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Abstract: We present a generalization of the extended Thomas-Fermi (ETF) theory to finite temperatures
7. Starting from the Wigner-Kirkwood expansion of the Bloch density in powers of %, we derive the
gradient expansion of the free energy and entropy density functionals #[p] and o[p] up to fourth
order with their correct temperature-dependent coefficients. (Effective mass and spin-orbit contri-
butions are taken into account up to second order.) For a harmonic-oscillator potential we show
that both the A-expansion of the free energy and the entropy and the gradient expansion of the
functionals % [p] and o[p] converge very fast and yield the exact quantum-mechanical results for
kT =3 MeV, where the shell effects are washed out. Finally we discuss the Euler vanational
equation obtained with the new functionals and use its numerical solutions for semi-infinite
symmetric nuclear matter to test the quality of parametrized trial densities. As an application. we
present liquid-drop model parameters, calculated with a realistic Skyrme interaction, as functions of
the temperature.

1. Introduction

A lot of interest has recently been focussed on highly excited nuclear systems in
which the excitation energy is equilibrized amongst the nucleons. In that case a
thermodynamical-statistical description is adequate and the excitation can be ex-
pressed in terms of an intrinsic temperature. Such “hot nuclei” can nowadays be
produced as compound systems in energetic heavy-ion collisions, and this provides a
challenge to look for observable temperature dependences of their properties. One
interesting speculation is to observe possible consequences of a phase-transition
between liquid and gaseous nuclear matter, such as e.g. the associated critical
temperature'). Another possibility is to measure the expected increase of the fissility
of nuclei with increasing temperature?).

In astrophysics, the equation of state of hot nuclear matter can play a crucial role
for the formation of supernovae during the gravitational collapse of massive stars,

* Laboratoire associé au CNRS.
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where condensed nuclei can coexist with a nucleon gas in local thermodynamical
equilibrium?).

The theoretical description of such hot systems with condensed (liquid) and
gaseous components is conceptually easier in the case of stars with their practically
infinite extension where it is possible to speak of phase transitions under (local)
equilibrium conditions. In isolated hot compound nuclei such as are created in a
heavy-ion collision, phase transitions do not strictly exist due to their finiteness.
Their theoretical treatment is furthermore complicated by their instability due to
nucleon evaporation, i.e. by the lack of an equilibrium situation. However, the
relatively long evaporation times at not too high excitations may justify treating
these systems like classical, superheated (and thus, metastable) liquid drops*). In
this sense, variational calculations within a static mean-field or Hartree-Fock (HF)
theory, together with the use of suitable boundary conditions, might be a sufficiently
welljustified procedure for the description of hot, metastable nuclei.

HF calculations for finite nuclei at finite temperature 7' were done for the first
time about a decade ago>°). At that time they were of a rather academic interest
and the occupation of the continuum states, which leads to evaporation, was only
given an approximate treatment. What was clearly demonstrated there in a selfcon-
sistent way is the fact that the shell effects cease to exist — due to the smearing out of
the Fermi surface — at a typical temperature 7=2.5-3 MeV which is roughly
independent of the size of the nucleus. More recently, such calculations were taken
up again for astrophysical applications, whereby periodic boundary conditions in the
Wigner-Seitz approximation were used "®). The same technique was also used to
describe an isolated, heated nucleus®); hereby the necessity was pointed out for the
use of some subtraction procedure in order to obtain results which are independent
of the size of the boundary at T > 4 MeV where the occupation of continuum states
becomes important.

Such HF calculations with the correct treatment of the continuum states become
extremely time-consuming at higher temperatures, in particular if non-spherical
boundary conditions are imposed in connection with the Wigner-Seitz approxima-
tion®). On the other hand, there is necessarily a fair amount of redundancy in the
microscopic description of such a system for T > 3 MeV where the shell effects are
washed out and all expectation values become smooth functions of particle numbers
and deformation. In this case a semiclassical treatment in terms of densities and
average fields is not only sufficient, but also much more economical and physically
transparent. The development and discussion of such a semiclassical method for
T > 0 is the purpose of the present paper.

Semiclassical variational calculations for average ground-state properties and
deformation energies of nuclei at 7=0 have recently become very successful,
particularly in connection with Skyrme-type effective interactions. [For an extended
review of such calculations, see ref.!®) and the literature quoted therein.] The
perturbative inclusion of shell effects by the Strutinsky method 1y has been justified
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numerically within the HF framework'?). The technically most refined of these
semiclassical methods is the density variational method using local density function-
als for the kinetic energy and spin densities in a gradient expansion, derived from
the so-called extended Thomas-Fermi (ETF) model®), and is described in detail in
ref.10). The density variational method itself is practically as old as nuclear
physics#); its formal justification was, however, only given in 1964 by the
Hohenberg-Kohn theorem!*). The importance of fourth-order gradient corrections
in the kinetic energy density functional 7[p] was pointed out only recently'®) and
made particularly evident in semiclassical calculations of fission barriers%17).

The extension of the Hohenberg-Kohn theorem to fermion systems at finite
temperature '®) encourages one to seek local density functionals for energy and
entropy which are valid at 7> 0. Whereas the Thomas-Fermi theory at 7> 0 has
been known for a long time®) and has been used for infinite*°) and semi-infinite?')
nuclear matter calculations, the temperature-dependent second-order gradient terms
of the ETF model have been derived only very recently in short papers?~2*), [In
ref. 22), only the functional of the free energy density % [p] for a local potential was
derived; in ref.?*), effective mass and spin-orbit contributions were also included.]
In the present paper we shall give a comprehensive presentation of the ETF model at
finite temperature and derive also the fourth-order gradient corrections to the free
energy and entropy density functionals %#[p] and o[p], respectively. We shall
present tests of these functionals against quantum-mechanical calculations and
discuss their application in variational calculations.

The paper is organized as follows. In sect. 2 we extend the Wigner-Kirkwood
expansion of the Bloch density to finite temperature and derive the corresponding
h-expansions of the nuclear density, the free energy density and the entropy density
in terms of the local (HF) potential V(r) and its gradients, including also the effects
of a variable effective nucleon mass and a spin-orbit potential up to second order in
A. In sect. 3 we show how the potential ¥V, its gradients and the Fermi energy are
eliminated in order to gain the functionals % [p] and o[p]. In contrast to the kinetic
energy density functional 7[p] at 7' = 0, the functionals #[p] and o[p] are obtained
at 7> 0 also in the classically forbidden region. In taking a careful limit 7 — 0, we
show that %#[p] reduces to the old functional r[p] at T=0 everywhere in space,
thus strictly proving its hitherto only surmised validity at and outside the classical
turning points. In sect. 4 we use the (deformed) harmonic-oscillator potential as a
model to test the convergence of the semiclassical expansions against exact
quantum-mechanical calculations at 7> 0. Sect. 5 is devoted to a discussion of the
Euler variational equation obtained from the new TETF (i.e. temperature-dependent
ETF) functionals in connection with a realistic Skyrme force. We show that this
nonlinear fourth-order differential equation in the case of semi-infinite nuclear
matter can be cast into a nonlinear second-order equation plus a simple quadrature.
We discuss its numerical solutions for various temperatures and investigate the
validity of variational calculations with parametrized trial densities. As an applica-
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tion, we calculate liquid-drop model parameters as functions of temperature. Some
more technical details and involved formulae are presented in two appendices.

2. The Wigner-Kirkwood expansion at 7> 0

A convenient way to derive semiclassical expansions of energies or densities of a
fermion system is to express them in terms of the partition function or the Bloch
density and to use the Wigner-Kirkwood expansion?) of the latter in powers of A.
We will sketch this method only very briefly here and refer to the literature®) for
the details.

One starts from the wave functions ¢,(r) and eigenenergies ¢, of a system of N
fermions ¥ moving in an average potential V(r):

(- s =en ). 21)

For the moment, we assume V(r) to be local and velocity- and spin-independent.
(Later, we shall consider selfconsistent Hartree-Fock potentials and incorporate
velocity- and spin-dependent parts.) All ground-state expectation values of this
system can be calculated from the single-particle density matrix

p(r,r')= Z(p (r)e,(r), (2.2)

where the summation goes over the N states with the lowest energies ¢,. The basic
idea of the semiclassical approach?®) is to express o(r, r’) in terms of the Bloch
density matrix?’) defined by

C(r.r; B)= Zqo (r)e.(r)e”fe. (2.3)

Here the summation goes over the complete spectrum {¢,} (thus including an
integral over continuum states if present). The density matrix p(r, r’), eq. (2.2), can
be obtained from C(r,r’; 8), eq. (2.3), by

p(r, r’)=${1[%C(r, r’;B)], (2.4)

where A is the Fermi energy and the symbol .#,~' signifies an inverse Laplace
transformation:

LB = 2mf”’°°dﬁ Mf(B),  (creal, >0). (2.5)

Note that B here is a complex mathematical variable and has nothing to do, in the
present context, with any finite temperature. In fact, the inclusion of the factor 1/8

T Throughout the formal parts of this paper, we consider only one kind of particle



J. Bartel et al. / ETF theory 267

in eq. (2.4) and the use of A as the variable conjugate to 8 automatically implies
occupation of the states below the Fermi energy A, and thus gives the ground-state
density matrix. The quantity A is fixed by the particle number N:

N———derp(r), (2.6)
where p(r) is the local density distribution
p(r)=p(r,r). (2.7)
The kinetic energy density 7(r) is usually defined by
(1) =19, V,p(r.r)] -, . (238)

Integrated quantities such as the particle number N or the total single-particle
energy E, ,

N
E ,=2¢, (2.9)
=1

can also be expressed directly in terms of the partition function Z(8)

Z(B) =/d3rC(r, r;B), (2.10)

through the relations %)
N=${1{%Z(ﬁ)], (2.11)
E, p.=>\N—${1H—22(B)]- (2.12)

Semiclassical expansions of p(r), 7(r) or E,, are now easily obtained by use of
the A-expansion of C(r,r’; B) developed by Wigner, Kirkwood, Uhlenbeck and
Beth ?%). It has the form

0
Cywi(r,r'; B)=Cr(r, r’;,B){l + Y amx, (r,r; B)} ) (2.13)
n=1
Here Cp is the Thomas-Fermi approximation,
m \32 , o
Cop(r,r'; B) = (E;h_%) e AVWUr+r)/ D= mlr—r'y' /21 (2.14)

and the x,(r,#’; B) contain powers of 8 and gradients up to nth order of the
potential ¥V(r). Inserting Cyy (2.13) into eq. (2.4), one obtains the A-expansion of
p(r,r’) and thus of all the local densities and expectation values of interest. [See
ref. 2%) for detailed expressions up to fourth order in 4.]
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2.1. TEMPERATURE DEPENDENCE OF THE BLOCH DENSITY

We shall now extend the above formalism to a fermion system at finite tempera-
ture T, treated quantum-statistically as a grand canonical ensemble. The density
matrix p(r, r’) eq. (2.2) is then replaced by

p(r,r)= 2Lt (r)e(r)n,, (2.15)
Vi
where n, are the Fermi-Dirac occupation numbers
P R Lt i 516
= €X] . .
(1) = {1+ ew| == |} (216)

(We put the Boltzmann constant k equal to one and measure T in energy units.) As
shown in ref.'?), the density p(r, #’) eq. (2.15) can be formally obtained from the
“cold” one, eq. (2.2), via a convolution of the T =0 spectral density (which is the
Laplace inverse of C(r, #’; }) with the function

1 E
fT(E):TTCOSh_z(E). (217)
Thus, due to the convolution theorem, the Bloch density at 7> 0 is a product,
Cr(r, v B)=Colr.r; B) (), (2.18)

of the Bloch density C, at T=0 (given by eq. (2.3)) and the (two-sided) Laplace
transform f(B8) of the function f,.(E)(2.17):

B =l - [ e m)aE- s @)

Insertion of Cy, eq. (2.18), into eq. (2.4) automatically gives the density matrix
p(r,r"), eq. (2.15), from which the densities p(r) and 7(r) of the hot system are
derived by means of egs. (2.7), (2.8). The main integrated quantities of interest are
the entropy
=—Y[ntnn,+(1—n)nl—n)] (2.20)
-4
and the (single-particle) Helmholtz free energy

a.p.a:{;a,n,— 7S. (2.21)
1

In order to relate these quantities to the Bloch density C,, we introduce an entropy
density o(r),

o(r)=— ;(qa,(r)ﬁ[nlln n,+(1-n)n(-n,)], (2.22)

and a free energy density #(r),

33(")=2h—m'r(r)+V(r)p(r)—To(r), (2.23)
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so that

S=[d3ro(r), F;_p.zfd3r3<7(r). (2.24)

It is now relatively easy to verify'?) that & (r) can be related to the local Bloch
density by

F =M= | 3:Crtp), (2.29)
where
Cr(r,B)=Cr(r,r;B). (2.26)

The entropy density then is simply obtained from % (r) by the canonical relation

d 1
0(r) == 52T () o =5 [ il /s)] (227)

In order to obtain the semiclassical expansions of the above densities, it is
sufficient to replace the exact 7'=0 Bloch function Cy(r,#’; 8) by its Wigner-
Kirkwood expansion (2.13), hereby leaving the factor f-(8) in eq. (2.18) untouched.
Before we give the results in the next subsection, we briefly mention the Wigner
function defined by

f(p,q) =fd3rfd3r’p(r, r/)e*(z/h)p'(r—r’)s(q _ )’ (2.28)

which is often used to calculate local densities in terms of its moments in p-space.
For a local potential, one obtains from the Wigner-Kirkwood expansion up to
second order in A:

/

r+r

hz
Jere(p.q)=n,(A— Hy) _gn”AV(q)n'T'U\ —H,)

2

h 2
b5 [TV + (09, V@) g (A= 1), (229

where H; is the classical Hamilton function

Hy(p.q)=p?/2m+V(q), (2.30)
ny(E) is the Fermi function
np(E)= {1+exp(—E/T)} ' = [* f(E")aE, (231)

and n#(E),ny”/(E) are its derivatives. In the limit 7=0, the function n,(E)
becomes a step function and f(p,q) goes over into the form derived by Grammati-
cos and Voros 13).
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2.2. h-EXPANSION OF LOCAL DENSITIES

RS £ : s oA

Using the Wigner-Kirkwood expansion (2.13) of the Bioch density and performing
the inverse Laplace transforms term by term, one gains the A-expansions of the local
densities defined above which only contain even powers of A:

PETF(")=PTF(")+92(")+P4(")+ ey,
Ferp(r) =F o (r) +F (1) + F(r) + -,
oprp(r) =0 (r) +o,(r) +o,(r)+ -, (2.32)

where the index shows the power of /. To keep the formulae to a reasonable size, we
shall here only present the TF and second-order expressions. (The fourth-order
terms, as far as they will be of use, are given in appendix B for a local potential.) We
include here the contributions from a variable effective mass in the one-body
hamiltonian, such as it occurs in Hartree-Fock calculations with Skyrme-type
effective nucleon-nucleon interactions *®):

hz
v 2m*(r)
(Spin-orbit contributions will be discussed at the end of this section.) We define an
effective mass field f(r) by

A=— v + V(r). (2.33)

F(r)=m/m*(r). (2.34)
With this, the Wigner-Kirkwood expanded Bloch density becomes, up to order A*
[see refs.1%2%)),

2

Cw(r B)= ch(r,B){l +fl—»[6b2(r)-28252(r)+33f(w>2}},

24m
(2.35)
where
m 32
CnlrsB)= | 5| 7", (236)
and
by(r)=3(Vf)'/f~5Af,  dy(r)=fAV~3vf-VV. (237)
The well-known TF densities at finite temperature are°~2!)
pr(r)=A3J, 5(mo), (2.38)
g‘-TF('}=)\PTF(")—%TAﬁfz/z(%)’ (2.39)

op(r)= —mopre(r) + 3434, 5 (o), (2.40)
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where
no=(A=V(r))/T, (2.41)
1 (2mT\*?
The second-order corrections become
1 h2 [ by(r) dy(r )
Pz(")=a‘2_n;A*T‘[ T J_1(ne) +—5- 2 J_3,2(mo)
3 2
+?4T—3(VV) J_s,(n0) ], (2.43)

F(r) = >\P2(")+1122 A7 [ bz(")Jl/z('ﬂo)

d ;r)*’ 1/2(710)+4T2 (VV) J 3/2(710)]
(2.44)
Uz(")=*"lopz(") 2_42 A [—ZTLQ 1/2(770)
_’d_zygzr—)-]—vz(no)+%§(VV)2J—3/2("70)}-

(2.45)

In the above equations, J,(7,) are the so-called Fermi integrals and their analytical
continuations (for g < —1). They are defined and discussed in detail in appendix A.

The ETF expansion of the kinetic energy density 7(r), eq. (2.8), need not be given
explicitly; it can easily be gained from the above resuits via eq. (2.23).

Note that the densities defined by eqs. (2.38)~(2.45) are analytical and finite
functions of r in all space for any finite temperature 7 > 0. This is different from the
T = 0 case, where the ETF expansions pgry(r) and rore(#) are defined only inside
the classically allowed region and identically zero outside; the A" corrections with
n > 2 even diverge at the classical turning points. This behaviour is easily recognized
from the quantity n,, eq. (2.41), which diverges with opposite signs for T— 0 on
either side of the turning points given by A = V(r). The known 7 = 0 expressions for
Tere(r) and pgre(r) [ref.'326)] are recovered for 7= 0 using the asymptotic values
of the functions J,(n,) discussed in appendix A. We will discuss the 7'= 0 limit in
more detail in subsect. 3.3 after evaluation of the density functionals #[p] and o[p].

The inclusion of a spin-orbit potential of the form (o is the Pauli spin operator)

V.= —iW(r)-(v xo) (2.46)

up to order A is done exactly as in the T=0 case shown in ref.'®). The lowest
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semiclassical contribution to the spin-orbit density, defined by %*)

J(r) = =i[(, % 0o (r, )], (247)
is of the form
2m 1
hir)=~-W— ”j;PTF("), (2.48)

where p p(r) now is given by eq. (2.38). The spin-orbit contribution of order A% to
the free energy density is

2m 1
877 ()= ~HW) 57 o). (249)

3. Density functionals for free energy and entropy

Our aim is now to derive functionals which allow us to express the free energy and
the entropy (and thus also the kinetic energy) in terms of the local density p(r).
According to the Hohenberg-Kohn theorem !*) and its extension to fermion systems
at finite temperature'®), such functionals exist in principle. For an interacting
fermion system, the exact functionals are not known. The difficulty of their
determination is mainly due to (i) the presence of shell effects (at low temperatures),
and (ii) the correlations. In our one-body problem we have no correlations to worry
about, but still the shell effects make it hard to find a functional for the exact kinetic
energy and the entropy.

On the other hand, for the average part of the kinetic energy, obtained e.g. by a
Strutinsky-smoothing!'), it is relatively easy to find an approximate functional. In
fact, the gradient expansion of the kinetic energy density functional 7ps[p] ob-
tained from the ETF model at T=0 has been shown !®) to reproduce the average
kinetic energy in terms of the Strutinsky-averaged density p(r) to a very high degree
of accuracy. This is not so surprising if one considers the well-established facts that
(i) Strutinsky-averaging is semiclassical by nature and mathematically equivalent to
the ETF f-expansion?%3%), and (ii) a microscopically Strutinsky-averaged fermion
system can be formulated variationally'?) and thus the Hohenberg-Kohn theorem
applies to the averaged energy as a functional of the averaged density p(r).

It is thus to be expected that the extension of the ETF model to finite temperature
should lead to functionals which may be useful for excited nuclear systems. In
particular, at temperatures 7> 2.5 to 3 MeV, where the shell effects are washed
out®>=7), one may hope that these functionals become valid for the exact
quantum-mechanical free energy F;, and entropy S. This has already been made
evident®) by comparing the results of density variational calculations with the
approximate 7> 0 functionals against those of Hartree-Fock calculations. In this
section we shall briefly resume the derivation of the ETF gradient corrections at
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T>0 up to second order?~2*) and give also, for the first time, the fourth-order
corrections for the case of a local potential. The new functionals will then be tested
in fully quantum-mechanical calculations with a model potential in sect. 4.

3.1. SECOND-ORDER FUNCTIONALS FOR A SKYRME-TYPE NONLOCAL POTENTIAL

Following the method used in ref.?*), we shall now eliminate the potential and its
gradients, as well as the chemical potential A, from the ETF densities given in
subsect. 2.2. To lowest order, i.e. in the TF approximation, this elimination can only
be done by inverting eq. (2.38) numerically: for any given density one finds », and
inserts it into eqs. (2.39), (2.40) to obtain the free energy and the entropy density.
(Note that in variational calculations with Skyrme-type interactions, the effective
mass function f(r), eq. (2.34), is also a function of the density p.)

In order to incorporate the gradient corrections of the A-expansion, we now define
as the full density p(r) the sum of all terms in eq. (2.32) up to the desired order in 4:

p(r)=pere(r)=pre(r) +ps(r) +p,(r)+ - . (3.1)

This is the density as functionals of which we want to express Fy () and opg(r),
and which is treated variationally in the practical applications.
The salient point*®) is now to define a new parameter 7 by the relation

P(")=A?-71/2(71)- (3-2)

(The function f(r) occurring in A%, eq. (2.42), must hereby also be taken as
function of p(r).) Note that 7 is different from 1, eq. (2.41), because the higher-order
terms are incorporated in p(r) through eq. (3.1). Next we formally expand 75 in a

series
n=net+n,+ -, (3-3)

where 7, is given by eq. (2.41) and the 7, with » > 0 are of order 4" relative to .
We now expand the right-hand side of eq. (3.2) around 7, to obtain

P=A¢11/2(770)+772A¥%J~1/2(770)+ Tt (3-4)

(Hereby we used the relation (A.5) in appendix A.) By comparison of egs. (3.4) and
(3.1) term by term — the lowest terms are identical by construction — it is now
possible to express 1,, 1,4, ... successively through p,(#), p,(r),... . (See eq. (B.10) in
appendix B for the resulting 7,.)

In the next step we expand Fp(r) eq. (2.32), which is given in terms of 7,
around 7. For this purpose it is useful to reorganize the series (2.32) for Fpp(r)
including the terms Ap,(r) occurring in % (r) — see egs. (2.39), (2.44) — into the TF
expression; using also eq. (2.41) to eliminate A we thus redefine

g}TF("sno):P(’)(T"io"’“ V)—%A;"-TJ3/2(170), (3-5)

Gu(romg)=F,(r)=Ap,(r)  (n=2,4,..), (3.6)
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so that
ﬁETF(r,Wo):ng?TF+ﬁz+¢%+ Tt (3.7)

It now requires just some algebra to expand Fp(r, m,) around 7 and to insert the
1, (n>0) found previously. (This is shown in appendix B for the case of a local
potential.)

The final step is to express the gradients of the potential ¥(r) in terms of
gradients of the density p(r). This is done by taking the corresponding derivatives of
eq. (3.1), not forgetting that Vn, equals — vV /T etc., re-expanding those expres-
sions around 7, and inverting the resulting equations. The whole procedure, if
carried through consistently up to order %%, requires some tedious algebra but is
straightforward. We present here the result up to second order for a one-body
hamiltonian of the form (2.33) with variable effective mass, including also a
spin-orbit term, eq. (2.46). The functional for the free energy density becomes 2y

Frerlpl =Fplol +F o)+ F Lol + - (3.8)
with
Frplol=Vo+ Tup —3T4%J; 5(n), (3.9
h? 2
wtol= o Ler T e - 31,0
,2m 1
+(35(n) — 3] wo- vf}~ ~(W) 7 P
(3.10)

{We leave out a term proportional to Ap which does not contribute to the total free
energy.) Hereby we have defined the coefficient {(n) as

1 Jl/z(ﬂ)J—~3/2("?)
J 1/2(??) 12"]31/2(“) .

Note that {(1) depends on p and the temperature T' through eq. (3.2). It is, however,
a universal function of n which can be computed once and for all. The coefficient
¢(n) was also derived independently in a different context by a completely different
method ?); the functional %,[p] given there corresponds to a local potential (thus
f=1 and W=0) and contains only the first term of our above result?. A rough
approximation (to within less than 3% for all values of ) is 2y

tmy=%[1+2/00+en. (3.12)

22)_

§(n)=~sTpln) 5~ [ (3.11)

A better numerical approximation may be found in ref.

¥ Eq. (14) of ref.??) contains a trivial misprint.
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The functional for the entropy density

orerelp] = omlp] +0,[p]+0,[p]+ --- (3.13)

is found most easily using

ad
olol== g7 bl (314)
We obtain'
orelp] =3 TJ3/2(71) ., (3.15)
1 vf)?

olel= ——~v( ){ (ve)’ %p( ]{) +3Vp-Vf}. (3.16)

The coefficient »(7) is defined by (see also egs. (B.20), (B.24))
T _ 1/2(71) df(ﬂ) 317
»(n) = :<n) A o (317)

The kinetic energy density functlonal need not be given explicitly; it is simply
obtained from

hZ

S frlel=Flel+Tolo] - Vo. (3.18)

3.2. FOURTH-ORDER FUNCTIONALS FOR LOCAL POTENTIALS

To carry the variable effective mass and the spin-orbit corrections to fourth order
by hand would require a formidable amount of work which is better left to a
computer, as was done for the T=0 functional for 7[p] by Grammaticos and
Voros'*). We have done the case of a purely local potential; some intermediate
results are given in the appendix B. The final fourth-order gradient corrections are,
after partial integrations,

z[p]—*(f—)[m)( o, g () 2050 "(V") «9(11)( ve)' } (3.19)

1 (h ) [XI(n)(Ap) Ap(wp)® (VP) ]

04[P]=—:ﬁ Ey™ Xz(n)‘—p—— xs(n)

(3.20)

The coefficients §,(7) and x,(n) are again universal functions of 7 which are given
in appendix B in terms of the J, (7).

¥ Eq. (55) of ref. 23) is in error.
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3.3. =0 LIMIT OF THE TETF FUNCTIONALS

It is interesting to investigate the 7" = 0 limit of the new TETF functionals for the
following reason. In the standard derivation'>'¢) of the ETF functionals at 7= 0,
the classically forbidden region is not accessible. As we mentioned in subsect. 2.2,
the densities Tg1p(r) and pprp(r) diverge at the classical turning points for 7=0
and are identically zero outside. The functional 7| p] derived at T'= 0 is therefore
a priori only justified inside the classically allowed region. It was nevertheless used in
innumerable cases under the assumption that it could be analytically continued to
the whole space.

From our theory at T'> 0, it has become possible for the first time to verify this
analytical continuation®). [See also ref. %) for an explicit discussion.] The reason is
simply that one has no turning point problem at T > 0; the densities
Prrr(?), Fprr(r), etc. are all analytical and therefore the TETF functionals given
above are strictly valid in all space.

Using the fact that p, eqg. (3.2), is a monotonously increasing function of 7 and of
temperature 7', and using the asymptotic behaviour of J, ,(7) for large 1 (see eq.
(A.11)), it is seen'®2*) that for any finite density p, the parameter 7 goes to infinity
in the limit T'— 0 bke 1/7T:

1
T— 0T2

From the asymptotic values of the coefficients {(n), »(1), 6,(n) and x,(n) for large
1 given in table 4 in appendix B, and using eq. (3.21) it is readily verified that the
functional F . prs[p] goes over to the kinetic energy density functional known -13.16)
at T=0

p—> f(37r 2y +o(T). (3.21)

hz
f'TETF[P}“‘”’ "—“f"' o]+ Vo, (322)

and the entropy density oyeyp[p] goes to zero like 7. This holds at any point in
space where the density is finite, even if it is arbitrarily small.

A note on the sixth- and higher-order gradient corrections is in place here. From
dimensional considerations, the correction %[ p] must be of the form

w1 Fi(rﬂ) (4 p) (4p)(p)’

¥y(n)—5— +,(n )_——“"’“ <l (3.23)
it will give a finite contribution to the free energy at 77> 0, The coefficients
Y1(0), ¥2(0),... will in the limit T~ 0 go like 1~ %

b, (n) » n 2x T2(2m/h?) p~ 43, (3.24)
T—0

Hence the correction 7, p] (and also all the higher-order terms) to the kinetic energy
functional at 7' = 0 will diverge for any realistic density which goes exponentially to
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zero for large distances, and will give an infinite contribution to the kinetic energy.
Since the ETF density gradient expansions are to be understood as asymprotic series,
the functional 7gpe[p] at T= 0 must therefore be truncated after the fourth-order
term, as discussed before%16),

4. Test calculations with harmonic-oscillator wave functions

In this section, the semiclassical expansions of the free energy density %, kinetic
energy density = and entropy density o as functionals of the local density p will be
tested against their quantum-mechanical analogues defined directly in terms of wave
functions. According to the theorem of Hohenberg and Kohn }>!®) these functionals
do not depend on the particular form of the potential, as long as it is local. As a
simple approximation to a selfconsistent mean field, the harmonic oscillator is
frequently used because of the simple form of its eigenfunctions. We shall use it here
as a testing model for which the densities p(r), Z(r), 7(r) and o(r) can be
calculated analytically. Since shell effects disappear at excitation energies corre-
sponding to a nuclear temperature of the order of 3 MeV, the functionals derived in
sect. 3 can be used for T > 3 MeV with the exact quantum-mechanical densities. For
high enough temperatures (7 =z 5 MeV), these show indeed a completely smooth
shape without quantum oscillations. We shall also investigate the Wigner-Kirkwood
expansion of the partition function at finite temperature and the semiclassical
expansions of the kinetic energy and the entropy, which can be derived from it
analytically.

We choose the harmonic-oscillator potential to be axially deformed and write in
cylindrical coordinates with r = yx%+ y?,

V(r,z)=3im(w?r?+ o22?). (4.1)
The frequencies are chosen as
©,=wg' e =g P, (4.2)

so that the axis ratio ¢ =, /w, can be used as a deformation parameter. The
eigenvalues ¢, and eigenfunctions ¢, of this potential are standard and need not be
given here. The density distribution

p(r) =Tl (r)lPn, (43)
and the kinetic energy density
2
(N =XIve.(r)|n,, (4.4)

as well as the entropy density a(r), eq. (2.22), are then readily computed with the
Fermi occupation numbers n, given in eq. (2.16).
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4.1. THE WIGNER-KIRKWOOD EXPANSION AT FINITE TEMPERATURE

Before we test the density functionals derived in sect. 3, let us first study
integrated quantities such as the free energy F or the entropy S in the Wigner-
Kirkwood expansion. For this purpose we write F and S as inverse Laplace
transforms as done in eqgs. (2.25) and (2.27), but replacing the Bloch density C(r, 8)
by the partition function Z;(f8). For the harmonic-oscillator potential (4.1) this is
given by (including a spin factor 2)

ZT(B) = Zo(ﬁ)fr(ﬁ) =

4ok (3B ) smn(igha) T A (4

with f,(8) defined by eq. (2.19). The partition function Z,(8) can be expanded in
powers of # as done in ref.?®) for spherical shapes

{ _ (Bhwy)’
(Bhw,)’ 24

(Bhw0)4
5760

The total free energy F is obtained as

FeAN -2 [ Bzzrun} w—xﬁ[%zow)ﬁ(m]. (47

(2472 +¢7%7)

Z;+(8) -

(24¢*3 +20g 3+ 79~ 8/3)} . (4.6)

Similarly the entropy S can be expressed as

____3_3}\ I: 1220(:[9)]?7‘(/3)]=iT$A_1[ZO(IB) 3&} (4.8)

T B B

In these equations the chemical potential A is fixed by eq. (2.11) to yield the correct
particle number.

Inserting the A-expansion of the partition function Z; eq. (4.6), one can express
N, F and S through the Fermi integrals J,, J:L given in appendix A. For spherical
shapes one obtains’ (up to order #*)

T \> (A T A\ 17 hey . (A

N=(%;;)J2(?)‘m’°(?) w702l 7)
T A T* (A 17 . (A
FWK=>\N~%m13(;)+%aJx(;)“%hwof-l(;),

sun a7 st 7)) 0

¥ For economical reasons the results are given here only for spherical shapes. The extension to the
deformed case is very easy and follows directly from the partition function (4.6).
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For not too light nuclei the argument (A/7T) of the Fermi integrals is much larger
than unity for nuclear temperatures up to about 10 MeV. This enables us to use the
asymptotic expansion (A.11) of J, (n) for 7> 1 to obtain

1/ AV 1A '772}\ T? 17 he, e MT (4.10)
==—| -t A=t .
3\ hw, 4hoy 3 (hag)® 960 T [1+e VTP
- 1 A 1 A 72 NT? #2272 774 T4
_——
VE 4 (hey)® 8 he, 6 (hw,)® 24 hoy 180 (haw,)’
17 ke, A e MT . (@11)
+— = ~ 11, .
960 14+e M| T 1+e M7

960 T? [1+e MT]*"
(4.12)

S =
WK 3

72 AN T w2 T Tat[ T\ 17 Ahew, e M7
+
ho, 12 hw, 45

hw, hw,

(Note that the expansion (A.11) is limited to a finite number of terms for the J, (1)
with non-negative integer index y.)

_S_- "\ T T T T
2T \
04 \ .

Z|=

0zf N\ / e \ / A

= \ N
N -2.\ \,\L \L / /::,, L \ B\_ / e
_T=3 Tl Y '-L_--:,-r-{;.- —-—lv\\ —771“— ‘1
\\\\ ,/, \\\\‘////
1y \/
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Fig. 1. Entropy versus particle number at various temperatures (in MeV). Dashed and dotted lines: exact
quantum-mechanical results. Sofid lme: result of the semiclassical Wigner-Kirkwood expansion. The
temperature dependence of the semiclassical quantity shown is too small to be visible on the figure.



280 J. Bartel et al. / ETF theory

TABLE 1

Entropy S and free energy F of N = 70 fermions in a spherical harmonic-oscillator potential at different
temperatures T'; the contributions at different orders in the /-expansions (4.11) and (4.12) are shown
and their sums (WK) are compared to the exact quantum-mechanical values (ex)

T Frp 28 F Fwx F

ex

Mev] ST % Swe Se [Mev]  [MeV]  [MeV]  [MeV]  [MeV]

253448 3537 —014 249897 2487.24
1491 010 1481 6.67 252692  -3521 —014 249157 2485.89
4443 ~031 4412 4386 246663 —33.96 —-014 243253 243241
73.06  —052 7254 7254 234731 3149 —-014 231568 231568

W O

To test the convergence of the semiclassical expansions (4.11) and (4.12) we
compare the results thus obtained with the exact values for F and S as calculated
microscopically with egs. (2.20), (2.21). As an illustration we show in fig. 1 the
entropy S. A very similar comparison can be made when investigating e.g.
the excitation energy E*. A pronounced shell structure is observed in the
quantum-mechanical results at low excitations; it is washed out as the temperature
increases. For T = 3 MeV the exact and the semiclassical results coincide’ showing
that for such temperatures the Wigner-Kirkwood expansion reproduces the quan-
tum-mechanical results. To study the convergence of the semiclassical expansion, we
give in table 1 for N = 70 particles the contributions at different orders in % and
compare their sum to the exact results. The rapid convergence known for the =0
case?%) is recovered here.

4.2. TEST OF THE TETF DENSITY FUNCTIONALS

We shall now test the functionals Fiprele] and oprelp] derived in sect. 3 by
inserting the exact density p(r), eq. (4.3), into them and comparing the results with
the corresponding quantities evaluated directly from the wave functions. In fig. 2 we
show the kinetic energy density and entropy densities for two different temperatures.
Rather than the kinetic energy density 7(r) as defined in eq. (4.4) we have drawn the
equivalent quantity

7(r)=1(r)—14p (4.13)

which gives identical kinetic energies but shows almost no quantum oscillations even
at zero temperature. Instead of using the full %,[p] as given in appendix B and the
corresponding o,[p] we have included the fourth-order corrections in the form of
egs. (3.19), (3.20) which give the same contribution to the total F, and S,
respectively. The distributions obtained are very close to the exact ones. It might

T The temperature dependence of the semiclassical quantities is too small to be visible on the figure.
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Fig, 2. Kinetic energy density 7(r) (a) and entropy density o(r) (b) for two different temperatures. The
exact quantum-mechanical distributions (full lines) are compared with the semiclassical ones (dashed
lines) obtained via the TETF functionals in terms of the exact densities p(r).
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Fig. 3. Kinetic energy Ey,, (a) and entropy § (b) versus particle mumber N for T=35 MeV. The

contributions to E, and S of the different orders of the functionals (3.8) and (3.13) are shown {dashed

linesy and the result with the full TETF functionals Is compared with the gnantum-nechanical result (full
line).
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look puzzling that at temperatures as high as T =5 MeV quantum oscillations still
persist, whereas it was shown above that all shell effects have been washed out for
the integrated quantities at these temperatures. This behaviour is quite similar to the
one observed with the Strutinsky-averaging procedure where one needs a parameter
v about twice as large to smooth out the oscillations of density profiles than the one
needed for smoothing the single-particle energies3”). Similarly as for the kinetic
energy density in eq. (4.13), one might try to find an equivalent entropy density a(r)
by adding any divergence of a vector field that vanishes at infinity. It would give
identical results for the entropy S, but might be smooth in r-space. In this sense the
quantum oscillations of o(r) defined by eq. (2.22) have a certain arbitrariness and
should not be given too much physical significance.

Looking at integrated quantities we give in fig. 3 the total kinetic energy E, , and
the entropy S as functions of the particle number N. For a temperature 7= 5 MeV

E ko (MeV)
1345
1340
1335
N=70
T=5MeV
1320 | )
S
65 £ -
(a)
L |
0 10 15 20

q

Fig. 4. Same as fig. 3, but for fixed particle number N = 70 as a function of the deformation parameter g.
The top most curve is the result obtained with the approximate functional, eq. (5.39).
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Fig. 4. (continued).

the contributions at each level of the semiclassical approximation (TF, second and
fourth order) are shown. The exact E,;, and S were obtained by integrating 7(r),
eq. (4.4), and o(r), eq. (2.22). (Note the scales used!) It turns out that going to
fourth order in the functionals the exact entropy is reproduced to within less than
1% for all particle numbers shown. This agreement is still better for the kinetic
energy where the deviation is less than 1%0 and even 0.1%0 for N = 140. As already
seen from fig. 1, shell effects no longer play any role at the temperature of T=35
MeV chosen here.

To demonstrate that the functionals derived are valid not only for spherical but
also for deformed shapes we show in fig. 4 the kinetic energy and entropy for N =70
particles as a function of the deformation parameter ¢. The complete functionals up
to fourth order are seen to give the correct deformation dependence — which is for
instance not at all the case at the TF level as already observed for T=0 in
ref. ) — and deviate from the exact results by less than 1 to 2 parts in thousand.
This small deviation is to be explained by higher-order corrections which obviously
contribute very little. Due to the smallness of the fourth-order correction to the
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TABLE 2

Relative contributions to free energy and entropy of N = 70 particles as in table 1, but obtained this
time through the various gradient correction terms of the functionals Frgrp[e] and oprele]

[MZV] FZ/ F TETF Et/ F TETF SZ/ STETF S4/ STETF
1 0.015 0.004 0.255 0.069
2 0.015 0.003 0.113 0.015
3 0.015 0.003 0.065 0.006
4 0.015 0.002 0.041 0.003
5 0.015 0.002 0.027 0.002

entropy it even seems reasonable to limit oneself to second order, Sty + S,. For the
total kinetic energy, however, it appears important to correctly include the term
7y[p] into the calculation. Replacing the finite-7" functional 7,[p] by its form valid at
T =0, a total kinetic energy EZF%. is obtained which overestimates the exact E,,, by
~ 4 MeV and gives an energy which is no better than if the fourth-order correction
were omitted altogether. To study the importance of the different gradient correc-
tions, we show their relative contributions to the total free energy and the entropy in
table 2. They are seen to decrease with increasing temperatures (except for F,, the
contribution of which stays approximately constant).

5. Density variational calculations

In this section we shall discuss the Euler differential equation which follows from
a density variational calculation with the TETF functionals developed above. We
shall limit ourselves here to a one-component nuclear system (i.e. with only one kind
of nucleons) without Coulomb interaction. We do not discuss here isolated, metasta-
ble nuclei at finite temperature; they will be the object of a forthcoming publication.
Instead, we consider a nucleus consisting of N neutrons in thermodynamical
equilibrium with a surrounding neutron gas. In order to make the calculation
selfconsistent, we use the energy density obtained in the Hartree-Fock approxima-
tion for a Skyrme-type effective nucleon-nucleon interaction %), with variable den-
sity dependence!):

b ()= '1( 577+ 308(0)+ ™ ()

+o[vo(r)I*+ W(r)-J(r). (5.1)

J(r) is the spin-orbit density, eq. (2.47). The effective mass m*(r) and the spin-orbit
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potential W(r) are?®)

m
= =1+ 5.

iy =) =14 o), (52)
W(r)=31Wwpe(r); (5.3)

the coefficients b and B are given in terms of the Skyrme parameters by

1

b=— [9'?1 ~58,(1+4x,)], (5.4)
B= h2 T {3t1 +56,(1+4x,)]. (5.5)

In principle, we have to question to what extent the Skyrme parameters #,, t;, ¢,
Xy, t;, o and W, will themselves depend on the temperature 7. This could
theoretically be decided by a finite-temperature Brueckner calculation and a density
matrix expansion such as performed by Negele and Vautherin in the T =0 case?).
As long as such calculations are not available, we make the same assumption as in
all Skyrme calculations at T> 0 done so far>~1%), i.e. keeping the Skyrme parame-
ters determined by nuclear ground-state properties.

The energy which is made stationary at 7> 0 is the Gibbs free energy:

afd r{ &4 (r) ~ To(r) = Ap(r) + Py} =0, (5.6)

where the chemical potential A plays the rdle of a Lagrange multiplier fixing the
nucleon number, and P, is the external pressure needed to maintain the thermo-
dynamical equilibrium. Using the TETF functional developed in sect. 3 for the free
energy density, we can rewrite eq. (5.6) as a variational equation for the density p(r):

8p(r)fd3r{”km“" p]l—=Np+ P} =0. (5.7)

Frerrlp] 1s now given by eqs. (3.8)-(3.10) and (3.19) after replacing the potential
term Vp in Fog[pl, eq. (3.9), by the right-hand side of eq. (5.1) excepting the first
term. It is useful to split Fprp[p] into a homogeneous term F, (p), which is the free
energy density of symmetric infinite nuclear matter, and the sum of all gradient
terms. Using egs. (2.48) and (5.3) in the spin-orbit energy, we obtain

3 22m 1 5
Froeelo] =7 (0) + [~ (3] 70 (o) +Flpl+7le] (59
with
F(p)= —3TA]; ,(m) + Tnp + §1o0” + 1513077 (59

Note that the TF part of the term proportional to 7p of the Skyrme energy is
included in the first term of eq. (5.9). The second- and fourth-order terms %,{p] and
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[ p] are given by egs. (3.10) and (3.19), respectively. Since #,[p] is proportional to
(Vp)?, it further simplifies the notation to collect all coefficients of (Vp)* in egs.
(3.10) and (5.8) into one function s(p) and to finally write

Frerelp] =, (p) +5(p) (Vo) + Flp]. (5.10)
Performing now the variation in eq. (5.7), we obtain the Euler equation
8F,(o]

Z(p)—25(p) Ap—s"(p)(Vp)* + A (5.11)

8o
The primes on functions of p shall henceforth denote derivatives with respect to p.
The functional derivative 8%,[p]/8p contains eight terms with up to fourth-order
gradients of p with complicated coefficients. This makes eq. (5.11) a highly nonlinear
fourth-order partial differential equation which in general will be very difficult to
solve even in the spherical case.

One practical way out of this difficulty is to parametrize the density profile p(r)
and to minimize the total free energy with respect to the parameters. This procedure
has been followed in the 7=0 case and led to an excellent agreement with
Strutinsky-averaged Hartree-Fock results1°).

The second possibility, chosen here, is to perform a “leptodermous”, i.e. liquid-
drop model (LDM) type expansion }*3%) of the free energy:

F=a,A+aA**+a A+ -, (5.12)

where a, is the volume (free) energy constant. Under the assumption that the
density of the nucleus is essentially flat in the interior and varies only in a relatively
narrow surface region, the LDM parameters a, a, etc. can be systematically gained
from a semi-infinite nuclear matter calculation. Strictly speaking, the surface tension
and the Coulomb repulsion tend to spoil this leptodermous behaviour, the former
leading to an increased central density in light nuclei and the latter to a central
depression of p(r) in heavy nuclei. These modifications of the density profile have,
however, been shown in realistic calculations!’) to affect the total binding energies
by less than ~1 MeV, so that the leptodermous assumption is well justified in
calculations of total energies for nuclei with A4 > 40.

We thus apply the density variational principle to the surface free energy given by

a,=4urio = 47;-r02f_Oo dz{ Frerelp(2)] = Ap(2)+P,}, (5.13)

where p(z) is the one-dimensional profile of semi-infinite nuclear matter. At finite
temperature, a, is the interface energy defined by Ravenhall et al.?") of the profile
connecting the condensed (i.e. liquid) nuclear matter with density p, and the nuclear
gas with density p,. Thus the density profile p(z) has the limits

P(Z);___;Po’ P(Z):;Pg- (5.14)

For a given temperature 7 > 0, the four quantities A, P, p, and p, are determined
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by the Maxwell construction which consists in solving simultaneously the two sets of
equations

A=F(p0) =FL(p,). (5.15)
Py=Apo— Fo(po) = Aoy — 7o (p,). (5.16)

At zero temperature where Py =0, eq. (5.13) reduces to the standard expression of
the surface energy); in this case the chemical potential A is identical with the
binding energy per nucleon of infinite nuclear matter-

é"oo(po)
Po

A=Ei(p) =2 —a,,  (T=0). (5.17)

The nuclear radius constant 7, in eq. (5.13) is given by
-1/3
ro=(%ap,) " ". (5.18)

With this one-dimensional geometry, the Euler equation (5.11) can be simplified,
because the variable z does not appear explicitly. Noting that %,[p] is now of the
form

Flel=g()(@) +h(p)(0") +1(p) (') 0", (5-19)

where the primes on p denote derivatives with respect to z, the Euler equation (5.11)
becomes

F(p)—2s(p)p” ~ s (p)(p)" = 128(p) (')’ 0" = 3g'(p)(¢)"
+2h(p)o®+ w(0)[4po +3(o")'] + 20 (0)(0) 0"

+41"(p) ()0 +17(p) () =, (5.20)

This is still a rather unpleasant nonlinear fourth-order differential equation. (The

reader will not confuse the derivatives s’(p), [”(p), etc. with respect to p and those
with respect to z: o/, p’’!)

The nice feature now is that eq. (5.20) can be integrated once after the substitution

p=[e(2)]"=p(p). (521)
Expressing all spatial derivatives of p via eq. (5.21) through p(p) and its derivatives
with respect to p, one finds that the left-hand side of eq. (5.20) can be written as a
total differential. The equation can thus be integrated once over p, whereby the
integration constant is the pressure P;, so that one is left with the following
second-order differential equation for p(p):

2 r
sp+(3g—1")p*+ih(p’) —hpp’ = hpp” = 2 (5.22)
here we have introduced the energy density
Q(p)=F.(p)—Ap+ P, (5:23)

whose spatial integral is the thermodynamical (or grand canonical) potential.
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The boundary conditions for p(p) are very simple. In the two limits z — + oo, all
spatial derivatives of p(z) vanish, and thus also p, and eq. (5.20) reduces to the first
set of equilibrium conditions, eq. (5.15). On the other hand, eq. (5.16) implies that
also £(p), eq. (5.23), vanishes at the boundaries. Looking at eq. (5.22) we see that
also p’(p) must be zero there, so that the boundary conditions for p(p) are

p(po)=p(p,)=p"(po)=p'(p,)=0. (5.24)

From eq. (5.21) it is furthermore obvious that p(p) must be positive definite in
between the boundaries.

Once eq. (5.22) for p(p) has been solved, one can obtain the inverse profile
function z(p) from eq. (5.21) by a simple quadrature:

2(p)= - fp:ﬁ(lTT do’ + C. (5.25)

The integration constant C, which is formally infinite with the choice of eq. (5.14), is
practically irrelevant since the surface energy, eq. (5.13), is invariant under a
coordinate translation along z. Using eqgs. (5.21) and (5.22), the surface tension o,
eg. (5.13), can, in fact, be expressed directly as an integral over p which after some
partial integrations takes the form

o= F‘ [$2(e) +35(0) p (e)] (5.26)

This result can also be obtained directly from eq. (5.13) requiring that a, should be
stationary with respect to a scale transformation z — z’ = z/a, just as one derives
virial theorems for bound systems. With eq. (5.10) this leads to

°=f‘wwdz{§[%(f’)’>\l’+l’o] +2s(0)(0)’} (5.27)

which after the substitution (5.21) reduces to eq. (5.26).
The coefficient of the term proportional to 4*/3 in the total free energy eq. (5.12)
can be written as

a,=87rok + doomp- (5.28)

The first term is the proper curvature energy with k given in this case by!%)
[oo]
"=f (z=zo){ Frerelp] — Ao+ Py} dz
— o0
[ee)
+f p’[l(p’)2+2hp"] dz, (5.29)
—co
where

om oy [ )z s M) e, (530

0 g) Pg
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With egs. (5.21) and (5.22), k can be re-expressed in the form

K =fpp0{*;(1—p)—[2(p) ~z][402(p) + 25(p) p(p)]

+%[z<p)p(p)+h(p>p'<p)1}dp, (531)

which is easily seen to be independent of the integration constant C in eq. (5.25).

The second term in eq. (5.28) is the so-called compression energy >*) stemming
from the fact that the central density §, in a finite nucleus is slightly increased with
respect to the infinite matter density p, due to the surface tension and the finite
compressibility of nuclear matter. To lowest order in the droplet model expansion of
the total energy in powers of the small quantity 3, — p, one finds*?)

A comp = ‘ZGS/KOO P (532)

where K is the incompressibility of the condensed infinite matter phase given at
T>=0by

K =907 (po) - (5.33)

is usually small, of the order of ~ 10-20% of the total a_,

The contribution a .y,
10)_

for all realistic interactions

The nonlinear second-order differential equation (5.22) for p(p) with the boundary
conditions (5.24) is most easily solved by decomposing it into a system of two
first-order equations by the substitution

q(p)=h(p)p(p)p'(p). (5.34)
One then has to solve the coupled equations
=4
p hp’
5 q2 (5'35)
'=sp+(3g-1")p*+——- Q.
q'=sp+(3g—1)p i

The division by p and h causes no difficulty, since both functions are positive
definite for p, < p < p,. At the boundaries, we have g =¢"=0.

We have solved egs. (5.35) numerically using a finite-difference technique*®) with
Newton iteration, starting from approximate solutions py(p) and g,(p). As starting
approximation we took a parametrized density profile of the form

Po— 0,
P(Z)=Pg+“(1—_:?/-§)—y, (5.36)
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Fig. 5. Profiles of the interface between condensed (left) and gaseous (right) symmetric nuclear matter at
various temperatures T (given in MeV). Solid lines: exact numerical solutions of the Euler equation (5.22).
Dashed lines: variational densities parametrized as in eq. (5.36). The force SkM* was used 3).

which was used in earlier variational calculations'%3%). It leads to

po(p)=(%)l(p—Pg)Z{p(if_”g_)uT, (5.37)

Po— 0Oy
In order to be consistent with the earlier calculations'®*), we included in the
coefficients g(p), h(p) and I(p) also all those spin-orbit and effective mass
contributions to %] p], left out in the derivation in subsect. 3.2, in their form valid
for T = 0. These terms, which are found in their simplest form in ref. '), have only a
minor influence on the results and therefore the neglect of their temperature
dependence should not be serious T.

In fig. 5 we show the density profiles obtained at various temperatures with the
Skyrme force SkM* which gives excellent ground-state properties of stable spherical
nuclei *). The solid lines are the exact numerical solutions of egs. (5.35) and (5.25),
whereas the dashed lines show the profiles, eq. (5.36) with the variational parameters
a and y which minimize a, eq. (5.13), at each temperature. The small differences
demonstrate that a restricted variational calculation with trial densities of the form
(5.36) gives already very good solutions.

In fig. 6 we present the LDM parameters a, and a, evaluated according to eqs.
(5.13), (5.26)—(5.33) versus the temperature 7. The solid lines are the exact results
obtained with the numerical solution of the full Euler equation (5.22). The dashed-
dotted lines are obtained if the fourth order term #[p] is omitted (i.e. putting

¥ To leading order, it is sufficient to replace the nucleon mass m by m*(r) everywhere in % [p].
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Fig. 6. Surface energy a, and curvature energy a. (including the compression energy) versus 7, obtained

with the SkM* force. Solid lines: using exact solution of the full Euler equation. Dashed lines: variational

result with the parametrized density profiles (5.36). Dashed-dotted lines: using exact solution of Euler
equation truncated after the second-order gradient terms.

g(p)=g(p)=I(p)=0); the solution for p(p) is then simply

p(p)=20(p)/s(p). (5.38)

The dashed lines finally correspond to the results obtained with the full functional
Zrerrlp], but using the parametrized density profiles, eq. (5.36), and minimizing a;
with respect to « and v.

Both parameters a, and a_ go to zero at the critical temperature T ;, = 14.6 MeV
where the liquid and gas densities p, and p, become equal'®). Beyond T, only one
phase exists and the parameters a, a. lose their meaning.

The results obtained with the parametrized trial densities reproduce the exact
solutions within less than 1% at low temperatures and within less than 0.1% for
T>5 MeV. This gives a very nice a posteriori justification of the restricted
variational approach used earlier 1%3%). We also learn from fig. 6 that the fourth-order
gradient corrections become less important at higher temperatures, as already
noticed in sect. 4. For 0 < T < 3 MeV, however, they are clearly necessary to obtain
reliable LDM parameters, a conclusion which was already drawn from calculations
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at 7=0 [ref.!%)]. In the earlier calculations, we had used an approximate TETF
functional FEhe[p] in which the fourth-order term was taken in its form valid at

T=0,i.e.
2

A
Fithelel=F1 Lol + 7 Lol +—fu "o ]; (5.39)

hereby the o,[p] contribution to the entropy was neglected. The LDM parameters
obtained with this approximation!®?°) are practically the same as those which we
obtained here with the full functional % pre[p] (shown by the dashed lines in fig.
6); the surface energies a, agree within less than 0.5% and the parameters a_ within
less than 1.5%. This accords with our model results of sect. 4: The contribution from
o,[p] to the total entropy is always very small; the temperature-dependent part of
[ p] contributes up to several MeV in the total kinetic energy for finite nuclei and
thus is not negligible, but it shows up very little in the LDM parameters a, and a,
which must be multiplied by 4%> and A3, respectively, to give their contributions
to the total energy. In table 3 we present the surface energies ¢, obtained for 7= 0
for a series of current Skyrme force parametrizations, obtained both from the exact
solution of the Euler equation and with the trial density profiles, eq. (5.36). The
difference is roughly the same for all forces and smaller than 1%.

The asymmetric — or isovectorial — LDM parameters can be obtained along the
same lines, treating neutrons and protons separately; in this case one has to solve
two coupled Euler equations. Their systematical evaluation will be the object of a
future publication.

Surface energy coefficients a, for semi-infinite nuclear matter at 7 =0 have also
been calculated in the Hartree-Fock (HF) approximation using various Skyrme
forces*’). The agreement with the semiclassical results for a, is very good (within
< 4%), in particular with respect to the variation of a, with the parameters of the
force. As already discussed earlier 1%#¢), the HF results are typically higher than the
ETF values by 0.5-0.8 MeV. A smaller part of the difference (~ 0.1-0.3 MeV) is

TABLE 3

Surface energy coefficient a, obtained from the semi-infinite nuclear matter profiles at 7= 0 with
various Skyrme forces

Force ag* [MeV] ab* Aa
SIII2) 17.91 18.04 0.13
Ska®) 1837 18.51 0.14
SkM®) 16.45 16.60 0.15
SkM* ) 17.07 17.22 0.15
To83°) 17.27 17.43 0.16

The first column (ex) gives the results obtained from the exact numerical solution of the Euler
equation. The second column (par) shows the variational results using the parametrized density profiles,
(5.36). Aa is the difference. The numencal uncertainty of a&* is +0.03 MeV, that of aP* less than
+0.01 MeV.

3) Ref.3®).  P)Ref.?). ) Ref.%).  9d)Ref. ).  ©) Ref.*).
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related to a systematic overbinding found in the ETF variational results'®); the
largest part may be due to numerical uncertainties (~ 0.5 MeV or more) of the HF
results *°). [See ref. °) for a systematic comparison of surface energies obtained with
both models.]

6. Summary and conclusions

We have presented the recently developed ETF model at finite temperatures. The
functionals for the free energy density # prr[p] and for the entropy density
oerrlp] have been presented, for a nonlocal Skyrme-type one-body potential up to
second order and for a local potential up to the fourth-order gradient corrections.
For a harmonic-oscillator potential, we have shown that the Wigner-Kirkwood type
h-expansion of the free energy and the entropy converges very fast and reproduces
the quantum-mechanical results very accurately for temperatures 7> 3 MeV where
the shell effects in the energy are washed out.

We have also demonstrated that the TETF functionals allow one to calculate the
total free energy and entropy with an accuracy that reaches 0.1% or less for 7> 3
MeV, independently of the deformation of the potential and of the particle number
(as long as it is not too small). This is perhaps the first time that kinetic energy and
entropy of a (non-interacting!) fermion system have been calculated through the
local density p(r) alone with such a precision, and gives a very nice numerical
illustration for the validity of the Hohenberg-Kohn theorem '*18). Since this theorem
also tells us that the functionals for the uncorrelated part of the free energy, and thus
also the entropy, do not depend on the special form of the potential V(r) (as long as
it is local), our results have a validity which is not restricted to the case of the
oscillator potential chosen here as a test example.

These results encourage one to develop and use the 1ETF theory also for nonlocal
parts of the potential, like the effective mass and spin-orbit terms whose full
contributions to the functionals F[p] and o[p] have also been given here up to
second order. In particular, our functionals now make it possible to perform density
variational calculations for excited nuclear systems using a Skyrme-type effective
interaction. In order to illustrate this, we have derived the appropriate Euler-Lagrange
equation for the density of a symmetric nucleus. We have for the first time solved
numerically this nonlinear, fourth-order differential equation for the case of a
one-dimensional semi-infinite density profile which describes the interface (without
curvature effects) of a nuclear liquid-gas two-phase system. Earlier attempts to do
this in the case of simple semi-infinite nuclear matter at 7= 0 having failed,
variational calculations with parametrized trial density of a modified Fermi function
type have been frequently used [see ref. '°) and the literature quoted therein]. We
have shown here that, indeed, such trial densities allow to calculate the surface (free)
energy from the semi-infinite profile to within ~ 1% at T = 0 and even more exactly
at higher temperatures.
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This opens up the possibility to calculate thermal properties of excited nuclear
systems in a semiclassical way which becomes quantitatively equivalent to the
Hartree-Fock method for 7 > 3 MeV, but which requires much less numerical effort.
In particular, the problem of including correctly the continuum states ®) is eliminated
here since everything is determined by the local density p(r). Among many interest-
ing applications, we mention the equation of state of hot nuclear matter as used in
astrophysics for the calculation of supernovae evolution, the determination of LDM
parameters as functions of the temperature, or fission barriers of highly excited
nuclei. Several attempts in these directions have already been undertaken23:3%:42),
in some cases using the TF functionals only *).

We want to stress here the importance of the second- and fourth-order gradient
corrections for describing correctly the nuclear surface properties on which, in
particular, the fission barriers depend very crucially!®!”?*). Calculations with
simplified functionals may accidentally lead to reasonable results in certain cases for
certain forces, but should be taken with great care.

A remark on the so-called low-temperature expansion might also be appropriate.
It is obtained if in the ETF densities (2.38)—(2.45) all functions J,(1n,) are expanded
according to eq. (A.11) for large values of 7, (2.41), or equivalently, if the
temperature factor f(8) of the Bloch density (2.18) is expanded in powers of (87).
This leads to a simple quadratic temperature dependence of the kinetic energy
density functional 1%*). However, the limit 7, >> 1 is never correct, even at very low
temperatures, in the nuclear surface near and beyond the classical turning point.
Therefore this approximation should not be used for finite nuclei. It has, in fact,
been shown to give rather bad results1%3%).

As we have clearly demonstrated, such simplifying assumptions are no longer
necessary since the inclusion of the full functionals #,[p] and #,[p] with their
correct temperature-dependent coefficients is quite easy and guarantees a sufficient
accuracy in the kinetic (free) energy of realistic nuclear systems at arbitrary
temperatures.

We have greatly benefitted from stimulating discussions with W. Stocker.

Appendix A
ANALYTICAL CONTINUATION OF THE FERMI INTEGRALS AND THEIR NUMERICAL
COMPUTATION

The so-called Fermi integrals

Ju(n)=_[)wi—a§‘—x_n) dx  (p>-1) (A1)

are well known from the Thomas-Fermi model at finite temperature 1°~2!), where the



296 J. Bartel et al. / ETF theory

functions J,(n) occur for values p= 3, 1 and — 3. In the TETF model we encounter
derivatives of these functions which necessitate their analytical continuation to
values of p < —1 for which the integral (A.1) is not defined. For the mathematically
interested reader, we refer to a recent article by Fernandez Velicia**) who exten-
sively discussed these analytical continuations, their series expansions and numerical
approximations. The functions discussed in ref.*®) are in fact

1 0 x* d A2
T(p-&—l)-/(; 1+exp(x—1) X (4.2)

which, for any real non—neg~ative integer p, differ from J (), eq. (A.1), only by a
factor. The real functions J, (n) (for real n) are analytic for arbitrary values of u.
(For negative integer p, the pole occurring in the integral of eq. (A.2) cancels that of
the gamma function.) They obey the differential recurrence relation

d . -
-&;Ju(n)=']p~l(’n)' (A.3)
For p=0,—1, —2,... they are elementary functions. In particular one finds
jo(n) =Jo(n)=1n(1+e"),
J(n)=Q0+e) " etc.
Since in the present context we are mostly interested in the real functions with

non-integer p, we choose to stay with the convention according to eq. (A.1) and
define the J,(n) for p < —1 by the derivative relation

J(n)=

(A.4)

Ju-l(n)=%%fﬂ(n) (p#0,—p&EN={1,2,3,...}) (A.5)

which leads to analytic functions for any real non-negative integer p.

Since the integral in eq. (A.1) does not exist for p< —1, we had to look for
numerically stable ways to calculate the J_; (1), J_5 »(1), etc. (The functions for
p=2, 2 and — 1 are easily found in standard computer program libraries; we used
the CERN library routine “FERDIR”.) Numerical differentiation works well to
obtain J_, ,(7) but becomes unstable for the higher derivatives due to the way in

which J_; ,,(n) is approximated. For this reason we took from ref. 43) the expansion
N n
n -
Ju(m)=T(p+1) X —(1=2""#)¢(p+1~n)
n=0 """

27 had

/2
() > {(rk2+n2)” cos| mp + parctg(n/r,)]
k=0

e
Ty

N1 I'(p+1) (n

=on! T(p+1~n) a) COS[(n—{—M)%W]}

(p,<N-1;NeN; —p&N), (A.6)
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where
r=a2k+1). (A7)
Deriving both sides of eq. (A.6) with respect to 7 and using the relation
L) =T'(p+1)(1-27*)¢(n+1)

1
ah

sm( ) 2 Z Qk+1)*  (p<-1;-p&N), (A.8)

which is found using standard relations for the Riemann zeta function {(z), we
obtain the alternative expansion

J(n)= m—)' ki‘o(r,f + 172)”/2 cos[Lmp + parctg(n,/r,)]
(p<—-1; —p&N). (A9)

Both egs. (A.9) and (A.6) can be used for the numerical computation of J,(n) with
non-integer p < —1; the series (A.6) converges faster but requires the knowledge of
J,(0) which may be obtained by numerical differentiation of J, () at n=0.

For p= — 2 the convergence of these series is too slow for practical use; we
therefore calculated J_; ,(n) by numerical differentiation of J_; ,,(). For p < — 2,
convergence to a relative accuracy of 10 ~° could be achieved using less than 550
items (in most cases 10-50) of the above series.

For values n < —1.5, faster numerical convergence is found with the following
well-known expansion %)

J(n)=T(p+1) i (—l)k_lk:+1 ek (g<0). (A.10)

Another well-known asymptotic expansion for large positive arguments is %)

n+1
J;z(n) s prey {1 + Z (2% — 2)w2k|szI(”2J;€1)n‘2"> , (A1)
where B,, are the Bernoulli numbers. The series (A.11) is, however, semi-convergent
and can therefore only be used for a reliable numerical computation for sufficiently
large values of 7. For the Fermi integrals J () with — L <p< — 7 the conver-
gence of the series (A.11) is so fast for 5 > 20 that it can be limited to 5 to 9 items to
obtain a relative accuracy of 10 5.

Appendix B

FOURTH-ORDER CORRECTIONS TO THE DENSITY FUNCTIONALS

In this appendix we sketch the derivation of the fourth-order gradient corrections
to the functionals of the free energy and the entropy in the case of a local potential
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V{(r). (The extension to the nonlocal case is lengthy but straightforward and follows
the same lines as the local case sketched here). The Bloch-density up to fourth order
in the Wigner-Kirkwood expansion reads ?¢)

{ B . 5

Cow(r:B) = Conlr B\ 1+ o BB (V V) - BV

hZ 2 1 A
+ '2";) 85[“33‘747/4‘3404—3561744'% G(VV)]},

(B.1)

where
cs(r)=3(AV)* +4vV- vV +ia(vr ),
d(ry=2aV(vVY +ivv.-v(vr). (B.2)

As shown in subsect. 2.2, we obtain by inverse Laplace transformation of eq. (B.1)
the density pprp(r) and the free energy density Fpp(r):

pere(r)=pyr(no) +py(r.m0) + p4(r.mp) = p(r), (B.3)
gETF(')”ﬁTF(Uo)""'%(V’"o) +ﬁ~;(r,n0), (B.4)

where
10(r) = (A= V(r))/T. (B.5)

As in subsect. 2.2, we denote prrp(r). eg. (B.3), in short by p which will be the
variational density in the applications of the functionals #p1p[p] and op[p] to be
derived here. The explicit expressions of the zeroth- (TF) and second-order terms
have already been given in subsect. 2.2; that of p,(r,7,) will not be needed, as we
will show, and that of %,(r,n,) is

. R B A 3y
Fy(rimg) = —Ar “1‘:{]—3/2("10)“‘“”‘—] s2(mo)

2m ) 240 2737
15 d, 175 (vv)*
“‘T}ZJ—?/z(Wo)'*'*éZ““}“s_"Jw/z(”flo) ,
(B.6)
with
4 1 (2mT\3? (8.7)
’"‘5?( 2 ) '

As in subsect. 2.2 we define 1 as the solution of the equation
P(’)SATJUz(??) (B_8)
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for any value of r. We now formally expand u up to fourth order:
n=n9+ N+, (B.9)

where 7,, 1, are of order A% and A*, respectively, relative to n,. By a formal Taylor
expansion of eq. (B.8) around 7, and comparison of coefficients of equal order in #,
one obtains the explicit form of 7,:

2 po(r,my) A% 1 1
n2=——i——0—=————ez—————— (B.10)
Arp J—1/2(770) 2m 12 J—1/2(770)
with
3(vr)’ AV
ez(r’no)zz‘7‘3—']—5/2("70)"‘?]4/2(770); (B.11)

the explicit form of 5, will not be needed, as we shall immediately see.
We now expand #(r,n,), eq. (B.6), around 7, using eq. (A.5), and keep
consistently all terms up to order A*:

Fere(r) =Fp(n) —(ny +04) To +(n, + 04) A7 T, 5 (n)

- %ATTnif_x/z(n)

- J . .
+F2("’7l)—’725”—7’2("»"0”71‘}‘%(","))- (B.12)
0
The second and third terms cancel due to eq. (B.8). Noting from egs. (2.43), (2.44)
and (3.6) that

3 .
a—a”"z(r,no)= —Tp,(r,mg)
Mo

and using the first equality in (B.10), we obtain
Fere(r) =jTF(n) +‘7?2("a ) +3%4("’ )+ %ATTTI%J-l/Z(T') . (B.13)

Ferr(r), eq. (B.13), now only depends on functions of 5 (and therefore of p) and of
the potential /' and its gradients. In order to get rid of the latter, we build the
corresponding combinations of second, third and fourth derivatives of p, using egs.
(B.3) and (B.8), but keeping consistently only those terms which contribute to
Fere(r) in second and fourth order in 4. After some tedious algebra one can
express all gradients of V' through combinations of gradients of p, and one finally
obtains the functional for the free energy density:

Ferr(r)=Freplp] =Fp(0) +F[p] +Z 0], (B.14)
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where #F(p) and %,[p] have been given in subsect. 3.1 and %,[p] has the form

g?[ ] n? 2i-’—1/2(7i)
“LP 2m T J1/2(TI)
(40  wo-vd  A(vp)  ve-v(ve)
% [¢1V4p + ¢, + ¢, + ¢, + o5 5
p p p p
Ap(vo)*  (wp)’
6 2 + 7 3
p p
(B.15)

The ¢, are universal functions of 1 which can be expressed in terms of the following
combinations of J,(n):

x=J1/2J~3/2/J31/27 y=112/2J_5/2/J31/2, Z=J13/2J—7/2/J11/27
W=Jl4/2-]—9/2/ffl/2’ U=J15/2J411/2/J31/2- (B.16)

Here and in the following, the argument of J, is always understood to be n. The
expressions for the ¢, are

= — 1 = 1,24 1 — 1,24 1
$1= — 15X, G, = — 56X "+ 3V, P3= — X"+ 357,
¢, = —sx? -4 5= —4Lx® +3Lxy — Lz
4 180 ED 5 360 240XV ~ 282
- 3,3 7 — 3
P = — g%+ 35Xy 2427
¢y=—mx*+3ix -l 4+ 2. (B.17)
7 28 y 320)’ 64 .

In practice we only need the functional %,[p] integrated over all space. Assuming
that all derivatives of p vanish at infinity, we can integrate eq. (B.15) by parts to
obtain

Efe]= [#loldr @,

3
pz p3

R*\*1 (4p)°  Ap(we)®  (wp)*
SERTIC T

2m
(B.18)
so that only first and second derivatives of p will be required. The coefficients 6,(n)

J J
6, - —1/2(_1_ 2_ 1 ), 6, = 1/2(536 —Mxy+z4z)

= X
Jl/z 144 g0 J1/2
J in
03 = J (144x - 30x y + 64y + 24)CZ 192W) . (Blg)
1/2

From eq. (B.18) we finally find the functional for the integrated entropy from the
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canonical relation §'=(—d/dT)F|,. Using

d 3 Jn
U] -2 1/_(71) ’ (B.ZO)
AT T J ()
which together with the relation (A.5) follows directly from egs. (B.7), (B.8), one
arrives at
AN (40)"  Ap(vp)"  (vp)*
S4[P]=f‘34[9}d37'=(“2"n‘1‘) ‘j‘:‘ff’: 1 + X2 e + X3 e d’r,
(B.21)
where the coefficients x,(%) are given by
Jy ., dé,
x,=0,+3—L —  (i=1,2,3) (B.22)
J 1 dn
and take the explicit form
Uy
X1 = 7, (2ssx -%y- mxy+§1§x3+%2),
/2
J“1/2135411 37..2
X2=—F N; (s'x +axt gy gxty izt Hax + By ”mw)
1/2
Jp 1,4 4 7.5 _ 11,2 X3y 267
X3~ 7 (§§§x +aex’ — gx’y — By + Bloy? + 45y?
12
+8xz+Ex% — By — Tow— Loaow + £10). (B.23)

The functions 8,(n) and x,(n) can be computed once and for all.

With the asymptotic expansions (A.10) and (A.11) of the J (), the quantities
X, ¥, z,w, 0, eq. (B.16) can be shown to become constants in the limits » < 0 and
n>>1 and the §, and x; take simple values which are shown in table 4. Note in
particular that for arbitrary finite values of p, 5 goes to + oo like 1/7 in the limit
T — 0 as explained in sect. 3; then the integrand of S, everywhere goes to zero
linearly with T and Z[p] goes over to the functional (%#%/2m),[p] which is well
known from the T = 0 case!>!5),

TABLE 4
Asymptotic values of the various coefficients defined in appendix B for the two limits < 0 and 5> 1

x ¥y z w v 8 b, t, 121 £ 23 3 Jo1 0/

<0 -1 173 ~1/15  1/105 —1/945 1/180 —1/360 0 17180 —1/360 0 2
>1 -1/3 —1/27 —1/135 —1/567 —1/2187 17270y —1/240m 1/810y 0 0 0 3/
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The coefficients {(n) and »(%) occurring in the second-order functionals — see
egs. (3.11), (3.17) — can be expressed by the quantities x and y in eq. (B.16) as'

{=—%x,  v=%x+2x2-3y). (B.24)
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