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Fc * any n a t u r a l number n > 2 and any even n a t u r a l number d > 2 we 
consider t h ^ convey cone P(n,d) c o n s i s t i n g of the p o s i t i v e s e m i d e f i n i t e 
( = psd) forms over JR i n n v a r i a b l e s x-,...,x of degree' d, and the 

1 n 
convex subcone I(n,d) c o n s i s t i n g of the f i n i t e sums of squares of forms 
of degree" d/2 i n the v a r i a b l e s k-|/.../XN. As i s w e l l known 
I(n,d) f P(n,d) except f o r very s p e c i a l p a i r s (n,d), namely the p a i r s 
wxth n = 2 or d = 2 or (n. d) • •= .(3,4) ( H i l b e r t r c f .'J [CI/] f o r an elemen
t a r y p r o o f ) . 

.In t h i s paper we ask f o r r e l a t i o n s between the sets EP(n,d) and 
El(n^d) of extremal elements of the cones P.(n,d) and I( n , d ) . Notice 
th a t , since our cones are closed ( a f t e r adding the o r i g i n ) , every e l e 
ment i n P(n,d) resp. X(n,d) i s a f i n i t e sum of elements i n EP(n,d) 
resp. EItn,d). Thus the sets EP(n,d) and EX(n,d) deserve s p e c i a l 
a t t e n t i o n . 

Our main r e s u l t , Theorem 6.1 i n §6, i s the determination of a l l 
p a i r s (n,ü) such t h a t EI(n,d) i s contained i n EP(n,d), which means 
EI(n,d) = EP(n,d) fl I ( n , d ) . This answers Problem B i n the survey a r t i 
c l e [CL 11. 

In order to obtai n the r e s u l t a general observation turns out to 
be h e l p f u l : 
a) Let H be an i r r e d u c i b l e i n d e f i n i t e form i n IR[x.,.• , ,x ] of degree 

i n 
r. Then f o r any F £ P(n,d) 

F 6 EP(n,d) <=> FH 2 £ EP(n,d+2r) , 
F € EX(n,d) <^ FH 2 £ EI(n,d+2r), 
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c f . ;Theorem 5.1. We a l s o f e e l t h a t the f o l l o w i n g observation sheds 
l i g h t on the problem: 
b) I f F 6 EP(n,d) then F 2 € EI(n,2d), 
c f . Theorem 5.2. 

Our "counterexamples" G £ E I ( n , d ) , G £ EP(n,d) are of the form 
2 2 

G = H F with H a product of i r r e d u c i b l e i n d e f i n i t e forms and F an 
i r r e d u c i b l e psd form of some degree e which i s not extremal i n P(n,e). 
B a s i c counterexamples w i l l be e x p l i c i t l y constructed i n §6 f o r 
(n,d) = (3,12) and (n,d) = (4,8). 

The observations a) and b) r e l y on the presence of " t r a n s v e r s a l 
zeros" f o r some forms coming up. i n the p r o o f s . A t r a n s v e r s a l zero of a 
polynomial F (x 1 ,x n) over IR "is a p o i n t c € IR n such that F changes 
si g n i n every neighbourhood of c. I f F has no m u l t i p l e i r r e d u c i b l e 
f a c t o r s then a p o i n t c of the zero set Z(F) c 3Rn turns out to be a 
t r a n s v e r s a l zero i f and only i f Z(F) has l o c a l dimension n-1 at c, 
c f . Theorem 3.4. 

The f i r s t h a l f of our paper i s devoted to a geometric study of 
t r a n s v e r s a l zeros and to the question how f a r a polynomial i s deter
mined by i t s t r a n s v e r s a l zeros. We t r y to do a l l t h i s on a n a t u r a l 
l e v e l of g e n e r a l i t y . This leads us to study the set ]D] of r e a l 
p o i n t s of an e f f e c t i v e Weil d i v i s o r D on a normal a l g e b r a i c v a r i e t y X 
over 3R . But f o r the a p p l i c a t i o n s of the theory of t r a n s v e r s a l zeros 
made i n §5 and §6 i t s u f f i c e s t o consider the case when X i s a p r o j e c -

n— 1 
t i v e space IP , or - i f one wants to study also multiforms - a d i r e c t 

JR 
product of p r o j e c t i v e spaces. 

We suspect t h a t many of our c o n s i d e r a t i o n s on t r a n s v e r s a l zeros 
are more or l e s s 11 f o l k l o r e " , w e l l known to the experts. However, to 
our knowledge, no coherent account of t h i s u s e f u l theory seems to 
e x i s t i n the l i t e r a t u r e . Thus we f e e l t h a t these Proceedings are a 
good place to e x p l i c a t e the b a s i c f a c t s . 

In the whole paper we admit any r e a l c l o s e d f i e l d R as ground f i e l d 
i n s t e a d of the f i e l d IR of r e a l numbers. Using some standard r e s u l t s 
from semialgebraic topology, a l l contained i n [DK] and §1 of the pre
sent paper, t h i s does not cause a d d i t i o n a l d i f f i c u l t i e s . Thus we never 
need Tars k i ' s p r i n c i p l e to t r a n s f e r elementary statements from K to 
other r e a l c l o s e d f i e l d s . 



§ 1 The pure dimensional parts of a semialgebraic set 

We s t a r t w i t h a v a r i e t y X over a r e a l c l o s e d f i e l d R, i . e . a re
duced a l g e b r a i c scheme over R. The set X(R) of r a t i o n a l p o i n t s of X i s 
a semialgebraic space i n the sense of [DK], and we use f r e e l y the 
language of "semialgebraic topology" developed i n that paper. In par
t i c u l a r we make use of the dimension theory i n [DK, §8]. 

Let N be a semialgebraic subset of X(R). For any p o i n t x of N the 
l o c a l dimension dim N of N at x i s defined as the infimum of the d i -_ _ x 

mensions of a l l semialgebraic neighbourhoods of x i n N [DK, §13]. We 
introduce the sets (k =0,1,2,...) 

X V(N) := {x £ N | dim N > k} . Jc x 
Of course (N). i s empty xf k exceeds the dimension d of N. I t i s 
c l e a r from [DK, §8] that every I^fN) i s a c l o s e d subset of N ( i n the 
strong topology, as always). We s h a l l need some elementary f a c t s 
about the sets E^CN) ( a c t u a l l y only about Z^(N)), not covered by the 
paper [DK] * 

P r o p o s i t i o n 1.1. ^ ( N ) i s semialgebraic f o r every k > 0. 

I t i s t r i v i a l to v e r i f y t h i s lemma using the theorem t h a t every 
a f f i n e semialgebraic space can be t r i a n g u l a t e d [DK^]. A more elemen
t a r y proof, which a l s o gives a d d i t i o n a l i n s i g h t , runs as f o l l o w s . Let 
d = dim(N). For k > d there i s nothing to prove. We now deal with the 
case k = d. We may assume t h a t X i s a f f i n e . Let Y denote the Z a r i s k i 
c l o s u r e of N i n X, and l e t S denote the s i n g u l a r locus of Y.^Then 

N 1 := (Y(R) \ S ( R ) ) 0 N 

i s an open semialgebraic subset of N and the complement i n N, i . e . 
N f> S(R}, has dimension at /nost d-1 . Suppose we know already that 
t^(N') i s semialgebraic. Let L bo the c l o s u r e of ^ ( N 1 ) i n N. This is 
c»gain a semialgebraic set. N ^ L i s open i n N and has dimension at most 
d-1. Thus N v L i s d i s j o i n t from Z^(N). On the other hand L i s con
tai n e d i n Xß(N), s i n c e ^ ( N ) i s c l o s e d and contains X^dSJ 1). Thus 
Z^(N) coincides w i t h the semialgebraic set L. 

Replacing N by N 1 and X by X^S we assume now that Y i s smooth. 
Let Y,j, ... ,Y t denote the connected components of Y. The set I^(N) i s 
the union of the s e t s I d ( N n Y^(R)), and i t s u f f i c e s to prove that 
these sets are semialgebraic. N n Y^(R) i s Z a r i s k i dense i n Y i- Re-



p l a c i n g N by anyone of the sets N n (R) we assume that i n a d d i t i o n 
Y i s connected, hence i r r e d u c i b l e . 

We; have N •= U ... U N r w i t h non empty sets 

. N ± =" fx € Y(R) J g ± ( x ) = 0 f f ^ . (x) > 0, j = 1, . . . , s±}, 

o 

e 
where a^e functions i n the a f f i n e r i n g R [Y] . I f g i i s not zer 
then dim" 5 n-1. But i f g^ i s zero then 1NL i s open i n Y(R), henc 

c: I^(N), since Y i s smooth and thus Y(R) has l o c a l dimension d at 
every /point [DK, §8]. I t i s now c l e a r t h a t £ d(N) i s the c l o s u r e of the 
union of a l l N i with g i = 0 i n the s e t N. Thus I d ( N ) i s indeed s e m i a l 
g e b r a i c . 

" Consider now the open semialgebraic subset N 1 := N>I d(N) of N. 
C l e a r l y 

Z d - 1 ( N ) = z d ( N ) u z d - T ( V -
We know from the proof already given t h a t I d _ J ] ( N 1 ) and ^ d(N) are semi
a l g e b r a i c . Thus £d_-| (N) i s s e m i a l g e b r a i c . Repeating t h i s argument we 
see tha.t a l l I^.(N) are semialgebraic, and our lemma i s proved. 

P r o p o s i t i o n 1.2. For every k > 0 the semialgebraic set 

. I°(N). := X k ( N ) - I k + 1 ( N ) , 

c o n s i s t i n g of a l l points x 6 N w i t h dim N = k, i s pure of dimension k, 
o o ^ i . e . dim I, (N) =k f o r every x £ I, (N) . • • x • J C • x. 

Proof. Let x be a point of a n (3- l e t U
Q ^ e a n open semialgebraic 

neighbourhood of x i n N with dim U = k. For any open semialgebraic 
neighbourhood U c U Q of x i n N we then a l s o have dim U = k. Moreover 
f o r every such U there e x i s t s an open semialgebraic subset V of U 
which i s s-emialgebraically isomorphic to an open non empty subset of 
R k[DK, §8], C l e a r l y V i s contained i n t£(N) fl U. Thus 
dim(l£(N) n U) = k. Q.E.D. 

We c a l l I (N) the purr* k-d i mons i onal p a r t of N. More speei f i oa 11 y , 
i f (1 I It) N d wri t<« I I I |j ( N) $ d (N ) I lui j»nr n jw* i I »>l N 

Example 2.3. I f X i s i r r e d u c i b l e of dimension n, and i f the set 
X ( R ) r e g o f r e g u l a r points of X i n X(R) i s not empty, then the pure 
p a r t I n ( X ( R ) ) of X(R) i s the c l o s u r e of X(R) .in X(R). 



Indeed, X ( R ) r e ^ i s .pure of dimension n, and X(R) has l o c a l dimen
sio n at.most n-1 at every s i n g u l a r p o i n t which i s not contained i n the 
c l o s u r e o:. X(R) 

reg 



§2. Transversal zeros of a l g e b r a i c f u n c t i o n s 

We assume i n t h i s s e c t i o n that the v a r i e t y X over R i s i r r e d u c i b l e , 
that the set X(R) of r e a l p o i n t s i s not empty, and that X i s re g u l a r 
at every poi n t of X(R). Then X(R) i s an n-dimensional semialgebraic 
manifold [DK,- §13] wi t h n = dim X. We a l s o assume that X i s a f f i n e , 
and we denote the r i n g R[X] of r e g u l a r f u n c t i o n s on X by A. On the 
space X(R) every f € A takes values i n R. We are i n t e r e s t e d i n the zeros 
and the sign behaviour of the functions f : X(R) -> R. 

D e f i n i t i o n 2.1. Let L be a subset of X(R) on which f does not vanish 
everywhere. We say that f i s p o s i t i v e s e m i d e f i n i t e (resp. p o s i t i v e 
d e f i n i t e ) on L i f f (x) > 0 (resp. f ( x ) > 0) f o r a l l x £ L. In the same 
way we use the words "negative s e m i d e f i n i t e M and "negative d e f i n i t e " . 
I f there e x i s t p o i n t s x £ L and y £ L w i t h f ( x ) > 0 and f (y) < 0, then 
we c a l l f i n d e f i n i t e on L. 

D e f i n i t i o n 2.2, ; Let f be a non zero element of A. A t r a n s v e r s a l zero 
of f i s a p o i n t x £ X(R) such that f i s i n d e f i n i t e on every semialge
b r a i c neighbourhood V of x i n X(R). Notice t h a t f cannot vanish every
where on V since dim V = n. 

We denote by Z ( f ) the set of zeros of f on X(R) and by Z t ( f ) the 
set of t r a n s v e r s a l zeros of f. We f i n a l l y denote•by N(f) the closed 
reduced subscheme of a l l zeros of f on X. Thus Z ( f ) i s the set of 
r e a l p o i n t s of N(f) and Z t ( f ) i s a subset of Z ( f ) . The set Z (f) i s 
c l o s e d and semialgebraic i n X(R). The s e t Z ^ f ) i s the i n t e r s e c t i o n of 
the c l o s u r e of the set of points of X(R) where f i s p o s i t i v e with the 
c l o s u r e of the set where f i s negative. Thus Z t ( f ) i s a l s o closed and 
semialgebraic i n X(R)". 

P r o p o s i t i o n 2.3. For every non zero r e g u l a r f u n c t i o n f on X the set 
Z t ( f ) of t r a n s v e r s a l zeros i s e i t h e r empty or pure of dimension n-1. 

Proof. Let a be a given p o i n t of Z t ( f ) . We choose an open neighbour
hood V of a i n X(R) with a semialgebraic isomorphism cp : V V 1 onto 
an open semialgebraic convex subset V of R n. ( R e c a l l t h at X(R) i s a 
semialgebraic manifold.) We then choose a p o i n t X q £ V with f ( x Q ) > 0 
and an open semialgebraic subset U c V such t h a t f(y) > 0 f o r every 
y £ U and such t h a t Ü' := tp(U) i s convex i n R n. We f i n a l l y choose a 
hyperplane H of R n w i t h H fl Uf ^ 0 and not c o n t a i n i n g the point 



7 - ; ' 
:= <P(*C). Now consider the c e n t r a l p r o j e c t i o n 

it : R n v {x» } H 
."O , 

onto H with center x'. We c l a i m that 
o 

(*) TT ° (p ( z t(f ) n v) 3 H h u f . 

Indeed, l e t y' 6 H n U 1 be given and l e t y 1 : [0,1] be the 
s t r a i g h t path from x^ to y', 

Y • ( t ) = ( 1 - t ) x ^ + t y 1 . 

Then y := <P ̂  *.Y1 i s a semialgebraic path i n V running from the p o i n t 
x Q t o the preimage y of y 1 . Since f ( x Q ) > 0 and f(y) < 0 there e x i s t s 
some p o i n t x 6 ]0,1[ where the semialgebraic f u n c t i o n f o Y on [0,1] 
changes s i g n . Y(T) i s c l e a r l y a t r a n s v e r s a l zero of f. The p o i n t 
Y F ( x ) ^ l i e s i n tp(Z t(f) fl V) and maps under n to the p o i n t y 1 . Thus the 
i n c l u s i o n (*) holds t r u e . This i m p l i e s t h a t 

dim Z (f) fl V > n-1, 

si n c e dim (H n Uf ) = n-1. But Z(f) fl V has dimension at most .n-1 since 
t h i s s e t i s contained i n N ( f ) . Thus Z t ( f ) n V has dimension n-1 f o r 
every open semialgebraic neighbourhood V of a. 

Q.E.D. 

C o r o l l a r y 2.4. Let f and g be non zero r e g u l a r f u n c t i o n s on X. Let 
a c X(R) be a t r a n s v e r s a l zero of f and assume that Z t ( f ) n ü i s con
t a i n e d i n Z (g) f o r some neighbourhood U of a. Then f and g have a non 
t r i v i a l common f a c t o r i n the r e g u l a r l o c a l r i n g 0 . {Recall that 
Ö x a i s a unique f a c t o r i z a t i o n domain.J 

Proof. For every a f f i n e Z a r i s k i neighbourhood W of a i n X the semi
a l g e b r a i c set W n ü fl Z t ( f ) has dime^^ion n-1 by P r o p o s i t i o n 2.3 
above. Our hypothesis i m p l i e s that t h i s set i s contained i n the i n t e r 
s e c t i o n N(f) fl N(g) fl W of the hypersurfaces f = 0 and g = 0 on W. 
Thus the (algeb r a i c ! ) dimension of N(f) fl N(g) n W cannot be s m a l l e r , 
than n-1 f o r any Z a r i s k i neighbourhood W of a. This i m p l i e s that 

* there e x i s t s some h 6 A which i s a prime element i n 0 V and has the 
A , a 

property that 
N(h) n W c N(f) n N(g) n w 



f o r small Z a r i s k i neighbourhoods W o f a. By the l o c a l N u l l s t e l l e n s a t z 
, h d i v i d e s both f and g i n C> 

^ x,a 
In the same v e i n we obt a i n 

C o r o l l a r y 2.5. Let again f and g be non zero f u n c t i o n s on X. Suppose 
that f o r some open semialgebraic subset U of X(R) the se t 2 t ( f ) fl U i s 
not empty and contained i n Z .(g) . Then the complex hypersurfaces N(f) 
and N(g) have a common i r r e d u c i b l e component. In p a r t i c u l a r , i f A i s 
f a c t o r i a l then f and g have a non t r i v i a l common f a c t o r i n A. 

P r o p o s i t i o n 2.6. Let f and g be non zero r e g u l a r f u n c t i o n s on X, and 
assume that the hypersurfaces N(f) and N(g) have no i r r e d u c i b l e compo
nent i n common.' Then 

2 t ( f g ) = Z t ( f ) U Z t(g) . 

Proof. a) Let a be a poi n t of X(R) which i s not contained i n 
Z^(f) U Z t ( g ) # Then there e x i s t s a neighbourhood U of a i n X(R) such 
that both f and g are s e m i d e f i n i t e on U ( p o s i t i v e or n e g a t i v e ) . Then 
a l s o the product f g i s s e m i d e f i n i t e on U, and a i s not a t r a n s v e r s a l 
zero of f g . This proves t h a t Z t ( f g ) i s contained i n Z t ( f ) U Z t ( g ) • 
(Our hypothesis, that N(f) and N(g) have no common component, i s not 
yet needed f o r that.) 
b) We show th a t the set M :•= Z^(f) i s contained i n Z ^ ( f g ) , which w i l l 
f i n i s h the proof. We may assume that M i s not empty. By P r o p o s i t i o n 
2.3 M i s pure of dimension n-1. On the other hand the set 
N ;= Z t ( f ) fl Z t(g) has dimension at most n-2, since'N i s contained i n 
the i n t e r s e c t i o n of the hypersurfaces N(f) and N(g) which have no 
common i r r e d u c i b l e component. Thus the set M^N i s dense i n M (a 
t r i v i a l argument, c f . [DK, §13]). Since Z t ( f g ) i s cl o s e d i t s u f f i c e s 
to v e r i f y that MvN i s contained i n Z t ( f g ) . 

Let x be a p o i n t of M^N, which means that x € Z.t(f)# ^ f. Z t(g) • 
We choose a neighbourhood U Q of x on which g i s s e m i d e f i n i t e . Now f i s 
i n d e f i n i t e on every neighbourhood U c u of x. Thus a l s o f g i s i n d e f i 
n i t e on every such U. This i m p l i e s that x 6 Z t ( f g ) . 

Q.e.d. 

C o r o l l a r y 2.7. Assume th a t A i s f a c t o r i a l . Let f be a non zero e l e 
ment of A and l e t 



be the decomposition of f i n t o powers of pairwi s e non associated prime 
elements p1#.-..#Pt- / with u a u n i t of A Then Z' t(f) i s the union of 
t h * sets Z t(p' i) with e i odd. 

e. 
Proof. Apply P r o p o s i t i o n 2.6 and observe that Z (p. 1) i s empty i f ~ e i t i e i i s even and Z t(p. ) = z

t ( P j L ) i f e, i s odd. 

In the same ve i n we o b t a i n f o r the semialgebraic set germ Z.(f) 
u. a 

of a non zero f u n c t i o n f € A at any p o i n t a € X(R): 

C o r o l l a r y 2.8. Let 
e e 

• f = u p 1 ... p t 

be the decomposition of f i n t o prime elements i n the l a c t o i i a l i \ mj 0 ^. Then 2 (f)- i s the union of the set germs Z 4_(p.) r a with e. odd. A , a "C a t l a I 



§ 3 Purely i n d e f i n i t e d i v i s o r s 

We s t i l l assume t h a t X i s an i r r e d u c i b l e n-dimensional v a r i e t y 
over R and that the s e t X(R) i s not empty and contains no s i n g u l a r 
p o i n t s of X. But we no longer assume that X i s a f f i n e . Our 
terminology from §2 then takes over from functions to e f f e c t i v e d i v i 
sors D > 0 on X, by which we always mean e f f e c t i v e Weil d i v i s o r s . 

D e f i n i t i o n 3.1. Let D be an e f f e c t i v e d i v i s o r on X and l e t a be a 
po i n t of X(R). Let f be the l o c a l equation of D on some a f f i n e Z a r i s k i 
open neighbourhood V of a. We c a l l D i n d e f i n i t e at a, i f f i s i n d e f i 
n i t e on every neighbourhood of a i n V(R). S i m i l a r l y we c a l l D semide
f i n i t e (resp. d e f i n i t e ) at a, i f f i s p o s i t i v e or negative s e m i d e f i 
n i t e (resp. d e f i n i t e ) on some neighbourhood of a i n V(R). The p o i n t s 
of X(R) where D i s i n d e f i n i t e are c a l l e d the t r a n s v e r s a l p o i n t s of D, 
and the set of these p o i n t s i s denoted by |D|̂ . This set i s a cl o s e d 
semialgebraic subset of the set of r e a l p o i n t s |D|R :~ | D | fl X(R) of 
the support | D| of D. 

Let D = e^D1 + . .. + e t D t be the decomposition of D i n t o i r r e d u 
c i b l e components. 

P r o p o s i t i o n 3.2. l D l t i s t h e u n i o n o f a l l sets | D i 1 1 with e.̂  odd. 

This i s c l e a r from P r o p o s i t i o n 2.6 i n §2, or i t s c o r o l l a r y 2.8. 

D e f i n i t i o n '3.3. We c a l l an e f f e c t i v e d i v i s o r D i n d e f i n i t e , i f | D l t i s 
not empty, i . e . i f D i s i n d e f i n i t e at some poi n t of X(R). We c a l l D 
s e m i d e f i n i t e , i f |D.|t i s empty, and we c a l l D d e f i n i t e i f |D|R i s 
empty. F i n a l l y , we c a l l p p u r e l y i n d e f i n i t e , i f D ^ 0 and there does 
not e x i s t a s e m i d e f i n i t e e f f e c t i v e d i v i s o r E ^ 0 w i t h E <s D. This 
means that D i s non zero, has no m u l t i p l e components, and t h a t a l l 
i r r e d u c i b l e components of D are i n d e f i n i t e . 

I t i s c l e a r from P r o p o s i t i o n 2.3 i n §2 that f o r every e f f e c t i v e 
d i v i s o r D on X the set J D | T i s e i t h e r empty or pure of dimension n-1. 
This r e s u l t can be improved. 

Theorem 3 .4. Assume t h a t D has no m u l t i p l e components. Then the semi
a l g e b r a i c set |DJ t of t r a n s v e r s a l points of D c o i n c i d e s w i t h the pure 
(n-1)-dimensional p a r t I v(| Dlr>) o f the set |-D | p of r e a l p o i n t s on 

n— I R -t\ 



Proof. I t remains to v e r i f y t h a t D i s i n d e f i n i t e at any given point 
a of j p ] R with dim a | D j R = n - 1 . We choose a l o c a l equation f of D on 
some a t f i n * Z a r i s k i open neighbourhood W of a i n X. Let U be any semi
a l g e b r a i c open neighbourhood of a i n W(R). The set U IT JD| R has d i 
mension n - 1 , but the set of po i n t s i n ID J _ which are s i n g u l a r on JDJ 
has dimension at most n-2. Thus U n } D-J. c ontains some re g u l a r p o i n t b 
of | D | . There e x i s t s a r e g u l a r system of parameters f ^ f ^ . . . , ^ of 
the r e g u l a r l o c a l * r i n g ö , such that f 1 d e f i n e s the germ of the 
v a r i e t y JD| at b. The fu n c t i o n s and f d i f f e r i n 0X b only by a 
vjnit, hence we may assume th a t f = f^. By the i m p l i c i t f u n c t i o n theo
rem the system ( f ^ # . . . , f n ) y i e l d s a semialgebraic isomorphism of some 
open semialgebraic neighbourhood U 1 c U of b i n X ( R ) onto some open 
semialgebraic subset of R N. Since f 1 (b) = 0 c e r t a i n l y f = changes 
s i g n on U 1. A f o r t i o r i f i s i n d e f i n i t e on U. 

• " Q.e.d. 

We mention" tha't *the theorem "now proved i m p l i e s a g e n e r a l i z a t i o n of 
the "Sign-Changing C r i t e r i o n " of Dubois and Efroymson f o r extending an 
o r d e r i n g P of a f i e l d k to a given f u n c t i o n f i e l d over k ([DE, Th.2.7J, 
c f . a l s o [ELW, §4 b i s ] 

C o r o l l a r y 3.5. (Dubois - Efroymson f o r V = A £ ) . Let k be an ordered 
f i e l d and R be a r e a l c l o s u r e of k w i t h respect to the given o r d e r i n g . 
Let V be an a b s o l u t e l y i r r e d u c i b l e v a r i e t y without s i n g u l a r points 
over k and D a prime d i v i s o r on V . Let V denote the v a r i e t y over R 
obtained from V by base extension and l e t D denote the e f f e c t i v e d i v i 
sor on V - obtained from D by base ex t e n s i o n . Then the orde r i n g of k 
can be extended to the f u n c t i o n f i e l d k ( D ) of D i f and only i f D i s 
i n d e f i n i t e . 

Proof. The o r d e r i n g o f k exce: ̂ .s to k ( D ) i f and only i f there e x i s t s 
a f i e l d composite of k ( D ) and R over k, which i s f o r m a l l y r e a l . These 
f i e l d composites are the f u n c t i o n f i e l d s R ( D 1 ) , . . . , R ( D ) of the i r r e -
d u c i b l e components D ^ , . . . , D G of the d i v i s o r D . The prime d i v i s o r s D ^ 

a l l occur with m u l t i p l i c i t y one i n D . Thus D i s i n d e f i n i t e i f at l e a s t 
one i s i n d e f i n i t e . By Theorem 3.4 a given D . ^ i s i n d e f i n i t e i f and 
only i f the set of r e a l p o i n t s D ^ ( R ) of D I has dimension n-1 with 
n := dim V = dim V D . But dim D . ( R ) = n-1 means t h a t the v a r i e t y D. has 
nonsingular r e a l p o i n t s , c f . § 1 . Now i t i s a w e l l known f a c t , due to 
A r t i n , t h a t D I has nonsingular r e a l p o i n t s i f and only i f the f i e l d 
R ( D I ) i s fo r m a l l y r e a l ([A, § 4 ] , c f . a l s o [ E ] ) . 



We return to our i r r e d u c i b l e v a r i e t y X over R. 

P r o p o s i t i o n 3.6. Let D be an e f f e c t i v e d i v i s o r f 0 without m u l t i p l e 
components. Then |D| r i s Z a r i s k i dense i n j D j i f and only i f D i s 
purely i n d e f i n i t e . In t h i s case even |D| i s Z a r i s k i dense i n |D|. 

Proof. Let D L F.../D R denote the i r r e d u c i b l e components of•D. C l e a r l y 

| D ] R = D 1(R) U ... U D R(R) 

i s Z a r i s k i dense i n D i f and only i f every (R) i s Z a r i s k i dense i n 
Di. This means tha t (R) has the semialgebraic dimension n-1, i . e . 
t h a t ^ n - i ( D i ( R ) ) i s n o t empty/ and i n that case of course already 
In_«j(D^(R)) i s Z a r i s k i dense i n D. . The p r o p o s i t i o n now fo l l o w s from 
the preceding Theorem 3.4. 

This i s perhaps the appro p r i a t e place to i n d i c a t e a r e l a t i o n be
tween our i n v e s t i g a t i o n s and the r e a l N u l l s t e l l e n s a t z of D u b o i s - R i s l e r -
Stengle Cs f Theorem 2 ] . Assume that X i s an a f f i n e v a r i e t y over R and 
that W.is a clo s e d s u b v a r i e t y of X. Let A denote the a f f i n e r i n g of X 
and -Oi-the i d e a l of f u n c t i o n s i n A. v a n i s h i n g on W. Then the r e a l N u l l -
s t e l l e n s a t z says i n p a r t i c u l a r t h a t W(R) i s Z a r i s k i dense i n W i f and 
only i f the i d e a l s i s " r e a l " , i . e . 

h^ + ... -h h^ eM- h 1 e^cv,... ,h r e ^ 

fo r a r b i t r a r y elements h 1 , h r of A. (This i s e s s e n t i a l l y R i s l e r ' s 
v e r s i o n of the r e a l N u l l s t e l l e n s a t z [ R i ] , [ R i ^ ] . ) Thus i f X i s i r r e 
d u c i b l e and has no s i n g u l a r r e a l p o i n t s then the p r o p o s i t i o n we j u s t 
proved says the following*: 

C o r o l l a r y 3. 7^ Let X be a f f i n e and 1(D) denote the i d e a l of f u n c t i o n s 
i n R[X] vanishing on JD| f o r D an e f f e c t i v e d i v i b o i / o without j t i u l t i -
p i e components. Then 1(D) i s r e a l i f and only i f D i s purely i n d e f i 
n i t e . 

I f D i s a prime d i v i s o r then c l e a r l y 1(D) i s r e a l i f and only i f 
the f u n c t i o n f i e l d R(D) i s f o r m a l l y r e a l , and we are back to the argu
ments which l e d to the Sign-Changing C r i t e r i o n above ( C o r o l l a r y 3 . 5 ) . 

D e f i n i t i o n 3.8» We c a l l a semialgebraic subset M of X(R) pure and 
f u l l of dimension k i n X, i f dim M = k (hence the Z a r i s k i c l o s u r e Z of 
M i n X has dimension k) and M i s the pure part X,(Z(R)) of Z(R). 



'In t h i s terminology we can say according to Theorem 3 . 4 and Propo
s i t i o n 3 . 6 that f o r every non zero purely i n d e f i n i t e d i v i s o r on X the 

D | T i-3 pure and f u l l of dimension n - 1 i n X. We now prove a con
verse of t h i s statement. 

Theorem 3 . 9 . Let M be a pure' and f u l l ( n - 1 ) - d i m e n s i o n a l semialgebraic 
subset of X(R). Then there e x i s t s a unique p u r e l y i n d e f i n i t e d i v i s o r 
D on X such t h a t M c o i n c i d e s with the set |D|t of t r a n s v e r s a l points 
of D . The v a r i e t y | D | i s the Z a r i s k i c l o s u r e of M i n X.' 

Proof. Let Z denote the Z a r i s k i c l osure of M i n X and l e t Z'1/...,Z 
denote the i r r e d u c i b l e components of Z. The s e t M i s the union of the 
closed semialgebraic subsets M. := M fl Z.(R), i = 1, . . . , r. Denoting by 
Z!̂  the Z a r i s k i c l o s u r e of M i i n .X we have Z| c= z^ and 

Zi U U Z1 = Z, U . . . U Z' , 
1 r I r 

and we conclude that. Z^ = Z i f o r i = 1, . . . , r . This means that every 2YL 
i s Z a r i s k i dense i n Z. . Since Z. i s not contained i n the union of the 
Zj . w i t h j £ i , a l s o M i i s not contained i n .the union of the NL with 
j f i . Thus 

M! := M N U M. 

i s a non empty open subset of M, which i s t h e r e f o r e pure of dimension 
n - 1 . This i m p l i e s dim = n - 1 and dim Z^ = n - 1 f o r every i = 1 , . . . , n . 
The s e t Z.(R) contains M^, hence has again dimension n - 1 . We now con
clude from Theorem 3 . 4 that f o r every i = 1 , . . . , r the prime d i v i s o r Z^ 
i s i n d e f i n i t e . We'introduce the purely i n d e f i n i t e d i v i s o r 

D := Z 1 + ... + Z r. 

By c o n s t r u c t i o n |D| i s the Z a r i s k i c l o s u r e Z of M. Since M i s pure and 
f u l l , M c o i n c i d e s w i t h ^ D _ I ( I D I R ) - By Theorem 3 . 4 t h i s l a s t set i s 
J D | T . I t i s now a l s o c l e a r t h a t D i s the only p u r e l y i n d e f i n i t e d i v i 
sor w i th |D|t = M, since by P r o p o s i t i o n 3 . 6 f o r any such d i v i s o r Df 

the v a r i e t y |D' j i s the Z a r i s k i c l o s u r e of M i n X. 
Q.e.d. 

A m i l d g e n e r a l i z a t i o n of these r e s u l t s i s p o s s i b l e . Assume only 
that X i s an i r r e d u c i b l e n-dimensional v a r i e t y which i s normal at 
every r e a l p o i n t , and that X(R) has dimension n. Let X 1 denote the 
open subvariety of a l l r e g u l a r p o i n t s of X. Then X(R) ̂  X 1(R) has d i 
mension at most n-2. In p a r t i c u l a r X 1(R) i s not empty. Let D be an 



e f f e c t i v e d i v i s o r on X and l e t D1 denote the r e s t r i c t i o n of D to X'. 

D e f i n i t i o n 3.10. We c a l l D i n d e f i n i t e (resp. s e m i d e f i n i t e , resp. 
p u r e l y i n d e f i n i t e ) i f D' i s i n d e f i n i t e (resp. s e m i d e f i n i t e , resp. 
p u r e l y i n d e f i n i t e ) . We denote by |DJ t the c l o s u r e of the semialgebraic 
set |Df| i n X(R). 

I t i s evident that a l l the theorems, p r o p o s i t i o n s and c o r o l l a r i e s 
i n t h i s * s e c t i o n , except C o r o l l a r y 3.5, remain true word by word i n the 
present more general s i t u a t i o n . C o r o l l a r y 3.5 remains true f o r a nor
mal i r r e d u c i b l e v a r i e t y V over k i n s t e a d of a reg u l a r v a r i e t y . 



§ 4 A remark on s e m i d e f i n i t e prime d i v i s o r s 

As before l e t X be an i r r e d u c i b l e n-dimensional v a r i e t y over R 
such that X(R) i s a l s o n-dimensional and contains only normal p o i n t s . 
We regard on X(R) beside the strong topology a l s o the coarser Z a r i s k i 
topology. This i s the topology on X(R) induced by the Z a r i s k i topology 
of X. Every Z a r i s k i c l o s e d subset.M of X(R) i s a f i n i t e union of i r r e 
d u c i b l e closed subsets M1f-...,Mr with M i <fi M_. f o r i ^ j . We c a l l these 
subsets the i r r e d u c i b l e components of M. They are uniquely deter
mined by - M. 

Every i r r e d u c i b l e Z a r i s k i c l o s e d subset M of X(R) which has dimen
s i o n n-1 i s c l e a r l y the s e t of r e a l - p o i n t s of an i n d e f i n i t e prime d i 
v i s o r D on X uniquely determined by M (cf. Theorem 3.9, which says 
much more than t h i s . ) We now prove a weak analogue of t h i s statement 
f o r lower dimensional i r r e d u c i b l e Z a r i s k i c l o s e d subsets' of X(R) . 
Uniqueness of the prime d i v i s o r D "can no longer be expected. Thus the 
f o l l o w i n g theorem i s l e s s v a l u a b l e than Theorem 3.9. 

Theorem 4.1. Suppose t h a t X i s a l s o q u a s i p r o j e c t i v e , i . e . a l o c a l l y 
c l o s e d subscheme of some p r o j e c t i v e space IP Let -M be an i r r e d u c i b l e 
Z a r i s k i c l osed subset of X(R) of dimension a t most n-2. Then there 
e x i s t s some s e m i d e f i n i t e prime d i v i s o r D on X such t h a t M = D(R). 

For the proof we rep l a c e X by i t s n o r m a l i z a t i o n , which does not 
change anything f o r the space X(R). Now the zero d i v i s o r d i v ( f ) + and 
the pole d i v i s o r d i v ( f ) _ of any non zero r a t i o n a l f u n c t i o n f on X are 
honestly defined as W e i l * d i v i s o r s . 

N 
The set X(R) i s contained i n the a f f i n e open subscheme V of P D 2 2 • which i s the complement of the hypersurface x Q + ...... + X

N
 = °- We 

introduce the Z a r i s k i c l o s u r e X 1 of X fl V i n V. Then X(R) = X 1 (R) and 
X\j i s an a f f i n e v a r i e t y . L et W denote the Z a r i s k i c l o s u r e of M i n 
We choose r e g u l a r f u n c t i o n s g 1,...,g r on X^ such that W i s the reduced 
subscheme N x (g 1) fl ... fl N x (g r) of a l l common zeros of g 1 , . .. , g r on 

1 1 . For the r e g u l a r f u n c t i o n 

on X-j we have 

2 2 
qA + ... + g ^1 r r 

M = {x € X 1 (R) | g(x) =0}. 

We now extend the r e g u l a r f u n c t i o n g | X fl V. to a r a t i o n a l f u n c t i o n f 



on X i n the unique p o s s i b l e way. The domain of d e f i n i t i o n of f contains 
X fl V, hence X(R). Thus the pole d i v i s o r E : = d i v ( f ) _ has i n i t s sup- \ 
.port no r e a l p o i n t s , i . e . E i s d e f i n i t e . On the other hand we have f o r 
the zero d i v i s o r D := d i v ( f ) + 

|D|R = {x £ X(R) | f ( x ) = 0} = {x e x 1(R) ] g(x) = 0} = M. 

Let D r e i D | + ... + e
s

D
s be the decomposition of D i n t o prime d i v i 

s o r s . M i s the union of the Z a r i s k i c l o s e d subsets D-j (R) , ...rD (R). 
Since M i s I r r e d u c i b l e , M c o i n c i d e s w i t h one of these s e t s , say 
M = (R). The prime d i v i s o r i s s e m i d e f i n i t e according to Theorem 
3.4, or already P r o p o s i t i o n 2.3, and our theorem i s proved. 



§ 5 Extremal p o s i t i v e s e m i d e f i n i t e forms and extremal squares 

Let X be the (n-1)-dimensional p r o j e c t i v e space TP1!' (n > 2). Every 
e f f e c t i v e d i v i s o r D on X i s the d i v i s o r d i v ( F ) of a form F(x.j,...,x ) 
wi t h c o e f f i c i e n t s i n R uniquely determined by D up to a m u l t i p l i c a t i v e 
constant. In t h i s way the prime d i v i s o r s correspond with the i r r e d u c i 
b l e forms,, the i n d e f i n i t e d i v i s o r s correspond with the i n d e f i n i t e forms 
i n the usual sense - n o t i c e that X(R) i s connected -, and the s e m i d e f i 
n i t e (resp. d e f i n i t e ) d i v i s o r s correspond with the p o s i t i v e s e m i d e f i - -
n i t e (resp. d e f i n i t e ) forms, of course a l s o w i t h the negative s e m i d e f i 
n i t e (resp. d e f i n i t e ) forms. 

We c a l l a form F € R[x,j , . . . ,xft3 pur e l y i n d e f i n i t e , i f the d i v i s o r 
d i v ( F ) i s purely i n d e f i n i t e . This means that F i s not constant, a l l 
i r r e d u c i b l e f a c t o r s of F are i n d e f i n i t e , and no i r r e d u c i b l e f a c t o r s 
occur with m u l t i p l i c i t y > 1. 

For any i n t e g r a l number r > 0 we denote by F(r) the set of a l l non 
zero forms of degree r i n R[ x jj , . . . , x ] and by F the union of a l l F ( r ) . 
For any even number d > 0 we denote by P(d) the convex cone i n F(d) 
•co n s i s t i n g of a l l psd (= p o s t i v e s e m i d e f i n i t e ) forms of degree d i n 
R.[x,j, . . . ,x ], and by P the union of a l l P(d). S i m i l a r l y we denote by 
1(d) the convex subcone of P(d) c o n s i s t i n g of a l l f i n i t e . s u m s of 

d 
squares of non zero forms i n R[x^,...,x n3 of degree ^ and by I the 
union of the sets 1 ( d ) . 

The cones P(d) U {0} and 1(d) U {0} are w e l l known to be c l o s e d 
semialgebraic subsets of the v e c t o r space F(d) U {0}. Our theory i n §2 
has some a p p l i c a t i o n s to the theory of the sets E (P (d)) and EX I.'(d) ) of 
extremal points of the cones P (d) and 1 ( d ) . We r e f e r the reader to the 
paper [CL.] f o r the background, some r e s u l t s , and concrete examples i n 
t h i s theory. Let again E(P) denote the union of sets E(P(d)) and E(I) 
the union of the sets E ( I ( d ) ) . 

I f nothing e l s e i s s a i d a l l forms i n the sequel are understood to 
be forms i n x-j,...,x over R. For any two such forms we mean by 
"F > G" that F-G l i e s i n P U {0}. In p a r t i c u l a r then F and G must have, 
the same degree. S i m i l a r l y we mean by " F » G n that F-G l i e s i n 
I U {0}. C l e a r l y an element F of P l i e s i n E (p) i f and only i f 
F > G > 0 im p l i e s G = XF w i t h some constant X. S i m i l a r l y an element F 
of I l i e s i n E(I) i f and only i f F » G » 0 im p l i e s G = XF wi t h some 
constant X. Of course i n both cases the constant X l i e s i n the i n t e r 
v a l [ 0 , 1 ] . 



Theorem 5.1. i ) Let F and G be psd forms. Assume that F £ E.( P) and G 
d i v i d e s F. Then G G E( P ) . 

i i ) Assume t h a t F € E(I) and F = G-H2 with some forms G and". H. Then 
G £ E(X). 

i i i ) Let G be a psd form and H a purely i n d e f i n i t e form. Then G l i e s 
i n E(P) i f and only i f GH 2 l i e s i n ' E ( P ) . 

i v ) Let again G be a psd form and H a purely i n d e f i n i t e form. Then G • 
l i e s i n E(I) i f 'and only i f GH 2 l i e s i n E ( I ) . 

Proof. i ) We have F = G H with some psd form H. Suppose that 
G > G v > 0. We have to v e r i f y that G1 = XG w i t h .some constant X. Since 
H > Owe have GH > G'H > 0. Since F i s extremal t h i s i m p l i e s 
G'H = XGH with some constant X and then G* = XG. 
i i ) We may induc t on the number of i r r e d u c i b l e f a c t o r s of H and thus 
assume that H i s i r r e d u c i b l e . Since F i s an extremal sum of/squares F 

" 2 " " i s a c t u a l l y a square L . Now H d i v i d e s L. We have L = HS with some 
2 ? ? form S and then F = H S . From t h i s we o b t a i n G = S . In p a r t i c u l a r 

G € I . We see now by the same argument as i n i ) that G i s extremal i n 
^* 

2 
i i i ) I f GH. i s extremal then a l s o G i s extremal as has been proved 
above. Assume now t h a t G i s extremal. I t s u f f i c e s to consider the case 
that H i s i n d e f i n i t e and i r r e d u c i b l e , s i n c e we then o b t a i n the f u l l r e -

2 

s u i t by i t e r a t i o n . L et L be a non zero form w i t h GH > L > 0. The set 
of r e a l zeros Z(H) i s contained i n Z(L). By a m i l d a p p l i c a t i o n of 
Co r o l . 2.5 we see t h a t H d i v i d e s L. ( R e s t r i c t H and L to the n-stand-

n*" 1 
ard open a f f i n e s u b v a r i e t i e s of IP_ .) Since H i s i n d e f i n i t e then a l s o 2 * 2 * H d i v i d e s L, c f . P r o p o s i t i o n 3.2. We have L = H L 1 with some psd form 

2 2 
LV and obtain from GH > L 1H > 0 that G > L 1 > 0. Since G i s extremal 

2 
t h i s i m p l i e s L 1 = XG w i t h some constant X and then L = XGH . 
iv ) We again r e t r e a t to the case that H i s i r r e d u c i b l e and i n d e f i n i t e . 

2 

I f GH l i e s i n E (I), then'by i i ) a l s o G l i e s i n E ( I ) . Assume now that 
G € E ( I ) . Suppose t h a t GH 2 » L » 0. We have 

L = M 2 + ... + M 2 

1 r 
with some forms ,...fM of same degree. The s e t Z(H) i s contained i n 
every zero set ZdYL). Thus by C o r o l l a r y 2.5 we have IVL = HN. with some 
forms N. and L = H 2 L 1 / where 



We can apply the same argument to the sum of squares GH - L and have 
2 2 GH - L = H S- with some £ I . We obtain G = L. + S . Since G i s ex-

I I l i 

tremal i n I t h i s i m p l i e s L 1 = XG with some constant X £ [0,1] and then 
2 2 

L = XG H . Thus GH i s indeed extremal i n Z. Theorem 5.1 i s now com
p l e t e l y proved. 

2 
We may ask f o r which forms F the square F i s extremal i n I or 

even i n P. By p a r t i i i ) of Theorem 5.1 the l a t t e r i s true f o r any pro
duct F of i r r e d u c i b l e i n d e f i n i t e forms. We al s o know from p a r t s i ) and 
i i ) of the theorem t h a t 

( F 1 F 2 ) 2 E E ( I ) > F|. £ E(Z) , F 2 € E(Z); 

( F 1 F 2 ) 2 € E(P) F 2 € E(P) , Y\ £ E(P). 

To pursue t h i s question f u r t h e r we may omit i n a given form F a l l i r r e 
d u c i b l e i n d e f i n i t e f a c t o r s , according to Theorem 5.1, and assume that 
F i s psd. We have the f o l l o w i n g p a r t i a l r e s u l t . 

2 
Theorem 5.2. Let F be a form i n E(P). Then F has the f o l l o w i n g 

2 2 
property: I f F = G + H w i t h some psd form H and some form G then 
2 2 

G = eF with some constant e. (Of course e l i e s i n the i n t e r v a l 
[0,1].) In p a r t i c u l a r F 2 e E ( Z ) . 

Proof, We may assume t h a t F £ ±G. We d i s t i n g u i s h two cases. 

Case 1: F - G i s s e m i d e f i n i t e . I f F - G would be negative s e m i d e f i n i t e 
2 2 

then a l s o F + G would be negative s e m i d e f i n i t e , since F - G > 0. Thus 
the sum 2F of F-G and F + G would be negative s e m i d e f i n i t e , which i s 

2 2 

not t r u e . Thus F-G > 0. Since F -G = (F - G) (F + G) i s psd, a l s o 
F + G > 0. From the r e l a t i o n 

F = (F 4- G)/2 + (F - G)/2 

we o b t a i n , since F i s extremal, 

(F - G)/2 = XF, (F 4- G)/2 = yF 
w i t h constants X > 0, y > 0 such that X + y = 1. This i m p l i e s 
G » ( y - X ) F and then G 2 = (y - X ) 2 F 2 , as d e s i r e d . 



Case 2, F - G i s i n d e f i n i t e . According to P r o p o s i t i o n 3.2 there e x i s t s 
an i r r e d u c i b l e i n d e f i n i t e form P which d i v i d e s F-G wit h an odd m u l t i 
p l i c i t y . Since F 2 - G 2 > 0 the form P occurs i n F 2 - G 2 w i t h even m u l t i 
p l i c i t y , again by Propostion 3.2. Thus P d i v i d e s a l s o F + G, hence P 
d i v i d e s both F and G. Since F i s psd even P d i v i d e s F. We have 

2 
F = P P 1 with a form € E(P) by Theorem 5 . 1 . i . We a l s o have G = PG' 
with some form G1 and the equation 

4 2 2 2 ;P = P G1 + H. 

Thus H = P 2H f w i t h a form H' £ P, and 
2 2 2 P F^ = G + H1 . 

The zero set Z(p) i s contained i n Z(G') and a l s o i n Z(H') . Thus by §2 
the i r r e d u c i b l e i n d e f i n i t e from P d i v i d e s both G1 and H f, the l a t t e r 

2 
one w i t h an even m u l t i p l i c i t y . We obta i n G1 = P G 1 , H 1 = P with 
H 1 € P, and 

F 2.= G 2
 + H,. 

The proof can now be completed by i n d u c t i o n on the degree of F f since 
F^ has smaller degree than F. 

- Q.e.d. 

Remark. In a l l these c o n s i d e r a t i o n s we could have replaced our pro-
n-1 n 1 n r j e c t i v e space 3P_ by a product 3P_J x . . . x 3P • , i . e . work with 
K R K 

multiforms i n s t e a d of forms. Thus Theorems 5.1 and 5.2 remain true f o r 
multiforms i n s t e a d of forms. 



§ 6 Comparison of the sets EP(n,d) and EX(n,d). 

2 
Looking again f o r forms F such that F i s extremal i n I or even i n 

P i t i s n a t u r a l to ask whether every F E E(I) a c t u a l l y l i e s i n E(P). 
In case of a p o s i t i v e answer we would know from Theorems 5.1 and 5.2 
f o r any psd form' F that F 2 l i e s i n E(I) i f and only i f F l i e s i n E.(P), 
and the r e l a t i o n between the sets E(I) and E(P) would be w e l l under
stood. 

Unfortunately things turn out to be not that simple. Let us w r i t e 
more p r e c i s e l y P(n,d) instead of P(d) and I(n,d) i n s t e a d of 1(d) to 
i n d i c a t e the number n of v a r i a b l e s of the forms under c o n s i d e r a t i o n . 
We ask f o r which p a i r s (n,d) with n > 2, d > 2 and even, the set 
EI(n*,d) of extremal p o i n t s of the cone I(n,d) i s contained i n the set 
EP(n,d) of extremal p o i n t s of the cone P(n,d). The f o l l o w i n g theorem 
gives a complete answer to t h i s q u e s t i o n . 

Theorem 6.1. Let n > 2 be a n a t u r a l number' and d be an even n a t u r a l 
number. Then EI(n,d) c EP(n,d) p r e c i s e l y i n the f o l l o w i n g cases. 
i ) n = 2; i i ) d < 6; i i i ) (n,d) = (3,8); i v ) (n,d) = (3,10). 

Thus the q u e s t i o n , whether EI(n,d) i s contained i n EP(n,d) is. 
answered by the f o l l o w i n g chart: 

d 2 4 6 8 10 12 14 

2 / / / / / / V 
3 / / / / • X X 

4 / / / X X X X 

5 / / / X X X X 

6 / / / X X X X 

Legend: / = p o s i t i v e answer 
x = negative answer 

The r e s t of the s e c t i o n i s devoted to a proof of t h i s theorem. I f 
n == 2 or d = 2 then I(n,d) = P(n,d) and there i s nothing to be proved, 
Thus we assume henceforth that n > 3 and d ^ 4. 

Consider now the case that d = 4 or d = 6. Let F be a form with 



2 2 F € EI(n,d) . Suppose th a t F does not l i e i n EP(n,d). C a n c e l l i n g out 
i n F a l l i n d e f i n i t e i r r e d u c i b l e f a c t o r s we obt a i n a form with the same 
p r o p e r t i e s , as f o l l o w s from Theorem 5.1, Thus we may assume that F has 
only psd f a c t o r s . Then F cannot have degree 3. Thus F i s a psd qua
d r a t i c form. A f t e r a l i n e a r change of coordinates we have 

2 2 F = + ... + x 1 r 
with 1 < r < n. Now 

F 2 =s' x^ + 2 x 2 ( x 2 .+ .... + x 2 ) + ( x 2 + . . . + x 2 ) 2. 
2 

We see t h a t F i s not extremal i n I(n,4) . This c o n t r a d i c t i o n proves 
that EI(n,d) i s contained i n EP(n,d) f o r d <• 6. 

Suppose now t h a t F i s a form-of deqree 4 i n n v a r i a b l e s such that 
2 < ~ • 

F l i e s i n EI but not i n EP. I f F would contain an i n d e f i n i t e i r r e d u c 
i b l e f a c t o r then t a k i n g out t h i s f a c t o r we would obtain* a' form G w i t h 

2 2 G € EI(n,d) but G £ EP(n,d) f o r some d < 6 (Theorem 5.1). This has 
been proved to be i m p o s s i b l e . Thus F does not co n t a i n an i n d e f i n i t e 
f a c t o r and we may assume i n p a r t i c u l a r that F i s psd. I f F would be 
r e d u c i b l e then F = Q,Q0 w i t h psd qu a d r a t i c forms Q. and Q9. But then 

2 2 2 2 

a l s o the f a c t o r s and Q 2 of Q^Q2 would l i e i n EI (Theorem 5.1), which 
means that Q1 and Q 2 would be squares of l i n e a r forms. This c o n t r a d i c t s 
the f a c t that F has no i n d e f i n i t e f a c t o r s . Thus F must be an i r r e d u c 
i b l e p o s i t i v e s e m i d e f i n i t e q u a r t i c . 

I t i s known si n c e H i l b e r t t h a t P(3,4) =1(3,4), c f . [CL, §6] f o r 
an elementary proof i n the case R = IR . Thus i n thq case n = 3 our 
form F has to be a sum of squares, but not a square, and we o b t a i n as 

2 

above a c o n t r a d i c t i o n to the assumption that F i s extremal i n 1(3,8.). 
.We have proved t h a t EI(3,8) i s contained i n EP(3,8). 

Assume now t h a t F i s a form i n 3 v a r i a b l e s of degree 5 such that 
2 

F i s extremal i n 1(3,10)*. F contains an i r r e d u c i b l e f a c t o r H of odd 
2 

degree, F = HG. By Theorem 5.1 the form G i s extremal i n I . Since 
2 2 deg G <8 we know t h a t G i s extremal i n P. Thus, again by Theorem 5.1, 

2 

the form F i s extremal i n P. We have proved that EI(3,10) i s contained 
i n EP(3,10). 

This proof works e q u a l l y w e l l over a l l r e a l c l o s e d f i e l d s R, taking 
i n t o account the rudiments of [DK, §9]. No appeal to T a r s k i ' s 
p r i n c i p l e i s necessary. 



We now have v e r i f i e d a l l the a f f i r m a t i v e answers i n the chart 
above. To get a l l negative answers i t s u f f i c e s to check that EI(3,12) 
i s not contained i n EP(3,12) and EI(4,8) i s not contained i n EP(4 /8). 
Indeed, regarding a form F i n the v a r i a b l e s x^,...,x als o as a form 
i n the v a r i a b l e s x^ , . . ./Xn+-j / i t i s an easy e x e r c i s e to prove that 

F 2 6 EI (n, d) => F 2 € EI (n+1 , d ) , 

and i t i s t r i v i a l t h a t 

F 2 £ EP(n,d) F 2 £ EP(n+1 , d ) . 

Furthermore choosing some l i n e a r form L i n the v a r i a b l e s x^,...,x n, i t 
i s evident from Theorem 5.1 that 

F 2 € EI(n,d)T-=* F 2 L 2 € E I ( n , d+2) 

and 
F 2 t EP(n,d) =* F 2 L 2 £ EP(n, d+2) 

We s h a l l now e x h i b i t a form i n EI(3,12) which i s not extremal i n 
P(3,12). F o r t u n a t e l y a counterexample for-(n,d) = (4,8) can be con
s t r u c t e d by s i m i l a r p r i n c i p l e s . Thus i t w i l l be s u f f i c i e n t to devote 
our main e f f o r t s to the case (n,d) = (3,12). 

We s t a r t w i t h the ternary s e x t i c 
o/ x - 4 2 ^ 4 2 A 4 2 - 2 2 2 S (x, y, z) = x y + y z + z x - 3x y z 

i n [CL]. This form has seven zeros: (1,0,0), (0,1,0), (0,0,1), (1,1,1), 
(-1,1,1)7 (1,-1,1) and (1,1,-1). We s h a l l look at an a u x i l i a r y form 

2 2 2 2 T(x,y,z). = (x y + y z - z x - xyz) 

which i s chosen i n such a way that i t vanishes on a l l zeros of S, 
except (-1,1,1). 

2 
Theorem 6.2. Let f ( x , y , z ) = S(x,y,z) + T ( x , y , z ) . Then p := f l i e s i n 
EI(3,12) but not i n EP(3,12). 

The f a c t t h a t p i s not extremal i n P(3,12) w i l l be deduced from an 
easy lemma (Lemma 1), and follows by the way a l s o from Theorem 5.1. i , 
while the f a c t t h a t p i s extremal i n 1(3,12) w i l l be deduced from a 
d i f f i c u l t lemma (Lemma 2). 



2 2 
Lemma 1 . The forms S , ST, T are l i n e a r l y independent over R. 

2 2 

Proof. Suppose aS + ßST + yT = 0 , where a,ß,y £ R. E v a l u a t i n g at 
( - 1 , 1 , 1) € Z (S) ̂  Z(T), we get y = 0 . D i v i d i n g by S, we get aS + 0 T = 0, 
so c l e a r l y a = {5 = 0. 

O.e.d. 
2 2 2 Since p = f - S + 2 S T + T , t h i s lemma c l e a r l y i m p l i e s that p 

cannot be extremal i n P(3> 1 2 ) . I t remains to be shown that p i s 
extremal i n 1 ( 3 , 1 2 ) . 

2 2 2 

Lemma 2. Let f be as i n the theorem. I f f = h 1 + ... + h r i n R[x,y,z] 
then each h i i s an R - l i n e a r combination of S and T. 

2 
Using t h i s lemma we can show,that p = f i s extremal i n 1(3,12) as 

f o l l o w s . I f f 2 = h 2 .+ ... 4- h 2 , we w r i t e h. = a.S + b.T with a. ,b. 6 R. 
1 r l i i i i 

Then .. * v - . , . - . • . 
r r r 

f 2 = S 2 + 2ST + T 2 = (I a 2) S 2 + 2 (I a.b. ) ST + ( I b . ) T 2, 
1 1 1 1 

1 1 1 1 1 
so by Lemma 1, 

r 2 r 2 r 

I a 7 = X b7 = I a.b. = 1 . 
' 1 1 1 1 1 1 1 

2 2 2 2 This i m p l i e s t h a t a. = b. f o r 1 < i 5 r , so h = a. (S + T) = a. D , as . ^ 1 1 ' l l l - ' 
des i r e d . 

Our job i s now to prove Lemma 2 . For t h i s we need a t h i r d lemma 
which i s true f o r a r b i t r a r y polynomials i n s t e a d o f j u s t ternary forms. 

Lemma 3. Suppose f 6 R[ x , . . . , x ] i s p o s i t i v e s e m i d e f i n i t e and 
2 2 2 n ^ f = h 1 + ... + h^ with polynomials h i € R[X|,...,x ]..Let a €-R be a 

zero of f. Then a i s a l s o a zero of h^ and of every p a r t i a l d e r i v a t i v e 
Sh i/aXj ( 1 5 i < r , 1 5 j 5 n). 

Proof. Since f i s psd c l e a r l y a i s a zero of every 3f/3x ., 1 5 j 5 n. 
2 ^ Computing the p a r t i a l d e r i v a t i v e s of f , we have 

3 f 2 = 2 f 3 f 

3x . " 8x . ' 3 3 

3 ' f 2 = 2f .-4 f-- + 2 ? f ? f 

3x.3x, 3x. 3x, 3x . 3x v ' 



so these p a r t i a l d e r i v a t i v e s a l l vanish at a. (In f a c t even the t h i r d 
2 

order p a r t i a l d e r i v a t i v e s of f vanish at a. We do not need t h i s i n t.h 2 
f o l l o w i n g . ) From 0 = (a) + + h r ( a ) we have of course 

:2 h<j (a.) - ... = h r ( a ) = 0. Computing (3 2/8x?)(.f 2) from the expression 
f 2 = h? + + h r , we get 

r 9 h. 9h. 9 

0 = 1 [2h, (a) - J — i (a) + 2 (-^ ( a ) r ] = 2 
i=1 1 9 x j 9 x j 

r 3h 
i ( a ) 2 , 

so 
3 ^ 

(a) = 0 f o r a l l i , j . 
Q.e.d. 

We now enter the proof of Lemma 2. Thus f = S + T, and a decompo-
2 2 s i t i o n f = h* + + h r with forms € R[x,y,z] of degree 6 i s 

given. Let h be any of the forms ĥ , . The f i r s t step i n the proof i s to 
determine which are the sextic. monomials which may occur i n h. This 
can be done by i n s p e c t i o n - but i t i s e a s i e r to invoke the general 

*) 
method of "cages", c f . [R]. Denoting the cage of a form g by C(g) we 
have by the l a t t e r method 

C(h) c l c ( f 2 ' ) = C(f) , 

and C(f) contains the l a t t i c e p o i n t s (4,2,0), (0,4,2), (2,0,4), 
(2/2,2), (3,2,1), (3,1,2), (2,3,1), (2,1,3), (1,2,3), (1,3,2). I f we 
represent the p o i n t s of C(f) by t h e i r f i r s t two c o o r d i n a t e s , we have 
the f o l l o w i n g p i c t u r e of a " p r o j e c t i o n " of C ( f ) . 

II y ft 

<0,4) 
• 

(4,2) 

— - » 

(2,0) "x" 

( A c t u a l l y a l l l a t t i c e p o i n t s of C(f) occur as monomials i n f.) Thus we 
may express the s e x t i c form h i n the f o l l o w i n g wav: 

) A more d e t a i l e d account of t h i s method w i l l be given i n [CLR] 



4 2 4 2 2 4 2 2 2 3 2 3 2 h(x,y,z). = ax y + by z + cx z + dx y z + ex y z + gx yz + 
2 3 2 3 3 2 2 3 + i x y z + j x yz + kxy z + l x y z . 

By Lemma 3 the p a r t i a l d e r i v a t i v e s 3h/3x, 3h/3y, 3h/3z must vanish at 
the p o i n t s ( 1 , 1,1) , ( 1 , 1 , - 1 ) and ( 1 , - 1 , 1 ) of Z ( f ) . This leads to the 
f o l l o w i n g system of nine l i n e a r homogeneous equations i n the ten 
"unknowns" a , b , . . . , k , l . 

r 
• .CD 4a +2c+2d+3e+3g+2i+2j+ k+ 1=0 ( 9x at (1, 
(2) 4a +2c+2d-3e+3g-2i-2j+ k- 1=0 (... :D.I 
(3) 4a +2c+2d+3e-3g-2i-2j- k+ 1=0 ('... (1 /-
(4) 2a+4b +2d+2e+ g+3i+ j+3k+21=0 ( 8 at (D 
(5) 2a+4b +2d-2e+ g - 3 i - j+3k-21=0 •(... [DI 
(6) 2a+4b +2d+2e- g - 3 i - j-3k+21=0. C . ' 1 ,r 

(7) 2b+4c+2d+ e+2g+ i+3j+2k+31=0 i 3 at (D 
(8) 2b+4c+2d- e+2g- i-3j+2k-31=0 (... I D 1 

(9) 2b+4c+2d+ e-2g- i-3j-2k+31=0 ( 'D-

By e x p l i c i t computation we s h a l l show that t h i s l i n e a r system of 
equations has a s o l u t i o n space of dimension 2 (with a basi s correspond
i n g , of course, to S and T). We proceed as f o l l o w s : 

(1 ' ) 
(2«) 
(3D 
(4D 

< (5') 

( 6 D 

(7' ) 
(8' ) 
( 9 ' ) 

_ (D-(2) 
2 

(D-(3) 
(D + (2) 

_ (4)-(5) 
(4)-(6) 

_ (4)+(5) 
(7)-(8) 

2 
(7)+(8) 

3e + 2 i + 2j + 1 0 
3g + 2 i + 2j + k = 0 
4 a + 2c + 2d + 3g + k = 
2e + 3 i + j + 21 = 0 

g + 3 i j + 3k - 0 
2a + 4b + 2d + g + 3k 
e + i + 3j + 31 = 0 

2g + i + 3j + 2k 0 
2b + 4c + 2d + 2g + 2k 

o 

0 

Note that d '.) + (4 D-|-(7 D g i v e s (-) " ) e + i + j + 1 = 0 

(2D-f (5' ) + (8D 
6 gives (2") g + i + j + k = 0 



From ( 1 M ) , (4' ) and (7' ) , we get i = j = -e = -1. 
From ( 2 M ) , (5 f) and ( 8 f ) , we get i = j = - g = - k . 

E l i m i n a t i n g g from ( 3 ' ) , (6') and (9 1) and d i v i d i n g by 2, we get 

(3") 2a + c + d + 2k = 0, 
(6") a + 2b • + d + 2k = 0, 
(9") b + 2c + • d + 2k = 0, 

which leads e a s i l y to a = b = c and d = -3a - 2k. Thus, a and k are 
the free parameters, and the s o l u t i o n space to our l i n e a r system of 
equations has dimension 2. Since S and T do give r i s e to independent 
s o l u t i o n s i n the s o l u t i o n space, we can conclude that h = aS + (5T 
(a,ß £ R). More e x p l i c i t e l y , the general s o l u t i o n t o the l i n e a r system 
i s given by 

(a , b , c , d , e , g , i , j , k , l ) = (a,a,a,-3a-2k,k,k,-k,-k,k,k) 
- « - • = a(1,1,1,-3,0,...,0) .+ .k (0,.0,0,-2,1 ,1 ,-1 ,-1 ,1 , 1) 

= (a+§) (1,1,1,-3,0,. ..,0) -|(1,1,1,1,-2,-2,2,2,-2, - 2 ) 

So we are f i n i s h e d by no t i n g t h a t (1,1,1,-3,0,...,0) corresponds to S 
and (1,1,1,1,-2,-2,2,2,-2,-2) corresponds to T. We now have proved 
Lemma 2 and Theorem 6.2. 

The counterexample needed t o show t h a t EI(4,8) i s not contained i n 
• • 2 EP(4,8) i s e n t i r e l y analogous. We use p := (Q+U) where 

4 9 2 2 2 2 2 Q(w,x,y,z)=w + x y + y z + z x - 4xyzw, 
2 2 U(w,x,y, z) =(w + xy - yz - zx) . 

The form Q has seven zeros: (0,1,0,0), (0,0,1,0), (0,0,0,1), (1,1,1,1), 
(1,1,-1,-1), (1,-1,1,-1), (1,-1,-1,1), a l l of which are zeros of U 
except the l a s t one. By a cage c o n s i d e r a t i o n s i m i l a r to the one used 

2 2 
before we can see t h a t , i f p = + ... + h r , then any of the h ^ s has 
the form 

4 2 2 2 2 2 2 h(w,x,y,z) = aw + bx y + cy z + dz x + exyzw 
2 2 . 2 + gw xy + IW yz + jw zx 
2 2 2 + kz xy + l x yz + my zx, 

wi t h eleven p o s s i b l e terms. By Lemma 3 the four f i r s t p a r t i a l d e r i v a 
t i v e s of h must vanish on (1,1,1,1) , (1,1,-1,-1) and (1,-1,1,-1). 
This gives us 12 l i n e a r homogeneous equations i n the 11 unknowns 



a,b, . . . , l,m. A c a l c u l a t i o n s i m i l a r to the one we d i d shows that the 
s o l u t i o n space has dimension 2, hence i s spanned by the 11-tuples * 
corresponding to Q and U. 

There remains one problem open which f i t s n a t u r a l l y i n t o the c i r c l e 
of ideas of t h i s paper: 

Question. For which (n,d) does there e x i s t a form F £ EP(n /d) such 
t h a t F 2 I EP(n,2d)? 

2 
Notice that by Theorem 5.2 the form F l i e s i n EI(n,2d). Thus the 

question i s f o r a "stronger" counterexample to the i n c l u s i o n EI c: EP. 
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