). The initial condition (1.13) and the estimate (2.2) guarantee
that 9;0,¢"(0,-) converge to 0 strongly in H~!(€). Therefore, by (1.13) and
(2.46) we deduce that 9w(0,2") = ws(z’) for a.e. &' € Q. This concludes the
proof. O
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