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S e p a r a t i o n , r e t r a c t i o n s and homotopy e x t e n s i o n i n s e m i a l g e b r a i c spaces 

Hans D e l f s and Manfred Knebusch (Regensburg) 

L e t R be a r e a l c l o s e d f i e l d . I n [DK 2] we d e v e l o p e d a t h e o r y o f semi-

a l g e b r a i c spaces and mappings ov e r R, and i n [ D ] , [ D K j ] , we showed 

t h a t f o r an a f f i n e s e m i a l g e b r a i c space M o v e r R t h e r e e x i s t r e a s o n 

a b l e homology and cohomology groups H r(M,G), H r(M,G) w i t h c o e f f i c i e n t s 

i n an a r b i t r a r y a b e l i a n group G which c o i n c i d e w i t h the c l a s s i c a l 

s i n g u l a r homology and cohomology groups i n the case R = 3R . There 

s h o u l d a l s o e x i s t a r e a s o n a b l e homotopy t h e o r y f o r such s p a c e s , and 

t h i s t h e o r y - as w e l l as homology t h e o r y - s h o u l d c e r t a i n l y be u s e f u l 

i n a l g e b r a i c geometry o v e r R and o v e r Rfv/^T) . 

The p r e s e n t paper s e r v e s as ground work f o r s e m i a l g e b r a i c homotopy 

t h e o r y . As i n t o p o l o g i c a l homotopy t h e o r y , we have t o make s u r e , f o r 

example, t h a t under s u f f i c i e n t l y g e n e r a l assumptions a subspace A o f M 

has a s e m i a l g e b r a i c neighbourhood U i n M which r e t r a c t s t o A, and t h a t 

the p a i r (M,A) has the homotopy e x t e n s i o n p r o p e r t y f o r s e m i a l g e b r a i c 

maps. I t t u r n s o u t t h a t i n the c a t e g o r y o f a f f i n e s e m i a l g e b r a i c spaces 

these m a t t e r s are even n i c e r than i n t o p o l o g y . 

I n §1 we show t h a t a f f i n e s e m i a l g e b r a i c spaces have s e p a r a t i o n p r o p e r 

t i e s s i m i l a r t o paracompact s p a c e s , a f a c t which i s p a r t i c u l a r l y use

f u l f o r the sheaf t h e o r y o f t h e s e spaces (a t o p i c we do not c o n s i d e r 

h e r e , c f . [ D ] ) . §2 i s devoted t o a p r o o f o f our c e n t r a l r e s u l t , 

Theorem 2.1 below, which i n a s l i g h t l y weaker and s i m p l e r form says 

the f o l l o w i n g . 



Theorem 1; Any c l o s e d s e m i a l g e b r a i c s u b s e t A o f an a f f i n e s e m i a l g e 

b r a i c space M has an open s e m i a l g e b r a i c neighbourhood U i n M such 

t h a t A i s a s t r o n g d e f o r m a t i o n r e t r a c t o f b o t h U and o f t h e c l o s u r e 

U o f U i n M ( i n the s e m i a l g e b r a i c s e n s e ) . 

We f e e l t h a t t h i s r e s u l t i s a remarkable i n s t a n c e o f the goodnatured 

b e h a v i o u r o f the a f f i n e s e m i a l g e b r a i c c a t e g o r y o v e r an a r b i t r a r y r e a l 

c l o s e d f i e l d R. 

We prove a r a t h e r c o n s t r u c t i v e v e r s i o n o f the theorem (Theorem 2.7). 

We r e l y h e a v i l y on the r e s u l t t h a t e v e r y s e m i a l g e b r a i c p a i r (M,A) 

w i t h M a f f i n e can be " t r i a n g u l a t e d " ( [ D ] , [DK 3, §2]). T h i s t r i a n g u -

l a t i o n i s o n l y o f a s e m i c l a s s i c a l n a t u r e (some open s i m p l i c e s i n the 

o c c u r i n g p o l y t o p e s a r e " m i s s i n g " . ) Thus arguments have t o be used, 

w h i c h , t o some e x t e n t , seem t o be new even i n the case R = 3R . 

I n §3 we i n t r o d u c e l o c a l l y complete s e m i a l g e b r a i c s p a c e s . We v e r i f y 

t h a t these spaces ar e p r e c i s e l y the e u c l i d e a n neighbourhood r e t r a c t s 

i n the s e m i a l g e b r a i c sense (Theorem 3.6). We a l s o o b t a i n t h e f o l l o w i n g 

improvement o f Theorem 1 f o r l o c a l l y complete spaces ( a g a i n i n a v e r y 

c o n s t r u c t i v e v e r s i o n , c f . end o f §3). 

Theorem 2: L e t M be a l o c a l l y complete space ( c f . Def. 3.1), and A 

be a c l o s e d s e m i a l g e b r a i c subspace o f M. Then t h e r e e x i s t s an open 

s e m i a l g e b r a i c neighbourhood U o f A i n M and a p r o p e r s e m i a l g e b r a i c 

map f : 3U-+A, w i t h 3U = INU, such t h a t the t r i p l e (U,A,8U) i s semi-

a l g e b r a i c a l l y i s o m o r p h i c t o the t r i p l e (Z(f),A,3Ü) c o n s i s t i n g o f the 

mapping c y l i n d e r Z ( f ) o f f and the n a t u r a l subspaces A and 3U o f Z ( f ) . 



T h i s r e s u l t a p p l i e s , f o r example, t o the case where M i s the s e t V(R) 

o f r a t i o n a l p o i n t s o f any a l g e b r a i c v a r i e t y V o v e r R, s i n c e such 

spaces V(R) a r e always l o c a l l y complete (Example 3.2). 

R e t u r n i n g t o a r b i t r a r y a f f i n e s e m i a l g e b r a i c spaces we o b t a i n i n §4, 

among o t h e r r e s u l t s , the f o l l o w i n g consequence o f §1 and Theorem 1. 

Theorem 3; ( c f . Theorem 4.5 b e l o w ) . I f M i s an a f f i n e s e m i a l g e b r a i c 

space o v e r R, A a c l o s e d s e m i a l g e b r a i c s u b s e t o f M and N a c o n t r a c t i b l e 

s e m i a l g e b r a i c space, t h e n e v e r y s e m i a l g e b r a i c map f : A->N can be ex

tended t o a s e m i a l g e b r a i c map ? : M-*N. 

N o t i c e t h a t f o r N an i n t e r v a l i n R t h i s theorem i s a s e m i a l g e b r a i c ana

logue o f the w e l l known T i e t z e e x t e n s i o n theorem i n t o p o l o g y . 

We f i n a l l y prove i n §5 

Theorem 4: (= Theorem 5.1). L e t I denote the u n i t i n t e r v a l [0*1] o f R. 

L e t M be an a f f i n e s e m i a l g e b r a i c space and A a c l o s e d s e m i a l g e b r a i c 

s u b s e t o f M. Then (Axi) U (Mx{0>) i s a s t r o n g d e f o r m a t i o n r e t r a c t o f Mxl. 

Thus the p a i r (M,A) has t h e homotopy e x t e n s i o n p r o p e r t y f o r s e m i a l g e 

b r a i c maps. 

The c a t e g o r y o f a f f i n e s e m i a l g e b r a i c spaces o v e r t h e f i e l d 3R o f r e a l 

numbers, l y i n g " i n between" the c a t e g o r y PL o f p i e c e w i s e l i n e a r spaces 

and the c a t e g o r y TOP o f t o p o l o g i c a l s p a c e s , i s v e r y c o n v e n i e n t , s i n c e 

i t o f t e n behaves l e s s r i g i d l y t h a n PL and l e s s p a t h o l o g i c a l l y than TOP. 

Thus we hope t h a t o u r paper - and t h e whole program pursued here - i s 

a l s o r e l e v a n t t o t o p o l o g i s t s and geometers o n l y i n t e r e s t e d i n the case 



R = 3R . F o r an o u t l i n e o f t h i s program we r e f e r the r e a d e r t o the l a s t 

s e c t i o n 8.13 o f B r u m f i e l ' s book [B] and t o t h e i n t r o d u c t i o n o f [DK^]. 

Our methods a r e r e s t r i c t e d t o a f f i n e s e m i a l g e b r a i c s p a c e s . An a f f i n e 

s e m i a l g e b r a i c space M o v e r R i s j u s t a s e m i a l g e b r a i c s e t M i n some R n, 

"regarded w i t h o u t r e f e r e n c e t o t h e embedding M*->Rn", c f . [DK 2, §7]. 

A c c o r d i n g t o a r e c e n t r a t h e r deep r e s u l t o f Robson [ R ] , c i t e d i n §2 

as Theorem 1.3, e v e r y s e m i a l g e b r a i c space w i t h m i l d s e p a r a t i o n p r o p e r 

t i e s i s a f f i n e . Robson's c r i t e r i o n seems t o be s u f f i c i e n t t o v e r i f y 

t h a t most s e m i a l g e b r a i c spaces which a r e c o n s t r u c t e d from a f f i n e spaces 

i n a r e a s o n a b l e way a r e a f f i n e . A l s o , the s e t V(R) o f r a t i o n a l p o i n t s 

o f any s e p a r a t e d a l g e b r a i c v a r i e t y V o v e r R i s a f f i n e ( c f . Example 3.2 

and P r o p o s i t i o n 3.5 b e l o w ) . Thus a f f i n e spaces seem t o s u f f i c e f o r a l l 

p r a c t i c a l purposes-

We thank the r e f e r e e f o r a s u b s t a n t i a l improvement o f the f i r s t 

v e r s i o n o f t h i s paper. He p r o v i d e d us w i t h an e x p l i c i t f o r m u l a 

f o r the r e t r a c t i o n i n Theorem 1, w h i l e p r e v i o u s l y we o b t a i n e d the 

r e t r a c t i o n i n a r a t h e r i n d i r e c t way. T h i s f o r m u l a made the p r o o f 

o f Theorem 1 much s i m p l e r and e n a b l e d us t o prove Theorem 2. 



§1 - S e p a r a t i o n p r o p e r t i e s o f a f f i n e s e m i a l g e b r a i c spaces 

Lemma 1.1: L e t A be a c l o s e d s e m i a l g e b r a i c s u b s e t o f an a f f i n e s e m i a l 

g e b r a i c space M over R. Then t h e r e e x i s t s a s e m i a l g e b r a i c f u n c t i o n 
-1 

f : M-*[0,1] from M t o the u n i t i n t e r v a l i n R such t h a t f (0) = A. 

P r o o f : We embed M i n t o some R n. The d i s t a n c e f u n c t i o n g ; R n-*R, 

g(x) := min{IIx-y|| I y € A} , 

where A denotes the c l o s u r e o f A i n R n, i s w e l l d e f i n e d and s e m i a l g e 

b r a i c ([DK 2, 7.8], [B, 8.13.12]). D e f i n e f as t h e minimum o f g|M and 

the c o n s t a n t f u n c t i o n 1. Then f has the r e q u i r e d p r o p e r t i e s . 

P r o p o s i t i o n 1.2; L e t M be an a f f i n e s e m i a l g e b r a i c space and l e t A, B 

be d i s j o i n t c l o s e d s e m i a l g e b r a i c s u b s e t s o f M. Then t h e r e e x i s t open 

s e m i a l g e b r a i c neighbourhoods U o f A and V o f B w i t h U f l V = 0 . 

P r o o f ; By the p r e c e d i n g lemma we have s e m i a l g e b r a i c f u n c t i o n s f and g 
— 1 — 1 

on M w i t h v a l u e s i n [0,1] such t h a t f (0) = A and g (0) = B. The s e t s 

U := {x £M| (f- g ) (x) <0} 

V := {x €M| (f-g) (x) >0} 

are d i s j o i n t , open and s e m i a l g e b r a i c , and Uz^A, V D B . 

R. Robson has r e c e n t l y p r o v e d a s t r o n g converse o f t h i s p r o p o s i t i o n . 

Theorem 1.3 [ R ] : L e t M be a s e m i a l g e b r a i c space o v e r R which i s 

" r e g u l a r " , i . e . , i f A i s a c l o s e d s e m i a l g e b r a i c s u b s e t o f M and x i s 

a p o i n t i n M^A, then t h e r e e x i s t open s e m i a l g e b r a i c neighbourhoods U 

of x and V o f A w i t h U PIV = 0 . Then M i s a f f i n e . 



T h i s remarkable r e s u l t w i l l be used i n the p r e s e n t paper o n l y i n an 

i n e s s e n t i a l way. But i t t e l l s us, t h a t the r e s t r i c t i o n t o a f f i n e 

spaces i n most o f our c o n s i d e r a t i o n s here i s i n f a c t v e r y n a t u r a l 

( c f . I n t r o d u c t i o n ) . 

Lemma 1.4; ( S h r i n k i n g o f open c o v e r i n g s ) . L e t (IK | i = 1 , 2, . . . ,n) be a 

f i n i t e c o v e r i n g o f an a f f i n e s e m i a l g e b r a i c space M by open s e m i a l g e 

b r a i c s u b s e t s I K . Then t h e r e e x i s t open s e m i a l g e b r a i c s u b s e t s V\ o f 
u i ' 1 1 ^ 1 n ' whose c l o s u r e s vT i n M a r e c o n t a i n e d i n and which 

s t i l l c o v e r M, i . e . M = V 1 U ... U v . 

P r o o f ; We d e f i n e V.̂  by i n d u c t i o n on i . Assume the open s e t s V.̂  a re 

a l r e a d y d e f i n e d f o r 1 < i < m (0 < m < n - 1 ) , such t h a t v T c l K and 
m n 

( U V.) U ( U Ü.) = M. 
i=1 1 i=m+1 1 

The boundary 9 U m + 1 o f U m + 1 i n M i s a c l o s e d s e m i a l g e b r a i c s u b s e t o f M 

as w e l l as 
m n 

A := ( U V.) U ( U U . ) ] . 
1=1 i=m+2 

The i n t e r s e c t i o n O U m + 1 ) n A m i s empty. By P r o p o s i t i o n 1.2 t h e r e e x i s t 

open s e m i a l g e b r a i c neighbourhoods T o f and W o f S U ^ i w i t h T f l W = 0 . 

We d e f i n e 

Vm +1 : = T f l U m + r 

Then 'V . 1 c ü . « and o b v i o u s l y m+1 m+I 
m+1 n 
( U V.) U ( U U.) = M. q.e.d. 
i=1 1 i=m+2 

P r o p o s i t i o n 1.5: ( S e m i a l g e b r a i c p a r t i t i o n o f u n i t y ) . A g a i n l e t ( I K l i e i ) 

be a f i n i t e c o v e r i n g o f an a f f i n e s e m i a l g e b r a i c space M by open s e m i a l 

g e b r a i c s e t s I K . Then t h e r e e x i s t s a f a m i l y ( f ^ i e i ) o f s e m i a l g e b r a i c 



f u n c t i o n s on M w i t h v a l u e s i n [ 0 , 1 ] such t h a t 

a) s u p p ( f i ) := i x £ Ml f i (x) ?t O j c U . f o r ev e r y i £ I . 

b) I f. (x) = 1 f o r e v e r y x £ M. 
i € I 

P r o o f : We choose a " s h r i n k i n g " ( V ^ | i € I ) o f the c o v e r i n g ( I K I i e i ) as 

d e s c r i b e d i n the p r e c e d i n g lemma. A c c o r d i n g t o Lemma 1.1 we have 
— 1 

s e m i a l g e b r a i c f u n c t i o n s g^ : M - > [ 0 , 1 ] w i t h g^ ( 0 ) = MNV^. The 

f u n c t i o n s 
f := g. •[ I g . ] " 1 ... ( i £1) 

1 j£I 3 

f u l f i l l a l l the r e q u i r e m e n t s . q.e.d. 

We now o b t a i n the f o l l o w i n g improvement o f P r o p o s i t i o n 1 . 2 . 

Theorem 1.6: L e t M be an a f f i n e s e m i a l g e b r a i c space o v e r R and l e t A fB 
be d i s j o i n t c l o s e d s e m i a l g e b r a i c s u b s e t s o f M. Then t h e r e e x i s t s a 

-1 -1 s e m i a l g e b r a i c f u n c t i o n f : M - * [ 0 , 1 ] w i t h f ( 0 ) = A and f ( 1 ) = B. 

P r o o f : We choose d i s j o i n t open s e m i a l g e b r a i c neighbourhoods U o f A and 

V o f B (Prop. 1 . 2 ) , and c o n s i d e r t h e c o v e r i n g o f M by U,V, and 

W := M M A U B ) . L e t (s^,s^,s^) be a s e m i a l g e b r a i c p a r t i t i o n o f u n i t y 

s u b o r d i n a t e d t o t h i s c o v e r i n g , as d e s c r i b e d i n the p r e c e d i n g p r o p o s i 

t i o n . A p p l y i n g a g a i n Lemma 1.1 we g e t a s e m i a l g e b r a i c f u n c t i o n g^ on M 
1 -1 

w i t h v a l u e s i n [O,^] and g^ ( 0 ) = A f and a s e m i a l g e b r a i c f u n c t i o n g v 

1 -1 

on M w i t h v a l u e s i n [-̂ , 1 ] and g v ( 1 ) = B. The f u n c t i o n 

f := s 0 . g u + s v - g v + I s w 

has the d e s i r e d p r o p e r t i e s . q.e.d. 



§2 - The c a n o n i c a l neighbourhood r e t r a c t i o n 

We have t o r e c a l l some t e r m i n o l o g y from c l a s s i c a l homotopy t h e o r y , 

adapted t o our s e m i a l g e b r a i c s e t t i n g . 

D e f i n i t i o n 1; a) L e t M fN be s e m i a l g e b r a i c spaces o v e r R and f , g semi

a l g e b r a i c maps from M t o N. A ( s e m i a l g e b r a i c ) homotopy from f t o g i s 

a s e m i a l g e b r a i c map H : Mx[0,1] ->N such t h a t H Q = f and = g. Here 

H denotes the map x»H(x,t) from M t o N ( t € [ 0 , 1 ] ) . 

b) A s e m i a l g e b r a i c s u b s e t A o f M i s c a l l e d a r e t r a c t o f M i f t h e r e 

e x i s t s a s e m i a l g e b r a i c map r : M->A w i t h r|A = id A» N o t i c e t h a t t h e n 

A must be c l o s e d i n M. Any such map r i s c a l l e d a r e t r a c t i o n from M 

t o A. 

c) A s e m i a l g e b r a i c s u b s e t A o f M i s c a l l e d a s t r o n g d e f o r m a t i o n r e 

t r a c t o f M, i f t h e r e e x i s t s a homotopy H : Mx[0,l] ->M such t h a t H Q i s 

the i d e n t i t y o f M, H 1 i s a r e t r a c t i o n from M t o A and H t ( a ) = a f o r 

ev e r y a € A and ev e r y t £ [ 0 , 1 ] . We then c a l l H a s t r o n g d e f o r m a t i o n 

r e t r a c t i o n from M t o A. 

We now s t a r t t o prove the c e n t r a l r e s u l t o f t h i s paper, namely 

Theorem 2.1; L e t M be an a f f i n e s e m i a l g e b r a i c space and A a c l o s e d 

s e m i a l g e b r a i c s u b s e t o f M. Then t h e r e e x i s t s an open s e m i a l g e b r a i c 

neighbourhood U o f A i n M and a s t r o n g d e f o r m a t i o n r e t r a c t i o n 

H : Ux[0,1 ] ->U 

from t he c l o s u r e U o f U- i n M t o A, such t h a t a l s o the r e s t r i c t i o n 

H|Ux[0,1] i s a s t r o n g d e f o r m a t i o n r e t r a c t i o n from U t o A. 



A c t u a l l y we s h a l l , prove a more p r e c i s e v e r s i o n o f Theorem 2.1 

(Theorem 2.7 b e l o w ) . We r e c a l l the f a c t t h a t e v e r y p a i r (M,A) con

s i s t i n g o f an a f f i n e s e m i a l g e b r a i c space M and an a r b i t r a r y s e m i a l 

g e b r a i c subspace A can be t r i a n g u l a t e d , c f . [D, §2] o r [DK^, Th. 2.1]. 

T h i s means t h a t t h e r e e x i s t s a g e o m e t r i c s i m p l i c i a l complex (X, (S^ I i € I ) ) 
-1 

and a s e m i a l g e b r a i c isomorphism : X-^M such t h a t (A) i s the under

l y i n g s e t Y o f a subcomplex (Y.f ( S ^ | i € J ) ) ( J c l ) . Here a g e o m e t r i c 

s i m p l i c i a l complex ( X , ( S ^ l i € I ) ) i s d e f i n e d as a s u b s e t X o f some space 

R n equipped w i t h a f i n i t e p a r t i t i o n ( S ^ ( i € I ) i n t o ( s t r a i g h t ) open 

s i m p l i c e s S.̂ , such t h a t the i n t e r s e c t i o n sT fl ST o f the c l o s u r e s o f any 

two s i m p l i c e s S. , S . i n R n i s e i t h e r empty o r a f a c e o f b o t h ST and S.. 
^ 3 ^ - 3 

Thus the c l o s u r e X o f X i n R n i s o b t a i n e d from X by a d d i n g a l l open 

f a c e s o f a l l open s i m p l i c e s S^, and X i s a " f i n i t e p o l y h e d r o n " i n the 

c l a s s i c a l sense, c a l l e d here a "complete" g e o m e t r i c s i m p l i c i a l complex. 

We r e f e r the r e a d e r t o [DK^, §2] f o r d e t a i l s c o n c e r n i n g the t e r m i n o l o g y 

we w i l l use from now on i n c o n n e c t i o n w i t h t r i a n g u l a t i o n s and g e o m e t r i c 

s i m p l i c i a l complexes. I n a d d i t i o n t o t h i s t e r m i n o l o g y we s h a l l use t h e 

f o l l o w i n g n o t a t i o n . I f e
0 / * * » / e

r
 a r e independent p o i n t s i n some R n, 

then ] e Q , . . . > e [ denotes the open s i m p l e x and [ e Q , . . . f e r ] denotes the 

c l o s e d s i m p l e x w i t h v e r t i c e s e o , . . . , e r . I f S,T a r e open s i m p l i c e s i n R n 

then S < T means t h a t S i s a f a c e o f T and S < T means t h a t S i s a p r o p e r 

f a c e o f T. The b a r y c e n t e r o f an open s i m p l e x S i s denoted by S. 

From now on we w i l l denote a g e o m e t r i c s i m p l i c i a l complex (X f (S.^ | i € I ) ) 

s i m p l y by the l e t t e r X and the s e t { S ^ i G l } o f open s i m p l i c e s o f X by 

K X ) . 

D e f i n i t i o n 2; L e t X be a g e o m e t r i c s i m p l i c i a l complex. The s t a r S t (A) 



o f a s e m i a l g e b r a i c s u b s e t A o f X i s the u n i o n o f a l l open s i m p l i c e s 

S o f X such t h a t S (1A ̂  0 . T h i s i s c l e a r l y an open neighbourhood o f 

A i n X. I f A i s a subcomplex o f X the n S t x ( A ) i s the u n i o n o f a l l 

s e t s S t v ( T ) w i t h T r u n n i n g through the open s i m p l i c e s o f A. 

P r o p o s i t i o n 2.2: L e t X be a g e o m e t r i c s i m p l i c i a l complex and A be a 

c l o s e d subcomplex o f X. L e t X' denote the f i r s t b a r y c e n t r i c sub

d i v i s i o n o f the complex X ( c f . [DK^, §2, Def. 7 ] ) . Then t h e r e e x i s t s 

a r e t r a c t i o n r from t h e s t a r V := S t ^ f ( A ) o f A i n X 1 t o A - t o be des

c r i b e d e x p l i c i t l y below - w i t h the f o l l o w i n g p r o p e r t y : F o r e v e r y 

p o i n t x i n V the open l i n e segment ] x , r ( x ) [ i s c o n t a i n e d i n t h e same 

open s i m p l e x S c v o f X 1 as x. 

N.B. By t h i s p r o p o s i t i o n 

i s a s t r o n g d e f o r m a t i o n r e t r a c t i o n from V t o A. The image r ( S ) o f 

ev e r y open s i m p l e x S c V o f X 1 i s c o n t a i n e d i n S. 

We need some p r e p a r a t i o n s b e f o r e we can w r i t e down the d e f i n i t i o n o f 

the r e t r a c t i o n r . L e t E be the s e t o f v e r t i c e s o f X. C o n s i d e r a p o i n t 

x € X. Then x i s c o n t a i n e d i n an u n i q u e l y d e t e r m i n e d open s i m p l e x 

H ( x , t ) = ( 1 - t ) x + t r ( x ) (x £V,0 < t < 1) 

t • • • / e R [ o f X, 
n n 

x X. €R, 0 < A. < 1 f I A. = 1 . 
i=0 a 

F o r e £ E we d e f i n e 



I n t h i s way we g e t the b a r y c e n t r i c c o o r d i n a t e f u n c t i o n A e :X->[0,1]. 

I t i s s e m i a l g e b r a i c . F o r e v e r y x G X 

I A (x) = 1/ x = I A (x) e, 
eGE e eGE 

and x G X i f and o n l y i f the v e r t i c e s e w i t h A (x) * 0 span a s i m p l e x 

o f X. 

Now {a I a61(X)} i s the s e t o f v e r t i c e s o f t h e f i r s t b a r y c e n t r i c sub

d i v i s i o n X 1 o f X. L e t A Q denote the b a r y c e n t r i c c o o r d i n a t e f u n c t i o n 

o f X 1 c o r r e s p o n d i n g t o the v e r t e x a. Thus, f o r ev e r y x G X , 

I A (x) = 1, x = I _ A (x) a, 
aGZ(X) 0 aGI(X) ° 

and the v e r t i c e s a w i t h A Q ( x ) * 0 span the open s i m p l e x o f X 1 which 

c o n t a i n s x. R e c a l l t h a t I ( X ) i s p a r t i a l l y o r d e r e d by the f a c e r e l a 

t i o n a < t . By d e f i n i t i o n o f the f i r s t b a r y c e n t r i c s u b d i v i s i o n a sub

s e t { a Q , ,a n> o f I ( X ) i s t o t a l l y o r d e r e d i f and o n l y i f the v e r t i c e s 

a o , . s . , a n span a s i m p l e x o f X'. An open s i m p l e x ]ö 0. f. #. # 5 R [ # 

a Q < ... <o n, o f X 1 i s an open s i m p l e x o f X 1 i f and o n l y i f a n i s 

c o n t a i n e d i n X. 

F o r every a G I ( X ) we i n t r o d u c e a f u n c t i o n ' w ': X -* [0, 1 ] as f o l l o w s : 

I f a c A then w^ s 1 . I f a c M , then w * 0. I f a cÄ\A t h e n 

w (x) = I I X (x) • ( I A ( x ) l . , 

p r o v i d e d the denominator does not v a n i s h , and w 0 ( x ) = 0 o t h e r w i s e . 

(The summations r u n o v e r a l l T € I ( X ) r e s p . x e i ( A ) w i t h O < T . ) I n 

g e n e r a l , the f u n c t i o n i s not c o n t i n u o u s . But t h e r e s t r i c t i o n o f w 
a o 

t o any open s i m p l e x o f X 1 i s s e m i a l g e b r a i c . Thus w^ has a s e m i a l g e b r a i c 
graph. 



Lemma 2.3; L e t c be an open s i m p l e x o f X w i t h a eA^A. L e t S be an 

open s i m p l e x o f X 1 on which the f u n c t i o n I X v a n i s h e s . Then X 
C<TCX T ° 

a l s o v a n i s h e s on S. 

P r o o f : We have S = ]cr ,...,cr [ w i t h open s i m p l i c e s a < . . . < a o f o n c c o n 
X, and ̂ n

c X s i n c e S c X . Suppose t h a t A * 0 somewhere, and hence 

everywhere, on S. Then a c o i n c i d e s w i t h one o f the s i m p l i c e s 
a o ' ' * * ' a n - 1 # ( I n p a r t i c u l a r n > 1 ) . Thus 

I X (x) > X (x) > 0 
a<rcx T n 

f o r e v ery x € S. q.e.d. 

S i n c e - 0 < w ( x ) < 1 f o r e v e r y x € X we see from Lemma 2.3 t h a t the 

f o r every a £I(X) 

f u n c t i o n y •= w -*A i s c o n t i n u o u s and hence s e m i a l g e b r a i c on X 
"a a a 

Lemma 2.4: F o r ev e r y x E V := S t x , (A) t h e r e e x i s t s some a € Z(X) w i t h 

y Q ( x ) >0. 

P r o o f : L e t S c V be an open s i m p l e x o f Xr. As above, S = ] a Q , . . . , u n [ 

w i t h open s i m p l i c e s a Q <... < a n o f X and a n c X . S i n c e some open f a c e 

o f S i s c o n t a i n e d i n A, we have a k c A f o r some k € {0, . .. ,n}. F o r 

a = c e r t a i n l y ŷ . = X^ >0 on S. q.e.d. 

We now i n t r o d u c e a s e m i a l g e b r a i c map r : V->X by the f o r m u l a (x €V) 

•(*)• r ( x ) = ( l y ( x ) ) " 1 - ( l u ( x ) a ) , 
a a 

w i t h a r u n n i n g through I ( X ) . 



Lemma 2.5: r ( S ) c S DA f o r e v e r y open s i m p l e x S c V o f X 1,, and r ( x ) = x 

f o r e v e r y x € A . 

Thus r ( V ) = A and ] x , r ( x ) [ c V f o r e v e r y x €V. The map r : V-»A i s a 

r e t r a c t i o n as c l a i m e d i n P r o p o s i t i o n 2.2. 

P r o o f o f Lemma 2.5: R e c a l l from t h e p r o o f o f the p r e c e d i n g lemma t h a t 

S = ] a ,..., a [ w i t h a < ... < a , a c x , and a. c A f o r some o n o n n K 
k € { 0 , . . . , n } . L e t t be the maximal i n d e x i n {0 r ... ,n} w i t h a ^ c A . 

C o n s i d e r some a 6 I ( X ) w i t h y IS * 0. Then X IS * 0, hence a = a, f o r 

some k € {0,...,n}. F o r k > t the f u n c t i o n would v a n i s h on S. Thus 

k < tr and we o b t a i n 

r (S) c ]o , .. . ,a f c[ c S n A. 

I f S c A then t = n and y Q = X g on S f o r every a € I ( X ) . Thus r ( x ) •= x 

f o r e v e r y x £A. q.e.d. 

T h i s f i n i s h e s the p r o o f o f P r o p o s i t i o n 2.2. We c a l l the r e t r a c t i o n 

r : V ->A d e f i n e d above the c a n o n i c a l neighbourhood r e t r a c t i o n r o f 
i— - —- X f r\ 

A i n X. 

I n o r d e r t o prove Theorem 2.1 we need the e x p l i c i t d e s c r i p t i o n o f 

S t ,(A) and i t s c l o s u r e i n terms o f b a r y c e n t r i c c o o r d i n a t e s i n the x 
most s i m p l e c a s e . 

N 
Lemma 2.6: L e t A = [ e #... fe ] be a c l o s e d n - s i m p l e x i n some space R , 

re g a r d e d as a g e o m e t r i c s i m p l i c i a l complex w i t h i t s s t a n d a r d t r i a n g u -

l a t i o n . L e t a denote the open f a c e ]e f . . . ,e [ ' f o r some r < n . Then a 

p o i n t x = X Q e o + ... + ^ n e n o f A ( a l l Ä. > 0,X Q + ... + X n = 1) l i e s 



i n the s t a r S t ^ , (a) o f a w i t h r e s p e c t t o the f i r s t b a r y c e n t r i c sub

d i v i s i o n A 1 i f and o n l y i f 

(A) X m < min ( A y •. ., * r) . ' f o r r <m<n, 

and x l i e s i n the c l o s u r e "St^, (a) o f t h i s s t a r i f and o n l y i f 

(B) A^ < min(A , ... /^ r) f o r r < m < n. 

P r o o f : We choose an element TT i n the symmetric group S(0,...,n) such 

t h a t 

X T T ( 0 ) - X n ( 1 ) - ••• - A n ( n ) 1 

and use the n o t a t i o n s 

f i : = 6 i r ( i ) ' : = XTT(i) f ° r 0 < i < n , 

and y := 0. Then n+i 
n n 

x = I y . f = I [y ( f n + ... + f.) - y . ( f + ... + f.) ] . 
i=0 1 1 i=0 1 ° 1 1 + 1 ° 1 

I n t r o d u c i n g the s i m p l i c e s o f A 

T ± := ] f f . . . # f i [ f 0 < i < n , 

and t h e i r b a r y c e n t e r s 

T ± = ( i + 1 ) ~ 1 ( f Q + . .. + f i ) . 

we have 
n 

x = X Y , T , w i t h Y . := (i+1) (y.-y. «). 
i=0 

S i n c e y i > 0 , Y 0 + • • • + Y n = 1 f we. see t h a t x € [ T F . . . / ^ n 3 sind t h a t 

Y^ i s the b a r y c e n t r i c c o o r d i n a t e o f x c o r r e s p o n d i n g t o the v e r t e x o f 

A' . L e t 

D 0< J ! < ... < j s 

denote those i n d i c e s i i n {0,1,...,n} such t h a t y. >y. 1 # Then 



] x . , T . [ i s the open s i m p l e x T o f A' which c o n t a i n s x. Now 
3o Js 

T fl a ^ 0 i f and o n l y i f a i s one o f the v e r t i c e s o f T, and t h i s means, 

s i n c e dim a = r , t h a t a = x r and y r > y r + 1 • Thus we see t h a t x l i e s i n 

S t ^ , (T) i f and o n l y i f TT permutes the i n d i c e s 0 , . . . , r , i . e . 

TT € S (0, . . . ,r) x S (r-f 1, ... ,n), and l J
r

> ^ r + - ] . T h i s i s p r e c i s e l y c o n d i 

t i o n (A) i n the lemma. By an easy c o n t i n u i t y argument one now v e r i f i e s 

t h a t x l i e s i n S t ^ i (<?) i f and o n l y i f c o n d i t i o n (B) h o l d s . 
q.e.d. 

Theorem 2.7; A g a i n , l e t X be a ge o m e t r i c s i m p l i c i a l complex o v e r R 

and A be a c l o s e d subcomplex o f X. L e t r : V -*A denote the c a n o n i c a l 

neighbourhood r e t r a c t i o n o f A i n X, V :== S t ^ f (A) , and l e t U denote the 

s t a r St'v„ (A) o f A i n the second b a r y c e n t r i c s u b d i v i s i o n X" o f X. The x 
c l o s u r e Ü n X o f U i n X i s c o n t a i n e d i n V. F o r ev e r y x € Ü n x the open 

l i n e segment ] x , r ( x ) [ i s c o n t a i n e d i n U. 

N.B. By t h i s theorem 

H(x, t ) = ( 1 - t ) x + t r (x) 

i s a s t r o n g d e f o r m a t i o n r e t r a c t i o n from ü n X t o A and a l s o from U t o 

A. Thus Theorem 2.7 i s a c o n s t r u c t i v e v e r s i o n o f Theorem 2.1 above. 

P r o o f : L e t x e U fl X be g i v e n . We choose an open s i m p l e x a = 

] S Q , . . . , S K [ o f X", which i s c o n t a i n e d i n U and which c o n t a i n s x i n 

i t s c l o s u r e . Here S Q < . . . < S F C are s i m p l i c e s o f X 1 , and x i s c o n t a i n e d 

i n an open f a c e ]S. , . . . , S . [ ( i < .. . < i } o f a. Thus x € S-, f o r some 

l € { 0 , . . . , k } , namely 1 = i r . S i n c e x £ X , we have S ^ e x . On the o t h e r 

hand, S d c A f o r some d € {0, . . . ,k ), s i n c e a n A * 0 . Suppose t h a t d > l . 

Then S <S., so S. e A n X = A. Thus we f i n d an i n d e x d < l w i t h S , c A , 



We see t h a t c v , and i n p a r t i c u l a r x GV. 

We want t o prove t h a t ]x,r(x)[cü. We c o n s i d e r the c l o s u r e o f S^, 

A := s± = Coo,...,on] ; 

w i t h open s i m p l i c e s a Q < ... < a n o f X. We r e g a r d A as a subcomplex o f X f 

and hence the f i r s t b a r y c e n t r i c s u b d i v i s i o n A 1 as a subcomplex o f X". 
© 

Our p o i n t x l i e s i n the i n t e r i o r A = o f A . We have seen above t h a t 

x i s c o n t a i n e d i n a f a c e o f ] S o # . . . , S ^ I. But the f a c e ] S o , . . . , S ^ [ o f 

] S o , . . . , s ^ [ i s c o n t a i n e d i n A . Thus x € S t ^ , (A n A) . We know from Propo

s i t i o n 2.2 t h a t k , r ( x ) [ c X , S i n c e 
s t A , ( A n A ) n x c s t x „ ( A ) 

the p r o o f o f the theorem w i l l be f i n i s h e d as soon as we have v e r i f i e d 

(?) ] x , r ( x ) I c S t A , (A fl A) . 

T h i s can be done by a l e n g t h y b u t r a t h e r s t r a i g h t f o r w a r d computation 

u s i n g Lemma 2.6. L e t ̂ ' • • • ' ^ n denote the b a r y c e n t r i c c o o r d i n a t e s o f A 

c o r r e s p o n d i n g t o the v e r t i c e s ^ 0'*-*'^ n- t denote the maximal 

i n d e x i n (O, ... , n> w i t h a f c CA. I f t = n, then x 6 a R C A and x = r ( x ) . 

S i n c e n o t h i n g has t o be proved i n t h i s c a s e , we assume from now on 

t < n . The s t a r S t A , (A fl A) i s the u n i o n o f the s t a r s S t A , ( T ) w i t h T 

r u n n i n g through those f a c e s o f ] a o , . . ., a f c[ which l i e i n A . Thus x G S t A , (T) 

f o r one such f a c e T. L e t { o ^ l j e j } denote the s e t o f v e r t i c e s o f T. We 

have J c { o # . . ., t-} and, d e n o t i n g the maximal i n d e x i n J by m, we have 

^ M
C A . By Lemma 2.6 we have f o r e v e r y k € (o, . . . ,n)NJ, 

(*) A k ( x ) < m i n ( A j ( x ) I JGJ) . 

Now c o n s i d e r a p o i n t 

y = (1-s)x + s r (x) , 0 < s < 1 .-. 



i n ] x , r ( x ) [ . The p o i n t r ( x ) has the b a r y c e n t r i c c o o r d i n a t e s 

f 0 i f t < i < n, 
X ( r ( x ) ) = f , 

1 L y w , X . ( x ) i f 0 < i < t , 

w i t h w . = 1 i f a i czA and w i 6 ] 0 f l [ i f <fiA (0 < 1 < t ) , and some 

y >0. Thus 

X.(y) = 

L e t J 1 denote th e s e t o f a l l k € {0 f . . . ,n} w i t h 

X k ( y ) > min(X..(y) I j € J ) . 

Of c o u r s e , J 1 =>J. I t i s c l e a r from (*) t h a t J 1 c { 0 , . . . , t } . We w i l l 

v e r i f y t h a t the open s i m p l e x T^ spanned by the v e r t i c e s o^,j€J^, i s 

c o n t a i n e d i n A. Then by Lemma 2.6 

and our c l a i m (?) i s p r o v e d . 

L e t 1 denote the maximal i n d e x i n . We have t o show t h a t czA. T h i s 

c e r t a i n l y i s t r u e i f 1 = m (= max J) . Assume now t h a t 1 >m, so 1 ft. J. 

We s h a l l use the f o l l o w i n g s i m p l e o b s e r v a t i o n , w h i c h i s c l e a r from 

the d e f i n i t i o n o f the f a c t o r s w. = w ( x ) . ( N o t i c e t h a t a s i m p l e x a, 
l i 

w i t h 0 < i < t i s c o n t a i n e d i n X i f and o n l y i f i t i s c o n t a i n e d i n A.) 

(***) I f O < i < j < k < t and a., a. are not c o n t a i n e d i n A, 

y € s t A , (T.,) <=st A , (A fl A) 

b u t a . c A , then w. >w, 
3 1 • 

We o b t a i n from (**) and (*) 

A x ( y ) = l d - s ) + y w 1 s ] X 1 ( x ) 

< [(1-s ) + y~ 1w,s]min(Ä.(x) I j € J ) , 



the i n e q u a l i t y h o l d i n g s i n c e 1 £ J . A g a i n by (**) , 

(2) min.(Xj(y) I J€J)" > [ (1-s) + y ~ 1 a s ] . 

• min('Xj(x) I j € J ) 

w i t h a = 1 o r a = w. £ ]0,1[ f o r some j € J w i t h a.. ̂ A. Now suppose 

t h a t o^fiA. I f a = 1 t h e n c e r t a i n l y a. >w^. I f a = w.. f o r some j £ J 

such t h a t a.^A, th e n j < m < 1, and a c A . Thus, by o b s e r v a t i o n 

(***) a g a i n , a > w^. I n b o t h c a s e s we o b t a i n from t h e i n e q u a l i t i e s 

(1) and (2) t h a t 

A ^ y ) < m i n U j (y) | j € J ) 

i n c o n t r a d i c t i o n t o the f a c t t h a t 1 € . Thus i n d e e d a 1 c A . The p r o o f 

o f Theorem 2.7, as w e l l as t h e p r o o f o f Theorem 2.1, i s f i n i s h e d . 

We mention two o t h e r n i c e p r o p e r t i e s o f the c a n o n i c a l neighbourhood 

r e t r a c t i o n r . Both these p r o p e r t i e s can be v e r i f i e d by c a l c u l a t i o n s 

w i t h b a r y c e n t r i c c o o r d i n a t e s i n a s t r a i g h t f o r w a r d manner. 

Remarks 2.8: L e t X be a geo m e t r i c s i m p l i c i a l complex over R, l e t A 

be a c l o s e d subcomplex o f X, and l e t r : S t v , (A) ->A denote the c a n o n i c a l 
x 

neighbourhood r e t r a c t i o n r . F u r t h e r , l e t S = ]a , ...,ö [ be an open 
Ä , A o n 

s i m p l e x o f X 1 c o n t a i n e d i n S t , (A) w i t h a < a 1 < . . . < a . 
x o i n 

i ) F o r eve r y x € S and s e R w i t h (1-s) x + s r (x) € S fl Stx'., (A) (e.g. 

s e [0,1]) we have 
r ((1-s) x + s r (x) ) = r ( x ) . 

i i ) r ( S ) = ]a , . . . , a t [ f where t i s the maximal i n d e x i n {0,...,n} 

w i t h a c A . 

N.B: Above we o n l y v e r i f i e d t h a t r maps S i n t o ]o , ...,a [. 



i i i ) Let X xn (A) denote the link of A i n X" , i.e.. the closed subcomplex 

(Stx„ (%) fl X)^St x 1 l (A) of X" . The deformation retraction H(x,s) = 

(1-s) x+6 r (x) from above yields by r e s t r i c t i o n a semialge>faic 

isora9*:phi9fii from Ll̂ -„ (A)x[0,1[ onto (St x^(A) nx)^A. \Ttiis result 

w^il be i m p l i e d i n for/X a "locally" complete" space.) 

§3 - Locally complete spaces 

A l l semialgebraic spaces are t a c i t l y assumed to be separated. 

Definition 1: A semialgebraic space M over R i s called l o c a l l y 

complete i f every point x of M has an affine semialgebraic neighbour

hood K x which i s a complete (cf. [DK2, §9]) semialgebraic space. 

Notice that then x has a fundamental system of complete affine neigh

bourhoods. Indeed, for any semialgebraic embedding of into some R n 

the set K i s closed i n Rn. Thus the intersection of K with any 

closed euclidean b a l l i n R n having x as i t s center i s a complete 

neighbourhood of x i n M. 

Example 3.1: If M i s a semialgebraic subset of R n which i s l o c a l l y 
closed i n Rn, i . e . M i s open i n i t s closure M, then M i s l o c a l l y 
complete. 

Example 3.2: For every algebraic variety X over R (separated and of 

f i n i t e type, as always) the space X(R) of real points i s l o c a l l y com

plete. Indeed, choose for a given point x of X(R) a Zariski open 

file:///Ttiis


a f f i n e neighbourhood o f x i n X. Then X^ (R) embeds i n t o some R n as 

a c l o s e d s e m i a l g e b r a i c subspace. Thus x has a complete s e m i a l g e b r a i c 

neighbourhood L i n X ^ ( R ) . But L i s a l s o a neighbourhood o f x i n X ( R ) , 

and L i s a f f i n e . 

We g a t h e r some elementary f a c t s about l o c a l l y complete spaces. 

P r o p o s i t i o n 3.3: L e t M be a l o c a l l y complete s e m i a l g e b r a i c subspace o f 

R n f o r some n > 0. Then M i s l o c a l l y c l o s e d i n R n. 

P r o o f : L e t a p o i n t x o f M be g i v e n . We have t o show t h a t f o r some 

e > 0 i n R the open e u c l i d e a n b a l l B (x) o f r a d i u s e w i t h c e n t e r x 

does not meet the s e t H^M. 

There e x i s t s some complete neighbourhood L o f x i n M. We choose 

€ > 0 i n such a way t h a t B" (x) D M c L , where E (x) denotes the c l o s e d 

e u c l i d e a n b a l l o f r a d i u s e w i t h c e n t e r x. The s e m i a l g e b r a i c s e t 

K := B" (x) PIM = F (x) n L e e 

i s c l o s e d i n L, hence complete. Thus K i s c l o s e d i n R n. C l e a r l y 

B (x) ( I M c B (x) ( I M c K = K cM. 

Thus B (x) does not meet M^M. q.e.d. 

P r o p o s i t i o n 3.4: Every a f f i n e l o c a l l y complete space M can be embedded 

i n t o R n f o r some n as a c l o s e d s e m i a l g e b r a i c subspace. 

P r o o f : ( c f . [Do, Chap. IV, 8 . 2 ] ) . We choose an embedding o f M i n t o 

some space R m. The s e t M^M i s s e m i a l g e b r a i c and, by the p r e c e d i n g 

p r o p o s i t i o n , c l o s e d i n R m. Thus the f u n c t i o n 



f : M -»R, f (x) = d(x,MNM) , 

the d i s t a n c e from x t o MSM, i s w e l l d e f i n e d and s e m i a l g e b r a i c 

( a c c o r d i n g t o T a r s k i ) and t a k e s o n l y p o s i t i v e v a l u e s on M. We embed 

M i n t o R m + 1 as the graph o f 1/f, 

a : M - » R m + 1 , a(x) := ( x , f ( x ) " 1 ) . 

C l e a r l y a i s a s e m i a l g e b r a i c isomorphism from M t o a(M) and 

a(M) = { ( x , t ) £ M x R | f ( x ) t = 1} 

ItH" 1 
i s c l o s e d i n R . q.e.d. 

P r o p o s i t i o n 3.5; Eve r y l o c a l l y complete s e m i a l g e b r a i c space M i s 

a f f i n e . 

T h i s can be deduced from t h e p r e c e d i n g P r o p o s i t i o n 3.4 by a w e l l 

known c l a s s i c a l argument, c f . the p r o o f o f P r o p o s i t i o n 8.8 i n Chap

t e r IV o f Dold's book t D o l . I t i s e v i d e n t t h a t a l o c a l l y complete 

s e m i a l g e b r a i c space M i s r e g u l a r . (Every open neighbourhood U o f a 

g i v e n p o i n t x c o n t a i n s a c l o s e d neighbourhood.) Thus P r o p o s i t i o n 3.5 

i s a l s o a consequence o f Robson's theorem 1.3. 

D e f i n i t i o n 2: I n analogy t o c l a s s i c a l t e r m i n o l o g y ([Do, p. 8 1 ] ) , we 

c a l l a s e m i a l g e b r a i c space M an e u c l i d e a n neighbourhood r e t r a c t , i f 

M can be embedded i n t o some R n, i . e . M i s a f f i n e , and i f f o r any such 

embedding M i s the r e t r a c t o f some s e m i a l g e b r a i c neighbourhood U i n R n. 

As a consequence o f the t h e o r y d e v e l o p e d up t o now we o b t a i n 

Theorem 3.6; For an a f f i n e s e m i a l g e b r a i c space M the f o l l o w i n g s t a t e 

ments are e q u i v a l e n t : 



a) M i s an e u c l i d e a n neighbourhood r e t r a c t . 

b) There e x i s t s an embedding o f M i n t o some R n such t h a t M i s r e t r a c t 

o f a s e m i a l g e b r a i c neighbourhood U i n R n. 

c) M i s l o c a l l y c omplete. 

d) F o r every embedding o f M i n t o some a f f i n e s e m i a l g e b r a i c space N 

t h e r e e x i s t s a s e m i a l g e b r a i c neighbourhood U o f M i n N, such t h a t 

M i s a r e t r a c t o f U. 

P r o o f : The i m p l i c a t i o n s d.) *> a) and a) b) a r e t r i v i a l , b) c) : 

I f M i s a s e m i a l g e b r a i c subspace o f R n, and i f t h e r e e x i s t s a n e i g h 

bourhood U o f M i n R n such t h a t M i s a r e t r a c t o f U, then M i s a l s o 

a r e t r a c t o f the i n t e r i o r Ö o f U. Thus M i s c l o s e d i n U, which i m p l i e s 

t h a t M i s l o c a l l y c o mplete, c) => d ) : By P r o p o s i t i o n 3.3 t h e r e e x i s t s , 

f o r e v e r y embedding M<-»Rn, an open s e m i a l g e b r a i c s u b s e t U D M o f R n 

such t h a t M i s c l o s e d i n U. By Theorem 2.1 t h e r e e x i s t s an open semi

a l g e b r a i c s u b s e t V o f U c o n t a i n i n g M such t h a t M i s a r e t r a c t o f V. 

We r e t u r n t o the s t u d y o f the c a n o n i c a l neighbourhood r e t r a c t i o n s , 

i n t r o d u c e d i n §2, i n the case o f l o c a l l y complete s p a c e s . We need t h e 

f o l l o w i n g c r i t e r i o n f o r a s e m i a l g e b r a i c map t o be p r o p e r ( c f . [ D K 2 ' §9] 

f o r the d e f i n i t i o n o f p r o p e r maps). N o t i c e the a n a l o g y o f the c r i t e r i o n 

t o a w e l l known c r i t e r i o n f o r p r o p e r n e s s i n t o p o l o g y [Bo, Chap. I , 

§10,No. 3 ] . 

P r o p o s i t i o n 3.7: L e t f :M-*N be a s e m i a l g e b r a i c map i n t o a l o c a l l y 

complete s e m i a l g e b r a i c space N. The f o l l o w i n g a r e e q u i v a l e n t : 

a) f i s p r o p e r . 

b) F o r every complete s e m i a l g e b r a i c s u b s e t B o f N the preimage f ~ 1 ( B ) 

i s a g a i n complete. 



P r o o f : a) => b ) : T h i s i s the t r i v i a l i m p l i c a t i o n . The r e s t r i c t i o n 
-1 -1 

f (B) -»B o f f i s p r o p e r , and B i s complete. Thus f (B) i s complete. 

b) ->.a): A l l the f i b r e s o f f a r e complete. Thus, by [DK, Theorem 12.5], 

we may show t h a t f i s p r o p e r by v e r i f y i n g t h a t the image f ( A ) o f any 
c l o s e d s e m i a l g e b r a i c s u b s e t A o f M i s c l o s e d i n N. L e t y be a p o i n t 

_________ ^ 
i n the c l o s u r e f ( A ) o f f ( A ) . Choose a complete neighbourhood B o f y 

— 1 -1 
i n N. The r e s t r i c t i o n f (B) -*B o f f i s p r o p e r , s i n c e f (B) i s com-

-1 
p l e t e by assumption. Thus f ( A f l f (B) ) = f (A) I B i s c l o s e d i n N. I n 

p a r t i c u l a r y € f ( A ) OB, hence y € f (A) . q.e.d. 

We c o n t i n u e w i t h the c o m b i n a t o r i a l s i t u a t i o n and n o t a t i o n s from §2. 

L e t X be a g e o m e t r i c s i m p l i c i a l complex o v e r R and A a c l o s e d sub-

complex. V denotes the s t a r S t ^ ,(A) o f A i n the f i r s t b a r y c e n t r i c sub

d i v i s i o n X 1 o f X, and U denotes the s t a r St^,, (A) i n the second b a r y 

c e n t r i c s u b d i v i s i o n . R e c a l l from Theorem 2.7 t h a t Ü n X c V . L e t r : V-+A 

denote the c a n o n i c a l neighbourhood r e t r a c t i o n r and l e t H :. V x l -»V 

be the c o r r e s p o n d i n g l i n e a r d e f o r m a t i o n r e t r a c t i o n , H ( x , t ) = 

( 1 - t ) x + t r ( x ) . L e t r 1 : Ü fl X -»A and Ĥ j : (Ü fl X) xI -»Ü fl X denote the 

r e s t r i c t i o n s o f r and H t o Ü 0 X and (Ü n X) x l r e s p e c t i v e l y . 

Theorem 3.8: Assume t h a t X, r e g a r d e d as a s e m i a l g e b r a i c space, i s 

l o c a l l y complete. Then the maps r ^ and are p r o p e r . 

P r o o f : We f i r s t prove t h e p r o p e r n e s s o f . I t then w i l l be an easy 

m a t t e r t o see, t h a t a l s o i s p r o p e r . By the p r e c e d i n g p r o p o s i t i o n , 

i t s u f f i c e s t o v e r i f y t h a t , f o r any g i v e n complete s e m i a l g e b r a i c sub-
-1 -1 — -

s e t B o f A, the preimage r 1 (B) = r (B) n u i s a g a i n complete. Note 
-1 — ' - i • _ _ • t h a t r (B) fl U i s the u n i o n o f the s e t s r (B) n u n S w i t h S r u n n i n g 



through the open s i m p l i c e s o f X 1 i n V. I t s u f f i c e s t o v e r i f y the s e t 

r 1 (B) n u f l S i s complete f o r a g i v e n s i m p l e x S . Now r (Ü OS) c S , thus 

r"" 1 (B) n u n s = r " 1 ( B n s ) n u n s . 

R e p l a c i n g B by B n S , we may assume t h a t B cA(1 S. 

We have t o prove t h a t r " 1 ( B ) n u n s i s c l o s e d i n S. L e t y be a p o i n t i n 

the c l o s u r e o f r " 1 (B) n ü n s . I f y GX t h en y G X n Ü c V . S i n c e r i s c o n t i -
-1 -1 nuous, r (B) i s c l o s e d i n V. C o n s e q u e n t l y we have y € r (B) , hence 

y £ r ~ 1 ( B ) n ü n s . Thus our job i s t o prove t h a t the c l o s u r e o f 

r 1 (B) n ü n s i s d i s j o i n t from the subcomplex Y := XSX o f X. By 

P r o p o s i t i o n 3.3 t h i s subcomplex i s c l o s e d i n X, s i n c e X i s l o c a l l y 

c omplete. We w i l l prove the f o l l o w i n g s t r o n g e r c l a i m : 

-1 — 
(*) r (B) n S has no adherence p o i n t s i n Y. 

We have S = ^ 0'/• • • #^nI w i t h open s i m p l i c e s a Q < < . . . < a n o f X, 

and a c X . Some o f the a. a r e c o n t a i n e d i n A. L e t t denote the n l 
maximal i n d e x i w i t h a ± c A , Then a f c 4 Y . S i n c e the complex Y i s c l o s e d , 

we c o n c l u d e t h a t a ± c X f o r t < i < n . I f a. c X f o r e v e r y i e { 0 , . . . , n } , 

then S n Y = 0 , and our c l a i m •(*.) i s t r i v i a l l y t r u e . From now on we 
assume t h a t a. c Y f o r some i € {0,...,n}, and we denote by m the 

maximal i n d e x i such t h a t a . c Y . S i n c e Y i s c l o s e d we have a . c Y 

f o r 0 < i < m . S i n c e we know t h a t a ^ c A c X , c e r t a i n l y m < t . F o r m < i < t 

je have a, c A , s i n c e A i s c l o s e d i n X. i 

L e t X ,...,A denote the b a r y c e n t r i c c o o r d i n a t e s on S c o r r e s p o n d i n g t o o n 
the v e r t i c e s ^ 0 # . . - . f a n . The f u n c t i o n s w'i := w a ;, i n t r o d u c e d i n §2, t a k e 

the f o l l o w i n g v a l u e s on x n S : w i(x) = 0 i f i > t , w i ( x ) = 1 i f m < i < t , 



w, (x) =( I X.(x) 
1 Vj=m+1 3 \ 

r t > 
X A.(x) 

0=m+1 3 j 

i f 0 < i < m . I n p a r t i c u l a r , w^ = w Q f o r 0 < i < m . F o r any x € V n S the 

p o i n t r ( x ) has, by d e f i n i t i o n o f r , the b a r y c e n t r i c c o o r d i n a t e s 

X ±(r(x)) = 

0 

y ( x ) " 1 X i ( x ) 
-1 

t < i < n 

m < i < t 

v. y ( x ) " w 0 ( x ) X i ( x ) , 0 < i < m 

w i t h some nowhere v a n i s h i n g f u n c t i o n y on V fl S. C l e a r l y Y n S i s the 

c l o s e d s i m p l e x [a , ...,a ]. Thus Y D S i s the s e t o f z e r o s o f the L o m 
n — . — f u n c t i o n I X . on S. Our g i v e n s e t B c A n S i s d i s j o i n t from Y. S i n c e 

j=m+1 3 

B i s complete, t h e r e e x i s t s some c > 0 i n R such t h a t f o r e v e r y q €B 
m 
Z X.(q) 
j=0 

t 
X 

j=m+1 
^ ( q ) -1 < c. 

-1 A p p l y i n g t h i s e s t i m a t e t o q = r ( x ) f o r some x e r (B) OS, we o b t a i n 
m 

w (x) • I X.(x) 
j=0 3 

I X.(x) 
j=m+1 3 

-1 < c, 

I n s e r t i n g the f o r m u l a f o r w Q ( x ) from above, we g e t 
m n 
I X . (x) < c 

j=0 3 

-1 
X X.(x) 

j=m+1 
f o r e v ery x € r ( B ) HS. Of c o u r s e , t h i s e s t i m a t e remains t r u e f o r x i n 

thq c l o s u r e o f r ~ 1 (B) f l S : I f such a p o i n t x were t o l i e i n Y f l S t h e n 
n m 
I X.(x) = 0 and, by the e s t i m a t e , we would a l s o have I X.(x) = 0. 

j=m+1 3 j=0 3 

But t h i s i s i m p o s s i b l e s i n c e the sum o f a l l b a r y c e n t r i c c o o r d i n a t e s 

o f x i s 1. Thus our c l a i m (*) i s pr o v e d , and i s p r o p e r . 

I f C i s a complete s e m i a l g e b r a i c s u b s e t o f U n X , th e n (C) i s a 
-1 

c l o s e d s u b s e t o f r ^ ( r ( c ) ) * [ 0 , 1 ] , s i n c e r maps eve r y l i n e i n t e r v a l 
— 1 

' [ x , r ( x ) ] t o one p o i n t r ( x ) (Remark 2 . 8 . i ) . Thus (C) i s complete, 

and we see t h a t a l s o i s p r o p e r . T h i s completes the p r o o f o f 

Theorem 3.8. 



F o r any s e m i a l g e b r a i c map f :M^N the mapping c y l i n d e r Z ( f ) i s d e f i n e d 

t o be the q u o t i e n t o f the d i s j o i n t u n i o n (Mxl)U N i n the c a t e g o r y o f 

s e p a r a t e d s e m i a l g e b r a i c spaces w i t h r e s p e c t t o the e q u i v a l e n c e r e l a 

t i o n (x,1) ~ f ( x ) f o r a l l x € M, • p r o v i d e d t h i s q u o t i e n t e x i s t s . I n our 

s i t u a t i o n , l e t f denote the r e s t r i c t i o n 3U-*.A o f r , w i t h 3U = (ÜnX)\U. 

We have a n a t u r a l s e m i a l g e b r a i c map 

p : OUxl) (J A -»Ü fl X, 

d e f i n e d by p(a) = a f o r a € A and p ( x , t ) = ( 1 - t ) x + t f (x) = H (x, t ) f o r 

(x , t ) e 3 U x I . 

Lemma 3.9; p i s s u r j e c t i v e . 

T h i s w i l l be pro v e d below. N o t i c e t h a t the f i b r e s o f p are the e q u i 

v a l e n c e c l a s s e s o f the e q u i v a l e n c e r e l a t i o n above (M = 9U, N = U). 

We now assume a g a i n t h a t X i s l o c a l l y complete. Then, by Theorem 3.8, 

the map p i s p r o p e r . Now ev e r y p r o p e r s u r j e c t i o n i s " i d e n t i f y i n g " i n 

the c a t e g o r y o f s e p a r a t e d s e m i a l g e b r a i c s p a c e s . Thus p i d e n t i f i e s 

u n x w i t h t h e mapping c y l i n d e r o f f , and we a r r i v e a t Theorem 2 i n 

the i n t r o d u c t i o n . 

I t can be shown t h a t f o r e v e r y p r o p e r map f :M-*N between l o c a l l y 

complete s e m i a l g e b r a i c spaces t h e mapping c y l i n d e r Z ( f ) e x i s t s and 

i s a g a i n l o c a l l y complete. The p r o o f i s n o t d i f f i c u l t b ut would t a k e 

us t o o f a r a f i e l d . 

We s t i l l have t o prove Lemma 3.9. C o n s i d e r an open s i m p l e x 

S = ] a Q , . . . , a [, oQ < ... < a i n V. L e t x be a p o i n t i n S PI Ü. Then 

r ( x ) i s c o n t a i n e d i n an open f a c e S 1 o f S (Remark 2 . 8 . Ü ) . We want 



t o show t h a t x l i e s i n the image o f p. I f x € A t h i s i s o b v i o u s . Assume 

now t h a t x #A. L e t L be the l i n e spanned by x and r (x) . The i n t e r s e c 

t i o n L fl S i s a c l o s e d l i n e segment [ r ( x ) , z ] on L w h ich c o n t a i n s x. 

L e t T be the open f a c e o f S w i t h z € T. S i n c e z i s a boundary p o i n t 

o f S the f a c e T i s d i f f e r e n t from S. Suppose t h a t z € V . Then r ( z ) i s 

d e f i n e d , and the l i n e segment [ z , r ( z ) ] i s c o n t a i n e d i n T. But 

r ( z ) = r ( x ) by Remark '2.8,1, hence x € [ z , r (z) ] c T , a c o n t r a d i c t i o n . 

Thus z #V and L (IS (1 V = [ r ( x ) , z [ . We have z = (1-s) • x + s • r (x) w i t h 

some s e R, s # 1. The b a r y c e n t r i c c o o r d i n a t e V (z) = (1-s) X_(x) o f 
•* n n 

z w i t h r e s p e c t t o a n i s not z e r o . Thus z i s c o n t a i n e d i n a n c x . U s i n g 

a g a i n Remark 2.8. i we c o n c l u d e t h a t L (IS n X fl U = [ r ( x ) f z ] n ü i s a 

c l o s e d l i n e segment [ r ( x ) , y ] f c o n t a i n e d i n [ r ( x ) , z [ , and r ( y ) = r ( x ) . 

Now U i s open i n V, hence U f l [ r ( x ) f z [ i s open i n [ r ( x ) , z [ , and we see 

t h a t y # U . Thus y C 3U. C l e a r l y x £ p ({y} x [o, 1 ]) . T h i s completes the 

p r o o f o f Lemma 3.9. 

Remark 3.10; I n t h i s p r o o f we d i d n o t use t h a t X i s l o c a l l y c o m p l e t e . 

T h e r e f o r e , i f X i s an a r b i t r a r y g e o m e t r i c s i m p l i c i a l complex and A i s 

a c l o s e d subcomplex o f X, t h e n u s i n g Remark 2 . 8 . i f we can s t i l l s t a t e 

the f o l l o w i n g ; The d e f o r m a t i o n r e t r a c t i o n H ( x , t ) = ( 1 - t ) x + t r ( x ) 

y i e l d s by r e s t r i c t i o n a s e m i a l g e b r a i c isomorphism 

9Ux[0,1] (Ü nx)^A. 

§4 - E x t e n s i o n o f s e m i a l g e b r a i c maps 

We f i r s t s t a t e a r a t h e r o b v i o u s consequence o f Theorem 2.1. L e t A be a 

c l o s e d s e m i a l g e b r a i c s u b s e t o f an a f f i n e space M f and l e t Ube a n e i g h 

bourhood o f A i n M as d e s c r i b e d i n Theorem 2.1. L e t I denote the u n i t 

i n t e r v a l [0 f1] o f R. 



P r o p o s i t i o n 4.1; ( E x t e n s i o n o f s e m i a l g e b r a i c maps t o a neighbourhood). 

Any s e m i a l g e b r a i c map f ; A-» Z extends t o a s e m i a l g e b r a i c map ? ; U-» Z. 

I f f 1 and f 2 are two e x t e n s i o n s o f f t o U, t h e n t h e r e e x i s t s a homo

topy F ; Üxi -» Z w i t h F Q = f 1 , = f 2 and F̂ . IA = f f o r e v e r y t i n I . 

(The same i s t r u e w i t h U r e p l a c e d by U.) 

Indeed, l e t H ; Üxl -»u be a s t r o n g d e f o r m a t i o n r e t r a c t i o n from Ü t o A. 

D e f i n e f ;- föH^, and d e f i n e F ; Uxl -* Z as f o l l o w s ; 

f f . «H(x,2t) , 0 < t < -L 
F ( x , t ) - J J 1 ^ 

\ f - 2 . H ( x # 2 ( 1 - t ) ) f ~ < t < 1. 

We g i v e two examples u s i n g the second s t a t e m e n t i n t h i s p r o p o s i t i o n . 

Example 4.2; L e t A,M,U be as b e f o r e , and l e t p ;U-*A be any r e t r a c t i o n 

from U t o A. A p p l y i n g the p r o p o s i t i o n w i t h Z = U, f = i d ^ , g = i * p , i 

the i n c l u s i o n map from A t o U, we see t h a t t h e r e e x i s t s a s t r o n g d e f o r 

m a t i o n r e t r a c t i o n $ ; Uxl u w i t h <C>1 = p. 

Example 4.3; (Un i f o r m l o c a l c o n t r a c t i b i l i t y , c f . [Do, p. 8 1 ] ) . L e t M 

be any a f f i n e s e m i a l g e b r a i c space. A p p l y i n g the p r o p o s i t i o n t o MxM, 

the d i a g o n a l A o f MxM, and the c a n o n i c a l p r o j e c t i o n s p 1 and p 2 from 

MxM t o Mj r e s t r i c t e d t o a s u i t a b l e neighbourhood L o f A i n MxM, we see; 

There e x i s t s a s e m i a l g e b r a i c c l o s e d neighbourhood L o f A i n MxM and a 

s e m i a l g e b r a i c map H ; Lxi->m w i t h the f o l l o w i n g p r o p e r t i e s ; 

1) H ( x , x , t ) = x f o r x €M, t € [0,1 ] 

2) H(x,y,0) = x and H(x,y,1) = y f o r (x,y) £L. 

We now ask f o r e x t e n s i o n o f a s e m i a l g e b r a i c map f ; A -> Z t o the whole 

o f M. 



D e f i n i t i o n 1; ( c f . [S, p. 5 4 ] ) . We c a l l a s e m i a l g e b r a i c space N s o l i d , 

i f f o r e v e r y p a i r (M,A) c o n s i s t i n g o f an a f f i n e s e m i a l g e b r a i c space M 

and a s e m i a l g e b r a i c c l o s e d s u b s e t A o f M e v e r y s e m i a l g e b r a i c map 

f : A-*N extends t o a s e m i a l g e b r a i c map f : M-*N. 

I t would be bad t o d e l e t e the word " a f f i n e " i n t h i s d e f i n i t i o n , s i n c e 

then not even the u n i t i n t e r v a l [0,1] would be s o l i d . ( I t i s s o l i d by 

our d e f i n i t i o n , c f . Theorem 4.5 below). 

Remark 4.4; E very a f f i n e s o l i d space N i s s t r o n g l y c o n t r a c t i b l e i n t o 

e v e r y p o i n t y Q o f N, i . e . { y Q } i s a s t r o n g d e f o r m a t i o n r e t r a c t o f N. 

For the p r o o f , a p p l y the d e f i n i t i o n t o the p a i r 

(M,A) := (Nxl, (Nx{0>) U ( N x { 1 } ) U ( { y Q } x l ) 

and the map F : A -*N d e f i n e d by 

F(y,0) = y, F(y,1) = y Q , F ( y Q , t ) = y Q 

(y €N, t € I) . 

D e f i n i t i o n 2: A s e m i a l g e b r a i c space N i s c a l l e d c o n t r a c t i b l e i f t h e r e 

e x i s t s a p o i n t y Q 6 N and a s e m i a l g e b r a i c map * : Nxl -*N w i t h 0(y,0) =y, 

<I>(y,1) = y Q f o r e v e r y y € N. We c a l l ® a c o n t r a c t i o n o f N t o y Q . 

Theorem 4.5; E v e r y c o n t r a c t i b l e s e m i a l g e b r a i c space N i s s o l i d . Thus 

an a f f i n e space i s s o l i d i f and o n l y i f i t i s c o n t r a c t i b l e . 

P r o o f ; L e t M be an a f f i n e s e m i a l g e b r a i c space, A a c l o s e d s e m i a l g e b r a i c 

s u b s e t o f M and f ; A->N a s e m i a l g e b r a i c map. We have t o e x t e n d f t o a 



s e m i a l g e b r a i c map f :M->N. We choose an open s e m i a l g e b r a i c n e i g h b o u r 

hood U o f A i n M w i t h a r e t r a c t i o n r :Ü-»A. We f u r t h e r choose a semi

a l g e b r a i c f u n c t i o n X :M->[0,1] w i t h \~ 1 (0) = A and = M-U. T h i s 

i s p o s s i b l e by Theorem 1.6. Then we d e f i n e the e x t e n s i o n f :M-*N o f f 

as f o l l o w s : 

x 6 Ü 

x ejyisu 

q.e.d. 

We mention a p a r t i a l r e s u l t on a r e f i n e d v e r s i o n o f our e x t e n s i o n 

problem. 

C o r o l l a r y 4.6; Assume t h a t N i s a s e m i a l g e b r a i c space, B i s a s e m i a l 

g e b r a i c s u b s e t o f N, and t h a t t h e r e e x i s t s a c o n t r a c t i o n <j> :NxI-»N 

o f N i n t o some p o i n t y Q £NsB such t h a t <&>(Nx ]0,1 ]) cNsB. L e t M be an 

a f f i n e s e m i a l g e b r a i c space, A a c l o s e d s e m i a l g e b r a i c s u b s e t o f M and 

f : A-+B a s e m i a l g e b r a i c map. Then t h e r e e x i s t s a s e m i a l g e b r a i c map 

f:M->N w i t h f ~ 1 ( B ) = A and f l A = f . 

Indeed, we o b t a i n such a map f :M-+N by the same f o r m u l a as i n the 

p r o o f o f Theorem 4.5. 

( • ( f T ( x ) , A(x)) 
f U ) = \ 

w i t h <E> a c o n t r a c t i o n from N t o y . 

I n the s p e c i a l case N = [ 0 , 1 ] , B = {0,1} t h i s c o r o l l a r y g i v e s back 

our p r e v i o u s Theorem 1.6, which i s thus p u t i n t o a more g e n e r a l c o n t e x t . 



§5 - E x t e n s i o n o f homotöpies 

As b e f o r e I denotes the u n i t i n t e r v a l [0,1] i n R. 

D e f i n i t i o n ; L e t M be a s e m i a l g e b r a i c space and A a s e m i a l g e b r a i c sub-

space o f M. We say t h a t the p a i r (M,A) has the homotopy e x t e n s i o n 

p r o p e r t y i f the f o l l o w i n g h o l d s ; G i v e n a s e m i a l g e b r a i c map g ; M Z 

and a ( s e m i a l g e b r a i c ) homotopy F ; AxI ->Z i n t o some s e m i a l g e b r a i c 

space Z w i t h F Q = g l A , t h e r e e x i s t s a homotopy G ; Mxl -*.Z such t h a t 

G = g and G l A x l = F. 
o ^ 

Mxl ̂  
A • • • ̂  ̂  

G 

(Axl) U (Mx{0}) > Z 
F U g 

As i n t o p o l o g y , i t i s e v i d e n t t h a t (M,A) has the homotopy e x t e n s i o n 

p r o p e r t y i f and o n l y i f (Axl) u (Mx{o}) i s a r e t r a c t o f Mxl. i n t h i s 

case (Axl) u (Mx{0}) i s c l o s e d i n Mxl, and so A i s c l o s e d i n M. 

Theorem 5.1; (Homotopy e x t e n s i o n theorem). I f M i s an a f f i n e s e m i a l 

g e b r a i c space and A i s a c l o s e d s e m i a l g e b r a i c s u b s e t o f M then 

(Axl) u (Mx{o}) i s a s t r o n g d e f o r m a t i o n r e t r a c t o f Mxl. i n p a r t i c u l a r 

(M,A) has the homotopy e x t e n s i o n p r o p e r t y . 

P r o o f ; We may assume t h a t M i s a ge o m e t r i c s i m p l i c i a l complex i n some 

R n and A i s a c l o s e d subcomplex o f M. By Theorem 2.7 we have an open 

s e m i a l g e b r a i c neighbourhood U o f A i n M w i t h a r e t r a c t i o n r ;ÜriM->A, 

such t h a t f o r e v e r y x e U f l M the l i n e segment [ x , r ( x ) J i s c o n t a i n e d i n 

U f l M and f o r x € U t h i s l i n e segment i s c o n t a i n e d i n U. We choose a 



— 1 — 1 
s e m i a l g e b r a i c f u n c t i o n f :M-»[0,1] w i t h f (0) = M^u and f (1) = A. 
We i n t r o d u c e the f o l l o w i n g s e m i a l g e b r a i c s u b s e t s B,C,D,E o f Mxl c R n+1 

B 

C 

D 

E 

= { ( x , t ) e (u n M) x i i - l < f (x) < 1, 2 d - f (x)) < t < 1} 

= { ( x , t ) e (ü riM) x i | l < f (x) < 1, o < t < 2 d - f ( x ) ) } 
1 = { ( x , t ) e ( u n M ) x i i o < f (x) <^} 

= (M^U)xi. 

We have 

Mxl = (Axl) U B U C U D U E. 

The s e t s D and E a r e c l o s e d i n Mxl, w h i l e 

B n (Mxl) = B U ( A x l ) , C 0 (Mxl) = C U (Ax{0}) 

A x l 

r ( 2 d - f ) 

P i c t u r e o f Mxl, 

We s h a l l use the f o l l o w i n g a u x i l i a r y maps: 



g : (ü.flM) x i -> (U flM) g ( x , t ) = ( 1 - t ) ^ + t r ( x ) 

tp:C->[0,1] ip(x,t) = t/2 ( 1 - f i x ) ) . 

We now d e f i n e a map 

p : Mxl -> (Axl) U (Mx{0}) 

as f o l l o w s , h o p i n g t h a t i t i s a r e t r a c t i o n . 

p ( x , t ) := (x,0) f o r ( x , t ) € E 

p ( x , t ) := ( 1 - t ) - ( x , 0 ) + t - ( g ( x , 2 f ( x ) ) , 0 ) f o r ( x , t ) €D 

p ( x , t ) : = {1-(p(x, t) ) "'• ( x f 0 ) +cp(x, t) • ( r ( x ) ,0) f o r ( x , t ) 6 C 

p ( x f t ) := ( r ( x ) , t - 2 ( 1 - f (x) ) ) f o r (x, t ) € (Axl) U B. 

N o t i c e t h a t t h i s map i s w e l l - d e f i n e d , and t a k e s v a l u e s i n (Axl) U,(Mx{o}), 

and i s the i d e n t i t y on (Axl) U (Mx{o}). C l e a r l y p has a s e m i a l g e b r a i c 

graph. I t remains t o v e r i f y t h a t p i s c o n t i n u o u s . T h i s i s a problem 

o n l y a t the p o i n t s o f Ax {o} . Moreover, s i n c e p i s c o n t i n u o u s on the 

c l o s e d s u b s e t (Axl) UB o f Mxl, i t s u f f i c e s t o check t h a t f o r a g i v e n 

p o i n t a o f A the v a l u e s p ( x , t ) converge t o (a,0) i f ( x , t ) €C and ( x , t ) 

tends t o ( a , 0 ) . But t h i s i s c l e a r , s i n c e 

p ( x , t ) - ( a , 0 ) = ( r ( x ) - a , 0 ) + (1-cp(x,t) ) ( x - r (x) ,0) . 

Thus p i s i n d e e d a r e t r a c t i o n . Now observe t h a t f o r ev e r y ( x , t ) EMxI 

t h e c l o s e d l i n e segment [ ( x , t ) , p ( x , t ) ] i s c o n t a i n e d i n Mxl, s i n c e , f o r 

x €U n M, the l i n e segment [ x , r ( x ) j i s c o n t a i n e d i n M. ( I t i s even con

t a i n e d i n ÜflM.) The l i n e a r homotopy from i d M x I t o p i s the d e s i r e d 

s t r o n g d e f o r m a t i o n r e t r a c t i o n from Mxl onto (Axl) u (jyix{o>). q.e.d. 

U s i n g Theorem 5.1, we can supplement P r o p o s i t i o n 4.1 as f o l l o w s . 



P r o p o s i t i o n 5.2: ( E x t e n s i o n o f homotopies i n t o a neighbourhood). L e t A 

be a c l o s e d s e m i a l g e b r a i c s u b s e t o f an a f f i n e s e m i a l g e b r a i c space M, 

and l e t U be a neighbourhood o f A i n M as d e s c r i b e d i n Theorem 2.1. 

L e t f and g be s e m i a l g e b r a i c maps from Ü t o a s e m i a l g e b r a i c space Z, 

and l e t F be a homotopy from f I A t o gl A. Then t h e r e e x i s t s a homotopy 

f from f t o g which extends F. (The same i s t r u e w i t h Ü r e p l a c e d by U). 

P r o o f ; By Theorem 5.1 t h e r e e x i s t s a homotopy G :UxI->Z w i t h G|AxI = F 

and G Q = f . P u t G-| = h . Then h i A = g l A . By P r o p o s i t i o n 4.1 t h e r e e x i s t s 

a homotopy H from h t o g w i t h H f clA = g l A f o r a l l t €1. Composing G and 

H we o b t a i n a homotopy F : Ü*I -> Z from f t o g. L e t B denote the c l o s e d 

subspace (A*I) U (Üx{0}) U (Ü*{1}) o f Üxl. We have an o b v i o u s homotopy 

<E> from the map F l B t o the map F U f U g on B. U s i n g Theorem 5 .1 a g a i n we 

e x t e n d O t o a homotopy 9> on Uxl w i t h <X>Q = F. Then F := ^ 1 i s a map from 

U ^ i t o Z which extends F U f U g, and hence i s a homotopy from f t o g 

e x t e n d i n g F. q.e.d. 

The r e a d e r , who has f o l l o w e d us so f a r w i l l have l i t t l e doubts t h a t i t 

i s p o s s i b l e t o d e v e l o p a f u l l - f l e d g e d homotopy t h e o r y f o r a f f i n e semi

a l g e b r a i c spaces o v e r an a r b i t r a r y r e a l c l o s e d f i e l d . We hope t o ta k e 

up t h i s s u b j e c t i n the near f u t u r e . 



N. B o u r b a k i , " T o p o l o g i e G e n e r a l e " , Hermann, 
P a r i s 19 71. 

G. W. B r u m f i e l , " P a r t i a l l y o r d e r e d r i n g s and s e m i a l g e 
b r a i c geometry", London Math. So.c. L e c t u r e Notes 
S e r i e s 37, Cambridge U n i v e r s i t y P r e s s 19 79. 

H. D e l f s , Kohomologie a f f i n e r s e m i a l g e b r a i s c h e r Räume, 
D i s s e r t a t i o n , Regensburg 1980. 

H. D e l f s , M. Knebusch, S e m i a l g e b r a i c t o p o l o g y o v e r a 
r e a l c l o s e d f i e l d I : Paths and components i n the s e t 
o f r a t i o n a l p o i n t s o f an a l g e b r a i c v a r i e t y , 
Math. Z. 177, 107 - 129 (1981). 

H. D e l f s , M. Knebusch, S e m i a l g e b r a i c t o p o l o g y over a 
r e a l c l o s e d f i e l d I I : B a s i c t h e o r y o f s e m i a l g e b r a i c 
spaces, Math. Z. 178, 175 - 213 (1981). 

H. D e l f s , M. Knebusch, On the homology o f a l g e b r a i c 
v a r i e t i e s o v er r e a l c l o s e d f i e l d s , J . r e i n e angew. 
Math. 355, 122 - 163 (1982). 

A. D o l d , " L e c t u r e s on A l g e b r a i c Topology", S p r i n g e r , 
B e r l i n - H e i d e l b e r g - New York 1972. 

R. Robson, Embedding s e m i - a l g e b r a i c s p a c e s , Math. Z., 
t o appear. 

N. S t e e n r o d , "The t o p o l o g y o f f i b r e b u n d l e s " , 
P r i n c e t o n U n i v e r s i t y P r e s s 1951. 

Hans D e l f s , Manfred Knebusch 
Fakultät für Mathematik der Universität 
D - 8400 Regensburg - F.R.G. 


