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Atomic ground state energies
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It is demonstrated that atomic Hartree—Fock binding energies may be reproduced with great
accuracy (within about four parts in a thousand) by a scaled model system in which the electrons
are noninteracting, and are bound in a bare Coulomb potential.

On démontre que les valeurs Hartree-Fock des énergies de liaison atomique peuvent étre
reproduites avec une grande précision (environ quatre partie sur mille) par un systeme de modeles
aéchelle dans lequel les électrons sont sans interaction et liés par un simple potentiel de Coulomb.
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In this article, we shall present a very simple
analytical expression for the total binding energy of
a neutral atom. We are aware that this quantity is
only of peripheral interest in modern atomic physics,
since the major contribution to the total energy
comes from electrons in the innermost shells. Never-
theless, we report this work because our approach is
novel, and the accuracy is better than a recently
reported paper by Sucher (1) on the same subject.
We demonstrate that the total ground state energy
of any atom may be reproduced by a model system
in which both the nuclear charge and the electron
number are reduced by a scaling factor, and the
electron—electron interactions switched off. The
scaling factor is independent of Z, and its value can
be guessed from theory. This model is rather different
from the conventional effective charge approach
(2, 3) in which only the nuclear charge, as seen by the
electrons in each shell, is modified.

A neutral atom with Z electrons is replaced by a
model system of Z, noninteracting electrons bound
in a bare Coulomb potential with nuclear charge Z,.
For such a system the closed shell interpolation
formula for energy, in atomic units, is (4)

[1] —E/Zy* = (3Zo)'3(1 + 0.0636Z,7 %) — %

We take Z, = BZ, where B = 0.831 for all atoms
with Z > 8. Substituting this value of Z, in eq. [1],
our expression for the ground state energy of an
atom with atomic number Z is

[2] —E/Z% = 0.7432Z'3 [I + 0.0719Z~2/3)
— 0.3453

In Table 1, the energies of some atoms as predicted
by eq. [2] are compared with the corresponding
(nonrelativistic) Hartree-Fock results. Our results
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TasLE 1. Comparison of the Hartree-
Fock energies Eyr with those predicted
by eq. [2] for some neutral atoms. The
energies are in atomic units, and

divided by Z2

V4 — Eue/Z? —E[Z?, eq. [2]
8 1.169 1.168
10 1.286 1.281
13 1.431 1.425
15 1.514 1.509
18 1.626 1.623
20 1.692 1.692
25 1.840 1.846
31 2.001 2.006
36 2.124 2.125
42 2.254 2.253
49 2.391 2.389
54 2.480 2.478
65 2.657 2.656
70 2.733 2.731
75 2.806 2.802
80 2.876 2.869
87 2.969 2.960
90 3.007 2.997
95 3.069 3.058

are generally more accurate than those of Sucher 1)
considerably so in the region 8 < Z < 50. Earlief
Scott (5) and Foldy (6) had given simple expressions
for atomic binding energies which are also much 1es$
accurate than our eq. [2]. Scott derived his formula
by adding to the leading Thomas-Fermi term
corrections due to the exchange contribution, and 2
term to compensate for the diverging Thomas-Ferm!
density near the origin. Our approach in deducing
eq. [2] will be entirely different.

The atomic Hamiltonian with Z electrons may b€
written as

o - (- 52) (375552

i i<jlij
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Where the sum is over all electrons. We choose
Z, = BZ so that the expectation value of the last
€rm is zero, i.e.,

W 12z — 1<yt = 221 = B)Xr ™'y or
(1 = B) =3 DKri™ "

fOY Z » 1. As before, we have assumed that B is

Independent of Z. In the Thomas-Fermi approx-

mation, which is exact for Z — oo, B = 6/7, while
artree-Fock calculations over a wide range of

Z-values yield a value of B close to 5/6, thus sub-

Stantiating our claim (1). Using the virial theorem,

Ye may now write the Hartree-Fock energy (for
> 1)as

[5] Eyr = _%ZZBO'.'_I)gF

.[“ the above equation, the expectation value of r; ™!
S for a Z-electron system with HF wave functions.
Our model equation [2], on the other hand, is for a
SYstem of Z, noninteracting electrons in a bare
clear charge Z,:

O £ =~z e

Where the expectation value is now taken with hydro-
&nic wave functions. For [5] and [6] to be equal, we
Must have

UV 1580 = By

This relation should hold for any Z > |, but we are
Unable to prove it for the general case. However, it
S easy to verify it in the Thomas-Fermi limit
5 o). In this case (3)

2

1/3
Bt 58F o 1y IF = 4(%7) x 1.58871/3

and
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01 <72 =203/2)'(B2)'"?

Substituting these in eq. [7], we find B = 0.833 = 5/6.
This is the same value of B obtained from eq. [4] in
HF calculations, and explains why the HF binding
energies are reproduced by the noninteracting scaled
model. In fact, it is easy to verify eq. [7] numerically
by calculating <r;” >4 using Table 2.3 in the book
by Fischer (7). For the range of Z values that we
have considered, we find that the right-hand side of
eq. [7] tends to overestimate <{r,” !>¥F by about 1 to
1.59 for B = 0.831. This was the scaling factor used
to fit the HF energies by eq. [2].

If we had used eqgs. [5] and [8], with the TF value
of B = 6/7, we would have obtained the coefficient
of Z'/3 to be 0.7687, which is correct in the limit of
Z — . On the other hand, by using the empirical
value of B ~ 5/6, we have shown that the energy
may be written in the form of eq. [6], which is the
content »f our model. Our arguments, however, do
not amount to a ‘‘derivation’’ of eq. [2], nor explain
its extreme accuracy.
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