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Abstract

In this paper, an asymptotic expansion is constructed to solve
second-order differential equation systems with highly oscillatory forc-
ing terms involving multiple frequencies. An asymptotic expansion
is derived in inverse of powers of the oscillatory parameter and its
truncation results in a very effective method of dicretizing the differ-
ential equation system in question. Numerical experiments illustrate
the effectiveness of the asymptotic method in contrast to the standard
Runge-Kutta method.

1 Introduction

The behaviour of signals comprising several non-commensurate frequen-
cies is very important in the design and analysis of electronic circuits. Non-
linearities in circuits can result in such signals giving rise to distortion and
resulting in degradation of performance. Hence, the accurate and efficient
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simulation of circuit behaviour in the presence of such signals is essential.
It is to address this issue that the current paper is directed. As an exam-
ple of nonlinear circuits, the Van der Pol oscillator shall be considered. It
has numerous applications in science and engineering, for example, from de-
scribing the action potentials of biological neurons [5, 9] to the modelling
of resonant tunneling diode circuits [12]. A coupled Van der Pol-Duffing
system shall also be considered. Such coupled systems have applications in
secure communications, [6, 10]. In addition, these coupled systems can be
realised using analog circuitry [1].
Consider a second-order differential equation system of the form

y'(t) + Fy)y'(t) +g(y(t) = Fu(t), t=0, (1.1)

where f:C% — C%, g : C? — C? are two analytical functions,

[ f11(y) fr2(y) -+ fra(y)
f21(y) f22(y) -+ foa(y)
fly) =1 . ,
L far(y) fa2(y) -+ faa(y) | 4oy
—gl(y)
92(y)
g=1|"."1],
_gd(y) dx1

where every entry fj,(y) : C¢ — R and g;(y) : C? — R is an analytic scalar
function for j,v = 1,2,--- ,d. The initial conditions are y(0) = y, € C% and
y'(0) = yj € C%, and the forcing term F,(t) is

M
F,(t) = Z ap(t)ent,
m=1

in which ay,--- ,ay € Ry — C¢ are analytic functions. Note that we have
assumed that there is a finite set of frequencies wy, -+ ,was € R\ {0} in the
forcing term. At least some of these frequencies are large which results in
a highly oscillatory solution and one which is very expensive to obtain with
classical discretization methods. Furthermore, assume that the functions
f(y(t)) and g(y(t)) are analytic to ensure the existence and uniqueness of
the solution y(t).



When d = 1, wo—1 = mw, woy, = —mw, m=0,1,---, L%J, w > 1, the
above multiple frequency case reduces to a single frequency case

Y0+ Fy@0)y' (1) + gy(®) = D biB)e™", t>0,

k=—00

which has been already analysed in [3].

2 Construction of the asymptotic expansion

We start with a set Uy = {1,2,--- , M} and w; = Kjw, j =1,2,--- , M,
where w serves as the oscillatory parameter. Therefore, the original equation
(1.1) may be written in the form

M
y' () + Fy())y' (1) +g(y(1) = D am(t)e! (2.1)
m=1

=3 an(e, >0

meUlp

Our basic ansatz is that the solution y(¢) admits an expansion in inverse
powers of the oscillatory parameter w,

o
1 .
y(t) ~ 35 D P

r=0 meUr,

The sets U, the scalars 0y, and the functions p,. ,,,(t) will be described in
the sequel. The important point to note at this stage is that the functions
Py (t) are independent of w and can be derived recursively: p, ((t) by
solving a non-oscillatory ODE and p,.,,,() for m # 0 by recursion.

It is very important, however, to impose p;,, = 0 and p;,, = 0 for
m # 0 so that differentiation does not result in the presence of a positive
power of w in the resultant equations for p, ,,(¢) involved in the asymptotic
method.

Therefore, the proposed solution y(t) in inverse powers of the oscillatory

parameter w is

1 1 :
y(t) ~ poo(t) + alh,o(t) + Z ot Z Dy ()€1 7 (2:2)
r=2

meU,



As just stated it will be assumed in the ansatz that p,  is the only non-zero
P1m in Ui, So Uy = {0}.

Following the approach in [4] (cf. also [11]), the expression (2.2) for y(¢) is
substituted into the second-order differential equation (2.1). The first-order
derivative of y(t) is

1 1 , ,
/ / / 2 : § : / mwt ; mwt
Y ~ DPoo + apl,o + W’ (pT,meZU e+ Zamwpr,mew. ¢ )
r=2 meu’r

- pO 0 + pl ,0 + Z Z pr m®€ ngu)t + Z W Z Z-O-TI’Lpr,'meidmuﬁ

meUy, meu’r
1omwt 7 mwt
= Poo + P10+Z Zprm 7 +Z Z 1OmPrg1,m€”
r=2 meur r=1 mGZ/{T+1

1 .
/ / . 1omwt
= Po,o + o |PLo + E WOmPy me "

mela
=1
/ 1omwt . 1omwt
+§ J E Prmt T E OmPry1,m€ "
r=2 mely, meUr41

Likewise, the second-order derivative of y(t) is

y"(t) ~ Poo + pio+ Z iom (Ph,n + (iomwpy 1)) €77
melo

+ Z [ Z p7‘/7m + Zo-mwp;:’m) eiUvnwt

meUy

1omwt

+ Z 10m (P;+1,m + iUmer+1,m) e )

meur+1

/1 . 2 j
=Poo + E (i0m) P2,m€wmwt + a pio+2 E (i0m) Pl e 7"
mela mela

+ Z ZO’m p3m urmwt +Zwr [Z rmewmwt

mels meUy,



. / 1omwt . 2 1omwt
+2 § , (ng)pr+1,m€ i E (Zo-m) pr+2,me "
mEUr41 mMEUr 42

The function f(y(t))axq is analytic and its Taylor expansion about
n times

e N——
Poo(t) may be determined. fj(g) (Po.o) M1, M) 1 CF x Clx...xC?=C
is the nth derivative operator which is linear in each of n;s such that

fjv(y0+t€) fJU yO +Z f]v € ,6]

for sufficiently small |¢| > 0. Hence,

fjv( ) = fiv (po o(t) + 1p10 + Z — Z prm wmwt>

mGUr

o0

1 .
= fiv(Poy) +Zn, poo) ZE Z Doy €7

{1=1 k1€Uy,

[e.@] 1
10, wi
e n
E: obn E Pey kn

(=1 kn €Uy,

= FiwPoo) ¥ D D e DL D

n=1 " l1=1 ln=1 k1€Z/{gl knEUgn

f(n)(po ) [Pel,ku"' Do, g, ] €Okt

_f]vpoo+2 LY Yy

' r=n fGHn r k1 Eugl kneuin

f(n) (p070) [pfhkﬂ . 7p€n7 n] ez(ak1+.--+akn)wt

= fiv(Po,) +Zw7«2n. 2. 2 )

n=1 Lelg . ki1€Up, kn €Uy,
f](:) (Po0) [Peyhys > Poy 1] el (Tky o Wt
where
n
o, ={=(l, )" €N": Zﬁj =r}, 1<n<r

n,r
Jj=1



To avoid redundancy, set
Ty ={L= (01, L))" €N Y =7, L1 <l<--- <L},

and the symbol 6y stands for the multiplicity of £. This is the number of
terms in I . that can be brought to it by permutation. It follows that

Fiv@(®) = fju(Po0) +Zwr2n, Dobe D> e D

n=1 el » k’lEZ/{[l knGUen

fj(:’) (p070) [thkl’ .. ’p&%kn] ei(o—kl+"'+o—kn)Wt.

and the matrix function

T

UOEFITHES SRS St S SIS

r=1 =1 """ feln, ki€ly  kn€ly,

n
£ (Po.o) [pel,kp Doy k] ik, +t ok, Jwt

Similar expansions can be applied to the vector function

9(y(t)) = g(poo) Z:: Zm Z Z Z

n=1 eeﬂn r k1 euél kn Euin

9" (Poo) [Pe, jy> 2 Pe g, ) €T

Incorporating these expansions into the differential equation (2.1), we

have
p6/70+ Z (iam)2p27mewm‘”t+ - p10+2 Z ’LO’m wmwt (2‘3)
melo w mela
+ Z ZJm p3m zamwt + Z Z ezamwt
meUs meU,

. / 1omwt . 2 1omwt
+2 3 (101w + D (10m)*Priame
mEU,«.H m€ur+2



fuu(y) fi2(y) - fra(y)
f21(y) f2(y) -+ faa(y)

fn@) fax) - faaw)] .,

1 .
/ / . 10mwt
X | Poo + o | Pro + E LOmPyme ™

meUsa

=1
/ 1omwt . 1omwt
+E o E Prme "+ E 1OmPri1m€ "
r=2

meUy, mGZ/lH_l dx1

9(Po o) +ZMZ Zeﬂ Z Z

n=1 EEHnr k1€1/{g1 kn €Uy,

gn(p0,0) [pehkl’ . ’pfmkn] 61(0k1+---+0kn)wt — Z am(t)emmwt'
meUp

3 Construction of the asymptotic expansion

In this section, we derive the constituent terms of the asymptotic expan-
sion. Explicit expressions shall be given for the first r values in the expansion
to aid in the understanding of the general expression for » > 0. The expres-
sion for y(t) exhibits two distinct hierarchies of scales — amplitudes w™" for
r > 1 and for each r, frequencies e’“™*“t. Construction involves first separat-
ing amplitudes and then separating frequencies. However, before deriving
the expansion, the procedure for incorporation of the initial conditions shall
be addressed.

3.1 The initial conditions

The initial conditions for the second-order differential equations are

y(0) = poo(0) =g, ¥'(0) = Ppo(0) = yp.

The ansatz must satisfy the same initial conditions,

Poo(0) + Plo +Z Z Prm(0) = yYo;

meU,



1

/
0 —_
P0,0(0) + o

P10(0) + Z iJmpz,m(O)]

melo

melly, mEUr 41

+§:2Cj {Z Prn(0)+ Y iompm,m(O)] = Y0

To this end, we set

Po(0) = vy, PB(O) = Yo;
P10(0) =0, Pio(0) == Y iompsm(0);
meUa
P2,0(0) = - Z p2,m(0)ap/2,0(0>
meUz\{0}
== > Phu(0)= ) iomps, (0);
melz\{0} mells

Pro(0) == > Pru(0),ppo(0)

mely\{0}
- Z Pim(0) — Z 10mPri1,m(0);
mell\ {0} =

3.2 The zeroth term » =0

We extract the O(1) terms from (2.3),

Poo + Z (i0m)*Pam "™ + f(Po,0)Po0 + 9(Po0) = Z am(t)e" e,
meUls meUy

where

fll(po,o) le(Po,o) fld(po,o)

F(Poo) = f21(?0,0) f22(Po0) -+ fad(Poy)

s )

far(Po) faz(Poo) -+ faa(Poo) | 4oy



gd(po,o) dx1

Equating the e’ terms results in for m = 0

P0,0(t) + £ (Po0)Poo(t) +g(Pop) =0, t >0,
po,o(o) = Yo» Pf),o(o) = y6‘

By setting Us = Uy U {0},
Om =FKm, m=1.--- ,M; o9g=ky=0, meUls,

the following expression is obtained for m # 0

p2,m(t) = (Z'/{m)27 m 7& 0.

3.3 The r =1 terms

When r =1, note that n =1 and I7; =1 and 6y = 1, Then

Z% Z O Z Z fJ(Z)(pO,O)[pél,klv"' 7Pen,kn]ei(“kl+"'+"’“n)“t

n=1 Leln k1 EZ/{gl kn €Uy,

1 10mW
= Z fj(u)(Po,o)[PLm]@ "

meUy

Based on the assumption that, p; ,, = 0, m # 0 and that U; = {0}, the

above term is reduced to f](i)(p070)[p170].
We now consider the O(w™!) terms

Pio+2 Z (i0m)Ph me ™" + Z (iom)* D3 e’ ™" + F(Poo)P1o

meUoa mels
+ f(Poo) Z (iam)Pz,mewmm + f(l)(Po,o)[Pl,o]P6,0 + 9(1)(170,0)[171,0] =0,
meUs



where

14 nalpal £ Gua)ipaal -~ 17 ()l

Do , 0/)P1o] b
f(l)(Po,o)[Pl,o] = . ? J

g%l)(Po,o)[Pl,O]
9(1)(170,0)[131,0]: 95 ( 0,.0)[171,0] 7

_gdl (Po,0)[P10) ] 4oy
in which

fﬁ)(po,o)[m,o] = V(fjv(Po,o))lxd X [P1,0]dx1,
9g; (Po,o)[Pl,o] = V(Qj(Po,o))lxd X [P1,0]dx1-

If m = 0, the unperturbed equation and the associated initial conditions
are obtained

P/f,o + f(po,o)PlLo =+ f(l)(po,o)[PLo]Pf),o + 9(1)(190,0)[191,0] =0
. 1
pi(0) =0, pUa(0) = = 37 (ikm)P5n (0).
meUa

If m # 0, we extract the terms with e?“m“!, Set
Us =UyU{0} ={0,1,2,--- , M} = U>.
It follows that
oo = 0, Om = Km, m € Us =Uy U {0}
and

1
p3,m - _; [2pl2’m + f(pgyo)pzm] P} m # 0

m

10



3.4 The r =2 terms

When r = 2,
1 i t . / ; t . 2 ] t
E Do me "™ + 2 E (i0m)P3 e’ ™" + g (i0m) " Pame" ™™
mela mels mely

/ 1omwt . 1omwt
+ f(Po,o) Z D2,m€ + Z LOmP3 m€ +
melly meUs

+ f(l)(po,o)[PLo] Pio+ Z iamp2,meiath
meUa

+Z DO Y D Faloo) [Pryy e o Pe ] €T

n= 1 ﬂE]In 2 k1 EUgl kn €Uy,

+Z Z Z Z Z g pOO pll,klv : ,P@mkn] Oy T Fok, Jwt _ )

eelny  ki€lly,  kn€l,

where

2
Z% Z O Z Z f p00 pél,kla"' 7pémkn}ei(okﬁ---wkn)wt

n=1 Lel, 2 kléz/lgl knEUen

= Z f Poo PQ,m]emmm

mEUz

+* Z Z -f pOO [Py 1o P, m2} e (Fmy Fhmy Jwi

m1 €l mao €U

= > P (poo)pa,mle™™ " + f(2)(P0 0)[P1,0, P10,
mela

and

2
Z% Z Oc Z Z 9 (Po.0)[Pey pys Doy g J€ TE TR )

n=1 " £€l, k1€Uy, kn €Uy,

1
Z 9 (po,0) [P2 e + 29( (p0,0)[P1.0-P1,0];
=

11



in which

hﬁmwmmugwmeJ ﬁgmmmm
f(l) (Po,o)[pz,m] f21" (Poo) [P2,m] f2(2) (Po,o) [P2,m) fg(d) (Po,0) [P2,m] ,

fﬁ)(po,o)[m,m] fé? (Po,0) [P2,m] - fcg.}g) (Po,0)[P2,m] dxd

£ (Po.0)[P1.0sP1o]

ff? (p0,0)[pl,Oapl,O] f%) (p0,0)[pl,Ovpl,O] fl(;g; (po,o)[Pl,o»PLo]
f2(1)(p0,0)[P1,07P1,0] f2(2)(P0,0)[p1,07P1,0] fg(d (Po,o)[pLo?Pl,o]

= 9

2
fc(lf) (Po,o)[Pl,oaPLo] ffé) (p0,0)[pl,Ovpl,O] fa(zd) (Po,o)[p1,07p1,o] dxd

1
ga({ ) (p0,0) [p2,m] dx1

2
95 )(Po,o) [P1,o, p1,0]

2) 952) (Po,o){Pl,o,PLo]
g (Po,o) [P1,07 p1,0] = . )

2
Qc(l)(Po,o)[PLo,PLo] dx1

and

I (0. 0)[Pa.m] = V(fjo(Po.0))1xd X [Pamlaxi,

82f'v (p )
fﬁ) (po,o)[Pl,mPl,d = [Pl,o]lxd e [PLo]dxh
OYmy, OYms dxd

gj('l)(po,o)[sz] = V(9;(Po,0))1xd X [P2,m)ax1,

(2) a 0 fjv(Po,0)
9; (p0,0)[pLOapl,O] = [p1,o]1xd v [pl,o]dxl
Ym1OYmy dxd

with py ,,,(t) = 0 for m # 0.
In the case m = 0,

Py o+ f(Poo)Pao + f(l)(Po,o)[PLo]Pll,o + f(l)(Po,o)[P2,o]p6,0

12



1 1
+§f(2) (Po.0)[P1,0:P1,0lP00 + 9(1)(1?0,0)[172,0] + 59(2) (Po,0)[P1,0: P10l = 0;

pQ,O(O):_ Z P2,m(0);

mel\{0}
Pho(0)=— > Ph(0)= D ikimps,,(0).
melz\{0} mells

Set Uy = Uy U {0} = {0,1,2,--- ,M}. This means that Uy = Us = Uy
and 0y, = Ky, m € Uy. If m # 0,

1 ) .
p4,m = - (iﬁm)Q [pg,m + 2<Z’l€m)pg,m + f(p0,0) (pIQ,m + ZK;mpS,m)
+ f(l)(po,o)[Pl,o]mmPQ,m + f(l)(Po,o)[pQ,m}Pf),o
+ 9(1)(P0,0)[P2,m]} ; m # 0.
3.5 r=3
When 7 = 3, the O(ZJy) terms are collected
Z pgmeiamwt ) Z (iUm)p£17meiath + Z (iam)2p5’meiamwt
meUs meEUy meUls

/ 1omwt . 1omwt
+ f(p0,0) Z b3t + Z LOmPyme
meUs3 mely

+ f1(Po,0)[P1,0] Z Ph e 7 + Z i0m D3 e
mells mells

: 1
+ Z FO (Do) [Pa,mle’ ™" + §f(2) (P0,0)[P1,0,P1,0]
mells

/ . 10mwt
X pm—l— g WOmPy me "
meUs

3
1 i(o cetop Jw
N ey D B0 [Pa P ] €T g

n=1""¢elp3 ki€l  kn€ly,

13



+ Z Z O¢ Z Z g pOO péhk17 e ’pfn,kn] Ok, T Fok, Jwt

n= 1 lEHng k1€Z/{[1 knEZ/fgn
=0.

Since I13 = {3}, 03 = 1, I3 = {(1,2),(2,1)}, 012) = 2, I33 = {(1,1,1)},
0(1,1,1) =1 and Pim = 0 for m # 0, we get

Z Z O Z Z fn pOO pél,kl, e ?pfmkn] ei(Ulir---Jrakn)wt

n= 1 fGHn 3 k1€Ugl knEZ/{zn

— Z f( ) pOO [p3 zamwt+ Z .f pOO p1707p27m]6iamwt

meUs meUa
1
+ éf(g) (Po.0)[P1,0, P1,0) P1,0)-

Therefore, the complete equation for » = 3 becomes

// i t . / i t . 2 ] t
E P e+ 2 g (10m )Py me" ™" + E (iom) P5 me’ ™™
mels meUy meUs

/ Lo mwt . iomwt
+ £ (Do) | D Pame ™+ Y iompy e
mells meUy

+ £ (py 0)[P1,0] Z Ph e + Z iOmP3 e T
meUz meUs

1OmW 1
+ Z f(l)(Po,o)[Pz,m]e mt §f(2)(1?0,0)[p1,0ap1,0] Pll,o

f(2)(p0’0)[p170,p1’0} Z Z'Umpgmew"”m
melo

+ Z Z f pO 0 pQ m2] (io’m1 )p2,m1 ei(crm1 +0mq )wt

m1EU2 moEUs

Z f( pOO p3m zamwt+ Z f pOO p1,07p2,m]eiUth
mels mela

1
+ *f(g) (Po,o)[Pl,o,PLo,PLo]] pf),o

6
+ Z (Do) [P3.mle™ ™ + Z 9P (Po,0) P10 Pomle ™!
meUs mela

14



1
+ 69(3) (Po,0)[P1,0>P1,0:P10] = 0,
where the terms
f(l)(p0,0)[pZ&,m]a f(Q) (p0,0)[pl,Oa p2,m]7 9(1)(P0,0)[p3,m},
9(2) (po,o)[Pl,mPQ,m]
have the same form as the case r = 2.

f(g) (p0,0>[p1,07p1,07p1,0] =

3 3 3
f{éi(ﬁo,o)[pm,Pl,OaPl,O] f%;(l’o,o)[m,o,Pl,o,pl,o] flig;(Po,o)[Pl,O’Pl,o,pl,o]
for (p0,0>[p1,07p1,0ap1,0] f2 (p0,0)[pl,Oapl,mpl,O] o fog (p0,0)[pl,Oapl,Oapl,O]

)

3 ' 3 3
f¢51)(P070)[P1,07P1,0aP1,0] fg(zg)(Po,o)[Pl,oaP1,07P1,0] fd(d)(p(m)[pl,Oapl,Oapl,O] dxd

3
91 )(p0,0)[pl,Ovpl,Ovpl,O]

3
(3) |92 )(Po,o) [P1,0P1,0, P10]
g (Po,o) [P1,07 P10, p1,0] = : )

3
gc(l)(po,o)[Pl,O’Pl,o,pLo] dx1
in which
3
f](v)(Po,o)[m 0 P1,0: P1, o}

:iiiafﬂw@ )
1=1j2=1j3= 83/]18%28%3 1,0/71\#1,0/52\P1,0/ 73>

d d d
3 g] Poo
9]( )(Po,o)[PLo,Pl,o,PLo] = Z Z Z 8y 9y, 0y, (P1,0)j1 (pl,O)jQ(pl,O)js
j1=1jo=1 jas=1 1Y 5327 I3

and (p,;)s denotes the s-th element of the vector p, ;..
We now consider the construction of the set Us. Us must include terms with
ki +kj fori,j =1,2,---, M. Therefore, let

Us = Uy U{(m1,mz) : 1 <my <my < M},

Now for i # j, k; + K; may result in a term in U;. However, it may also
result in terms not in Uy. These are the terms included in U5 \ Uy. For

15



0 < 41 < ¥ty < M, define the multiplicity pZL ¢, 88 the number of cases

when Kr(ey) T Kn(ts) = Fm; where 7(¢) is a permutation of ¢. Let pZ}é;”’z

be the number of permutations such that kr) + K@) = Kmy + fm, for
0§€1§£2§Mand1§m1§m2§M.
If m = 0, the terms with respect to o9 = 0 obey

p:’sl,o + f(Po,o)pé,o + f(l)(Po,o)[Pl,o]Plz,o + f(l)(po,o)[pQ,o]Pﬁ,o

1
+ Qf@) (p0,0)[pl,Oapl,O]p/l,O
+ Z Z Z 09, 0,160, FV (D0 0) [P0, P20

01EUs boeUs Koy +H[2 =0
£1<tls

1
+ [f(l)(Po,o)[pg,o} + f(2) (p0,0)[pl,me,O] + éf(?)) (p0,0)[pl,Ovpl,mpl,d pf),o

1

+ 9(1)(P0,0)[P3,0] +g@ (Po.0)[P1,0>P20) + 69(3) (Po.0)[P1.0P1,0:P10] =0,

with

P3,0(0):_ Z P3,m(0)7

meldz\{0}
pé,O(O) == Z pg,m(o) - Z Z‘H’mpél,m(o)'
meUs3\{0} meUy

Then match all the terms in Uy \ {0} C Us. This yields the recurrence
= (#m)*Ps . = P + 2(i6m)Plyn + F(P0,0) (P + 6mPan)
+ £ (o0)[P1o) (Phm + iKmPs,m) + £ (o,0)P2,mPh 0
1 . .
+ §f(2) (Po,o)[P1,07P1,o]mmp2,m + Z PZ,ZQ (mel)f(l)(po,o)[Pz,eg]Pz,él

Keq +5Z2 =Km
1<l

+ (f(l)(Po,o)[P?,,m] + f(2) (p0,0)[pl,OaPQ,m]> P6,0
+gW (Po0)[P3.m] + g? (P0.0)[P1,0s P2.m]-

Finally, we match the terms in U5 \ Uy. Define the pairs (¢1,/2) satisfying

16



0y <ty and Ky, + Ky, # 0 for 5 =0,1,--- , M. It follows that

(i(Km, + Fimz))zpam == Z PZlé;m (“%)f(l)(Po,o)[pug]Pz,el-

Kgy They=Kmq+Kmy
41 <L

These are all terms with respect to r = 3.

3.6 The general case r > 1

The terms in U, 41 are composed of kj + kj, + -+ + Kj,, ¢ < r and
J1 < jo < -0 < jge Set pml" mq to be the number of distinct p-tuples
(¢1,---,¢p), where each ¢; and m; he in {0,1,2,--- , M}, mg <mg <---my,

such that
p q
> e = >t
i=1 i=1

Extract all the terms at the level r

/! : t . / 1omwt . 2 1omwt
> P 42 Y (i0m)Phg € Y (i0m) P m €
meUy meUr41 mEUr 2

+ f(Poy) Z P €7 4 Z iOmPy i1 me’ "

meUy, mEUr 41

+ z Z Oe Z Z f poo pgh,ﬁ, cae ’pfmkn] ei(0k1+---+okn)wtp67o

n= 1 lEHn r k1 EUgl knEUzn

+ Z ril Z 92 Z Z .f pOO pfl,kla te 7p£n,kn] ei(0k1+'“+0kn)‘*}t

n=l" Lelnr—1 Fk1€Uy  kn€ly,

/ . : t
X | P1po + E ZO‘mPZ,mewmw
meUoa

— r—r1

+Z Z Z O¢ Z Z f poo pel’k17"'7p€n,kn] ei(0k1+'“+0kn)wt

r=2 | n= 1 lG]InT " k1€Ug1 kn €Uy,

/ 1omwt . 1omwt
X E Py, m€ mEr 4 E LOmPr+1,mC m

mGZ/{rl mEL{r1+1

17



—I—Z Z 62 Z Z pOO pfhkl’”. 7p€n7kn:|e
n= 1 " ecl, . k1€Uy, kn€lUy,,
where
f(n)(Po,o) [pfl,klu T ,Pen,kn} =
fl(Tll)(pO,O)[pﬁl,ky T 7pZn,kn] ffg)(po,o)[wl,kla T

fz(?) (Po,o) [Pel,kp Tt (n)

apfn,kn] o f2d (p0,0)[pél,kla o

i(Jkl + otk )wt =0
)

7pén,kn]
) pén,kn]

15 P00 e Poin) 153 P00 Pesses P | g
9§n) (Po,o)[Pel,kla T apén,kn]
(n) gén) (Po.0)[Pey s+ 5 ey 1)
g (Po,o) [pél,kla"' vpfn,kn} = .
0 o) Pk o) ) gy
and
fﬁ) (pO,O)[pEI,kp T vpfn,kn]
d
anfjv(po 0)
= Z W(le,kl)jl (P ko )i
ii=l ga=1 Y0 Yin
(n
9; (Po,o)[ml,kl, T apén,kn]
d d
o gj POO
Z Z: 3%1 . 3%” (pfl,kl)ﬂ e (plfn,kn)yn

There are two kinds of frequencies that feature above:

7 O’k1+'~~+0'kn)wt —

e ( emwt7

il

qeEUr,, o, €Uy, (cl,,, or

where r; > 2 is fixed. Now let
3
=D fim,»
j=1
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for £ € {1,2,---,7 or r—1}and 0 < my <mg < --- <mg < M. If
1N € Ury1, there exists o, = n for m € U,41. Otherwise, add to U1 the
ordered &-tuple (mq,ma,--- ,m¢) to generate the set Uy4o.

We impose the same natural partial ordering on U, as in [4]: first the sin-
gletons in lexicographic ordering, second the pairs in lexicographic ordering,
then the triplets etc. This defines a relation m; < my for all my, mo € U,

Wi, = {(e,k) Pk €Uy, £ €Tnp, > Ok, = O, k1 20 X kn}
=1

for all m € U, and n € {1,2,---,r}. For the second frequency form, for
fixed 1 > 2 and g € U,,, define the relation

Witm—q = 1(r1,q,£,k) : ki € Uy, , £ € Ty, m € Uy,

n
Zaki :Um_UQ7k1 j jkmqeum}
=1

m—q

The corresponding number of distinct p-tuples (k1,- - , kp) is defined as pj,
such that k1 < ko <--- < kp,
Uk1+"'+0kp =0m — 0gq

for the fixed q € Uy, 1 > 2.
Firstly, we obtain the terms in U2 which lie in the set U,, i.e. the case
m € U C Up42. Then we get

(iam)Qpr+2,m = _plrl,m - Q(iam)p;“+1,m - f(p0,0) (p;“,m + Z‘O-Tl’bpr—‘,-l,m)

'
|
=D > 0 D A F00) [Pes Pk Pho

n=1"Lel,, (Lk)EWR,,

r—1
1
_Zﬁ Z O Z lef(n)(l’o,o) [Pel,kla"',Pen,kn]Pﬁ,o

n=1"" tely,—1 (Lk)EWE,,

r—1
- Z Z% Z Op Z P;cn_qf(n) (Po,o) [ph,kv e ’pfmkn] 104P2,

q€U2 n=1 ) ‘eeﬂn,rfl (27Q7£7k)ew7’?7m7
r—ry

r—1
-2 1> % > b > T 000) [Poys Pk

ri=2 n=1 ‘eeﬂn,'rfrl (leqrz’k)ewn

T, m—q

q
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/ .
X Zprl,q+ Z L0qPri+1,

qEUrl qEUrl +1

B Z% Z O Z p’,;‘g(”)(pm) [pél,k17 Dl ] -

n=1 " Leln, (Lk)EWS,,

When m = 0 in the above equation, oy = 0. Therefore, the term p,q
can be computed as

p?,o +f (Po,o)p;,o

,
1
+ZE Z Oe Z P%f(n)(po,o) (Do, > P k] PO

n=1""Leln,r  (LK)EWD,

r—1
1
+Zm Z Oe Z P%f(n)(Po,o) [Pey ey s Pey k] Pho

n=1""Lelyr—1  (Lk)EW!,

r—1
1 v eim '
+ Z Z E Z (9( Z pk:qf( )(p0,0)[pél,kl’ T ,Pghkl]wqplq

qel/{Q n=1 ’ Eeﬂn,r—l (27Q7evk)ewn
T—T1

r—q
r—1
+ Z Z % Z Oy Z P;;qf(n)(Po,o) [pfl,kl’ e ’penvkn]

’r‘1:2 n=1 ’ ‘ee]ln,rf'rl (r17q=‘e7k)ewn

™—q
/ .
x Z Priq T Z L0gPr 41,4

qéurl qEUr1 +1

1
D > 0 D g Poo) [Pe o Pe] =0

n=1""Leln,r (LK)EW],

The corresponding initial conditions are

pr,O(O) = - Z pr,m(0)7

meld:\{0}
p;,O(O) = - Z p;’,m(o) - Z iampr-l—l,m(o)'
mel,-\{0} meUr41

Secondly, consider m € U, 11 \ U, which belong to U2,
(iam)Qpr+2,m = —Q(iUm)p/rH,m - f(Po,o) (iamprﬂ,m)
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1
- Z ol Z Op Z P;gnf(n) (Po,o) [pehkp T 7p£n,k:n] p6,0

n=1"" tely,  (ER)EWD,

r—1
1
— Z ] Z Oe Z pr £ (Po,0) [Peykrs Py k) Plo

n=1 """ €€l ,—1 (LR)EW! 1 1

r—1
_ Z Z% Z 0, Z P F ) (pg o) [Pes by Pe e, ] i04P2

qEL{z n=1 ’ [eﬂn,r—l (27Q7£7k)ewn
r—r]

r+1,m—q
r—1
_ Z Z % Z Op Z le_qfn<p0,0) [pél,/ﬂ’ o ’pfmkn]

r1=2 | n=1 ’ KEHn,r—rl (T17Q7evk’)ewll-§—l,m—q

’ .
X Z Driq + Z 10qPri+1,q

qEUrl qeurl +1

T
— Z% Z B¢ Z ﬂLnQn(Po,o) [Pel,kp T vpén,kn] :

n=1 Zeﬂn,r (Evk)EW:LJrl,m

From this equation, the term Driom, M € Ur11 \ Uy C Uy 12 is derived.
Finally, extract the terms p, 9 ,,, m € Upy2 \ Up 1.

2
(Zo—m> Priom

"1
= —Pf),o Z ! Z Oe Z lef(n) (Po,o) [Pel,kla T »Pen,kn}

n=1" Leln, (LK)EW! s

r—1
1
— Z E Z 0( Z lef(n) (p0,0) [pél,kp o 7p£n,kn] p/LO

n=1"" £€l,,_1 LR)EW! 5

r—1
_ Z Z% Z Op Z le—Qf(n)(pop) |:p€17k1’ . 7p£n7kn} i04Pa.

q€Us n=1 ’ Zeﬂn,r—l (27Q7lvk)ewﬁ+2,qu

r—1 [r—ry

fZ Z% Z Oe Z Pkquf(n)(l’o,o) [pélvkl’.“7pen’k”]

r1=2 | n=1 ZEHn,rle (Tlaqka)ewfﬁ»lqu

’ .
X E Dy 4 + § : 0qPri+1,q

q€Uy, q€Ur| 11
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)
1
=D > e Y Ruo00) [Pes Pk
n=1

!
el (LR)EW!,

We can compute the term p,..5,,, m € Upi2 \ Upy1 directly from this
equation.

4 Numerical experiments

In this section, we present some examples that illustrate the construc-
tion and properties of the expansion given in Section 3. In all cases, we will
compare the approximation given by the first few terms of the asymptotic-
numerical solver with the exact solution (which will be computed numeri-
cally with standard MAPLE routines up to prescribed accuracy.) We use the
notation

S
1 i
es = |y(t) — Z o Z Prm(t)e’ mwtl s >0
r=0 meUy,

for the error.

4.1 Example 1

We consider first the scalar Van der Pol oscillator. Its governing equation
is

y'(t) — p(1 =)y (t) +ey(t) = Fu(t), y(0)=1, 3(0)=0, (41)

with
Fuy(t) = Y am(t)e™",
meUp
where Uy = {1,2}, k1 = 1, ko = /2, p = 0.744313, € = 0.983299, a(t) = 1
and ag(t) = t.
We will work out the first four terms of the asymptotic expansion (r =
0,1,2,3)

1 1 10mwt
y(t) ~poo(t) + —pro(t) + —5 |p20(t) + > pam(t)e
mel\{0}
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1 LT mW
+g [pso(t) + D pam(t)e !
mels\{0}

Taking r = 0, we obtain the two equations

Pio+ (5 — D)pho +epoo, po(0) =1, py(0) =0.

and
anm,(t
Pam(t) = (mm))2’ m=1,2,
where
1 t
t) = )= ——
p2.1(t) (ir1)2’ p2,2(t) (ir2)2’

When r = 1, the resulting equations are

Plo+ 1pho — VPl + 2uph opo,opro + epro =0,

1
0)=0 L o(0) = ——.
pl,O( ) ) pl,O( ) 7:/431
and
1 / 2
P3m(t) = T [sz,m + M(Po,o - 1)pz,m} ;o m=12,
m
Thus
(P50 —1) 1 5
p3a(t) (im)? p32(t) (ima)? (2+ pt(pgo—1))

With r = 2, the term p’2'70 satisfies the differential equation

Pao + M(p(QJ,o — 1)pyo + 214p0,001 0P1,0 + 21400 0P0,0P2,0 + 1P0 0P1,0P1,0

+éep2o =0,
1 1
p2,0(0) = ) Poo(0) = G

23



In addition, p4,, for m #0

1K1

1

paa(t) = ~lira)? [=3u(pgo — 1) — 2utpooph o — wt(pge — 1)

1 .
paa(t) = ) [—2upo,0000 — 12 (0G0 — 1)* + 2u(ir1)po,op1o + €] »

+ 2ut(ik2)po,op1,0 + €t] ;

When r = 3, the term p3 g obeys
P30+ (P50 — 1)pho + 21p0,0p1,005,0 + 215 0P0.0P2,0 + P 0P1LOP10
+21p.0(po,op3,0 + P1,0P2,0) + €p30 = 0

subject to the initial conditions

2 , €
(Z‘Iﬁg)?” p3,0(0) - (iHl)S.

p3,0(0) =

Figs 4.1 and 4.2 show the asymptotic error with r = 0, 1, 2, 3 for w = 100
and w = 1000, respectively. As evident from these figures, the asymptotic
error decreases for increasing r. Furthermore, the accuracy of the asymptotic
method increases greatly for the same number of r levels for higher values of
w. This feature makes the method most suitable for simulation of modern
electronic systems where ever-rising frequencies are present.

Focussing on the CPU time, some impressive results are obtained when
the asymptotic method is compared to the Runge-Kutta method. While
the asymptotic method takes about 5 seconds to compute the solution for
w = 500 and w = 5000, the rkf45 method takes about 207 seconds for
w = 500. Moreover, this increases to 2432 seconds for w = 5000. Again, this
marks the significant value of the method for computing results involving
very high frequencies.

4.2 Example 2

To illustrate the use of the asymptotic method for a second-order differ-
ential equation system, a coupled Van der Pol-Duffing oscillator is chosen
from [1],

i — (1 —22)i 4 vz = a1y + agy + 1(t)
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real and imaginary parts of eo. The bottom row: real and imaginary parts
of eg for w = 100.

" H“HM“HI Ll H “ L M HMM\H
HH“““HIM il i U‘ H m an (it

P29

25



.. . | e 1]

. T eV

o .m.m.\ el I il ‘H H‘ i::i:“‘:

”W’“‘WWW i

e |l T
7 "‘\‘\‘\HHHH\HH“HM" ml'y’“'\”l‘, :l_x 10:9: "W"”“ MM HH'\

_ -3.x 10
-2.x10 ™

-4.%x 10"

-3.x 10 7

2.x10 7]

5.x 10" '

-1.x 10

1.x 10"

1 mh’\’h “

-1.x 10"

-2.x 10 "7

-3.x 10 "7

—4.x 10" 1%
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i+ p2y + Yy + coy® = azd + aqx (4.2)

The forcing term ¢(t) is composed of two non-commensurate frequencies.

M
u(t) = Z an(t)e“mt
m=1

In equation 4.2, j; = 0.744313, po = 0.668083, aq = 0.235191, as = O,
as = 0.981204, ay = 0, v = —1.6, ¢y = 0.222375, v = 0.983299, k1 = /2,

Ko =2,
=[] - [3]

and the initial conditions are z(0) = 1, 2’(0) = 0, y(0) = 0, ¥’(0) = 0. Let
Doy = [ (Pe)1 ] where (p ), is the j-th elements of the vector p, ;. The

(Pe,k)2

corresponding representation functions in this equation are

s = | O] ) = [ GO D]

—Q3 H2 (07 0) (07 0)
2 0
f(2)(y)[1?el,k17pz2,k2] [ M(pzl’klgl(pb’b)l 0] ,
( )_ vr
TI =y + oy | +360y
0

(2)
g (y)[pf17k17pé2,k2] |:6coy(pel7k1)2(p£2’k2)2:| 9

9(3)(11)[1?@ kys Pl keys Pts ks> | = [ 0 ]
DRLTEER R TETSRS 6¢0(Pry &y )2(Pry 1y )2(Prg 1y )2

The remaining terms are zero.
Assume that the the unknown functions x(¢) and y(t) are

[x(t)

1 1
y(t)] Poo + 1’10+ [P20+P21€ ! t+P

zngwt]
]‘ 3 t 3 t
T (P30 + P3 1€ + pg 0e™ ] .

The initial conditions are,
1 0
Poo(0) = [0] , Doo(0) = [0]
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The basic equation is

(Po,o),f M1 ((P0,0)% - 1) —Q1 (Po,o)ﬁ U(Po,o)l _
[(po,o)g} * [ —aQ3 H2 } [(Po,o),z] * [7(170,0)2 +CO(P070)§ =0

Po(0) = [(1)] » Poo(0) = [8] :

Moreover, we have

Dpo1(t) = (12 [H , Dog(t) = — : 2 [Sigt] :

K1)

For r =1, the equation for p,  is

[(Pl,o)/q " [Ml((Po,o)% —1)(p1o)1 — 041(1’1,0)’2}
(P1,0)3 —a3(p1 o) + H2(P10)3

2011 (Po,0)1(P1,0)1 (Poo)’ UtPr0) N
T R Sl B PO R B

with the initial conditions
0 1 1
P = 0] o= ] {]
and

; [Ml((?o,o)% - 1)] ’

p3,1(t) = _(iﬁl)s —a
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(1) = -1 [m((Pog)i — 1)sint + 2cost
Paalt) = (ikg)3 —agsint :

The r = 2 terms are
[(Pz,o)/q + [Ml((Po,o)% - 1)(172,0)/1 - 041(172,0)/2]
(P20)3 —a3(Pao)) + H2(P2)s
n 2M1(P0,0)1(P1,0)1(p1,0)/1] n [2N1(P0,0)1(P2,0)1(Po,o)ﬁ}
0 0

(Po,o)/l U(P2,0)1
* 0 } " [('Y + 300(170,0)%)(1?2,0)2]
0

_Ml(Pl,o)%
;] =0
| 3¢o (P0,0)Q (P1,0)2

—+

with the initial conditions

1
Poo0) =~z | o |+ Phol0) = [ Ry ] 7

and

_ 1 —4u1(Poo)1(Poo)1 | | wi ((po, )2—1)2 + a3
Pia ) (k)% {[ 0 1] [Oélsm (0(;701,0)%*1) — poa3

+ (ik1) [2M1(P0,031(P1,0)1] + [Qlll(Po,ogl(Po,o)q + [8] }7

p472(t):_<m12)4{[—sént}+{vs(i)nt]

_ o | Hrcost ((Po,0)7 — 1) + 2p1 sint(po )1 (Po)y — 2sint
—agcost

+ M1 ((po,o)% - 1) —ap | | = ((p()’())% — 1) sint — cost
—Qg H2 agsint

+ (iky) [2u1(po,0)1ép1,o)1 Sint} n |:2M1(p0,0>1(()p0,0)/1 Sint] } '

Similarly, the term pg , satisfies

[(Pg,o)/f] N [m((po,o)% -1) —al] [(pg,o)’l]

(P370)/2/ —a3 M2
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n _2M1(P0,0)1({)’1,0)1(?2,0)/1] n [2M1(P0,0)1(g2,o)1(p1,0)/1}
n _Ml(Pl,o)%(pl,o)’] n [2/“(170 0)1(P3,0)1(Po, 0)/}
i 0
+ _2N1(p2,0)1(g10 (Po,0)1 ] [74—30 ))1)(p )}
L G 3,0)2
o 0 } 0.
_600(170,0)2(171 0)2(P2 0)

with the initial conditions
.LS
P3,0(0) = [ (ir2)

(ik1)3

v—ajos
/ o (ik1)3
’ p3,0(0) - [ 2a p2a3 ]
(11123;3 + (ik1)3

For r = 0,1, 2,3 in the expansion, Fig. 4.3 illustrates the real and imag-
inary part of the errors for the first variable z(¢) with w = 100, compared
with the Maple routine of Runge—Kutta method. Fig. 4.4 illustrates the
results for y(t) .

In Figs 4.5-6 we have displayed the real and imaginary parts of the errors
when the oscillatory parameter is w = 1000.

It can be seen that the error of the asymptotic method reduces greatly
with increasing w. In terms of the CPU time, the asymptotic method takes
9.5 seconds, compared to the Runge-Kutta method which takes 375 seconds
for w = 500 and 5145 seconds for w = 5000.
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The third row: real and imaginary parts of es. The bottom row: real and
imaginary parts of es for w = 100.
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Figure 4.5: Equation (4.2), z(t). The top row: real (the left) imaginary
(the right) parts of ey. The middle row: real and imaginary parts of e;.
The third row: real and imaginary parts of es. The bottom row: real and
imaginary parts of es for w = 1000.
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Figure 4.6: Equation (4.2), y(t). The top row: real (the left) imaginary
(the right) parts of ey. The middle row: real and imaginary parts of e;.
The third row: real and imaginary parts of es. The bottom row: real and
imaginary parts of es for w = 1000.
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