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ABSTRACT

M ost machine components  and structural  members  are subjec ted to complex  loading 

condi t ions dur ing  service Typical  complex  loading condi t ions can be observed in the 

case o f  a bolt  W hen  a bolt  is t ightened to bring machine  components  together,  

s tresses such as tensi le  stress (clamp load/area) ,  and tors iona l  or shear s tresses 

(proport ional  to applied torque) are developed  in the shank and bolt  threads To 

simpli fy  the complex  relat ionship be tween t ightening torque,  fr ict ion co-eff icient  and 

the pre load  in the fastener,  a circular  rod is chosen to represen t  the problem 

Inves t igat ions  were carr ied out to determine  1) how the external  tensile load affects 

the magnitude o f  the ini t ial ly applied torque,  and 11) how applicat ion o f  torque affects 

the ini tially applied axial load or pre load in a spec imen in elast ic-plast ic  range 

A p r e l i m i n a r y  s tudy  on c o p p e r  s p ec im en s  was  u n d e r t a k e n  to ga in  k n o w led g e  

abou t  e l a s t i c -p l a s t i c  b e h a v i o u r  u n d e r  c o m b in e d  t e n s io n  and to r s io n  load ing  

V ar io u s  c o m b in a t io n s  o f  c o m b in e d  t e n s io n  and  to r s io n  load ing  c o n d i t io n s  were  

ap p l ied  on the  sp e c im e n s  to e s tab l i sh  the p r o p e r  f u n c t i o n in g  o f  a r e c o m m is s io n e d  

t e n s io n - to r s io n  m a c h in e  and  a d e d ica te d  Lab  V IE W  p ro g ra m  

E x p e r im e n ta l  i n v e s t ig a t io n s  on A lS iC  M M C  rod  sp e c im e n s  revea l  tha t  the rod 

can sus ta in  c o m b in e d  ax ial  load  and  to rque  w e l l  b e y o n d  the  c o m b in e d  ini t ial  

y ie ld  cu rve  W h e n  the sp e c im e n  is su b je c t e d  to an in i t ia l  ax ial  load or to rque  

fo l l o w e d  b y  to rq u e  or  ax ia l  load  re spec t ive ly ,  the s u b s e q u e n t  load  or to rque  

b e c o m e s  d o m i n a n t  in d e s c r ib in g  the e l a s t i c -p l a s t i c  b e h a v i o u r  o f  the  s pec im en  

The  in i t i a l  load  or  to rq u e  in the sp e c im e n  does  n o t  a f f ec t  the s u b s e q u e n t  to rque  

or  load  ca r ry ing  c a p a c i ty  o f  the spe c im e n

A sp e c im e n  su b je c t e d  to a co n s ta n t  r e la t iv e  e x t e n s io n  and  ang le  o f  tw is t  can 

sus ta in  the c o m b in e d  ax ial  load  and  to rq u e  w e l l  b e y o n d  the c o m b in e d  ini t ial  

y ie ld  cu rv e  It is a p p a re n t  tha t  the  sp e c im e n  ca r r ie s  r e l a t iv e ly  h ig h e r  axial  load  

w h en  the lo a d - to rq u e  pa th  is c lo se r  to the  ax ial  load  axis  S imi la r ly ,  the



sp e c im e n  car r ies  re l a t iv e ly  h ig h e r  to rque  w hen  the lo a d - t o r q u e  pa th  is c lo se r  to 

the to rq u e  axis

In a dd i t ion  to the ex p e r im e n ta l  in v e s t ig a t io n ,  a c o m p re h e n s iv e  f in i te  e l em en t  

m o d e l l i n g  o f  c o m b in e d  tens ion  and to r s ion  lo a d in g  o f  a m ode l  was  u n d e r ta k e n  

tha t  inc ludes  bo th  g e o m e t r i c  as well  as la rge d e fo r m a t io n  ef fec t s  for  c ap tu r ing  

ax ial  and shea r  s t resses

A m e t h o d o lo g y  for  the  f in i te  e l e m e n t  ana lys i s  o f  s o l id  rods  u n d e r  c om bined  

te n s io n  and  to r s ion  loads  was  d e v e lo p e d  T he  n u m e r i c a l  m o d e ls  have 

s u c c e s s fu l ly  c a p tu r e d  the bas ic  f ea tu res  o f  the e l a s t i c -p l a s t i c  r e s p o n s e  o f  the 

A lS iC  m e ta l  m a t r ix  co m p o s i t e  and d e m o n s t r a te d  the  e f fec t  o f  pa r t i c le  inc lus ion  

in the overa l l  f low  p ro p e r t i e s  o f  the co m p o s i t e ,  w h i le  d e m o n s t r a t in g  some 

l im i ta t ions
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1 INTRODUCTION

1 1 B A S I C  P R I N C I P L E S

M ost structural materials undergo an elastic state before a plastic state is 

reached This applies to both material behaviour o f  a cross-section and the 

structure as a whole For a structural member under increasing load, the variation 

o f  the load from a fully elastic state to a fully plastic state is shown in Figure 

1 1 It can be observed that each pomt termed plastic hinge, corresponds to a 

fully plastic state of a certain cross-section m the member The elastic state o f 

the member corresponds to a load level below the first plastic hinge The elastic- 

plastic state of a member corresponds to a load level between the first and the 

last plastic hinge Analysis at this load level is called elastoplastic or elastic- 

plastic analysis The slope o f  the curve indicates the relative stiffness o f  the 

s tiuc tu ie , the stiffness decreases as more cross-sections become plastic Elastic- 

plastic design makes use o f  the reserve strength beyond the elastic state o f  the 

structure, and this reserve  strength  was obtained due to the strain hardening 

property  o f  the material Strain hardening occurs when a metal is strained beyond 

the yield point Plastic deformation o f the metal creates d islocation Upon 

extensive deformation, dislocations multiply and increase the strength o f  the 

metal An increasing stress is required to produce additional plastic deformation 

and the metal apparently becomes stronger and more difficult to deform Plastic 

defoim ation beyond yield point o f  the metal requires an increasing load but at a 

decieasm g rate The reserve strength o f  a structural member, which allows the 

members to be loaded jus t over the yield load, is utilized in the e lastic-plastic  

design o f the members As a result, a more economical design due to material 

saving can be achieved when using an elastic-plastic design method 

Standardised test procedures such as tension testing, torsion testing, and bend testing 

are carried out on material to determine its mechanical properties such as Young’s

1



modulus, Yield strength, and Ultimate strength These test procedures can predict 

with some certainty how the material will behave in actual service Yet, these 

umaxia! tests were found to be inadequate to describe the material behaviour 

completely Most machine components and structural members are subjected to 

complex loading conditions during service Typical complex loading conditions can 

be observed in the case of a bolt When the bolt is tightened to bring the machine 

components together, stresses such as 1) tensile stress (clamp load/area), 1 1 ) torsional 

or shear stresses (proportional to applied torque) are developed in the shank and bolt 

threads In addition to these stresses, thread friction and frictional forces between the 

component surface and nut face are also developed during bolt tightening

Displacement

Figure 1 1 Elastic-Plastic state o f  a structural m em ber 

1 2 I N T R O D U C T I O N  T O  T H E  R E S E A R C H  T O P IC

Structural elements and machine components are usually designed so that material 

does not yield beyond a plastic strain of the magnitude of the elastic strain under the 

expected loading conditions The magnitude of the stress, which causes the material 

to yield under uniaxial or combined loading, can be predicted well using various 

theoretical 'yield criteria' Structural engineers and machine designers are much 

concerned with elastic-plastic problems where the plastic strains are of the same

2



order of magnitude as the elastic strain With much attention being paid to the saving 

of weight m aircraft, missile and space applications, designers can no longer use 

large factors of safety and designing must be done for maximum load to weight ratio, 

and this inevitably means designing into the plastic range

Defoimation in the elastic-plastic range is more difficult to calculate than elastic 

deformation because the relationships between the stresses and strains are non-linear 

and are dependent on the loading history Furthermore the stress distribution in most 

structural members loaded into the elastic-plastic range is also difficult to determine, 

because the shape of the elastic-plastic interface is itself related to the stress 

distribution and is therefore unknown until the complete solution is found However, 

for a solid circular rod subjected to combined torque and tension, this restriction is 

lemoved since the shape of the interface must be annular to preserve axial symmetry 

[1] One of the many applications wherein a solid circular rod is subjected to 

combined tension and torsion loading condition is the bolt

1 3 I N D U S T R I A L  A P P L I C A T I O N

Greater demand for safety, reliability and maintainability are being placed on 

products through government regulations and consumer pressure On the other hand, 

companies are trying to cut raw material cost, improve design and enhance 

manufacturability Since almost all manufacturing involves some form of component 

assembly, one logical place to tackle the problem is in the items and methods used to 

hold these components together

Assembly applications can be classified into three categories as,

• Permanent joints, created by welding two components,

• Semi-permanent joints using rivets or pms and,

• Temporary Joints using bolts and nuts, screws, etc ,

Fastening bolts are still the most frequently used method m joint technology They 

aie by far the most commonly used system for achieving safety, reliability and 

maintainability
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Designers aie reducing the margin of safety that is built into the machine This 

change is accountable to the aerospace industry, which works with a very low safety 

factor as the maximum expected load This forces fastener systems into more acute 

peiformance ranges Considerable investigations are still being carried out into bolted 

joints, especially into quality of the tightening involved and into the bolt itself 

Bolted joints still pose many problems for engineers, since they involve complex 

paits working under severe and often limiting conditions

The design and assembly of bolted joints must assure that the joint remains tightly 

clamped and the fastener is capable of withstanding the static and dynamic loads that 

are applied Service performance of the joint depends on many factors, such as the 

properties of the fastener material and the structure being clamped, response of the 

bolt and the joint under additional load, the tightening process and lubrication It is 

well known that during the tightening process a fastener is subjected to torsion as 

well as axial stress conditions Subsequently, when the joint is subjected to external 

load, the fastener is subjected to additional axial load due to external load It is 

expected that the plastic yielding of the fastener would occur when the combined 

axial stress and shear stress value reaches a maximum axial stress governed by von 

Mises yield criteria, after which the bolt starts deforming producing instability It is 

impoitant that the components for structural application are designed to experience a 

maximum load that produces least or no significant deformation

1 4 M E T A L  M A T R I X  C O M P O S I T E S

Another logical area o f  improvement is in the material i tse lf  Metal matrix 

com posites offer the opportunity to tailor a material with a com bination of 

p ioperties  unavailable in any single m aterial Combining the very high tensile 

strength and modulus o f  elasticity o f  silicon carbide particles with the low 

density o f aluminium, a composite material with a higher strength-to-density  or 

m odulus-to-density  ratio can be obtained The properties thus obtained m a 

com posite  material are superior to any known single alloy In addition, because 

the reinforcing agent in the composite has a relatively high m elting point,

4



bar r ing  deg rada t ion  o f  the f ibre by chemica l  in te rac t ion  with  the matr ix ,  the 

s t reng th  p iope r t ie s  o f  the com pos i te  can be re ta ined  at re la t ive ly  high 

te m pera tu res

In m e ta l -m atr ix  com posi te  an in terac t ion  be tw een  com ponen ts  does usua l ly  occur  

w h ich  leads to in ter face  layers  w ith  the ir  own p roper t i es  The in f luences  o f  such 

layers  on the behav iou r  o f  composi te s  are as fo l lows

• The plast ic  p roper t i es  o f  the matr ix  near  the more  r igid f ibre can be 

d i f fe ren t  f rom those o f  the bulk  matrix

• An in te rmeta l l ic  com pound  fo rmed  at the in ter face can give r ise to an 

increase  m  the strength  o f  a com pos i te  to some extent ,  i f  this  third 

co m p o n en t  is s trong  enough

• C rack ing  o f  a bri t t le  in te r faced  layer can  give r ise to an apparen t  increase 

in the u l t im a te  stress o f  a f iber  s imilar  to the increase  o f  the l imit ing  stress 

o f  a r ig id -p las t i c  spec im en  with  a notch

1 5 C O M B I N E D  T E N S I O N  A N D  T O R S I O N  L O A D I N G

In recent  times, more at tention has been paid to the experimental  invest igat ion and 

analysis of  results using simulation packages to determine the mechanical behaviour 

o f  material,  under complex loading conditions since uniaxial experiments have been 

found to be inadequate for revealing the material behaviour completely Experiments 

carried out by All and Hashmi [2] on circular  steel rod subjected to combined torque 

and tension loading reported that the shear stress and axial stress lelationship was 

found to be non-linear  Similar  experiments carried out by Meguid  et al [3-6], to 

determine the behaviour o f  thin walled tubular  specimen made o f  Mild steel (En8) 

under non-proport ional  s training gave results m  good agreement with the von Mises 

yield condit ion It is possible to obtain almost  the entire posit ive quadrant  o f  the yield 

curve from a single test, without  unloading and reloading the specimen Further, it 

was found that at constant  angle o f  twist and increasing the axial load, the 

experimental shear stress trajectory follows the von Mises yield curve upto a point  

and subsequently deviates,  crossing the von Mises yield curve This can be at tr ibuted
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to the deformation prior  to and during the onset o f  necking o f  the specimen [7] This 

lesearch describes the invest igat ion made on the behaviour o f  copper and AlSiC 

metal matrix composite material under combined tension and torsion loading The 

specimens were subjected to different combined loading paths using a purpose buil t 

tension-torsion machine to establish the behaviour m  the elastic-plastic region until 

failure Four different types of  biaxial nonproportional loading paths were 

considered In addition, the specimens were subjected to different proport ional  

tension and torsion loading paths The results from the experiments were analysed 

and found to be consistent  with the theoretical analysis o f  the combined load test 

based on the Ideal Plasticity Theory,  namely that there is no one to one relat ionship 

between stiess and strain over the yield plateau

In this respect, it was felt that invest igat ion should be carried out to determine how 

the external tensi le load affects the magnitude o f  the initially applied torque or how 

the applicat ion o f  torque affects the initially applied axial load or preload in a 

fastener m the elastic-plastic range To avoid the complex relationship between 

tightening torque,  friction co-efficient and the preload m the fastener, a circular  rod 

was chosen to represent  the problem However,  during the tightening process other 

stress components do arise due to the effects o f  the hel ix angle and the geometry o f  

the thiead, the effect of  these stresses were not  considered m this study because of  

the simple design o f  the test specimen Most  o f  the exist ing research works 

concerning the elastic-plastic response o f  materials have been conducted using thin- 

walled tubes for the sake o f  s implici ty o f  analysis since the area under consideration 

is minimal and subsequently the stress variation is negligible,  as the l inear  elastic 

torsion theory stipulates that the maximum shear stress occurs at the outer f iber o f  the 

material

1 6 F IN IT E  E L E M E N T  A N A L Y S I S

The  f ini te  e lement  method  has becom e a pow erfu l  tool  for  the num erica l  so lu t ion  

o f  a w ide  range  o f  eng ineer ing  p rob lem s  In the f ini te  e lement  m e thod  o f  

analys is ,  the s tructura l  m e m ber  def in ing  a con t inuum  is d i sc re t i sed  into simple
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geom etr ic  shapes  ca l led  f ini te  elements  The mate r ia l  p roper t ies  and the 

g o v e rn in g  re la t ionsh ips  are cons ide red  over  these e lements  and exp res sed  in 

te rms o f  unknow n  values  at e lement corners  An assembly  process ,  cons ide r ing  

the load ing  and cons tra in ts ,  results  in a set o f  equat ions  So lu tion  o f  these 

equa t ions  gives  the approx im ate  behav iour  o f  the con t inuum  The f in i te  e lement 

so f tw are  package  A N SY S was used  to num er ica l ly  s imula te  the exper im en ta l  

tests  Copper  and AlS iC  M MC models  were s im ula ted  on a macro  scale for  

va l ida t ion  o f  the test  resu lts  The model  was sub jec ted  to com bined  tens ion  and 

to rs ion  load ing  condi t ions  The m echan ica l  behav iou r  o f  the mode ls  were 

inves t iga ted  and com pared  with  the exper imenta l  result s

1 7 S U M M A R Y

This  chapter  in t roduced  the elas t ic -p las t ic  analysis  o f  a s tructura l  member ,  

spec i f ica l ly  a c i rcu la r  rod sub jec ted  to com bined  tension  and to rs ion  loading 

co nd i t ions  Indus tr ia l  app l ica t ions  for  such load ing  cond i t ions  were  obse rved  to 

ex is t  in bol ts  D es ign ing  a bolt  m  the elas t ic -p las t ic  range,  when  the o rder  o f  

p la s t ic  defo rm a t ion  is same as elast ic  deformat ion ,  could  reduce  the w e igh t  o f  

the bolt  and consequen t ly  the assembly  cons ide rab ly  Con tr ibu t ion  from high 

st reng th  and low dens i ty  A lS iC  M M C  mater ia l  enab les  fur ther  reduc t ion  in 

w eigh t  o f  the bo lt
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2 LITERATURE REVIEW

21 INTRODUCTION

To date experimental  invest igat ion on combined stresses has been concerned with the 

val idat ion of  test results with analytical and numerical  solutions o f  the elast ic-plastic 

s tress-stram relat ionships proposed by various invest igators  and verificat ion o f  

different  yield criteria A yield criterion is a hypothesis  concerning the limit o f  

elast ici ty under any possible combination o f  stresses Interpretat ion o f  yield criteria 

is possible ei ther  mathematical ly or by physical just if icat ion by conducting 

experiments The latter approach was mostly followed m this invest igat ion The 

determination o f  the axial stress distr ibution m a rod during plastic yielding in 

tension is simple, whereas the determination o f  the shear stress distr ibution during 

plast ic yielding m torsion becomes complex which restricted the use o f  a solid rod 

specimen to reveal the stress-stram relat ionship under combined tension and torsion 

loading paths In a rod subjected to torque,  yielding starts at the outer periphery o f  

the lod and progresses towards the center Most  o f  the early invest igators  used thin 

walled tube specimens to reduce this complexity Moreover, as detailed experimental 

work under combined axial and torsion loads involves complex loading paths,  and 

hence the need for a versatile test machine,  very few attempts have been made to 

study the behaviour o f  solid rods This chapter  presents  a review o f  the earlier 

invest igat ions carried out mostly on thin walled specimens and few on solid circular  

rods

2 2 A REVIEW OF PREVIOUS RESEARCH  W O RKS IN COMBINED LOADING PATH 

2 2 1 Solid circular rods

D S Brooks [1] presented an analysis o f  a round bar carrying both  pioport ional  and 

non-proport ional  loading combinations o f  axial force and torque, to s tudy the effects 

o f  compressibil i ty,  s tram-hardenmg and monotomc loading paths Ramberg-Osgood 

curves were used to describe the material behaviour and Prandtl-Reuss incremental



stress-stram law and the von Mises yield criter ion for analysis (see Appendix-B)  

Numerical  results for both proportional and non-proport ional loading condit ions were 

obtained and it was concluded that the transverse stresses arising from elastic 

compressibi l i ty are extremely small m comparison with axial and shearing stresses 

and may be neglected for all pract ical purposes In problems involving elast ic-plastic 

defoimation,  the plastic strain rates may vary with posi tion and time by several 

oiders o f  magnitude,  even for constant  total deformation rates For certain metals and 

alloys, such large variations in plastic strain rate cause signif icant changes o f  f low 

stress

All and Hashm i  [2] carr i ed  out  exper imenta l  inves t iga t ions  on the e las t ic -p las t ic  

r e sponse  o f  a c i rcu la r  rod subjec ted  to non-p ropor t iona l  com bined  to rque  and 

tens ion  loading  W hen  the rod is in i t ia l ly  sub jec ted  to a torque and then,  keep ing  

the co r respond ing  angle o f  tw is t  constant ,  to a gradua l ly  inc reas ing  axial  load,  

the lod  behaves  as i f  its torque  carry ing  ab il i ty has been  dras t i ca l ly  reduced  

w i thou t  in any way  a f fec t ing  its axial  load ca r ry ing  ab i l i ty  S imilar ly ,  when  the 

lod  is in i t ia l ly  sub jec ted  to an axial  load  and then  keeping  the co r respond ing  

axial  d i sp la cem e n t  constant ,  to a gradua l ly  increas ing^torque ,  the rod behaves  as 

i f  its load ca r ry ing  ab il i ty  has been  cons iderab ly  reduced  withou t  in any way  

a f fec t ing  its to rque-ca r ry ing  ab il i ty The m echan ism s  o f  such reduc t ion  m  loads 

w e ie  com pared  with  the theore t ical  pred ic t ions  based  on G a y d o n ’s analy t ical  

model  [10]

Swift [9] presented the results of  a s tudy on the effects o f  large torsional strains upon 

the subsequent  extensional behaviour of  low carbon steels According to Swift, i f  the 

toisional  prestrain exceeds a given value the specimens failed in a brittle manner 

when subsequently loaded m tension - the fracture being distinctly different from the 

normal cup and cone failure which is obtained with smaller  torsional pre-strains 

Swift also found that i f  there is a reversal to the original condit ion the large torsional 

deformation apparently does not affect the ability o f  the steel to carry tensi le loading 

applied along the longitudinal axis of  the specimen
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Gaydon [10] developed analytical expressions for the stress distr ibutions and 

deformations of  solid circular  bars subjected to combined tension and torsion in the 

elast ic-plastic range The analysis was restr icted to a material with a specific 

Poisson's ratio, (a value o f  0 5) and the effect of  elastic compressibi l ity was not 

considered Gaydon considered various combinations o f  twist and extension and 

denved  expressions for  shear stress and axial stress o f  a cylindrical bar subjected 

p iopo it iona l  and non-proportional loading in elastic and plastic regions The Reuss 

equations were used throughout and these were integrated,  for different cases, to give 

the shear stress and tension m the plastic range The stresses rapidly approach their 

asymptotic  values and are within 1 or 2 percent  of  these values when the plastic 

strains are still o f  the same order as the elastic strains

Rockey [11] tested solid rod specimens with large initial torsional strains and 

subsequent  extension in tension He observed that up to a certain value o f  torsional 

prestrain the change m ductili ty is small and the form o f  fracture being normal cup 

and cone Whereas for higher torsional prestrains,  the specimen failed in helical,  low 

ducti li ty manner with the specimen sheared along the helical plane that experiences 

the high compressive prestram For the given test ing condition,  the transition 

pres t i am was observed to be 47-49 percent  The results show that large shear strains 

reduces the materials  subsequent  extension ductility, the material failing on those 

planes subjected to compression in the torsional pre-strain Contrary to Swift 's [9] 

claim that the reversal to the original condit ion after large torsional deformation will 

not affect the ductili ty of  the material,  Rockey's  work claims that large torsional 

deformation would  reduce the ductili ty o f  the specimen and the specimen has not 

leturned to exactly the same condit ion as the unstrained material,  on reversal o f  the 

toique

Gaidm er  [12] explained the relat ionship be tween torque and tension According to his 

repoit ,  the relat ionship between torque and tension was governed by both direct and 

indirect  parameters  The direct parameters  consists o f  tangible items such as fastener 

s trength level, surface finishes, hardness o f  the components,  lubrication,  class o f  

thread fit and resil iency o f  the clamped assembly The indirect parameters  consists o f
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intangible items which affect this relat ionship and are related to operat ion 

perfoimance,  assembly methods,  tool driver speed, etc , Torque which is the input 

variable in the relat ionship represents strain and every rotat ion on the screw thread 

produces an elongation in the bolt producing a tension (stress) m the fastening 

system The response o f  a fastener system to the assembly operat ion induces a load 

on the bolt, which includes axial load and torque,  and prevents  product  failures The 

combined load should fall within 50-85% o f  the ult imate strength where optimum 

vibrat ion resistance occurs

C hapm an  et al [13] ana lysed  the m e chan ism  o f  t igh ten ing  bo lted  jo in t s  and the 

s tress d is t r ibu t ion  in the bolt  They  observed  tha t  the bolt  t igh ten ing  opera t ion  

induces  bo th  to rs iona l  and tensi le  s tresses The  bolt  behaves  e las t ica l ly  when  

external  loads  are appl ied  to the jo i n t  even w hen  the bolt  was t igh tened  to its 

t e n s ion- to rs ion  yie ld po in t  W hen the bolt  is t i gh tened  to the tens ion - to rs ion  

y ie ld  poin t ,  the jo in t  can w i ths tand  h igher  w ork ing  loads  before  open ing  In 

addi t ion ,  fat igue  strength o f  the jo in t  is inc reased  to its m a x im u m  value because  

fa t igue  fa i lure ma in ly  occurs  w hen  the jo in t  opens

2 2 2  Thin Tubes

The conditions under which various materials  begin to deform plast ical ly have been 

the subject o f  many experimental invest igat ions from the late 18th century Among 

these invest igat ions are the tests on rock materials,  marble and sandstone,  zinc and 

steel and concrete under combined stress Tests on other metals such as iron, copper,  

nickel, and mild steel were also reported in reference [8] The most detai led 

experimental  invest igat ion under combined stresses m the elastic-plastic range has 

been carried out by Lode [7]

Meguid and Campbell [3] carried out a number o f  invest igat ions, both theoretical and 

expenmenta l ,  under combined torque and tension for rate dependent  material Thin 

walled circular  tubes of  both elast ic-perfectly plastic and work hardening materials  

were used in their work Bil inear  deformation paths o f  twist at a constant  rate 

fol lowed by  extension at different rates were examined to evaluate the plast ic f low o f
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the material under abruptly changing deformation paths and strain-rates 

Experimental  results were compared with the exist ing stram-rate dependent  theory 

The experimental results indicate that there exist appreciable differences be tween the 

von-Mises equivalent stress versus equivalent plastic strain curves for the different 

bi l inear paths investigated These differences were at tr ibuted to strain rate sensitivity 

o f  the part icular  material However,  in almost all their experimental works they have 

considered only one non-proportional biaxial loading path, 1 e , torsion fol lowed by 

tension keeping angle o f  twist constant  N um er ica l  so lu t ion  for  var ious  

p ropo r t iona l  and nonpropor t iona l  s training pa ths  were  ob ta ined  The rad ia l  and 

hoop  s tresses  were  found to be small  com pared  to the normal and shear  s t resses  

on the cross  sec t ion  A c losed- fo rm  analy t ical  so lu t ion  has been  der ived  on the 

a s sum pt ion  tha t  the elast ic  s trains are neg l ig ib le  A series o f  ful ly p la s t ic  l imit  

loci,  each co r respond ing  to a given m a x im um  ef fec t ive  strain rate, for  quas i-  

s tat ic  s tra in ing ,  an expl ic i t  equat ion  for  the locus  has been  obta ined  

M egu id  et al [4] car r ied  out  exper imenta l  inves t iga t ion  on th in - tubu la r  spec im en  

o f  annea led  mild  steel  (En8) under com bined  p ropor t iona l  and nonp ropor t iona l  

s tr a in ing  The  lower  yie ld reg ion  o f  the p ropor t iona l  tens ion  and tors ion  loading 

pa ths  is c lear ly  ev iden t  by a segment o f  neut ra l  loading  a long  yie ld locus,  while 

the upper  y ie ld  poin ts  are only apparen t  for  cases  w here  the resu l t ing  load- to rque  

path in the elast ic  range is close to torque  axis  W hen the com bined  stress pa th  is 

c loser  to the axial  s tress axis,  as soon as the com bined  axial  s tress and shear 

s tress reaches  von  Mises yield curve,  the com bined  stress pa th  fo l lows  the yield 

cu rve  shor t ly  before  p roceed ing  in the normal d i rec t ion  to the yie ld cu rve  When 

the  com bined  stress pa th  is closer  to the shear s tress axis,  the com bined  stress 

path c rosses  over  the yield curve shor t ly  and fal ls back  to the y ie ld  curve before  

p rocee d ing  m the normal d i rec t ion  to the yie ld curve In the non -p ropo r t iona l  

d e fo im a t io n  pa th  the load-torque  t ra jec to ry  dur ing the axial  ex tens ion  at cons tan t  

angle o f  tw is t  t r aced  a lmos t  the ent ire  pos i t ive  quadran t  o f  the von Mises  y ie ld  

curve  Due  to s train  harden ing  l i t tle  dev ia t ion  f rom the von  Mises  yie ld  cu rve  is 

o bse rved  due to r a te - sens i t iv i ty  o f  the mater ia l
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M e g u id  [5] ca r r i ed  ou t  ex p e r im e n t s  on s t r a i n -g a u g e d  th i n - w a l l e d  tu b u la r  

sp e c im e n s  o f  a n n ea led  m e d iu m  ca rbon  stee l  (En8)  at ro o m  te m p era tu re  in 

c o m b in e d  tw is t i n g  and  e x ten s io n  B i l inea r  d e fo rm a t io n  pa ths  o f  tw is t ing  at a 

co n s ta n t  ra te  fo l l o w e d  by  e x t e n s io n  at th re e  d i f f e r e n t  s tra in  ra te s  were  

in v e s t ig a t e d  The  resu lt s  in d ica te  tha t  the re  ex i s t  a p p r e c i a b l e  d i f f e re n c e  b e tw ee n  

the von  M ises  eq u iv a le n t  s tress  and e q u iv a le n t  p la s t ic  s t ra in  cu rves  for  the th ree  

s t ra in - ra te s  i n v e s t ig a t e d  T h ese  d i f fe re nces  are a t t r ib u t e d  to the  r a t e - se n s i t iv i ty  

o f  the  m a te r ia l  The  p la s t ic  s t r a in - ra te  v e c to r  d i r e c t io n  in i t i a l ly  ap p ro a c h e s  the 

d i r ec t io n  o f  the  t ens i le  ax is  m u c h  fas te r  than  the  d e v i a t o n c  s tress  v e c to r  It was  

found  tha t  n e i th e r  the P e rz y n a  r a t e - d e p e n d e n t  law  (see  A p p e n d ix -B )  no r  P rand t l -  

R euss  r a t e - in d e p e n d e n t  law cou ld  a cc o u n t  fo r  the  n o n - c o a x i a l i t y  b e tw e e n  the 

p la s t ic  s t r a in - ra te  and  d e v i a t o n c  stress  vec to rs  o b s e rv e d  fo r  the ad o p te d  b i l inea r  

pa th

M e g u id  and K la i r  [6] i n v e s t ig a t e d  the  p la s t ic  b e h a v i o u r  and w o r k -h a rd e n in g  

c h a ra c te r i s t i c s  o f  m e d iu m  ca rbon  steel  (En8)  P e r z y n a ’s v i sco -p la s t ic  

c o n s t i tu t i v e  law for  s t ra in - ra te  sens i t ive  and  w o r k  h a r d e n i n g  m a te r i a l  b ehav iou r ,  

and  the s t r a in - r a te  i n d e p e n d e n t  th e o ry  o f  P ra n d t l  and  R euss  were  c o m p a re d  with  

the  ex p e r im e n ta l  r e su l t s  A c c o rd in g  to M e g u id ,  b o th  P e r z y n a ’s v i sco -p la s t i c  

c o n s t i tu t i v e  law  and  th e o ry  o f  P rand t l  and  R euss  g a v e  g ood  a g re e m e n t  w ith  the 

t im e  h is to r i e s  o f  the la ck  o f  co ax ia l i ty  b e t w e e n  the p la s t ic  s tra ins  and stress 

t r a j e c to ry  H o w e v e r ,  ne i th e r  o f  the se  the o r ie s  c o u ld  a cc o u n t  for  the lack  o f  

co a x ia l i ty  b e t w e e n  the p la s t ic  s t ra in - ra te  and  d e v i a t o n c  s tress  vec to rs  obse rved  

in the ex p e r im e n ta l  r e su l t s  for  the  b i l in e a r  d e fo rm a t io n  p a th

Hohenemer  [14] also carr ied out experimenta l  invest igat ion to ver ify  the val idi ty o f  

the Reuss-st ress-s tra in  equations,  which  al lows for  the com ponent  o f  the strain in the 

Levy-Mises  equat ions H ohenem er  carr ied out  tests under  two different  sets o f  

critical condi t ions  one in which  the twist  is such that the bar  is all elast ic initially, 

the other  in which  the twist  is such that  the bar  is plast ic  to a given radius ini tially 

Pre-strained mi ld  steel thin tube specimens  were used  to secure a sharp yield point 

and reduce  the rate o f  harden ing  to a value small compared  with  the elast ic modulus
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However,  no conclusion was found regarding Hohenemser 's  experiments from any 

publi shed paper

Tayloi  and Quinney [15] used aluminium, copper and mild steel tubes, which were 

nearly isotropic, to test m combined tension and torsion to verify different yield 

cn ter ia  Thin walled tubes were first subjected to tension into the plast ic range and 

then part ial ly unloaded and twisted until further plastic flow occurred The axial load 

was held constant  while the torque was increased,  so that axial and shear stress ratios 

were not constant  The torque-twist  or torque-extension diagrams were extrapolated 

back to zero twist or zero extension to establish, fairly accurate torque at which 

plast ic flow recommenced The degree of  anisotropy was kept  within al lowable limits 

by observations of  the change m internal volume o f  the tubes during pure tension By 

first straining each specimen in tension, they were able to pre-strain the material by 

any desired amount and to detect anisotropy m the material Although Taylor and 

Quinney ignored the possibi li ty of  an elastic increment o f  strain during plast ic flow, 

they also found the same results regarding the von-Mises yield criteria and concluded 

that the deviat ion from the von-Mises criterion was real and could not be explained 

based on experimental  accuracy or isotropy

Morr ison  and Shepherd [16] subjected thin hollow tubes to tension and torsion to 

follow a complex path o f  stress to compare the experimental ly found strain paths with 

those calculated by Prandtl-Reuss and Hencky stress-stram relations Here plastic and 

elastic strains were comparable The material used was 5 percent nickel steel and 11 

percent  s i l icon-alummium alloy They applied first tension, and then holding the 

tensi le stress constant , applied torsion, fol lowed by further  tension and torsion to 

obtain various strain paths The measured variations o f  length and twist were in 

substantial agreement with the predictions of  the Reuss equations 

Naghd i  et al [17] carr ied  out  tests  with  a lum in ium  al loy  tubes  0 75 inch  in terna l  

d iam ete r  and 0 075 inch  th ickness  The tubes  were  in i t ia l ly  sub jec ted  to tens ion,  

fo l low ed  by  to r s ion  with  the tension  he ld  a lm os t  constant ,  the tube rem a in ing  

elas t ic  bu t  approach ing  y ie ld  Both  te ns ion  and to rs ion  were  then  inc reased  unti l 

yie ld  had  d is t inc t ly  occur red  Several  tests  to this k ind  with  var ious  rat ios  o f
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to rs ion  and te ns ion  thus p rov ided  data for  an ini t ial  surface The load ing  on each 

o f  the tubes  was, after  com ple te  removal ,  fo l lowed  by  a re - load ing  in to r s ion  to a 

chosen  value,  and then  full un load ing  Each  tube was  subjec ted  to the same 

sequence  o f  te s t ing  as was  p rev ious ly  the case and unti l  y ie ld ing  was  again 

ev iden t  The  data f rom this set o f  exper iments  enab led  a f irs t subsequen t  yie ld 

surface  to be found A second subsequen t  y ie ld  surface was ca lcu la ted  from 

fur ther  tests  on the tubes  after  a second  re load ing  to a chosen  va lue  o f  tors ion,  

one tha t  was larger  than  the ini t ial to rs ion  M ost  su rpr is ing  in these results  is the 

lack  o f  c ross -e f fec t  tha t  to rs ion  p roduced ,  p r io r  over s train m  to rs ion  apparen t ly  

had  no effect  w ha tsoever  on the uniaxial  tensi le  yie ld stress The change  o f  

shape  o f  the ini t ial  von Mises yie ld cu rve  with  inc reas ing  p re - tens ion  indica tes  

tha t  iso tropic s t ra in -ha rden ing  theories  are som ew ha t  away  f rom rea l i ty  

Daneshi  and Hawkyard  [18] built a tension-torsion machine using hydraulic system 

for load applicat ion Aluminium and Copper tubular  specimens were subjected to 

extension and twisted while being immersed in liquid nitrogen at 78°K At 78°K and 

292 K, he observed that the elastic parts of  the stress-stram curves appear to coincide 

and the elastic moduli  for aluminium and copper increase by about 3-4% with a 

decrease in temperature from 292°K to 78 K The limit o f  proport ionality increased 

for copper at 78°K while the results for aluminium do not clearly support  this point 

For both aluminium and copper, the work hardening rate was higher at 78°K than 

292 K In reference [19], tubular  specimens made o f  aluminium and copper were 

tested at 100m temperature and 78 K, to determine initial yield surface and 

subsequent  yield surfaces after pre-strain in tension and torsion The results support 

the von Mises yield criterion as being suitable for  defining initial yield at 78 K for a 

homogeneous  and isotropic material However,  there seems to be distortions and 

translat ions o f  subsequent  yield surfaces at 78°K and at room temperature The 

specimens subjected to loading and reverse loading shows strong Bauschmger  effects 

and little cross effects in the initial and subsequent  yield surfaces on perpendicular  

loading Initial and subsequent  yield surfaces are smooth and convex and strain 

increment vectors are almost normal to the yield surface
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O hashi  and Tokuda  [20] inves t iga ted  the p last ic  behav iou r  o f  th in -w a l led  tubu lar  

s pec im ens  o f  in i t ia l ly  isot rop ic mi ld  steel  under  com bined  loading  o f  to rs ion  and 

tens ion  The spec im ens  were subjected  to stress t ra jec tor ies  cons is t ing  o f  two 

s tr a igh t  l ines at a cons tan t  rate o f  the e f fec t ive  strain The spec im ens  were 

sub jec ted  to tens i le  or to rs iona l  p r e s t r a m  fo l low ed  by  to rs ion  or tens ion  load ing  

re spec t ive ly  The  spec im ens  were  also subjec ted  to com bined  tension  and tors ion  

load ing  afte r  tensi le  or to rs iona l  p re s t r am  It is found tha t  the ef fect  o f  the th ird  

inva r ian t  o f  the strain tensor  appeared  even  for  p ropor t iona l  defo rm a t ion  

cons is t ing  o f  to rs ion  and axial  force M oreover ,  it is observed  tha t  the ef fec t ive  

st ie ss  drops  sudden ly  with  increas ing  ef fec t ive strain,  and coax ia l i ty  b e tw ee n  the 

stress dev ia to r  and the p la st ic  s train inc re ment  tensor  is ser ious ly  d is tu rbed  j u s t  

af te r  the co rner  o f  the strain tra jec to ry

Phil l ip s  and Lu [21] p resen ted  results  o f  com bined  stress exper im en ts  with  

tubu la r  spec im ens  o f  pure  a lum in ium  with  stress con t ro l led  and strain con t ro l led  

load ing  It is observed  that creep straining appeared  dur ing stress con t ro l led  

e xpe r im en t  and stress re laxation  occurred  dur ing  s tr a in -con t ro l led  exper iments  

F u i th e rm o re ,  they  p roposed  the ex is tence  o f  three  reg ions  m  stress space a) the 

reg ion  ins ide  the yie ld  surface,  b) the reg ion  be tw een  the yie ld surface  and 

load ing  surface,  c) the reg ion outs ide  the load ing  surface A mot ion  o f  the stress 

po in t  ins ide the yie ld surface  p roduces  only  elast ic  s trains and it leaves  bo th  the 

yie ld surface  and the loading surface unchanged  A mot ion  o f  the stress point  

b e tw ee n  the y ie ld  surface and the loading  surface leaves  the load ing  surface 

unchanged  bu t  moves  and changes  the y ie ld  surface ,  and,  in addi t ion,  small  

plast ic  s trains  are genera ted  A mot ion  o f  the stress po in t  tow ards  the outs ide  o f  

the load ing  surface moves  and changes  both  surfaces  and genera tes  plast ic  

s t ia ins  which  are la rger  than  those genera ted  by  a com parab le  m o t ion  located  

be tw ee n  the two sur faces

Khan and W ang  [22] carr i ed  out exper iments  on th m -w a l le d  tubes  made o f  

annea led  p o ly c ry s t a l lm e  copper  subjec ted  to loading ,  part ia l  un load ing ,  and then  

loading  in a d i f ferent  d i rec t ion  The exper imenta l  data w ere  com pared  w i th  the
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p re d ic t e d  v a lu es  f rom  the Z ie g le r  and  M ro z  k in e m a t i c  h a r d e n i n g  m o d e ls ,  and the 

e n d o c h ro n ic  t h e o ry  ( see  A p p e n d ix -B )  T he  e x p e r i m e n t a l  o b s e rv a t io n s  con f i rm ed  

tha t  the p la s t i c  s t ra in  in c re m e n t  v ec to r  is n e i th e r  c o i n c id e n t  w i th  the  dev ia to r ic  

s tress  vec to r ,  no r  is in the  d i rec t ion  o f  the d e v ia to r i c  s tress  in c re m e n t  vec tor ,  

a f te r  su d d en  d i r ec t io n a l  change  o f  load ing  pa th  T h e re fo re ,  c o n s t i tu t iv e  mode ls  

w i th o u t  b a c k  s tress  c an n o t  p re d ic t  the  d i r e c t io n  o f  p la s t i c  s tra in  inc rem en t  

c o r re c t ly  fo r  the en t ir e  lo a d in g  pa th  w i th in  the p r e s t r e s s  lo a d in g  su r face  A m o n g  

the th ree  m o d e ls ,  the p re d ic t io n s  o f  the M ro z  k in e m a t i c  h a rd e n in g  m ode l  were  

sh o w n  to ag ree  qu i te  c lo se ly  w i th  the e x p e r i m e n t a l l y  d e t e r m in e d  d i rec t ions  o f  

p la s t ic  s t ra in  in c re m en t ,  e sp ec ia l ly  w h e n  the  s t ra ins  r e a c h e d  the  la rge r  ex t rem e  

o f  the in f in i t e s im a l  d e fo rm a t io n  r eg ion

Ikegam i  and  N u t s u  [23] ca r r i ed  ou t  e x p e r im e n ta l  in v e s t ig a t io n  on the p la s t ic  

d e fo rm a t io n  o f  th in -w a l l  tu b u la r  s p ec im en  m  co m p le x  lo a d in g  con d i t io n s  The 

e f fec t  o f  p la s t ic  p re s t r a in  on the su b se q u e n t  lo a d in g  and  the s t re s s - s t ra in  cu rve  

was  e x a m in e d  The  su b se q u e n t  loa d ings  w ere  c a r r i e d  out  at a d i f fe re n t  

t e m p e ra tu r e  f rom  tha t  o f  the  p r e s t r a in e d  t e m p e ra t u r e  T he  te s t ing  t e m p e ra tu r e  

r anged  f rom  ro o m  te m p e ra tu r e  to 600° C It is o b s e rv e d  tha t

I) The  p la s t ic  h a rd e n in g  is r e m a r k a b le  in the  t r a n s v e r s e  d i rec t ion  to 

p r e s t r a in in g  and  the h a rd e n in g  b e h a v i o u r  is r e p r e s e n t e d  b y  the e g g - s h a p e d  

eq u i -p l a s t i c  s tra in  sur faces ,

I I ) T he  e f fec t  o f  t e m p e ra tu r e  h i s to ry  on  f lo w  s tress  is smal l  for  

m o n o t o n ic  load ing ,  bu t  the  e f f ec t  is o b s e rv e d  in the  s t r e s s - s t r a in  re la t ions  

in re v e r s e  load ing ,

I I I ) The  creep  s tra in  had the s am e h a rd e n in g  e f f e c t  as the p la s t ic  s tra in  

at room  te m p e ra tu r e  H o w e v e r ,  the e f f ec t  o f  c reep  s tra in  on p la s t ic  

h a r d e n i n g  is w eak  at h igh  t e m p e ra tu r e  c o m p a re d  w i th  th a t  o f  h a rd e n in g  by  

p la s t ic  s t ra in

W u and  Y e h  [24] i n v e s t ig a t e d  the fac to r s  a f f e c t in g  the  expe r im en ta l  

d e t e rm in a t io n  o f  y ie ld  su r faces ,  such  as the e la s t ic  m o d u l i  and  the zero  offse t  

s tra in  and  the s tra in  d o m a in  The in i t ia l  and  s u b s e q u e n t  y ie ld  su r faces  o f
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an n e a le d  A ISI  type  304  s ta in less  s teel  tu b u la r  s p e c im e n s  w e re  d e t e rm in e d  in the 

ax i a l - to r s io n a l  s tress  s p ace  The  de f in i t io n  o f  y ie ld  o f  5|U£ e q u i v a le n t  p la s t ic  

s tra in  was  u s e d  in the ex p e r im e n t s  U s ing  a s ing le  s p ec im en ,  the  in i t ia l  y ie ld  

su r face  and  e igh t  s u b s e q u e n t  y ie ld  su r face  w ere  d e t e rm in e d  The  e f fec t  o f  

p re s t r a in  on s u b s e q u e n t  lo a d in g  was  al so e x a m in e d

I) The  y ie ld  su r faces  are bo th  t r a n s l a t e d  and  d i s to r t ed  du r ing  the 

co u r s e  o f  p la s t ic  d e fo rm a t io n  The  t r a n s l a t io n  w as  fou n d  to be in the 

d i r e c t io n  o f  p re s t r a in  or  p re s t r e s s  The  d i s to r t io n  pa t t e rn  o f  the y ie ld  

su r faces  is r e l a t e d  to the  d i r ec t io n  o f  p r e s t r a m  or p r e s t r e s s  as well

I I) T he  y ie ld  p o in t  can  be in f lu e n c e d  b y  the  n u m b e r  o f  da ta  po in t s  u sed  

to a p p ro x im a te  the e las t ic  m odu l i ,  the c o r r e s p o n d in g  ze ro  o f fse t  s tra in ,  

and the o r i e n t a t i o n  o f  the  p ro b e ,  b u t  the  p ro b in g  ra te  has  ne g l ig ib l e  e ffec t

I I I ) T h e re  are u n ce r t a in t i e s  and  d i f f i cu l t i e s  in the  d e t e rm in a t io n  o f  the 

cen t re  o f  y ie ld  su r faces

Jiang [25,26] reported the plastic deformation o f  th in-wal led  tubes subjected to 

combined  axial and torsional  loads to probe the classic kinemat ic  harden ing theory 

(see A ppendix -B)  that  predicts  the material  behaviour  under  non-propor t iona l  loading 

condi t ions  It is observed  that  the material  behaviour  is s trongly  path-dependent ,  and 

some extra harden ing  effect , which  varies with  the extent  o f  non-propor t ionah ty  and 

the kinematic harden ing  rule has certain capab il i ty  to describe such path  dependency 

and extra-hardening effect , and that these effects d isappears when the steady state is 

reached  It was concluded  that the linear kinemat ic  hardening  rule gives different  

material  response for  different  loading paths The material  exhibits  higher hardening 

under  non-proport iona l  loading as compared  to that under  proport ional  loading and 

this difference  cease to be signif icant  at larger  s tresses

W u et al [27] c o n d u c te d  ex p e r im e n t s  on cas t  and  ex t ru d e d  h ig h  p u r i t y  a lum in ium  

tu b u la r  s p e c im e n s  u n d e r  m o n o to n ic  la rge  s tra in  to r s io n  c o n d i t io n  B o th  f ree -end  

and  f ixed  end  to r s ions  w ere  s tud ied  S hea r  s t r e s s - s t r a in  cu rves  o b ta in ed  from 

f r ee -end  and  f ix e d -e n d  to r s ion  test s  o f  long ,  m e d iu m  and  sho r t  spec im ens  were 

fou n d  to be  c o n s i s t e n t  A x ia l  e x ten s io n  inc re ases  w i th  s h ea r  s t ra in  in f ree -end
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to rs ion Hoop  strain in free-end  to rs ion  is o f  s ign if ican t  m agn i tude  com pared  

wi th  axial  s train at large shear  s train level  Axial  s tress is always  in com press ion  

for  the f ixed-end to rs ion  and it is s ign if ican tly  in f luenced  by  te m pera tu re  

Khan  and Cheng [28],  the p red ic t ions  made  in re fe rence  [22] were com pared  with  

the exper im en ta l  s tress and strain data on copper  spec im en  The  mul t ip le  

d n e c t o i s  model  for  the descr ip t ion  o f  an i so t ropic  plast ic  behav iou r  inc ludes  two 

elas t ic  cons tan ts  G and v  a long  with  eight  ma te r ia l  pa ram ete r s  M ost  o f  the 

mater ia l  pa ram ete rs  in the model  were es t imated  f rom exper imenta l  data from 

o ne -d im ens iona l  s tress-st ra in  re la t ion  and a subsequen t  yie ld surface  The 

de te im in a t io n  o f  the rem ain ing  mate r ia l  pa ram ete r s  was  com ple ted  th rough  the 

num er ica l  im p lem en ta t ion  o f  the model  A ccord ing  to Khan,  a prac t ica l  

an i so t rop ic  e las t ic -p las t ic  cons t i tu t ive  mode l  can descr ibe  po lyc rys ta l l ine  meta ls  

in te rms o f  a large num ber  o f  random ly  d is tr ibuted  d i rec to r -s l ip  sys tems 

Liang  and Khan  [29] inves t iga ted  four  cons t i tu t ive  models  to p red ic t  the 

m echan ica l  behav iou r  o f  the mate r ia ls  m  com par ison  to exper imenta l  result s  The 

mode ls  under  cons idera t ion  were Johnson-  Cook  (JC) model ,  Zer i l l i -A rm s t rong  

(ZA) model ,  B odne r -P a r ton  (BP) model ,  and K han -H ua ng  (KH) model  (see 

Sect ion  3 2) A cco rd ing  to Liang,  JC model  has the inherent  p rob lem  o f  

desc r ib ing  the w o rk -ha rden ing  beh av io u r  o f  meta ls ,  such  as tan ta lum,  where  the 

w ork -h a rd en in g  rate  decreases  when strain rate inc reases  ZA mode l  does not 

descr ibe  the w ork -ha rden ing  behav iou r  o f  mate r ia ls  with st rong tem pera tu re  and 

strain la te  dependenc ies  BP model  does not  cons ider  the tem pera tu re  effec t  

M od if ica t ion  o f  the model  leads to increase  in mate ria l  cons tan ts  The  KH model  

is more  capable  o f  p red ic t ing  the s trong  w ork -ha rden ing  behav iou r  in a large 

s t ra in -ra te  range than tha t  o f  the BP model  The strain and strain rate m us t  have 

coup led  ef fec t  on the descr ip t ion  o f  w ork -ha rden ing  re la t ion  o f  the m a te r ia ls  to 

p red ic t  the w o rk -ha rden ing  behav iour

Liang and Khan [30], m success ion  to the prev ious  paper  [29], desc r ibed  the 

e las t ic -p las t ic  behav iou r  o f  three body-cen t red  cubic meta ls ,  tan ta lum ,  ta n ta lum 

al loy w i th  2 -5% tungs ten ,  and A erm et  100 steel  over  a range  o f  s tra ins and strain
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la tes  and tem pera tu res  A new viscoplas t ic  model  was  p roposed  based  on the 

expe i im e n ta l  results  The mate r ia l  cons tan ts  o f  the p roposed  cons t i tu t ive  model  

w ere  de te rm ined  us ing  the uniaxia l  loading  exper imenta l  data The  p roposed  

cons t i tu t ive  model  gives  an exce llen t  cor re la t ion  wi th  the exper im en ta l  data over 

a w ide  s t ram -ra te  and tem pera tu re  range  for  f ini te  de fo rm a t ion  A cco rd ing  to 

them, the agreement  be tw een  p red ic t ions  and m easured  responses  was  found to 

be a lmost  per fec t

I s h ik aw a  [31] p roposed  an e las to-p las t i c  cons t i tu t ive  model  for  la rge to rs iona l  

s tra ins us ing  th ree  kinds  o f  equip las t i c  s train surfaces,  a yie ld surface  and two 

o the r  su rfaces  f rom which  the pow er  law for  s t r e s s - s t ram  re la t ion  is conf ined  

The  p ro p o s ed  model  is for  m acroscop ic  p las t ic i ty  and the concep t  in the mode l  is 

based  on the assumed pow er  law D ur ing  free-end  tors ion,  an axial  s train 

deve lops  as a m an i fes ta t ion  o f  the evo lu t ion  o f  de fo rm a t ion  -  induced  

aniso t ropy,  and an axial  s tress is induced  dur ing  f ixed  end tests  The model  

p red ic ts  these p henom ena  SUS 304 s tainless s teel  spec im ens  were used  for  the 

exper im en ts  and were subjec ted  to so lu t ion  hea t  t rea tment  before  te s t ing  Tests  

were car r ied  out at two d i f feren t  s train rates to s tudy the effect  o f  s train  rate on 

the s tr ess -s t ra in  re la t ionsh ip  There  is a s ign if ican t  d if ference  in the 

exper im en ta l  resul ts  at the two strain rates,  while  there  is no no ti ceab le  

d i f fe rence  be tween  the resu lt s  with f ixed end and free end

Khan  and Liang [32] carr ied  out  exper imenta l  inves t iga t ion  to dem ons t ra te  the 

capab i l i ty  o f  the cons t i tu t ive  model  c rea ted  m  the p rev ious  paper  to p red ic t  the 

b eh av io u r  o f  th ree  BCC meta ls  dur ing  nonp ropor t iona l  m ul t iax ia l  load ing  The 

tan ta lum ,  tan ta lum al loy  and A ermet s teel  th m -w a l led  cy lindr ica l  spec im ens  

w ere  sub jec ted  to n o n propo i t iona l  to rs ion - tens ion  and biax ia l  com press ive  

e x p e n m e n t s  to show the mate r ia l  behav iou r  at f ini te  s train and wide s tra in-ra te  

l ange  In the to r s ion - tens ion  loading ,  the spec im en  was  sub jec ted  to f ree-end  

to rs ion  first,  fo l lowed  by  tension  (ho ld ing  to rque  constan t ) ,  and then  to rs ion 

again (ho ld ing  force constan t )  A dramatic  s t ram -ra te  reduc t ion  is obse rved  when  

chang ing  f rom  to rs ion  to te ns ion  since the ro ta t ion increased  more  qu ick ly  in
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order  to keep  the torque  cons tan t  dur ing te ns ion  The cons t i tu t ive  model  

p red ic t ion  was found quite  close  to the observed  response  except  m  the ini t ial 

change o f  d ir ec t ion

F ian c o is  [33] p roposed  a mod i f ica t ion  o f  the class ical  e las t ic -p las t ic  models  

inc lud ing  d is to r t ion  o f  the yie ld surface to enhance  the mode l l ing  o f  meta l l ic  

m a te r ia l s  behav iou r  m  nonpropor t iona l  loadings  A lum in ium  al loy 2024  T4 

tu bu la r  th in -w a l led  spec im ens  were used  for  exper im en ta t ion  under  both  

p ropo r t iona l  and nonpropor t iona l  tens ion - to rs ion  load ing  paths  The stress 

dev ia to r  S  invo lved  in the classica l  von Mises  based  express ion  was rep laced  by 

a new d is to r ted  stress Sd The p roposed  new yie ld  c r i t e r ion  a l lows  a s imple  

m ode l l ing  o f  the d is to r t ion  o f  yield surfaces  and has many  poss ib le  app l ica t ions  

such as metal  forming,  fat igue,  forming  l imit  curves ,  etc ,

D om in ique  and Cai l le taud  [34] descr ibed  the m acroscop ic  behav iou r  o f  s in g le ­

crysta l  supera l loys  under  tens ion - to rs ion  loadings  on tubu la r  spec im ens  Fini te  

e lem en t  analysis  was used to analyse  the com plex  stress red is t r ibu t ions  a ri s ing  in 

the spec im en  The p la st ic  f low was in pure shear for  radial  tens ion - to rs ion  for  a 

smal l  am oun t  o f  tension  Then,  the torque  was dec reas ing  w hen  the p la s t ic  f low 

starts  along  the axial  d i rec t ion  The yie ld surface  was com puted  f rom Schmid  

law Schmid  law pred ic ts  s train he te rogene i ty  along the c i rcum ference  o f  the 

spec im en ,  while  any quadrat ic  cr i ter ion,  as Hill  cr i ter ion,  pred ic ts  a un i fo rm 

strain d is t r ibu t ion

2 2 3 Metal Matrix Composites

K anetake  and Ohira  [35] p roposed  a genera l  theory  by connec t ing  the E s h e l b y ’s 

inc lus ion  model  and the A s h b y ’s secondary  slip model  to ca lcu la te  the f low 

behav iour ,  s t re s s - s t ram  curve,  o f  a M MC re in forced  by shor t  f ibers  or par t icles  

The theory  was es tab l ished  for  genera l  com bined  stress s tates,  in w hich  the 

ef fec t  o f  shape ,  size,  vo lume frac t ion  and ori en ta t ion  o f  d ispe rs ing  el l ipso ida l  

par t i c le  are cons ide red  for  a lum in ium  M M C dispersed  S il icon  carb ide  par t i c le s
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A dding  hard  par t i c le s  can increase  the load ca r ry ing  capac i ty  and the work  

h a i d e m n g  capac i ty  o f  a matr ix  can be achieved  by d ispers ing  f ine par t i c le s  

Huda  et al [36] s im i la r  to Kanatake,  car r ied  out  ana ly t ical  s tudy for  the stress 

analysi s  o f  M MC The  stress was  ca lcu la ted  us ing  E s h e l b y ’s inc lus ion  model ,  the 

A s h b y ’s s econdary  slip model  and M o r i - T a n a k a ’s back  stress analysi s  The 

s t i e s s - s t r am  charac te r i s t ics  o f  the composi tes  ma in ly  depend  on the s t ress -s t ra in  

cha rac te r i s t ic s  o f  the matr ix  material

S hyong  and D erby  [37] inves t iga ted  the de fo rm a t ion  charac te r i s t ic s  o f  Si l icon  

carb ide  pa r t i cu la te  re in forced  a lum in ium  al loy  6061,  exper im en ta l ly  and by 

num er ica l  m e thods  The matr ix  m icros t ruc tu re  was  sy s tem at ica l ly  hea t  t rea ted  to 

natura l  aged,  peak  aged, and over aged condi t ions  The  tensi le  s t rength  and 

s t i f fness  o f  the composi te s  increased  with  increas ing  par t i c le  vo lum e f rac t ion  for 

heat  t rea tments  i f  it was over a l imit ing value The peak-aged  spec im ens  had  the 

h ighes t  tensi le  s trength,  but  the natura l  aged spec im en  had  the h ighes t  e longa t ion  

and rat io o f  tens i le  to yield strength The addi t ion  o f  the re in forc ing  par t i c le s  

causes  increase  in the s t i f fness and the rat io o f  tensi le  to yie ld s tress ,  but  

decreases  the s tra in  to fai lure A ccord ing  to Shyong,  the f ini te  e l em en t  model  

can p red ic t  the overal l  s tr ess -s t ra in  response  as well  as the local s tress and strain 

f ie lds  a round the part ic le  However ,  the model  cannot  s imula te  the ef fec t  o f  

par t i c le  s ize As the par t i c le  s ize increases ,  there  was  a te ndency  for  bri t t le  

f rac tu ie  to occur m  p reference  to debond ing  o f  the in te r face

S orensen  et al [38] repor ted  the analysis  o f  the ef fect  o f  r e in fo rcem en t  

o r ien ta t ion  on the tensi le  r esponse  o f  par t i c le  and w hisker  re in fo rced  metal 

m a t n x  com pos i tes  A three d im ens iona l  unit  cell mode l  was used  for  numerica l  

s im ula t ion  The  num er ica l ly  p red ic ted  average tensi le  s tress levels  are found to 

be sens i t ive  to small dev ia t ions  from perfec t  a l ignment  o f  the w hiskers  w ith  the 

tensi le  d i rec t ion  The tens i le  s tress-st ra in  response  becom es  ra ther  in sens i t ive  to 

the p te c i s e  va lue  o f  the m isa l ignm en t  angle when  the m isa l ig n m en t  was 

su f f ic ien t ly  large The stress levels  p red ic ted  for  a par t i c le  r e in fo rced  metal 

show  less sens i t iv i ty  to the re in fo rcem ent  o r ien ta t ion  than found for  the short
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f ibers  with aspec t  rat io 3 For spher ica l  par t icles  w hose  aspect  rat io is unity,  

the re  wou ld  be no in f luence  o f  or ien ta t ion  Uni t  aspect  rat io cy l inders  resu lt  in a 

h ighe r  average  stress level  than the same vo lume frac t ion  o f  spherica l  par t icles  

The geom etry  o f  the re in fo rc ing  phase  can have  a s trong effect  on the elas t ic  and 

p la s t ic  re sponse  o f  f iber  re in forced  and par t i c le  re in fo rced  composi te s  

Zhu and Zbib [39] deve loped  a micro m echan ica l ly  based  con t inuum  model  to 

ana lyse  the enhancem en t  o f  plast ic  p roper t i es  o f  S i l icon carb ide  pa r t i cu la te  

r e in fo rc ed  a lum in ium  meta l  matr ix  com posi te  over matr ix  mate r ia ls  An energy  

m ethod  was  adopted  to obta in  the overal l  cons t i tu t ive  rela t ion for  the com pos i te  

based  on the local  nonun i fo rm  deformat ion  f ields  The  energy  approach  evalua te s  

the m acroscop ic  stress f rom the rate o f  plast ic  d iss ipa t ion  The p la st ic  f low in 

the com pos i te  is s trongly  dependan t  upon  the par t i c le  shape m add i t ion  to the 

vo lum e frac t ion Par t i cles  with large shape index exhib it  much more  

r e in fo rcem en t  than tha t  o f  spherica l  par t i c le s  Pro la te par t i c le s  (w hiskers )  were 

more  e f fec t ive  than obla te  par t icles  (discs)  in s t reng then ing  the m a tr ix  The 

effect  o f  part ic le  m isa l ignm en t  and c lus ter ing  were  min imal  for  an aspect  rat io o f  

1, m con t ras t  to large par t i c le  aspec t  rat ios  w here  the f low s tr eng th  drops  

p ro n o u n c e d ly  C om pos i tes  with  el l ipsoida l  inc lus ions ,  e i ther  p ro la te  or  obla te,  

have  h igher s tr eng th  than  those with  spher ica l  par t i c le s  An expl ic i t  express ion  

foi the com pos i te  s trength was  p roposed  that  accounts  for  var ious  mate r ia ls  

pa ram ete r s ,  such as matr ix  proper t i es ,  vo lum e frac t ion  param ete r ,  and shape 

ef fec ts

Bhaduri  et al [40] descr ibed  the p rocess ing  and proper t ies  o f  Si l icon  carb ide  

p a r t i cu la te  re in forced  7010 a lum in ium  al loy  matr ix  com pos i tes  A dd i t ion  o f  

S i l icon carb ide  pa r t i cu la te  resu lt ed  in lower yie ld  and u l t im a te  s trengths  at room 

tem pera tu re  and h igher  yie ld and u l t imate  s trengths  at te m pera tu res  above  200°C 

c om pared  to base al loy  This  was due to the p rem a tu re  frac ture  o f  the 

re in fo rcem en ts  m the p resence  o f  p re -ex i s t ing  f laws Once  the r e in fo rcem en t  

f i a c tu re s  the net load ca r ry ing  capacity  o f  the com pos i te  decreases  thus resu lt ing  

in the reduc t ion  m the yie ld stress va lue The addi t ion  o f  S i l icon  carb ide
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s ign i f ican t ly  improves  the elast ic  modulus  va lue  The mos t  benef ic ia l  ef fec t  o f  

S i l icon carbide addi t ion  was rea l ised  at the h igher  tempera tu res  for  the 7010 

ser ies  al loys

S te fanos  [41] inves t iga ted  the m echan ica l  behav iou r  o f  cast  S i l icon  carb ide-  

l e in fo rced  a lum in ium  al loy It was repor ted  that  Si l icon  carbide  re in fo rc em en t  

subs tan t i a l ly  inc re ased  the work  harden ing  o f  the mate r ia l  The  increase  in 

ha rden ing  b eca m e  more  s ign if ican t  with  increas ing  vo lume f rac t ion  o f  carbide 

The  yie ld and ul t imate  tensi le  s trength ,  and the elast ic  modu lus  o f  the mater ia l ,  

inc reased  with  hea t - t r ea tm en t  and vo lum e f rac t ion  o f  the carbide at the expense  

o f  duc t i l i ty  These  p roper t i es  were  in fer ior  to those o f  other  re inforced ,  more  

com plex ,  a lum in ium  alloys p rocessed  by  o the r  me thods  In hea t - t rea ted  

le in fo rced  al loy  spec im ens ,  the fat igue st rength  at 107 cycles  decreases  with  

inc reas ing  carbide par t i c le  s ize

Dav is  [42] repor ted  the f low rule for  the plast ic  defo rm at ion  o f  A l-S i l i con  

ca ib ide /T i  par t i cu la te  M MC Two dif ferent  types o f  3-d im ens iona l  m ode ls  were 

cons ide red  i) a s imple cubic la t t ice o f  spher ica l  part ic le s  and 11) random  digi tal  

mode ls  that  are app rox im ate ly  isotropic A cco rd ing  to Davis ,  the second  mode l  

can revea l  the ex is tence  o f  a f low rate The va l id i ty  o f  the f low rule in the 

second model  was a ssoc ia ted  with  the absence  o f  shear  p lanes  tha t  extend 

th roughou t  the sol id w i thou t  in tercep t ing  any par t i c le s  Such p lanes  can be d rawn 

m the s imple cubic la t t ice for  some shear defo rm at ions  and par t i c le  vo lum e 

f rac t ions  L oca l i sed  shear bands  occurr ing  on these p lanes  resul ts  in a shear  

response  essen t ia l ly  identica l  to that o f  the un re in fo rced  matr ix  mater ia l  

Fang et al [43] descr ibed  the numerica l  s im ula t ion  o f  pa r t i cu la te  re in forced  metal  

matr ix  com pos i te  to predic t  the ef fec t ive elast ic  modul i  and e las top las t ic  s tress- 

s t i a m  behav iou r  Three  d im ens iona l  f ini te  e lement s im ula t ions  on the base  o f  

cel l m ode ls  and micro mechan ic s  were used  Four par t i c le  shapes  were 

cons idered ,  spherica l ,  cy l indr ica l ,  cubic and rec tangu la r  pa ra l le l ep iped  In the 

d i rec t ion  o f  par t i c le  al ignment ,  the w eakes t  com posi te  con ta ins  spherica l  

pa r t i c le s ,  the s t ronges t  com pos i te  contains  rec tangu la r  p a ra l le l ep iped  par t i cles,
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b ased  on the ef fec t ive axial  modul i  The reason  was that  the aspect  rat io o f  the 

p a ta l le lep ip ed  par t ic le  was far  larger  than tha t  o f  spherica l  and cy l indr ica l  

p a i t i d e s  The par t i c le  o r ien ta t ion  has s ign if ican t  in f luence  on the ef fec t ive  shear  

m odu lus  The ef fec t ive  shear m odulus  increases  with  increase  in angle o f  

o r ien ta t ion  o f  the par t i c le  with  loading  axis The work  harden ing  rate  inc reases  

wi th  increase  in par t i c le  vo lum e  content  and the vary ing  par t i c le  shape  and 

o r ien ta t ion

D o n g  et al [44] descr ibed  the numerica l  s imula t ion  o f  the mechan ica l  behav iou r  

o f  shor t  f iber  r e in forced  M MC with  a g iven f iber  or ien ta t ion  The f low b eh av io u r  

o f  the M M C  was inves t iga ted  by com bined  cel l mode l  in con junc t ion  with  the 

f ini te  e lement  method A com bined  cell mode l  was deve loped  to rep resen t  the 

geom etr ic  descr ip t ion  o f  arb i t ra r i ly  o r ien ted  f ibers ,  tak ing  into accoun t  o f  the 

f iber  aspec t  rat io and the f iber  vo lume fract ion  The  overal l  f low beh av io u r  o f  

com pos i te s  was es t imated  by  averag ing  and in tegra t ing  the averaged  s t ress -s t ra in  

cu rves  o f  d i f fe ren t  cel ls w ith  a weigh t ing  frac t ion  o f  the f iber  o r ien ta t ion  

dens i ty

Stegl ich  and Brocks  [45] descr ibed  the M ic rom echan ica l  m ode l l ing  o f  duct i le  

dam age  by void  nuclea t ion  due to ei ther  par t i c le  c rack ing  or par t i c le  matrix 

d e b o n d m g ,  void g rowth  and coa lescence  In this method,  the in f luence  o f  the 

p la st ic  behav iou r  and y ie ld ing  can be separa ted  from the effec ts  o f  par t i c le  size 

and shape A cco rd ing  to Stegl ich ,  the p r inc ipa l  d raw back  was  that  the volume 

f rac t ions  o f  par t icles  and re su l t ing  voids are ra ther  large and hence ,  v io la te  the 

bas ic  a ssum pt ion  that the voids are small enough  so that they  do not  in terac t  in 

the ear ly  stages o f  growth  The cons t i tu t ive  equat ion  o f  Gurson,  Tvergaa rd  and 

N e e d le m a n  was chosen  to descr ibe  the behav iou r  Some d i sc repanc ies  with 

respec t  to the rat io o f  e longa t ion  and reduc t ion  o f  d iam ete r  be tween  test  results  

and the cell mode l  was found This d isc repancy  was  due to the fo l lowing  

assum pt ions  not  be ing  met,  1) an ini t ial vo lume frac t ion tha t  equals  the vo lume 

fi act ion  o f  g raph ite  par t i c le s  and 11) the voids were spher ica l  and grow in a self- 

s imi la r  shape
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Roat ta  and Bolm aro  [46,47] ex tended the E she lby  model  to hand le  inc ip ien t  

p la st ic  deformat ion ,  and to f ind the elastoplas t i c  f ield m  the genera l  case  o f  

e l l ipso ida l  par t icles  under  thermal  and m echan ica l  loads  Under a un i fo rm  stress 

app l ied  at infinity,  very  far  from the par t i c le  in the Z-di rec t ion ,  the p la st ic  s train 

deve lops  in a small  reg ion m the z-axis  very  far from the part ic le  in ter face  

A cco rd ing  to Roat ta ,  the ini t ia l  plas t ic  r e laxa t ion  o f  the cel ls  t r ansfers  s tresses  to 

a reg ion located  at a zenithal  angle o f  PI/4 and ano ther  in tense  and very  loca l i sed  

p las t ic  reg ion  develops  there  The  plast ic  y ie ld ing  starts  sp reading  all around  the 

par t i c le  The f ini te  e lement  s imula t ion  i l lus tra ted  s imi la r  plast ic  y ie ld ing  as 

in i t ia l ly  loca l i sed  in the d irec t ion  o f  the appl ied  stress and la te r  on spread ing  

around the part icle ,  keep ing  away from the in ter face  except  over  the in te rface  at 

P l /4  The plast ic  y ie ld ing  was more in tense m  pro la te  inc lus ions  than  that  in 

obla te  and spher ica l  par t icles  The f iber  re in fo rcem en t  was capab le  o f  re lax ing  

s t ie sses  by a h igher  loca l i sed  plas t ic  defo rm at ion  The re la t ive im por tance  o f  the 

load tr ansfer  m e chan ism  o f  re in fo rcem en t  was sl igh t ly  d im in ished  but  plast ic  

re laxa t ion  p rov ides  an addi t ional  m e chan ism  for s tr eng then ing  by stress 

red is t r i bu t ion

Roat ta  et al [48] descr ibed  a genera l i sed  Eshe lby  mode l  a l low ing  in terac t ion  

am ong  re in fo rc ing  par t i c le s  The inf luence  o f  in te rac t ion  am ong par t i c le s  over  

the p la st ic  y ie ld ing  induced  by  the p resence  o f  inc lu s ions  under  t rac t ion  was 

much  more  im por tan t  than the one observed  m the case o f  plast ic  re laxa t ion  due 

to coe f f ic ien t  o f  thermal  expans ions  m ism atch  Spher ica l  inc lus ions  seem to 

induce h igher  plast ic  re laxation  vo lum es  for  h igher  vo lume f rac t ions  o f  

inc lus ions  This sof ten ing  m e chan ism  would  pred ic t  tha t  s tr ess -s t ra in  curves 

should  show a low er  s lope for  h igher  vo lume f rac t ions  at the onset  o f  plast ic  

s train

P a n d o r f  and B roeckm ann  [49] repor ted  a m ic roscop ic  f in i te  e lem en t  mode l  o f  a 

20% AI2O 3 pa r t i c le  re in forced  6061 A lu m in iu m  al loy  M M C  under  creep loading  

An idea l i sed  unit  cell mode l  with  a per iodic  a r rangem ent  o f  par t i c le s  under  p lane 

strain cond i t ion  was inves t iga ted  for  its creep response  The creep b eh a v io u r  was
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found to be st rongly  in f luenced  by  r e in fo rcem en t  par t i c le s  and the t ime to 

f i a c tu ie  was shorter  for  the re in forced  materia l  than  for  pure matr ix  mate r ia l  

Rees  [50] examined  the f low and fracture behav iou r  o f  17% and 25% Sil icon 

c a ib id e  par t i cu la te  re in forced  2124 a lum in ium  sub jec ted  to to rs ion com bined  

with tension  or com press ion  The bri t t le  tens i le  behav iou r  o f  an M MC is due to 

its no tch sens i t iv i ty  Inc lus ions  and poor  surface  f in ish  increase  the stress  loca l ly  

to p io v id e  the in i t ia t ion  site for  a frac ture  with  l imited  duc t i l i ty  The  stress 

levels  requ i red  to yie ld  and frac ture  the materia l  under  tension  and co m p re ss io n  

were  s imilar ,  but  there  was a marked  d i f ference  m the ir  respec t ive  d u c t i l i ty ’s 

The  e lements  o f  the classica l  theory  o f  p la s t ic i ty  such as, l) a von Mises  ini t ial 

yie ld  locus  and a p last ic  po tent ia l ,  11) iso tropic  harden ing  and m )  the no rm al i ty  

lule,  apply  to the par t i cu la te  M MC

Qin et al [51] repor ted  the effect  o f  par t i c le  shape  on duc t i l i ty  o f  S i l icon  carb ide 

re in fo rced  6061 a lum in ium  matrix  com posi tes  Two d im ens ion  mode l  com pos i te s  

re in forced  with spher ica l ,  square,  t r i angle and shu t t l e -shaped  par t ic le s  were 

ana lysed  by f ini te  e lement  method  The plast ic  s train concen t ra t ion  in the matr ix  

a round  the po in ted  par t i c le  corner  and res idual  s tress concen t ra t ion  in the 

po in ted  par t i c le  corner  leads to the frac ture  o f  the par t i c le s  at a low level o f  

app l ied  st ress,  thus  decreas ing  duct i l i ty  o f  the com pos i te  E l im ina t ing  the 

po in ted  par t i c le  corners  decreases  p last ic  s train concen t ra t ion  in the matrix 

a round the po in ted  part ic le  co rner  and the poss ib i l i ty  o f  the par t i c le  corner  

f rac tu r ing  so tha t  duct i l i ty  o f  the com posi te  was  im proved

Poza  and Llorca  [52-54] inves t iga ted  the tensi le  defo rm at ion  charac te r i s t ics  o f  

8090 a lum in ium  l i th ium al loy  re in forced  with  15% volum e percen t  Si l icon  

ca ib ide  par t i c le s  The in fluence  o f  the S il icon carb ide  re in fo rcem en ts  on the 

de fo rm a t ion  and frac ture  m echan ism  was s ign if ican t  The unre in fo rced  al loy 

fai led  by  t ransg ranu la r  shear at app rox im ate ly  45° where the plas t ic  de fo rm a t ion  

is loca l i sed  The fai lure o f  the composi te ,  however ,  was con t ro l led  by  the 

p rog res s ive  frac ture  o f  the ceramic  re in fo rcem en ts  Par t i c le  f rac tu re  and damage 

lo ca l i sa t ion  s ign i f ican t ly  reduces  the com pos i te  harden ing  rate Three
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M icrom echan ica l  mode ls  based  on the m od i f ied  shear- lag  approach ,  the 

E s h e l b y ’s equ iva len t  inc lus ion  method,  and the f ini te  e lem en t  analysi s  o f  a unit  

cel l,  were deve loped  to represent  the com posi te  Using  the m odi f ied  shear - lag  

model ,  on ly  the tensi le  s trength,  and not  the com ple te  s t re s s - s t ram  curve  can be 

com pu ted  A cco rd ing  to Poza,  the E s h e l b y ’s mode l  was l imi ted to el l ipso ida l  

h om o g e n o u s  inc lus ions  and it was di ff icu lt  to extend the model  to take d i rec t ly  

into account  the p resence  o f  b roken  re in fo rcem en ts  in the com posi te  These  

l im i ta t ions  were  overcom e in the models  based  on the f ini te  e lement  ana lys is  o f  a 

unit  cell

Chen et al [55] repor ted  the analysis  o f  three  d i f fe ren t  com pos i te  mode ls  with  

15% volum e part ic les us ing  f ini te  e lement method  for  the effect  o f  par t i c le  

m o ip h o lo g y  Angu la r  par t i c le s  with  sharp corners ,  angu la r  par t i c le s  w ith  blunt  

corners  and c i rcu la r  par t i c le s  were cons idered  m the analys is  D e le t ing  par t i c le  

sharp  corners  s ign if ican tly  reduces  the local  s tress concen t ra t ion  in par t i c le s  

C o m p a ied  with the angular  par t icles,  ci rcu la r  par t icles  s ign i f ican t ly  reduce  the 

local s tress concen t ra t ion  in par t i c le s  If  the longer d im ens ion  o f  the angular  

par t i c le  is along  the load  axis,  the angular  par t i c le s  will  carry more load  than  the 

c i rcu la r  par t i c le s  d is t inc t ly  D ele t ing  the par t i c le  co rners  can ef fec t ive ly  reduce  

the poss ib i l i ty  o f  par t i c le  fracture,  but  has less effect  on reduc ing  the poss ib i l i ty  

o f  matr ix  duct i le  fai lure under  the large load

Ismar  et al [56] inves t iga ted  the therm o mechan ica l  behav iou r  o f  an a lum in ium  

al loy b i -d i rec t iona l ly  re in forced  by  an t i sym m etr ic  con t inuous  f iber  lay-up Three  

d i f fe ren t  types o f  re in forcements ,  isotropic f ib res o f  (X-AI2 O 3 , Sil icon carb ide  and 

t i an s v e r se ly  isotropic carbon were cons idered  The m a x im um  values  o f  ine last ic  

s train were  loca ted  in front  o f  the isotrop ic f ibers  in an area be tw een  

ne ighbour ing  c rossed  f ibers  The com puta t ion  for  the ca rbon  f ibers  exhib it s  a 

much  m ore  p ron o u n ced  grad ient  o f  the equ iva len t  ine las t i c  s train ow ing  to the 

smal l  shear  modu lus  The h igher the f iber -vo lum e f rac t ion  is, the s t reng th  and 

the s t i ffness  o f  the com posi te  are the larger ,  w ith  a s tress inc rease  nea r ly  l inear
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to the r ise o f  the f iber -vo lum e frac t ion  All com puta t ions  were p e r fo rm e d  under  

the assumpt ion  o f  a per fec t ly  bonded  in ter face be tw een  f iber  and matr ix  

Savaid is  et al [57] repor ted  the e las t ic -p las t ic  f ini te  e lement  analysi s  for a 

no tched  shaft  subjected  to com bined  non-p ropor t iona l  synchronous  te ns ion  and 

tors ion  load ing  The  effec ts  o f  the stress ampli tude ,  the m ean-s t ress  and the 

manual  in terac t ion  o f  the cyclic  loading  com ponen ts  on the mechan ica l  

b eh av io u r  at the no tch -e lem en t  were inves t iga ted  The  stress am p l i tude  and the 

m ean-s t re ss  in f luence  the local  elas t ic -p las t ic  s t ress -s t ra in  response  at the notch 

roo t  The  tensi le  and  to rs ional  loadings  in terac t  m utua l ly  a f fec t ing  the local  

e las t ic -p las t ic  s tr ess -s t ra in  response

Kim [58] descr ibed  the f ini te  e lement analysis  us ing  a genera l i sed  ax isym m etr ic  

e lem en t  for the p last ic  defo rm at ion  behav iou r  o f  cy l indr ica l  copper  samples  

sub jec ted  to to rs ion  The  f ini te  e lem en t  m e thod  can  s im ula te  the to rs iona l  

d e fo rm a t ion  well  except  for  the near-ax is  reg ion  based  on the hardness  values  

This was  at tr ibu ted  to the l imit  o f  the conven t iona l  cons t i tu t iona l  descr ip t ion ,  

and sugges ted  that  non- loca l  effects  shou ld  be in t roduced  in the cons t i tu t ive  

equat ion

Yang and Q m  [59] repor ted  the f iber-f iber  and f iber -m atr ix  in terac t ion  on the 

e las t ic -p las t ic  p roper t i es  o f  short  f iber  com posi tes  N um er ica l  results  o f  f ini te 

e lem en t  analysi s  pred ic t  a very  high stress dom ain  near  the f iber  ends due to the 

mater ia l  d i scon t inu i ty  W hen  the plast ic  defo rm at ion  increases ,  the high  normal  

s tress dom ain  tend to en la rge bu t  cons tra in t  from ad jo in ing  f ibers  res tr ic t  the 

defoi mation o f  the matrix to continue infinitely The shear stress in the matr ix 

v a n e s  sharp ly  near  the f iber  ends The m a x im um  shear s tress appears  at the 

long i tudina l  in ter face  near  the f iber  ends The  shear s tress was  tr ans fe r red  from 

matr ix  into f iber  th rough  the long i tud ina l  in ter face  An increase  in f iber  con ten t  

le su l t s  in a s ign if ican t  inc rease  o f  the tangent  modulus  o f  com pos i te s  Due  to the 

stress concen t ra t ion  induced  by the d i scon t inu i ty  o f  short  f iber ,  the com posi te  

yie ld at lower  level  o f  s tress
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Lee et al [60] descr ibed  the s tudy on the stress d is t r ibu t ion  in pa r t i cu la te  AI2O 3 

l e in fo rced  A lum in ium  m eta l -m atr ix  com posi tes  as a funct ion  o f  the in ter fac ia l  

bond ing  st rength The effect  o f  the in te r fac ia l  s t rength  on the f low response  in 

tension  and com press ion  was exam ined  us ing  f ini te  e lement m e thod  The 

m echan ica l  response  in tension  was found to be grea t ly  in f luenced  by the 

in te i fac ia l  bond ing  strength be tween  a lum in ium  matr ix  and ceramic  par t i c le s  

With a w eak  in ter fac ia l  bond ing  strength ,  the elast ic  region of  the s t ress -s t ra in  

cu rve  was  fair ly well  p red ic ted  by  the ca lcu la t ion ,  whereas  the num erica l  results  

o v e re s t im a ted  the m echan ica l  response  in the p last ic  reg ion  show ing  a h ighe r  

work  ha rden ing  rate This  d i f fe rence  was at tr ibu ted  to the p rogress ive  in ter fac ia l  

decohes ion  be tw een  par t i c le s  and matrix and the par t i c le  c rack ing  during  

de fo im a t ion  The s tress-st rain  responses  and the onset  o f  p last ic  de fo rm a t io n  o f  

the com posi te  with  h igher  in te r fac ia l  s t rength  were  well  p red ic ted  by the 

numerica l  ana lyses

Cocen  and Onel [61] inves t iga ted  the effect  o f  hot  ex t rus ion  on the s tr eng th  and 

duc t i l i ty  o f  pa r t i cu la te  Sil icon  carbide re in forced  a lum in ium  al loy  com posi te s  

The  ex t ru ded  m icros t ruc tu re  has a more un ifo rm d is tr ibu tion  o f  the Sil icon  

ca rb ide  par t i c le s  and the eutect ic  s i l icon  by  com par i son  with  as -cas t  

m ic ros t ruc tu re s  The ex t ruded  samples  have st rength  and duct i l i ty  va lues  

s u p e n o r  to those o f  the as-cas t  samples  The addi t ion  o f  inc reas ing  am oun ts  o f  

par t i cu la te  S il icon carb ide  inc reases  the yie ld and tens i le  s t rength  and decreases  

the duc t i l i ty  The ex t ruded  samples  o f  high  re in fo rcem ent  com pos i te  exh ib ited  

be t te r  duct i l i ty  levels  than the forged  samples  due to the reduc t ion  in 

re in fo rc em en t  par t i c le  size,  the absence  o f  par t i c le  decohes ion ,  and the 

im provem en t  o f  par t i c le -m atr ix  in te r fac ia l  bond  dur ing ex t rus ion  process

2 3 SUMMARY

Struc tura l  members  in many  appl ica t ions  are sub jec ted  to com plex  loading  

cond i t ions  U niax ia l  tests  are incapable  o f  best  descr ib ing  the e las t ic -p las t ic  

beh av io u r  o f  the materia l  com ple te ly  C om bined  load ing  exper im en t s  can
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descr ibe  the elas t ic -p las t ic  behav iou r  o f  the mate r ia l  c lose ly  and sa t i s fac to r i ly  

Research  car r ied  out  on sol id c i rcu la r  rods and th m -w a l led  tubes  sub jec ted  to 

com bined  tension and to rs ion  loading  condi t ions  were p resen ted  in this chap te r  

F rom the l i te rature rev iew p resen ted  m  sec t ions  2 2 1,2 2 2, & 2 2 3, it is clear  

tha t  the analy t ical  express ions  for  axial and  shear s tress s tates m  a sol id  rod 

sub jec ted  to com bined  tension  and to rs ion loading  were de r ived  with  

assum pt ions  such as an e las t ic -pe rfec t ly  p la st ic  ma te r ia l  model ,  

incom press ib i l i ty ,  etc A lm os t  all the research  works  presen ted  on com bined  

tens ion  and to rs ion  loading were  carr ied  out  on th in -w al led  tubu la r  spec im ens  

The  aim o f  conduc t ing  com bined  tension  and to rs ion  load  tests  on th in -w a l led  

tubu la r  spec im ens  is p r im ar i ly  to de te rmine  the mate r ia l  p roper t i es ,  s train-  

ha rden ing  behav iou r  and ini tial  and subsequen t  yie ld  sur faces  

P iev ious  research  works  rev iew ed  in sec t ion  2 2 2 prov ides  an ins ight  into the 

ef fect s  o f  di f ferent  com bina t ions  o f  tension  and to rs ion  loading  condi t ions  

ca rr ied  on d i f ferent  meta l l ic  mate r ia ls  P redom inan t ly  tension  fo l lowed  by 

tors ion  and to rs ion  fo l lowed  by tension  loading  condi t ions  were used In 

addi t ion,  p ropor t iona l  tension  and to rs ion  load tests were also carr ied  out  to 

de te rm ine  the strain ha rden ing  and strain rate ef fec ts  o f  meta l l ic  mater ia l  

beh av io u r

Prev ious  research  works  rev iewed  in sec t ion  2 2 3 prov ides  an unders tand ing  o f  

the ef fect s  o f  par t i c le  inc lus ion  in a matr ix  mate r ia l  Var ious  numerica l  

inves t iga t ions  were  car r ied  out  to de termine  the effec ts  o f  par t i c le  shape ,  par t i c le  

s ize,  par t i c le  or ientat ion ,  and par t i c le s  vo lume pe rcen tage  on the behav iou r  o f  

the com pos i te  under  d i f ferent  loading  condi t ions  A lm os t  all the numerica l  

inves t iga t ion  was  based  on the unit  cel l mode l  or  an ex tens ion  o f  the unit  cell 

model  F rom the rev iew,  it is unders tood  that the add i t ion  o f  s i l icon carb ide 

par t i c le s  increases  the tensi le  s trength  o f  the matr ix  mate r ia l  at the cost  o f  its 

duc t i l i ty  The  tens i le  s t rength increases  with  the increase  in the vo lume 

pe rcen tage  o f  s i l icon  carb ide  par t icles

31



Elem en ts  o f  p la s t ic i ty  theory  such as 1) a von  Mises  ini t ial  y ie ld  locus  and a 

plast ic  poten tial ,  11) isot ropic ha rden ing  and 111) the norm al i ty  rule,  apply  to the 

par t i cu la te  MMC

As a fol low up o f  these  p rev ious  works,  the exper imenta l  inves t iga t ion  to be 

e a r n e d  out  in this s tudy  was des igned  and developed ,  p r im ar i ly  for  s i l icon 

carb ide  par t i c le  re in forced  a lum in ium  matr ix  mate r ia l  Based  on the rev iew  o f  

p rev ious  research  work,  it is ev ident  that the AlS iC  M MC m ater ia l  cou ld  be 

cons ide red  as a mate r ia l  to p roduce  bolt s  that  are sub jec ted  to com bined  te ns ion  

and to rs ion  load ing  condi t ions  during service  In add it ion,  the e las t ic -p las t ic  

des ign  o f  the bolt  can subs tan t ia l ly  reduce  the weigh t  o f  the bolt
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3 THEORETICAL INVESTIGATION

31 INTRODUCTION

In the s tudy  o f  e las t ic -p las t ic  behav iou r  o f  a ma te r ia l ,  one o f  the ma in  ta sks  is to 

descr ibe  the yield charac te r i s t ic  At the beg inn ing  o f  p la st ic  deformat ion ,  

y ie ld ing  was found to occur  based  on von Mises  c r i t e r ion  for mos t  ma te r ia ls  

[15,62] A f te r  some plast ic  deformation ,  yield charac te r i s t ics  dev ia tes  from von 

Mises cri ter ion  depend ing  on the harden ing  p roper ty  o f  the mate r ia l  The 

evo lu tion  o f  isot rop ic and k inem at ic  ha rden ing  with  p la st ic  defo rm at ion  has  been  

s tud ied  and many  mode ls  for  it have been  wide ly  accep ted  The  isot ropic 

ha rden ing  rule assumes  that the cen te r  o f  the yield surface remains  s ta t iona ry  in 

the stress space,  but  the size (radius)  o f  the yie ld surface  expands  due to strain 

harden ing  The k inemat ic  harden ing  rule assumes  that  the von Mises  yield 

surface  does not  change the size or shape,  bu t  the cen ter  o f  the yie ld  surface 

shif t s  m stress space Some o f  the models  descr ib ing  elas t ic -p las t ic  behav iou r  o f  

a m ono l i th ic  mate ria l  were repor ted  in the f irs t pa r t  o f  this chapter  The f irst two 

m ode ls  descr ibed  are based  on the numerica l  analys is  o f  a sol id c i rcu la r  rod 

sub jec ted  to com bined  tension  and to rs ion loads  The  rem ain ing  four  m ode ls  are 

based  on the resul ts  ob ta ined  from thin w al led  tube tests  The  con ten t  in the 

second  part  o f  this chapter  re la tes  to Fini te  E lem en t  Analys is  In this sect ion,  the 

f ini te  e lement analysis  p rocedure  for s tat ic,  el as t ic -p las t ic  p rob lem  was 

e xp la ined  The f in i te  e lem en t  analys is  tool A NSYS approach  to solve the elas t ic-  

p la st ic  p rob lem  was  also exp la ined

3 2 THEORETICAL MODELS

B rooks  [1] and G aydon  [10] der ived  analyt ical  express ions  for  the de te rm ina t ion  

o f  the com bined  stress s tate o f  a sol id rod under  com bined  te ns ion  and tors ion  

load ing  cond i t ions  Various  empirica l  equat ions ,  such  as P rand t l -Reuss ,  

Ram berg -O sgood ,  descr ib ing  the s tress-st ra in  re la t ionsh ips  were used  along  with
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von  M ises  y ie ld  c r i t e r ion  (see A p p e n d ix -B )  In a d d i t io n ,  fo u r  c o n s t i tu t iv e  m ode ls  

r e p re s e n t in g  the m e c h a n ic a l  b e h a v i o u r  o f  d i f f e re n t  m o n o l i th i c  m a te r ia l s  were  

p r e s e n te d  The  d e s c r ib e d  m o d e ls  w ere  d e r iv e d  f rom  u n ia x ia l  exper im en ta l  

in v e s t ig a t io n s  and d i f f e re n t  load ing  h i s to r ie s

3 2 1 Gaydon Model

G a y d o n  [10] d e r iv e d  e x p re s s io n s  to d e t e rm in e  the  s tress  s ta te o f  c i rcu la r  

sp e c im e n s  at d i f f e re n t  t e n s io n  and  to r s ion  load ing  c o n d i t io n s  In his exp re s s ions  

the  Lode  p a r a m e te r  fi & v  w e re  a s s u m e d  equal  T he  R euss  e q u a t io n s  w ere  used  

th ro u g h o u t  and  w ere  in t e g ra te d  to g ive  the  s h ea r  s t ress  and  ax ia l  s t ress  in the 

p la s t ic  m a te r ia l  von  M ises  c r i t e r io n  o f  y ie ld ing ,

was  used ,  w h e re  ‘ Y ' is the y ie ld  stress  in te n s io n

In the c o m b in e d  to r s ion  and tens ion  o f  a fu l ly  p la s t i c  c y l in d r ica l  bar ,  the  elas t ic  

c o m p o n e n t  o f  the s tra in  was  a s s u m e d  n e g l ig ib l e ,  then  the on ly  n o n -v a n i s h in g  

s t re sses  are crz =  a  and  =  t  A s s u m i n g  the t r a n s v e r s e  sec t ions  rem a in  p lane  

and the local  ra te  o f  s t ra in  is a func t ion  on ly  o f  V ’, the e x p re s s io n s  for  the 

v e lo c i t i e s  w, v, w  o f  an e l e m e n t  r e fe r r e d  to c y l in d r ica l  co o rd in a te s  r , 6 , z are

w h ere  the  o r ig in  o f  co o rd in a te s  is t a ken  at the  cen te r  o f  one  end,  w h ich  is he ld  

f ixed  7 ’ is the  leng th  o f  the bar ,  and 0  is the  re l a t iv e  tw is t  o f  the ends,  a dot  

d eno tes  the t im e  de r iva t ive

A ss u m in g  tha t  the re  is no w o rk  h a rden ing ,  the  R euss  e q u a t io n s  [62] for  the 

p la s t ic  r eg io n  are

<72 + 3 t 2 = Y 2 (3 1)

der = d e e dl <j  dX 1 ,
—• = ------------------- da,
21 3 6 G (3 2)
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. dl 2 a  dX 1 .
d e.  = —  = -----------+ — d a  ,

I 3 3 G

r dO 1
ay*. - -------- - r  d/1H------d r

* 2 1  2 G

(3 3)

(3 4)

dr, = dyrg = 0

w here  dX is a sca la r  fac tor  o f  p ropor t ionali ty ,  and G is the shear m odulus

Combined torsion and tension with constant relative extension and twist

Let h deno te  the ini t ial  length  o f  the rod  and ‘a ’ the ex te rnal  rad ius  As the load 

and to rque  are increased  from zero the s tresses  a  and r  inc rease  unti l  at some 

m om en t  a 2+ 3r2 = Y 2 is sat i sf ied  local ly  Whi le  the bar  is elas t ic ,  a  is 

independen t  o f  V  and r  is d irec t ly  p ropor t iona l  to V ’ Therefo re ,  the m a x im u m  

shear  s tress can be observed  at the oute r  mos t  surface o f  the cy lindr ica l  bar  and 

the mate r ia l  at rad ius  6a ’ becom es  plast ic  f i rst  Subsequently ,  w hen  the inner  

rad ius  o f  the plast ic  region is ‘c ’, the s tresses  m  the elast ic  zone are,

a  -  3G In i—
u .

t  - G r
v / y

( 0 < r < c ) ,

cr 3/ , 
=> — = —  In 

r  rO
T
\ h j

(3 5)

(3 6)

E l im ina t ing  dX  f rom equat ions  (3 3) and (3 4), and us ing  (3 1),

3dl a  Y 2 I dr
rd9 r G r a r  dO

(3 7)

for c < r < a

dl
It the re la t ive  rate o f  ex tens ion  to rate o f  tw is t  is cons tant ,  then  3 — ~ a a , is a

dO

cons tan t  and equa t ion  (3 7) becom es

Y 2 1 draa  _ a  
r r G r a r  d 6

(3 8)
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If  the value o f  r  in an e lement is constant ,  a  is cons tan t  from equa t ion  (3 1), 

and a so lu t ion  o f  equat ion  (3 8) is

aa  _ <j  
r r

Com bin ing  equat ion  (3 9) with  equat ion (3 1),

(3 9)

a Y
<j  = i 5 T =

Yr
a

2 2 t 3 r
CL H----- y~ a   ̂ r  

I  a )K a J

, (c < r < a ) (3 10)

E qua t ions  (3 9) and (3 5) are com patib le  at the p la s t ic -e las t ic  b oundary  s ince  it 

fol lows from equat ion  (3 9) and the def in i t ion  o f  a  that

A  6
1 ( 3 l )

/
* — InJ  \ r 0 ) V

to usual  approx im at ion  m the l inear  theo ry  o f  e l a s t i c i t y , — is the re fore
r

con t inuous  at the p la s t ic -e las t ic  boundary  This,  toge ther  with  the fact that  

equa t ion  (3 1) is sa t i sf ied  at bo th  sides o f  the boundary ,  p roves  that a  and r  are 

sepa ra te ly  con t inuous  at the boundary

The  load ‘Z,’ and torque T ’ needed to main ta in  the cons tan t  re la t ive  rate o f  twist  

and ex tens ion  are given by

nYa'
3 c2G 
a2Y

In 0  2 
-  \ +  - a (a2 + 3)2 - l a 2 +

3c"

T _ 1 c4 f3 G  
nYc? ~ 2 a * a { ~ T

in 'u +
27

9(a2 + 3 ) 2  -  a 2 +

(3 11)

2(a2 + 3 ) 2  + 2 I a 2 + ^ -
l  a .

(3  1 2 )
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When the bar is all elastic initially

Let (f) be the p resc r ibed  cons tan t  twist  per  unit  length Then,  while  in an elast ic  

s tate,

Twist held constant, increasing axial load

<j — 3G In
/

r  = Gr<(>
\ n  J

Suppose  tha t  at t ime t0 , a  has  inc reased  to a 0, / to /0, and tha t  the ou ts ide  o f  

the cy l inder  is ju s t  p last ic  Then

cr0 = 3Gln

and

v n /  

r 0 = Grip,

a 20 + 3r20 = Y 2

S ubsequen t ly ,  w hen  the bar  is p last ic  to a radius ‘c ’

o- = 3Gln

(3 13) 

(3 14)

(3 15)

(3 16)

C o nd i t ions  on the p la st ic  b oundary  give

a 2 +3G2c2<j>2 = Y 1 (3 17)

For c < r < a ,  we put  d 0  = 0 in equat ion  (3 4) and e l imina te  dA  f rom (3 3) and

(3 4) Then

3 G —  = - — d r  + d a
I T

(3 18)

But,  f rom equa t ion  (3 1),

3Tdr + <jd<j -  0
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Therefore

—  In / = In
Y

' l + c r y - 1 A
+ const

xi - o - r  y

An e lement  at rad ius  r becom es  plast ic  when 7 ’ is such that

3Gln -( i j  = ( y = - 3 G V , C ) i . ^

6G

S ubs t i tu t ing  p  fo r — 1 we have 
h

2(7,

1 + pi Y +1 (?)
y  2cr> 

pe  Y +1+
'  -i£L v  N ’ 
/Je“ 1, -1  ^

A w

crr is given by equa t ion  (3 19), and then  equat ion  (3 20) gives

and V ,

and

k Y j
r<t>p2e

2 a

Pe Y +1+
2<t

fie

Suppose ,  m  par t i cu la r ,  that  <p is such that  the outs ide  rad ius

Ybecom e  plast ic  when the tw is t ing  is com ple ted  Then  (/> =
G*j3a

' - $ 1

The bar  wil l  have  becom e com ple te ly  p last ic  w hen  In 

rad ius  ‘a \

T

(3 19)

(3 20)

<j  in te rms o f  7 ’

(3 21)

2 ’ is ju s t  about  to 

and there fore

Y
—  Then,  at the 
3G
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— = tanh 3 = 0 9951 
Y

and cr is w ith in  ^  o f  Y It is there fore apparen t  tha t  <j  rap id ly  approaches  its

a sym pto t ic  va lue  Y while  the strains  are still o f  an elast ic  order  o f  m agn i tude  

Piastic to radius ‘b’initially

In this case,  suppose  tha t  the cons tan t  tw is t  is such  as to cause  the bar  to becom e 

plast ic  to rad ius  ‘¿>* Prior  to the app l ica t ion  o f  the tens ion  load,

t  =  Gr<!> ( r  <  b ) , r  =  ( r  >  b )  (3 22)

Therefore a  is w ithin 14 percent o f  Y If  the extension is continued until

Y
From (3 22) it fo l lows that  b ~

GV2,</>

As the axial  s tress is appl ied ,  r  in the plast ic  reg ion  fal ls and the p la s t ic  radius 

m oves  inwards

An e lement at rad ius  V  becom es  plast ic  when T  is such that

3 G l n -  = ( r 2- 3 G V V 2)2 =cr, (3 23)

Then



r n \

k Y j

1 a.

r<j>ß2e

2a .

ß e  Y +1+
( _2(Jr \

ß e ~ - \
Y

Fixed extension and increasing twist

When the bar is all elastic initially

The axial  s tress is supposed  to be <r0 in i t ia l ly  Whi le  the bar  is com ple te ly  

elas t ic

CT = cr0 , t = Gr<t> (3 24)

The bar  wil l  becom e  p la st ic  to rad ius  ‘c ’ dur ing  the subsequen t  tw is t ing  when  

r  = r0, where

>^r0 = ( r 2 - ^ )
(3 25)

After  few steps o f  der iva t ion  using Reuss  equat ions ,  the fo l lowing  express ions  

can be arr ived  at,

sec h
Y  ,\  /

{Gr<t>-za)

1 + tanh ' V T

K Y  J

(Gr<j)-Tü)
(3 26)

In o rder  to be specif ic ,  let cr0 = — and suppose  that r(f> - — , that is the shear
2 G

st ia in  is

Then

2 G

731
tanh

s 2 ,
V /

a /3

1 + tanh
2 ; l 2J

=  0  9 7 5 ( 3  2 7 )
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Y
It is ev iden t  that  t rap id ly  approaches  its asym pto t ic  value be ing  wi th in  3

V3

Y
pe ic e n t  o f  this value when the shear  s train is on ly  —

2 G

All plastic initially

In i t ia l ly  crQ = Y, r  = 0 everywhere ,  so that

G 1+ —
2-\/3— rd) = In  ^ -  +const

Y
Y

In this case  when r  = r 0, <j> -  0 , and there fore

— - = tanh —  Gr<j> (3 28)
Y Y

and

F\
~  = sec h —  (3 29)

2y  n 99C7
When r(j) is on ly  — , x is — j=— and a  is 0 0625Y The load ‘L ’ and  to rque  T ’ 

G V3

are given by

T 1
   = 2 \r  sec h R<t> dR,
*Ya2 J

^ ^ -  = 2 j / i 2 tanh RO dR

T
where  — = R and

nYa

a<j> = O

3 2 2 Brooks Model

B io o k s  [1] p resen ted  a method  for the analysis  o f  a round  bar  ca r ry ing  

com bina t ions  o f  axial  force and torque R am b erg -O s g o o d  curves  w ere  used  to
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descr ibe  the materia l  behav iour ,  and the analysis  is based  on the P rand t l -R euss  

inc iem en ta l  s tress-s t ra in  laws and the von Mises  yie ld cri ter ion  A cco rd ing  

R am berg  and Osgood,  the re la t ion  be tw een  the un iax ia l  tensi le  s tress cra and the

c o r re spond ing  s tra in  s a for  m o n o to m c a l ly  inc reas ing  load ing  may be accura te ly  

le p re se n te d  by the empirica l  law

a (l 3o-j 
£ = —  + 1

f  \"  CF

\ G \ J

(3 30)
E I E

in w h ich  cr, is the stress at a secan t  modulus  o f  0 7E, and n is a s tr a in -ha rden ing  

p a ram e te r  depend ing  upon materia l  p roper t i es  From equa t ion  (3 30) the elast ic  

and p la st ic  com ponen ts  o f  the axial  s train are respec t ively ,

(3 31)
E

£ p = ^ i  
" I E y

(3 32)

In an e las to -p la s t i c  round bar, the inner  cy lindr ica l  core  is elast ic  and the outer  

annulus  is p last ic ,  and the rad ius  o f  the e las t ic -p las t ic  in te r face decreases  

m o n o to m c a l ly  from the external  rad ius  o f  the bar

In p la st ic  reg ion,  the Prand t l -Reuss  incrementa l  s tr ess -s t ra in  laws are used,  and 

y ie ld ing  is a s sum ed  to be m  accordance  with  the von Mises  c r i t e r ion  Hil l [62] 

has  shown that  for  a mater ia l  w h ich  strain hardens  isotropica l ly,  these  equat ions  

may  be sum m ar ised  in tensor  no ta t ion  as

dev _  1 d a 'j +  2 a 'j S a
dp 2G dp 2<j H' dp  n  ^

l - 2 u
e =  cj

E

In this express ions ,  H r is equal  to the s lope o f  the ef fec t ive stress ¿7 -genera l i sed  

pla st ic  s train  £ p curve,  where  the ef fec t ive stress cr is de f ined  as
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The  genera l i sed  plast ic  s train s p is

s "  = j d s p = J  

and the gene ra l i sed  plast ic  s train rate

d s p

(3  3 4 )

d s p
dp

d p (3 35)

f 2 b e p d s p ^u u
dp

(3 36)
3 dp dp

s

Equat ion  (3 33) may also be appl ied  to the elast ic  po r t ion  o f  the bar , b eca use  the 

p la s t ic  com ponen ts  o f  the strain are zero so that  H ’ becom es  in f in i te ly  large 

O w ing  to the na ture  o f  the R am berg -O sgood  curves ,  it is im poss ib le  to ob ta in  a 

p rec i se  d is t inc t ion  be tw een  the elast ic  por t ion  and the plast ic  por t ion  o f  the bar  

H owever ,  for  mos t  prac t ical  mate r ia ls  w hose  behav iou r  is r ep resen ted  by 

equa t ion  (3 30),  the strain harden ing  pa ram ete r  is usually  grea ter  than about  

8 and the plast ic  s trains g iven by  the second  te rm m the equat ion  are small  in 

com par i son  with the elast ic  s trains  when the stresses are less than a,

Foi uniax ia l  tension  test ,  d if fe ren t ia t ion  o f  equa t ion  (3 32) p roduces

del_
d a „

3n_ 
I E

/  \ 1,-1 a.

\ a \ j

(3 37)

and s ince a  = a a and s p = £ p in this case,  it fo l lows  that

d s p
d a

1 _ 3 n
I t ' I e

r „  v ' -1 a
(3 38)

It was a ssum ed  tha t  the value o f  H ' given  in equat ion  (3 38) holds  for  all o ther  

load ing  condi t ions

3 2 3 Johnson and Cook (JC) Model

Johnson  and Cook [63] proposed  a cons t i tu t ive  model  for meta ls  sub jec ted  to 

l a ig e - s t r a m s ,  high strain rates and high tem pera tu res  The JC cons t i tu t ive  mode l
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is s imple and the param ete rs  for  var ious  mate r ia ls  o f  in te rest  are readi ly

avai lab le  The  JC model  represen ts  a set o f  models  that cons ider  that  the

mechan ica l  behav iour  o f  a materia l  is the m u l t ip l ica t ion  effect  o f  s train,  s train
>

rate,  and tempera tu re

In the TC model ,  the von Mises f low stress,  a  is expressed  as

o- = ( ^  + B e ' ' ) ( l + C l n e ‘ ) ( l - 7 ’*m) (3 39)

w here  € is the equ iva len t  plast ic  s train,  e*=—  is the d im ens ion less  s train rate
Go

( e 0 is no rm a l ly  taken  to be 1 0 s l), and

r _ t - tf

Tm- T

where  Tr is a reference tem pera tu re  and Tm is the me lt ing  tem pera tu re  o f  the 

mate r ia l  The  f ive mate r ia l  cons tants  are A, B , n, C, and m

In equa t ion  (3 39), the express ion  m  the f irs t set o f  bracke ts  gives  the 

dependence  on strain,  the second represents  in s tan taneous  s tr a in -ra te  sens i t ivi ty ,  

and the th i rd  te rm  represen ts  the te m pera tu re  dependence  o f  s tress This  

approach  does not  represen t  any therm al or s tra in-ra te  h is to ry  ef fec ts ,  bu t  is 

s imple  to im plem en t  and the param ete rs  are readi ly  ob ta ined  from a n um be r  o f  

exper im en t s

3 2 4 Zerilli-Armstrong (ZA) Model

W ag e n h o fe r  et al [64] p roposed  d is loc a t ion -m echan ic s -based  cons t i tu t ive  

re la t ions  for  materia l  dynamic  ca lcu la t ions  The effec ts  o f  s train harden ing ,  

s t i a in - ia t e  harden ing ,  and thermal so f ten ing  based  on the the rm al  ac t iva t ion  

analysi s  have  been  incorpora ted  into a cons t i tu t ive  re la t ion  They  p ro p o s ed  that  

each m a te r ia l  s t ructure  type (FCC, BCC, HCP) has a d i f fe ren t  cons t i tu t ive  

behav iou r  based  on the d i f feren t  ra te -con t ro l l ing  m e chan ism  for that pa r t i cu la r  

s truc tu re
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The overa l l  f low stress o f  a FCC mate r ia l  is con t ro l led  by  the the rm al ly  ac t iva ted  

o ve rcom ing  o f  d is loca t ion  in tersec t ions  as con ta ined  m  the cons t i tu t ive  equa t ion  

analysi s  o f  ZA model  The ZA model  resu lt ed  in equat ion  for  f low stress,  

neg lec t ing  dynam ic  recovery ,

a  = c0 + B0y[ee~aT (3 40)

where

c o -  a G +  k l  2

and

a  = a 0 - a ] In e

In w h ich  e  is the strain,  e is the strain rate,  £ is the grain d ia mete r ,  T  is 

t em pera tu re ,  a G, k , B 0ia 0 and a x are ma te r ia l  cons tan ts

3 2 5 Bodner-Partom (BP) Model

Bodner  and Pa r tom  [65] fo rm ula ted  a set o f  cons t i tu t ive  equat ions  to rep resen t  

e l a s t ic -v i scop las t ic  s t ra in -ha rden ing  ma te r ia l  behav iou r  for large de fo rm a t ions  

and a rb i t ra ry  load ing  h is to r ies  An essen tial  fea ture  o f  the fo rm ula t ion  is tha t  the 

total  de fo rm a t ion  rate is cons ide red  to be separable  into elast ic  and ine las t ic  

com ponen ts ,  which  are func tions  o f  s tate variab les  at all s tages o f  loading  and 

u n loa d ing  The fo rm ula t ion  is in dependen t  o f  any yie ld  cr i t e r ia  or load ing  and 

un load ing  condi t ions

The de fo rm a t ion  rate com ponen ts  are de te rm inab le  f rom the current  s tate,  which  

permi ts  an incrementa l  fo rm ula t ion  o f  p rob lem s  Strain harden ing  is cons ide red  

in the equat ions  by  in t roduc ing  p la st ic  w ork  as the r ep resen ta t ive  state var iab le  

The assum pt ions  o f  iso tropy  and i so thermal condi t ions  are m a in ta in ed  in this 

fo rm ula t ion ,  a l though  s tra in  harden ing  is know n  to induce  an i so t ropy  

The genera l  fo rmula  o f  the BP model  is based  on sepa ra t ion  o f  the total

de fo rm a t io n  rate d  = into elast ic  and plast ic  com ponen ts  at all s tages  o f  

d e fo rm a t ion
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d  = d e + d p or dt j= d ; + d ;  (341)

The elast ic  de fo rm a t ion  ra te ={<^} can be re la ted  to the Cauchy  stress rate by 

the  genera l i sed  H o o k e ’s law

d c = — ------- — -----  n  42)
" G 2G(3/l + 2G) 1 ^

where  G is the elast ic  shear modulus  and X is an elast ic  Lame cons tan t

The p la st ic  defo rm at ion  rate d p is rela ted to the dev ia to r  o f  Cauchy  stress,

as in the class ica l  P rand t l -Reuss  equat ion

d p = ys or d p = ystJ (3 43)

 ̂ = | y /; = tt j is the dev ia to r  o f  the Cauchy  stress and ^ is a p ropor t iona l  

fac tor  Squar ing  equa t ion  (3 43) gives

ni>
r 2 = - f -  (3 44)

2

is the second invarian t  o f  the plast ic  defo rm at ion  rate  V ? ’ is the second 

invar ian t  o f  s

y  will  be de te rmined  by spec ify ing  D p as a funct ion  o f  J 2

A " = / ( . / 2) (3 45)

This fo rm ula  can be cons ide red  to be a m u l t i -d im ens iona l  genera l i s a t ion  o f  the 

uniaxia l  resu lt

For one d im ens iona l  case,  the BP model  reduces  to the fo l lowing  equa t ions ,

^ , (3 46)
E
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_2_
S

r \  
<J

wa \j
D0 exp

'  n + ' r
2 n

Z = Zj + (Z0 -  Z, )exp
m jcr d

(3 47)

(3 48)

w here  the quan t i ty  ,—: imposes  the condi t ion  tha t  the plast ic  s train rate has the
r  I

same sign as tha t  o f  the app l ied  stress

Foi m a te r ia l s  that  exhib it  s trong w ork -ha rden ing  behav iou r  l ike OHFC copper ,  m 

was  made  a function  o f  Wp The  express ion  for  m was

~aWnm = 1 (3 49)

The  express ion  for Z w hen  in tegra ted  after  rep lac ing  m by the equa t ion  (3 49) 

yie lds  the fo l lowing  re la t ionsh ip  be tween Z and Wp

Z  = Z, + (Z 0 - Z t) e x p ( - m 0w p)exp\
+ m, - mf0

a
(3 50)

There  are f ive materia l  pa ram ete rs  in the BP model  In most  o f  the cases ,  the 

exper im en ta l  data for charac te r i s ing  the mate r ia l  pa ram ete r s  are in the fo rm o f  

s t ress -s t ra in  curves  at cons tan t  s train rates For BP model ,  two s tress -s t ra in  

cu rves  at d i f fe ren t  s train rates are suf f ic ient  to ca lcu la te  the mate r ia l  pa ram ete rs  

D 0 is the m a x im um  strain rate that  the mate r ia l  can exper ience  It was 

l e c o m m e n d e d  by  Bodner  and Par tom tha t  D 0 = 104s 1 for  quas i- s ta t ic  m ode l l ing

3 2 6 Khan-Huang (KH) Model

Sim ila r  to BP mode l  Khan and Huang  [66] model  p roposed  a new cons t i tu t ive  

m ode l  that  can pred ic t  the exper imenta l  results  in a la rge s t r am -ra te  range  

inc lud ing  the high w o rk -ha rden ing  region The only  d i f fe rence  is to de te rm ine  

the p ropo r t iona l i ty  pa ram ete r  ‘ y  ’ m equat ion  (3 44)

n p2

7 = T
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^ 2 ~ f ]  (e2 )A (Af )

w here  e£ 18 equ iva len t  plast ic  s train def ined by

A constitu tive equation is proposed for J? as

(3 51)

e ' '=-e?€=? 
2

For one d im ens iona l  case,  equat ion  (3 51) can be wri t ten  as

<r = g, (ep)g2(ep)

w here

(3 52)

* ( * ' ) =  H f c ' )

Si

The pa r t icu la r  form o f  g ] ^ )  and g 2(eP) were p roposed  to be,

8i {eP) = °o+Emep -ae-°*

g 2

1 - M i l
In ( A )

(3 53) 

(3 54)

Five ma te r ia l  cons tan ts  are n, E^,  cr0, a, and a  is a rb i t ra r i ly  chosen  to be 10(

The analy t ica l  mode ls  descr ibed  in the prev ious  sect ions rela te  to monol i th ic  

m a te r ia ls  A ccura te  descr ip t ions  o f  mate r ia l  behav iou r  m akes  the cons t i tu t ive  

model  com pl ica ted  due to the use o f  mul t ip le  mate r ia l  pa ram ete rs  Similar ly ,  

var ious  m ode ls  may  give be t te r  descr ip t ions  for  speci f ic  mate r ia ls  In the case o f  

a sol id  rod,  espec ia l ly  a rod o f  com pos i te  mate r ia l ,  sub jec ted  to com bined  

te ns ion  and to rs ion loading,  the descr ip t ion  o f  the ma te r ia l  behav iou r  becom es
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more  com plex  and cum bersom e  For  this reason,  an a t tempt  to p red ic t  the 

co m b in ed  tensi le  and to rs ional  s tress s tate m  the A lS iC  M MC rod was  made  

using f ini te  e lement analysis  code,  ANSY S

3 3 INTRODUCTION TO FINITE ELEMENT METHOD

The f in i te  e lement method  is used  to solve phys ica l  p rob lem s  m  eng inee r ing  

analysi s  and des ign The  phys ica l  p rob lem  typ ica l ly  invo lves  an actual  s truc ture  

or s truc tu ra l  com ponen t  subjec ted  to cer ta in  loads  The idea l i sa t ion  o f  the 

phys ica l  p ro b le m  to a m a them a t ica l  mode l  requires  ce r ta in  a ssum pt ions  that  

toge the r  lead to d i f feren tia l  equat ion  govern ing  the m a them at ica l  model  Since 

the  f in i te  e lement  so lu t ion  techn ique  is a numerica l  p rocedure ,  it is n ece ss a ry  to 

assess the so lu t ion  accuracy  If  the accuracy  cr i t e r ia  are not  met,  the numerica l  

so lu t ion  has to be repea ted  with re f ined  so lu t ion  param ete rs ,  such as f iner  

meshes ,  unti l  a suf f ic ient  accuracy  is reached  The choice  o f  an appropr ia te  

m a them a t ica l  mode l  is cruc ia l  s ince the response  o f  the model  wil l  be b ased  on 

the se lec ted m a them at ica l  model  and the assumptions  The response  o f  the 

phys ica l  p rob lem  cannot  be p red ic ted  exac tly  because  it is im poss ib le  to 

l e p ro d u c e  even m  the most  re f ined  m athematica l  model  all the in fo rm at ion  that 

is p re sen t  in na ture  and the re fore  con ta ined  m  the phys ica l  p rob lem  

The  cho ice  o f  the m a them at ica l  mode l  mus t  depend  on the p henom ena  to be 

p ie d ic te d  and on the geomet ry ,  mate ria l  p roper t i es ,  loading,  and  b oundary  

cond i t ions  o f  the phys ica l  p rob lem  The mos t  ef fec t ive m a them at ica l  model  is 

tha t  one w h ich  del ivers  the answers  to the ques t ions  m  a re l i ab le  m an n e r  w ith in  

an accep tab le  error  and with  the least am ount o f  effort  These  errors  m ay  be due 

to the s im pl i f ica t ions  used  m  the model  and assum pt ion  m ade  while  m ode l l ing  

The f irs t  s tep m  the f ini te  e lement  analysis  is the c rea t ion  o f  a geom etr ic  

r ep re sen ta t ion  o f  the des ign  part  The ma te r ia l  proper t ies ,  the app l ied  loading  

and bo u n d a ry  condi t ions  on the geom etry  are def ined  m this s tep Since the 

g eom et ry  and o the r  data o f  the actual  phys ica l  part  may  be com plex ,  it is usua l ly  

nece ssa ry  to s impl ify  the geom etry  and loading  m  order  to reach  a t r ac tab le
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m athem a t ica l  mode l  The f ini te  e lement analysis  solves  the chosen  m a them a t ica l  

mode l ,  which  may be changed  and evolved  depend ing  on the purpose  o f  the 

analys is

An im por tan t  ingred ien t  o f  a f ini te  e lement analysis  is the ca lcu la t ion  o f  error  

es t imate ,  1 e es t imates  o f  how c lose ly  the f ini te  e lement  so lu t ion app rox im ate s  

the exact  so lu t ion  o f  the ma themat ica l  mode l  These  es t imates  ind ica te  w he the r  a 

spec if ic  f ini te  e lement  d iscre t is a t ion  has indeed  y ie lded  an accura te  response  

p red ic t ion

The fo l low ing  sec t ions  (Section  3 4 to Sec tion  3 11) give an in t roduc t ion  to 

f ini te  e lement  analys is  p rocedures  and methods  to solve non- l inea r  p rob lem s  An 

a t tempt  has  been  made to guide  the reade r th rough  var ious  steps under taken  in 

the f ini te  e lement approach  to solve non- l inear  p rob lem s  The de ta i ls  o f  the f ini te 

el ement  p rocedures  can be ob ta ined  f rom s tandard  te x tbooks  dea l ing  with  the 

f ini te  e lement  me thods  [see b ib l iography]

3 4 METHODS OF ANALYSIS

Enginee r ing  p rob lem s  aris ing m p rac t ice  usua l ly  m ay  be charac te r i sed  by 

o rd inary  or par t ial  d if feren tia l  equat ions  wi th  the ir  assoc ia ted  boundary  

condi t ions  Solv ing  these p rob lem s  may be ach ieved  by  e i ther  d i f fe rence  or 

in tegral  fo rm ula t ions  The f irst approach  rep laces  the der iva t ives  with  fini te 

d i f fe rence  approx im at ions  The integral  fo rm ula t ion  is more versat i le  because  it 

is also capable  o f  accura te  d iscre t isa t ion  o f  i r regular  so lu t ion  dom ains  and is 

based  on the use o f  t rial func tions  with  unde te rm ined  param ete rs  In this 

approach ,  e i ther  the w e igh ted  res idua l  method  or the s ta t ionary  functional  

me thod  may  be used  for  the so lu t ion

In the w eigh ted  res idual  method ,  a t rial so lu t ion  expressed  m te rms o f  

unde te rm ined  param ete rs ,  is chosen  that  sat i sf ies  all b oundary  condi t ions ,  and 

w hen  in se r ted  in the d i f ferentia l  equat ion  y ie lds  a res idua l  The  m a gn i tude  o f  the 

res idual  is requ i red  to be small m  any o f  the four  ava i lab le  p rocedu re s
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(Col loca t ion ,  Subdomain ,  Galerk in ,  and Least  squares )  and this m  turn  depends  

on the choice  o f  the tr ial so lu t ion  [67]

The  s ta t ionary  functional  me thod  is based  on the varia t iona l  approach  and 

invo lves  the de te rm ina t ion  o f  the ex t rem um  value o f  the chosen  func t iona l  The 

t u a l  function  that gives the m in im um  value o f  the functional  is app rox im ate  

so lu t ion  o f  the govern ing  d if feren tia l  equat ion  In sol id  mechan ics  the functional  

used is the total  po ten t ia l  energy  or some var ian t  o f  this quant i ty  

In f ini te  e lem en t  method,  a con t inuum  is d isc re t ized  into smal le r  dom a ins  or  

e lem en ts  Trial  so lu t ions  are sought  with in  each e lement for  w hich ,  in the 

v a n a t io n a l  method,  the total  po tential  energy  is m in im ised  The idea  is tha t  the 

p iecew ise  d isc re t i sa t ion  will  have  a s imilar  resul t  for  the ent ire  co n t in u u m  when  

sum m ed  over all e lements

N um er ica l  so lu t ion o f  pract ical  eng ineer ing  p rob lem s  consis ts  o f  two d is t inc t  yet 

re la ted  steps

1 Disc re t ize  the con t inuum  with  the f ini te  e lement  method,  def in ing  nodal  

geom etry  and e lement topology,  and pe r fo rm  the fo l low ing  steps

a) Def ine a p ie cew ise  con t inuous  smooth  so lu t ion  trial func t ion  for  

each  e lement  and apply e i ther  the s ta t ionary  functional  or  the 

w eigh ted  res idual  method  to obta in  the e lement equat ions  in terms 

o f  unknow n  nodal  paramete rs

b) A ssem ble  sys tem equat ions ,  the order  o f  which  will be the total 

number  o f  nodal  unknow ns

c) A pp ly  the des ired  d i sp lacem en t  b oundary  condi t ions  to the set o f  

system equat ions  as well as appl ied  m echan ica l  and the rm al  loads

2 Solve the appropr ia te  system equat ions  by a su i table  num er ica l  te chn ique  

Subsequen t ly ,  ca lcu la t ions  are made  o f  other  requ i red  in fo rm at ion  de r ived  from 

the bas ic so lu t ion  o f  the phys ica l  p rob lem  be ing  s tud ied  In s tructura l  analysis ,  

the e lem en t  s tresses  are com puted  afte r  ob ta in ing  e lem en t  noda l  d i sp la cem e n ts  in 

the p rev ious  step

A nalys is  o f  a s truc tura l  sys tem is com posed  o f  the fo l lowing  bas ic  ca rb ide  steps
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i Idea l ise  the con t inuum  as a set o f  smal le r  reg ions  know n as f ini te

e lements

II Select  nodes  at in te re lem ent  boundar ie s  and e lement  in ter io rs  for  the 

pu rpose  o f  set t ing  up o f  in terpo la t ing  functions

III Use  in te rpo la t ion  funct ions  to express  d i sp lacem en t  values  at e lement 

in ter io r  po in ts  in te rms o f  nodal  var iab les

i v  D eve lop  e lement  fo rce -d i sp lacem en t  matr ices  by  app ly ing  e i ther  the 

var ia t iona l  p r inc ip le  or the w eigh ted  res idual  m e thod

v A ssem b le  equ i l ib r ium matr ices  for  the ent ire  reg ion  m  global  coord ina tes  

for  all the e lement matr ices,  and solve the resu l t ing  set o f  a lgebra ic  

equa t ions  for  the unknow n  nodal  va lues

vi Calcu la te  e lement s tresses and strains  from the ca lcu la ted  nodal  

d isp lacements

3 5 FORMULATION OF THE FINITE ELEMENT METHOD

The  s tandard  fo rm ula t ion  for  the f ini te  e lem en t  so lu t ion  o f  so l ids is the 

d i sp lacem ent  method  The d i sp lacem en t-based  so lu t ion  is not  e f fec t ive  for 

cer ta in  app l ica t ions  for  w hich  a mixed  fo rm ula t ion  method  is em ployed  The 

mixed  fo rm ula t ion  method  requ ires  a ca refu l  se lec t ion  o f  appropr ia te  

in te rpo la t ions

3 5 1 Formulation of the Displacement-based Finite Element Method

The  d i sp lacem en t-based  f ini te  e lement method  can be regarded  as an ex tens ion  o f  

the d i sp lacem en t  m e thod  o f  analys is  o f  beam  and truss s tructures  The  com ple te  

s t ruc ture  is idea l ized  as an assemblage  o f  ind iv idual  s truc tura l  e lements  The 

e lem en t  s t i f fness matr ices  co r respond ing  to the global  degrees  o f  f reedom  o f  the 

s truc tura l  idea l iza t ion  are ca lcu la ted ,  and the total  s t i f fness  m a tr ix  is fo rmed  by  

the add i t ion  o f  the e lement s t i f fness matr ices  The so lu t ion  o f  the equ i l ib r ium  

equa t ions  o f  the assemblage  o f  e lemen ts  yie lds  the e lement d isp lacem en ts ,  which  

are then  used to ca lcu la te  the element s t resses  F inal ly ,  the e lement
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d isp lacem en ts  and s tresses  are in te rpre ted  as an es t imate  o f  the ac tua l  s tructura l  

b ehav iou r

The bas is  o f  the d i sp lacem en t -based  f ini te e lement  so lu t ion is the p r inc ip le  o f  

v ir tual  d isp lacem en ts  This  p r inc ip le  s tates tha t  the equ i l ib r ium o f  the body  

requ i res  tha t  for any com pat ib le  small  vir tual  d isp lacem en ts  im posed  on the body  

m  its s tate o f  equi l ibr ium,  the total  in ternal  v ir tual  w o rk  is equal  to the total  

ex terna l  v i i tua l  work

[ e r d V =  \ u Tf Bd V +  f U V  f ' d S  + J ^ U ' 1 R'c (3 55)
f l

w here  the i / ’s are the vir tual  d isp lacem en ts  and  the e ’s are the co r respond ing

v n tu a l  s trains  f B, f S) , a n d ^  are ex te rna l ly  appl ied  body force,  surface

t rac t ion  and concen t ra ted  load  respec t ive ly  The  vir tual  d isp lacem en ts  are not  

ui e a l ” d isp lacem ents ,  which  the body  ac tua l ly  undergoes  because  o f  the load ing  

on the body  Instead,  the vir tual  d isp lacem en ts  are very  much independen t  from 

the actual  d i sp lacem en t  and are used to es tabl ish the integral  equ i l ib r ium

equa t ion  (3 55)

In equa tion,

• The stresses <j  are as sumed to be know n quant i t ies  and are the un ique

s tresses  tha t  exac tly  ba lance  the appl ied  loads

• The vir tual  s trains  e are ca lcu la ted  by the d if fe ren t ia t ions  o f  the fo l lowing  

express ions  from the assumed v ir tua l  d isp lacem ents  U

dU dV dW
e x x ~  ’ e y y ~  5 e z z ~dX dY dZ ^  56^

dU dV 8V dW 8W 8U
7x1 ~ dY +  dX  ’ 7 u  dZ + ~dY ’ 7zx ~ dX + 8Z

• The vir tual  d isp lacements  U  mus t  represen t  a con t inuous  vir tual

d i sp lacem en t  f ield

• All in tegra t ions  are pe r fo rm ed  over  the orig inal  vo lum e and sur face  area 

o f  the body,  una f fec ted  by  the im posed  vir tual  d i sp lacem en ts
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The pr inc ip le  o f  v ir tual  d isp lacem en ts  is sa t i sf ied  for all adm iss ib le  v ir tua l  

d isp lacem en ts  w ith  the s tresses  cr ob ta ined  f rom a con t inuous  d i sp lacem en t  f ield

U tha t  sa t isf ies  the d i sp lacem en t  b o unda ry  condi t ions  w hen  all three  

fundam en ta l  r equ i rem en ts  o f  mechan ic s  are fu lf i l l ed

1 Equil ibrium  holds because  the pr inc ip le  o f  vir tual  d isp lacem en ts  is an 

express ion  o f  equ i l ib r ium

2 Com pat ib i l i ty  holds  because  the d i sp lacem en t  f ield U is con t inuous  and 

sat is f ies  the d i sp lacem ent  boundary  condi t ions

3 The s tress-s tra in  law  holds  because  the s tresses  cr have been  ca lcu la ted  

us ing  the cons t i tu t ive  re la t ionsh ips  from the st rains  e

3 6 FINITE ELEMENT EQUATIONS

In f ini te  e lement  analys is ,  a body is approx im ated  as an assemblage  o f  d iscre te  

f ini te  el ements  in te rconnec ted  at nodal  poin ts  on the e lem en t  b ounda r ie s  The 

d isp lacem en ts  m easured  m  a local  coord ina te  sys tem x, y, z with in  each  e lement 

are assum ed  to be a func t ion  o f  the d isp lacements  at the *N’ f ini te  e lem en t  nodal  

poin ts  There fore ,  for  e lement ‘m ’ we have

u{m)(x ,y ,z )  = H im)(x ,y , z )U  (3 57)

w here  H {m) is the  d i sp lacem en t  in te rpo la t ion  matr ix ,  the supersc r ip t  m denotes  

e lem en t  m,  and U  is a vec to r  o f  the three  g loba l  d i sp lacem en t  com ponen ts  Ut3Vti 

and Wx at all nodal  points ,  inc luding  those at the suppor ts  o f  the element 

a s sem b lage  The co r respond ing  e lement s trains,

e ("° (x, y, z) = B(m)(x, y, z)U  (3 58)

where  B (m} is the s t ra in -d i sp lacem en t  matr ix ,  the rows o f  B(m) are ob ta ined  by 

app rop r ia te ly  d i f fe ren t ia t ing  and com bin ing  rows o f  the ma tr ix  H {m)

The use o f  equat ions  (3 57) and (3 58) in the p r inc ip le  o f  vir tual  d i sp lacem en ts  

will  au tom at ica l ly  lead  to an ef fec t ive assemblage  p rocess  o f  all e lement 

m a t r ice s  into the govern ing  s t ruc ture  matr ices  This as sem blage  p rocess  is
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le fe r red  to as the direct  s t i f fness method  The s tresses  m  a f ini te  e lem en t  are 

re la ted  to the e lement s trains  and the e lement ini t ial  s tresses  using

r<"° = C(m) e (m) + r /(w) (3 59)

w here  C('n) is the elast ic i ty  matr ix  o f  the e lement  m and r /(w) are the given 

e lement  ini t ial  s tresses The ma te r ia l  law specif ied  in C {m) fo r  each e lem en t  can 

be tha t  for  an isot rop ic or an an iso t ropic  ma te r ia l  and can vary  f rom e lem en t  to 

e lem en t

E q u i l ib r iu m  equa t ions  tha t  co r respond  to the nodal  poin t  d isp lacem en ts  o f  the 

as sem b lage  o f  f ini te  e lemen ts  can be der ived  us ing  the as sum pt ion  on the 

d isp lacem en ts  w i th m  each  f ini te  e lement [68] Rew ri t ing  equat ion  (3 55) as a 

sum o f  in tegra t ions  over the vo lum e and areas o f  all f ini te  e lements

MS(m>' f {m)dSw + Y u  R'c
t

(3 60)

where  m = 1,2,3 k, where  k = number  o f  e lements ,  and Slm\  deno tes  the

e lem en t  surfaces  that are part  o f  the body  surface  For  e lements  su r rounded  by 

o ther  el emen ts,  no such surfaces  exist ,  whereas  for  e lements  on the surface  o f  the 

body  one or more  such  e lement surfaces  are inc luded  m the surface  force 

in tegral

The  re la t ions  m  equa t ions  (3 57) and (3 58) have  been  given  for  unknow n  

e lem en t  d isp lacem en ts  and strains  Em ploy ing  the a ssum pt ions  in the use o f  

p r inc ip le  o f  v ir tua l  d isp lacements ,

u ' " \ x , y , z )  = H°")( x , y , Z)Ù  (3 61)

T \ x , y , z )  = B (m\ x , y , z ) Ù  (3 62)

The  e lement  s t i f fness  matr ices  wil l  be symmetr ic  matr ices  

S ubs t i tu t ing  the above express ions  in equat ion  (3 60),

($(» £('«)
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u
~ —ru = u (3 63)

w here  the surface d i sp lacem ent  in terpo la t ion  matr ices  H S{m) are ob ta ined  from 

the d i sp lacem en t  in te rpo la t ion  matr ices  H {m) m  equat ion  (3 57) by subs t i tu t ing  

the appropr ia te  e lement  surface  coord ina tes  and R c is a vec to r  o f  concen t ra ted  

loads appl ied  to the nodes  o f  the e lement assemblage

To ob ta in  f rom (3 63) the equat ions  for the un k n o w n  nodal  poin t  d isp lacem en ts ,  

the pr inc ip le  o f  vir tual  d isp lacem en ts  is appl ied  n t imes by  im pos ing  uni t  virtual

d isp lacem en ts  m  turn for  all com ponen ts  o f  U , so that the resul t  is

KU  = R (3 64)

w here

R — RB + Rs — Rj + Rc 

The matr ix  K is the s t i f fness matr ix  o f  the e lement  assemblage,

K  = Z  i i .)  S (",)rC l'")5 ("°rfK<",)
m

The load vec tor  R inc ludes  the effect  o f  the e lem en t  body  forces,

m

The effec t  o f  the e lement surface  forces,

* s = I  I n  s(,lH s°")Tf slm)dS(
m 1 ‘

The ef fec t  o f  the e lement ini t ial  s tresses,

Ri = Z  [,„) B {m)Tt ,lm)d V {m)
m

and the nodal  concen t ra ted  loads  R c

m)

(3 65)

(3 66)

(3 67)

(3 68)

(3 69)
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The sum m at ion  o f  the e lement  vo lume in tegral s  in equat ion  (3 66) expresses  the 

d n e c t  addi t ion  o f  the e lement  s t i f fness matr ices  K (m) to obtain the s t i f fness  

matr ix  o f  the total e lement assemblage  Simi la r ly ,  the assemblage  body  force 

vec to r  Rb i s  calcula ted  by d irec t ly  adding the e lement  body  force vec tors  R ^ ,

and Rs  and R/  are s im i la r ly  ob ta ined  The process  o f  as sembl ing  the e lem en t  

matr ices  by d irec t  addit ion is cal led  the direct  s t i f fness m e thod

3 7 FINITE ELEMENT NONLINEAR ANALYSIS

In a m a te r ia l ly  non l inear  analysis ,  the non l inear  effect  lies in the non l inear  

s tr ess -s t ra in  re la t ion  The d isp lacem en ts  and strains  are m fm i te s im a l ly  small ,  

the re fo re  the usual  eng ineer ing  stress and strain measures  can be em ployed  in the 

r e sponse  descr ip t ion

The basic ca rbide p rob lem  m a genera l  non l inear  analys is  is to f ind the state o f  

equ i l ib r ium  o f  a body  co r respond ing  to the appl ied  loads  If  the ex te rna l ly  

appl ied  loads  are descr ibed  as a func tion o f  t ime,  the equ i l ib r ium cond i t ions  o f  a 

system o f  f ini te  e lements  represen t ing  the body  under  cons ide ra t ion  can be 

expressed  as

!R - tF  = 0 (3 70)

w here  the vec tor  'R l ists the ex terna lly  appl ied  noda l  po in t  forces  in the 

conf igu ra t ion  at t ime t and the vec tor  lF  l ist  the nodal  poin t  forces  that 

co r respond  to the e lement s tresses in this conf igura t ion  Hence,  us ing  the 

equa t ions  (3 67),  (3 68),  and (3 69) in equat ion  (3 65),  we have

tR = ‘RB + tRs + ‘Rc (3 71)

And identi fy ing  the curren t  s tresses  as ini t ial s tresses,  Rf = 'F ,

'F  = £  |  'B{m)T 'r(m) 'dV(m) (3 72)
m

w here  in a genera l  large defo rm at ion  analysis  the s tresses  as well  as the vo lume 

o f  the body  at t ime t are unknow n
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The  re la t ion  in equat ion  (3 70) must  express  the equ i l ib r ium  o f  the sys tem in the 

cu r ren t  defo rm ed  geom etry  tak ing  due account  o f  all non linear i t ie s  

Cons ide r ing  the so lu t ion  o f  the non l inear  response ,  the equ i l ib r ium  re la t ion  in 

equa t ion  (3 70) mus t  be sat i sf ied  th roughout  the com ple te  h is to ry  o f  load 

app l ica t ion ,  1 e , the t ime variable t may  take  on any value  f rom zero  to the 

m a x im u m  time o f  in teres t  In a s tat ic analysis  w i thou t  t ime effec ts  o the r  than  the 

def in i t ion  o f  the load  level ,  t ime is only  a conven ien t  variable,  which  denotes  

d i f fe ren t  in tens i t ies  o f  load  app l ica t ions  and co r respond ing ly  d i f fe ren t  

conf igu ra t ions

In m any  so lu t ions,  on ly  the stresses and d isp lacem en ts  reached  at spec if ic  load 

levels  can be ca lcu la ted  for the analys is  resul ts  In some non l inear  s tat ic 

analyses  the equ i l ib r ium  conf igura t ions  co r respond ing  to these load levels  can be 

ca lcu la ted  without  so lv ing  for  other  equ i l ib r ium conf igura t ions  However ,  when  

the analysi s  inc ludes  pa th -dependen t  non l inear  geometr ic  or  mate r ia l  cond i t ions ,  

the equ i l ib r ium rela t ions  m equat ion  (3 70) need  to be solved  for  the com ple te  

t ime la nge  o f  in te rest  This  response  ca lcu la t ion  is ef fec t ive ly  ca r r ied  ou t  us ing  a 

s tep-by-s tep  inc rementa l  so lut ion ,  which  reduces  to a one-s tep  analys is  i f  in a 

s tat ic  t im e- independen t  so lut ion ,  the total load  is appl ied  all to ge ther  and only  

the conf igu ra t ion  co r respond ing  to that  load is ca lcu la ted  However ,  the ana lysis  

o f  such a case f requen t ly  requires  an incrementa l  solut ion,  per fo rm ed  

au tomatica l ly ,  w ith  a number  o f  load steps to f inal ly  reach the total  appl ied  load 

The bas ic  carb ide  approach  in an incrementa l  s tep-by-s tep  so lu t ion  is to assume 

that  the so lu t ion  for the d iscre te  t ime t is known and tha t  the so lu t ion  for  the 

d iscre te  t ime t + At is required,  where  A/ is a su i tab ly  chosen  t ime inc rement  

Hence ,  cons ider ing  equat ion  (3 70) at t ime t + At we have,

l+AtR - ,+A,F  = 0 (3 73)

where  the left supersc r ip t  denotes  at t ime t + At A ssum e  that l+AtR is independen t  

o f  the defo rm at ions  Since the so lu t ion  is know n at t ime t, we can write

t+AtF  = 'F + F  (3 74)
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w here  F  is the in c rem en t  in noda l  po in t  forces  co r respond ing  to the inc rem en t  in 

e lem en t  d isp lacements  and stresses  from t ime t to t im er  + A/ This vec to r  can be 

app rox im ated  us ing  a tangent  s t i f fness matrix !K , which  co r responds  to the 

geom etr ic  and mater ia l  condi t ions  at t ime t,

F  = 'KU  (3 75)

w here  U  is a vec tor  inc rementa l  nodal  po in t  d isp lacem ents  and

d ‘F
K  =  e v  ( 3  7 6 )

Hence ,  the ta ngen t  s t i f fness matrix cor responds  to the deriva t ive  o f  the in terna l  

e lem en t  nodal  po in t  forces 1F  with  respec t  to the nodal  po in t  d isp lacem en ts  'U 

Subs t i tu t ing  equat ions  (3 75) and  (3 76) into equa t ion  (3 73), we ob ta in

{K U = t+*‘R - ‘F  (3 77)

And so lv ing  for  U, we can ca lcu la te  an approx im at ion  to the d isp lacem en ts  at 

t ime t + A t ,

,+AtU = ‘U + U (3 78)

The exac t  d isp lacem en ts  at t ime t + At are those tha t  co r respond  to the appl ied  

loads ,+AiR  U sing  equat ion  (3 78) on ly  an approx im at ion  to the d i sp lacem en ts  

can be ca lcu la ted  because  equat ion  (3 75) was used

H av ing  eva lua ted  an approx im at ion  to the d isp lacem en ts  co r respond ing  to t ime 

t + At we could  now solve for  an approx im at ion  to the s tresses  and co r respond ing  

nodal  po in t  forces at t im e /  + Ai,  and  then p roceed  to the nex t  t ime in c rem en t  

ca lcu la t ions  However ,  because  o f  the approx im at ion  m  equat ion  (3 75),  such a 

so lu t ion  may  be subjec t  to very  s ign i f ican t  errors  and, depend ing  on the t ime or  

load step sizes used,  may indeed  be uns tab le  It is the re fore  necessa ry  to i terate  

unti l the so lu t ion  o f  equat ion  (3 73) is ob ta ined  to suff ic ien t  accuracy  The 

w ide ly  used  i terat ion  m e thods  in f ini te  e lement  analysi s  are b ased  on the 

class ica l  N e w to n -R a p h s o n  te chn ique  This method  is an ex tens ion  o f  the simple  

inc rementa l  te chn ique  given in equat ions  (3 77) and (3 78) Hav ing  ca lcu la ted  an
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i nc rem en t  in the nodal  po in t  d isp lacements ,  w h ich  defines a new total  

d i sp lacem en t  vector ,  we can repea t  the inc rem en ta l  so lu t ion  p resen ted  above  can 

be r epea ted  using the cur ren t ly  know n total  d isp lacem en ts  in s tead  o f  the 

d isp lacem en ts  at t ime ‘t ’

The equat ions  used in the N ew ton -R aphson  i terat ion  are, for  1 = 1,2,3

l+At  _  t + A t _  t+&t

t + A i j j ( i ) __ ( + A t j j ( i ~ l )  ^  j j ( t )   ̂ ^

with  the ini t ial  condi t ions

t + A i j j { 0 )  _  t j j  t + A t ^ ( 0 )  _  t t + A t j ^ ( Q )  —  1 p  ^  3 0 )

In the f irs t  i t erat ion ,  the re la t ions  m  equat ion  (3 79) reduce  to the equat ions  

(3 77) and (3 78) In the subsequen t  i t erat ions,  the la tes t  es t imates  for  the nodal  

po in t  d isp lacem en ts  are used  to eva lua te  the co r respond ing  e lement  s tr esses  and 

nodal  poin t  forces 1+A{f (1~'] and tangent  s t i f fness  matr ix  l+AiK {l~l]

The  ou t -o f -ba lance  load vec to r  !+AtR -  t+AtF {l~l) co r responds  to a load vec to r  that  is 

no t  yet ba lanced  by e lement  s tresses,  and hence  an inc rem en t  in the nodal  po in t  

d isp lacem en ts  is requ ired  This  updat ing  o f  the nodal  po in t  d isp lacem en ts  in the 

i te ra t ion  is con t inued  unti l the ou t -o f -ba lance  loads  and inc re menta l  

d i sp lacem en ts  are smal l

3 8 COMPUTATIONAL PROCEDURES FOR DETERMINING STRUCTURAL 

DEFORMATIONS FOR NONLINEAR PROBLEMS SUBJECTED TO STATIC LOADING 

3 8 1 Structural nonlinearities

The fundam en ta l  charac te r i s t ic  o f  a non l inear  s truc ture  is the chang ing  s truc tura l  

behav iou r  with  changes  m  load  Structural  non l inear i t ies  m ay  be caused  by a 

num be r  o f  factors  and are b road ly  c lass i f ied  into three m a m  ca tegor ies

1 G eom et r ic  n o n h n e a r i ty

2 M ater ia l  non l inear i t ies  and

3 C han g in g  s tatus  non linear i t ie s
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Geometric nonlmearity

If  a s t ruc ture  exper iences  large defo rm at ions  such as large def lec t ion ,  large 

strains  and large rotat ion,  its changing  geom etr ic  conf igu ra t ion  can cause 

non l inea r  behav iou r

Foi geom etr ic  non lm ear i ty ,  a N ew to n -R ap h s o n  i terat ive  p rocedure  is genera l ly  

used in which  the elas t ic  s t i f fness  matr ix  is supp lem en ted  with  the geom etr ic  

s t i f fness  matr ix  K g , s o  that bo th  large d isp lacem en ts  and ro ta t ions ,  as wel l  as the 

ef fec t  o f  in-p lane  s tre tching,  are taken  into cons idera t ion ,  s trains  are a s sum ed  to 

be small  in the fo rm ula t ion  given be low 

Foi s tat ic  analys is ,  the so lu t ion  a lgor i thm is as fol lows,

Let  ‘n ’ equal  the num ber  o f  load increments  and V  equal  the n u m b e r  o f  

i t e ia t ions  w i th in  a loop Then  for  each load inc rem en t  ( ‘n ’ loop),  fo rm nKc,  the 

geom etr ic  s t i f fness  matr ix  based  on accum ula ted  e lement  s tresses  ( = 0 for  n = 1, 

and the pr im e  denotes  the local  coord ina te  system) ,  nKe,  the elast ic  s t i f fness  

matr ix  ( = 1 K°E for  n = 1, n K lEfor n > l ) ,  and n r s, res idual  forces (=0,  for  n = l ,  n r s 

for n > l )

Then for  each i te ra t ion  ( V  loop) solve,

[ n K ^  + nKc, ]AhW = 2  Ap -  n r ^ ]) (3 81)

to yie ld An{t)

U pda te  geom etry  = i / ' "^  + Aw^ and ob ta in  inc rementa l  de fo rm a t ions  m  LCS

Au'{,) = i ' W °  (3 82)

w here  X is the d i rec t ion  cos ine matr ix  Calcu la te  the e lement  s tresses  in the LCS

and accumula te ,  based  on Aw'^

Obta in  res idual  forces m  GCS

As {,) = + nK0 Ja «(,) (3 83)

n r "  = nr{; - ' ] + Ay(,) (3 84)

61



C heck  convergence ,  i f  | Aw | > EPS, EPS is a spec i f ied  accuracy  p a ram e te r

Repea t  the i terat ion  ( V  loop),  i f  not  converged  C ont inue  on the inc rementa l

on the com ple t ion  o f  the load  cycle 

Material Nonlinearity

A non l inea r  s tr ess -s t ra in  re la t ionsh ip  is a com m on cause  o f  non l inear  s tructura l  

b eh av io u r  The re la t ionsh ip  be tw een  stress and  strain is path dependen t ,  so that  

the stress depends  on the strain h is to ry  as well  as the strain i t se l f  

In p rob lem s  that  exh ib it  materia l  n o n h n e a n t y ,  the Prand t l -Reuss  equat ion  for the 

plast ic  s tra in  inc rements  is com bined  with  the von Mises  yield c r i t e r ia  for 

mate r ia l  cha rac te r i sa t ion  An i tera t ive so lu t ion p rocedure  is then em ployed  for 

the so lu t ion o f  the associa ted  stat ic  p rob lem 

In it ia l ise

1 Set loads ex te rnal  (RE) and internal  (R1) to zero 

11 Set all s tresses  and deformat ions  (u0) to zero

111 Set the yie ld function  F  = -ayp

iv Set the s lope o f  the s t ra in -ha rden ing  cu rve  to its ini t ial  va lue H'm

v Set the p last ic  s train s p to zero

vi Set A/?, the incrementa l  load

For  each incrementa l  load ( ‘j ’ loop),  ca lcu la te  the total  load  at j th s tep,

C om pu te  and K ^ \  e lement  and global  s t i f fness  matrices,  r e spec t ive ly

load loop ( ‘n ’ loop) i f  convergence  is ach ieved  in V  loop Stop the com pu ta t ion

(3 85)

Calcu la te  norm

(3 86)

and f ind  the res idual  force ( V  loop)

(3 87)
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Calcu la te  Æ^'J, i f  | R™ || < EPSX  ||, go to the end o f  the ‘j ’ loop,  ca lcu la te  Kep 

( in i t i a l ly  K e) Solve Aw, = K~epR rtc\  the inc rement  o f  d isp lacement ,  and ca lcu la te  

u, = wf_, + A ut the total  e las top las t i c  d isp lacem en t

For each  e lement ( ‘n ’ loop),  A s i = BAuif the total  inc rem en t  m  e lement  s tra in

(us ing  e = Bu for  small  s train)  Check  the last va lue o f  y ie ld  func t ion  F, i I f  F, i

= 0, the e lem en t  is a l re ady  on the yie ld surface,  go to the e las top las t ic  loop I f

F, i < 0  the e lement  is elast ic  at the start o f  the loop Calcula te

Acr( ~ D A e } a x = crI_1+Acri Then ca lcu la te  Ft = crl +cryp , m  w hich  the ef fec t ive

stress a  = = [a[a'ya[ 2 T xy2Tr 2Tzxf  , m  w hich  ct [ = ( a x ~ a m), and so

on, and a m -  (cr( + a v + a z )/3 I f  Fl < 0 ,  then  it is elast ic  and store a t F,, go to the 

end o f  the ‘n ’ loop I f  Ft > 0 ,  set a A = a [_l , a B = a t Loop to br ing  a c onto  the 

yie ld surface

<rc=(<TA+<r8) l 2 (3 88)
Calcu la te  Fc = a - a yPi | I f  Fc < 0, a  a = a c  I f  Fc > 0, crB = ctc I f  | r̂c |> TOL,

îe tu in  to the top o f  the loop, TOL is the spec if ied  accuracy  pa ram ete r  to end the 

loop Then ca lcu la te

A g = D~Hac - c r . )
p (3 89)

A e F = Ae,  - A e C|

cr = a c , and F t b ecom es  zero

Here  is the start o f  the elastoplas t i c  loop Set <r, = a c , s t ress on  yie ld surface

A e
i

20

Loop,  K  = 1, n (e g , n = 20),  and ca lcu la te  D epi b ased  on ac

d A e ep = ^  (3 90)

= A dA e ei)k ep cp  p

= a r + A a.
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U se  ac+k to ca lcu la te  the  n o rm a l  —  = —  and  Fk  C a l c u la t e
d a  d a

d a

d{Acr)=  x Fk (3 92)
d a  d a
d a  d a

<*c+k =<7 c+k + d(Acr)

Set  a c  ~ o-c+k, and end ‘A’ loop  C a lcu la te  F n w h ic h  sh o u ld  be 0, i f  not,  set to 0 

( it  m a y  be ve ry  sm al l )  S to re ac+k and F t, and ca lcu la te  the e las t ic  s tra in  

i n c re m e n t

a s s u m e d  to have  a c o n s ta n t  s lope  /  va lue)  F ind  the e l e m e n t  loop,  end the 

re s idua l  fo rce  V  loop,  and end  the load  ‘y ’ loop

Changing status nonlinearities

M an y  c o m m o n  s t ruc tu ra l  m e m b e r s  exh ib i t  n o n l i n e a r  b e h a v i o u r  tha t  is s tatus-  

d e p e n d e n t  S ta tus  ch an g e s  m ig h t  be d i r ec t ly  r e l a t e d  to load ,  or  be d e t e rm in e d  by  

som e  ex te rna l  cau s e  such  as a ro l l e r  suppo r t  e i the r  in c o n ta c t  or  no t  in con tac t

3 9 STRESS COMPUTATION

Stresses  in v a r io u s  e l em en t s  in the  s t ruc tu re  due  to n o d a l  de f l e c t i o n s  m a y  be 

c a l c u la te d  to c h e c k  i f  the s t ruc tu re  can s a fe ly  w i th s t a n d  the  ex t e rn a l ly  app l ied  

load  T yp ica l ly ,  the p ro ces s  f i rs t  inc ludes  c o m p u ta t i o n  o f  e l e m e n t  nodal  

d e f le c t io n s  in the LCS f rom  va lues  a l re ady  c o m p u t e d  in the  GCS T h e s e  va lues  

are then  u s e d  a long  w i th  the e l e m e n t  s t ra in  t r a n s f o r m a t io n  and  cons t i tu t ive  

m a t r ice s  d e r iv e d  in the i r  LCS to c o m p u te  e l e m e n t  s t r e s se s  T hus ,  e l e m e n t  s tress  

c o m p u ta t io n  i n v o lv e s  the  fo l l o w in g  steps

(3 93)

Store  e pj=&P i + A e p C a lcu la te  H\  = f [ ^ p ) f rom  inpu t  da ta  (w h ich  m ay  be
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O bta in  e l em en t  n ode  d e f le c t io n s  f rom g loba l  va lues

Step 1

(3 94)

e = B u e (3 95)

Step  3

C o m p u te  e l em en t  s t re sses  f rom  s tr a ins  w i th  the  a p p ro p r ia t e  c o n s t i tu t i v e  law

cr = D e
(3 96)

a  = D B u e

3 10 SOLID ELEMENTS

For  a t e t r a h e d ro n  e lem en t ,  c o m p u ta t i o n  o f  the s t re sses  fo l lo w  the usua l  p rocedu re  

in w h ich  noda l  d e f le c t io n s  are f i rs t  co n v e r t e d  in to  the LCS and  s t resses  are 

co m p u te d  f rom <j = D B u e u s in g  the m a te r ia l  c o n s t i tu t i v e  m a t r ix  D  tha t  pe r ta in s  to 

th ree  d im en s io n a l  s tress  d i s t r ib u t io n  A h e x a h e d ro n ,  on  the o the r  hand ,  is d iv ided  

in to  two sets  o f  f ive su i tab le  t e t r a h e d ro n s ,  and  s t re sses  are ca l c u la te d  in each 

e lem en t  and m u l t ip l i e d  by  the i r  r e s p e c t iv e  v o lu m e s ,  T h e i r  sum  is n ex t  d iv ided  by  

the v o lu m e  o f  the h e x a h e d r o n  to y ie ld  the av e rage  e l e m e n t  s tress

S ince  the f in i te  e l e m e n t  m e th o d  is a n u m e r i c a l  p r o c e d u r e  for  s o lv in g  com plex  

en g in e e r in g  p ro b le m s ,  im p o r ta n t  c o n s id e r a t io n s  p e r t a in  to the a c c u ra c y  o f  the 

ana lys i s  re su l t s  and  the c o n v e rg e n c e  o f  the n u m e r i c a l  so lu t io n  

A fin i te  e l e m e n t  ana lys i s  requ i re s  the id e a l i s a t io n  o f  an ac tua l  ph y s ic a l  p rob lem  

into a m a th e m a t ic a l  m ode l  and  then  the  f in i te  e l e m e n t  s o lu t io n  o f  th a t  mode l  A 

p ro p e r  f in i te  e l e m e n t  s o lu t ion  sh o u ld  c o n v e rg e  to the a n a ly t ic a l  s o lu t ion  o f  the 

d i f f e re n t ia l  e qua t ions  tha t  go v e rn  the r e s p o n s e  o f  the  m a th e m a t i c a l  mode l  

F u r th e rm o re ,  the c o n v e rg e n c e  b e h a v i o u r  d i sp la y s  al l the  c h a ra c te r i s t i c s  o f  the 

f in i te  e l e m e n t  s c h e m e  b e c a u se  the d i f f e re n t ia l  e q u a t io n s  o f  m o t io n  o f  the

3 11 CONVERGENCE OF ANALYSIS RESULTS
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m a th e m a t ic a l  m o d e l  ex p re s s  in a ve ry  p re c i se  and  c o m p a c t  m a n n e r  all bas ic  

c o n d i t io n s  tha t  the s o lu t ion  va r ia b le s  such  as s tr ess ,  d i s p la c e m e n t ,  s tra in  must  

sa t i s fy  I f  the d i f f e re n t ia l  e qua t ions  o f  m o t io n  are n o t  k n o w n ,  and  /o r  ana ly t ica l  

so lu t ions  c an n o t  be ob ta ined ,  the co n v e rg e n c e  o f  the  f in i te  e l e m e n t  so lu t ions  can 

be m e a s u r e d  on  the fact  tha t  all bas ic  k in e m a t i c ,  s tat ic ,  and  cons t i tu t ive  

c o n d i t io n s  c o n ta in ed  in the m a th e m a t ic a l  m ode l  m u s t  be s a t i s f ied

3 11 1 Convergence Criteria

I f  an inc re m e n ta l  s o lu t ion  s t r a t e g y  b a s e d  on  i t e ra t ive  m e th o d s  is to be e f fec t ive ,  

r ea l i s t i c  c r i t e r ia  shou ld  be u s e d  for  the te rm in a t io n  o f  the  i t e r a t io n  At the end o f  

each  i t e ra t ion ,  the s o lu t ion  o b ta in ed  shou ld  be c h e c k e d  to see w h e th e r  it has 

c o n v e rg e d  w i th in  p re s e t  to l e ra n c e s  or  w h e th e r  the  i t e r a t io n  is d iv e rg in g  I f  the 

co n v e rg e n c e  to le ran ces  are too  loose,  in a c c u ra te  re su l t s  are o b ta ined ,  and i f  the 

to le ran ces  are too t igh t ,  m u c h  c o m p u ta t i o n a l  e f fo r t  is spen t  to ob ta in  need less  

a c c u racy  S im i la r ly ,  an in e f fe c t iv e  d iv e rg e n c e  c h e c k  can t e rm in a te  the i t e ra t ion  

w hen  the s o lu t ion  is n o t  a c tua l ly  d iv e rg in g  or  fo rce  the  i t e r a t io n  to s ea rch  for  an 

u n a t t a in a b le  so lu t ion

Displacement Convergence Criteria

In this c r i t e r ion  the d i s p la c e m e n ts  at the end o f  each  i t e ra t io n  is r equ i re d  to be 

w i th in  a ce r ta in  to le ran ce  o f  the t rue  d i s p la c e m e n t  s o lu t ion  H ence ,  a r ea l is t i c  

c o n v e rg e n c e  c r i t e r ia  is

1 s  g0 (3 97)

w here  e D is a d i s p la c e m e n t  co n v e rg e n c e  to l e ra n c e  The  v e c to r  i+AtU  is no t  know n

and m us t  be a p p r o x im a te d  F r e q u e n t ly  it is a p p ro p r ia t e  to u se  t+AtU  in the last  

c a l c u la te d  v a lu e  t+Aiu {l) as an a p p ro x im a t io n  to t+AtU  and  a su f f i c i e n t ly  smal l  

v a lue  e D
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A second  convergence  c r i t e r ion  is ob ta ined  by  m e asur ing  the ou t -o f -ba lance  load 

vec to r  The norm  o f  the ou t -o f -ba lance  load vec to r  be w i th m  a p rese t  to lerance  

e F o f  the original  load  in c rem en t

Force Convergence Criteria

A dif f icu l ty  w ith  this c r i t e r ion  is tha t  the d i sp lacem en t  so lu t ion  does  not  enter  

the t e rm ina t ion  cr i ter ion

Energy Convergence Criteria

A th i rd  convergence  c r i t e r ion  may be used  to indica te  when  bo th  the 

d isp lacem en ts  and the forces  are near  the ir  equ i l ib r ium  values In this the 

inc rem en t  in in te rnal  energy  dur ing  each  i te ra t ion  is com pared  to the ini t ial  

in te rnal  energy  inc rem en t  Convergence  is a s sum ed  to be reached  when,  w ith  e E 

a p rese t  energy  to lerance ,

This convergence  c r i t e r ion  contains  both  the d isp lacem ents  and the forces ,  it is 

m prac t ice  an at tract ive measure

The use o f  the full N ew to n -R ap h s o n  m e thod  m  the inc re m en ta l  so lu t ion  leads to 

a h ighe r  accu racy  m  the so lu t ion  since  the so lu t ion  error  d im in ishes  qu ite  rap id ly  

m the last  i te ra t ions

3 12 IMPLEMENTATION OF FEM

In the p resen t  work,  num erica l  s imula t ion  o f  com bined  te ns ion  and to rs ion  

loading  condi t ions  o f  an AlS iC  M MC rod was  carr ied  out  us ing  f ini te  e lement 

code A N S Y S  The choice  o f  f ini te  e lement  analysi s  code  plays  a vi tal  ro le in the 

s im ula t ion  and analysi s  o f  a par t i cu la r  app l ica t ion  A N S Y S is the on ly  f ini te  

e lem en t  analysi s  code  avai lab le  in the School o f  M echan ica l  and M anufac tu r ing  

E ng inee r ing ,  D ub l in  Ci ty  Univers i ty ,  and there fore  it was  used  in this  research  

work  Desp i te  some l imita t ions ,  it was thought to be adequa te  to the ta sk

(3 98)

er|r*-'4 (3 99)
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In a non l inea r  analys is  the response  to load -d i sp lacem en t  re la t ionsh ip  canno t  be 

p red ic ted  d ir ec t ly  with  a set o f  l inear  equat ions  The so lu t ion  is ob ta ined  by 

d iv id ing  the load  into a num ber  o f  inc rements,  and de te rm in ing  the equ i l ib r ium  

cond i t ion  for  each o f  the increments  The p rob lem  with  a pu re ly  inc rem en ta l  

approach  is that  errors  accumula te  with  each load increment,  caus ing  the f inal  

resu lt  to be out  o f  equ i l ib r ium  A N SY S overcom es  the p rob lem  o f  an inc rementa l  

s o lu t ion  by us ing  N e w to n -R a p h s o n  equ i l ib r ium i terat ions  [69] The N ew ton -  

R aphson  method  i t era tes to a so lu t ion  us ing the equat ion

[KT]{Au} = {Fd} - { F nr} (3 100)

w here  [K ] = Tangen t  S t if fness matrix 

{AuS-= D isp lacem en t  in c rem en t  

{Fa} = A pp l ied  load vec tor  

{Fnr} = In terna l  force vec tor  

The  advantage  o f  the N ew ton -R aphson  m e thod  is tha t  for  a cons is ten t  tangent  

s t i f fness  the N ew to n -R ap h s o n  has a quadra t ic  rate o f  convergence  [70] This  

means  that  with  each i te ra t ion  the error  m  the so lu t ion  is p ropor t iona l  to the 

square o f  the p rev ious  error  The N -R  method  requires  a measure  o f  convergence  

to dec ide  when to stop i te ra t ing  Given  the ex terna l  loads  on a body  (Fa), and the 

in ternal  forces (Fni) (genera ted  by  the stresses in the e lemen ts  ac t ing at a node),  

the externa l  forces mus t  ba lance  the in te rna l  forces for  a body  to be in 

equ i l ib r ium,  Fa -  F nr = 0 In pract ice,  the N -R  res idual  wil l  never be exac tly  

equal  to zero W hen the res idual  becom es  smal l  w i th in  a to lerance ,  the N -R  

i t e ra t ions  are t e rm ina ted  and an equ i l ib r ium  so lu t ion  is ob ta ined  

A N SY S by defaul t  uses a fo rce /m om ent  and d isp la cem e n t / ro ta t ion  convergence  

c r i t e r ia  for  de te rm in ing  equ i l ib r ium  convergence  A defau l t  to le rance  o f  0 5% for 

f o rce /m om e n t  res iduals  and 5% for d isp lacem ent /  ro ta t ion  in c rem en ts  is used 

Force  b ased  conve rge nce  p rov ides  an absolu te  m easu re  o f  convergence ,  as it is a 

m e asu ie  o f  equ i l ib r ium  b e tw ee n  the in te rnal  and ex terna l  forces D is p lace m en t  

based  check ing  should  on ly  be used as a supp lem en t  to fo rce  based  convergence
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In A N S Y S ,  the appl ied  load ing  on a st ructure  is descr ibed  by  def in ing  a set o f  

load steps The load m  a given load step is appl ied  inc rem en ta l ly  Each 

inc rem en t  o f  load  is re fer red  to as a substep Every  load step and  substep  is 

as soc ia ted  with  a value o f  t ime Substeps  can also be refer red  to as t ime steps  In 

this l e sea rch  work,  analysis  o f  the exper imenta l  resul ts  was  based  on rate-  

independen t ,  s tat ic  analys is  For ra te - independen t ,  s tat ic analysis  t ime is used  as 

a coun te r  and can be set to any conven ien t  value It is easier  to plo t  the load 

de f lec t ion  curve i f  the t ime is set equal  to the m agn i tude  o f  the appl ied  load m  a 

stat ic  analysi s  Whi le  runn ing  an analys is  with mul t ip le  load steps, new ly  app l ied  

loads  are ram ped  f rom zero at the start o f  the load  step to their  full  value at the 

end o f  the load step W hen  a load  is redef ined ,  its value is ram ped  from the value 

it had  at the end o f  the p rev ious  load step I f  all energy  pu t  into a sys tem  is 

le co v e red  when  the loads  are removed ,  the sys tem is conse rva t ive  and path 

independen t  If  the energy  is d is s ipa ted  by  the system, such  as p last ic  

defo rm at ion ,  the sys tem is non-conserva t ive  and pa th  dependen t  In the later  

system the actual  load h is to ry  must  be fo l lowed  and requ i re  that  the load be 

appl ied  s lowly  by  using m any  substeps  If  a s t ruc ture  undergoes  large 

d i sp lacem en ts  as load is appl ied  incrementa l ly ,  then  the st i f fness matr ix  wil l  not  

be cons tan t  dur ing  the loading process

A N SY S ac t ivates  the large def lec t ion  analysis  w ith in  the stat ic analys is  domain  

us ing  the N L G E O M ,  ON op tion  This can  be sum m ar i sed  as a th ree -s tep  process  

for each  elemen t ,  such  as

1 D e te rm ina t ion  o f  the upda ted  tr ans fo rm at ion  matr ix  [Tn] for  the e lem en t

2 Ex t rac t ion  o f  the defo rm a t ion  d isp lacem en t  { t ^ } ,  f rom the total 

d i sp la cem e n t  {un}, m  order  to com pute  the s tresses  and the re s to r ing  force

{ F r  i

3 Af te r  the ro ta t ional  inc rements  in {Au )  are com puted ,  node  ro ta t ions  are 

u pda ted

3 12 1 Load steps and substeps
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The total  load  was d iv ided  into two increments  and these  were app l ied  one at a 

t ime In order to ob ta in  val id so lu t ions at in te rm edia te  loads  levels ,  and /o r  to 

obse rve  the st ructure  under  di f ferent  loading  conf igura t ions ,  six to fo rty  two 

subs teps  were in t roduced  m the analysi s  The N e w to n -R a p h s o n  (N-R) 

equ i l ib r ium  i terat ions  dr ive  the so lu t ion  to equ i l ib r ium  convergence ,  w i th m  some 

to le rance ,  at the end o f  each load in c re m en t  Tha t  is, be fore  each step solu t ion,  

the N -R  method  eva luates  the o u t - o f - b a l a n c e  (o-o-b) load  vector ,  ( { F restoring -  

Fapphed}) and checks  for  convergence  I f  the set  c r i ter ia  are not  sa t i sf ied  the o-o-b 

load vec to r  is re -eva lua ted ,  the s t i f fness matr ix  is up graded  and a new solu t ion 

is a t tem pted  The i te ra t ive  p rocedure  cont inues  unti l  the p rob lem  converges  If  

the convergence  canno t  be ach ieved  then the p rog ram  proceeds  to the nex t  step 

and tr ies to converge  again

AN SY S s tresses  that  re ly ing  sole ly  on d i sp lacem en t  convergence  can resu lt  in 

g ross  errors  and r ecom m ends  force convergence  check ing  Force convergence  

c r i t e r ion  is the defaul t  op tion The  p rog ram  per form s  a check  for  force 

convergence  by com par ing  the Square  root  o f  the Sum o f  the Squares  (SRSS)  o f  

the force im balances  agains t  the p roduc t  o f  V A L U E X T O L E R A N C E ,  w here  the 

V ALUE = SRSS o f  the app l ied  loads  and T O L E R A N C E  = 0 001 

Hence ,  the analysis  was  o rgan ised  as fo l lows

1 Load  steps

2 Subs teps

3 Loads

4 N u m b e r  o f  i terat ions

A N S Y S  s trong ly  r ecom m ends  tha t  for  large d isp lacem en ts  ana lyses  the loads 

spec i f ied  m the load  steps should  be s tepped-up  as opposed  to ram p e d -o n  This 

means  tha t  the value o f  a par t i cu la r  load  step will  be reached  dur ing  the f irst 

i t e ia t ion  and wil l  be kept  cons tan t  dur ing the rem ain ing  i t e ra t ions,  unti l  the end 

o f  the load  step This con t r ibu tes  to fas ter  convergence  Af te r  each  inc rem en t  the 

def lec t ions  caused  were ca lcu la ted  by us ing
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{F‘} = [ r (< 5 ,F ) ] { ^ }
(3  1 0 1 )

That is, it was assumed that  the s t i f fness matr ix  was  constan t  dur ing  the 

app l ica t ion  o f  each  load  inc rem en t  The ini t ial  tangen t  m odulus  was  taken from a 

s t ie ss -s t ra in  cu rve  ob ta ined  f rom exper imenta l  observa t ions  The ini t ial  s t i f f ness  

m a t r ix  [ K o], was then  com puted  f rom the tangent  modu lus  and the P o i s s o n ’s

rat io The  ini t ial  s t i f fness ma t r ix  was  used  to genera te  the equa t ions  for the next  

inc rem en t  and so on, unti l  the process  was com ple ted  for  tha t  pa r t i cu la r  load  

step It is im por tan t  to keep  the load  inc rements  small,  so tha t  the inc rem en ts  in 

d i s p la cem e n t  cause neg l ig ib le  changes  m  the st i f fness  matr ix  at each load step 

The orig inal  co-ord ina tes  o f  the nodes  were then  shif ted by  an am oun t  equal  to 

the values  o f  the d isp lacem ents  ca lcu la ted  The  new s t if fness matr ix  for  the 

de fo rm ed  pla te  was re -ca lcu la ted  and the process  was repea ted  unti l  the total 

load was reached  The matr ix  nota t ion  for  the inc re menta l  p rocedure ,  us ing the 

equa t ion  (3 100), is

Vi g N + i = l ,2,3,4,

w here  i is the pos i t ive  in teger rep resen t ing  the stage o f  inc rementa l  load ing  

3 12 2 Elastic-Plastic behaviour

Mater ia l  non- l inear i t ies  occur w hen  the stress is a non- l inear  func t ion  o f  the 

s t i a m  The  re la t ionsh ip  is also pa th  dependant ,  tha t  is, the stress depends  on the 

s t i a m  h is to ry  as well as the strain i t se l f  The  genera l  theo ry  for  e las to -p las t ic  

analysi s  prov ides  the user  w ith  three  m a m  e lements  the yie ld cr i ter ion,  the f low 

ru le  and the ha rden ing  rule

The  yie ld  cr i t e r ion  de te rmines  the stress level  at which  y ie ld ing  is in i t ia ted  The 

f low ru le de te rm ines  the d i rec t ion  o f  plast ic  s tra in ing  (l e w h ich  d i rec t ion  the 

p las t ic  s trains  f low) re la t ive  to x, y, z axes Final ly,  the ha rd en in g  rule descr ibes  

the changes  the yie ld surface undergoes  w ith  p rogress ive  y ie ld ing,  so tha t  the 

var ious  states  o f  s tress for  subsequen t  y ie ld ing  can be e s tab l i shed  For  an

(3 102)
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assum ed  pe r fec t ly  p la s t ic  mate ria l  the y ie ld  surface does not  change  dur ing  

pla st ic  defo rm at ion  and there fo re  the ini t ial  yie ld  cond i t ion  remains  the same 

H ow ever ,  for  a mate r ia l  exper ienc ing  st ra in  hardening ,  plas t ic  de fo rm a t ion  is 

genera l ly  accom pan ied  by  changes  in the yie ld surface Two harden ing  ru les  are 

ava i lab le  and these  are iso tropic (work)  harden ing  and k inemat ic  ha rden ing

3 12 3 Multilinear isotropic hardening

For m a te r ia ls  w ith  isot ropic plast ic  behav iour ,  the assum pt ions  o f  isot rop ic 

h a rd e n in g  under  loading  cond i t ions  pos tu la tes  that ,  as p last ic  s trains develop ,  the 

y ie ld  surface  s imply  increases  in size while  m a in ta in ing  its original  shape  For 

meta ls ,  A N SY S recom m ends  the von Mises yie ld  cri ter ion  with  the assoc ia ted  

f low rule and iso tropic  (work)  ha rden ing  W hen  the equ iva len t  s tress is equal  to 

the cur ren t  y ie ld  stress the materia l  is assumed to undergo  y ie ld ing  The  yie ld 

cr i t e r ion  is known as the ‘w ork  harden ing  h y p o th e s i s ’ and assumes  tha t  the 

cur ren t  yie ld surface  depends  only  upon the am ount  o f  plast ic  work  done 

The so lu t ions  o f  non- l inea r  elas t ic -p las t ic  ma te r ia ls  are usual ly  ob ta ined  by 

us ing  the l inear  so lu t ion ,  m odi f ied  elast ic  and e las to-p las t i c  ma te r ia ls  are usually  

ob ta ined  by us ing  the l inear  so lut ion ,  m od i f ied  with  an inc rem en ta l  and i terat ive 

approach  The  mate r ia l  is assumed to behave  e las t ica l ly  before  reach ing  yie ld  as 

de f ined  by  H o o k e ’s law If  the mate r ia l  is loaded  beyond  y ie ld ing,  then 

add i t iona l  plast ic  s trains  wil l  occur  They  wil l  accumula te  dur ing the i terat ion 

p io c ess  and afte r  the remova l  o f  the load  wil l  leave  a res idual  de fo rm a t ion  In 

genera l

£ n ~ S r \ (d i is nc )  +  plast ic )  £ n - l ( plast ic )  ? O 103)

w here  s n is the total  s train for  the curren t  i tera t ion,  £n(eUtstlc) is the elast ic  s train

for the cur ren t  i t erat ion,  As n{phanc) is the addi t ional  p last ic  s train ob ta ined  from

the same i tera t ion,  £t,_Kpkts,tc) is the total  and p rev ious ly  ob ta ined  p la st ic  s tra in

C onve rgenc e  is ach ieved  w hen  A s n{plastic) I s n{elasitc) is less  than  a c r i t e r ion  value,  the

defau l t  for  A N S Y S  is 0 01 This means  tha t  very  l i t t le  add i t iona l  p la st ic  s train is
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accum ula t ing  and there fore  the theore t ica l  curve,  which  is r ep resen ted  by  a 

s e u e s  o f  s traigh t  l ines (mul t i - l inear  approach)  is very  c lose  to the actual  one 

For the case o f  un iax ia l  tens ion,  it is necessary  to def ine the yield stress and the 

s t ie ss - s t ra in  grad ients  af te r  y ie ld ing  When becom es  grea ter  than the un iaxial  

y ie ld  st ress,  then  y ie ld ing  takes  p lace  The y ie ld  condi t ion  is the von  M ises  yie ld 

c r i t e r ion  for  one-d im ens iona l  s tate o f  s tress

A set o f  f low equat ions  (f low rule)  can be der ived  f rom the yield cr i t e r ion  The 

assoc ia t ive  f low rule for  the von  Mises  yie ld  cri ter ion  is set o f  equa t ions  ca l led  

inc rem en ta l  P rand t l -Reuss  f low equat ions  That  is, the strain inc rem en t  is split  

into elast ic  and plast ic  por t ions  Hence,  it is necessa ry  to apply  the total  load  on 

the  s t ruc ture  m  inc rements  These  load steps need  only  star t  after  the FE-m ode l  

is loaded beyond  the po in t  o f  y ie ld ing  The size o f  the subsequen t  load steps 

depends  on the p rob lem  The load increments  will  con t inue  unti l the total  load 

has  been  reached  or unti l p la s t ic  co l lapse  o f  the st ructure  has  occur red  As the 

load increases  the p last ic  reg ion  spreads  m  the st ructure  and the non- l inea r  

p rob lem  is approached  us ing  the full N -R  p rocedure  The  s t i f fness used  in the N- 

R i te ra t ions  is the tangen t  s t i f fness  and  ref lec ts  the sof ten ing  o f  the m a te r ia l  due 

to p la s t ic i ty  It shou ld  be noted  that m  genera l ,  f lat te r  the p last ic  reg ion  o f  the 

s t re s s - s t ram  curve,  the more i t erat ions  needed  for  convergence  

As p la s t ic i ty  is pa th  dependan t  or  a on -conse rva t ive  phenom enon ,  it r equ i re s  that  

m add i t ion  to mul t ip le  i t erat ion  per  load  step,  the loads  be appl ied  slowly,  in 

inc rements ,  m  order  to charac te r i se  and model  the actual  load  h is to ry  There fore ,  

the load h is to ry  needs  to be d isc re t i sed  into a num ber  o f  load steps w i th  the 

p resence  o f  convergence  tests  in each  step A N SY S recom m ends  a p rac t ica l  rule 

for  load  inc rem en t  s izes such  as the cor respond ing  add i t ional  p la st ic  s train does 

not  exceed  the order  o f  m agn i tude  o f  the elast ic  s train In o rder  to ach ieve  that  

the fo l low ing  p rocedu re  was fo l lowed
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L oad  step one was  chosen  so tha t  to p roduce  m a x im u m  s tresses  a pp rox im a te ly  

equal  to yie ld stress o f  the mate r ia l  The yie ld stress was es t imated  from the 

exper im en ta l  s t re s s - s t ram  curves  The  load  to cause  y ie ld  was va l ida ted  by 

pe r fo rm ing  a l inear  run with  a unit  load  and by  res t r ic t ing  the s tresses  to the 

cr i t ica l  s tress o f  the ma te r ia l  This  was  found  to be app rox im ate ly  equal  to 

351 79 MPa for  Copper  Model  and 150 MPa for  A lu m in iu m  matr ix  in AlS iC  

M M C  M odel  Success ive  load  steps were  chosen  such as to p roduce  add i t ional  

p la st ic  s train o f  the same m agn i tude  as the elast ic  s train or less  This  was 

ach ieved  by  app ly ing  addi t ional  load increments  no larger  than the load  in step 

one,  sca led  by  the rat io E T I E  Such  as

Vk g TV, (3 104)
E

w here  E  is the elastic s lope and E T is the plast ic  s lope,  w ith  E t/E  not  less than 

0 05 One o f  the app l ica t ions  o f  non l inear  analysis  is the analys is  o f  systems 

sub jec ted  to u l t imate  loads  such as plast ic  behav iour

3 13 SUMMARY

Elas t ic -p las t ic  cons t i tu t ive  m ode ls  p roposed  by  d i f fe ren t  researche rs  were  

p resen ted  in this chapter  Y ie ld ing  m a mate r ia l  fo l lowed  the von Mises  cr i t e r ion  

at the beg inn ing  o f  p last ic  deformation ,  and later  dev ia tes  ou tw ards  from the von 

Mises  yield cu rve  accord ing  to the isot rop ic or k inemat ic  harden ing  rule The 

c om plex i ty  o f  a cons t i tu t ive  model  inc reases  with  an increase  in the mate r ia l  

c o n s ta n ts  u s e d  Six d if fe r e n t  cons ti tu t ive  models  w ith  the le a s t  n um ber  o f  

m a te r ia l  cons tan ts  were descr ibed  m  this chapter  The second  part  o f  this chap ter  

p resen ts  the f ini te  e lement  approach  to e las t ic -p las t ic  p ro b lem  The  p rocedu re  

used by the f ini te  e lement analysis  too l  A N SY S to solve the e las t ic -p las t ic  

p io b l e m  was also exp la ined
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4 EXPERIMENTAL PROGRAMME

4.1 INTRODUCTION

Considerable development of mathematical theories in the past few decades has 

increased the accuracy with which the experiments must be performed to examine the 

validity of the theories. The purpose built tension-torsion machine used to conduct 

experimental tests in this research work provides adequate accuracy by the use of 

highly sensitive AC servomotors and servo controllers. A schematic diagram of the 

experimental setup is shown in Figure 4.1.

Remote personal computer
H

Modular Amplifier — ► Strain Gauges

Transducers Tension-Torsion 
Machine

Data Acquisition ----- ► Motor Controller

Figure 4.1 Schematic diagram o f  the experim ental setup

At the start of this research work the tension-torsion machine was not functional

due to:

i) the malfunctioning of the torque motor

ii) difficulties encountered in operating the motor controllers

iii) improper working of transducer amplifiers

75



The m a lfunc t ion ing  ex tended  funct ion  card (EF card) used  p rev ious ly  to change  

the  d i rec t ion  o f  ro ta t ion  o f  the motor  caused  d is tu rbances  m  opera t ing  the 

se rvom oto rs  The EF card was rem oved  f rom the cont ro l le rs  A L ab V IE W  

p ro g ram  was m a n ipu la ted  to change the d i rec t ion  o f  ro ta t ion  o f  the se rvom oto rs  

th rough  the “B ip o la r ” option  At p resen t  supp ly ing  pos i t ive  or  nega t ive  volt age  

to the se rvom oto r  changes  the d i rec t ion  o f  ro ta t ion  o f  the se rvomotor  

Ind iv idua l  t r ansduce r  ampli f ie rs  were rep laced  by  the M odu la r  600 sys tem 

p u rch as ed  f rom  RD P Elec t ron ics  Ltd  The m odu la r  600 system houses  all the 

t r ansduce r  ampli f ie rs  inc luding  the strain gauge  ampl i f ie r  The signa ls  f rom the 

t r ansduce rs  were ampl i f ied  and supplied  to the L ab V IE W  program m e for  fu r ther  

p i o c e s s m g  and reco rd ing  m  an Excel  sp readsheet

The machine provides independent  control of  the axial and torsional strain 

components The test machine is capable of  applying tension and torsion loads 

simultaneously and individually at different strain rates Two servomotors control the 

loading o f  specimen,  one for tension and one for torsion The load, the torque, the 

axial displacement and the angular  twist on the specimen can be maintained constant  

independently This is achieved by control ling the speed and torque o f  individual  

motors,  through servo control lers

The specimens are prepared to dimensions, as shown m Figure A7 and Figure A8, to 

properly fit m the gnppers  o f  the purpose buil t tension-torsion machine The machine 

was control led from a remote personal computer  using LabVIEW software and data 

acquisi t ion devices Four transducers were used to measure the load, the torque,  the 

axial displacement and the angular  twist on the specimen and the measured electrical 

units were amplified with a modular  amplif ier  and supplied to LabVIEW for further  

control , display and record The accuracy  o f  the m e asur ing  t ran sd u ce r  var ied  with 

the app l ica t ion  In this r esearch  work ,  as a genera l  rule,  the t ran sd u ce r  ou tpu t  

va lues  were  ca l ib ra ted  to p roduce  an accuracy  o f  0 01 units  for  each  o f  the 

tr ansduce r ,  i e 0 01m m  for LVDT,  0 OINm for the torque  tr ansduce r ,  0 O lkN  for 

axial  load  cel l and 0 01 degrees  for  angle o f  tw is t  t ransduce r
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A closed loop was created with LabVIEW software, as the program controls  the 

tension-torsion machine according to the signals from the transducer and test 

condit ions The inputs from the transducers are displayed as a function o f  time in the 

computer  visual display unit (monitor) as well as saved as Microsoft Excel database 

foi further  analysis A virtual machine control panel , consist ing o f  variable knobs,  

Boolean switches and transducer signal indicators,  was programmed in the computer  

and all the controls and indicators m the front panel were properly wired in the block 

diagram that runs m  the background The input signals from the transducer amplif ier  

was analysed and according to the test conditions and front panel  inputs, the motors 

aie control led Four different programs for four loading conditions were buil t  A 

detailed description o f  all the devices and the program is presented in the following 

sections

4 2 TENSION-TORSION MACHINE SETUP

The purpose buil t machine was designed to conduct tension tests as well as torsion 

tests on test specimens Tension and torsion loads can be applied individually or 

s imultaneously on the specimens Its overall length, width and height are 84 cm, 100 

cm, and 196 cm respectively The weight is little over a ton The components o f  a 

tension-torsion machine are mounted on four vertical steel columns The upper fixed 

specimen gripper is mounted on a horizontal  movable crosshead The lower specimen 

gripper is mounted on a fixed crosshead The lower specimen gripper is capable o f  

lotat ing about a vertical axis thus applying torsion loads to the specimen The 

purpose buil t  tension-torsion machine has the fol lowing salient features

• Within its maximum limits, the machine is able to apply any desired level o f  

axial load and toique

• It can apply different levels o f  axial load and torque, both simultaneously and 

independently

• It can maintain various parameters  constant, such as the torque,  the angle o f  

twist, the axial load, or the axial displacement

• It is capable o f  maintaining different strain rates for both types o f  loading
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• Continuous data acquisition from load cells and transducers is possible.

•  The machine is controlled using a personal computer.

• With slight modification in its setup, the machine could be used as a torque- 

compression machine.

Figure 4 .2  C om ponents  o f  the T en s io n -to rs io n  test machine

Figure 4.2 illustrates the various components of the tension-torsion test machine and 

Table 4.1 give the specifications of the tension-torsion machine.
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Axis 1 (for Tension) Axis 2 (for Torsion)
Capacity lOOkN 200Nm
Force Rating lOOkN upto 48 mm/min 200Nm upto 30deg/sec
Load Range 0 - lOOkN 2-200Nm
Ciosshead Speed Range 0 5 6-48mm/min
Drive Shaft’s Rotational 
Speed Range

0 15-30deg/Sec

Crosshead Travel 460cm
Testing Space 420cm

Table 4 1 The Spécifications o f the tension-torsion machine

4 2 1 Drive System

The tension-torsion machine is operated by two separate drive systems,  one for Axis- 

1 (for applicat ion o f  tension) and the other  for Axis-2 (for applicat ion o f  torsion) 

Two Moog brushless servomotors o f  different torque capacit ies and two 'Carl 

Bockwoldt '  hel ical gearboxes o f  different speed ratios are used as drive systems 

Drive system for Axis-1 provides the necessary tensile force and drive system for 

Axis-2 provides necessary torsional moment to the specimen The Moog brushless 

motors were supplied by Devit t  technologies Ltd, Ireland

Drive System for Axis-1 (for tension)

The Drive System for Axis-1 was used to apply the necessary axial load on the 

specimen The drive system consists o f

• An AC servomotor

• A Gearbox and

• Timing pulley and belts

AC Servomotor

Drive system for Axis-1 uses a Moog D315-L15 type brushless AC servomotor The 

motor has a continuous stall torque capacity o f  8 1 N m  and nominal  speed o f  3000 

rpm Its continuous stall current is 12 3 Amp The servomotor is an electronical ly 

communica ted  three-phase electric motor with permanent  magnet  excitat ion This 

motor supplies necessary torque that is eventually converted into the required axial 

force via the gearbox,  timing pulleys,  timing belt, bal l-screws and cross-head
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Gearbox

A Carl Bockwoldt  three stage CB59-NF80 type helical gearbox was assembled 

vertical ly with the servomotor to form the Motor Gear Assembly  Unit (MGA Unit-1)  

The MGA Unit-1 gear ratio is 295 8 and max imum permissible output torque at rated 

power is 1200 Nm The maximum permissible input speed to the gearbox is 4000 

rpm

Timing Pulleys & Belts

Two pairs o f  similar  steel timing pulleys and a pair o f  polyurethane Bando timing 

belts were chosen to transmit power from the M GA Unit-1 to the ball screws The 

pitch and width o f  these pulleys and belts are 10 mm and 16 mm respectively 

H m chl ie f  Precision Components Ltd, UK, supplied the timing pulleys and belts The 

Power transmission capacity o f  the timing belts is 30 kW and power transmission 

eff iciency is nearly 98% with no slip or backlash

Drive System for Axis-2 (for torsion)

Drive system for Axis-2 is used to apply necessary torque to the specimen 

The drive system consists o f

• An AC Servomotor

• A Gearbox and

• Spur gears

AC Servomotor

Drive system for Axis-2 uses a Moog D413-L10 type brushless AC servomotor The 

motor has a continuous stall torque capacity o f  2 7 N m  and nominal speed o f  4900 

tpm Its continuous stall current capacity is 6 7 Amp The motor applies necessary 

torque to the specimen through the gearbox and spur gears

Gearbox

A  Carl Bockwoldt  three stage CB29-NF63 type helical gearbox was assembled with 

the AC servomotor to form the Motor Gear Assembly Umt-2 (MGA Umt-2) Torque 

f iom the motor is amplified by the gearbox and is eventually transmitted to the
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specimen via a pair o f  spur gears The MGA Unit gear  ratio is 150 7 and maximum 

permissible output torque at rated power is 300Nm The maximum permissible input 

speed to the gearbox is 4000 rpm

Spur Gear

A pair o f  spur gears o f  maximum outer diameter  300 and pi tch circle diameter  282 

mm is used to transmit torque from gearbox 2 to the torsion shaft o f  the machine The 

speed ratio is one These casehardened gears are made of  steel ’En36’ The max imum 

load carrying capacity o f  the spur gears is 83 hp at 1000 rpm Both the gears were 

supplied by ’HPC Ltd1

4 2 2 Control System

Two identical 'Moog T161-003'  brushless motor control lers along with a power 

supply unit, Figure 4 3, are used to control the various input/output parameters  and 

different modes of  operat ion o f  the tension-torsion machine The control lers provide 

full velocity servo loop closure with subordinate motor current control Each 

controller  has a continuous current rating o f  15 Amp at 50°C ambient temperature and 

can provide a continuous torque o f  13 9 N m  The peak current  rating is 30 Amp The 

T161 controller  can close a posit ion control loop around the motor shaft mounted 

leso lver The control lers provide full system protect ion against overload and output 

short circuit Each control ler  was tuned to match its corresponding driving motor 

using a MCO module The axial load applied to the specimen can be controlled by the 

torque commands using Control ler -1 Similarly, the torque applied to the specimen 

can be control led by the torque command using Control ler-2 

Salient features o f  the Control ler  are listed below,

1 The Controller  can control the level o f  torque and velocity of  the motors 

individually and thus help to control axial load/torque and 

vertical /rotat ional mot ion o f  the machine member

2 The Control ler  can hold the posi tion o f  the motor shaft constant , l e can 

hold the angle of  twist or axial displacement o f  the specimen constant

3 The Control ler  can change the direction o f  motion o f  the motors
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Figure 4.3 Controllers and Pow er supply rack

Besides these controls, many other input/output commands arc also available on each 

Controller such as clockwise, counter clockwise limit switch inputs, motor torque 

output signal, motor hardware enable/disable input, etc. All these input/output signals 

are available through a number of connectors/ports, positioned at the back panel of 

each controller. The circuit connection details are shown in Figure A.I.

Power connector X|46, supply power to the motors. Pin 4,5,6,7 arc used for power 

supply to servomotors. The I/O connector Xfi5 facilitates the reading o f  various 

input/output parameters of the motors. The input signal (+10V) of the controller is 

supplied to Pin 19. At the front of the controllers, there are three status LED's to 

diagnose whether different system and input limits are satisfactory. Port X6 can be 

used to control various input/output command signals by means of a digital link from 

a computer. Axis enable input voltage of each controller is 15VDC.

Controller-1

Controller-1 is used to control axial load motor and hence MGA Unit-1. Different 

levels of output torque from axial load motor are eventually converted to axial load 

via the gearbox, pulley, belt, ball screw and movable crosshead. Control o f  torque 

and rotational speed of the axial load motor, by Controller-1 means control of axial
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load applied to the specimen and vertical l inear movement o f  the crosshead 

Clockwise rotat ion of  the axial load motor causes the crosshead to move in upward 

direction and counter clockwise rotat ion cause the crosshead to move m downward  

dnect ion

Controller-2

Control ler-2 is used to control torque motor and hence MGA Unit-2 Different levels 

o f  output  torque from torque motor are eventually transmitted to the specimen as pure 

torque via the gearbox Thus, control o f  torque and velocity o f  torque motor  means 

the control o f  torque and rotat ional speed transmitted to the specimen respectively 

The control o f  clockwise and counter  clockwise rotat ion o f  the torque motor means 

the control o f  counter  clockwise and clockwise twisting o f  the specimen respectively 

Inte? face connector  At the front panel o f  each controller,  there is a connector  X6, 

which is used to interface the control lers with a personal  computer  The control lers 

were manufactured to interface with a computer via an RS232 serial link

4 2 3 Power Supply Unit

A Moog motor-controller power supply unit (160-003type) is used to supply the main 

power to both control lers as well as to the motors This s ingle-phase power  supply 

unit has a continuous power supply capacity o f  1 5 kW Nominal  input voltage is 

230VAC, 44-66Hz The power supply has sufficient capacity to supply power upto 

six control lers The power supply unit has an integrated bleed resistor  to dissipate 

excess motor energy during motor regenerat ion and therefore avoids unacceptable 

increase m the DC voltage

At the back panel , there are several input/output connectors including AC power 

connector  (X3), External bleed resistor  connector  (X4), power supply signal and I/O 

connector  (X5), serial interface connector  (X6), DC bus connector  (X7) and fan 

connector  (X9) In the ' low voltage power & status connector '  X5, there are a number 

o f  central ized power supplies such as +15VDC-2A line, -15VDC-2A line, +5VDC- 

7 5A line, etc to supply power to other external devices if  necessary The +15VDC-
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2A line (Pin 9) was uti lized to power the hardware o f  the motors The +5VDC line 

(Pm 8) was used for digital input signals

4 2 4 Power Supply

The mam 220VAC input was connected to the power supply via the back plane 

connector  X3 Various outputs from the back plane connector  X5 were set-up for the 

following purposes

The +5VDC output  from Pin8 and digital ground connection from Pm  12 are used as 

single digital input signals to select different modes o f  operat ion o f  the motors,  such 

as, run or hold mode,  forward or reverse mode,  etc From each o f  these pins, four 

parallel lines were drawn, two for each controller,  and connected to four ’two way'  

switches to supply either 5 or zero voltage to Pm 3 and 6 o f  each X(i7 connector  

The +15VDC from Pm 9 was used to make the motor 's hardware 'enable'  by two ’one 

way'  ON/OFF switches Enabling the motor allow the shaft turn freely with or 

without  load, i e , commissioning o f  the motor An analogue ground connection from 

Pin 11 was used as the negative terminal o f  the four external power supply units 

Both control lers have the same type o f  connections with the motors and the power 

supply unit '160-003'  Power connector  X\ i4  o f  each control ler  was connected with 

the '8 pole power mating connector '  o f  the motor Connections for X(i4 are made as 

follows

Pm Number Input Reference Wire Colour

4 PE Green/Yellow

5 W Brown

6 V Blue

7 U Black

Table 4 2 Connection details o f X|J,4 connector
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4 2 5 Transducers 

Axial Load Cell

A donut shaped,  133 5 kN capacity compression type load cell is used to measure the 

axial load applied to the specimen This RD P  Electronics  force sensor features an 

unthreaded center  through-hole,  which is perfect  for the applicat ion in Tension- 

to ision machine where the load structure must  pass through the center o f  the load 

cell The force sensor measures the compression force developed between the base o f  

the load cell and the raised center  boss due to the upward movement of  the crosshead 

Bonded foil type strain gauges are used m  this load cell Its full-scale non-l ineari ty is 

+0 5 and max imum excitat ion voltage is 10VDC Factory cal ibrated output is 2 8945 

mv per voltage excitation,  and response o f  the load cell is 0 216816 mv/kN load 

applied The load cell was purchased from RDP Electronics LTD, UK, and the Model  

Numbei BL - 915

Red +Excitation White1 +Output

Black -Excitation Green -Output

Table 4 3 Axial load transducer connection details 

Axial Load Cell Calibration

Tiansducers need periodic cal ibrat ion to ensure the consistency in functioning A 

lineal regression model  was constructed for load cell data that relates a known load 

applied to a load cell to the deflection o f  the cell The model was then used to 

cal ibrate future cell readings associated with loads o f  unknown magnitude
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Load (kN)

Figure 4 4 Axial load transducer calibration plot

The data collected m the cal ibrat ion equipment consisted o f  a known load, applied to 

the load cell, and the corresponding deflection o f  the cell from its nominal  posit ion 

Measurements were made over a range of  loads from zero to 50 kN in an Instron 

machine The data was collected m two sets m order o f  increasing loads and 

decreasing loads and averaged out The systematic run order makes it difficult to 

determine whether or not there was any drift in the load cell or measuring equipment 

over time Another set o f  data was collected with readings taken after a period 

between load increments No considerable drift in the load was noticed The 

cal ibrat ion experiments provided a good description o f  the relat ionship between the 

load applied to the cell and its response Plott ing the data indicates that the 

hypothesized,  s imple relat ionship between load and deflection was reasonable The 

plot Figure 4 4 shows the data It indicates that a s traight- lme model best fits the 

data It does not indicate any presence o f  outliers, or non-constant  s tandard deviat ion 

o f  the response
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A 'Norbar'  rotary type torque transducer o f  500 N m  capacity is used to measure the 

torque applied to the specimen It is a strain gauged torsion bar and can measure both 

static and dynamic loads The transducer shaft was made from heat-treated stainless 

steel on to which are bonded strain gauges which are wired to form a wheatstone 

bud g e  The strain gauges vary their resistance m direct proport ion to the torque 

applied The change m resistance causes a change m voltage across the bridge that 

was then amplified by the amplif ier  module The torque load cell was designed to 

ignore non-torsional  forces The torque cell can operate both m  clockwise and 

anticlockwise directions The full-scale non-lmeari ty o f  this unit is +0 1 The normal 

operat ing speed for this unit is 3000 rpm and has an expected life o f  3000 operat ing 

hours The maximum bridge excitat ion voltage o f  this t ransducer is 10VDC Factory 

cal ibrated output is 0 817 mv per voltage excitation, and response o f  the torque load 

cell is 0 04084 mv/Nm torque applied The torque load cell was purchased from 

Norbar  toique tools Ltd, Model  Number 50139 / ETS

Torque Cell

Pin F +Excitation Pin A +Signal

Pin D -Excitation Pin B -Signal

Table 4 4 Torque transducer connection details 

Torque Cel! Calibration

Sim i la r  to Load  cel l ca l ibra t ion ,  to rque  cel l was  sub jec ted  to d i f ferent  know n 

to iques  us ing  Digital  Torque  W rench  The co r respond ing  voltage  ou tpu ts  were 

co l lec ted  and a plo t  was made  be tw een  the to rque  and the ou tpu t  vo lt age The 

data was collected m two sets m  order o f  increasing loads and decreasing loads and 

averaged out The systematic run order makes it difficult to determine whether or not 

there was any drift m  the load cell or measuring equipment over time Another  set o f  

data was collected with readings taken after a period between load increments No 

considerable drift m  the load was noticed The cal ibrat ion experiments provided a 

good descript ion o f  the relat ionship between the torque applied to the cell and its
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response

Torque (Nm)

Figure 4 5 Torque transducer calibration plot

Figure 4 5 shows the l inear relat ionship between the torque and the voltage output 

Angular Position Transducer

A DC / DC angular posit ion transducer is used to measure the angle o f  twist o f  the 

specimen The transducer is a t ransformer m which the output  is governed by the 

angular  posit ion of  the input shaft m relation to the transducer body The output is 

electr ically isolated from the input The required input is a s tabilized 10 VDC from a 

source impedance o f  less than 1 ohm The DC output is converted to an AC waveform 

by an integral oscil lator  and then fed to the transformer pr imary  winding The output 

from the secondary winding is converted to DC by an integral demodula tor  and filter 

The t iansducer can rotate 360° mechanical  angle continuously Its effect ive electrical 

angle is 300 , i e , its output is linear over these 300 Output sensitivity is 33 mv per 

degree rotat ion of  its shaft with 50mv as residual voltage The lmeanty -devia t ion  

from best straight line is + 0 5 The shaft rotat ion is clockwise for increasing output
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The transducer was purchased from 'Penny+Giles Position Sensors Ltd*: Model 

Number- 38 1 0 /  300.

Red +Excitation Brown +Signal

Black -Excitation Blue -Signal

Tabic 4.5 Angular posit ion  transducer con n ect ion  details 

Angular position transducer calibration

Since the angular position transducer is a transformer, the output voltage 

depends on the position o f  the armature. When the torque shaft is rotated at a 

constant speed, the armature position in the transducer continuously changes 

causing a steady change in the output voltage. A pointer was setup in the torque 

shaft to point on a calibrated sheet, as shown in Figure 4.6.

The torque shaft was positioned at different angles and the corresponding voltage 

output was collected. The procedure was carried out in both clockwise and 

counter clockwise directions and the data was averaged out. Figure 4.7 shows the 

plot between the pointer position and the corresponding output voltage in the 

effective range.

Figure 4.6 Angular posit ion  transducer calibration setup
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5

Angle (D egrees)

Figure 4 7 Angular position transducer calibration plot 

Linear Variable Displacement Transducer (LVDT)

To measure the total deformation o f  the specimen along the axial direction,  a RD P  

Electi onics  Linear Variable Differential Transducer (LVDT) is used This ACT 500A 

posit ion sensor uses non-contact displacement measurement technique LVDT 

displacement t ransducer unit have no contact across the posi tion sensor element 

ensuring long life The transducer is o f  guided armature spring return type The 

captive guided spring return transducer unit has an internal spring, which constantly 

pushes the armature outwards The armature of  the LVDT displacement t ransducer is 

guided m low friction bearings The LVDT was mounted on a mounting block with a 

magnetic base The end o f  the armature was fitted with a bal l-ended probe This type 

o f  armature configurat ion only requires fixing at one end, and so it was selected for 

this applicat ion The effective stroke length o f  the transducer is +/- 12 5 mm and 

inward over travel is 1 1 mm and outward over travel is 13 m m  The LVDT was 

mounted on a magnetic base using a fixture and the assembly was fixed on the frame 

o f  the tension-torque machine before conducting the test
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Linear Variable Displacement Transducer calibration

The LVDT was mounted on a magnetic base placed on a flat metal surface The ball 

end of  the transducer armature was posit ioned such that it jus t  has physical contact  

with a rigid surface such as machine frame,  as shown in Figure 4 8 The magnetic 

base was placed in different positions within the range of  the LVDT and the 

corresponding output voltages are collected The procedure was carried out in both 

inward and outward movement of  the transducer armature

Figure 4 8 LVDT Calibration setup

Figure 4 9 LVDT calibration plot
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The  plot  between the tr ansduce r  armatu re  pos i t ion and the outpu t  vol tage  shows 

a l inear  re la t ionsh ip  be tween the var iables,  F igure 4 9

4 3 STRAIN GAUGE

Apart  from the transducers used in the machine,  strain gauges are at tached to the 

specimen to obtain the local strain information o f  the specimen under different  loads 

Strain is defined as the ratio o f  the change in length to the initial unstressed reference 

length A strain gauge is the element that senses this change and converts it into an 

electrical signal This can be accomplished because a strain gauge changes resistance 

as it is s tretched,  or compressed,  s imilar to wire The important  factors that must  be 

considered before selecting a strain gauge are the direction,  type, and resolut ion o f  

the strain to be measured The Wheatstone bridge configuration,  shown in Figure 

4 10 a, is capable o f  measuring small resistance changes from which minute strains 

can be obtained The strain gauges are numbered from 1 through 4 The total strain is 

always the sum o f  the four strains The total strain is represented by a change in 

V o u i  If each gauge had the same positive strain, the total would be zero and V o u t  

would remain unchanged

Figure 4 10 a W heatstone Bridge
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Bending,  axial, and shear strain are the most common types o f  strain measured The 

actual arrangement o f  the strain gauges will determine the type o f  strain that can be 

measuied and the output  voltage change

t

Figure 4 10 b shows the arrangement of  strain gauges necessary for measuring tensile 

and torsional strains If a positive (tensile) strain is applied to gauges 1 and 3, and a 

negative (compressive)  strain to gauges 2 and 4, the total strain would be 4 times the 

strain on one gauge If the total strain is four times the strain on one gauge,  this 

means that the output will be four times larger Therefore,  greater  sensitivity and 

resolut ion are possible when more than one strain gauge was used The strain gauges 

are properly balanced for zero resistance before the test and the output  voltage was 

supplied to the modular  amplifier  for further amplif ication and then to the LabVIEW 

progiam Measurement o f  normal strains was particularly simple to make,  and highly 

leliable techniques have been developed for this purpose By comparing  the initial 

distance between any two corresponding gauge points with the distance in the 

stressed member,  the elongation in the gauge length was obtained Dividing the 

elongation by the gauge length gives the strain in the direction o f  load applicat ion 

Since the strains general ly encountered were very small, it was possible to employ a 

highly versati le means for measuring them, using expendable electric strain gauges 

These are made of  very fine wire or foil that was glued to the specimen being
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investigated. As the forces are applied to the specimen, elongation or contraction of  

the wires or foil takes place concurrently with similar changes in the material. These 

changes in length alter the electrical resistance of the gauge, which can be measured 

and calibrated to indicate the strain in the specimen. The full potential of accurate 

strain measurement can be realized only when strain gauges are properly installed. 

Figure 4 .1 1 shows the strain gauged specimen fixed in the machine grippers.

Figure 4.11 AlSiC MMC rod fixed in machine grippers with instrumentation

The strain gauge installation procedure involves the following steps:

4.3.1 Surface Preparation

Properly prepared surfaces help ensure the strong, stable bonds required for 

transmission of surface strains to gauge. The bonding surface must be chemically 

clean and free of paint, weldments, spalling and other defects or contaminants (71). 

Five basic operations of surface preparation are:
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Degreasing was performed to remove oils , greases, organic contaminants, and 

soluble chemical residues. Degreasing should always be the first operation. This 

is to avoid having subsequent abrading operations drive surface contaminants 

into the surface material. Degreasing can be accomplished using a hoi vapour 

degrcascr, an ultrasonically agitated liquid bath, aerosol type spray cans o f  CSM- 

1A Degreaser, or wiping with GC-6 Isopropyl Alcohol, Figure 4.12.

Degreasing

Figure 4.12 D egreasing with Solvent

Abrading

In preparation for gage installation, the surface was abraded to remove any 

loosely bonded adherents (scale, rust, paint, galvanized coatings, oxides,  etc.), 

and to develop a surface texture suitable for bonding. Figure 4.13.

Figure 4.13 Abrading with Silicon Carbide paper 

Burnishing of layout lines

The normal method of accurately locating and orienting a strain gage on the test 

surface was to first mark the surface with a pair o f  crossed reference lines at the 

point where the strain measurement was to be made. The lines are made 

perpendicular to one another, with one line oriented in the direction o f  strain
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measurement. The gage was then installed so that the triangular index marks 

defining the longitudinal and transverse axes of the grid are aligned with the 

reference lines on the test surface. The reference, or layout, lines should be made 

with a tool which burnishes, rather than scores or scribes, the surface. Figure 

4.14. A scribed line may raise a burr or create a stress concentration. In either 

case, such a line can be detrimental to strain gage performance and to the fatigue 

life of the test part.

Figure 4.14 Burnishing Layout lines

Conditioning

After the layout lines arc marked, M-Prcp Conditioner should be applied 

repeatedly, and the surface scrubbed with cotton-tipped applicators until a clean 

tip was no longer discoloured by the scrubbing. Figure 4.15.  During this process, 

the surface should be kept constantly wet with Conditioner A until the cleaning 

was completed.

Figure 4.15 Applying C onditioner to Specim en Surface

Neutralising

The final step in surface preparation was to bring the surface condition back to 

an optimum alkalinity of 7.0pH to 7.5pH, which was suitable for all Micro- 

Measurements strain gage adhesive systems. This should be done by liberally
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applying Neutraliser to the cleaned surface, and scrubbing the surface with a 

clean cotton-tipped applicator. The cleaned surface should be kept completely 

wet with Neutraliser throughout this operation. When neutralized, the surface 

should be dried by wiping through the cleaned area with a single slow stroke of a 

clean gauze sponge. With a fresh sponge, a single stroke should then be made in 

the opposite direction, beginning with the cleaned area to avoid recontamination 

from the uncleaned boundary. Figure 4.16.

£

»  J
Figure 4.16 R em oving neutraliser with gauze sponge

4.3.2 Gauge Handling

The gauge was removed from the folder and placed on a clean surface with the solder 

tab facing up. Cellophane tape of 4inch length and wider than the gauge was 

smoothed onto the gauge and work surface.

Adhesive

The adhesive was applied on the gauge surface and the specimen evenly. Micro- 

Measurements M-Bond 200 Cyanoacrylate adhesive was used for this purpose. After 

a minute, wipe the adhesive under the strain gauge by wiping over the cellophane 

tape and place the thumb over the gauge to apply a steady pressure for 5 minutes. 

Slowly and steadily, peel off the tape from the specimen. The gauge is now ready for 

the Icadwire attachment.

Leadwire Attachment

The leadwire attachment is the most critical step in strain gauge installation. The tip 

of the wires to be attached to the strain gauge tab was tinned properly and the solder 

iron was maintained at proper temperature. A tiny pool of fresh solder was placed on
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the tab and the tip of the leadwire was drawn into the pool and allowed to solidify. 

Drafting tape can be used to position leadwire in case of difficulty in attaching the 

leadwire with the solder tab in the strain gauge. The leadwire from the strain gauge 

should now be attached to the instrumentation for calibration and measurement.

Two types of strain gauges purchased from Measurements Group, UK, Ltd were used 

for uniaxial and biaxial strain measurement. CEA-06-250UN-350 is a general- 

purpose uniaxial strain gauge used in quarter bridge connection with one active arm. 

The grid was made of constantan and completely encapsulated in polyamide with 

large, rugged copper coated tabs for soldering leadwire. For biaxial loading tests, 

CEA-06-062UV-350 was used in half bridge connection with two active arms. These 

arc two-element 90° rosette for torque and shear-strain measurements. The strain 

gauges are attached within the gauge length of the specimen.

4.4 MODULAR AMPLIFIER

In the present experimental setup, a number of transducer sensors were positioned in 

the near vicinity of the specimen. R D P  E le c tro n ic s  Modular 600 conditions the 

outputs from these transducers. Figure 4.17.

Figure 4.17 Modular 600 System - Transducer signal amplifier
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RD P  Electronics  Modular  600 is a Eurocard based system and provides condit ioning 

foi a number of  different t ransducer types including LVDT transducer,  Strain gauge 

transducer,  Strain gauges,  voltage and current inputs and linearisat ion for RDP 

Electronics non-contact  inductive sensors [72]

The signal  ampli f i e rs  have 25 mm wide  f ront  pane ls  and the full rack 

a i ra n g em en t  comprise  three  dual  channel  ampli f ie rs ,  one strain gauge  ampli f ie r ,  

and  a pow er  supp ly  modu le  All modules ,  apart  from the pow er  supply ,  p lug  into 

a b ack -p lane  in te rconnec t ion  o f  t ransducer  inputs  and signal ou tputs  The  signal  

am p l i f i e r  m odu les  also have the output  s ignals  ava i lab le  at front  pane l  j a c k  

sockets  The ampli f ie r  m odu les  supp ly  exc i ta t ion  and signal  cond i t ion ing  for  

var ious  AC and DC tr ansduce rs  The ampli f ie r  m odu les  are m ou n ted  in a 

s tandard  hous ing  o f  “H a l f  w id th ” case frame The back-p lane  p rov ides  an 

in ter face  be tw een  the modu le  32-way  connec to rs  and the t ransduce r  and output  

s ignal  connec tors  which  are accessib le  from the rear  o f  the case Each  module  

has two 7-pin t ransducer  connec to rs  for  channe l  A and B, and one 5-pin output  

connec to r  that p rov ides  both  A & B ou tpu t  s ignals  T ransduce r  connec to rs  are 

labe lled  A & B and the ou tpu t  connec tor  as C on the rear  panel  Since the sys tem 

has no m on i to r  or in ter face  to address  the ampli f ie r  modules ,  the back -p lane  

address  l ines assume the state equ iva len t  to a channe l  0 address To avoid  the 

poss ib i l i ty  o f  more than one output  s ignal  be ing  connec ted  s im ul taneous ly  to the 

ana logue  ou tpu t  bus ,  all the modu le  PCB address  switches  are set to a d if feren t  

num ber  (0-4) for  each channe l  A w arm  up t ime o f  30 minutes  was  a l low ed  for 

modula i  ampli f i e r  to make sure there  was  no drif t  in the tr ansduce r  and ampli f ied  

signa ls

The Modular  system includes four t ransducer-condit ioning modules,  which  are 

descnbed  below,

4 4 1 Module 611-Two Channel DC Amplifier Module

The  R D P  E lec tron ic s  611 strain gauge signal  cond i t ion ing  am pl i f ie r  m od u le  is 

par t  o f  the m odu la r  600 system and des igned  for  use w ith  s train  gauge  and DC
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type tr ansducers  The 611 module  is a p lu g -m  Euroca rd  modu le  w ith  two 

channe ls  o f  t ransducer  energ isa t ion  and signal  condi t ion ing  for  use with  both  low 

and high sens i t iv i ty  tr ansducers  Typical  low sens i t iv i ty  t ransduce rs  are full 

s train gauge br idge load  cel ls  and torque cel ls,  as the one used m the tens ion- 

to rs ion  mach ine  The front  panel  contro ls  inc lude fine gam ,  zero and exc i ta t ion  

with a push  button  shunt  ca l ib ra t ion  Both  channel  ou tpu t  s ignals  are access ib le  

via a 3-po le  j a c k  O n-board  cont ro ls  al low se lec t ion  o f  ±15 V exci ta t ion ,  vo lt age 

or  cur ren t  (4-20 mA) outpu t  and noise  reduc t ion  f i l ter  T ransduce r  and ou tpu t  

co r rec t ions  are made  via c i rcu la r  DIN connec tors

The  swi tch  se t t ings and the in terna l  con trols  m  the card  are set  as supp l ied  

excep t  the channel  number  The channel  num ber  was set accord ing  to the 

pos i t ion  o f  the card  in the rack The 611 module also provides a shunt cal ibrat ion 

facility so that suitable transducers can be cal ibrated electronically The Torque and 

Load Cell were excited and the output signal from the transducers were condit ioned 

and amplif ied m this module before being supplied to LabVIEW

4 4 2 Module 621-Dual Transducer Amplifier Module

The RDP Electronics 621 card  is a 2 -channe l  LV D T osc i l l a to r /dem odu la to r  which  

may also be used with  h a l f  b r idge  and s im i la r  induc t ive- type  t ransduce rs  There 

is a com m on exci ta t ion  supply,  bu t  each channel  has separa te  gain and zero 

con t ro ls  and outputs ,  which  are se lec table for  vol tage or  current  C onnec t ions  are 

made  via c i rcu la r  DIN (audio  type) p lugs  Outpu t  s ignals  are also p ro v ided  on a 

f ron t -m oun ted  j a c k  which  to ge ther  with  f ine gam  and zero control s ,  are 

access ib le  via holes  in the panel  A b i -co lour  LED gives  an approx im ate  

indica t ion  o f  a rmatu re  cent ral  pos i t ion  Push-bu t ton  zero input  swi tches  al low 

easy check ing  o f  ampli f ie r  zero ad jus tments  and a mas te r / s lave  fac i l i ty  removes  

bea t ing  ef fect s  m  this m ul t ichanne l  sys tem Since this modu le  has been  suppl ied  

in an RDP housing ,  it was conf igured  as a master ,  i e , f irst modu le  (Channe l  1) 

The amplif ier  has outputs of  both voltage and 4-2 mA A broad range o f  adjustments
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ensures that the voltage and 4-20 mA outputs may be calibrated over all or just  parts 

of  the transducer range

4 4 3 Module 628-Strain Gauge Amplifier Module

The RDP Electronics 628 strain gauge signal-conditioning amplifier provides 

precision amplification and calibration of strain gauges outputs The 628 strain 

gauge amplifier is a Eurocard -  based module designed as part of the Module 

instrumenta tion system It is a part of the modular 600 system and the module is 

designed to work with quarter, half and full bridge gauges and features gauge factor 

selection and switchable micro-strain ranges The module was calibrated for use with 

gauges of known gauge factor The result is that the output of the strain gauge 

amplifier can be proportional to micro-strain Direct reading in micro strain units is 

possible with four switched ranges of 100, 1000, 10000, and 100000 |US Variable 

excitation was provided together with coarse and fine amplification controls, 

automatic or manual bridge balance, gauge factor and number o f  gauges A four- 

position,  front panel mounted rotary switch alters the gain of the signal amplifier  

to allow optimum scaling of output to suit input signals equivalent to between 

100 and 100000 (is When used in conjunct ion with gauge factor potentiometer  

and number of gauges switch, the output may be calibrated to give 10V for full 

scale input, e g , with the switch set to 10K, 10000 jas input = 10V output A 

front panel mounted,  three-position toggle switch allows selection o f  manual 

balance or automatic balance With the switch in the OFF position, both balance 

circuits  are disconnected from the bridge When AUTO was selected,  pressing 

the adjacent push button causes the auto-balance circuit to assess any imbalance 

and inject a voltage into the relevant bridge node sufficient to cancel the 

imbalance,  hence producing zero amplifier output When Manual selected, the 20 

turn screw driver-adjusted,  front panel mounted balance potentiometer may be 

used to compensate for any bridge imbalance within the specified range 

Voltage and current outputs are available simultaneously Bridge completion for 

quarter or ha lf  bridge systems was provided by resistors mounted on a separate
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connector board, which was plugged into the relevant backplane channel A front 

panel mounted LED indicates when the signal amplifier  first stage was saturated, 

requiring selection o f  the next highest  |L18 range

4 4 4 Module 631-Power Supply

The RDP Electronics 631 module provides power to the modular 600 system busses 

enabling amplifier to pickup their power at the appropriate positions The a c supply 

to the 631 is via a standard a c lead, which plugs into the back of the 600 system 

housing

4 5 DATA ACQUISITION DEVICE  

4 5 1 Device 1

The National Instrument AT-AO-06 is a high performance, 12-bit analog output 

board for ISA computers It has six identical output channels, each of  which has 

voltage output and can sink 4 to 20 mA current when connected to an external source 

The voltage output of each channel is either bipolar or unipolar and was derived from 

the onboard reference The analog outputs are available at a 50-pin ribbon cable 

connector The hardware block diagram and I/O connector detail was given in Figure 

A 2

4 5 2 Device 2

The National Instrument AT-MIO-I6E-IO board is a high performance plug and play 

compatible, multi-function analog, digital, and timing I/O board for the PC AT series 

computers The board can be easily configured and calibrated using software, as it 

does not have DIP switches, lumpers or Potentiometers Due to the DAQ-PnP 

featuies, the board is completely software configurable Two types o f  configuration 

were performed on the board bus related configuration and data acquisition related 

configuration Bus-related configuration includes setting the base I/O address, DMA 

channels, and interrupt request channels Data acquisition related configuration 

includes such settings as analog input polarity and range, analog output reference 

source, and other settings The board has two input polarities unipolar with a range
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of 0 to 10 volts and bipolar with a range of -5 to +5 volts. The analog output channels 

are configured for bipolar output, as the motors should be run in either direction. The 

block diagram and I/O connector pin assignment of the board was given in Figure

A.3.

Figure 4.18 Input/Output Connector boards for Device 1 and Device 2

The input/output connector boards for AT-A0 06 and AT-MIO-I6 E-IO devices were 

shown in Figure 4.18.

4.6 LABVIEW PROGRAM

LabVIEW (Laboratory Virtual Instrument Engineering Workbench) is a development 

environment based on the graphical programming language G. The LabVIEW 

package is specifically designed to permit quick implementation of a computer- 

controlled data gathering and analysis system, which can be extensively 

customised to suit a particular application (need). LabVIEW is hierarchical in 

that any virtual instrument (VI) designed can be quickly converted into a 

module, which can be a sub-unit o f  another VI. This is entirely analogous to the 

concept of a procedure in conventional programming.
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LabVIEW was integrated fully for communication with hardware such as GPIB, VXI, 

PXI, RS-232, RS-485, and plug-in data acquisition boards LabVIEW is a true 32-bit 

compiler that gives the fast execution speeds of the program, needed for the custom 

data acquisition, test and measurement solutions [73-78] LabVIEW uses 

teiminology, icons, and ideas familiar to engineers, scientists and relies on graphical 

symbols rather than textual language to describe programming actions 

LabVIEW programs or m other words Virtual Instruments (VI) has a f ron t  panel  and 

a block diagram The front panel is the graphical user interface of the Virtual 

Instrument This interface collects user input and displays program output The front 

panel contains controls and indicators A control can take many forms, most of 

which are “pictures” of real controls used on real instruments-rotary knobs for 

example All controls have some form of visual feedback to show the user what 

state they are in A second useful property of the controls is that the reaction to 

unsuitable input can be specified by the user, thus saving time towards human 

incompetence Indicators take a large number o f  forms, some are “p ic tures” o f  

real indicators such as lights and meters The concept o f  indicators also includes 

giaphs and charts The block diagram of  the VI is almost the backside o f  the 

front panel It shows how all the controls and indicators fit together as well as 

the hidden modules where all the work is done It looks like an electronic 

schematic diagram and is conceptually wired up m the same way The block 

diagram contains the graphical source code of the Virtual Instrument In the block 

diagram the virtual instrument was programmed to control and perform functions on 

the input and output created on the front panel One of  the major issues in 

LabVIEW programming is to allocate the t iming and ordering of operations 

LabVIEW works in exactly the same way as a conventional programming 

language The task is handled by the order of the items along with the use of 

various loop constructs The concept o f  LabVIEW is “data flow programming”- 

any item executes when all its inputs are available The standard execution is 

left- to-right because inputs are generally on the left o f  an item and outputs on 

the right Looping and ordering is handled by Structures , which look like books
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with the number o f  pages LabVIEW palette sets give the option to create and edit 

the front panel and block diagram Tools palette contains the tools to edit and debug 

the front panel and the block diagram objects There are nine tools in the tools 

palette that are used to build and modify the front panel items The control palette 

contains the front panel control and indicator objects used to create the user interface 

The items can be picked from the controls palette There are ten panes on the 

control palette, each pane having a number o f  different items These items can be 

used either as controls or as indicators depending on the need The items are 

picked from the controls palette and placed in the front panel using the selection 

tool The functions palette contains the objects used to programme the virtual 

instrument and to build the source code, such as arithmetic operators, instrument 

input/output, and file input/output and data acquisition operation 

The present program was built to control two motors, as described in sections 4 7 2, 

with diffeient speeds and directions, and to acquire data from the transducers The 

motors used are brush less AC servomotors, one for upward and downward movement 

of the cross head to apply axial load on the specimen and the other for rotary motion, 

to apply torque on the specimen In addition to this, changing voltage should alter the 

speed at which these movements are to be carried out There are four transducers 

installed in the machine to measure the axial load, the torque, the linear displacement 

and the angle of twist of the specimen mounted in the machine The data from these 

transducers were recorded and LabVIEW program was executed accordingly forming 

a closed loop According to the conditions m the front panel of the virtual instrument, 

the machine was operated and the response from the transducer was recorded and 

used to control the further execution of the program 

The test set is categorized into four types,

1 Constant Torque Test - Increase axial load maintaining the initially 

applied torque held constant,

2 Constant Angle of Twist Test - Increase axial load maintaining the 

initially applied angle of twist constant,
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3 Constant Load Test - Increase torque maintaining the initially applied 

axial load held constant and,

4 Constant Axial Displacement Test - Increase torque maintaining the 

initially applied axial displacement held constant

To accomplish the four different type of loading conditions, four Virtual Instruments 

were built as explained m the following sections

4 61 Front Panel

The program front panel was split into two sections, one of the sections was 

attributed to the control of the machine to set up the specimen m the grippers before 

conducting the test This section of the front panel has a voltage variable digital 

control for each motor to adjust the speed of the motors, a speed control ON/OFF 

switch, and a torque control ON/OFF switch for each motor to run the motors The 

second section was attributed to controlling the machine for the specific test This 

section of the front panel has controls to drive the motors and to set the limiting 

parameters for the test such as the axial load, the torque, the angle of twist and the 

axial displacement

Along with the limit, tolerance values may also to be supplied to approximate the 

control value Providing a tolerance to the limiting value would reduce the shunting 

of motors, as there exists another parameter that governs the limiting value In 

addition to the control switches, five graphical indicators along with digital indicators 

are created m this section to show the current values of the axial load, torque, angle 

of twist, axial displacement, and strain gauge parameters Figure 4 19 shows the 

Front Panel construct of the Lab VIEW program for Constant Load Test
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Constant Load Test

S t r a i  ( r n a w a r j n )  T c r q je  (N>n) A n > -  o f  T w i  (<i»q)

F i g u r e  4 . 1 9  L a b  V I E W  F r o n t  P a n e l  C o n s t r u c t

4.6.2 Block Diagram

In the block diagram, which is a pictorial solution to a programming task and the 

source code for the Virtual Instrument, a W hile loop  was used to enclose all the

ob jcc ts .

While loop

The W hile loop  will execute until a specified condition is no longer True. A Sequence  

structure  with two subdiagrams or frames was placed inside the W hile  loop, as shown 

in Figure 4.20. The first subdiagram or frame was used to control the machine and the 

second subdiagram was used to direct the dataflow to a M ic ro so ft  E x ce l  file. Since 

the machine was to be controlled in two modes, one for specimen set-up and other for
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the test program, a Case structure was inserted in the first subdiagram of the 

Sequence structure

Sequence Structure

LabVIEW works on the concept of dataflow -  a function or VI executes when all 

the inputs are available This is generally smooth when processing a flow of data 

but there are applications when this was not the case One of the principal areas 

where the trouble arises is in t iming If the programming was not done carefully, 

events could occur at different times and in different sequences To impose a 

sequential execution of events LabVIEW uses Sequence structure,  Figure 4 20 

The Sequence structure has a number of panels lying on top of one another 

These panels execute one after the other in sequence While doing so, 

information was transferred between panes using Sequence Local Sequence  

Local  was created anywhere on the perimeter of the sequence panel and can be 

supplied from an output on one panel to inputs on other panels

Case Structure

A Case structure has two or more subdiagrams or Cases, only one of which is 

executed when the structure is executed, Figure 4 21 This depends on the value of an 

integer, Boolean, string, or a numeric scalar wired to the external side of the selection
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terminal or selector In this case, the Boolean switch was used for switching between 

machine set-up, and test program, which are separately built in the two cases

F i g u r e  4  21 C a s e  S t r u c t u r e

If the test switch is ON in the front panel, the control flows to the test program 

otherwise to the machine set-up In the machine set-up frame, Figure A 4, the objects 

necessary for operating the machine such as instrument input/output VI, data 

acquisition operations, and arithmetic operations are placed

4 6 3 File Output and Input

There are a number of operations to be done with the data collected during a test 

and the software should be able to let that be done LabVIEW can read and write 

four types of files

Spreadsheet  These files consist  of ASCII text with tabs in suitable places for 

importing into a spreadsheet The V i ’s that control this form write one array to 

the file at a time, Figure A 5

Character These are similar to spreadsheet files in that they consist of ASCII 

text, but the format is free

Binary Consist  of the data in computer format instead of ASCII They are more 

compact  than character files and do not suffer from round-off errors However,  

they need to be translated into ASCII by other programs
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Data 102 These are similar to binary files except that the data can be more of 

complex types (e g clusters) They must be read in the same format as they are 

writ ten which constrains them to be read by a similar LabVIEW program to the 

one, which wrote them

4 6 4 Data Acquisition

The communication between the tension-torsion machine and the test program VI 

was achieved by using Data acquisit ion V i ’s m the program LabVIEW has a 

collection of V I’s that work with the data acquisit ion hardware devices The data 

acquisit ion (DAQ) V i ’s help to develop complete instrumentation, acquisition, 

and control  applications Three data acquisit ion V i ’s namely Analog  Input  VI, 

Wfi te to Digital  Line VI, and Analog Output VI was used m the test programs 

Anal o s  Input VI The Analog  Input VI measures the signal at tached to the 

specified channel and returns the value The VI performs a single, untimed 

measurement of a channel Five such V i ’s are used as sub V i ’s in the test 

program to measure the axial displacement,  the axial load, the angular twist,  the 

torque, and the strain gauge, Figure A 4 Each parameter was measured as 

voltage using this VI Each transducer was calibrated to determine its 

performance characterist ics under various loads before conducting the actual 

test The product o f  the reciprocal o f  the slope o f  the characteristic curve (listed 

in Table 4 6) and the input signal gives the respective parameter The parameter 

was then shown in the front panel graphical  indicator and logged into the 

spreadsheet at regular intervals

Wfite to Digital Line VI Write to Digital  Line VI sets the output logic state o f  a 

digital line to high or low on a specified digital channel Two Write to Digital  

Line VPs are used as sub V i ’s m the test program, one for each servomotor In 

the second and fourth loading paths,  the motor controlling the input parameter 

should be set to zero speed as soon as the predefined strain value was reached 

When the transducer input parameter exceeds the predefined parameter value the
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Write to Digital  Line VI sets the corresponding motor to zero speed thereby 

p ieven tmg any further straining in that axis

Analog Output VI The Analog Output VI performs simple analog output 

operations Two Analog Output VPs are used m the test program, to control the 

servomotor The Analog Output VI applies the specified voltage to the 

se ivomotor through the corresponding servo controller

The motor was supplied with a voltage as required, through an Analog output data 

acquisition VI Two supply voltages operate the motor, one to enable the motor axis 

and the other to supply the voltage to run the motor at a specific speed or torque Two 

Case structures are used for each motor control First Case structure returns 0 or 1 

depending on the position of the Speed switch The numerical value was then 

multiplied with the value from the knob control and the product was returned to the 

other case structure, which returns either the product or zero to the Analog Output 

data acquisition VI The analog output data acquisition VI sends the appropriate 

voltage to the respective motor through the DAQ device A Write to Digital Line VI 

sets the output logic state of the digital line to high or low on a digital channel, which 

is 0 in this case to enable or disable the motor axis

The same set of objects was duplicated for the other motor and the line and devices 

configured Device l ,AT-AO -6 was used for load motor and Device 2, AT-MIO-16E- 

10, for torque motor Apart from the Analog Output Vi's to control the motors, 

Analog Input V i’s are placed in the frame to read the input signal from the 

transducers Each transducer was assigned a separate channel but uses the same DAQ 

device, which is Device 2 This signal input was scaled by a factor, which is the 

gradient of the characteristic curve obtained for each transducer during calibration, 

Table 4 6 The product was returned to an indicator m the front panel as well as to the 

next trame in the sequence structure to be written to a spreadsheet 

In the test program frame, shown in Figure A 6, Analog Input Vi's for all the 

transducer, as m the machine setup frame, was placed The voltage signal from the 

respective transducer depending on the test was compared with the set value in the 

front panel and according to the resulting output the signal was returned to one of the
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two Case structures If  the signal was high, the first Case structure was activated and 

if it was low, the second Case structure was activated

In individual case, both the torque motor and load motor was operated as the case 

necessitates The flow diagram is same for the four tests, with difference in the 

parameter compared and operation of the torque and load motors The assigned 

channels and gradients for the individual transducer inputs are tabulated below

Transducer Parameter Device Channel Calibration Gradient

Load 0 12 5313

Angle of Twist 1 30

Linear Displacement 2 1 3

Torque 3 23 42

Strain Measurement 4
Depending on the Scaling 

Factor in Amplifier

T a b l e  4  6 L a b V I E W  C h a n n e l  A s s i g n m e n t  &  S c a l i n g  f a c t o r  

4 7 EXPERIMENTAL PROGRAMME

The main problem m elastic-plastic analysis o f  a structural member  is to 

determine the internal stresses and strains m the member,  when given external 

loads and strains are applied to its outer surfaces The common engineer ing tests 

such as tension test, torsion test, bend test, etc, are incapable o f  completely 

revealing the mechanical  behaviour  o f  a material  for any conditions o f  loading 

To this end an attempt was made to extract simple generalisation o f  the stress- 

strain relationship under complex loading conditions

4 7 1 Determination of Yield Point

The interpretation of the strength of a material m simple tension is essential  to 

compare the strengths o f  the material when subjected to combined tension 

torsion loading The accuracy of  the stress evaluation m the elastic-plastic region 

depends on the definit ion of yield point
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Lode Backward Extrapolation Method  Taylor & Qumney [15] used Lode 

backward extrapolation method to determine the yield point According to this 

method, yield stress is determined by backward extrapolation o f  stress-strain 

curve to intersect the elastic line, or to the line o f  zero plastic strain This 

method requires an excessive amount o f  overstrain to define a yield point and 

one specimen can be used for the determination of  only one point According to 

Taylor & Quinney, this method of  determining the yield point applies well to 

copper and annealed iron and to mild steel However,  in case of aluminium there 

is in many cases an appreciable creep or gradually increasing strain with 

constant stress Under these conditions, the stress-strain curve is not unique, but 

it is still possible to discuss the relationship between the distort ions produced by 

various distributions o f  stress On reloading a specimen after removing the 

initially applied load, the load at which a rapid increase in strain occurs in 

definite even though a slow creeping begins at a lower load

Proportional limit method  The proportional limit method of  determining yield 

point is another method Wu et al [24] applied this method for the determination 

o f  yield surfaces o f  annealed AISI type 304 stainless steel The proportional 

limit is defined as the greatest  stress that a material  will sustain without a 

deviation fiom the law of  propor tional i ty o f  stress to strain The linear 

re lationship between stress & strain continues up to a point  after which plastic 

deformation of  the material takes place According to Wu et al [24] a p roof  strain 

o f  5 fie or 10 (18 may also be classified as a proportional limit This method 

allows barely enough plastic strain to define clearly the inception of the yield 

point Even with the use o f  closed loop servo-controlled hydraulic testing 

machines with sophisticated computer-controlled circuits , a proof  strain o f  5 jae 

or 1 0 jixe can slightly harden the specimen In addition, existence of  varia tion in 

practical  details such as accurate control of straining o f  specimen, and technical 

difficulty to have two identical  specimens makes this method not reliable 

Moreover use o f  a single specimen to determine the whole initial yield surface
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and the subsequent yield surfaces do not consider the accumulation o f  the 

ha idenm g effect  during loading history

P r o o f  Stress method  Beyond proportional limit, upon further increase o f  the 

load, the strain no longer increases linearly with stress, but the material still 

remains elastic This condition will prevail until some point, called elastic limit 

or yield point, is reached The stress at this point  is usually called the offset y ie ld  

strength  or the p r o o f  strength  The proof strength is defined as the stress at 

which the strain exceeds an extension of  the initial propor tional part  o f  the 

stress-strain curve by a specified amount, the offset Typically,  a value of 0 2% 

offset  strain is accepted m engineering applications Proof stress method was 

applied m the determination o f  yield points m this research work, since the 

method produced consistent and reliable results

4 7 2 Loading Cases

Designing structural members such as bolts in the elastic-plastic range, when the 

plastic strain is about the same magnitude as the elastic strain, could reduce the 

weight of the member considerably Bolted joints  are predominant ly  used in 

assembly of  machine components The amount o f  crit icali ty involved in the 

design of  bolts  perhaps reflects on how well it holds the assemblies or machine 

components  With the emphasis being made on the reduction of material  and 

weight in the machine components,  bolts should take up as little weight as 

possible When the bolt is designed m the elastic range,  usually it becomes 

oversized Designing a bolt in the elastic-plastic range considering the strain- 

hardening pioper ty o f  the material  should not affect the stabil ity o f  the 

assemblies or machine components Copper and AlSiC metal matrix composi te as 

a material with higher strain-hardening property was considered in this research 

work The circular rod and tube specimens were subjected to various 

combinations o f  tension and torsion loading under proportional and non­

proportional loading paths The specimen was subjected to a number  of 

combinations  o f  tension and torsion loads to determine the elastic-plastic
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behaviour and strain-hardening property Three different loading cases were 

considered in accordance to the bolt t ightening

Proportional loading

The clamping force or preload developed by the bolt during t ightening process is 

propor tional to the wrenching torque applied to the bolt head The slope o f  the 

relationship between the clamping force and the wrenching torque is dependant 

on the frict ion between the bolt and the mating parts [13,82,83] To i llustrate the 

above si tuation,  the specimen was subjected to combined tension and torsion 

applied m  such a way as to produce strain trajectories consist ing of straight lines 

at different angles as shown in Figure 5 25 Tests are carried out by simultaneous 

elongation and twisting o f  the specimen with constant ratios o f  nominal 

engineering shear strain rate y to axial strain rate a at a nominally  constant

equivalent total strain rate rf = (^2 + y 2 / 3)2 = 2 x lO “3*?'1 [4] The combinations of 

the axial strain rate and the shear strain rate for the proportional loading tests are 

given in Table 4 7
i^| 

Co 
II £ Y n

R = 0 4663 5 36x10-3 2 5x10-3 5 552x10-3

R = 0 84 5x10-3 4 2x10-3 5 557x10-3

R = 3 732 3 926x10-3 6 8x10-3 5 552x10-3

T a b l e  4  7 N o m i n a l  s t r a i n  r a t e s  f o r  p r o p o r t i o n a l  l o a d i n g  p a t h s  

Non-proportional Loading

Due to strain hardening, the yield strength of the material  is increased This 

leads to the inflation or distortion of the subsequent yield points for a material  

under combined loading It is possible to obtain almost the entire positive 

quadiant o f  the von Mises yield curve in a single non-proport ional  loading
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experiment,  without unloading and reloading [4] The four types of non- 

proportional combined tension-torsion loading paths are,

• Type I-Application of axial load to certain level, followed by the application

of torque to the specimen maintaining the initially applied load, until failure of 

the specimen

• Type II-Application of torque to certain level, followed by the application of 

axial load to the specimen maintaining the initially applied torque, until failure 

of the specimen

• Type III-Application of axial load to certain level, followed by the application 

of torque to the specimen maintaining the initial axial extension of the 

specimen, until failure

• Type IV-Apphcation of torque to certain level, followed by the application of

axial load to the specimen maintaining the initial angle of twist constant, until

failure of the specimen

Type I Constant Axial Load Test

The specimen was subjected to an initial axial load in the elastic region, say 25 

peicent  o f  uniaxial  p roof  yield axial load an<̂  subsequent application o f

torque, maintaining the init ially applied axial load constant throughout the test, 

until the failure o f  the specimen The load motor was run until the preset  axial 

load was reached, and then the torque motor was enabled and continues to rotate 

until the specimen fails Anticipating the reduction in axial load when the 

applied torque reaches a critical value, the LabVIEW program was written in 

such a way that the load motor was enabled when the exist ing load in the 

specimen reduces from the preset  value, consequently extending the specimen so 

as to keep the axial load constant When the combined stress reaches a critical 

value both the torque motor and the load motor rotates steadily, straining the 

specimen to compensate for the reduction in axial load and torque, until failure 

This procedure  was repeated for other initial load values o f  50 percent,  75
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percent, 100  percent yield load to determine the effect o f  initially applied axial 

load on the torque carrying capabil i ty o f  the specimen

Type II Constant Torque Test

The specimen was subjected to a predetermined torque, say 25 percent  of the 

yield torque, and subsequent application o f  axial load at a steady strain rate 

Unlike in Type I loading path, the torque remains constant even while the axial 

load increases This is due to the reason that the specimen in torsion still remains 

elastic,  part ly plastic across the cross section This continues almost till the very 

end of  the test when the specimen fails Just before failure,  the initially applied 

torque tends to reduce rapidly and to maintain the torque in the specimen, the 

torque motor rotates further until failure The same procedure was adopted for 50 

percent, 75 percent,  and 100 percent o f  the yield torque as initially applied 

torque

Type III Constant Axial Displacement Test

The specimen was subjected to an initial extension and subsequent application of 

torsion, maintaining the initial extension constant throughout the exper iment To 

achieve this, the load motor was enabled to apply a predetermined extension to 

the specimen, about 25 percent yield axial load and switched to HOLD mode to 

maintain the extension The torque motor was then enabled to apply torque at a 

steady strain rate until the specimen fails, irrespective o f  the change in the axial 

load values The same procedure was repeated for axial displacements 

corresponding to 50 percent, 75 percent and 100 percent yield axial load values

Type IV Constant Angle of Twist Test

The specimen was subjected to a twist o f  an initial angle o f  twist corresponding 

to 25 percent  of the yield torque and subsequent application of axial load, 

mainta ining the initial angle o f  twist constant until the failure o f  the specimen 

The torque motor was enabled to apply torque to the specimen up to a 

prede termined angle of twist corresponding to 25 percent yield torque On 

achieving the required angle o f  twist, the motor was switched to HOLD mode to
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maintain the angle throughout the test, and then the axial load motor was 

enabled The load motor was switched to RUN mode until the failure o f  the 

specimen The same procedure was repeated for angular twists corresponding to 

50 percent, 75 percent and 100 percent o f  yield torque values

Non-proportional loading with prestrain

After t ightening the bolt, application o f  external load will further increase the 

sti esses thus causing the combined stresses to approach the yield stress 

Pres training beyond the yield point followed by combined tension and torsion 

loading produces  a distorted pattern o f  the yield surfaces and was related to the 

direction o f  prestrain or prestress [20,22,23] The effect  o f  prestrain in tension or 

tot sion followed by nonproportional loading on the stress-strain curve was 

examined in this loading case The specimen was subjected to pres tra in in 

tension or torsion,  unloaded and then loaded in torsion or tension The effect  of 

different axial and torsional prestrains was reported in section 5 3 2

4 7 3 Specimens used in Experiments

Two different materials,  copper and AlSiC MMC, were used in this research 

work Copper as a material  with high ducti li ty and st ra in-hardening properties 

was chosen to provide an initial insight into the mechanical  behaviour o f  

specimens subjected to combined tension and torsion loading, before testing 

specimens made of  AlSiC MMC material The results  obtained from different 

combinations o f  tension and torsion loads were used to verify the elastic-plastic 

behaviour o f  copper specimens,  von Mises yield cri terion and to establish proper 

functioning of  the recommissioned tension-torsion machine In addit ion, the 

conduction of the combined tension and torsion loading tests on AlSiC MMC rod 

specimens were fine-tuned based on the experience acquired from the combined 

load tests ea rned  out on copper specimens
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For ductile metals such as copper, large plastic deformation often leads to failure 

by localised deformation and shear band Previous research has shown that the 

activation volume is much larger for BCC metals and decreases with plastic 

s t iam for FCC metals It is important to note that heat  is generated by the plastic 

deformation In the present investigation,  experiments were conducted in quasi- 

static loading conditions Since the deformation occurs slowly, most of the 

geneiated heat is conducted and/or convected away from the slowly deforming 

legions  and the specimen remains in an isothermal condition

Two different types of specimens were used m the investigations Thin walled 

tubular specimens were used to determine the material properties,  such as shear 

modulus and Poisson ratio, in addition to the combined tension-tors ion load 

tests When a specimen was subjected to torsion the shear stress was maximum at 

the outer most fibre As the torque in the specimen increased, plastic yielding 

occurred at the outer most fiber and moves towards the axis of the tubular 

specimen When the thin-walled tubular specimens were subjected to torsion,  

they started buckling To avoid buckling,  and to limit its effect, aluminium 

inserts were inserted into the tubes and glued at the ends with Loctite 648-epoxy 

glue Loctite 648-epoxy glue exhibits  higher Y oung’s Modulus in service than 

Copper, which will enhance the structural stabil ity at the pinned ends o f  the 

specimen The specimens were held using modified specimen holders The 

specimen holder was modified to accommodate the tubular specimens in the 

tension- tors ion machine gripper,  which was specially designed to conduct 

combined tension-torsion or compression-tors ion tests

Solid circular rod specimens were machined to general test specimen dimensions 

with suitable heads at the ends, Figure A 7 The heads were designed to apply 

torque and tension to the specimen gauge length

Copper Rod and Tube Specimen
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Metal matrix composite materials are designed and engineered to exhibit 

p ioperties that are most desirable for a given application The properties o f  the 

composite  will depend upon the particular consti tuents and volume function 

used, but most M M C ’s show improvement in stiffness,  wear and fracture 

resistance over the matrix material The yield, ultimate tensile strength,  and the 

elastic modulus  o f  the material  increases with heat treatment and volume fraction 

of particles at the expense of ducti li ty The specimens were made of  AISiC metal 

matrix composite with 17 8% volume fraction o f  3 jam SiC particles in a 2124 

aluminium matrix Aerospace Metal Composites Limited,  Farnborough, UK, 

supplied the material AMC217xe is a high quali ty aerospace grade aluminium 

alloy (AA2124) reinforced with 17 8% by volume of  ultra fine si licon carbide 

pai t ic les  o f  3-60 [im size The raw material was manufactured by a special 

powder metallurgy process The process uses a high-energy mixing process,  

which ensures excellent particle distr ibution and enhances mechanical  properties 

Puncipa l  al loying elements are given m Table 4 8

AISiC MMC Rod and Tube Specimen

Cn Mg Mn Silicon
carbide(p)

Matrix wt% Matrix wt % Matrix wt % Composite wt %

3 8-4 0 1 5-1 7 0 5-0 7 19-21

T a b l e  4 8 P r i n c i p a l  a l l o y in g  e l e m e n t s  i n  A IS iC  m e t a l  m a t r i x  c o m p o s i t e

The specimen was outsourced to be produced by extrusion and heat treated (T4), 

before machining to desired dimensions The solid rod specimen, shown in 

Figure A 8 , was held m the gripper using special holder that is capable of 

applying axial and torsional loads, Figure A 9

4 7 4 Determination of axial and shear stresses in a rod

A solid circular rod subjected to pure tension becomes plastic across the entire 

cross section beyond yield point Due to this change, the axial load carrying
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capacity of the rod reduces Depending upon the nature of the material,  the rod 

may sustain little over the yield stress due to strain hardening Until the ultimate 

tensile strength, there is no significant change in the cross sectional area 

(diameter)  o f  the rod Beyond the ultimate tensile stress point  necking of  the rod 

staits  During necking most o f  the plastic yielding and straining is restricted to a 

narrow zone of necking This leads to abrupt increase in the true stress-true 

strain, and follows von Mises normality rule

In case o f  torsion, the deformation is inhomogeneous inside the sample,  which 

makes the derivation o f  stress-strain curves from the measured torque-angle 

relations difficult  One of  the commonly accepted methods for the determination 

o f  the stress-strain relation for rod-shaped cylindrical  samples from torsion tests 

is the Nadai evaluation [8], which is based on two assumptions 

The shear strain, y is proportional to the distance from the axis o f  the sample, 

Or
7 ’, y = —  where 0 is the angle o f  torsion over the gauge length 7 ’

The shear stress ( t )  is determined by the shear strain, r - z ( y )

From these assumptions for the surface of the sample, the

T  =
'  R9y=TV

relation can be derived where

A

M  = 2/rjV(r)r2dr (4 2)

is the applied torque

At a given angle o f  torsion the stress-strain relation rN(y)  determined by the

Nadai evaluation from the measure M(0) curve can be converted  to

t n  ( r ) =  t n  ( t  “  ^ r )  which describes the variation of stress as a function o f  r

A rod subjected to pure torsion becomes plastic at the outer most fiber init ially 

Cont inued application o f  shear stress increases the size of the plastic annulus and
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moves towards  the axis o f  the rod Theore tical ly ,  at any t ime o f  the tors ion 

testing,  there exists an elastic core unti l fai lure o f  the spec imen Using the 

elastic shear stress formula when the rod was twis ted  beyond yield point  results  

in higher stress values  than that  exists in the specimen, due to the presence o f  

elastic and plastic sections

In the present research,  the shear stress va lues beyond yield poin t was computed 

by graphical  in te rpolation  method depending on the stra in hardening  behaviour 

o f  the spec imen

According  to Brooks [1], the shape o f  the e las tic-p las tic  interface in a component 

is rela ted to the stress d is tr ibution For a round bar  car ry ing combinations  of 

axial load and torque,  the shape o f  the interface  must be annular to preserve axial 

symmetry  For the current work,  the shear stress for the basic  shear st ress-shear 

strain curve in such a component  was calcula ted us ing the torque and the initial

TRcross sectional area o f  the rod specimen, according  to the elastic formula  t = —
J

This obviously  over indica te the shear stress,  once y ie ld ing has star ted The 

shear strain was calcula ted using the angle o f  twis t  and  the gauge length o f  the 

rod specimen A typical  plot  o f  the result ing shear stress and shear strain 

re la tionship  o f  a rod subjec ted to pure  torque is i l lus tra ted  in Figure B 1, in 

Appendix -B Because  o f  error in this plot  in the e las tic-p las tic  region, it is 

necessary  to manipula te  the data to more  accura te ly  reflec t  shear st ress-shear 

strain prof ile  This was done fol lowing Brooks  approach  [ 1 ] that  resul ted in a 

real shear s tress-shear strain curve i l lus tra ted in Figure  B 3 The detailed 

explana tion on the graphical  method is given in Appendix-B

4 7 5 Finite Element Modelling in A N S Y S

This sect ion describes  the creation o f  solid Copper  and AlSiC particulate  

composi te  models  Applicat ion  o f  the axial  and the tors ional loads and boundary  

condi tions  were  also expla ined
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Copper Model

The copper sample was modelled using the ANSYS preprocessor. Both a 3-D 

solid element (S o l id 9 5 ) and a 3-D surface element (S u r f l 5 4 ) were used to build 

the finite element model. Only the gauge length of  the copper specimen was 

modelled since the complete model could not be map meshed. The gauge length 

was extended by 4 mm. Figure 4.22 and this section was used for load 

application. During results analysis, the values from this section arc ignored.

Numerical simulation involves analysis of combined tension and torsion loading 

that needs a cylindrical model with all four quadrants. The model represents the 

sample gauge length with all the four quadrants across the length of the sample. 

A Multilinear material model was used to describe the elastic-plastic behaviour
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of the model, as shown in Figure 4.23.  Hooke’s law was used in the clastic range 

and rate independent isotropic hardening material obeying von Mises yield 

criteria was used for the plastic region. The stress-strain data obtained from 

experimental results were used in creating the material model.

T ab le  Data

T 1*0.00

BISO T a b le  P r e v ie w AN
APR 12 2003 

1 7 :4 1 :2 2

SIC

-i)

l
EPS

1.4 1.6

F igure 4.23 M ulti L inear M aterial M od el u sed  for  C o p p er  R od  M odel

The model was meshed with S o l id 9 5  elements which are generally used for 

modelling of 3-D solid structures. The element is defined by 20 nodes having 

three degrees of freedom at each node. S o l id 9 5  can tolerate irregular shapes 

without as much loss o f  accuracy and these elements are well suited to model 

curved boundaries. S u r/ 1 5 4  elements arc overlaid onto the area adjoining the 

gauge length and arc used to apply the torsional load on the model.
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Mapped meshmg of  the model volume produced 512 numbers o f  elements with 

2341 nodes Uniform mesh density all through the volumes enables proper 

loading and accurate determination o f  elastic-plastic deformation of  the model 

during the simulation The axial load was applied on 41 nodes selected as a 

component along the Z-axis Torsional loads were applied as surface pressure on 

the S u r f l5 4  surface elements Torque value was converted to pressure from the 

following expression,

T
F  =  —  &  F  =  P x l x x x R x L  (4 3)

R  K J

=> P = --------- - ----- —  (4 4)
R x 2 x n x R x L

where ' R 9 is the outer radius o f  the model,  and ‘Z ’ is the extended length o f  the 

model on which the pressure was applied

AISiC  Metal Matrix Composite Model

The Composite material  used m this work was aluminium alloy reinforced with 

silicon carbide particles The particles were m the size range from 3 |im to 60 

jam as shown m Figure 4 24 In general, an arbitrary distribution o f  particles,  

which may include local clustering, may better represent the actual state o f  the 

composite

This however, will complicate the problem and make it difficult  to proceed with 

numerical  approach In the present work, an idealised situation was used in 

which the particles were assumed to be uniformly distributed in the matrix in the 

form of  periodic arrays
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Mag= 200 X m = 21 mm EHT=15.00 kU 11:31 1-Apr-2003
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F i g u r e  4 2 4  D i s t r i b u t i o n  o f  S i l i c o n  C a r b i d e  p a r t i c l e s  i n  A l u m i n i u m  m a t r i x

In order to investigate the influence o f  the silicon carbide particle re inforcement 

on the elastic-plastic deformation behaviour o f  the composite,  a periodic array o f  

four spherical hard phases in each quadrant m  the matrix material  was modelled 

for the prediction of axial and shear stresses during combined tension and torsion 

loading Figure 4 25 shows the array o f  spherical particles in each quadrant of 

the model

Because o f  restrict ions in element numbers and maximum degrees o f  freedom, 

the AISiC metal matrix composite sample was reduced by 3600 times to 

represent the finite element model The reduced finite element model consists of 

17001 Sohd95  and Su r f ]54 elements and 23915 nodes in total Limitation in the 

number o f  elements that can be used to mesh a model rest ric ted further
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refinement of the elements. Consequently the model was meshed with coarse 

elements. The simulated model appeared to be coarse. Both the silicon carbide 

hard phases and Aluminium alloy matrix was meshed using a tetrahedron element 

shape. The silicon carbide hard phases were meshed with 4 point size elements in 

a 10 point scale, and the Aluminium alloy matrix material was meshed with I 

point size elements in a 10 point scale. The extended volume was map meshed 

with S o l id 9 5  elements. In addition to S o l id 9 5  elements, the surface effect 

elements. S u r f J 54 , were laid on the circumference of the extended volume in 

order to apply torsional load. Ideal bonding was assumed to exist between the 

silicon carbide particles and the aluminium alloy matrix material.

ANSYS
APR 2 2003 

1 9 :3 1 :1 3

1
ELEHENTS

F igure 4 .2 5  M odel rep resen tin g  S ilico n  carb id e p artic les and  th e  e x te n d e d  v o lu m e
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An elastic-plastic von Mises yield criterion combined with a bilinear true stress- 

true strain curve was used to represent the material non-linear effects of  

Aluminium alloy matrix. Figure 4.26 shows the plot of the constitutive model 

used in the finite element analyses. The silicon carbide particle reinforcements 

were assumed to behave as a linear elastic, isotropic solid.

F igu re 4 .2 6  B ilinear M aterial M o d el for  A lu m in iu m  m atrix  

4.8 SUM M ARY

The purpose built tension-torsion machine was rccommissioned using data 

acquisition devices and LabVIEW programme. The machine was able to conduct 

different combinations o f  combined tension and torsion loading tests. To validate 

the experimental results finite element models were simulated. Both copper and 

AlSiC metal matrix composite models were simulated using finite clement 

analysis code ANSYS.
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5 EXPERIMENTAL RESULTS AND DISCUSSION

51 INTRODUCTION

Structural members subjected to external load achieve extra strength by an initial 

permanent deformation Plastic deformation of  the metal creates dis location 

Upon extensive deformation,  dislocations multiply and increase the strength of 

the metal An increasing stress is required to produce addit ional plastic 

deformation and the metal apparently becomes stronger and more difficult  to 

defo im [79-80] In practice, the stresses imposed by service loadings such as in 

bolts are l ikely to be complex When safety factors are reduced to save weight, 

the stresses in the material will approach the yield condition In most 

conventional engineering alloys, plastici ty will offer the safety margin required 

The present study examines whether AlSiC MMC can be employed in a similar 

manner when operating close to yield point under combined axial and shear 

stress states A preliminary investigation was also carried out on copper to 

determine the elastic-plastic behaviour under combined tension and torsion 

loading conditions

The experimental  programme consisted o f  pure tension, pure torsion, and 

combined tension and torsion tests on Copper and AlSiC metal matrix composite 

material  Solid circular rod and thin-walled circular tube specimens were used in 

the experimental  investigation Uniaxial  tension and torsion tests were carried 

out on the specimens to determine the material properties such as Young’s 

Modulus,  Yield Strength,  Shear Modulus and Poisson ratio using the purpose 

built  tension-torsion machine The tension-torsion machine was calibrated before 

conducting the experiments for accurate measurements o f  the axial load, the 

torque, the axial displacement and angle o f  twist in the specimen 

During uniaxial  and combined loading experiments, the axial load and the torque 

values were accurately obtained from the respective transducer in the machine
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The LVDT was located close to the specimen and supplies the axial displacement 

in the specimen gauge length The angle measuring transducer supplied the angle 

o f  twist in the specimen

The specimens were subjected to various combinations o f  axial load and torque 

as followed,

• Proportional tension-torsion loading in which the specimen was subjected 

to combined tension and torsion with different constant relative axial 

extension and angle of twist

• Init ial axial load followed by the application of torque, maintaining the 

initial axial displacement constant

• Init ial torque followed by the application of axial load, mainta ining the 

initial angle of twist constant

• Initial axial load followed by the application of torque,  maintaining 

init ially applied axial load

• Init ial torque followed by the application of axial load, maintaining the 

initially applied torque

Proportional loading tests were carried out by simultaneous elongation and 

twisting of  the specimen with constant ratios o f  nominal engineering shear strain 

rate y to axial strain rate £ at a constant equivalent total strain rate 77 All other 

tests were carried out at quasi-static strain rates from 2 x 10  3 s 1 to 3x 10  3 s 1 in 

both the axes This chapter was intended to examine and discuss the 

experimental  results obtained from the above-mentioned tests

5 2 DETERMINATION OF MECHANICAL PROPERTIES  

52  1 Tension Test

Uniaxial  tension tests were carried out on solid circular rod specimen to 

determine the mechanical  properties such as Y oung’s Modulus (E ) and Axial 

Yield Stress ( g y )  The virgin specimen was subjected to pure tension in the 

tension-tors ion machine at 3x10 3 s 1 strain rate The pair o f  axial load and axial 

extension data was continuously  measured using the transducers and LabVIEW
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and recorded every second Three such virgin specimens were subjected to pure 

tension under same loading conditions and the stresses and strains were 

averaged The Y oung’s Modulus was calculated from the slope o f  the initial 

l inear portion of  the axial stress-axial  strain curve From a few such prel iminary 

tests it was possible to identify, that loading, unloading and reloading the 

specimen in tension at constant strain rate within elastic limit does not change 

the Y oung’s Modulus Therefore,  the later uniaxial  tests do not involve 

unloading and reloading o f  the specimens The proof  yield stress was determined 

at 0 0 2% offset strain from the initial elastic slope

A v e ra g e  S t r e s s  S tr a in  C u rv e

F i g u r e  5 1 O f f s e t  S t r a i n  i n  d e t e r m i n a t i o n  o f  M e c h a n i c a l  P r o p e r t i e s

For an accurate determination o f  yield point and Y oung’s Modulus,  the zero 

offset strain as shown in Figure 5 1 and denoted by ‘e - la g ’ should be accounted 

for The quanti ty e-lag  was measured by intersecting the straight line with the 

strain-axis and was therefore related to the value o f  yield point and Y oung’s
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Modulus  Ideally, e-lag  should be zero However,  due to the nature of the servo- 

contiolled machine and the components,  the data scattered to some extent as 

shown m the Figure 5 1 Therefore some amount o f  e-lag  is likely to be present 

Two strain gauges o f  type CEA-06-250UN-350 manufactured by Measurements 

Group UK Ltd were properly bonded to the center o f  each specimen gauge length 

used in the determination of  elastic constants One of  the strain gauge was 

aligned along the longitudinal axis o f  the specimen and the other gauge made 90° 

to the longitudinal axis A proof  strain of 0 02% offset strain was used to define 

yielding of  the specimen Yield was considered to occur if  there is few 

consecutive points with proof strain exceeding 0 02% offset strain Three 

specimens made of  virgin material  were used to determine the yield point and 

average value was considered as yield point

Foi each specimen, Y oung’s Modulus ‘is’ was obtained by testing the virgin 

material  within elastic range The specimen was given a small amount of loading, 

around 50-70% yield load The pair of stress and strain data was continuously 

acquired while the specimen was being elastically loaded NIDAQ data 

acquisit ion devices were used to acquire the data at one second interval The 

Y oung’s Modulus  ‘is’ was then calculated using this set o f  data After each 

loading, the specimen was unloaded back to zero stress To ensure accuracy, the 

loading was repeated Each time, a Young’s Modulus ‘is’ was obtained, the 

aveiage value was taken as the Y oung’s Modulus ‘is ’ o f  the material 

Figure 5 2 shows the average axial stress-axial  strain plot  for Copper rod The 

yield axial stress and the Y oung’s Modulus ‘E ’ was found to be 367 MPa and 

45 5 GPa, respectively

Figures 5 3 shows the axial stress-axial  strain plot for Copper tubes The yield 

axial load was determined using this plot to apply initial  axial load on the 

specimen m combined tension-torsion tests

Figuie  5 4 shows the axial stress-strain curve for AlSiC MMC rod The strain lag 

(e-lag)  was found to be larger in AlSiC rod than in the case o f  Copper rod This 

may be due to the initial sett ing o f  addit ional specimen gripping components
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used with the AlSiC MMC specimen A sharp yield point and steep hardening  

curve can be observed from the Figure 5 4 The yield axial stress was found to be 

387 MPa

Figure 5 5 shows the axial stress-axial strain curve for AlSiC MMC tube 

specimen under axial loading It is evident from the graph that the specimen can 

withstand axial load well beyond the yield point The rate o f  increase in the axial 

stiess is marginally affected with high strain hardening of  the specimen The 

yield axial stress was found to be 384 5 MPa

5 2 2 Torsion Test

Torsion tests were conducted on Copper and AlSiC metal matrix composi te

specimens to determine the mechanical  properties such as the Shear Modulus,

Poisson ratio Tests were conducted on both rod and tube forms of  the material to

establish the similari ty in the material properties

Figure 5 6 shows the average shear stress-shear strain plot  for the copper rod 

The Shear Modulus ‘G ’ was found to be 17 336 GPa, and the Poisson ratio is 

0 31

Figure 5 7 shows the shear stress-shear strain plot for Copper tubes The yield 

torque was determined using this plot  to apply initial torque on the specimen in 

combined tension-torsion tests

Figuie 5 8 shows the shear stress-shear strain curve for AlSiC MMC rod Shear 

yield stress was found to be 296 MPa The specimen yielded init ially at the outer 

per iphery and move towards the axis o f  the rod developing a shear stress 

gradient along the radius The natural stress was calculated using the graphical  

method explained in section 4 7 4 Figure 5 9 shows the shear st ress-shear strain 

plot obtained using elastic formula and the graphical  method for AlSiC metal 

matrix composite rod

Figure 5 10 shows the shear stress-shear strain curve for AlSiC MMC tube under 

pure torsion The specimen failed immediately after reaching the yield point due 

to poor  strength o f  the specimen m shear The thin walled tubular specimen can
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withs tand loads well beyond the yield point in axial loading, whereas the 

specimen tailed prematurely after yield point in torsional loading The yield 

sheai stress was found to be 222 MPa

Especially when the rod is subjected to torsion, yielding of the specimen first 

occurred at the outermost fibre and moved towards the center At the incept ion of 

yield in the rod, the outer annulus becomes elastic-plastic while the central core 

lemains  elastic,  thereby a gradient in the shear stress exists along the radius of 

the rod Assuming this variation in shear stress along the radius to be negligible 

m tubular specimen due to thin wall, a close approximate of the shear stress and 

shear strain curve can be obtained using tubular specimens

Each graph, that depicts an experimental result, shows the averaged results  from 

three experiments for copper specimens and two experiments for AlSiC MMC 

specimens In all the experiments, the scatter o f  points remained within 2% of  

the averaged value The mechanical  properties o f  different materials used in the 

experimental  programme are l isted m Table 5 1

Yield Load 
(kN)

Yield Stress 
(MPa)

Yield Torque 
(Nm)

Y o u n g ’s Modulus 
E (GPa)

Copper Tube 5 164 392 857 8 -

Copper Rod 18 447 367 22 381 45 426
AlSiCpMMC Tube 15 5 384 483 87 -

AlSiCp MMC Rod 10 94 387 9 75 42 151
Table 5 1 Mechanical  properties of materials used in t le experimental

investigation

5 3 COMBINED TENSION AND TORSION LOAD TESTS

Combined loading path experiments reveal more critical material  response than 

monotonic deformation experiments such as tension test [81] In this study, 

exper iments under proportional and nonproportional combined tension and 

torsion loadings were conducted for different loading paths During the 

experiments,  the specimens were subjected to different combined tension and 

torsion loading conditions Preliminary experiments were conducted on Copper 

to determine the elastic-plastic behaviour  o f  a homogenous material under
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vanous  combinations of tension and torsion loading The effect  o f  axial prestrain 

and torsional prestrain was also investigated and the results presented m section- 

5 3 1

Section 5 3 2 describes the elastic-plastic behaviour  o f  aluminium reinforced 

with sil icon carbide particulate composite material  under various combinat ions 

of  tension and torsion loading This is followed by the numerical  analysis of 

various loading paths using the FEA code ANSYS Results from the experiments 

weie compared with the ANSYS simulation results

5 3 1 Experimental Results of Copper Rod and Tube Specimen

The Copper rod specimens were subjected to four different combined tension and 

torsion loads with constant relative extension and twist  Four different ratios of 

axial strain rate to shear strain rate were used to carry out the proportional 

loading tests The axial and shear strain trajectories are shown in the Figure 

5 11 A constant nominal combined strain rate of 2x10 3s 1 was applied to the 

specimen for all the four tests The combination of  axial strain rate and shear 

strain rate are given m Table 5 2

-WIIPd E r binominal
R =05774 1 9x10V 1 0084x10V 1 987x10 Js 1oII 1 72x10V 1 72x10V 1 986x10 Js 1
R = 1 732 1 4056x10V 24345x10V 1 974x10V
R = 3 732 0 833x10 Js 1 3 0988x10 •’s 1 1 988x10V

T a b l e  5 2 N o m i n a l  s t r a i n  r a t e s  f o r  p r o p o r t i o n a l  l o a d i n g  p a t h s

The maximum torque and axial load that can be sustained by the specimen under 

each of  the four stress trajectories is i l lustrated in Figure 5 12 In the first load 

case, when the shear strain rate to axial strain rate ratio was 0 58, the specimen 

became plastic all through the cross section sooner due to higher axial straining 

compared to shear straining,  reducing the possibil i ty o f  torque reaching more 

than 8 4 Nm The axial load reaches 18 1, which is 97% of  ultimate axial load 

that the specimen can sustain in uniaxial loading condition This clearly shows 

that under lower torsional values the specim en’s axial load carrying capabil i ty is
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not affected significantly The specimens were subjected to three other shear 

strain rate to axial strain rate ratios of 1, 1 73, and 3 73 As the shear strain rate 

increased with respect to the axial strain rate, higher torque is attained in the 

specimen as shown in the Figure 5 13, before the plastic instabil i ty and 

subsequent necking of  the specimen When the specimen was subjected to higher 

shear strain rate than axial strain rate, and when the combined axial stress and 

shear stress reached a critical value, the specimen yields m torsion than in 

tension Thus,  at the inception of  yielding, a plastic annulus formed at the 

periphery o f  the specimen, which grew towards the center of the rod as the 

combined tension and torsion load is increased This yield behaviour o f  the 

specimen is characterised by the reduction m the axial load carrying capacity  of 

the specimen, which is clearly evident from the maximum values o f  the axial 

load reached m the subsequent three strain trajectories,  Figure 5 14 Higher 

strain hardening of  the specimen and consequently higher load carrying capacity 

is observed at higher shear strain rate to axial strain rate ratios Presence o f  

elastic core and st rain-hardened plastic annulus enabled the specimen to sustain 

higher axial and torsional loads than the specimens subjected to lower shear 

strain rate to axial strain rate ratios In torsion the specimen yields at the outer 

f ibie and traversed monotonically towards the center Thus theoretically there 

exists a core, which is still elastic until failure The existence o f  elastic core 

even after at taining the critical yield value enables the specimen to sustain 

higher axial load Thus the axial load carried by the specimen subjected to 

highest  shear strain to axial strain ratio o f  3 73 was around 12kN, which is 66% 

of the yield axial load m pure tension test Whereas the maximum torque attained 

in the specimen subjected to the lowest shear strain rate to axial strain rate ratio 

o f  0 58 was 8 4 Nm, which is 37 6% of  the yield torque obtained from pure 

torsion test This is due to the absence of  an elastic region to sustain higher 

torques Higher strain hardening of  the specimen was observed at higher shear 

s t iam rate to axial strain rate ratios A typical behaviour o f  the specimen
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observed in all four loading paths is that the torque never approaches a value o f  

zero before failure This is clearly evident from Figure 5 12

5 3 2 Nonproportional Loading

Constant Axial Displacement

The Copper rod specimen was inserted between the grippers and a small amount 

o f  torque and axial load were applied to eliminate the gap and slackness between 

the specimen and gripper The specimen was then subjected to an initial 

extension The initial extension corresponds to the extension at 15, 34, 71 & 98% 

of  yield axial load The initial extension of  the specimen was followed by the 

application of torque The initial axial load and subsequent torque was applied at 

a constant strain rate of 2 x 10  3s 1

It can be obseived from Figure 5 15, that as the torque is increased gradually,  the 

init ially applied axial load remained constant until the combined axial and shear 

stresses reached the von Mises yield curve It then decreases very marginally  

until the combined axial stress and shear stress produced maximum stress o f  225 

MPa At this point,  the axial stress reduced drastically at the same shear stress 

When the initial axial load was 34, 71 & 98% of  yield axial load, increase in 

torque decreased the axial stress marginally until the combined axial stress and 

shear stress produced von Mises yield condition This suggests that the increase 

in torque affected higher initial axial load in the specimen The axial load in the 

specimen then decreased rapidly as the shear stress exceeded 1 5 times the 

c o m b i n e d  y i e l d  s t r e s s  W h e n  t h e  s p e c i m e n  w a s  s u b j e c t e d  t o  a n  i n i t i a l  a x i a l  l o a d  

corresponding to 71% & 98% yield axial load and then torque was applied,  the 

axial load started to decrease at a greater rate at the initial stage o f  loading and 

tend to diop rapidly after about 1 5 times the yield shear stress From the von 

Mises yield criteria for combined loading, the material starts yielding at lower 

torque when the init ially applied axial load is increased This follows the yield 

cri teria a 2 + 3 t 2 = Y2, where ‘¿r’ is the axial stress, V  is the shear stress and 4 7 ’ 

is axial yield stress After reaching the yield plateau the combined stresses in the
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specimen deviated away from the yield curve marginally  and follows the yield 

plateau as shown m Figure 5 15 The maximum shear stress achieved in all four 

loading paths exceeded unity due to the strain hardening property o f  the material  

The copper tube specimens were subjected to 68 , 80, 87, and 95% yield axial 

load followed by the application o f  torque maintaining the initial axial 

d isplacement constant In all the loading cases a gradual drop m the init ially 

applied axial load was observed on the application o f  torque, within the elastic 

region as shown m Figure 5 16 When the combined stresses reached von Mises 

yield curve,  the drop in the initial axial load was found to be drastic and follows 

close to the von Mises yield curve on the elastic-plastic region The result 

suggests that the axial load that can be sustained by the specimen largely depend 

on the amount of elastic cross-section in the specimen Figure 5 17 shows the 

effect o f  shear strain on the initial axial load The rate o f  drop in the axial load 

is more m the initial stages o f  shear strain The drop in axial load reduces after 

0 01 shear strain before saturating at 0 05 shear strain

Constant Angle of Twist

The Copper rod specimen was subjected to 32, 61,88, & 102% yield torque and 

the angle o f  twist  was held constant The axial load was then applied to the 

specimen already under torque The torque remained constant at the initial stages 

o f  axial loading until the applied axial load reached a value which when 

combined with the torque causes the material  to yield Thereafter for any 

increase in the axial load the torque reduces rapidly until the axial load reached a 

maximum of  about 1 2 times the yield axial load as shown m Figure 5 18 At this 

stage any attempt to increase the axial load causes the onset  o f  plastic instabili ty 

and necking The axial load decreases rapidly at a constant torque until the 

specimen fails through fracture A peculiar behaviour  observed in all the four 

loading paths is that the shear stress never approached zero before failure o f  the 

specimen Beyond plastic instabil ity the axial stress dropped rapidly upto 275 

MPa and failed m brit tle manner as shown in Figure 5 18 Presence of plastic
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ci oss section at the neck of the specimen supported the torque that was present at 

the t ime of failure The true stress state shows a trend of rise m the combined 

shear and axial stresses normal to the von Mises yield curve These results  shown 

in Figure 5 18 indicate that the specimen subjected to higher initial torque 

followed by increasing axial load, yields plastically at an early stage than the 

specimen subjected to a lower initial torque This is due to the fact that the 

combined stress level meet the von Mises yield plateau at an early stage and 

deviate away into the elastic-plastic region and follow the yield plateau until 

necking starts The combined stress in the specimen with the lower initial torque 

meet the von Mises yield plateau drawn using maximum stresses jus t  prior to the 

onset  of necking The combined stress levels in both the cases do not follow the 

yield plateau drawn with the values o f  initial yield stresses in tension and 

toi sion

The copper tube specimen was subjected to 42, 71, and 88% initial yield torque 

followed by the application of axial load An increase in the axial load in the 

specimen causes the torque to drop at a constant rate as shown in Figure 5 19 

The combined stress curve crossed the von Mises Yield curve and as soon as it 

reached the yield axial stress, dropped rapidly upto 35 MPa Beyond this point, 

the plastic instabil ity starts and the specimen lost both axial load and torque 

carrying capacity before failure The absence o f  an elastic region restricted the 

axial load carrying capacity o f  the specimen Figure 5 20 shows the safe extent 

to which the rod specimen can sustain combined axial stress and shear stress 

The combined axial and shear stress points were obtained for individual load 

path, when the combined axial and shear strain in the specimen is equivalent to 

twice the yield strain m pure tension

Torsional Prestrain

A range of sequential  tension-tors ion-tension tests was carried out on copper rod 

specimens to determine the effect o f  torsional prestrain on load carrying capacity 

o f  the specimen The specimens were subjected to three different torsional
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prestrains such as 0 42, 0 84, and 1 26 From Figure 5 21, it is evident that the 

specimen subjected to 0 42 shear strain can sustain axial stress of 14 74% more 

than the yield axial stress m  pure tension Similarly, the specimens subjected to 

shear strains of 0 84 and 1 26 can sustain axial stress of 25% and 27% more than 

the yield axial stress in pure tension, respectively  In addition, the ducti l i ty o f  

the specimen is significantly reduced by 56%, 59% and 62% for the specimens 

subjected to 0 42, 0 84, and 1 26 shear strains respectively Large shear strains 

can reduce the materials subsequent extensional ductility, the material  fai ling on 

those planes subjected to compression in the torsional pres tram [ 1 1 ]

When the torsional prestrain exceeds a given value, the specimens fails in a 

bri t tle manner when subsequently loaded in tension,  the fracture being dist inct ly 

different from the normal cup and cone failures which were obtained with 

smaller torsional prest rams Figure 5 22 il lustrates the effect o f  torsional 

prestrain on the elastic properties o f  the material  A marginal change in the 

Y oung’s Modulus o f  the torsional prestrained specimen is observed when 

compared to the virgin specimen The effects o f  torsional prestrain on the elastic 

constants depend on the amount o f  plastic deformation

Figure 5 23 i llustrates the axial extension in the specimen due to torsional 

p res tram The free-end extension m the specimen due to large torsional 

deformation was found to increase l inearly This suggests that the fixed end large 

deformation torsion test might induce compressive stresses upon the specimen 

The results  from these tests indicate quite clearly the influence of  the torsional 

piest rain  The material  close to the extreme fibre had lost much of  their ducti li ty 

and that the rate o f  torsional ducti li ty varied with the distance from the centroid 

o f  the specimen

Axial Prestrain

In this set o f  experiments, the specimen was subjected to an initial plastic strain 

m the axial direction and unloaded followed by the application of torque From 

the lesults  shown m Figure 5 24, it is evident that the specimens subjected to
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lower axial prestrains can take more torque compared to the specimens subjected 

to higher pres trams The torque achieved m pres trained specimens was 

comparatively less than that was achieved m a virgin specimen The variation in 

the torque carrying ability after plastic axial prestrain was found to be 

insignificant This is due to the absence of  elastic region m the specimen The 

shear modulus of the specimen remained the same for all the pres tram values

5 3 3 A IS iC  Metal Matrix Composite Tube and Rod Specimens

The mechanical  properties of particula te-reinforced metal matrix composites  are 

controlled by a complex interaction between the matrices and reinforcements  

Researchers  have proposed different strengthening mechanisms such as, 1) load 

transfer between the matrix and reinforcement, 11) enhanced dislocation density 

in the matrix, 111) matrix and interfacial precipitation The addit ion of a 

l em forcm g phase of  different elastic properties induces strain concentration In 

order to maintain the displacement compatibil i ty across the interface when the 

load is applied, dislocations are generated at the composite interface The 

interaction of  matrix with the reinforcing phase determines the mechanical  

behaviour o f  the composite [50-54]

Proportional Loading Tests
The AISiC MMC rod specimens were subjected to three different combined 

tension and torsion loads with constant relative extension and twist Three 

different ratios of axial strain rate to shear strain rate were used to carry out the 

p iopoit ional loading tests The axial and shear strain trajectories are shown m 

the Figure 5 25 A constant nominal combined strain rate of 5 55x10 3s 1 was 

applied to the specimen for all the three tests The combination o f  axial strain 

rate and shear strain rate are given in Table 5 3

R = ^ ~
£ r 1

£
R = 0 4663 5 36x10-3 2 5x10-3 5 552x10-3

R = 0 84 5x10-3 4 2x10-3 5 557x10-3
R = 3 732 3 926x10-3 6 8x10-3 5 552x10-3

Table 5 3 Nominal strain rates for proportional loading paths for AISiC MMC Rod
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The maximum torque and axial load that can be sustained by the specimen under 

each of  the three stress trajectories is il lustrated in Figure 5 26 In the first load 

case, when the shear strain rate to axial strain rate was 0 47, the specimen 

achieved a maximum torque of  16 7 Nm and thereafter the torque was maintained 

constant until failure o f  the specimen at 14 5 kN axial load which is 132 6% 

yield axial load The specimen subjected to a shear strain rate to axial strain rate 

o f  0 84 can sustain torque upto 19 1 Nm and remained constant until the failure 

of  the specimen at 12 9 kN axial load From the above two load cases,  it is 

evident that the torque carrying ability of AlSiC MMC material  is significantly 

affected at higher axial strain rate compared to shear strain rate The addition o f  

the reinforcing particles increased the stiffness but decreased the strain to 

failure

In the third load case where the shear strain rate to axial strain rate ratio was 

maintained at 1 73, the maximum axial load and torque achieved were 9 5 kN & 

22 9 Nm respectively Figure 5 26 i llustrates the axial load carrying abili ty o f  

AlSiC MMC rod The increase in axial load is not restricted significantly by the 

increase in torque,  though the rate o f  increase in axial load is reduced This 

suggests that AlSiC MMC rod can sustain stresses m the longitudinal direction 

along the axis o f  the specimen rather than the transverse section The specimens 

in the three different load cases failed in a brit tle manner

Figure 5 27 shows the effect o f  axial load on torque As the shear strain 

increased, the torque in the specimen subjected to shear strain rate to axial strain 

rate ratios o f  0 47 & 0 84 achieved maximum torque and saturated with no 

further increase The specimen subjected to shear strain rate to axial strain rate 

ratio o f  1 73 can sustain higher torque after yield point though the rate of 

increase in torque is reduced Figure 5 28 shows the effect  o f  torque on the axial 

stiess The axial stress m all three loading paths is not significantly affected by 

the inciease in torque
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The AlSiC MMC rod specimen was subjected to an initial axial displacement 

con esp o n d m g  to 35%, 62%, and 90% yield axial load, followed by the 

application of torque, maintaining the initially applied axial displacement 

The specimen subjected to 35% yield load followed by the torque sustains the 

initially applied axial load until the shear stress reaches a value o f  340 MPa 

Beyond 340 MPa of  shear stress, the axial stress in the specimen reduces 

substantially 30% reduction m axial stress was observed before failure as shown 

in Figure 5 29 The failure o f  the specimen was brit tle m nature 

In the specimen subjected to an initial axial displacement corresponding to 90% 

yield load, followed by the application o f  torque, the initially applied axial stress 

reduced significantly,  upto 50% of  the initial axial load before failure 

Irrespective o f  the initial axial load applied on the specimen, the shear stress 

achieved in the specimen before failure remained constant at 420 MPa Evidence 

of  strength m the specimen after von Mises yield curve suggests that the load 

carrying capacity o f  the AlSiC MMC material  is substantially increased by the 

strengthening effect o f  the silicon carbide particle reinforcements 

Figure 5 30 shows the trend m reduction of  initially applied axial stress upon 

subsequent twist m the specimen As the shear strain in the specimen increased, 

the exist ing axial stress reduces steadily until failure o f  the specimen 

The AlSiC MMC tube specimen was subjected to an initial axial load of  34% 

yield axial load followed by the application of torque The init ially applied axial 

stress remains constant until the shear stress reached von Mises yield curve In 

the second case the specimen was subjected to an initial axial load of 63% yield 

axial load followed by torque As the torque m the specimen increases,  the 

init ially applied axial load marginally decreases until the von Mises yield stress 

Beyond the von Mises yield curve substantial reduction in the initially applied 

axial load is observed Similarly in the third load case, the specimen was 

subjected to an initial axial load of 88% yield axial load followed by torque As 

the torque m the specimen increases,  substantial reduction in the init ially applied

Constant Axial Displacement Tests
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axial load is observed within the elastic region, followed by drastic reduction 

beyond von Mises yield curve The reason for this reduction in the axial load is 

that the combined axial and shear stress reached von Mises yield stress sooner 

In all the three load cases,  the specimen failed in bri t tle manner 

It is evident from the Figure 5 31 that the initial axial load significantly affects 

the torque carrying capacity of AlSiC MMC tube specimen, the specimen failing 

along the plane of compression The maximum shear stress achieved in combined 

stress state is 210 MPa whereas the yield shear stress is 222 MPa

Constant Angle of Twist Tests

The AlSiC MMC rod specimens were subjected to an initial angle of twist  

corresponding to 51%, 79%, and 97% yield torque and subsequent application of 

axial loading

In the first load case, when the specimen was subjected to an initial torque o f  

51% yield torque, subsequent application o f  axial load does not affect the shear 

stress in the specimen until the axial load reached yield axial load Beyond the 

von Mises yield curve, very marginal drop in the combined stresses is observed 

until the combined stresses reached a value 10 % more than the yield axial stress 

Upon further increase in the axial load, the shear stress reduces drastically as 

shown in the Figure 5 32 The torque carrying capacity of the specimen is 

significantly reduced upon reaching the axial yield stress In the third load case, 

the specimen was subjected to an initial torque o f  97% yield torque, followed by 

the application of axial load On the application o f  axial load, the torque m the 

specimen started reducing marginally after the von Mises yield curve until it 

reaches an axial stress of 200 MPa Beyond this axial stress, the torque reduces 

drastica lly as in the other two load cases The specimen failed in brit t le manner 

when the axial stress reached 530 MPa m all the three loading paths Figure 5 33 

shows the safe extent to which the rod specimen can sustain combined axial 

st iess and shear stress The combined axial and shear stress points were obtained
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foi individual load path, when the combined axial and shear strain in the 

specimen is equivalent to twice the yield strain in pure tension 

The AlSiC MMC tube specimens were subjected to an initial angle o f  twist  

cor iesponding  to 38%, 58% and 95% yield torque followed by the application of 

axial load In all the three experiments, the shear stress reduces rapidly in the 

initial stages of axial load application due to stress relaxation Beyond 75 MPa, 

the shear stress remains constant until the von Mises yield curve Marginal drop 

in the shear stress was observed before the failure o f  the specimen 

Figure 5 34 i llustrates that the specimen subjected to an initial angle o f  twist 

coiresponding to 95% yield torque failed when the axial stress was not more than 

170 MPa, whereas the specimen subjected to an initial angle o f  twist 

corresponding to 38% yield torque failed when the axial stress reached 420 MPa 

This shows that the specimen subjected to lower initial torque values can 

withstand higher axial stress The load carrying capacity  o f  the specimen is 

d iast ically  reduced as the initial torque in the specimen is increased 

At the beginning of  the plastic deformation,  the yield behaviour  o f  the specimen 

was iound to be close to the von Mises cri terion in stress space When the plastic 

deformation is small, the change in shape of the yield surface is also small

Constant Axial Load Tests

In constant axial load experiments,  the AlSiC MMC rod specimen was subjected 

to an initial axial load followed by torque,  maintaining the init ially applied axial 

load According to von Mises yield criteria,  the initially applied axial load 

should decrease upon the application of torque beyond von Mises yield stress 

The experimental  results suggests that the init ially applied axial load could be 

maintained constant as shown in Figure 5 35, by increasing the axial strain in the 

specimen The axial strain remained constant until the combined axial stress and 

shear stress reaches von Mises yield stress Beyond this point, the axial load was 

maintained constant by increasing the axial strain, as shown in Figure 5 36
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The specimens were subjected to 37%, 64% & 92% of  yield axial load followed 

by torque Figure 5 36 i llustrates that the rate o f  axial strain increased with 

increase in the initially applied axial load It is evident from the graph that the 

axial load can be maintained constant by increasing the axial strain The initial 

axial load m the specimen, as shown in Figure 5 37, marginally affects the 

torque carrying capacity of the specimen When the initial axial load was 37% 

yield load, the torque attained in the specimen was 25Nm, whereas yielding of  

the specimen occurred premature m higher initial axial loads and the torque 

attained in the specimen was 22 Nm The strain increase m  the specimen beyond 

yield point was observed to be 0 1 , when the specimen failed in bri t tle manner

Constant Torque Tests

In constant torque experiments, the specimen was subjected to an initial torque 

followed by the application of axial load, maintaining the init ially applied 

torque The init ially applied torque can be maintained constant as shown in 

Figure 5 38 by increasing the shear strain in the specimen Three different initial 

torques o f  61%, 91%, & 104% of  yield torque was applied followed by the 

application o f  the axial load Unlike constant load test, the shear strain started 

increasing invariably at the same axial strain o f  0 055 as shown in Figure 5 39 

The late o f  increase in the shear strain rate to maintain the init ial ly applied 

torque is higher for higher initial torque The specimen failed premature ly while 

tending to maintain the init ially applied torque The strain increase beyond yield 

point was observed to be around 0 025 when the specimen failed in brittle 

manner

5 4 M ODELS REPRESENTING  THE ELASTIC PLASTIC BEHAVIOUR OF ALSIC  AND  

CO PPER  ROD SPEC IM ENS

Limited quanti ty and depth of  tests, and the approximate nature o f  the theoretical  

considerations  based on simplifying assumptions have forced machine 

components designers to apply large safety factors The elastic-plastic reserve
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strength o f  the structural members is in general higher than the computed values, 

which can be utilized while designing the components [84-92]

Based on the experimental results o f  copper and AlSiC metal matrix composite 

rod specimens,  the author believes that the following empirical equation best 

describes the elastic plastic behaviour of the rod specimens under combined 

tension and torsion loading condition

Fiom the combined tension and torsion test results,  it is evident that the axial 

s t iess -shear stress curve can be best  fitted on a polynomial equation of  degree 

four For a copper  rod, the safe axial stress to shear stress rela tionship beyond 

the elastic region and within the elastic plastic limit was found to be

o EP +  3 t EP =  C Coppet Y

{Ccoppo -  1 02times axial stress
CCopper< 1 1 times shear stress , shown in Figure 5 20

Similarly,  for an AlSiC MMC rod, the safe axial stress to shear stress 

relationship beyond elastic region and within the elastic plastic limit was found 

to be

G  e p  +  ̂ T cp  =  C AlSlCY

{CA lS iC  -  1 2iimes a x i a l  stress
CAISlC< 1 6 times shear stress , shown in Figure 5 33 

5 5 AN SY S  RESULTS

The commercial  need for the simulation o f  materials in process has led in recent 

years to the development  of many process models The models are usually finite 

element based and are aimed at al lowing the detailed analysis o f  the processes 

This investigation proposes models to investigate the elastic-plastic behaviour o f  

Copper & AlSiC metal matrix composite material  A detailed analysis using the 

model enables optimisation prior to manufacturing of  the material and the related 

expense  [93,94] The model has been created and implemented using ANSYS 

finite element software and validated against  the results  obtained from 

experiments
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In this section, finite element modell ing o f  the experimental  specimen, Copper 

and AlSiC MMC, is described The mam objective o f  the Finite Element 

Analysis is not only to estimate the failure loads o f  the specimens, but also to 

trace the entire load versus deflection path The Finite Element Analysis was 

performed using 3D solid elements that were capable o f  representing large 

deformation geometric and material  nonlmearit ies In the current study, two 

Models, listed m Table 5 4, have been analysed

Model Elements Total
Elements

Total Nodes

S u r f l  54 S o l id 9 5

C o p p e r 32 4 8 0 5 12 2341

A l S i C  M M C 32 1 6 9 6 9 17001 2 3 9 1 5

Table 5 4 Constituents o f  Copper and AlSiC MMC simulation models

An elastic-plastic von Mises yield cri terion combined with a multi l inear 

consti tutive  model was used to describe the elastic plastic behaviour o f  the 

copper model The yield stress used was 351 79 MPa and the Y oung’s Modulus 

and Poisson ratio are 40 552 GPa and 0 3 respectively The material properties 

were obtained from the experimental  results

The deformation behaviour o f  aluminium alloy reinforced with relatively rigid 

silicon carbide particles, that do not deform plastically,  was numerically 

simulated on a microscopic scale using the finite element program ANSYS A 

multiphase model consist ing of aluminium matrix and silicon carbide particles is 

used foi the simulation o f  the microstructure The bonding strength of the 

interface between matrix and particles is assumed to be infinite for strong 

bonding and there was no decohesion during deformation The size o f  the silicon 

caibide particles m the matrix is 30 (im The matrix was assumed to be bilinear 

isotropical ly elasto-plastic hardening solid The elastic constant, ‘ E m a t n x \  and 

Poisson ratio, ‘ i ) m a t n x \  was considered to be 73 GPa and 0 33, respect ively The 

nonl inear part o f  the curve was approximated to a l inear path with a tangent
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modulus  (ET) o f  608 MPa, using the ult imate tensile strength (485 MPa) and the 

corresponding elongation The silicon carbide particle re inforcements were 

assumed to behave as l inear elastic and isotropic solids, and their elastic 

p iopert ies  are Y oung’s Modulus Epart)C|e = 420 GPa and Poisson ratio u p a r ticie “  

0 14 [95]

This research aims at developing versatile finite element methodology for 

predicting the effect o f  combined tension and torsion loading conditions on the 

failure load of  the experimental  specimens

Finite element studies are useful when used m  conjunction with an exper imental  

test ing program Examining the combined effects of axial and shear stresses on 

the sample using FEA method allows for a more extensive parametric 

investigation of  the underlying behaviour than is possible m a laboratory sett ing 

This study conducted a comprehensive finite element modell ing of combined 

tension and torsion loading of the model that include both geometric as well as 

material  laige deformation effects for capturing axial and shear stresses Finite 

element modell ing of  experimental  specimens allow for a better understanding of 

stress flow in the member and to better investigate the influence of shear stress 

on axial stress and vice versa

An incremental  iterative strategy based on Newton-Raphson method was used to 

captuie  the non-lmear load versus deflection behaviour  o f  the specimen Before 

each solution, the Newton-Raphson method evaluates the out-of-balance load 

vector, which is the difference between the restoring forces (the loads 

corresponding to the element stresses) and the applied loads The program then 

performs a l inear solution, using the out-of-balance loads,  and checks for 

convergence If  convergence cri teria are not satisfied,  the out-of-balance load 

vector is re-evaluated,  the stiffness matrix is updated,  and a new solution is 

obtained This iterative procedure continues until the problem converges
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5.5.1 Finite Element Analysis on Copper Model 

Constant Axial Displacement Test Simulation

The copper model representing the experimental specimen gauge length was 

subjected to constant axial displacement followed by the application of torque. 

The entire simulation was carried out in 2 load steps and 18 substeps.

In the first load step, an axial displacement was applied to all the nodes at the 

end o f  the model gauge length, selected as a component. Figure 5.40 shows the 

components used to apply axial and torsional loads.

1
components A N S Y S
s e t l  o f l APR 2 2003

ANCLE (Bodes) 19:33:28

FOPCE N0I>E5 (Nodes)

Y

. ’ - I .

' . .

Figure  5.40 C o m p o n e n t s  u sed  to  apply  axial a n d  to rs ional  loads

The initial axial displacement o f  the component corresponds to the displacement 

in pure tension simulation for 15% yield axial load. S P A R S E  solver with 

nonlinear geometric deformation was used to solve this load step in 6 substcps. 

In the second load step, pressure calculated from the equation in section 4.7.5
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was applied to all the surface elements overlaid on the ci rcumference of  the 

extended volume This load step was solved in 12 substeps Similarly,  the copper 

model was subjected to three other initial axial displacements corresponding to 

34%, 70% and 98 5% yield axial loads followed by torque All the simulations 

were carried out in 2 load steps and 18 substeps as described above Figure 5 41 

il lustrates the axial stress-shear stress relationship m  a specific node (Node 

number 125) over the entire loading path It is evident from the graph that the 

simulation can very closely predict  the axial stress- shear stress relationship  in 

combined tension and torsion loading condition The initially applied axial stress 

remained constant until von Mises yield curve, and then followed the von Mises 

yield curve The von Mises yield curve shown m the graph was calculated from 

the experimental  results, l e 0 0 2% offset strain, whereas the yield stress used in 

the material  model corresponds to zero offset strain The dif ference can be 

observed from the yield points m the curve prior to von Mises yield curve The 

trend of  elastic-plastic deformation of  the model can be observed from the 

numerical  simulation result

Figure 5 42 and 5 43 il lustrates the axial displacement and angle of twist  in the 

specimen at the end of the second load step The axial displacement was found to 

increase l inearly over the entire length of the model during the first load step 

No furthei increase in the axial displacement was noticed m the second load 

step The angle of twist  at the end of the simulation was found to be 12 degree at 

the end of  the model gauge length The shear strain was found to be maximum at 

the periphery and decreased l inearly along the radius towards the axis, where it 

is zero

Figure 5 44 and 5 45 i llustrates the axial stress distr ibution at the end of the 

simulation on the surface and across the cross section of the model respectively 

Axial stress gradient across the cross section suggests that plastic yielding has 

occurs at the outer periphery, which reduces the load carrying capacity of the 

model The maximum axial stress was found to be at the axis of the model
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Figure 5 46 shows the shear stress distribution across the cross section o f  the 

model at the end of  the simulation Nonlinear reduction in the shear stress was 

found to exist along the radius of the model towards the axis The nonlinearit ies 

in the shear stress reduction depend on the amount o f  plastic deformation in the 

model

Figure 5 47 describes the von misses equivalent stress distribution in the model 

Large variation was found to exist across the cross section with 35 347 MPa at 

the axis o f  the model and 360 315 MPa at the periphery

Constant Angle of Twist Test Simulation

The simulation model representing copper rod specimen was subjected to 

constant angle o f  twist followed by the application o f  axial load The simulation 

was carried out in 2 load steps and 42 substeps Constant angle o f  twist test 

simulations were carried out for 60%, 88%, 97% initial yield torque followed by 

axial loading

In the first load step, all the nodes at the end of the model gauge length selected 

as a component,  were rotated and constrained at 2 5 degrees in the cylindrical  

UY about Z-axis The initial constraint  developed shear stress in the model that 

corresponds  to 31% of yield torque This load step was solved in 6 substeps 

In the second load step, the axial force corresponding to the maximum axial load 

achieved during the experiment was applied on the component (Force Nodes) 

The total axial force was divided and distributed among the nodes This load step 

was solved in 36 substeps to enable smooth loading and i teration procedure 

within the ANSYS

Figuie 5 48 shows the axial stress-shear stress relationship m a specific node on 

the circumference o f  the model over the entire loading path The maximum axial 

stress achieved in the simulation by the selected node is 300 MPa, which is 82% 

o f  the yield axial load It is evident from the figure that the numerical  simulation 

results  do not match the experimental  results  This is due to the use o f  exist ing 

material  model in ANSYS that does not describe elastic-plastic behaviour o f  the
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material  under consideration,  properly Figure 5 49 and 5 50 the axial strain and 

shear strain distribution m the model at the end of  the simulation m cylindrical  

coordinate system Figure 5 51 and 5 52 shows the axial stress dis tr ibution on the 

model and m the cross sectional area respectively for 97% yield torque It can be 

observed that the average axial stress along the gauge length is around 271 MPa 

at the end of the simulation Figure 5 53 shows the shear stress state across the 

cross section of the model Though the initial shear stress at the start o f  second 

load step was 217 MPa, it was found to be 150 MPa at the end of second load 

step due to the von Mises yield criteria Figure 5 54 shows the von Mises 

equivalent stress distr ibution across the cross section of the model

5 5 2 Finite Element Analysis on AISiC metal matrix composite Model

The primary advantage in using finite element method is that the effects o f  

geometry of the microstructure on the effective properties o f  composites  can be 

considered,  and detailed microscopic stress fields can be predicted However,  the 

previous studies carried out on this research topic were not concerned with the 

effects o f  particle-particle and particle-matrix interactions on the elastic-plastic 

behaviour o f  composites,  since they used only single fiber unit cell models In 

this investigation,  a micromechanical  model containing multiple particles in 

a luminium matrix and fimte-element method were used to account for the 

inteiactions  and to calculate the microscopic deformation and effective 

pioperties of fiber reinforced composites with matrix material 

In order to investigate the influence of the reinforcement particles on the 

deformation behaviour of the composite,  a periodic array of four spherical  hard 

phases in each quadrant in the matrix was modelled for the prediction of 

combined axial and shear stresses The elastic region of the axial stress-shear 

st iess curve as well as the onset  o f  plastic deformation was well predicted by the 

numerical  analyses
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Figure 5 55 shows the axial stress distr ibution over the surface o f  the AlSiC 

MMC model Maximum axial strain was found to occur in elements away from 

the silicon carbide particles The strength o f  the silicon carbide particle restricts 

the deformation of the model Figure 5 56 shows the shear stress dis tr ibution 

over the surface of the AlSiC MMC model The maximum shear stress is 

observed m elements far away from the silicon carbide particles This suggests 

that the aluminium matrix is subjected to large deformation than si licon carbide 

particles

Figure 5 57 describes von Mises equivalent stress distribution on the model 

Almost all the elements on the surface o f  the model are subjected to same von 

Mises equivalent stress except the elements close to the particles,  where the 

stress were found to be comparatively less The von Mises equivalent stress was 

found to decrease towards the axis o f  the model

Figure 5 58 and 5 59 illustrates the distribution o f  axial stress and shear stress in 

the aluminium matrix and silicon carbide particles respectively Predominantly  

the stresses are carried by the silicon carbide particles as demonstrated in the 

figures Both tensile and compressive stresses are present in the elements 

representing si licon carbide particles The stress gradient between silicon carbide 

pait ic le  and aluminium matrix is very coarse due to coarse elements size 

As the load transfer mechanism of particulate composites is very complex and is 

inf luenced by the interaction between matrix material  and si licon carbide 

particles,  the finite element method was used in this analysis Numerical  results 

of f inite element analysis for the AlSiC MMC system were presented to i llustrate 

partic le-part ic le  and par tic le -matnx  interactions and effect of fiber discontinuity 

on the local stress fields Figure 5 58 shows normal stress distributions in the 

matrix and the particle It is noted that there is a very high stress domain near 

the fiber boundary due to the material discontinuity This high normal stress may 

easily cause debonding of the interface between fiber and matrix When plastic 

deformation increases,  the high normal stress domain will enlarge Although

Constant Axial Displacement Test Simulation
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theie  is high normal stress domain in the matrix near the fiber ends, constraint  

from adjoining fibers will not allow deformation o f  the matrix to continue 

infinitely

The sheai stress fields in the matrix and the particle are shown m Figure 5 59

The shear stress in the matrix varies sharply near the fiber boundary The

maximum shear stress appeared at the longitudinal interface near the fiber

boundary The shear stress is transferred from matrix to fiber through

longitudinal interface In the present analysis, the difference between the elastic 

moduli  o f  particle and matrix is very large, so the discontinuity of fibers will 

afiect  local stress fields near the particle boundary only The reason is that a 

relatively ducti le matrix can develop a plastic deformation to relax part o f  the 

stiess concentration near the fiber boundary

Figure 5 60, 5 61 and 5 62 describes the axial stress, shear stress and von Mises 

equivalent stress distributions on the silicon carbide particles respectively Large 

variation in the stresses is present m  the elements representing two of  the 16 

silicon carbide particles

Figure 5 63 shows the von Mises equivalent stress along an arbitrary line chosen 

to pass through all the four silicon carbide particles in one quadrant Maximum 

stress was found to exist m the silicon carbide particle elements Within the 

silicon carbide particle elements huge variation in the stress can be, observed 

from the figure This is due to strain variation at the particle matrix interface 

that led to higher stresses at the interface and least strain variation within the 

particle The center elements in the silicon carbide particles are subjected to von 

Mises equivalent stresses o f  around 990 MPa whereas at the c ircumference the 

st iesses vary between 1120 MPa to 1473 MPa This clearly describes the 

strengthening effect due to the addition o f  silicon carbide particles in Aluminium 

matrix The equivalent stress is inhomogeneously distributed due to the large 

difference in the elastic properties o f  the hard phases and the matrix material  

This led to areas within the model where the equivalent stress is much higher
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than the applied load The stress concentration in the vicinity o f  the particles is 

due to the strain constraint  m the presence of silicon carbide particles

Constant Angle of Twist Test Simulation

Figure 5 64 i llustrates the axial stress distr ibution on the surface of the AlSiC 

MMC model at the end of  constant angle o f  twist  simulation run The maximum 

axial stress was found to be present m the elements close to the particles on the 

ci rcumference of the model Figure 5 65 shows the shear stress distr ibution,  

which in contrast  to axial stress was found m elements far away from the 

particles

Figure 5 66 demonstrates that the elements in the particles and the adjoining 

aluminium matrix elements were subjected to the maximum von Mises equivalent 

stiess Large von Mises equivalent stress variation was found to exist  on the 

surface of the model,  which suggests that the applied load is predominant ly  

carried by the si licon carbide particles Figure 5 67 and 5 68 shows the axial 

st iess and shear stress distribution across the cross section o f  the model The 

maximum axial and shear stress was found to exist in the si licon carbide 

particles at the end of  the simulation The shear stress present in the aluminium 

matrix elements is almost negligible Due to the coarse nature of the elements in 

the sil icon carbide particle and aluminium matrix huge variation in the axial 

stress can be observed

Figure 5 69 and 5 70 show the axial stress and shear stress dis tr ibution on the 

partic les respectively  Comparatively the stress distribution patterns are found to 

be similar to constant axial displacement test The maximum stresses are found 

to exist  m elements close to abscissa

Figure 5 71 i llustrates von Mises equivalent stress distr ibution m the particles 

Varia tion of  the von Mises equivalent stress was found to persist  m the order of 

10 times Figure 5 72 shows the variation m the von Mises equivalent stress 

along a line passing through all the silicon carbide particles in one o f  the 

quadrants
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The cumulative results  obtained from constant axial displacement tests 

s imulation is shown in Figure 5 73 The axial and shear stress values were 

calculated using the formula given m section 4 7 4 Difficulty m picking  the 

propei element to represent the stress state was encountered during analysis The 

results  from the figure suggests that a close estimation o f  the axial and shear 

stress state at any particular loading condition can very well be predicted using 

this model The large difference between the elastic-plastic properties o f  

aluminium matrix and silicon carbide particle is observed m the simulation 

Figure 5 74 shows the axial stress-shear stress re lationship in the a luminium 

matrix during the simulation along with that o f  the composite material  The 

difference m the elastic-plastic properties could be attr ibuted to the 

st rengthening effect o f  the particle inclusion m the matrix Figure 5 75 shows the 

simulation results from Constant Angle of twist  test run The model shows the 

trend of  elastic plastic deformation of  AlSiC rod similar to that observed 

exper imentally  The combined stresses followed the von Mises yield curve 

closely showing almost no hardening effect This is due to the use o f  exist ing 

material  model m ANSYS that does not describe the elastic-plastic behaviour of 

the specimen used m the experimental investigation properly
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Figure 5 6 Shear Stress - Shear Strain Curve for Copper Rod
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Figure 5 7 Shear Stress - Shear Strain Curve for Copper Tube
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Figure 5 8 Shear Stress - Shear Strain Curve for AISiC MMC Rod
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Figure 5 13 Effect of Axial Load on Torque in Proportional Loading for Copper Rod
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Figure 5 19 Effect of Axial Stress on Shear Stress for Copper Tube (Constant Angle of Twist)
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Figure 5 31 Effect of Shear Stress on Axial Stress for AISiC MMC Tube
(Constant Axial Displacement)
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Figure 5 34 Effect of Axial Stress on Shear Stress for AISiC MMC Tube (Constant Angle of Twist)
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C o n s ta n t A n g le  o f  T w is t  T e s t  S im u la t io n

Figure 5.54 von Mises Equivalent stress distribution across the Modcl

(Constant Angle of Twist Test)
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STEP-2
SUB -10 
TIKE-2
SZ (AVG)
RSY3-1
DKX -.021005 
SHN — 567.332 
SHX -1300

t
BOCAL SOLUTION Material: AISiC MMC AN

APR 14 2003 
08:35:33

-567.332 -152.471 262.39 677.251 1092
-3S9.901 54.96 469.821 884.681 1300

C on stan t A x ia l  D isp la ce m e n t T e s t  S im u la t io n

Figure 5.55 Axial Stress at the end o f Simulation (Constant Axial Displacement Test)

i
NODAL SOLUTION

sm:p.2  
SUB -10 
TIKE-2
SYZ (AVG) 
RSY3-1 
DKX -.021005 
3KN — 12.006 
SKX -129.935

Material: AlSiC MMC AN
APR 14 2003 

08:36:16

C on s tan t A x ia l  D isp la ce m e n t T e s t  S im u la t io n

Figure 5.56 Shear Stress at the end of Simulation (Constant Axial Displacement l est)
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1
SODAI SOLUTION

STTP-2 
SUB «IO 
TIRE*2
SEQV (AVO) 
DHX -.021005 
SHN -41.025 
SRX -306.835

Material: AISiC MMC
A Ñ
APR 14 2003 

08:36:44

C o n s tan t A x ia l  D isp la ce m e n t T e s t  S im u la t io n

Figure 5.57 von Mises Equivalent Stress at the end o f Simulation 

(Constant Axial Displacement lest)

i
MODAL SOLUTION

STEP-2 
SUB -10 
TIRE-2
SZ (AVO)
R5YS-1
DHX -.013604 
SHN — 3895 
SHX -6355

AN3YS 6.1 
APR 10 2003 

09:41:16

Material: AlSiC MMC

-3895 -1617  660 .509  2938 5216
-2756 -4 78 .31  1799 4077 6355

C on stan t A x ia l  D isp la ce m e n t T e s t

Figure 5.58 Axial Stress distribution across the Model (Constant Axial Displacement l est)
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MISTO 6.1 
ATO 10 2003 

09:33:5?

Material: AISiC MMC

A x ia l  D isp la ce m e n t T e s t
1906 3441

NODAL SOLUTION

STTP-2 
SUB -10
t ik i:-2
SYZ (AVG)
P3Y3-1
D!K -.013604 
SHN -3465 
SHX -3441

Figure 5.59 Shear Stress distribution across the Model (Constant Axial Displacement Test)

i
NODAL SOLUTION

STEP-2 
SUB -10 
TUIE-2
SZ
RSYS-1
DUX -.016702 
SUN — 1231 
SHX -5904

AN
APR 14 2003 

08:37:54

(AVC)

-1231 354.751 
-437.985 1147

1940
2733

3526
4318

5111
5904

C on stan t A x ia l  D isp la ce m e n t T e s t  S im u la t io n

Figure 5.60 Axial Stress distribution in the particles (Constant Axial Displacement Test)
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NODAL SOLUTION

5TTP-2 
SUB -10 
TIKE-2
SYZ 
RSYS-1
DKX -.016702 
3KN — 1947 
SKX -2464

AN
APR 14 2003 

08:38:25

(AVG)

-1947 -967.183 13.121 993.424 1974
-1457 -477.031 503.272 1484 2464

C o n s tan t A x ia l  D isp la ce m e n t T e s t S im u la t io n

Figure 5.61 Shear Stress distribution in the particles (Constant Axial Displacement Test)

i
NOIAL SOLUTION

STEP-2 
SUB -10 
TIKE-2
SEQV (AVG) 
DKX -.016702 
SKN -425.148 
SKX -6629

AN
APR 14 2003 

08:39:04

425.148 1804 3 183 4561 5940
1114 2493 3872 5251 6629

C on s tan t A x ia l  D isp la ce m e n t T e s t  S im u la t io n

Figure 5.62 von Miscs Equivalent Stress distribution in the particles 

(Constant Axial Displacement Test)
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POSTI ARSYS 6.1

sTCP.2 Material: AlSiC MMC *p* i o  2003
09:16:30

SUB -10 
TIRE=2 
PATO PLOT 
RODI>20991 
R0D2-25 
STRESSEQ

I«10*»-1)
.*•* 1.07» l . J U  1.701

.•il 1.1Í1 1.51*

DIST

C on stan t A x ia l  D isp la cem en t T e s t

Figure 5.63 von Mises I Equivalent Stress distribution along the line passing through the 
particles in one quadrant (Constant Axial Displacement lest)

1
RODAI 30LUTI0H

STTP-2 
SUR -20 
TIKE-2
SZ (AVG)
RSYS-l
DKX -.033632 
SKH — 849.436 
3KX. -1796

Material: AlSiC MMC AN
APR 14 2003 

09:53:31

C o n s ta n t A n g le  o f  T w is t  T e s t  S im u la t io n

Figure 5.64 Axial Stress distribution (Constant Angle of Twist lest)
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1
BODAl SOLUTI Oli

STEP-2
SUB »20 
TIHE-2
SYZ (AVC)
R5YS-1
WK -.033832 
SKB — 102.19 
SHX -105.523

Maierial: AlSiC MMC
AN
APR 14 2003 

09:SS:28

-1 0 2 .1 9  -S6 .032  -9 .8 7 3  36 .285  82.443
-7 9 .111  -32 .953  13.206 59 .364 105.523

C on stan t A ng le  o f  T w is t  T e s t  S im u la t io n

Figure 5.65 Shear Stress distribution (Constant Angle o f  Twist Test)

B0DAL SOLUTIOH

STEP-2
SUB -20 
TIHE-2
SEQV (AVC) 
M X  -.033832 
STOJ -48.784 
SIK -534.145

Material: AlSiC MMC
A N
APP 14 2003 

09:56:28

48.784 156.642 2 6 4 .5  3 7 2 .3S8 480.216
102.713 210.571 318.429 426.287 534.145

C on s tan t A n g le  o f  T w is t  T e s t  S in u la t lo n

Figure 5.66 von Miscs Equivalent Stress distribution (Constant Angle o f Twist Test)
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I-----
-6039 -4380

-6210 -2550
C on stan t A ng le  o f  T w is t  T e s t

-720.588
1109

2939

ANSY.S
APB 10 2003 

09:55:01

IS 3 3 S S S 7
6598

8428

Material: AlSiC MMC

i
HODAl SOLDTTOII

5TTP-2 
SUB -20 
TIME-2
SZ (AVC)
RSYS-0 
DHX -.02085 
SHN — 8039 
SHX -8428

Figure 5.67 Axial Stress distribution across the Model (Constant Angle o f Twist Test)

Material: AlSiC MMC

-3927 -2146 -365.038 1416
-3037 -1256 525.557 2307

C o n s ta n t A ng le  o f  T w is t  T e s t

1
HODAL S01UTI0H

STEP-2 
SUB -20 
TIKE-2
SYZ (AVG)
RSYS-0 
DHX -.02085 
3HN — 3927 
SHX -4088

AMSYS
APB 10 2003 

09:55:40

Figure 5.68 Shear Stress distribution across the Model (Constant Angle of Twist Test)
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BOCAL SOLOTTCH

3tcp-2 
SOB -20 
t u o :.2
32 (AVG)
RSYS-1
DIK -.028039 
SUN — 1493 
SHX -8766

1 AN
APR 14 2003 

09:57:29

-1493 786.611 3066
-353.287 1927 4206

C o n s tan t A ng le  o í  T w is t  T e s t  S is m la t io n

Figure 5.69 Axial Stress distribution in the partióles (Constant Angle o f  Twist Test)

i
B0DAL SOUmOB

TTTP-2
3UB -20 
TIIff-2
3YZ (AVG)
RSY3-1
OKX -.028039 
S«K — 3207 
SHX -3024

AN
APR 14 2003 

09:58:05

-3207 -1822 -437.228 947.418 2332
-2514 -1130 255.095 1640 3024

C o n s ta n t A ng le  o f  T w is t  T e s t  S im u la t io n

Figure 5.70 Shear Stress distnbution in the partieles (Constant Angle o f Twist Test)
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SODAI s o l i m o s

JTCP-2 
SUB -2 0
t iw :«  2
SEQV (AVO) 
DHX -.0 2 8 0 3 9  
SHH -7 2 8 .8 4 8  
SIK «8662

AN
A PP. 14 2003 

0 9 :5 8 :3 7

720.848 2492 4255 6018
1610 3373

C on stan t A ng le  o t  T w is t  T e s t S im u la t io n
5136 6899

7781
8662

Figure 5.71 von Mises Equivalent Stress distribution in the particles 
(Constant Angle o f  Twist 'lest)

i
POSTI

STIP-2 
SUB -20 
TIRE«2 
PATO PLOT 
HOC 1«20991 
HO 1)2*25 
STFXS5EQ

Material: A lSiC MMC

-171 ,$1J »55 1.1*7 l.S)*
DIST

C o n s tan t A ng le  o f  T w is t  T e s t

ANSYS
APP 10 2003 

10:00:00

Figure 5.72 von Mises Equivalent Stress distribution along the line passing dirough the 
particles in one quadrant (Constant Angle o f Twist lest)
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6 CONCLUSIONS

This research focused on the investigation o f the elastic-plastic behaviour o f  AlSiC MMC 
under combined tension and torsion loading The experiments were conducted using a 
recommissioned tension torsion machine capable o f applying axial force and torque 
simultaneously or individually at different strain rates Preliminary experiments and 
simulations were also carried out on copper to gam knowledge on the elastic-plastic behaviour 
o f a strain-hardening material The specimens under combined tension and torsion loading 
conditions appear to gam extra strength due to the presence o f initial strain hardening

From the experimental results and the finite element simulations earned out on AlSiC MMC 
specimens, the following conclusions were drawn -

•  The tension-torsion machine can be controlled effectively using a personal computer 
and Lab VIEW program

• The strength o f  the AlSiC MMC material is retained up to a critical value o f combined 
axial and shear stress beyond von Mises yield stress described by the empirical

•  The proportional load tests suggest that AlSiC MMC may be suitable for applications 
such as a bolt where combined tension and torsion loads exist in the member

• When the specimen is subjected to an initial axial load followed by increasing torque, 
the initially applied axial load remains constant well beyond the von Mises yield curve

•  Similarly, when the specimen is subjected to an initial torque followed by increasing 
axial load, the initially applied torque remains constant well beyond the von Mises

• Finite element models representing both homogeneous m atenal and composite 
material were built to analyse the elastic-plastic behaviour o f  the m atenal under 
combined tension and torsion loading conditions using ANSYS

• The num encal model has successfully captured the basic features o f  the elastic-plastic 
response o f the AlSiC metal m atnx composite and demonstrated that the particles carry 
a major portion o f the applied stress

•  The results predicted by the num encal models show the trend o f  the mechanical 
behaviour to be similar to that obtained from the expenm ental results However, since 
the existing material models available in ANSYS could not desenbe the elastic-plastic 
behaviour o f AlSiC m atenal properly, results obtained from the num encal models did 
not match the results obtained from experiments beyond von Mises curve

equation < j\p + 1 t \ p ~ C AlSlCY 2 where

yield curve

2 1 6



7 THESIS CONTRIBUTION

B ased on the details reported  in the thesis, the au thor believes tha t the 

fo llow ing  new contribu tions have been made by th is w ork

1 A purpose bu ilt tension-to rsion  m achine was recom m issioned  using 

adaptive contro l system  and Lab VIEW  program

2 There ex ists a new insigh t into sequential tension /to rque loading o f 

MMC m ateria l W hen A lSiC MMC rod specim en is subjected  to an 

in itia l axial load fo llow ed by the app lication  o f  to rque, the torque has a 

dom inant effect on the post y ield  behav iour o f  the specim en Sim ilarly , 

in a rod specim en subjected to an in itia l to rque fo llow ed by axial load, 

the axial load dom inates the e lastic -p las tic  behav iour o f the rod 

E xperim ental investigation  on the com bined tension  and torsion  loading 

o f  A lSiC m etal m atrix  com posite rod dem onstrates the ab ility  o f  the rod 

to sustain  com bined axial and shear stresses w ell beyond the von M ises 

y ield  curve

3 E m pirical form ulae describ ing  the e la s tic -p las tic  behav iour o f  C opper 

and A lSiC m etal m atrix  com posite m ateria l under com bined tension and 

to rsion  loading conditions determ ined  in th is study w ill provide 

gu idelines to engineers in designing  m achine com ponents in the e lastic- 

p lastic  reg ion

4 The use o f  FEA to describe tension /to rsion  load ing  in com posites has 

been explored, and some lim itations iden tified

2 1 7



1 In metal m atrix com posite an interaction between constituents does 

usually occur w hich m ay be sim ulated using the existing model

2 The robustness o f  the ANSYS m ethodology for com bined tension and 

torsion loading o f the rod may be enhanced to im plem ent a 

m ultilinear m aterial model for the alum inium  m atrix w ith refined 

mesh density

3 An adaptive control system incorporating proportional, integral and 

differential control may be developed to conduct various com bined 

tension and torsion test program s The adaptive control system may 

be developed by integrating LabVIEW  with M atlab and ActiveX 

softw are’s

FUTURE WORK
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Figure A 2 Block Diagram of Device 1 AT-AO-6
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Figure A.5 Transducer data log frame in the Lab VIEW programme
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Figure A 7 Copper Rod Specimen
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Ram berg and Osgood (W Ramberg and W R Osgood, NACA TN-902, 1943) 

suggested that relation betw een the uniaxial tensile stress a a and ea the

corresponding strain for m onotom cally increasing loading may be accurately 

represented by the em pirical law

Ramberg and O sgoo d  equation

3cr,
IE

\ n

v CTi y
( 1)

In which is the stress at a secant modulus o f 0 7E, and n is a strain-hardening 

param eter depending upon m aterial properties From equation (1) the elastic and 

plastic com ponents o f the axial strain rate are, respectively ,

-  cr„
(2)

/  \ n 
a .

\ a \ j

(3)

Prandtl-Reuss incremental stress-strain  law

The Prandtl-Reuss theory identifies an increm ent o f total strain with the sum of 

elastic and plastic com ponents The elastic com ponent is given by H ooke’s law 

and the plastic com ponent by the flow rule N orm ality betw een the plastic strain 

increm ent vector and the yield surface is im plied The theory admits any 

com bination o f stresses when w ritten m a tensor notation

d£f=(3da I I H ’o-yjy +
d a____ y
2 G

t \

(1-2 r K
3 E

(4)

The first term m equation (4) is the plastic strain increm ent m which H ' is the 

plastic tangent modulus The second term is the derivation o f a suitable strain 

hardening description to an equivalent stress-p lastic  strain curve, le ,

d a
a = H ( \d s p),H ' =

d £
( 5 )

where a  and s p are given by the corresponding von M ises definitions

1



<J = (6)

Perzyna rate-dependant law

Perzyna viscoplastic constitu tive law is a generalisation o f the von Mises yield 
criterion and the associated flow rule, and may be expressed as the following 
relation between the plastic strain-rate tensor and the dev iatone stress tensor

Ziegler kinematic hardening model

Ziegler (Quart Appl Math 17, 55, 1959) proposed a m odification of P rager’s 

hardening rule, l e the yield surface moves along the radial direction instead of 

the outward normal direction during plastic deform ation In the case of a von 

Mises m aterial and o f a com bined tension-torsion loading, the yield surface 

becomes

where a  is the axial stress, t  is  the shear stress, X a and X T are the back

stresses in tension and torsion and R is the size o f the yield surface which is 

equal to the initial yield stress in tension

Mroz kinematic hardening model

Mroz (J M ech Phys Solids 15, 163, 1967) introduced the concept o f a field 

work hardening modulus The generalisation in the m ultiaxial case is obtained by 

using a series o f surfaces f t ( i  = 0,1,2, ,n) in the stress space, where f o  is the

f  = ( a - X j + 3 ( r - X j - R 2 =0 (8)
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initial yield surface and // ,  / 2, ,/„ are d ifferent regions o f piecew ise constant

hardening moduli During the plastic loading betw een surface f m and f m+ i, the 

loading surface is f m =  0, and all the inner surfaces f o ,  , f m i are tangent at the 

loading point, thus

/o  =  f \  =  f l  ~  =  fm -\ ~  fm  ~  0

In the case o f a von M ises m aterial subjected to a com bined tension and torsion 

loading only, each surface can be w ritten as

/ = ( C7 - x ; ) 2 + ( r - J ; ) 2 - JR,2 = 0  ( 9 )

Determination of shear stress  in a rod subjected to torque

According to Brooks [1], the shape o f the elastic-p lastic  interface in a component 

is related to the stress d istribution For a round bar carrying com binations of

axial load and torque, the shape o f the interface m ust be annular to preserve axial

symmetry For the current work, the shear stress for the basic shear stress-shear 

strain curve in such a com ponent was calculated using the torque and the initial 

cross sectional area o f the rod 

specimen, according to the elastic 

TR
form ula r  = —  This obviously over

indicate the shear stress, once yielding 

has started The shear strain was 

calculated using the angle o f tw ist and 

the gauge length o f the rod specimen 

A typical plot o f the resulting shear 

stress and shear strain relationship of a 

rod subjected to pure torque is 

illustrated m Figure B 1 

Because o f error in this plot in the elastic-p lastic  region, it is necessary to 

m anipulate the data to more accurately reflect shear stress-shear strain profile

Shear Strain 
Figure B 1

in



This was done follow ing Brooks method [1], which is based on a finite 

difference method

A num ber o f points (denoted by A l, A2 etc) were m arked on the curve and 

corresponding shear stress values were noted A graph to represent an 

axisym m etric section o f the rod specimen was drawn, Figure B 2 a The abscissa 

was taken as the radius of the rod (R) and the ordinate as shear stress The shear 

yield stress and shear stress corresponding to the first point (A l) were plotted at 

the outer radius of the rod The path of the shear stress-shear strain curve (Figure 

B 1) between yield point and A l was traced in Figure B 2 b, starting at point X  

The in tersection of this line and the outer periphery o f the rod will give the 

actual shear stress in the rod at strain corresponding to A l The hatched area 

(V ia) and subsequently the respective volume generated about the axis of the rod 

were calculated

X

I < Shear stress calculated 
from elastic formula Al

/ Shear stress obtained by 
< tracing the elastic-plastic 

curve between yield 
' ^  point and point Al

Yield Shear Stress

♦—  Radius, R ♦—  Radius, R
Figure B 2 a Figure B 2 b

An equivalent volume (V lb ) shown in Figure B 2 c was generated to show the 

amount o f p lastic yielding in the rod Figure B 2 d shows the am ount o f yielding 

(elastic-p lastic  annulus with inner radius R l)  in the rod Figure B 2 e shows the 

shear stress d istribution across the rod at the end o f the first step

Axis of the rod 1 Axis of the rod
A Shear stress calculated 

from elastic formula,
Al

Yield Shear Stress
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Axis of the rod Axis

Amount of plastic yielding calculated 
at the end of the first step

Xof the rod Axis of the rodi
¡Elastic-plastic 
’section ^

A T

plastic section

Figure B 2 c Figure B 2 d
Figure B 2 e 

Shear Stress distribution 
across the rod

For A2, the corresponding shear stress was plotted at the inner radius R1 o f the 

elastic-plastic  annulus The path o f the shear stress-shear strain curve (Figure 

B 1) between A1 and A2 was traced as shown m Figure B 2 f , starting at point Y 

The intersection o f this line and the inner radius o f the elastic-plastic  annulus 

(R l)  will give the actual shear stress in the rod at strain corresponding to A2 

The hatched area (V2a) and subsequently the respective volume generated about 

the axis o f the

rod were

calculated An 

equivalent 

volume (V2b) 

shown in

Figure B 2 g 

was generated 

to show the 

amount of 

plastic yielding

Axis

Radius, Rl -  
Figure B 2 f

Radius, Rl ^ 
Figure B 2 g

in the rod at the second point Figure B 2 h shows the am ount o f yielding
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(elastic-p lastic  annulus with inner radius R l)  in the rod Figure B 2 1 , shows the 

shear stress distribution across the rod at the end o f the second step 
Amount of plastic yielding calculated

Elastic-plastic

Shear Stress distribution 
across the rod

-^ R ad iu s , R2
Figure B 2 h

Sim ilarly, the actual shear stresses 

were determ ined for the other points 

on the shear stress-shear strain plot, 

and original (points A l, A2 etc) and 

calculated (points B l, B2 etc) shear 

stress-shear strain plot is shown in 

Figure B 3

The difference between the real Figure B 3

elastic-plastic  shear stress com pared to elastic calculated stress will be less 

in itially , and the difference in shear stress increases with increasing strain It 

should be noted that the increase in the slope o f the lines drawn to represent the 

shear stresses does not indicate an increase in the Y oung’s M odulus of the 

m aterial In torsional deform ation the strain changes as a function o f position 

along the radius o f cylindrical samples, consequently the work hardening values 

along the radius Depending on the strain  hardening property o f the m aterial the 

slope o f the elastic plastic curve becomes saturated at certain  inclination
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