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least 82% of the constraints in the Global Constraint Catalogue.
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1 Introduction

Conventional wisdom has it that many global constraints cannot be easily reified, i.e., augmented with a
0-1 variable reflecting whether the constraint is satisfied (value 1) or not (value 0). Reified constraints are
useful for expressing propositional formulas over constraints (e.g., negation, disjunction [I9], implication)
and for expressing that a certain number of constraints hold (e.g., the cardinality operator [I8]). Using
known algorithms from automata theory, we have shown [5 page 271: see keyword “reified automaton
constraint”] how to reify a global constraint that can be expressed in terms of a finite automaton that
does not use any counters [4, [I5]. However, many global constraints, such as ALLDIFFERENT [16] and
CUMULATIVE [1I], cannot be expressed by an automaton whose size is polynomial in the number of
variables of the constraint. The importance of the negation of global constraints has recently increased,
both in the context of a constraint seeker with negative samples [7] and for proving the equivalence of
two constraint models [2, 13].

Many early constraint programming systems, such as CHIP, GNU Prolog, Ilog Solver, and SICStus
Prolog, provide reification for arithmetic constraints. For CHIP [10, page 174] this was indirectly done
by a construct of the form if Cond then Predl else Pred2 where Cond is a binary constraint, while
Predl and Pred2 are program clauses. However, when global constraints started to get introduced (e.g.,
ALLDIFFERENT and CUMULATIVE), reification was not available for global constraints. We believe that, in
the early 1990s, reification was not considered for global constraints since it was believed that reification
could only be obtained by modifying the filtering algorithms attached to each global constraint.

2 How to Derive Reified Global Constraints

A global constraint GC(A) can be defined by restrictions R(A) on its arguments A, e.g., restrictions
on the bounds of its arguments, and by a condition C(A) on its arguments, i.e., we have GC(A) =
R(A)AC(A). For instance, for a constraint defined by a finite automaton (e.g., GLOBAL_CONTIGUITY [0},
page 1058]), a typical restriction is that the variables take values in a given alphabet (e.g., values 0 and 1
for GLOBAL_CONTIGUITY). See [6l pages 9-17] for other examples of such restrictions. Note that the
set of restrictions may be empty, that is R(.A) may be always satisfied. We define the reified version of
GC(A) as R(A) A (C(A) < b), where b is a 0-1 variable reflecting whether constraint GC(A) holds or
not. The motivation for this definition is that the negation of a global constraint GC(A) should still
satisfy the restrictions R(A).

Let a core reifiable constraint be a constraint of the form of a Boolean combination of linear arithmetic
equalities and inequalities and 0-1 variables. We assume that such constraints are already reifiable,
without resorting to the methods being developed in this report. This is the case in all constraint
programming systems that we are aware of.

We call a pure functional dependency constraint (PFD) a constraint where no additional condi-
tion is imposed by the constraint other than determining some of its variables; it can therefore never
fail when the variables to be determined are unrestricted. For instance, NVALUE [0, page 1466] is a
PFED constraint since it just determines the number of distinct values of a collection of variables, while

CYCLE(nc, (S1,...,5n)) [0, page 828] is not since it does not hold for all combinations of (si,...,s,) in
[1,n]: it determines the number nc of permutation cycles of the sequence (si,...,S,); as a necessary
condition, (s1,...,s,) must be all distinct (note that ALLDIFFERENT is not a PFD constraint). A PFD

constraint may determine more than a single variable, witness the SORT [0, page 1772] constraint. The
global constraint catalogue [6] contains a significant number (23%) of PFD constraints.

We now provide the key observation that allows us to reify most global constraints in a straightforward
way. Given a global constraint GC(A) defined by R(A)AC(A), it turns out that the condition C(.A) can
often be reformulated as a conjunction CF'y (A1, Vi)A---ACF,(A,, V) ACN(Apy1) of constraints, where
each constraint CF;(A;,V;) (with 1 <i < p) is a PFD constraint for which the determined variables V;
do not occur in A, and where CN (Ap41) is a constraint for which reification can be obtained in a known
way (i.e., we may use CN(A,11) < b). The arguments of the constraints CF;(A;,V;) (with 1 <14 < p)
and CN(Ap+1) must obey the following conditions:

e V; (with 1 < i < p) is a non-empty set of distinct unrestricted variables, i.e., it has an empty
intersection with AUV, U---UV;_1 U Viv1U---U Vp



e A, C AUV U--- UV, (with 1 <i<p),ie., A; gets fixed when A, V1,...,V;_1 are fixed.
e A, has a non-empty intersection with V; U--- UV, and is included in AUV, U---U V.

e V; has a non-empty intersection with A;4q U---U Apy1, ie., each introduced variable is used at
least once.

If all the variables of A that occur in one of the A; (with 1 < ¢ < p) are fixed, then all variables in
V; (with 1 < ¢ < p) are also fixed, by the PFD constraints. Note that, from the first two conditions,
the conjunction CFi1(A;,V1) A --- A CFp(A,,V,) never fails when the variables of Vi,Vs,...,V, are
unrestricted, i.e., it determines the variables of V1, ...,V, from the arguments A.

In this context, the reified version of GC(A) is expressed as follows:

R(A) A CF1(A1, Vi) A+ AN CFL(Ap, V) A(CN(Api1) &)

3 Reification of Core Global Constraints

We now illustrate our approach on the core [6, page 199] constraints of the Global Constraint Catalogue,
showing how to reify them by using a conjunction of PFD constraints and a constraint for which reification
is directly available. Without loss of generality, we ignore the argument restrictions on these constraints.
Note that the core constraints ELEMENT, GLOBAL_CARDINALITY, GLOBAL_CARDINALITY_WITH_COSTS,
NVALUE, and SORT are PFD constraints and can thus be used in the reformulations of the other core
constraints.

ALLDIFFERENT({v1,...,v,)) [0l page 434] is reified as follows:
SORT((VU1, .+« ., Un ), (W1, ...y wWp)) A (w1 <wa A - Awpog < wy) < b
GLOBAL_CARDINALITY ((Z1, ..., Zpn), (U1 01,...,Um 0n)) [0, page 1034], where v; and o; (with j € [1,m])

respectively denote the value for which we count the number of occurrences and the corresponding
number of occurrences among the z; variables (with ¢ € [1,n]), is reified as follows:

GLOBAL_CARDINALITY ({Z1, ..., Zn), (V1 D1y s Um Pm)) A
(01 :pl/\"'/\om :pm)<:>b

Being a PFD constraint, GLOBAL_CARDINALITY is used in the PFD part of its reformulation, but with
other determined variables; the reified-constraint part of the reformulation compares the two sets of
determined variables.

GLOBAL_CARDINALITY_WITH_COSTS ({1, . .., Tpn ), (U1 01, . . ., Um Om ), matriz, cost) [0, page 1052], where
the first two arguments have the same meaning as in GLOBAL_CARDINALITY, and matriz and cost re-
spectively denote a matrix providing the cost of assigning value v; (with j € [1,m]) to variable x; (with
i € [1,n]) and the sum of the costs of assigning x1,...,z,, is reified as follows:

GLOBAL_CARDINALITY_WITH_COSTS((Z1, ..., Tn), (U1 D1,y ..., Um Pm), matriz,c) A
(o1 =p1 A NOpm =pmAcost =c) b
ELEMENT(4, (t1,...,tn),v) [0, page 958] is reified as follows:
ELEMENT(%, (t1,...,tn),w) A (v =w) &b

The reification involves only an equality constraint because ELEMENT is a PFD constraint, where the
only condition is that value v is uniquely determined by the index ¢ and the table (¢1,...,t,).
CUMULATIVE((S1 dy €1 71, ..., Sy, dp, €5 ), limit) [0, page 786], where s;, d;, e;, and r; (with i € [1,n])
respectively denote the start, duration, end, and resource consumption of task i, can be reified by a
reformulation that uses PFD constraints for determining the maximum resource consumption:

e For each pair of tasks ¢, j (with ¢,j € [1,n]) we create a variable r;;, which is the resource
consumption of task j if task j overlaps the start of task i, and 0 otherwise:

- FOI'j:i: (di:O/\ri_j:O)\/(di>0/\’m‘j:Ti)



—Forj#i ((sj <siNej>siNsi<e)Arij=r;)V((s; >s;Ve; <5 Vs, =¢€)Ary =0)

e For each task ¢ (with ¢ € [1,n]) we create a variable sr;, which is the sum of the resource
consumptions of the tasks that overlap the start of task ¢ (task i overlaps its own start), i.e.,
873 =731+ + Tin.

Finally, (s1+d1 =e1 A---Asp+dy = en Asry < limit A--- A sr, < limit) < b is the reified constraint.
Overall, this reification involves O(n?) constraints. Alternatively, CUMULATIVE can be reified by a
reformulation that uses O(n - m) constraints, where m is the number of time-points of the overall make
span. Especially in the context of bin packing problems, n tends to be larger than m.

e Let t and ¢ be the smallest and largest time-points that any task can cross, respectively.

e For each j in [t, ], let sr; be the total resource consumption at time-point j:

D (si<j<e) ri=sr;,Vj

i€[1,n]

Finally, (s1 +di =e1 A+ ASp +dp = e, Asry <limit A--- A sry < limit) < b is the reified constraint.
CYCLE(ne, (s1,...,5,)) [0, page 828] holds if S = (s1,...,s,) is a permutation of [1,n] with nc
permutation cycles. It is reified as follows:

e For expressing the PFD part of the reformulation of the implied ALLDIFFERENT(.S) constraint, we
state the SORT(S, (r1,...,r,)) PFD constraint.

e The key idea is to extract for each s; (with ¢ € [1,n]) all the s; that belong to the same permutation
cycle. This is done by stating the following conjunction of n — 1 PFD constraints:

ELEMENT(¢, S, s;,1) A ELEMENT(S; 1,5, 8;2) A - -+ A ELEMENT(S; ,—2, S, S n—1)

e Using the MINIMUM(name;, (i, Si.1,8i,2,---,Sin—1)) PFD constraint for all ¢ € [1,n], we determine
a unique representative name; for the permutation cycle containing s;.

e Using the NVALUE(nb, (namey, ..., name,)) PFD constraint, we determine the number nb of per-
mutation cycles.

Finally, (r1 <ra A+ Arp_1 <1, Anc=nb) < b is the reified constraint, using the second part of the
reformulation of the implied ALLDIFFERENT constraint and a condition on the numbers of permutation
cycles.

DIFFN({(011 $11 €11, -+ ,01m S1m €1m)y«- s {Onl Snl €nls---,O0nm Snm €nm))) [0, page 872], where 0,1,
Sik, and e;, (with ¢ € [1,n] and k € [1,m]) respectively denote the origin, size, and end in dimension k
of object i, is reified as follows:

/\ \/ (SikZO\/SijO\/Oikzejk\/OjkZeik)/\ /\ (oik—i-sik:eik) = b
1<i<n 1<k<m 1<
1<j<n T T 1<k<m

i<j

The constraint holds if each pair of these objects has no overlap. Unlike in all the previous examples,
we do not need any PFD constraints here, i.e., p = 0.

DISJUNCTIVE ({01 d1,...,0, dy)) [0, page 912], where o; and d; (with i € [1,n]) respectively de-
note the origin and duration of task i, is reified by a reformulation that uses the PFD constraints
SORT_PERMUTATION [6], page 1778] and ELEMENT for expressing a reordering of the tasks:

SORT_PERMUTATION({01, ..., 0n), (P15 -y Dn)s (S15---58n)) A
/\ ELEMENT(p;, (d1, ..., dy,), dur;)
1<i<n

Finally, (s1+durq < saA---Asp_1+dur,—1 < s,) < bis the reified constraint. Note that we assume that
all durations are strictly positive: this implies that all task origins are distinct, which consequently leads



Figure 1: Automaton for the INCREASING constraint, and its complement.

to (p1,...,pn) being functionally determined by (o1,...,0,) in the SORT_PERMUTATION({01, ..., 0p),
(P1y---yPn), (S1,-..,5n)) constraint. If some durations can be zero, then one should rather use the
reification introduced for the DIFFN constraint.

MINIMUM_WEIGHT_ALLDIFFERENT({v1, . .., Uy ), matriz, cost) [0, page 1394], where matriz and cost
respectively denote a matrix providing the cost of assigning value j (with j € [1,n]) to variable v; (with
1 € [1,n]) and the sum of the costs of assigning vy, ..., v,, is reified as follows:

SORT((U1, -+ -, Un ), (W1y .oy wp)) A

ELEMENT (v, matrizy,c1) A - -+ A ELEMENT(Vp,, Matric,, ¢,) A
(w1 <wa A ANwp_1 <wpAcyr+ -+ ¢, = cost) b

where matriz; (with 1 <i <n) denotes line ¢ of matriz, i.e., the costs associated with assigning variable
v; to the values 1,...,n.

NVALUE(nwval, (v1,...,v,)) [0, page 1466] is reified as follows:
NVALUE(w, (U1, ...,05)) A (nval = w) < b
SORT({V1, ..., Un), {S1,...,5n)) [0, page 1772] is reified as follows:

SORT(<’01,...,’Un>7<t1,...,tn>)/\(81 =t N Nsp :tn)<:>b

Note that this constraint was only recently added to the set of core global constraints of the Global
Constraint Catalogue, for a reason that will become clear in the next section.

4 Categories Used in Reifying Constraints

We now introduce some reification categories that apply to a significant number of constraints of the
Global Constraint Catalogue. A constraint may be reifiable according to several categories. Appendix [A]
lists the categories, if any, of each constraint of the Global Constraint Catalogue [6].

In the context of the AUTOMATON meta-constraint [4], a constraint on a sequence X of variables can
sometimes be modelled with the help of a finite automaton, possibly with counters, that operates not
on X, but on a sequence of signature variables that functionally depend via signature constraints on a
sliding window of variables within X. For example, consider the INCREASING([z1,...,Z,]) constraint,
which enforces 1 < z9 < -+ < x,,. With the signature constraints z; < z;41 < s; =1 and ; > z;41 &
s; = 0, for all 0 < ¢ < n, we get a sequence of n — 1 signature variables s; that can be fed to a finite
automaton that recognises the language 1*. Rather than labelling the transitions of that automaton with
values of the domain of the signature variables (the set {0,1} in our example), we here label them with
the corresponding conditions of the signature constraints, as on the left of Figure [I} If each signature
variable depends on a sliding window of size j within X (in our example, we have j = 2), then we say
that the signature constraints are j-ary.

Category [Auto(0,0); Automata without counters and without signature constraints. A
constraint that can be modelled by an automaton without counters and without signature constraints
(that is via the REGULAR constraint [I5]) can be reified with the help of another automaton in the way
we already described in [5], page 271], so that there are no PFD constraints in the reformulation (p = 0).
For example, Figure [2| shows how to reify the GLOBAL_CONTIGUITY [0, page 1058] constraint. There are
19 such constraints in the catalogue.
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Figure 2: (A) Automaton for recognising solutions to the GLOBAL_CONTIGUITY constraint. (B) Comple-
ment automaton, constructed by a standard technique of automata theory, for recognising non-solutions
to the GLOBAL_CONTIGUITY constraint. (C) Automaton for the reified GLOBAL_CONTIGUITY constraint,
built from the two previous automata upon assuming that the reifying 0-1 variable comes before the
sequence of constrained variables.

Category Automata without counters but with signature constraints of arity
j > 0. A constraint that can be modelled by an automaton without counters but with signature
constraints of arity j > 0 can be reified as follows: the signature constraints correspond to the PFD
constraints, while the automaton itself can be reified as in category For example, consider
the automaton on the left of Figure 1| for the INCREASING([21, 22, ..., Z,]) constraint discussed above.
The reification of INCREASING consists of the n — 1 signature constraints as the p PFD constraints,
together with a constraint for the reified automaton, which is constructed, as in Figure C), from the
automaton and its complement, which is on the right of Figure [l There are 41 such constraints in the
catalogue. The 60 constraints of category with j > 0 or j = 0 are annotated in the catalogue
with the keyword “reified automaton constraint”.

Category |Auto(t > 0,j)i Automata with ¢ > 0 counters. A constraint that can be modelled by
an automaton with ¢ > 0 counters ¢y, ..., ¢; with expected values vy, ..., v; and either without signature
constraints (j = 0) or with signature constraints o (of arity j > 0) can be reified as follows:

0 A AUTOMATON(... )A (wy = v A~ Aw; =v; Awjpp =1) < b
where:
e ;11 is an auxiliary counter, with initial value 1 if the start state is an accept state, and 0 otherwise,
® wi,...,w;+1 are the counter values in the state where the automaton stops,
e any arc leading to an accept state is amended with the assignment ¢; 11 <+ 1,
e any arc leading to a non-accept state is amended with the assignment c¢;11 < 0,
e finally, all states are turned into accept states.

Figure [3] shows an example of this transformation. Note that the two previous categories could also be
handled like this one. There are 30 such constraints in the catalogue. Except for CHANGE_CONTINUITY,
GROUP, and GROUP_SKIP_ISOLATED_ITEM, which fall into the category discussed below, they are
the constraints annotated in the catalogue with the keyword “automaton with counters”.



Figure 3: Left: Automaton (without signature constraints) for a constraint over {1, 2,3} requiring that
the first 2 be preceded by at least one 1, that the first 3 be preceded by at least one 2, and that there
be at least one occurrence of 1; the counter N counts the number of occurrences of 3. Right: Its version
used for reification, with an auxiliary counter T, reflecting the truth value.

Category [RIC} Built-in reifiable integer constraints. A built-in reifiable integer constraint triv-
ially satisfies our general reification pattern with p = 0 [PFD] constraints. Built-in reifiable constraint
correspond to simple arithmetic constraints (e.g., © mod y = 0) or comparison constraints (e.g., z < y)
involving two integer variables. There are 14 such constraints in the catalogue.

Category [RSC} Built-in reifiable set constraints. A built-in reifiable set constraint trivially sat-
isfies our general reification pattern with p = 0 [PFD] constraints. There are 2 such constraints in the
catalogue: EQ_SET and IN_SET.

Category Logical formula involving built-in reifiable constraints. A constraint that
can be reformulated as a logical formula involving only built-in reifiable constraints (e.g., ALL_EQUAL,
CUMULATIVE, DIFFN). There are 33 such constraints in the catalogue.

Category Quantified logical constraints. A category consisting of the geometrical con-
straints of the catalogue, e.g., DISJOINT_SBOXES. A dedicated sublanguage for encoding such formulas in
the context of the GEOST constraint was suggested in [9]. The main purpose of the GEOST constraint is to
prevent a collection of geometrical objects from overlapping in multiple dimensions. The non-overlapping
condition has a straightforward formulation as a core reifiable constraint. The sublanguage can be seen
as syntactic sugar for core reifiable constraints expressing extra conditions, in fact the sublanguage is
implemented by unfolding into such constraints considered by GEOST globally together with the non-
overlapping condition. There are 17 such constraints in the catalogue, annotated with the keyword
“logic”.

Category Constraints with sort in a reformulation. Some constraints involving one or
more collections of variables become much simpler to reformulate when these collections are sorted. The
SORT constraint can then be used as one of the PFD constraints of the reformulation, and the reified
condition involves the sorted variables. Among the core constraints, the ALLDIFFERENT constraint fits
this special case, as seen in Section [3] There are 33 such constraints in the catalogue, annotated with
the keyword “sort-based reformulation”.

Category Conjunction of reifiable constraints. Constraints that can be reformulated as
a conjunction (usually already given in the catalogue) of already reifiable or now reifiable (due to this
report) constraints can now be reified. For example, consider the LEX_CHAIN_LESSEQ([X7, . .., X,]) con-
straint, which requires the sequence of sequences X; to be lexicographically non-decreasing. It can be re-
formulated as /\ie[l,n—l] LEX_LESSEQ(X;, X;+1), hence is reifiable as /\z‘e[l,n—l] LEX_LESSEQ(X;, X;+1, b:)A
(by=1A--Ab,_1 =1) & b, since LEX_LESSEQ is now reifiable (as in category . There are
21 such constraints in the catalogue.



Category [PFD} Pure functional dependency constraints. Following the pattern used in Section[3]
for the ELEMENT, GLOBAL_CARDINALITY|[_-WITH_COSTS|, NVALUE, and SORT core constraints, one can
reify any PFD constraint. A constraint ¢(A, vy, ..., v,) where the arguments A functionally determine the
variables vy, . .., v, with no other extra condition is reified into b by ¢(A, wy, ..., wp)A(vy = w1 A -Avy, =
wy) < b. There are 89 such constraints in the catalogue, annotated with the keyword “pure functional
dependency”.

Category None of the above. A constraint that does not belong to any of the already
introduced categories, but that follows the general pattern described in Section There are 45 such
constraints in the catalogue.

5 Conclusion

Based on the idea that most constraints can naturally be defined by a determine and test scheme,
where the determine part is associated to pure functional dependency (PFD) constraints that determine
additional variables, and the test part to a core reifiable constraint on these variables, we have shown
that most global constraints can be reified. Surprisingly, this simple idea allows us to reify at least 313 of
the 381 (i.e., 82%) constraints of the Global Constraint Catalogue. Most of the constraints not covered
are graph constraints involving set variables.

Related Work. Some of our insights might be folklore. For instance, Tip 5.3 of [I7), page 78] outlines
the idea of our [PFD] category and gives an example, but the notion of PFD and our more general pattern
of Section [2 are not identified. Similarly, Example 14 of [I3] page 58] also provides an example of
negation for a PFD constraint without identifying the pattern. The reformulations of constraints such
as ALLDIFFERENT or GLOBAL_CARDINALITY in [§] can be unfolded to make explicit the PFD and core
reified constraints. Methods for modifying an automaton for counting string properties were described
in [I4, page 7] and in [3]. As observed in [II], Section 4], given a global constraint ¢ and its propagator,
it is straightforward to construct a propagator for its half-reified version b = ¢, but not so for the only-if
version ¢ = b. Other work on generic reification does not exploit global constraints, or does not achieve
domain consistency, or requires a propagator for the negated constraint: see the discussion in [12]. In
the context of software verification, the equivalence of constraint models must sometimes be proven and
one needs to negate global constraints [I3]. Similarly, the work of [2] is restricted to global constraints
that can be reformulated as conjunctions of standard reifiable binary constraints.

Future Work. The obtained reifications can be exploited in many ways. For instance, one can use
them for the reformulation of some global constraints. While this may not be very efficient from a memory
point of view for a reformulation whose size is quadratic in the number of variables of the constraint,
the reformulations within the categories [Aufo(0,0)| [Auto(0, 7 > 0)l [Auto(i > 0, j)] [Sortl [Conjl and [PFD|
are quite compact. From a filtering point of view, note that the reformulation of constraints of category
[PFD]is as efficient as the original filtering algorithm of the constraint. Also, one can use these reifications
as a simple way for computing the violation cost of constraints. This should be straightforward since
the violation cost would be computed only from the part of the reification corresponding to the easily
reifiable constraint, and not from the pure-functional-dependency part. It remains to investigate whether
these reifications could also be used for generating explanations or for lazy clause generation. Finally, an
open question is whether the approach proposed by this report allows us to reify any global constraint.
Most likely, in order to address this question formally, one should first provide a formal definition of
global constraint that is not linked to any operational aspect.
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A Classification of Global Constraints w.r.t. Reification

The following table gives for each constraint of the Global Constraint Catalogue [5] the categories, if any,
of Section [4] that the constraint belongs to, as well as an optional comment explaining for instance how
to reformulate the reified constraint (unless otherwise stated, without considering the restrictions on its
arguments). When needed in the third column, the first column gives the template of the constraints,
i.e., its name and the structure of its arguments.

Note that, whenever possible, the reformulations given in the table have been done with the intention
to be as compact as possible in terms of the size of the reformulation. Whenever there was a choice
between a SORT-based reformulation and a GLOBAL_CARDINALITY-based reformulation, we chose the
SORT one, as it has the advantage not to make explicit the set of potential values that may be assigned
to the variables, since this set may be very large.

An argument is either a scalar (an integer or domain variable) or a collection of tuples of attribute-
value pairs. A collection of n tuples with attributes say a and b is displayed as (a;, b;);—; or as (a,b)".

K3
A collection displayed without superscript stands for a singleton collection, for example as given in

n
the first argument of ELEM. Nested collections are displayed expanded, e.g., <<0i,j, 4.5, ei,j>;.n_1> or
=/ i=1

{(0,s,e)™)" stands for a collection of n tuples, each consisting of a single attribute whose value is a
collection of m tuples with attributes o, s, and e. The same collection notation is used in the reification
formulas.

Global Constraint Categories | Comment

ABS_VALUE(y, ) PFD| [Logic| | (y = |z]) b

ALLDIFF_AT_LEAST_K_POS(k, ((v)™)") Logic A Nj—iin 2o (Vi #vj0) > k

ALL_EQUAL({v)") Logic (v =va A Avp_1=vp) &b

ALL_INCOMPARABLE(({(v)")") Conj conjunction of INCOMPARABLE constraints on
pairs of vectors

ALL_MIN_DIST(md, (v)") Sort, SORT((vV)", (s)")A(s2—s1 > mdA-Asp—8p_1 >
md) < b

ALLDIFFERENT [Sort] see Section [3]

ALLDIFFERENT_BETWEEN_SETS ? set constraint

ALLDIFFERENT_CONSECUTIVE_VALUES((v)") | [Sort SORT((V)" ,(s)")A(sg—51 = 1A+ ASp—8p_1 =
1H)eb

ALLDIFFERENT_CST({v,c)") (up = vi+c A Auy = Uy + ) A
SORT((u)", (s)")A(s1 < S2/A-+-ASp_1 < Sp) & b

ALLDIFFERENT_EXCEPT_0((v)")
(81 =0V s,_1 <8p))<b

(
SORT((V)™, (8)") A ((51 = 0V 51 < 82) A~ A

2] w2 2
= = =
fennd . —t

ALLDIFFERENT_INTERVAL((v)"" | 57)

(with 0 <r; < si)

(v = st-q+T1 A ANvVy = 8-qn+7n) A
SORT({Q)", (s)")A(s1 < Sa A+ ASp_1 < 8p) & b

N
Q
=
=

ALLDIFFERENT_MODULO((v)" , mod)

(vi =mod -pr+7r1 A+ Avy, = mod - pp, + 1) A
SORT((r)" , (s)")A (51 < 82 A+ ASp_1 < 8,) &b
(with 0 < r; < mod)

ALLDIFF_ON_INTERSECTION((u)"" , (v)")

GenPat

:

Let (w)” be the values that can be assigned to the
variables of (1) and (v)": ccc({w)™, (w,c)’)A
GCC(<V>n R <W, d>p) /\( le(ci =1Ad; = 1) Ve, =
0Vdi=0) &b

ALLDIFFERENT_PARTITION((v)" , ({val)"'")")

N Ni—i(vi € (val)™ & wi = j) A
SORT({u)", (s)")A(s1 < S2/A++-ASp_1 < 8p) & b




Global Constraint

Categories

Comment

ALLDIFFERENT_SAME_VALUE(ns, (u)" , (v)")

SORT((w)", (s)") As = Y i (ui = vi) A(s1 <
So N ASp_1 < S, Ans=35)<b

ALLPERM({(v)"™)") Sort] SORT({va)™ , {s2)") A+ - ASORT({v,)™ , {sp)"") A
LEX_LESSEQ({(v1)™,(s2)™) & by A -+ A
LEX_LESSEQ((v1)" ,(sp)™) & by A (b2 A
o Aby) &b
AMONG PFD|
Auto(1,1
AMONG _DIFF_0 PFD]
Auto(1,1
AMONG_INTERVAL PFD]|
Auto(1,1)
AMONG_LOW_UP Auto(1,1)
AMONG_MODULO PFD

AMONG _SEQ(/, u, s, (v)", (val)™)

AMONG _LOW _UP(£, u, (v;) 7557, (val)™), for all
i€[l,n—s+1]

AMONG_VAR PEFD

AND PFD
Auto(0,0)

ARITH Auto(0,1)

ARITH_OR Auto(0,2)

ARITH_SLIDING Auto(2,0)

ASSIGN_AND_COUNTS({col)™ | (b, c)" , rel, {)

Let (w)” be the values that can be assigned to
the variables of (b)":/;c(yr(ni = 35_1(b; =
iAej € (col)™)) A (Nigwyr (i el £)) &b

ASSIGN_AND_NVALUES((bin, val)" , rel, /)

Let (b)” be the values that can be assigned
to the variables of (bin)", and let € be an
integer not in (b)”: Ay Aizy(bing =
7 A Vji = vali) vV (b’L’nl # j A Vji

€) A Njewyr NVALUE(nwj, (€,vj1, ..., Ujn)) A
(Njewyr((nv; = 1) rel £)) < b

ATLEAST Auto(1,1)|

ATLEAST_NVALUE(nval, (v)") GenPat NVALUE(nv, (v)") A (nv > nval) < b
ATLEAST_NVECTOR (nvec, ((v)™)"™) GenPat NVECTOR(nv, ((v)"™)™) A (nv > nvec) < b
ATMOST Auto(1,1)|

ATMOST1 ? set constraint

ATMOST_NVALUE(nval, (v)") GenPat NVALUE(nv, (v)") A (nv < nval) < b
ATMOST_NVECTOR(nvec, ((v)™)") GenPat NVECTOR(nv, (v)™)") A (nv < nvec) < b
BALANCE PFD|

BALANCE_CYCLE ?

BALANCE_INTERVAL PFD

BALANCE_MODULO PFD

BALANCE_PARTITION PEFD

BALANCE_PATH ?

BALANCE_TREE ?

BETWEEN_MIN_MAX Auto(0,2)|

BIN_PACKING Logici similar to CUMULATIVE
BIN_PACKING_CAPA Logic similar to BIN_PACKING but introduces fixed

items wrt. maximum capacity
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Global Constraint Categories | Comment
BINARY_TREE(nt, (k, t)") |GenPat| Ay (BLEM((Z, f; 1), (k, t)") A
n—1 n
Nj=1 ELEM((fij, fij+1) . (k, £)")) A
GCC_NO_LOOP(L, (t)" , (i,0;);—,) A

(A fin-1=fin) NL=nt AN 0, <2) &b

or without using GCC_NO_LOOP,
A?:ll(ELEM(@a fi,1> B <k7 t>n) A
Nj=1 BLEM((fij, fij1) 5 (&, £)")) A

Nizy fin1 = fin Amt = 350,60 =
i) NNy Z].E[Ln],#i(tj =1) < 2) & b (part of
the restrictions checked in both reformulations)

BIPARTITE ? set constraint
CALENDAR |Logig| disjunction of conjunctions of arithmetic con-
straints

CARDINALITY_ATLEAST PFD

CARDINALITY_ATMOST PFD

CARDINALITY_ATMOST_PARTITION PFD

CHANGE PEFD

Auto(1,2)|
CHANGE_CONTINUITY Conj conjunction of constraints of the form [Auto(1,2)

Auto(1,2)l [Auto(2,2)l [Auto(2,2)l
Auto(2,2), [Auto(1,2)} and [Auto(1,2)|

Auto(2,2)

CHANGE_PAIR PFD|
CHANGE_PARTITION PEFD
CHANGE_VECTORS(nchange, ((v)"")" , ctrs) PFD
Auto(1,m)|
circuIT((k,s)™) GenPat when n > 1 ELEM((1,¢1), (k,s)") A
AT BLEM((t;, tig1) , (k,s)") A
SORT((6)" ", ()" Y A 1 < rn Ar <
To N ATp_g < Tpoig ATpog = n) &b
(part of the restrictions checked)
CIRCUIT_CLUSTER ?
CIRCULAR_CHANGE PFD|
Auto(1,2)
CLAUSE_AND Auto(0,0)
CLAUSE_OR Auto(0,0)
CLIQUE ? set constraint
COLORED_MATRIX PFD|
COLOURED_CUMULATIVE GenPat| similar to CUMULATIVE but uses NVALUE instead

of SUM_CTR

COLOURED_CUMULATIVES

similar to CUMULATIVE but uses NVALUE instead
of SUM_CTR

COMMON PFD

COMMON_INTERVAL PEFD

COMMON_MODULO PEFD

COMMON_PARTITION PEFD

COMPARE_AND_COUNT((w)" , (v)" | cp, ct, {) Logic| (ur cp v1 & by) A+ A (up cp vy & by) A (b1 +

b, =8)A(sct )b

COND_LEX_COST Auto(0,0)]

COND_LEX_GREATER conjunction of constraints of the form |Aut0 0,0 )L

|Autoi(),0]|, and >

COND_LEX_GREATEREQ

conjunction of constraints of the form |Aut0 0,0 )L

|Aut0i0,0iL and >

12




Global Constraint

Categories

Comment

COND_LEX_LESS

|Conj|

conjunction of constraints of the form [Auto(0,0)}

|Autoi0,()i|7 and <

COND_LEX_LESSEQ

|Conj|

conjunction of constraints of the form |Aut0 0,0 )L

|Autoi0,0][, and <

CONNECT_POINTS ?

CONNECTED ? set constraint

CONSECUTIVE_GROUPS_OF_ONES Auto(0,0)|

CONSECUTIVE_VALUES({v)") Sort SORT((V)" ,(s)")A(s2—51 < TA--ASp_1—8, <
1)< b

CONTAINS_SBOXES QLogic|

CORRESPONDENCE((f, p,t)")

enPat

:

(A;_; ELEMENT(p;, (£)" ,v;)) A (f1 = v1 A-++ A
fn = Un) S

COUNT Auto(1,1)
COUNTS Auto(1,1)
COVEREDBY_SBOXES QLogic
COVERS_SBOXES QLogic
CROSSING PFD|
CUMULATIVE Logicl see Section |3|
CUMULATIVE_CONVEX ?
CUMULATIVE_PRODUCT |GenPat| similar to CUMULATIVE, but uses PRODUCT_CTR
instead of SUM_CTR

CUMULATIVE_TWO_D ?
CUMULATIVE_WITH_LEVEL_OF_PRIORITY ?
CUMULATIVES [Logic| similar to CUMULATIVE
CUTSET ?
CYCLE |GenPat| see Section |3|
CYCLE_CARD_ON_PATH ?
CYCLE_OR_ACCESSIBILITY ?
CYCLE_RESOURCE ?
CYCLIC_CHANGE PFD

Auto( 1,25'
CYCLIC_CHANGE_JOKER PFD

Auto(1,2
DAG ? set constraint
DECREASING Auto(0,2)
DEEPEST_VALLEY Auto(1,2)
DERANGEMENT((i,s)") Sort, SORT((s)", (£)")A((51 £ 11+ -Asp £ in)AN(t1 <

to AN ANlp_1 <tn))<:>b

DIFFER_FROM_AT_LEAST_K_POS Auto(1,2)]
DIFFN Logici see Section |3|
DIFFN_COLUMN({(0,s,e)")" , d) Logic (A= Nj=iv1 Viei(sik = 0V sjk =0V ok

ek V ok = eir) NN Ni—ii((eia < 0ja

ejd < 0ia) V (0id = 0ja N e€ida = €ja))
n m

Nizi Ak (036 + 80k = €ik)) © b

> < IV

DIFFN_INCLUDE({(0,s, e)™)" | d))

|Logig|

(/\?:—11 /\?:i-‘rl \/Z,nzl(si,k =0V Sjk = 0oV 04,k
ek V oik > ein) AN Ay (i < 054
ejd < 0iq) V(050 < 0jaNejq < eq)V (04
0ia N eia < €ja)) ANy Niei (00 + sik

eik)) &b

A < IV

DISCREPANCY

DISJ

PFD)
?

set constraint
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Global Constraint

Categories

Comment

DISJOINT((1) ", (V)"

|GenPat|

Let (w)” be the values that can be as-
signed to the variables of (u)™ and (v)™:
GLOBAL_CARDINALITY ((u)™ | (w, c)”) A
GLOBAL_CARDINALITY((v)"  (w,d)") A ((c1 =
0Vdi=0)A--Ac,=0Vd,=0))<b

DISJOINT_SBOXES QLogic|

DISJOINT_TASKS((0,d,e)" , (o', d’,e/)") Logic| (AZy Nj=i(es < o))V (e) < 0i))ANZ, 0it-di =
ei) ANy 0 +di =¢})) < b

DISJUNCTIVE Sort| see Section |3|

DISJUNCTIVE_OR_SAME_END({0,d)") Logic| (N=y Nj—ia(di =0V d; =0V o +d; <oV

Oj—l—djSOi\/Oi—i-di:Oj—i-dj)){:}b

DISJUNCTIVE_OR_SAME_START({0,d)")

|L0gic|

(A= /\?:H»l(d’i =0vdj =0Vo+di <05V
Oj—l—dj SOi\/OiZOj))@b

DISTANCE PFD
DISTANCE_BETWEEN PEFD
DISTANCE_CHANGE PFD
Auto(1,4)|
DIVISIBLE(q, d) RIC| g=d-k&b
DIVISIBLE_OR(c, d) Logic| (¢ modd=0Vd modc=0)&b
DOM_REACHABILITY ? set constraint
DOMAIN((V)" , £, u) Logid| (1 > lAvr <u)A---A(vy, > LAV, <u)) < b
DOMAIN_CONSTRAINT Auto(0,2)]
ELEM((7, u), (k,v)") PFD|
Auto(0,3)
ELEM_FROM_TO Auto(0,4)
ELEMENT PFD| see Section |§|
Auto

ELEMENT_GREATEREQ

ELEMENT_LESSEQ

ELEMENT_MATRIX

ELEMENT_PRODUCT(y, (t)" , , 2) PFD)| also|GenPat] ELEMENT(y, (t)" ,v)Au=v-2Az =
U< b

ELEMENT_SPARSE Auto(0,2)

ELEMENTN (ind, (t)" , (w)"™") Auto(0,0) also |GenPatf ELEMENT(ind, (t)",v1) A --- A
ELEMENT(ind + m — 1, {£)" ,v,) A (w1 = v1 A
AWy =U) &b

ELEMENTS PFD|

ELEMENTS_ALLDIFFERENT((i,v)" | (ti, tv)") GenPat] Ah—1 ELEM((ig, vg) , (61, 6v)")ASORT((1)", (s)")A
(s1 <89N - NSp_1 <8p)<b

ELEMENTS_SPARSE((k,v)" , (ind, val)"" , d) [Logic| (N1 (V=i (ki = indj Avg = waly)) V (ki ¢
(ind)" Av; =d)) &b

EQ PFD| [RIC

EQ_CST PFD| [RIC

EQ_SET RSC set constraint

EQUAL_SBOXES QLogic|

EQUIVALENT PFD|

Auto(0,0
EXACTLY PFD]
Auto(1,1

GCD PFD|

GEOST QLogic

GEOST_TIME QLogic

GEQ RIC|




Global Constraint Categories | Comment
GEQ-CST RIC|
GLOBAL_CARDINALITY (GCC) PFD| see Section [3]

ceo_Low _UP((x)", (v, u)"™)

GenPatl

ace((x)”, <Uz'»0¢>zr;1) ANl <ot ANort <uiA---A
by < 0m A O < U) & b

GCC_LOW_UP_NO_LOOP(lc, uc, (x)" , (v,L,u)"™")

|GenPat|

GCC_NO_LOOP(c, (x)" , (v;,0:)121) A(lc < che <
uc ANl <ogANop <ug ANl < om Aoy <
Um) < b

GCC_NO_LOOP PED.
GLOBAL_CARDINALITY_WITH_COSTS PFD see Section (3|
GLOBAL_CONTIGUITY Auto(0,0)] | see Section [
n n 1—1
GOLOMB({v)") GenPatl (/\i:2 /\j:I d(i—l)é(i—Q) i = v — vj) A

SORT({(d)™ ,(s)™) A (v1 < Va3 A - Aoy <
U A0 < $1AS1 < SaA- ASm—1 < Sm) < b, where
m = @)

is redundant

and where v1 < va A+ Avp_1 < Up

GRAPH_CROSSING

GRAPH_ISOMORPHISM

[PFD|
7

set constraint

GROUP

|Conj|

conjunction of constraints of the form [Auto(1,0)]
Auto(2,0)} [Auto(2,0)} [Auto(2,0)} [Auto(2,0), and
Auto(1,0)

GROUP_SKIP_ISOLATED_ITEM

|Conj|

conjunction of constraints of the form [Auto(1,0)]
[Auto(2,0)} [Auto(2,0), and [Auto(1,0)|

GT RIC|
HIGHEST_PEAK Auto(1,2)[
IMPLY PFD|

Auto(0,0)
IN Auto(0,1)
IN_INTERVAL Auto(0,1) also reified by IN_INTERVAL_REIFIED
IN_INTERVAL_REIFIED reifies IN_INTERVAL
IN_INTERVALS(v, (1, u)") Logic (0>l Av<u) V- Vw>lAv<u,)) b
IN_RELATION({v)"" , ({(t)™)") Logic (VR (01 =tia Ao  Avy, = tim)) & b
IN_SAME_PARTITION Auto 072)|
IN_SET RSC| set constraint
INCOMPARABLE((u)" | (v)") Sort SORT({(u)", (r)") ASORT((v)", (s)") A ((r1 > s1V

oV > S8 A(s1 >V Vs, > 1)) S b

INCREASING Auto(0,2) see Section ]
INCREASING_GLOBAL_CARDINALITY Auto(0,0)
INCREASING_NVALUE Auto(0,0)
INCREASING _NVALUE_CHAIN ?

INCREASING_SUM((V)" | 5)

|Conj|

conjunction of  omne single constraint,
SUM_CTR((v)",=,s) < b (note that the fact
that (v)" is increasing is part of the restrictions)

INDEXED_SUM({k,w)"" | (ind,sum)")

|GenPat|

Nizi (50 = 2050 (indi = kj) - wj) A (N sum; =
EFVAN /\7;1 k‘j S <il’ld>n) S b

INFLEXION Auto(1,2)]

INSIDE_SBOXES QLogic|

INT_VALUE_PRECEDE Auto(0,0)

INT_VALUE_PRECEDE_CHAIN Auto(0,1)

INTERVAL_AND_COUNT(a, (c)", (0, col)” , 5) Logic| Arci Ay bre = (k—1)-s <o, Aoy < k-sA

coly € (&)™) A (Ney S0 bry < a) & b, with
/= ’ max(so)+s
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Global Constraint

Categories

Comment

INTERVAL_AND _SUM(s, (0, h)" , /)

|Logig|

Nici Nieibee & (k=1)-s <o Nop < k-
s) A (/\lel Z;l bet - hy < £) & b with m =
LMJ

INVERSE((i,s, p)") PFD! INVERSE((1,8,9) " )A(p1 = @1 A Apn = qn) & b
INVERSE_OFFSET PEFD
INVERSE_SET ? set constraint
INVERSE_WITHIN_RANGE ?
ITH_POS_DIFFERENT_FROM_0 Auto(2,1)]

T \ 10 i - B 7
K_ALLDIFFERENT({(v)" ")") Conj conjunction of n ALLDIFFERENT constraints

K_CUT

set constraint

K_DISJOINT(((v)"™)™)

|GenPat|

Let (w)” be the values that can be as-
signed to the wvariables of wvi,...,vy:
(A1 GCC((vi)™ , (Wi, cik )iy ) A
Ny > iy (cin >0)<1) &b

KSAME(((v)™)) Sort (A SORT((vi)™ (s)™) A (Nt Ny 52
Sit15) b

K_SAME_INTERVAL Sort similar to K_SAME

K_SAME_MODULO Sort similar to K_SAME

K_SAME_PARTITION Sort similar to K_SAME

K_USED_BY Sort; similar to K_SAME (introduce unrestricted vari-
ables)

K_USED_BY_INTERVAL Sort similar to K_SAME (introduce unrestricted vari-
ables)

K_USED_BY_MODULO Sort similar to K_SAME (introduce unrestricted vari-
ables)

K_USED_BY_PARTITION Sort similar to K_SAME (introduce unrestricted vari-
ables)

LENGTH_FIRST_SEQUENCE Auto(1,2)

LENGTH_LAST_SEQUENCE Auto(1,2)

LEQ RIC

LEQ_CST RIC

LEX2 Conj conjunction of LEX_LESSEQ constraints

LEX_ALLDIFFERENT Conj conjunction of LEX_DIFFERENT constraints

LEX_BETWEEN Auto(0,1)]

LEX_CHAIN_LESS Conj conjunction of LEX_LESS constraints

LEX_CHAIN_LESSEQ Conj conjunction of LEX_LESSEQ constraints

LEX_DIFFERENT Auto(0,2)

LEX_EQUAL Auto(0,2)

LEX_GREATER Auto(0,2)

LEX_GREATEREQ Auto(0,2)

LEX_LESS Auto(0,2)

LEX_LESSEQ Auto(0,2)

LEX_LESSEQ_ALLPERM({u)", (v)") GenPat| SORT((v)", (s)") A (LEX_LESSEQ((u)" , (s)") < b)

LINK_SET_TO_BOOLEANS ? set constraint

LONGEST_CHANGE PFD|

Auto(2,2

LT RIC|

MAP PFD|

MAX_INDEX (émaz, (i, v)") GenPat] MAXIMUM (maz, (v)") A
ELEM((imaz, val), (i, v)") A (maz = val < b)

MAX_N PFD

MAX_NVALUE PED

MAX_SIZE_SET_OF_CONSECUTIVE_VAR PFD
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Global Constraint Categories | Comment
MAXIMUM PFD|
MAXIMUM_MODULO PFD|
MEET_SBOXES QLogic|
MIN_INDEX (imin, (i, v)") GenPat] MINIMUM (min, (v)") A
ELEM ((imin, val) , (i,v)") A (min = val < b)
MIN_N PFD
MIN_NVALUE PEFD
MIN_SIZE_SET_OF_CONSECUTIVE_VAR PFD
MINIMUM PED
Auto(0,2)|
MINIMUM_EXCEPT_0 PFD|
Auto(0,2)
MINIMUM_GREATER_THAN Auto(0,3)
MINIMUM_MODULO PFD|
MINIMUM_WEIGHT _ALLDIFFERENT GenPat] see Section [3]
MULTI_GLOBAL_CONTIGUITY Conj conjunction of GLOBAL_CONTIGUITY
MULTI_INTER_DISTANCE((v)" , ¢, d) Sort| SORT((V)", (8)™) A (A1) si+d < sie) &b

NAND

PFDL

NCLASS PFD|

NEQ RIC
NEQ_CST RIC
NEQUIVALENCE PFD|
NEXT_ELEMENT Auto(0,4)|

NEXT_GREATER_ELEMENT(u, v, (var)")

Logicl

(vary < varg A...ANvar,—1 < var, A \/ie[l,n] v =
var; A (i = 1V wvar;_; <u)) < b, note that u < v
is part of the restrictions

NINTERVAL PFD|
NO_PEAK Auto(0,2)
NO_VALLEY Auto(0,2)
NON_OVERLAP_SBOXES QLogic|
NOR PFD]
Auto(0,0)
NOT_ALL_EQUAL Auto(0,2)
NOT-IN Auto(0,1)
NPAIR PFD
NSET_OF_CONSECUTIVE_VALUES PFD
NVALUE PED| see Section [3]
NVALUE_ON_INTERSECTION PFD
NVALUES((v)" , relop, {) GenPat NVALUE(nw, (v)") A (nv relop £) < b
NVALUES_EXCEPT_0((v)" , relop, /) GenPat NVALUE(nv, (v)"") A AMONG(z, (v)",0) A (nv —
(z>0) relop £) = b
NVECTOR PFD|
NVECTORS({(v)"™)" , relop, {) GenPat| NVECTOR(nv, ((v)"™)™) A (nv relop £) < b
NVISIBLE_FROM_END PFD
NVISIBLE_FROM_START PFD
OPEN_ALLDIFFERENT ? set constraint
OPEN_AMONG ? set constraint
OPEN_ATLEAST ? set constraint
OPEN_ATMOST ? set constraint
OPEN_GLOBAL_CARDINALITY ? set constraint
OPEN_GLOBAL_CARDINALITY _LOW_UP ? set constraint
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Global Constraint Categories | Comment

OPEN_MAXIMUM Auto(0,3)

OPEN_MINIMUM Auto(0,3)

OPPOSITE_SIGN Logic| z-y<0&b

on PTD]

ORCHARD PFD

ORDERED_ATLEAST_NVECTOR(a, ((v)™)") Conj conjunction of ATLEAST_NVECTOR(a, {((v)™)")
and LEX_CHAIN_LESSEQ(((v)™)")

ORDERED_ATMOST_NVECTOR(a, {((v)™)") |Conj| conjunction of ATMOST_NVECTOR(a, {((v)™)")
and LEX_CHAIN_LESSEQ(((v)™)")

ORDERED_GCC({v)", (val, omax)™) Conj Aiz1 AMONG_LOW_UP(0, omaz;, (v)" , (val;)’_,)

ORDERED_NVECTOR(nv, ((v)™)") Conj conjunction of NVECTOR(nwv, ({(v)")") and
LEX_CHAIN_LESSEQ(((v)™)")

ORTH_LINK_ORI_SIZ_END((0, s, e)") PFD (fi=014+S$1 N ANfp=0,+5,) N (1 =
fl/\"'/\en:fn)@b

ORTH_ON_THE_GROUND({0, s,e)" , vd) Logid| opa=1&0b

ORTH_ON_TOP_OF_ORTH QLogic|

ORTHS_ARE_CONNECTED ?

OVERLAP_SBOXES QLogic|

T T - T

PATH(np, (k,t)") GenPatl /\Z 11(ELEM(( Cfi), (kt)7) . A

Nj=i BLEM((fij, fij+1), (k, £)")) A

GCC_NO_LOOP(L, (t)" , (i,0;);,) A

((/\Zlfm 1—fm)Aé—npA/\ 0 <) &b

without using GCC _NO_LOOP,
/\7 L(BLEM((Z, fin), (k£)") A
N BN (o i) k,6))) A
(/\l:1 fz,n—l = fz,n AN np = Z?:l(ti =

i) A Nizs Zjeu,n],j;éi(tj =1i) < 1) < b (part of
the restrictions checked in both reformulations)

PATH_FROM_TO

?

set constraint

PATTERN Auto(0,0)

PEAK Auto(1,2)

PERIOD PFD

PERIOD_EXCEPT_0 PFD

PERIOD_VECTORS PFD

PERMUTATION((v)") Sort, SORT((V)" ,(s)")A(s1 =1A---As, =n) &b
(restrictions checked)

PLACE_IN_PYRAMID [QLogic|

POLYOMINO ?

POWER PFD|

PRECEDENCE Logic| (o1 +dy <0os AN ANop_1+dn1<0,) &b

PRODUCT_CTR RIC|

PROPER_FOREST ? set constraint

RANGE_CTR RIC|

RELAXED_SLIDING_SUM({, m, 0, u, s, (v)") Logic| (Z;:f“(ng_l vj € [o,u]) € [¢{,m]) & b

REMAINDER PFD|

ROOTS ? set constraint

SAME({(u)" , (v)™) Sort SORT({(u)", (r)") AsoRT((v)" ,(s)") A (r1 = s1 A

CATp =58,) b

SAME_AND_GcC((x)", (y)™, (v,0)™)

|GenPat|

coo((x)", (v,p)™) Acee((y)”, (v,a)™) A (o1 =
PIA A0 =Ppm ANOL=q@ A NOp, = @) < b
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Comment

SAME_AND_GCC_LOW_UP((x)", (y)", (v,Lu)"")

|GenPat|

coe((x)", (v, p)™) Acoc((y)", (v,a)™) A (p1 €
U1, ur] Ao Apm € [y um] Apr = qu A=+~ AP =
Gm) < b

SAME_INTERSECTION((u)”" , (v)")

|GenPat|

Let (w)” be the values that can be assigned to
variables of u and v: acc((w)™, (w;,¢)b_|) A
Goc((v)" (i) ) A (N = di Ve =
ovd; = 0) S b

SAME_INTERVAL Sort; similar to SAME

SAME_MODULO Sort, similar to SAME

SAME_PARTITION Sort similar to SAME

SAME_SIGN(v1, v2) Logid| (1 >0Av2 >0)V (v <0Avy <0)) <D
SCALAR_PRODUCT((t)", ctr, v) GenPat SCALAR_PRODUCT({t)" ,=,s) A (s ctr v) & b
SEQUENCE_FOLDING Auto(0,2)|

SET_VALUE_PRECEDE ? set constraint

SHIFT ?

SIGN_OF PFD

SIZE_MAX_SEQ_ALLDIFFERENT PED

SIZE_MAX_STARTING_SEQ_ALLDIFFERENT PFD

SLIDING_CARD _SKIP( Auto(3,3)|

SLIDING _DISTRIBUTION(s, (x)" , (v,1,u)™) CenPat Nz Gee((x) 5 (vg,005) 1) A

(NS AT 0ig € [4,u5]) < b

SLIDING _SUM(, u, s, (v)")

|GenPat|

ANz o + + Vigs1 =
(AP sumg € [0,u]) < b

i=1

sum;) A

SLIDING_TIME_WINDOW ?
SLIDING_TIME_WINDOW _FROM_START ?
SLIDING_TIME_WINDOW _SUM ?
SMOOTH PFD
Auto(1,2

SOFT_ALL_EQUAL_MAX_VAR(n, (v)")

GcnPat|

Let (w)” be the values that can be assigned

to wvariables or v: acc((v)™, (w0t ) A

MAXIMUM(maz, (0)") A (n < m — maz) < b

SOFT_ALL_EQUAL_MIN_CTR(n, (v)"")

Logic|

(0 <X icimljelimliz; (Vi = v5)) €b

SOFT_ALL_EQUAL_MIN_VAR(n, (v)"")

GenPatl

Let (w)” be the values that can be assigned
to variables or v: acc((v)™, (w0t ) A
MAXIMUM (maz, (0)’) A (n > m — max) < b

SOFT_ALLDIFFERENT_CTR(c, (v)")

Logic|

(c> Z:':f Z?:iﬂ(”i #v;)) &b

SOFT_ALLDIFFERENT_VAR(c, (v)")

GenPat|

NVALUE(m, (V)")A(c>n—m) &b

SOFT_CUMULATIVE

SOFT_SAME_INTERVAL_VAR

SOFT_SAME_MODULO_VAR

SOFT_SAME_PARTITION_VAR

SOFT_SAME_VAR

SOFT_USED_BY_INTERVAL_VAR

SOFT_USED_BY_MODULO_VAR

SOFT_USED_BY_PARTITION_VAR

<3| o 9 o] 0| o o |

SOFT_USED_BY_VAR

SOME_EQUAL({v)")

Sort|

SORT((v)" , (s)")A(s1 = 82V -+ Vsp_1 = 8,) & b

SORT

PFD|

see Section [3]

SORT_PERMUTATION((f)", (p)", (t)™)

GenPat|

sorT((f)", (sf)") A
(A, ELEMENT(p;, (t)" ,v;)) A (sf4 =
tl/\n-/\sfn:tn/\vl :fl/\'”/\’Un:fn)<Z>b

STABLE_COMPATIBILITY
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STAGE_ELEMENT PFD|

STRETCH_CIRCUIT ?

STRETCH_PATH Auto(0,0)

STRETCH_PATH_PARTITION Auto(0,0)

STRICT_LEX2 Conj| conjunction of LEX_LESS constraints
STRICTLY_DECREASING Auto(0,2)

STRICTLY_INCREASING Auto(0,2)

STRONGLY_CONNECTED ? set constraint
SUBGRAPH_ISOMORPHISM ? set constraint

SUM ?

SUM_CTR RIC|

SUM_CUBES_CTR GenPat|

SUM_FREE ? set constraint
SUM_OF_INCREMENTS((v)" , /) Logic| (v1 + > pmax(v; —v;_1,0) <) &b
SUM_OF_WEIGHTS_OF_DISTINCT_VALUES PFD|

SUM_SET ? set constraint

SUM_SQUARES_CTR [GenPat|

SYMMETRIC ? set constraint

SYMMETRIC_ALLDIFFERENT((k,s)")

|GenPat|

sorT(({s)", (r)") A
Ai_, (ELEM((i, next;) , (k,s)") A
ELEM((next;, mext;) , (k,s)")) A (r1 <
ro N  Arp_y < rp Anexty # 1N+ A next,, #
n A mext; = 1A --- A mext, = n) < b, where
SORT((s)",(r)") and r1 < rg A+ Arp_q1 < Tp
are redundant (part of the restrictions checked)

SYMMETRIC_ALLDIFF_EXCEPT_0((k,s)")

|GenPat|

soRT((5)™, (")

A (ELEM((7, next;) , (k,s)") A ((next;

0 AN, = i)V (next, # 0 A n;
next;)) A ELEM({n;, mext;), (k,s)")) A ((r1
ovry < 7’2)/\' . '/\(’I"n_l =0Vrp_1 < Tn)/\TLEZIJtl
1A Anext, # n A ((mext; = 0 A nexty
0) V mext; = 1) A--- A ((meat,, = 0 A nexty,
0) V mext, = n)) < b (part of the restrictions
checked)

>

[ N

SYMMETRIC_CARDINALITY ? set constraint

SYMMETRIC_GCC ? set constraint

TEMPORAL_PATH ?

TOUR ? set constraint

TRACK ?

TREE(nt, (k,t)") |GenPat| Ay (BLEM((Z, f; 1), (k, t)") A
N;Zi BLEM((fi, figr) s (ke 8)")) A
GCC_NO_LOOP(L, (t)", (i,0;);—,) A
(Aiey fima = fin) NE=mnt) = b
or without using GCC_NO_LOOP,
A?:l(ELEM(<7;’fi,1> ’ <k7t>n) A
Nj=) BLEM((fi g, fijin) (K £)™)) A

(Nt fim1 = fin At = S0 (t; = i) & b
(part of the restrictions checked in both reformu-
lations)

TREE_RANGE

TREE_RESOURCE
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TwIN((x)", (y)") |GenPat| NVALUE(ng, (x)") A NVALUE(n,, (y)") A
NVECTOR(Ngy, (T, Yi)iq) A (g = ny Ang =
Ngy A Ny = MNgy) < b, where n, = ngy, is
redundant.

TWO_LAYER_EDGE_CROSSING PFD|

TWO_ORTH_ARE_IN_CONTACT Auto(0,6)

() Logic
TWO_ORTH_COLUMN QLogic
TWO_ORTH_DO_NOT_OVERLAP Auto(0,6)
(QLogic

TWO_ORTH_INCLUDE QLogic

USED_BY Sort similar to SAME (introduce unrestricted variables)

USED_BY_INTERVAL Sort, similar to SAME (introduce unrestricted variables)

USED_BY_MODULO Sort similar to SAME (introduce unrestricted variables)

USED_BY_PARTITION Sort, similar to SAME (introduce unrestricted variables)

uses((u)™, (v)") GenPat Let (w)” be the values that can be as-
signed to the variables of (u)” and (v)™:
Geo((w)™  (w;, 0)_y) A GOC((v)" (s )y) A
((a=0Vor>0)A---A(gp=0Vo,>0))<b

VALLEY Auto(1,2)[

VEC_EQ_-TUPLE((v)" , (t)") Logic| (vi=ti A" Avy, =t,) b

VISIBLE ?

WEIGHTED_PARTIAL_ALLDIFF ?

XOR

PFD|
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