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ADMISSIBLE SEMI-LINEAR REPRESENTATIONS
M.ROVINSKY

ABSTRACT. The category of admissible (in the appropriately modified sense of representa-
tion theory of totally disconnected groups) semi-linear representations of the automorphism
group of an algebraically closed extension of infinite transcendence degree of the field of
algebraic complex numbers is described.

Let k be a field of characteristic zero containing all /-primary roots of unity for a prime
£, F be a universal domain over k, i.e., an algebraically closed extension of k of countable
transcendence degree, and G/, be the field automorphism group of F' over k. We consider
G /i, as a topological group with the base of open subgroups generated by {Gr/k(,) | © € F'}.

Denote by C the category of smooth (with open stabilizers) F-semi-linear representations
of Gy, i-e., F-vector spaces V endowed with an additive semi-linear (g(fv) = gf - gv for
any f € F, g € Gy, and v € V) action G, X V =V of Gpyy.

Denote by A the full sub-category of C whose objects V are admissible: dimpv VY < 0o
for any open subgroup U C Gp/;,. Clearly, A is an additive category and it is shown in
[R] that it is a tensor (but not rigid) category. In the present paper one proves that the
category A is abelian (Theorem 3.6), and F is its projective object (Proposition 3.4).

Let the ideal m C F ®j, F' be the kernel of the multiplication map F ®y, F =5 F, where
ko = kN Q is the number subfield of k. Consider the powers m* C F ®j, F of the ideal m
for all s > 0 as objects of C with the F-multiplication via F' ®, ko.

In this paper we study the category A and describe it if k is a number field. Namely, in
the case k = Q we prove the following:

e The sum of the images of the F'-tensor powers ®§'m under all morphisms in C
defines a decreasing filtration W* on the objects of A such that its graded quotients
gry, are finite direct sums of direct summands of @% QL (cf. §4.1, p.17 and Theorem
4.10). This filtration is evidently functorial and multiplicative: (WPV}) @ p (W1V3) C
WPT(Vy @ Va) for any p,q > 0 and any Vi, Vs € A.

e A is equivalent to the direct sum of the category of finite-dimensional k-vector spaces
and its abelian full subcategory A° with objects V such that V¢#/k = 0 (Lemma 4.13).

e Any object V of A° is a quotient of a direct sum of objects (of finite length) of type
Q% (m/m?) for some g,s > 1 (Theorem 4.10).

o If V € A is of finite type then it is of finite length and dimy Extfét(V, V') < oo for any
j >0and any V' € A; if V € A is irreducible and Ext!y(m/m?, V) # 0 for some g > 2
then V = Sym?% QL and ExtYy(m/m?, V) = k (Corollary 4.17).

e A° has no projective objects (Corollary 4.14), but @% m are its “projective pro-
generators”: the functor Home(@®% m, —) is exact on A for any g (Corollary 4.16).

The author was supported in part by RFBR grant 02-01-22005.
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To describe the objects of A, one studies first their “restrictions” to projective groups
(= PGLy,k), considered as subquotients of Gg/. It is known ([R]) that such semi-linear
representations are related to homogeneous vector bundles on projective spaces.

Let n > 1 be an integer, K,, = k(P}) be the function field of an n-dimensional projective
k-space P} and G, = Aut(P}/k) be its automorphism group.

Fix a k-field embedding K,, < F. We show, in particular, that if V is an admissible F-
semi-linear representation of G/, with no sub-objects isomorphic to F' then any irreducible
subquotient of the K,-semi-linear representation VE¥/%n of G, is a direct summand of

Iz(i Q}(n/k (this is Theorem 2.4 and Proposition 3.4 below).

0.1. Some motivation. The study of semi-linear representations comes from the study of
Q-linear representations of G/, that are related to geometry, cf. [R].

Let Smq be the category of smooth representations of G/, over k. Extending of co-
efficients to F' gives a faithful functor F®; : Smg — C. It is not full: if U C Gpp
is an open subgroup and f € (F*/k*)V — {1} then [0] — of - [0] defines an element
of Endc(F|[Gp/x/U]) which is not in Endgsm (k[Gr//U]). However, its restriction to the
Vi

subcategory Zg ® k of “homotopy invariant” representations” is.

Lemma 0.1. If k =k then the functor Ig @ k 9% ¢ s fully faithful.

Proof. More generally, let us show that Homgy,, (W, W') = Hom¢ (F @, W, F ®, W') for
any W € I ®k and any W' € Smg. Let ¢ € Homg(W, F @, W') and p(w) = Z;V:1 [i®w;
for some w € W, w; € W', f; € F and minimal possible N > 1. We have to show that
fj €k.

Choose a smooth proper model X of k(f1,..., fn) over k. If it is not a point, choose a
generically finite rational dominant map 7 to a projective space Y over k which is

e well-defined at the generic points of the irreducible components D, of the divisors of

poles of fi1,..., fn,

e induces on each D, a birational map and

e separates D,,.

Then the trace 7,¢(w) has poles. On the other hand, 7, ¢(w) is in the image of WF/k() =
Wik so Tap(w) € (F ®p W)Cr/k = k@, (W')C#/k by Lemma 7.5 of [R]. This contradic-
tion implies that f; € k, and therefore, (W) C k@, W' C F ®;, W'. O

The Q-linear representations of G/, of particular interest are admissible representations,
forming a full subcategory in Zg ® k. Though tensoring with F' does not transform them
to admissible semi-linear representations,? there exists, at least if k& = Q, a similar faithful
functor in the opposite direction.

Namely, it is explained in Corollary 5.2 that, for any object V of A and any smooth
k-variety Y, embedding of the generic points of Y into F' determines a locally free coherent
sheaf Vy on Y. Any dominant morphism X —— Y of smooth k-varieties induces an injection
of coherent sheaves 7*Vy < Vx, which is an isomorphism if 7 is étale.

This gives an equivalence S : A — {“coherent” sheaves in the smooth topology}, V
(Y = Vy(Y)). More generally, the “coherent” sheaves are contained in the category Fl
of the flat “quasi-coherent” sheaves in the smooth topology, cf. §5, p.18. For any flat

li.e. such that WCr/L = WEr/z for any purely transcendental extension L'/L of subfields in F
2and moreover, there are irreducible objects of C outside of A (Corollary 3.5).
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“quasi-coherent” sheaf V in the smooth topology the space I'(Y, Vy) is a birational invariant

of a proper Y (Lemma 5.3). Then we get a left exact functor FIl AN Smg given by
Vi li_n>1I‘(Y, Vy ), where Y runs over the smooth proper models of subfields in F' of finite

type over k.

The functor T o § is faithful, since I'(Y', Vy') generates the (generic fibre of the) sheaf
Vy+ for appropriate finite covers Y’ of Y (Lemma 5.3), if V is “coherent”. But it is not
full, and the objects in its image are highly reducible. If I'(Y,Vy) has the Galois descent
property then I'(V') is admissible. However, there is no Galois descent property in general.

0.2. Notation. Let k, F' and G/ be as above. For a subfield L of F' we denote by L its
algebraic closure in F. We fix a transcendence basis z1,x9,3,... of F over k.

For each n > 1 set Y, = Speck[z{,...,2}'] C AP = Speck[zy,...,z,] C P} =
PI‘Ojk[X(), cee ,Xn] with Tj = Xj/X(), Kn = k‘(.’El, ce ,xn), Gn = Aut(]P)Z/k)

Let Aff,, = G, N Aut(A? /k) be the affine subgroup, and (Aff,,), be its unipotent radical,
i.e., the translation subgroup. Let H, = Aff;, N Aut(A} /A}:_l) be the subgroup fixing the
coordinates x1,...,Tn_1 on A}. Let T;, C G/, be the maximal torus acting freely on Y,,.

Denote by T;:°"® the torsion subgroup in T},.

For a field extension L/K we denote by Der(L/K) the Lie K-algebra of derivations of L
over K. For an integer £ > 2, the group of ¢-th roots of unity in k is denoted by u,, and
the corresponding cyclotomic number subfield in k is denoted by Q(uy).

0.3. Structure of the paper. As it is mentioned above, we consider the projective groups
Gy, as subquotients of Gp/i. In §1 we identify irreducible subquotients of “restrictions” of
objects of A to G}, with the generic fibres of the Gj,-equivariant coherent sheaves on IP}.
Main ingredients there come from [BT] and [R]. In §2 we exclude some cases, thus showing
that these irreducible subquotients are direct summands of ®;<n Q}(n Ik In §3 we show

that A is abelian and calculate Ext!-groups between the irreducible objects of a tannakian
category GL7 (defined at the beginning of §1, p.3) of semi-linear representations of Gy,
containing “restrictions” of objects of A to G,. The latter part uses [LR]. After showing
principal structural results on A (in §4) we identify (in §5) A with the category of “coherent”
sheaves in smooth topology. Finally (in §6), we define a descending filtration A~, of A by
Serre “ideal” subcategories. Then we localize the quotients A/ A-,, for each m > 0 to get
a tannakian subcategory of finite-dimensional semi-linear representations of G /4, over F'
for an algebraically closed extension F’ of k in F' of transcendence degree m.

1. EQUIVARIANTNESS OF IRREDUCIBLE PG L-SHEAVES

Let &£, be the category of finite-dimensional semi-linear representations of G, over
K, whose restrictions to the maximal torus 7T}, in G, are of type K, ®; W for unipotent
representations W of T,, (where T, is considered as a discrete group).

Note that V = V1= @, K,, for any V € GLL.

In [R], for n > 1, a fully faithful functor G£% 5 {coherent G,-sheaves on P?} is con-
structed. (A Gj-sheaf is G,-equivariant sheaf if G,, is considered as a discrete group. In
other words, V is a G,-sheaf if it is endowed with a collection of isomorphisms a4 : V = g*V
for each g € G, satisfying the chain rule: apy, = g*ap o a4 for any g,h € G,,. The term

“Gp-equivariant” is reserved for G,-vector bundles with algebraic G,,-action on their total
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spaces.) The composition of S with the generic fibre functor is the identical full embedding
of GLY into the category of finite-dimensional K,,-semi-linear G,,-representations.

In this section we show that the category G£, is abelian and its irreducible objects are
generic fibres of irreducible coherent G,-equivariant sheaves on P%, i.e., direct summands
of Homg,, (%, /k)‘g’M, Rk, Q}(n/k) for appropriate integer M > 0.

Lemma 1.1. The category 6L, is closed under taking K, -semi-linear subquotients.

Proof. Let V € 6£; and 0 - V; - V 5 Vo — 0 be a short exact sequence of semi-
linear representations of GG;, over K,. As the k-vector space v (of the elements in V'
fixed by the torsion subgroup 7°™ in T,,) spans the K,-vector space V, the k-vector space
W(VTTEMS) - VQT’t’ors spans the K,-vector space V5.

This means that V5 = VQT’t’Ors &k Ky and 7(VT2™) = VQT’E”MS.

tors . TTtLors Ttors T;;Lors .
In other words, the sequence of T,,°"*-invariants 0 — V] — Vin —> Vs — 0is

exact, and extending its coefficients to K, gives the exact sequence 0 — V1 ®kK -V =

7E20 Qr K, 11) Vo = VQTt " ®r K, — 0. As 7 coincides with 7/, we get V; = V1 i ®k K,.

Clearly, any subquotient of a unipotent representation of T}, is again unipotent, and thus,
Vi,Vo € GLL. O

Lemma 1.2. Let E be the total space of a vector bundle on P}, Auty,(E) be the group of
automorphisms of E over k inducing linear transforms between the fibres, and 7 : G, —
Autyin (E) be an irreducible G,,-structure on E, i.e., a discrete group homomorphism splitting
the projection Auty,(E) — Gy,. Then the Zariski closure 7(Gy,) is reductive.

Proof. Let Aut,; be the kernel of the pI‘O_]eCthIl 7(Gn) & G,

For each point p € P let pp : Ry := n~!(Stab,) — GL(E),) be the natural representation.

As we suppose that E is an irreducible G,,-bundle, p, is irreducible, since otherwise
B .= T(G )Bp C E is a Gp-subbundle for any proper R,-invariant k-subspace B, C E,,.

In particular, p, is trivial on the unipotent radlcal of R,. The unipotent radlcal of
any algebraic group contains the unipotent radical of its arbitrary normal subgroup, so

pp is trivial on the unipotent radical of Aut,. As the action of Aut, on FE is faithful,

M, ker pp|aut, = {1}, i.e., Aut; is reductive. As G, is also reductive, so is 7(Gp). O

For a commutative finite k-algebra A denote by R,/ the Weil functor of restriction of
scalars on A-schemes, cf. [DG], I, §1, 6.6.
We need the following particular case of Théoréme 8.16 of [BT.

Theorem 1.3. Let G be a simply connected absolutely almost simple k-group, and G' be a
reductive k-group. Let 7 : G(k) — G'(k) be a homomorphism with Zariski dense image. Let

Y., Gl be the almost simple normal subgroups of G'.

Then there exist finite field extensions k;/k, field embeddings ¢; : k — k;, a special isogeny
B: Ik Re,u?G — G' (here #iG := G Xy, ki) and a homomorphism p : G(k) — Zg (k)
such that B(Ry, ¥ G) = G} and 7(h) = u(h) - B2, 5 (k) for any h € G(k) (here
o7 : G(k) = (By,x¥'G)(k) is the canonical homomorphism). d
Corollary 1.4. Under assumptions of Theorem 1.3, for any torus T C G the Zariski clo-
sure of T(T'(k)) is a torus in G'. d

Proposition 1.5. If n > 2 then any irreducible object of L} is a direct summand of

Homg,, ((2% K. /k) ®Kn K, /k) for an appropriate M.
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Proof. The functor S, mentioned in the beginning of this §, associates to an irreducible
object V of 6L} a coherent G,-sheaf V on [P} with generic fibre V.

Let, as before, T}, be a maximal torus in Gj, and Y,, C P} be the n-dimensional T),-orbit.
As VT2 = I(Yy,V)T=", of. [R], is a unipotent representation of T, Lemma 1.2 and
Corollary 1.4 imply that ['(Y,, V)T’tlors is a trivial representation of T;,.

In a k-basis of V7= the Gy-action on V determines a 1-cocycle (g,) € Z'(Gn, GLy Kn),
where M = dimg, V. There is an integer N > n + 2 and elements «,...,ay € G,
such that the morphism (T,,)Y - Gy, given by (hi,...,hy) = arhia]' - ayhyay', is
surjective. Namely, using the Gauf} elimination algorithm, one shows that any element of
G, is a product of < (n + 1)? elementary matrices and an element of 7,,. On the other

hand, it follows from the identity ( _1 (1) ) ( g 2 ) ( 1 (1) ) = ( bfa 2 ) that for

any elementary matrix o the product T}, - &I, o ! - T}, contains all elementary matrices of
the same type as «. This gives a surjection (7}, X Hi# aianoei_jl)("’Ll)2 x Ty —3 G, where
«j; is the elementary matrix with 1 in the 4-th row and j-th column.

Then

Gr(hishn) = 91(2)g1 (a1h1 (7)) g2 (1 h1a7 (7)) gh(nhiay  ha(z)) - -
gn(arhia] ! an_1hy_1ay"  (2))gy(erhiay ' -+ ay_1hy_1ay" janhy (2)),

where g;(z) := ga; and g;(av) =g, forall1 < j < N. In other words, the lifting of the G-
J

action on tot(V) to (I;,)" - “coupling” via 7 determines a rational map (7},)V xP} --» GLk.

Clearly, it corresponds to a regular morphism (7,)" x tot(V) — tot (V) and factors through

a regular morphism G, x tot(V) — tot(V) of k-varieties, i.e., we see that V is equivariant.

The generic fibres of irreducible G,-equivariant sheaves on P are exactly of the desired

type. U

REMARK. There can exist, a priori, non-equivariant irreducible coherent G,,-sheaves
on P}, e.g. the extension of coefficients to Opn of a non-rational representation of G, is
seemingly of this type.

2. “PosiTivity”

In this section we show that for any admissible F-semi-linear representation V' of Gy,
any irreducible subquotient of the K,-semi-linear representation VE#/kn of @ is a direct
summand of @j, Q-

It is shown in [R] that any finite-dimensional K,,-semi-linear G,-representation extend-
able to End(K, /k), e.g. VEF/kn  is an object of GLy. By Proposition 1.5, we only need to
eliminate the negative twists by Q?(n Jk in irreducible subquotients of VEF/kn

To do that we show first that the generic fibres of irreducible coherent G, -equivariant
sheaves are determined by their restrictions to the subgroup Aff, = G, N Aut(A} /).

Lemma 2.1. Let Aff,, be the group of affine transformations of an affine space A} with the
function field K,. Then the natural morphism

(1) {rational k-linear Aff,-representations} ey {K,-semi-linear Aff,,-representations}
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transforms isomorphism classes of irreducible k-representations of Aff, to isomorphism
classes of irreducible K,-semi-linear representations of Aﬂ'g)(@, the subgroup of Aff, con-
sisting of Q-affine substitutions of x1,...,x, with Jacobian equal to 1.

Proof. Let W be an irreducible k-representations of Aff,,, and U C W ®; K,, a non-zero
K,,-semi-linear subrepresentation of Aff%l)(@. Let a = Z;VZI wja; € U be a non-zero element
with minimal possible N, where w; € W and «; € K,. Multiplying o by an element of
K, we may assume that all a; are polynomials: a = Y ; whz!. Since W is irreducible, the
elements of the unipotent radical (Aff,), of Aff,, i.e., o such that oz — z € k for any linear
function z on A}, act trivially on W.

Applying an appropriate composition of difference operators o — 7 for some o, 7 in the
unipotent radical of Aﬂ'%l)@ to o, we can lower the degrees of the polynomials o; and
eventually get a non-zero element of W. As W = W, ®q k for an irreducible representation
Wy of Aﬁ)(]l)@, any non-zero element of W generates W ®; K, which means that U =
W ®k Ky. O

Corollary 2.2. Let Aff,,, (Aff,),, AP and K, be as in Lemma 2.1. Then V s V(Affa)
gives a natural bijection

isomorphism classes of isomorphism classes of
(2) irreducible G,-subrepresentations in =5 { irreducible rational k-linear
Dy HomK((Q’I‘(n/k)‘g’M, R%. Q}(n/k) Aff,,-representations
such that its composition with the morphism (1) is the inclusion map. [

Let W be an (n + 1)-dimensional k-vector space, L C W be a one-dimensional subspace,
and Hy, = ker[GL(W, L) — GL(W/L)] = k* x Hom(W/L, L) be the group preserving L
and inducing the identity automorphism of W/L.

Lemma 2.3. For any Young diagram X with no columns of height > n+ 1 one has

SNW/L)Y if s =0,

AtirV ®s\Hiin _—
(S*W" @y (det W)*?) _{ 0 otherwise

Proof. Denote by X = AF(W) = GL(W)/R,(B), the variety of complete affine flags in
W. An affine flag is a filtration W, = (0 = Wy C W, C Wy C --- C Wy = W) with
dimy W; = j and a collection of I; € W;/W;_; — {0}.

Let Y = GL(W)/B be the variety of complete linear flags in W. Then the natural
projection X — Y is a principal (G )™ !-bundle, and there is a decomposition 7,Ox =
D 4 M(p) into a direct sum of invertible sheaves on Y, where y runs over the group Z"*!
of characters of (G,,)"*!, so O(X) = @D, (Y, M)

Set X° ={(Va,ls) e X |V, NL =0« “l,41 € L”}. Then reduction modulo L defines
a principal L®" x G,,-bundle X° — AF(W/L), (I1,...,lnt1) = (l1,---,1n).

“ln ” . . _
Let X° 28 L — {0} be the natural H- (or G,-) equivariant map, and I,,; be the

composition of “l,,1” with a fixed isomorphism L — {0} & G, .

Set SH := Hyy N SL(W) = Hom(W/L,L). Then O(X) = O(X) N O(X°)SH =
O(X) N O(AF(W/L))n41,1ns1], 50 O(X) ()57 = O(X) N O(AF(W/L)) (')l , where
p' € Z™ is the restriction of u to the first n multiples of (G,,)" .

For any p this is an irreducible representation of GL(W/L), and thus, O(X)(u) " =
O(AF(W/L)) ()45 i O(X) (1) 0.
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As any irreducible representation of SL(W) coincides with O(X)(u) for some y, this
implies that (SAWV)SH = SN(W/L)". 0

Theorem 2.4. For any F-semi-linear G y-representation V € A any irreducible subquo-
tient of the K,-semi-linear Gy -representation VCF/Xn is a direct summand of ®;(n Q}(n/k'

Proof. Let W = AZ“ be the vector space with coordinates x1,...,Znt1, S0 k(W) =
K,+1. By Proposition 1.5 and Corollary 2.2, the restrictions to Aff, ;1 = Aff(W) of ir-
reducible subquotients of the K, i-semi-linear G, 1-representation VEF/Knt1 are of type
(SMWY @ (det W)®%) ®;, K, 41 for a Young diagram A with no columns of height n + 1 and
some integer s, where Aff,,; acts on W via its reductive quotient GL(W).

Let H C Aff, 1 be the subgroup fixing the functionals z1, ..., z, in W" vanishing on L.
Let Aff, be the unipotent radical of Aff,;, i.e. the group of translations of W.

Then the restrictions to Aff,, of the irreducible subquotients of the K,,-semi-linear G-
representation VE7/%n are contained in ((S*WV ® (det W)®%) @ Kny1). As H N Aff, =
(1) =k, we get ((SPWY @ (det W)®%) @) Ky ) I = (SAWY @ (det W)®%) ®) Kp, SO
(SAWVY @ (det W)®*) @) Kpt1)™ = (AW @ (det W)®)H @, K,,.

By Lemma 2.3, (S*WV ® (det W)®*)# coincides with S*(W/L)V if s = 0, and vanishes
otherwise. This means that any representation of Aff,, obtained this way is a direct sum-
mand of the tensor algebra of the representation (W/L)V = (Q}(n /k){transmions} of GL,k.
As any irreducible subquotient U of the K,-semi-linear G,-representation VE#/5n is deter-

mined by its restriction U|ag, to Aff, and U|ag, is a direct summand of Q% Q}(n /> the
same holds for U. O

3. EXTENSIONS IN G£ AND IN A

For an integer £ > 2 such that puy C k (see §0.2), denote by Aﬁ'g)(@ the subgroup of

Aff,, consisting of the Q(u¢)-affine substitutions of z1,...,z, with Jacobian in u,: z; —
Z]"':1 a;jxj + by, where a;j,b; € Q(ue) C k and det(a;j) € pe; and by SAﬂ',(f)Q the subgroup
of index £ consisting of elements with Jacobian equal to 1: det(a;;) = 1.
Lemma 3.1. Let n,£ > 2 be integers. Assume that pg C k. Let Uy be the unipotent
radical of SAﬁ)(f)Q. Then for any object V. € GLY there is a rational representation W
of the reductive quotient SL,Q(u¢) = SAff(ne)Q/Uo of SAffg)Q, and an isomorphism of
semi-linear SAffg)Q—modules W ®qu,) Kn = V.

Irreducible rational representations of SL,Q(ue) with coefficients extended to K, are ir-
reducible semi-linear representations of SAff%)Q over K,. In particular, any extension in
GLy splits as an extension of K, -semi-linear representations of SAff%Z )Q.

Proof. It is shown in Lemma 6.3 (1) of [R] that H°(Up, —) is a fibre functor on &£¥
independent of 4, so V = VY ®, K, i.e, the restriction of V to SAffg)@ is a k-linear
representation VU0 of SL,Q(u,) with coefficients extended to K, for any V € G£¥.

As it follows from Proposition 1.5, the irreducible subquotients V,, of V restricted to
SAff%)Q are of the form Wy ®qy,,) Kn, where W, are rational irreducible representations
of SL,,Q(i¢). Then the irreducible subquotients of VU0 are V.Vo = W, ®Q(u,) k; and V, are

irreducible semi-linear representations of SAﬁ'g) Q by Lemma 2.1.
If VU is not semi-simple then it admits a non-semi-simple subquotient W of length

2. Let in Theorem 3.9 Kk = Q(u¢), K = k, G = SL,, G be the Zariski closure of the
7



image of SL,Q(u¢) in GLg (W) and let 7 be given by the SL,Q(u¢)-action on W. Then the
unipotent radical of G is commutative. As the derivations of Kk = Q(ug) are zero, we see
that the k-linear representation W of SL,Q(ju¢) is semi-simple. O

REMARKS. 1. Using Theorems 1.3 and 3.9 it is not hard to show that any representation
of SL, K over any field of characteristic zero is semi-simple for any number field K.

2. Let V = Q}(n /A ®y K, where A C Q}c is a proper k-subspace. Let the extension
0 -V = U — K, — 0 be given by the cocycle (w, = dlog’) € ZY(Gn,V), where
w=dzi AN---Ndzx, € Q}l{n/k. Then the restriction of (w,) to GL,k is non-trivial.

3. The convolution with the Euler vector field Z]"-ZI x;0/0x; defines a GLy,k-equivariant
morphism Q}(n/k — Ky, given by dz; — z;. It is non-split for n > 3, since (Q}(n/k)SLnQ =0.

Lemma 3.2. Let n,f > 2 and s be some integers, and X\ be a Young diagram with columns
of height < n such that £ does not divide s + n'i‘l,

non-empty. Let V = S;\(nQ%(n/k K, (Q?(n/k)@)s-
®
Then (VE)MIULC Z A0 uhere 4O = G i, N ADQ.

if X is rectangular of height n — 1 and

Proof. Let W be the k-span of dz1,...,dz, in Q}{n/k. Then S;‘(nﬂ}{n/k = S,’C\W Qr K,

and O, = dety W ® Kn. Set SHY = M) N SAYQ. Then H = py x SHL, and

£ £
therefore, v = (VSH%))W.
(£ (£ . . .
One has V5" = (S)W @ K,,) " @y (dety W)®5. As the intersection of the unipotent

radical of Affsf)Q with SHY (i.e. the Q(ue)-translations of z,) acts trivially on SpW and
fixes exactly K,_1 in K,, if n > 1, we get

) (£) (£)
VS — (W) SHe @, (dst W) @y Kn_1 = Sp (W) @, (dgt W)®* Q) Kn_1.
Then

(£) ()
V?—Ln — S;C\(WSH,L ) Rk ((d]?t W)®S)uz ®r Kn1

— S;\(n—lg}{n_l/k ®Kn—1 (QTII(;];I/]Q)@S lf ‘€|3
0 otherwise.

On the other hand, yALDQ - (SAW @y (det, W)®* @ Kn)Aﬁg)Q coincides with (SpW ®,
(detg W)®S)Affg)‘@, since the unipotent radical of Aff{YQ acts trivially on SAW @y (det, W)®s
k if A=0 and £|s,

hi
0 otherwise. This

and fixes exactly k in K,,. Thus, for n > 1, we get VAH%DQ = {

. . . o ﬁ
implies that (VH%‘))AH;‘Z @ _ ) k if X is rectangular of height n —1 and (s +-25), for

0 otherwise
n > 2 (assuming that empty A is (0 X (n — 1))-rectangular). O

Lemma 3.3 ([R], Lemma 7.1). Let n > m > 0 be integers and H be a subgroup of Gy
preserving K,, and projecting onto a subgroup of GKn/k containing the permutation group of
the set {x1,...,z,}. Then the subgroup in Gryr generated by Gpk,, and H is dense. [

We note that Aﬂ'g )(@ C G, C Gk, /k does indeed contain the permutation group of the
set {z1,...,z,} for any even £ > 2.
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For any U € A and m > 0 set Up, = UGF{Km. Using smooth cochains, one defines the
smooth cohomology H? . (Gp/g,—) := EthsmGF/k (Q,—).

Proposition 3.4. IfU € A and there is a subquotient of U, € GLY isomorphic to K,, then
there is an embedding F — U in A. One has H} (Gr/k; V) =0 for any V € A.

mooth

Ag®
Proof. By Lemma 3.3, U%F/k = UTH_I”JFIQ N U, for any even £ > 2. By Theorem 2.4,

O] £)
H (£) Aff .
Lemma 3.1 and Lemma 3.2, (Un_if‘fl)AHn Q= Un_i_f“@ for any n > 1 and any sufficiently
(@)
Hn+1

i1 s one has UCrix = Uﬁﬁg)Q
for any sufficiently big even £, and thus, USF/ # 0 if there is a subquotient of U, € GLy
isomorphic to K. _

Clearly, ExtfgmGF/k (Q,—) = Ext%(F,—) on C for any j > 0,% so we have to show that any

big £ (where ”H(nz) is defined in Lemma 3.2). Then, as U,, C U,

smooth F-semi-linear extension 0 — V — U — F — 0 splits.

Fix u € U in the preimage of 1 € F. The stabilizer of u contains a subgroup of type Gp/r,
such that the elements of L are algebraic over K,, for some m > 1. Then the normalized
trace tr/k,, u € Up belongs again to the preimage of 1 € Ky, so Up, surjects onto Ky,.

By Theorem 2.4 and Lemma 3.1 the semi-linear representation Uy, of Aﬁ'%)@ over K,
splits as K, ® Vi, and thus, U%F/+ projects onto k. Then sending 1 € k C F to one of its
preimages in U%F/k extends to a splitting of U —» F. U

Corollary 3.5. For an integer n > 1 let H C Gpy be a subgroup containing Gr/k,
such that GF/K—n is a normal subgroup in H. Consider H/GF/Kn as a subset in the set

k-
{Kn </—> K.} of field embeddings of K, into its algebraic closure in F' over k. Suppose that
H/Gp)K, contains Aff,,. Let V = F[Gp/H]° € C consist of formal degree-zero F-linear
combinations of elements in Gp/k/H.4 Then any quotient of V. which lies in A is zero.

Proof. V is generated by a = [1] — [0] € V'2<7$Aﬂ2")“’T2">, where o sends z; t0 Zoni1—;
for each 1 < j < 2n. Any admissible semi-linear quotient of V' is generated by the image
of a, which is, by Propositions 1.5 and 3.4, fixed by the whole Gp/;. On the other hand,
oa = —a, so any admissible semi-linear quotient of V is zero. O

Theorem 3.6. The category A is abelian. The functor HO(GF/L, —) is exact on A for any
subfield L in F containing k.

Proof. We have to check that A is stable under taking quotients. Let V € A and
V' 5 V! be a surjection of F-semi-linear representations of G F/k- By Proposition 3.4, for

any K C F of finite type over k and any v € (V’)GF/? — {0}, the extension 0 — kerm —
7Y F -v) - F — 0 of F-semi-linear representations of G /% splits. This implies that

3Any class in Extl(F,V) represented by 0 = V — V; — --- — Vi — F — 0 is sent to the class

of 0 -V >V, »-- 2 Vo >2VixpQ - Q - 0in Extfgmc /k(Q, V). Conversely, the class of
F
0=V U —>---—>U1—>Q—>0inExtfgmG , (@ V) is sent to the class of 0 = V — (U; ® F)/K —
F/k

Ui-1®F — --- > U1 ® F - F — 0, where K is the kernel of the surjection forget(V) ® F — V and
forget : C — Smgy,,, is the forgetful functor.
*In particular, if H = Gy, then V = F[{L C F | L = K,}]° consists of formal degree-zero F-linear
combinations of algebraically closed subfields in F' of transcendence degree n over k.
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the natural projection Vér/x ™5 (V!)Gr/x is surjective, and thus, V' is also an admissible
semi-linear representation.

The functor H°(G F/L, —) on A is the composition of the forgetful functor @ : Ay — Cy,
the functor HO(GF/Z, —) on Cy, and the exact functor HO(GZ/L, —) on SmGZ/L. If L is of
finite transcendence degree over k then the forgetful functor @ factors through A7, so the
composition H(G F/L —) o @ is exact. If L is of infinite transcendence degree over & then
/10 SO HO(GF/fa —) is
also exact. O

HY (G, /T —) induces an equivalence of categories Smg = Sma

Corollary 3.7. HS]-InOOth(GF/k’ Q}*'/k,closed) = HS]-InOOth(GF/k" Q;?/k,exact) = 0
Proof. By Proposition 3.4, Hslmooth(GF/k’ Q;,/k) = 0. Then a piece of the long cohomolog-

ical sequence of the short exact sequence 0 — Q% Jksclosed Q% Ik L Q%j/',lc,exact — 0 looks as
HY(Gpi, Q2 o

= H oot (Gt @5 ctosed) = Himootn (G 2 jy) = 0. Evidently,

q
F/k,exact) smooth smooth

+1 .
HO(GF/’“ Q%‘/k,exact) =0, so Hslmooth(GF/k’ QF/lc,closed) = 0.

Clearly, H*(Gp I Hin Ik (F)) = 0.> A piece of the long cohomological sequence of short

q q q
exact sequence 0 = Q% oo = Qo = HdR/k(F) — 0 looks as

HO(GF/kaHgR/k(F)) — Hslmooth(GF/kaQqF/k,exact) — Hslmooth(GF/kaqu'/k,closed) =0,
S0 Hsl (GF/k’Q;‘/k,exact) =0. O

mooth

3.1. Extensions in G£. Now we need the following particular case of Bott’s theorem.

Theorem 3.8 ([B], cf. also [D]). If V is an irreducible Gy-equivariant coherent sheaf on
Py then there exists at most one j > 0 such that HI(PR, V) #0. If HI (P2, V) #£ 0 then
A= QIJF’Z Ik O

We also need the following explicit description of the homomorphisms in the case of
commutative unipotent radicals of the target groups. It confirms general expectations,
sketched in Remark 8.19 of [BT] and in [T], §5.1.

Theorem 3.9 ([LR], Theorem 3). Let G be a simple simply connected Chevalley group over
a field k of characteristic zero. Let G be a connected algebraic group over a field extension
K of k. Let 7 : G(k) = G(K) be a homomorphism with Zariski dense image. Assume that
the unipotent radical G, of G is commutative and the composition G(x) = G(K) — G'(K),
where G' = G /Gy, is induced by a rational K-homomorphism \: G x, K — G'.

Then G, splits over a finite field extension L/K into a direct sum of r copies of the
adjoint representation of G', so r = dim G,/ dim G'.

Let A =&ler,...,&]/(e],...,€2) and H = Ry, (G %, A) = G x g%, where g = Lie(G)
is the adjoint representation of G.

Then there exist derivations §1,...,0, : K = L and an L-isogeny p: H X o L — G X, L
such that T = p o ns, where ns : G(k) — H(L) is induced by the ring embedding id +
Z;Zl €jdj k= A® L. U

SLet w € Q4 i C Q4 /i Tepresent a Gryi-fixed element for a smooth finitely generated k-subalgebra

A C F. Fix 0 € Gy such that A and o(A) are algebraically independent over k. Then w — ow = dn
qg—1
B/k

homomorphism ¢ : 6(A) — k C F and extend id - ¢ : A®y 0(A) — AQxk C F to: B — F. Then 1
induces a morphism of differential graded k-algebras t. : Q% — Q% 4, identical on QY /4, so w = dyy.(n).
10
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Lemma 3.10. Let n > 2. Suppose that Extle% (K, Vo) # 0 for some irreducible object Vs
of GLY. Then either V, = Q}(n/k’ or Vo, = Der(K,/k). One has Ext%%(Kn,Q}(n/k) =k
and EXt%}S“,; (Kn,Der(K,/k)) = Der(k).

Proof. Let V = S(V,) be the irreducible coherent G,-equivariant sheaf on P(Q) = P}
with the generic fibre V,, and let 0 — V, — V — K, — 0 be an extension in GL}.

Suppose that the short exact sequence 0 — V — S(V) — O — 0 of coherent sheaves
on P(Q) splits. Let E be the total space of S(V) =2 O @ V. Then, as Aut(S(V),V) =
(G % Gy) x T(PR, V), the Gy,-structure on V' corresponds to a splitting of the sequence

(3) 1 — (G X Gm) X T(P(Q), V) — Autiin(E, tot (V) — Gn — 1.

As HY(Gp, Gy, x Gy,) = 1, Theorem 3.9 (with G = SL, 41k, G' = G, and G, C T(P},V))
implies that a non-standard splitting of (3) can exist only if I'(P}, V) is isomorphic to the
adjoint representation of Gy, i.e., if YV & E"ﬁ/k' The identity Exté% (Kn,Der(K,/k)) =
Der(k) follows also from Theorem 3.9.

Ify = QI%’;;/IC then the target of the homomorphism Extlegz (K, Vo) — Ext(Opp, V) =
k induced by the functor S is generated by the class of the Euler extension 0 — QIIP’(Q) e
QY ®k Opg)(=1) = Opg) — 0. Let E be the total space of the vector bundle with
the sheaf of sections Q" ®; O(—1). Any G,-structure on the middle term of this extension

corresponding to an element of Ext}.5 gu (Kn, Q}(n / ,) is a splitting of the short exact sequence

41— Aut(QY @k O(—1), Qp(g)/x) — Autiin (B, 10t (D)) — Gn — 1.

As any point of P(Q) determines a hyperplane in QV, the group Aut(QY ®; O(—1), Q]}J,(Q))
coincides with the subgroup of GL(Q) stabilizing all hyperplanes in QV, i.e., with the centre
G, of GL(Q). Then Auty, (F, tot(QI%,,(Q) / ©)) is a central Gy, -extension of G, so the splitting
of (4) is unique and corresponds to the usual G,-equivariant structure. O

Corollary 3.11. If k = Q then &L} is equivalent to the category of Gy-equivariant vector
bundles on IP}.

Proof. The category of G,-equivariant vector bundles on [P} is a full sub-category of
G Ly with the same irreducible objects. As it is mentioned at the beginning of §1, p.3, the
objects of 6L are generic fibres of coherent Gr-sheaves on IP}. Suppose that V' € £ is
the generic fibre of a non-equivariant vector bundle on P} of minimal possible rank. Then
it fits into an exact sequence 0 - B — V — A — 0, where A, B are the generic fibres of
Gn-equivariant vector bundles on P} and A is irreducible. Let 0 # C C B be an irreducible
sub-object and D = B/C. Then the rows in the following commutative diagram are exact:

Hom,(A4,D) — Extl(A,C) — Extl(4,B) — Ext.(4,D) — Ext?(4,0)
I |Lemma 3.10 U |minimality of V' 1 ¢
Homeq(A,D) — Exti,(A4,0) — Exti(A,B) — Bxtg(A4,D) — ExtZ,(4,C)

where subscript u refers to the category G£ and eq refers to the category of equivariant
vector bundles.

Let us show that £ is injective for any irreducible A and C. As C ®g, AV is semi-
simple (as it follows from Proposition 1.5) and Ext?(A,C) = Ext3(K,,C ®k, AY), where
? = u or eq, we may assume that A = K,, and C is still irreducible. By Bott’s Theorem

3.8, dimy Extgq(Kn, C) < 1 with equality only if C & Q%(n/k, so we assume further that
11



C = Qg(n Ik The forgetful functor from &L to the category of coherent sheaves on P}

induces a homomorphism Ext2(A4,C) — H2(P}, QIZP? /k). Clearly, its composition with ¢ is
an isomorphism.

Then the 5-lemma implies that Ext. (A, B) = Extéq(A, B), and thus, V is equivariant. [

4. THE CATEGORY A IN THE CASE k =Q

In this section we determine (in Theorem 4.10) the structure of the objects of A in the
case k = Q, the field of algebraic numbers. The objects V of A are quotients of sums of
representations of G over k induced by rational representations of GL,,k’s (considered as
subquotients of G) with coefficients extended to F' (cf. Lemma 4.1). Then we find (in
Lemma 4.2) a supply of elements in the induced representations vanishing in V', and use
them in Lemmas 4.3-4.7 to show that the objects of A are sums of quotients of @3 m. In
§4.1 we study extensions in A.

Let V. € A and m > 0 be such that V,;, # 0. Then there is a non-zero morphism
FlGr/k/Gr/Km ®Km[PGLyps1k] Vi — V in C. The object V;;, of L7, admits an irreducible
sub-object A # 0. By Theorem 2.4, A = S;\(mQ}(m/k for a Young diagram A. Then
FlGr/k/Grikm] @K pnPGLmsik] A — V is also non-zero. Clearly, A = B ®; Kp,, where
B = AAIm) o (53 QF /k)(Aﬁm)" >~ S)(k™) is a rational irreducible representation of
GLpk := Aff,/(Affy ).

This implies that there is a non-zero morphism U := F[W°] ®[gL,.k B <5V and a

k
surjection U —» S;\TQ%/,C, where W° := {K,, ‘/—> F}/(Affy,)y is considered as a Gpp-set.
k

As any embedding K, </—> F' is determined by the images of z1,...,z,,, one can con-
sider W*° as a subset of (F'/k)™ consisting of m-tuples with entries algebraically indepen-
dent over k. More invariantly, let W := Homy((K,,/k)AFm)e F/k) = (F/E)™ be the
group (a k-vector space) generated by W°. The isomorphism is given by restriction of the

homomorphisms to the basis {Z1,...,Tm} of (K, /k)Afm)e Define a homogeneous map
w: W — Q’I?/  @rdety Homg (F/k, W) of degree m by inverting the first isomorphism in the

sequence W «— (F/k) ® Homg (F/k, W) dgd Qllm/k ®, Homg (F/k, W) — Sym%”(Q}J/k Ok

Homg(F/k,W)) — OF )y Ok dety Homg (F/k,W). Then W° = {w € W | s(w) # 0}.
Let (y1,---,Ym) = [Y1,---,Ym] be the map (F/k)™ — {0} U W* sending (y1,.--,Ym)

to [z; — y;] if y1,...,ym are algebraically independent over k, and to 0 otherwise. Then
[ty s Y] @b = pMy1, ..., ym] ® b in U for any pu € k. If yy,...,ym belong to the
k-linear envelope of z1,...,z for some integer M > 1 then [y1,...,ym| ®b € UI(V[AHM)“ is

a weight |\| eigenvector of the centre of GLsk.

Let U, C UM be the k[GLyk]-envelope of [z1, ..., 2m] ® b for some b # 0 (which
is the same as k-envelope of all [y1,...,ym] ® ¢ for algebraically independent y1, ..., ¥, in
the k-linear envelope of z1,...,zy and all ¢). Clearly, U’ = B as k[GL,,k]-modules, and
any non-zero morphism U — V induces an embedding U}, < V.

Lemma 4.1. If k = Q then for any V € GLY, the representation VA of GLpk is
rational semi-simple, and VA @ Ky = V.

Proof. By Corollary 3.11, V is the generic fibre of a PGL ;41 k-equivariant vector bundle.
12



Then, by Lemma 6.3 (1) of [R], V = VY ®; Ky, where Uy is a Q-lattice in (Affps)s.
The group (Affyr), acts rationally on VU0, As the action of the Q-lattice Uy is trivial, the
action of the entire (Affy), is trivial, i.e., V = VA @ K. Then the action of GLask
on VATam)u ig rational, and thus, semi-simple. O

REMARK. There is no semisimplicity if k£ contains a transcendental element.

Indeed, let the underlying K,-vector space of V € 6Ly be K, & Qj /(A ®; K,) for
a proper k-vector subspace A C Q,lc of finite codimension, and the G-action be given by
o(f,w) = (of,ow+ of -dlog(on/n)) for any o € G, where n = dz1 A--- ANdzy, € Q}l{n/k.
(So V fits into a non-split exact sequence 0 — Qj /(A ® K,) - V — K, — 0.) Then
o(f,w) = (of,ow) if ¢ € (Aff,)y, and therefore, VAl = k @ QL /A is a non-trivial
extension of trivial representations of GL,k.

Lemma 4.2. The kernel of UJ!VI — S?;Q};/k is contained in the kernel of U V.

Proof. By Lemma 4.1, the image @ of U}, in V is isomorphic to D= (Sy(EM))™ . As
——  —GLmkNG ~
U, UL, e s gy (S (K™)™ and Ul is generated by UL, <> SMk™) C
S2(kM), we see that U}, is isomorphic to S} (k™). Then the kernel of Ui, —» S}Q},/k is

contained in the kernel of the morphism U -2 V. O

Let WM° C WM be the subset consisting of M-tuples (y1,...,ynm) such that Y. ;y; €
We for any non-empty subset I C {1,..., M}.
Let k[WY°] — k[W°] ®pjx] k(M) be the k-linear map sending (y1, ..., yn) to
Wiresynn) == Y (P il € RIWC] @4px) K(M).
IC{1,..,.M} i€l

Here k(M) denotes a one-dimensional k-vector space with k*-action by M-th powers. As
(y,...,y) is sent to

S0 (M) = M= M) = (a1
320

it is surjective. Clearly, (y1,...,ynm) = (Ys(1),- - - »Yg(ar)) for any permutation § € Gyps. Let
U := F[W°] — U be the F-linear surjection sending (y1, ... YAl to (Y1, .-, yp) ®0.
Lemma 4.3. Let the k-linear map o : k[W°) — @ W be given by [w] = w®M. Then o
factors through k[W°] @ypx) k(M) and (y1,...,ym) = (-)M S pce,, Vo) ® @ Ygary if
(y1,-..,ym) € WMe,

Proof. The element (y1,...,yn) is sent to

I1C{1,M} i€l 1<t yorying <M
Ifs = {1, - ,M}\{’il,. .. ,ZM} then Ail,---,iM = ZJgS(_l)M_#J, SO Ai1,...,iM —0if S is
non-empty, and 4;,, ., = (=1)M if {1,..., M} = {i1,...,im} O

Lemma 4.4. If M = |X|, u € k, yo,y1,Y0 +y1 € W° and all coordinates of ta,...,tpr € W
are algebraically independent over k(yo,y1) then

<y0+y17t27"'7tM> ®b= <y07t2a"'atM> ®b+<ylat25"'atM> ®bm0dker<p,
13



and (py1,t2, ..., ta) ® b = p(y1,t2,. .., tar) ® b mod ker .

Proof. 1t follows from Lemmas 4.2 and 4.3, that (zo+21, 22, ..., 20m)®b— (20, 22, . . - , 20M) ®
b— (z1,...,2m) @b and (uz1,29,...,2m) @b — p - (z1,...,2m) @ b are sent to zero by ¢,
where the coordinates of z; are Zjmy1,...,Tjm+m. As the G-orbits of these elements are
also sent to zero by ¢, for some u,v € W° with coordinates algebraically independent over
the subfield in F' generated over k by yo,y1,%o, .- .,tr, one has the following congruences
modulo the kernel of ¢:

(5) (Yo +y1,t2, - ta) b= (yo +y1 +u,to, ..., ta) @b — (u,to, ..., ty) @b,

(6) (Yo, b2, .. tar) ®b= (yo +u —v,tg, ..., ta) @b — (u—wv,ty,...,ta) ®D,

(7) (y1,t2, -, tm) @b = (y1 + v,to,....tp) @b — (v,t9,...,tp) ®D.

AS (Yo 4+ 1 + Uy boy . tar) @b = (yo +u—v,t9,...,tar) @b+ (y1 +v,t2,...,tx) ® b, and
(u,to,...,ta) ®b = (u—v,te,...,tp) ® b+ (v,ta,...,ta) ® b, the left hand side of the

congruence (5) is congruent to the sum of the left hand sides of the congruences (6) and (7)
modulo ker . O

Lemma 4.5. Let (yy,...,yn) € {0} x WM-De yWMe and let the coordinates of ti; e W°
be algebraically independent over k(yi,...,ym), where 1 < i < M and 2 < 5 < M. Set
[0] :==0 and (0,y2,-..,ym) :=0. Then

(8) <y1,"'ayM>®bE Z (_1)#J<y1, Z 152y Z tSM>®b

JC{2,...,.M} se{1}uJ se{1}uJ
- Z (_1)#I<y1ay2+Zt2i,---,yM+ZtMi)®bmod ker .
0£IC{2,...,M} i€l i€l

Proof. 1t follows from the identities

Tu- Y (o ([zztm-] . +ztsz->])

s€J 0AIC{2,...,M} s€J i€l s€J i€l

— O U Y tsases Y tsu)

seJ seJ seJ
that
©) Gy = Y (-D)# ((Ztlia---aZtMi)
0£1C{2,...,M} i€l i€l
—(y1 + Ztu, o ym + ZtMi)> - Z (—1)#‘]<Z Ys: Zts2a fe aztsM)-
el i€l JC{1,...,M} seJ seJ seJ

Then Lemma 4.4, applied to the summands containing y;, implies that

W) @b= Y (DF g, Y b, D ) @D

JCA{2,...,M} se{1uJ se{1}uJ
- Z (—1)#I(y1,y2+Zt2i,...,yM+ZtMi)®b+(0,y2,...,yM)®b,
0£IC{2,..,M} el el
so we get (8). O

14



N

Lemma 4.6. IfM = ‘>\|; M€ k and (zjayQ,"'ayM)’(E z’iayZa"'ayM)a(/“zl,yQ,-",yM) €
i=1

WMe forall1 < j < N then

N N
(10) <szay27--' ayM> ®Rb= Z(zj’yQa--' ’yM> ® b mod kercp,
=1 =1

and (121, Y2, - - s Ym) @ b = p{z1,y2, ..., ym) ® b mod ker .

Proof. If N = 2 then (10) follows from Lemmas 4.4 and 4.5. If N > 3 then

N N
<sz’y27'-"yM>®bE <ZZ] _u’y27'-"yM>®b+<zl+z2+u’y27""yM>®b
j=1 j=3

for any sufficiently general v € W°. By the induction assumption, this is congruent to
Z;'\r:?,(zjay?a' .. 7yM>®b_<u7y27' .. ’yM>®b+<zlay27' .. ayM>®b+<22+uay27' .. ,'!/M>®b =
Zy:l(zjayQaayM>®b U

Lemma 4.7. The k-linear map k[WM°] — ®kM W, given by [(y1,--.,ym)] — v1 ®
o+ ® ym, s surjective and its kernel is spanned over k by [(yo,---,Yj—1 + Yjy---2Ym)] —

(Yo, - > Ti=1,-- - ym)] = [(Wo, -+, G5 - ym)] and p[(ys, - ynm)] = (Y1, -5 wY55 - - Yma)]
for all yo,...,ynsr € W° and all p € k*.

Proof. By Zorn’s lemma, there exists a maximal subset S in W° consisting of k-linear
independent elements. If S does not generate W then the k-linear envelope of S does not
contain W°, i.e., an element y € W° k-linear independent over S, so S U {y} is a bigger
subset in W° consisting of k-linear independent elements. This contradiction shows that S
is a k-basis of W.

For any y € W° and any z € W there exist at most m values of u € k such that
y+ puz € W°, since this condition is equivalent to vanishing of the Q’I?/ w-valued polynomial
(dy1 + pdz1) A -+ A (dym + pdzy,) of degree < m in p with non-zero constant term. Let
us show that the map (kX S)M N WMe — SM given by the projectivization is surjective.
Indeed, let (s1,...,sn) € SM. For all but < m values of 4 € kX one has s1 + use €
We. Fix one of such y and set s, := use. For all but < 3m values of u € k* one has
s1 + ps3, sh + puss, s1 + sh + pss € W°. Fix one of such p and set s§ := pss. Proceeding
further this way, we get an element (si,s),...,s,,) € ((*S)M) N WM° projecting onto
(815-+-58M)- -

Fix a section of the projection (kX S)M NWM° — SM_ Denote by SM the image of SM
under this section. Then SM considered as a subset in k[W°] maps to a basis of @, W,
which shows the surjectivity. -

For the injectivity is suffices to check that k[SM] maps onto k[W*°] modulo the relations.
For an element w = (wy,...,wy) € WMe set I(w) := E;‘il lj(w) > M, where l;(w) is the
number of non-zero coordinates of w; in the basis S.

By induction on /(w) we are going to show that [w] is in the image of k[g\l‘z]
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If i(w) = M then w; = pj;sj for all 1 < j < M, where (s1,...,5m) € SM. For any
sufficiently general vy, ...,vy € k™ one has

[w] = 1/271 .- 1/;41[(’11)1, vows, . .., vpwpr)| = Mll/;l ce 1/;/[1[(51, Vowg, . .., Vppwiy)]
= ,u1,u21/3_1 ‘.- 1/]\_/[1[(31, S9,V3W3, ..., UMW) = -+ = p1 -+ pamr[(S1,- -, 80)]-
The induction step: if, for instance, 1 (w) > 2 then for all but < [ (w)m + m values of
p € k* one has [w] = p~H(pwi, wa, ..., wa)] = pmt Y cg[(ppss, wa, . .., war)], where wy =
Y ses Mss is a finite sum. By the induction assumption, the summands [(upuss, wo, ..., war)]
are in the image of k[gﬁ], and thus, [w] is also there. O

Let m be the kernel of the multiplication map F®; F — F. The map F®;, (F/k) — m,
given by >, 2; @ ;= >, 2 ®y; — (32, 2;9;) ® 1 is clearly an isomorphism, so we can use
the notation m instead of F' ®j (F/k), and the multiplicative structure of the ideal m.

Lemma 4.8. The element ag := (1 ®1-1Qz1)" ® - ® (2,01 - 1®@ z4)% € @%Lm
generates the sub-object m*! Qp --- Qp m,

Proof. We need to show that for any collection of 3; € m® the element 3; ® --- ® [,
belongs to the F[G/;]-submodule generated by ay. Set @ := 21 ® 1 —1® z1. Then the
Gryg-orbit of @ contains (3°7_; a;(y; ® 1 —1®y;))® for any a; € k and y; € F such that
Z;:l a;y; € k. The k-span of such elements with fixed y,...,y, contains H;Zl(yj R1-1®
yj)- Such products generate m® as an ideal. Moreover, they generate m® as a F'® k-module:
(100) [T5-1 (y;©1-10y;) = (by1 ®1-1®by1) — (11 ©1) (b@1-10b)) [ [}, (y;©1-1®y;) =
(by1 ®1-1@by1) [[joo(y; ®1-1®y;) — (11 @1 -1®b) [[75(y; @1 - 1®y;).

This implies that 8; = Zj”‘zl fij - oija’ for some o0;; € Gy, and f;; € F. The Gp/p-orbit
of ag contains & == (21 ®1-1Q21)"' ®---Q (2, ®1—1® z4)%, where z1,...,24 € F are
algebraically independent over the subfield in F' generated over k by all f;;, 0:;z1.

For each pair (i, j) such that 1 <i < g and 1 < j < s; there exists an element §;; € G
fixing all fy,,oz,71 and the elements z;,1,..., 24, such that &;z, = 2, + 0;;z1. Then

(qu:l qu(gqj —1)%)... (2;1:1 flj(&lj - 1)51)(0/) = ® ﬂq' .

Corollary 4.9. Any homomorphism F ®, @y (F/k) — V factors through @ (m/m?)
for some s > 1.

Proof. For any integer s > 1 the element ag := (21 ® 1 —1Qz1) @12 ® -+ @ )y =
Z;:O(—l)j (;)aci_] R ®r® - @uy € (M° ®y ®kM71(F/k))S$ﬁM)“ is homogeneous of
degree s+ M —1. As V), is finite-dimensional, the image of s in V) is zero for all sufficiently
big s. Note that a; generates m*® ®j ®kM71(F /k) as an F-semi-linear representation of G.

This implies that the image of U is a quotient of m/m®®y, ®kM71(F/k) for some s > 1, and
therefore, any homomorphism F®;, @, (F/k) = @ m — V factors through @ (m/m*)
for some s > 1. O

Theorem 4.10. Any (finitely generated) object V' of A is a quotient of a (finite) direct
sum of objects of type @%L(m/m®) for some q,s > 1 and F, if k = Q. In particular, any
irreducible object of A is a direct summand of the tensor algebra @% Q}?/k.

Proof. V is generated by V,,, for some m > 0. By Lemma 4.1, TSLAﬂm)“ is a semi-simple

GL,,k-module generating V. As it is explained at the beginning of this section, V is a
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quotient of a direct sum of U’s corresponding to irreducible direct summands of Vn(zAﬂ:m)“.
By Lemmas 4.6 and 4.7, V' is a quotient of a direct sum of F' ®j ®,]€M(F/k) for some M > 0.
Then the conclusion follows from Corollary 4.9 and the identities m//m/*! = Sym7,(m/m?)

and m/m? = Qp .

Corollary 4.11. Any finitely generated object of A is of finite length, if k = Q. O
4.1. Ext’s in A.

Lemma 4.12. Hom¢(®% m, ®%(m/mV*1)) = Hom4(®%(m/mV 1), % (m/mN*1)) ad-
mits a natural k-basis identified with the set P = P(q,r,N) of the surjections {1,...,r} —
{1,...,q} with fibres of cardinality < N, if N > 1, g,r > 0 and ¢+ r > 1. In particular
(take r > q = 1), any subobject of m/mN*1 is of type m” /mN+1,

EXAMPLE. P=0ifg>r,orifr >gN; #P =qlifq=r; #P =1 N >r > q=1.
Proof. By Lemma 4.8, m*! Qp --- @ m®" is generated by the element ®§:1(:vj ®1—

1 ®xz;)% € (®§:1m57)$Aﬂ’)“ of weight (s1,...,s,) with respect to (k*)" C GL,k :=
Aff, /(Aff,),. The central weights of (®%(m/m¥ +1))$Aﬁ’")“ are contained in the interval

[g,qN], so ®§:1 m% is mapped to 0 if 25:1 s; & [¢,¢N]. In particular, the morphisms
factor through ®'% (m/m™7+2) and are zero if r > gN.
The elements 7, = ®] Htp(u):i(xu ®1—1® z,) for all surjections ¢ € P span the

(1,...,1)-eigenspace of (Q%(m/m" +1))$AH’)“. Any morphism of @’ m is determined by

T
the image . p A,7, of the generator ®}_, (z;®1—1®xz;) for some collection of A, € k. [

Lemma 4.13. A splits as Vecy @ A°, where Vecy, is the category of finite-dimensional
k-vector spaces and A° is the full subcategory of A with objects V such that VEF/x = 0.

Proof. For any V € A set V° := ncpEHomc(V, ) ker . It follows from Theorem 4.10 and
Lemma 4.12 that V = (VEr/x @, F) @ V°, and Ext(F, A°) = Ext%(A°, F) = 0. The
equivalence is given by V — (VEr/k V°). O

Define the following decreasing “weight” filtration on the objects V' of A: WYV is the
sum of the images of all morphisms to V' from ®§q m. Clearly, W* is functorial and
multiplicative. By Theorem 4.10, gr;, V' is a finite direct sum of direct summands of @%, Q.

Corollary 4.14. A° has no non-zero projective objects.

Proof. Let P € A° be a projective object and &3 : P — SpQL be its irreducible quotient
for a Young diagram ), where |)| is minimal such that WIA*1P £ P. Then, for any s > 2,
there is a lifting & : P — Sp(m/m?) of &. By Theorem 4.10, there exist ¢,a > 1 and a
morphism @%(m/m®) — P such that its composition with &, is non-zero. Then its com-
position with any &; is also non-zero. By Lemma 4.12, Hom 4(®% (m/m®), Sp(m/m™)) =0
for any N > a + ¢, leading to contradiction. O

Lemma 4.15. One has Ext}‘t(®%(m/mN),V) =0 for any V € A of finite length, ¢ > 1
and N > the mazimal weight of V.

Proof. Induction on the length of V' reduces the problem to the case of irreducible V.

Let 0 — V — E - @%(m/m") — 0 be an extension. By Theorem 4.10, there
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is a surjection of a direct sum of objects of type @%(m/m?) onto E. By Lemma 4.12,
Hom 4 ( f,q(m/m“),®%(m/m2)) = 0, so there is a morphism of a direct sum of objects
of type ®%(m/m?) to E surjective over @%(m/m?). As the latter is semi-simple, there
is a morphism of @, _, SA(m/m?) to E surjective over @%(m/m?). By Lemma 4.12, its
composition with 7 is surjective, and therefore, the weights of its kernel are > N, so it does
not intersect V. In other words, the extension splits. O

Corollary 4.16. The following pro-representable functor on A
Home(m™ ®p -+ @p m®, —) = H_n)lHomA((msl/mN) QF - QF (ms‘l/mN), -)
is exact if and only if 59 =--- = s, = 1.

Proof. Let V.— V' be a surjection in A and ¢ : @% m — V’ be a morphism in C. We
have to show that ¢ factors through V. By Lemma 4.8, the image of ¢ is cyclic. Let V" be
the cyclic sub-object of V' generated by a pre-image of a generator of the image of £&. Then
the kernel K of V" — Im(¢) is of finite length. As ¢ factors through @% (m/m’) for some
N >0, and Lemma 4.15 implies that Ext'(®%(m/m"), K) = 0, ¢ factors through V.

The rest follows from the fact that the projection m* — m*/m~*% does not lift to
m’ — ®%(m/mN ) if s > 2: neither non-zero morphism ®@%m — @%(m/mN*1)
factors through m® if N > 2. O

Corollary 4.17. If V € A is of finite type then dimy Extit(V, V') < oo for any j > 0
and any V' € A. If V € A is irreducible and Exty(m/m?, V) # 0 for some ¢ > 2 then
V 2 mi/mi*! gnd ExtYy(m/m9, V) =k,

Proof. If V € A is of finite type then, by Theorem 4.10, it admits a resolution --- —>
P, — Py — Py whose terms are finite direct sums of objects of type @7 m. By Lemma
4.8, the terms of the complex Hom¢ (P,, V') are finite-dimensional over k and, by Corollary
4.16, it calculates Ext% (V, V). O

Corollary 4.18. The filtration W* is strictly compatible with the surjections.

Proof. Let V. — V' be a surjection in A. Then, by Corollary 4.16, any morphism
®% m — V' factors through V. O

5. “COHERENT” SHEAVES IN SMOOTH TOPOLOGY

Let Gmy, be the category of locally dominant morphisms of smooth k-schemes. Consider
on Gmy, the (pre-)topology, where the covers are surjective smooth morphisms. Clearly,
the covers are stable under the base changes.

By definition, the structure presheaf O of Gmy associates to any Y € &my, its k-algebra
of regular functions O(Y). Clearly, O is a sheaf in this topology.

A sheaf F on Gmy is “(quasi-)coherent” if its values F(Y) are endowed with O(Y)-
module structures and its restriction to the small étale site of Y is a (quasi-)coherent sheaf
for any Y € Gmy.

Lemma 5.1. Let X — Y be an étale morphism of smooth varieties over k sending a
point ¢ € X to a point p € Y. Then m;/mév = 04 ®o, (mf,/mlz,v) for any s < N, where

m, = ker(0, ®;, 0O, == O,).
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Proof. One has mg/mj = Oy ®o, (my/m7), so applying Sym¢, we get m?/mitt =
Symp, (mg/m?) = Of 0, Symg,, (mp/m2) = Oy Qo, (m5/m5t1). The induction on N — s
gives the conclusion:

0 — mZHH/mfIV — m;(JmflV - mg/ﬂtgﬂ - 0
0 = 0y, (st /ml) — Oy®0, (mi/ml) — 0,®0, (mj/msth) — 0
]

Corollary 5.2. The category A is equivalent to the category of “coherent” sheaves on &Gmy,
if k=Q.

Proof. Fix an embedding over k of the function field of each connected component of
each smooth k-variety into F'. Then, for any V € A, Y € &Gmy, and a point g € Y define an
Og-lattice Vy C VEF/kY) a5 follows. Let O, C O, be an étale extension of a local subring
in F' of a closed point p of a projective space.

Any object V of A is a quotient of a direct sum of objects of type @%(m/m"). Then,
as it is true for @%(m/m") (Lemma 5.1), it follows that the module V, C V provided
by the exact functor S, cf. §1, is independent of the choice of the projective space, and
Vy =04 ®0, Vp CV is independent of 0.

This determines a locally free coherent sheaf Vy on Y with the generic fibre VEF/k)

It follows also that, for any dominant morphism X —— Y of smooth k-varieties, the
inclusion of the generic fibres k(X) ®jy) VErk) C VEF/kX) induces an injection of the
coherent sheaves m*Vy < Vx on X, which is an isomorphism if 7 is étale.

To check that V is a sheaf on ©&my, we need to show that for any surjective smooth

morphism X — Y the sequence 0 — V(Y) N V(X) PR V(X xy X) is exact. As Vx

is a sheaf in Zariski topology on X, it suffices to treat the case of affine X and Y. In the case
V = @%(m/m?), which is sufficient by Theorem 4.10 and Lemma 4.12, this amounts to the
exactness of the sequence 0 — @%(mp/my) — @7 (ma/ml) — ®f4®BA(mA,B/mXB),
where B is a smooth k-algebra of finite type, A is a smooth B-algebra of finite type,
me = ker(C ®; C TN C) for any k-algebra C, and m4 p := myg,za. But this is clear.
Conversely, a “coherent” sheaf V on Gmy, is sent to the object h_I)IlV(U), where U runs
over the spectra of regular subalgebras in F' of finite type over k. (As F is the union of
its regular subalgebras of finite type over k, li_n)lV(U) is an (F = H_I)n(’)(U))—module. The

action of an element o € G comes as the limit of isomorphisms o* : V(U) — V(U’), where
U = Spec(A) and U = Spec(a(A)) induced by the isomorphism U’ — U.) O

Lemma 5.3. For any “quasi-coherent” flat (as O-module) sheaf V on &my the k-space
V(Y) is a birational invariant of proper Y. If V is “coherent” then V(Y') generates the
(generic fibre of the) sheaf Vy: for appropriate finite covers Y' of Y.

Proof. According to Hironaka, for any pair of smooth proper birational k-varieties Y, Y"”
there is a smooth proper k-variety Y’ and birational k-morphisms Y/ - Y and Y/ —
Y”. Let Z C Y be the subset consisting of points z such that = : 77 1(2) — z is not
an isomorphism. It is a subvariety of codimension > 2. As V is torsion-free, one has

7 % . .
VYY) — V(') < V()5 where U := Y — Z < Y’ is the section of . It suffices
5To show that 4* is also injective, choose an affine covering {U;} of Y’, and a dense affine subset U’ C U.

As sum of ample divisors is ample, any intersection of open affine subsets is again affine, so {U; NU'} is an
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to check that for any affine Y one has V(Y) — V(U). Choose an affine covering {U;}
of U. Then 0 — V(U) — @j o(U;) ®o(y) vYy) — @i,j oU; N Uy) ®o(y) V(Y) is
exact, so, as 0 — O(U) = O(Y) — @, O(U;) — P, ; O(U; N Uj) is also exact, we get
V(Y)=Vv(). O

REMARK. IfV : YV — Qi(y)/Qj(Y) then the sequence 0 — Q(Y) — Qi(y)

V(YY) — H\(Y, Q{,) — 0 is exact, so V(Y) is birationally invariant if and only if j = 0:
for any closed smooth Z C Pi+! = Y of codimension 2 such that ©/~!(Z) # 0 one has
HYY', ) =2 HY(Y, Q) ® W ~1(Z), where Y is the blow-up of Y along Z.

—

Then, using Lemma 5.3, we get a left exact (non faithful) functor (with faithful restriction
to the subcategory of “coherent” sheaves)

{flat “quasi-coherent” sheaves on Gmy} AN {smooth representations of Gp/; over k}

given by V — hglF(Y, Vy ), where Y runs over the smooth proper models of subfields in

F of finite type over k. This functor is not full, and the objects in its image are highly
reducible, e.g., F(Q}k) = P A(A(F)/A(K)) ®gnaca) T'(4, Qh/k), where A runs over the set
of isogeny classes of simple abelian varieties over k. If V is “coherent” and I'(Y,Vy) has
the Galois descent property then I'(V) is admissible. However, there is no Galois descent
property in general.

EXAMPLE. Let Y’ be a smooth projective hyperelliptic curve y? = P(z), considered as
a 2-fold cover of the projective line Y. Then, for Vy = (Q%//k)@Q, the section y 2(dz)? =

P(z)~!(dz)? is a Galois invariant element of I'(Y’, Vy+), which is not in T'(Y, Vy) = 0.

6. A/ Asm

The only finite-dimensional objects of A are direct sums of copies of F, so the category
A is far from being tannakian. However, A admits a decreasing filtration by Serre subcat-
egories A, such that all A/ A, are again abelian tensor categories and their objects are
finite-dimensional. The category A/As,, is not rigid.

Let As,, be the full subcategory of A with objects V such that V,,, = 0. Clearly, A,
is a Serre subcategory of A. Moreover, it is an “ideal” in A in the sense that the tensor
product functor As,, x A — A factors through As,,, so the quotient abelian category
A/ Asp, carries a tensor structure.

By definition, the objects of A/ A, are the objects of A, but the morphisms are defined
by Hom 4/ 4., (V, V') = Homa((Vin), V'/(V')>m) = Homy, 4., (V. (Vin)), where (Vi) de-
notes the semi-linear subrepresentation of V' generated by V;,, and (V')s,, is the maximal
subobject of V' in As,,.” In particular, V = (V,,,) in A/ As -

EXAMPLE. A/ A~ is equivalent to the category of finite-dimensional k-vector spaces.

affine covering of U’. Then the diagram

VYy') <= @, V(i)
Y le
vUu) — VYU) < @, vunl)

is commutative, and ¢ is injective since V(U; NU') = O(U; NU') ®o(v;) V(Us) and V is torsion-free.
"The functor A — Asm, V = (V) is right adjoint to inclusion functor As,, — A. In particular, it
is left exact.
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The functor A/ Aspm — GLL,, V = Vp, is exact, faithful and tensor. Note also that the
objects of A/ A, are finite-dimensional. Namely, /\dime Vmtly — .

Let ® be a monoid of one-dimensional objects of A/ Ax,, such as (Q’I?/k)@N for any
N > 0. The set @ is partially ordered: w < n if there is £ € A/ A, such that n 2 w ® &.
In particular, w < w®n and n < w® 7. If k = Q then & consists of some (symmetric)
F-tensor powers of Qg/k.

Lemma 6.1. The k-vector space Hom 4, 4., (VQw,V'®w) is finite-dimensional and in-
dependent of w € ® for w sufficiently big.

Proof. For any w,n € ® such that w <7 (i.e., n 2w ¢ for some ¢ € A/ As,,) the twist
by ¢ defines a canonical inclusion Hom 4,4, . (V ® w, V' @ w) C Hom 4/ 4., (V &7, V' ®1n).
The k-vector spaces

Homy 4., (V, V') = Hom4((Vi), V! / (V) sm) — Homy ., (VR U,V @ U)
= Homu(Viu® . Un) (V'OU) (V' &T) ) € Homge, i 0 (Vin® ks Urns Vis® ki Un)

(€537

are finite-dimensional. On the other hand,

Homa((Vin), V'/ (V') >m) C Homg,, (G, /) (Vins Vi)
c Home(GKm/k)(Vm QK Um, Vrln OK,, Un)

for any U € C with Uy, # 0, where the second equality takes place if and only if dimg,, U,, =
1, eg., for U € . O

Let Ob(Ag,m) := Ob(.A) and HomAg (V,V') :=Homy, 4,,, (VOw, V'®w) for sufficiently

big w € ®. Then Qw : Ag,m — .Ag’m is a fully faithful functor, so we can invert objects
in @ to get a category Ag m 1= .Ag,m[@_l]. If @ is the set of all one-dimensional objects of

A/Asr, then Ay, := Aoy, is tannakian.
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