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Abstract

The probability of electron tunneling from a bound to a free state in an alternating electric and a constant magnetic
"eld is calculated in the quasiclassical approximation. It is shown that the magnetic "eld reduces the probability of
electron tunneling. The application of the external magnetic "eld perpendicular to the electric "eld reduces the ionization
probability at high magnetic "elds, when cyclotron resonance frequency becomes larger than reciprocal tunneling time.
The increase of electric "eld frequency to values larger than the same reciprocal tunneling time enhances the in#uence of
magnetic "eld. ( 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

Recently, it has been demonstrated theoretically and
experimentally that the ionization of deep impurities in
semiconductors in the presence of static as well as high-
frequency electric "elds occurs via the multiphonon-
assisted tunneling Refs. [1}4]. In contrast to tunneling
ionization of atoms, where only electron tunneling takes
place, ionization of impurities in solids is accomplished
by two simultaneous processes: electron tunneling and
the redistribution of the vibrational system by defect
tunneling [1,4]. Recently, using results [5] for the prob-
ability of electron tunneling, it has been shown that an
external magnetic "eld applied perpendicular to the elec-
tric "eld, suppresses the multiphonon-assisted tunneling
in a static electric "eld at u

#
q
2
'1, where u

#
is the

cyclotron frequency and q
2

the defect tunneling time [6].
In this work we study theoretically the in#uence of an

external magnetic "eld on the thermally activated ion-

ization of impurities in the presence of an alternating
electric "eld. The interest to this problem is caused by the
observation of an enhancement of multiphonon-assisted
tunnel ionization of deep impurities in various semicon-
ductors in terahertz electric "elds as compared to static
"elds [3]. As shown in Ref. [3], this process is also
controlled by the defect tunneling time q

2
. At Xq

2
'1,

where X is the frequency of electric "eld the probability of
tunnel ionization increases drastically with rising fre-
quency.

The work consists of two parts. In the "rst part an
expression for the probability of tunneling of an electron
through an alternating barrier is obtained. In this part we
use the method similar to used in Ref. [8]. In the second
part we study the thermally activated tunneling in the
presence of an alternating electric "eld and an external
magnetic "eld in semiclassical approximation and neg-
lecting preexponential factors. We show that in this ap-
proximation the logarithm of the ionization rate linearly
depends on the square of the electric "eld amplitude, as it
has already been obtained for phonon-assisted tunneling
without magnetic "eld [7,3]. The application of the ex-
ternal magnetic "eld perpendicular to the electric
"eld reduces the ionization probability at u

#
q
2
'1. At
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frequencies of the electric "eld high enough to achieve the
regime Xq

2
'1, the in#uence of the magnetic "eld drasti-

cally increases.

2. Quasiclassical wave function of tunneling electron

The quasiclassical wave function in quasiclassical ap-
proximation and neglecting preexponential factors is
given by the expression

W(r, t)&e(i@+) >SI (r,t), (1)

where the action SI (r, t) must con"rm to the Hamil-
ton}Jacobi equations

RSI
Rt

"!H(P, r, t), +SI "P (2)

with the boundary condition SI (r, t)"!et at r"0,
where e is the energy of an electron bound to the center
(e(0). In Eq. (2) H is the Hamilton function, P is the
generalized momentum. In our case

H(P, r, t)"
(P!e/cA)2

2m
!ZF(t), P"mr5#

e

c
A, (3)

where F(t)"F cosXt is the force applied to an electron
from an electric "eld of a wave, F"eE. We consider that
the electric "eld E is directed along the axis Z, and a
constant magnetic "eld H along the axis Z. Below we use
the calibration A

x
"A

z
"0; A

y
"!Hz.

The action SI , which con"rms to required conditions
can be written

SI "S
0
!et

0
, S

0
"P

t

t0

L(r@, r5 @, t@) dt@, (4)

where L is the Lagrange function

L(r@, r5 @, t@)"
mr5 @2
2

!z@C
eH

c
y5 @!F(t@)D. (5)

The radius-vector r@(t@) con"rms to the motion laws

xK @"0, yK @"u
#
z5 @, zK @"

F

m
cosXt@!u

#
y5 @ (6)

with conditions

r@(t
0
)"0, r@(t)"r. (7)

In Eq. (4) t
0

is a function r and t determined by the
condition

A
dSI
dt

0
Br,t

"0. (8)

We want to emphasize that due to the sense of wave
functions values of r and t are real, while r@, t@ and t

0
can

be complex. Using equation of Ref. [9]

A
dS

0
dt

0
Br,t

"HD
t/t0

and the "rst boundary condition of Eqs. (7) and (8) can be
written as

m

2
(v2

0x
#v2

0y
#v2

0z
)"e, (9)

where *
0
"r5 @(t

0
) is the velocity at the beginning of

motion t
0
. The value of this velocity is purely imaginary

due to the condition e(0 in Eq. (9). This is natural
because an electron is under the barrier.

3. Probability of direct electron tunneling

After solving of the motion equation (6) with condi-
tions (7), it is possible to get *

0
as a function of r, t, t

0
.

Then Eq. (9) determines t
0

as a function of r, t. Finally,
we "nd the action SI as a function r, t, and therefore wave
function W(r, t).

To "nd the density current from the center, which is
proportional to DWD2, it is enough to "nd ImSI in the area
of space, where it reaches its maximum, e.g. with the
values of r, where + ImSI "0. The probability of ioniz-
ation P

%
can be written as

P
%
&exp[!2S

%
(e)], (10)

where S
%
(e)"ImSI /+ in the area of space, which deter-

mines the result of tunneling. Then S
%
(e) can be found as

S
%
(e)"

m

2+P
q%

0

(zR @2!y5 @2) dq!
eq

%
+

, (11)

where q
%

is de"ned by the equation

sh2Xq
%C1!A

Xu
#

X2!u2
#
B

2

ActhXq
%
!

u
#

X
cthu

#
q
%B

2

D
"

X2

F2
2mDeD, (12)

and

y5 @"
Fu

#
m(X2!u2

#
)C!chXq#

u
#

X

shXq
%

shu
#
q
%

chu
#
qD, (13a)

z5 @"
Fu

#
m(X2!u2

#
)C

X

u
#

shXq!
u

#
X

shXq
%

shu
#
q
%

shu
#
qDi. (13b)

Thus, the probability of ionization, neglecting pre-ex-
ponential factors, is given by Eq. (10), where S

%
(e) and

q
%
(e) are de"ned by Eqs. (11) and(12). Note that the
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Fig. 1. Adiabatic potential con"gurations for: (a) weak elec-
tron}phonon coupling and (b) strong electron}phonon coupling
(autolocalization). Potentials plotted in broken lines correspond
to the electron with negative kinetic energy tunneling in electric
"elds of two di!erent strengths. Solid arrows show the tunneling
trajectories of vibrational system.

parameter:

q
%
"!+

RS
%
Re

, (14)

and thus can be named as time of electron tunneling.
Without magnetic "eld (with u

#
"0) Eqs. (10)}(13) co-

incide with the result of Ref. [8] for the tunnel ionization
in an alternating electric "eld and when X"0 with the
result of Ref. [5] for the tunnel ionization in a constant
electric "eld in the presence of the magnetic "eld.

The probability of the ionization decreases and tunnel-
ing time increases when the magnetic "eld increases.

4. Thermally activated tunnel ionization of deep center

The probability of tunnel ionization with participation
of phonons can be considered as a result of three pro-
cesses: (i) thermal excitation of the system to a vibrational
level E

1
in the adiabatic potential ;

1
(x), corresponding

to an electron bound to the center (x is the vibrational
coordinate), (ii) tunnel transition of the vibrational sys-
tem to the adiabatic potential ;

2e(x), corresponding to
free electron with potential energy e and (iii) tunnel tran-
sition of an electron under in#uence of an electric "eld
out of the well to the free state with negative energy e.

In quasiclassical approximation the probability of
ionization with "xed e and E

1
is proportional to the

expression:

expA!
E
1

k¹B exp[!2(S
2e!S

1e )] exp[!2S
%
(e)], (15)

where the three factors are probabilities of the three
processes enumerated above,

S
1e"

J2M

+ P
xce

a1

J;
1
(x)!Edx, E"E

1
!e

T
, (16a)

S
2e"

J2M

+ P
xce

a2e
J;

2e (x)!Edx, ;
2e(x)";

2
(x)#e,

(16b)

where M is a mass, corresponding to the vibrational
mode, which plays the main role in the process. E and
E
1

are local vibration energies, counted from the bottom
of potentials ;

2
and ;

1
, respectively. The scheme of

adiabatic potentials and the tunneling trajectories are
shown in Fig. 1.

The total probability of ionization is obtained by in-
tegrating product (15) over E

1
and e. Calculation of this

integral by the saddle-point method yields two equations
for the optimal values E

1m
and e

m
:

q
2e"q

1e#+/2k¹, q
2e"q

%
, (17)

where the `tunneling timesa of the vibrational system
q
ne are determined by the expression

q
ne"!+

RS
ne
RE

.

For su$ciently weak "elds the value of e
m

is small and
in the "rst Eq. (17) we can consider e"0. Then it deter-
mines the energy E

1m
, which does not depend on the

electric "eld. In Eq. (15) the di!erence S
2e!S

1e can be
expanded in a power series of e and only the "rst term in
the expansion need be retained

S
2e!S

1e"S
2
!S

1
#

eq
2

+
, (18)

where S
2
, S

1
, q

2
are the values of S

2e , S
1e and q

2e at
e"0. Then using Eq. (11) at q

%
"q

2
we can get for the

ionization probability e(F):

e(F)"e(0) exp
F2

FH2
#

, (19)

where it is convenient to write

FH2
#

"

3m+

qH3
2

, (20a)

qH3
2

"

3u2
#

(X2!u2
#
)2P

q2

0
GC!chXq#

u
#

X

shXq
2

shu
#
q
2

chu
#
qD

2

#C
X

u
#

shXq!
u

#
X

shXq
2

shu
#
q
2

shu
#
qD

2

Hdq. (20b)

The dependence of qH
2

on the magnetic "eld is illustrated
in Fig. 2.

Without magnetic "eld (u
#
P0) Eqs. (19) and (20)

coincide with expression for the probability of multi-
phonon thermally activated tunneling under the in#u-
ence of an alternating electric "eld obtained in Ref. [3],
and at XP0 with results of Ref. [6].
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Fig. 2. The ratio (qH3
2

(0,X)!qH3
2

(u
#
,X))/q3

2
versus u

#
q
2

cal-
culated after Eq. (20b) for various values of the Xq

2
. Note, that

the only parameter in Eq. (20b) which determines a scale for the
frequency is the tunneling time q

2
.

Note, that we can use Eqs. (19) and (20) when F<FH
#

and De
m
D;e

T
, where De

m
D is determined by Eq. (12) at

q
%
"q

2
. Corresponding to the "rst formula (17) at e"0

q
2
"q

1
#+/2k¹, (21)

where q
1

practically does not depend on temperature. At
adiabatic potentials (autolocalization) q

1
(0 (Fig. 1b).

5. Summary

In this work an expression for the probability of elec-
tron tunneling from a bound to a free state under an
alternating electric "eld in the presence of constant mag-
netic "eld is obtained. The result is used for the calcu-
lation of the rate of thermally activated ionization of
impurities by alternating electric "elds. It is shown that

the application of the external magnetic "eld perpendicu-
lar to the electric "eld declines carriers which increases
the tunneling trajectory. Thus, magnetic "eld reduces the
ionization probability at u

#
q
2
'1. This e!ect is en-

hanced at frequencies, when Xq
2

becomes larger than
unity.
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