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Powers in a class of A-strict standard
episturmian words

Amy Glen

LaCIM, Université du Québec a Montréal, C.P. 8888, Succ. Centre-ville,
Montréal, Québec, CANADA, H3C 3P8

Abstract

This paper concerns a specific class of strict standard episturmian words whose
directive words resemble those of characteristic Sturmian words. In particular, we
explicitly determine all integer powers occurring in such infinite words, extending
recent results of Damanik and Lenz (2003), who studied powers in Sturmian words.
The key tools in our analysis are canonical decompositions and a generalization of
singular words, which were originally defined for the ubiquitous Fibonacci word. Our
main results are demonstrated via some examples, including the k-bonacci word, a
generalization of the Fibonacci word to a k-letter alphabet (k > 2).

Key words: episturmian word; Sturmian word; Arnoux-Rauzy sequence; k-bonacci
word; singular word; index; powers

2000 MSC: 68R15

1 Introduction

Introduced by Droubay, Justin and Pirillo [8], episturmian words are an interesting nat-
ural generalization of the well-known family of Sturmian words (aperiodic infinite words
of minimal complexity) to an arbitrary finite alphabet. Episturmian words share many
properties with Sturmian words and include the well-known Arnoux-Rauzy sequences, the
study of which began in [1] (also see [16,21] for example).

In this paper, the study of episturmian words is continued in more detail. In particular,
for a specific class of episturmian words (a typical element of which we shall denote by
s), we will explicitly determine all of the integer powers of words occurring in it. This has
recently been done in [6] for Sturmian words, which are exactly the aperiodic episturmian
words over a 2-letter alphabet.
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A finite word w is said to have a (non-trivial) integer power in an infinite word x if
wP = ww---w (p times) is a factor of x for some integer p > 2. Here, our analysis of
powers occurring in episturmian words s hinges on canonical decompositions in terms of
their ‘building blocks’. Another key tool is a generalization of singular words, which were
first defined in [23] for the ubiquitous Fibonacci word, and later extended to Sturmian
words in [19] and the Tribonacci sequence in [22]. Our generalized singular words will
prove to be useful in the study of factors of episturmian words, just as they have been for
Sturmian words.

This paper is organized as follows. After some preliminaries (Section 2), we define, in
Section 3, a restricted class of episturmian words upon which we will focus for the rest
of the paper. A typical element of this class will be denoted by s. In Section 4, we prove
some simple results, which lead us to a generalization of singular words for episturmian
words of the form s. The index (i.e., maximal fractional power) of the building blocks
of s is then studied in Section 5. Finally, in Section 6, we determine all squares (and
subsequently higher powers) occurring in s. Our main results are demonstrated via some
examples, including the k-bonacci word, a generalization of the Fibonacci word to a k-
letter alphabet (k > 2).

2 Definitions and notations

2.1 Words

Let A denote a finite alphabet. A (finite) word is an element of the free monoid A*
generated by A, in the sense of concatenation. The identity ¢ of A* is called the empty
word, and the free semigroup, denoted by A™, is defined by AT := A*\{e}. An infinite word
(or simply sequence) x is a sequence indexed by N with values in A, i.e., x = zoz129 - - -,
where each x; € A. The set of all infinite words over A is denoted by A%, and we define
A* = A* U A%, If u is a non-empty finite word, then u“ denotes the purely periodic
infinite word wuw - - -.

If w= a2y -2, € A", each z; € A, the length of w is |w| = m and we denote by
|w|, the number of occurrences of a letter a in w. (Note that || = 0.) The reversal of w
is W = xpTm_1---x1, and if w = w, then w is called a palindrome.

A finite word w is a factor of z € A if z = uwv for some u € A*, v € A®, and we
write w < z. Further, w is called a prefiz (resp. suffiz) of z if u =€ (resp. v =€), and we
write w <, z (resp. w <5 2).

An infinite word x € AY is called a suffiz of z € AY if there exists a word w € A" such

that z = wx. A factor w of a word z € A™ is right (resp. left) special if wa, wb (resp. aw,
bw) are factors of z for some letters a, b € A, a # b.

For any word w € A*, Q(w) denotes the set of all its factors, and Q,,(w) denotes the set
of all factors of w of length n € N, i.e., Q,(w) := Q(w) N A" (where |w| > n for w finite).
Moreover, the alphabet of w is Alph(w) := Q(w) N A and, if w is infinite, we denote by



Ult(w) the set of all letters occurring infinitely often in w. Two infinite words x, y € A%
are said to be equivalent if Q(x) = Q(y), i.e., if x and y have the same set of factors.

Recall that a finite word w is said to have a (non-trivial) integer power in an infinite
word X = zor12Tox3 -+ if WP = ww---w (p times) is a factor of x (i.e., there exists an
integer ¢ > 0 such that w? = x;2;11 - - - Tiypw|—1) for some integer p > 2.

Let w = x129-- -1, € A*, each z; € A, and let j € N with 0 < j < m — 1. The j-th
conjugate of w is the word Cj(w) = 211249 - Tp¥122 - - - ;, and we denote by C(w)
the conjugacy class of w, i.e., C(w) := {Cj(w) : 0 <j < |w|—1}. Observe that if w is
primitive (i.e., not a power of a shorter word), then w has exactly |w| distinct conjugates.

The inverse of w € A*, written w™!, is defined by ww™' = w™lw = . It must be

emphasized that this is merely formal notation, i.e., for u, v, w € A*, the words v~ 'w and
wv~! are defined only if u (resp. v) is a prefix (resp. suffix) of w.

A morphism on Ais a map ¢ : A* — A* such that ¢ (uv) = ¥ (u)y(v) for all u,v € A*.
It is uniquely determined by its image on the alphabet A.

2.2 Episturmian words

An infinite word t € A“ is episturmian if Q(t) is closed under reversal and t has at
most one right (or equivalently left) special factor of each length. Moreover, an episturmian
word is standard if all of its left special factors are prefixes of it.

Standard episturmian words are characterized in [8] using the concept of the palindromic
right-closure w™) of a finite word w, which is the (unique) shortest palindrome having w
as a prefix (see [7]). Specifically, an infinite word t € A% is standard episturmian if and
only if there exists an infinite word A(t) = zyz923. . ., each x; € A, called the directive
word of t, such that the infinite sequence of palindromic prefixes u; = €, us, us, ... of t
(which exists by results in [8]) is given by

Uns1 = (Unzn) ™), n e N (1)

1

Note. For any w € A", w™) = wu™'@ where v is the longest palindromic suffix of w.

An important point is that a standard episturmian word t can be constructed as a limit
of an infinite sequence of its palindromic prefixes, i.e., t = lim,,_ .o Uy,

Let a € A and denote by ¥, the morphism on A defined by

Ll
"o ar for all x € A\ {a}.

Another useful characterization of standard episturmian words is the following (see [15]).
An infinite word t € A% is standard episturmian with directive word A(t) = xjzox3 - - -
(z; € A) if and only if there exists an infinite sequence of infinite words t(© = t, t() £(2),
... such that t0=Y = W, (t®)) for all i € NT. Moreover, each t( is a standard episturmian
word with directive word A(t®) = 2,12 0745 - -, the i-th shift of A(t).



To the prefixes of the directive word A(t) = z25 - - -, we associate the morphisms
Mo = Ida Mp = \I]wl\llmz T \Ilmnv n e N+7

and define the words
h’n = ,Un(xn-‘rl)a ne Na

which are clearly prefixes of t. We have the following useful formula [15]
Un4+1 = h’n—lun;
and whence, forn > 1 and 0 < p < n,

Up = hn—2hn—3 e hlhO = h’n—2hn—3 T hp—lup~ (2)

Some useful properties of the words h,, and u,, are given by the following lemma.
Lemma 2.1 [15] For alln € N,

(i) hy is a primitive word,
(ii) hy = ho_1 if and only if T, = xy;
(il) of Tpy1 # xn, then u, is a proper prefix of h,. O

Two functions can be defined with regard to positions of letters in a given directive
word. For n € N, let P(n) =sup{p <n : x, = x,} if this integer exists, P(n) undefined
otherwise. Also, let S(n) = inf{p > n : x, = z,} if this integer exists, S(n) undefined
otherwise. By the definitions of palindromic closure and the words u,, it follows that
Upt1 = UpTpUy, (Whence h,_1 = u,x,) if x, does not occur in u,, and u, 1 = unu;%n)un

(whence h,_1upm) = uy) if , occurs in w,. Thus, if P(n) exists, then

hn—l = hn—2hn—3 co hP(n)—l; n > 1. (3)

2.2.1 Strict episturmian words

A standard episturmian word t € A“, or any equivalent (episturmian) word, is said to
be B-strict (or k-strict if |B| = k, or strict if B is understood) if Alph(A(t)) = Ult(A(t)) =
B C A. In particular, a standard episturmian word over A is A-strict if every letter in
A occurs infinitely many times in its directive word. The k-strict episturmian words have
complexity (k — 1)n+ 1 for each n € N (i.e., (k — 1)n + 1 distinct factors of length n for
each n € N). Such words are exactly the k-letter Arnouz-Rauzy sequences.

2.2.2 Return words

Let x € A“ be recurrent, i.e., any factor w of x occurs infinitely often in x. A return
word of w € Q(x) is a factor of x that begins at an occurrence of w in x and ends exactly
before the next occurrence of w in x. Thus, a return word of w is a non-empty factor u
of x such that w is a prefix of uw and ww contains two distinct occurrences of w. This
notion was introduced independently by Durand [9], and Holton and Zamboni [14].



Episturmian words are recurrent and, according to [17, Corollary 4.5], each factor of an
A-strict episturmian word has exactly |A| return words.

3 A class of strict standard episturmian words

Given any infinite sequence A = xixox3--- over a finite alphabet A, we can define
a standard episturmian word having A as its directive word (using (1)). In this paper,
however, we shall only consider a specific family of A-strict standard episturmian words.

Let Ay denote a k-letter alphabet, say Ax = {a1, as, ..., ax}, and suppose t is a standard
episturmian word over A;. Then the directive word of t can be expressed as:

AW) = aae - ab e
where the d; are non-negative integers. In what follows, we will restrict our attention
to the case when all d; > 0; that is, we shall only study the class of k-strict standard
episturmian words s € Ay with directive words of the form:

dy . da

- di41 dig42
A — CLl CL2 A

d, dop,  dok+1
.a/k:a/l a/2 -.-ak al ..

-, where all d; > 0. (4)

This definition of s will be kept throughout the rest of this paper.

Let us define an infinite sequence (s,,),>1-x of finite words associated with s as follows:

S1—k = A2, S2-p=4as, ..., S-1=40a, So=dai,
dn—
Sp =80 s sta,yy, 1<n<k—1, (5)
_d dn—1 dp—k+2
Sp = 8y 18, 9 8 i Sk, N2>k

Clearly, s, is a prefix of s,41 for all n > 0 (and hence (|s,|)n>0 is a strictly increasing
sequence of positive integers).

Example 3.1 [t is well-known that the standard (or characteristic) Sturmian word c, of
irrational slope o = [0; 1 +dy, ds, ds, .. .|, di > 1, (see [3] for a definition) is the standard
episturmian word over A = {a,b} with directive word A(c,) = a®b2a®b%a% ... We
have ¢, = lim,, . Sp, where (s,)n>—1 1s the standard sequence associated with ¢, defined

by

s.1=b, Ssy=a, s,= si"_lsn_g, n>1.

This coincides with our definition (5) above when k = 2. Observe that, for all n > 0,
|sn| = qn, where @, is the denominator of the n-th convergent to [0;1 4 dy, ds, ds, . . .].

Forallm > 1, let L,, == dy+do+---+d,,. Then, writing A(c,) = 12223+ - - with each
x; € A, we have x,1 # x, if and only if n is equal to some L,,. One easily deduces that
S(Ly) = L1+ 1 and P(Lyyq + 1) = Ly, and it can also be shown that the hy, satisfy
the same recurrence relation as the q,,. Hence, |hy, | = qm, and clearly we have hy,, = s,
(see Proposition 3.2 below).



Notice that s has directive word resembling A(c, ). In fact, as in the 2-letter case, s can
be constructed as the limit, as n tends to infinity, of the sequence (s,),>1 given by (5), as
shown below.

Notation: Hereafter, let L, :=dy +dy + --- + d,, for each n > 1.
Proposition 3.2 For anyn > 1, s, = hy,. Moreover, s = lim,,_. Sp.
PROOF. The directive word of s is given by

A = acllla§l2 . ad" d’““ag’““ .- -aZ%af%“ Ce = X ToX3Ty X € Ay
For n > 1, we have x,,1 # x, (and hence h,, # h,_1) if and only if n is equal to some
L,,. In particular, for any m > 1,
hi,, = ke, -, 1 <7 <dpi. (6)
Furthermore, it is clear that, for all n > k,

P(L,+1)= Ly 41, (7)

and P(L, + 1) is undefined for 1 <n < k — 1.
First we show that s, = hr, for 1 < n < k. Observe that, for 1 <n <k —1,

hp, = VRUE . Wi (a,,1),
= W Ui (0 )
=hf WAL pin(g, )
=P AP RPN (a,,)
= 1h§’;g- R a Py

=i AR ha,.
Similarly, since hy, = WAW® ... Ul (qy), one finds that
hp, =h$ hPL - ha
Lg_1""Lg_2 L%

Thus, we see that the s, satisfy the same recurrence relation as the hy, for 1 < n < k.
Therefore, since hg = pg(ai) = a1 = sg, we have

$p=hyr, foralln, 1<n<Ek. (8)

Now take n > k + 1. Then, by (3) and (7), we have

hr, =hp,-1hp,—2-hp, . he, -1
and therefore it follows from (6) that
ho, =B BT BT (9)



Whence, since s, = hy,, for 1 <n <k, (9) shows that the s, satisfy the same recurrence
relation as the hy, for n > k+ 1. Thus, by virtue of this fact and (8), we have

Sn=hr, for alln > 1,

as required.

The second assertion follows immediately from the first since s = lim h,, [15]. O

m—00

Accordingly, the words (s,)n,>1 can be viewed as ‘building blocks’ of s.

Example 3.3 The Tribonacci sequence (or Rauzy word [20]) is the standard episturmian
word over {a,b,c} directed by (abc)®. Since all d; = 1, we have L, = n, and hence
oy = Sp = Sn_1Sn_2Sn_3 for alln > 1.

3.1  Two special integer sequences

Set @y, = |s,| for all n > 0. Then the integer sequence (Q,)n>0 is given by:

Q0:1> Qn:ann—l+dn—1Qn—2+"'+de0+1a 1§n§k_]->
Qn = ann—l + dn—lQn—2 +-+ dn+2—an+1—k + Qn—ka n > k.

Now, define the integer sequence (P,),>0 by:

PQZO, Pn:dnpn—l+dn—1pn—2+"'+dlpo+1a 1§n§k—1,
Pn:ann—l+dn—1Pn—2+"'+dn+2—kpn+1—k+Pn—k7 n>k.

For k = 2, observe that P, /@), is the n-th convergent to the continued fraction expansion
[O, 1 —+ dl, dg, d3, d4, .. ]

Proposition 3.4 For alln >0, |syle;, = Qn — Po.
PROOF. Induction onn. O

4 Generalized singular words

Recall the standard Sturmian word ¢, of slope a = [0; 1+dy, da, d3, . . ], d; > 1. Melangon
[19] (also see [4]) introduced the singular words (wy,)n>1 of ¢, defined by

1

{asnb_1 if n is odd,
Wy, =

bs,a™" if n is even,

with the convention w_o = ¢, w_1 = a, wy = b. It is easy to show that the set of factors
of ¢, of length |s,| is given by

Q\Sn\(ca) = C(sn) U{wn}.



(See [19,4,12] for instance.) Also note that in this 2-letter case s, = up,ab (resp. s, =
ur,ba) if n is odd (resp. even).

Singular words are profoundly useful in studying properties of factors of ¢, (e.g.,
[4,12,11,18,19,23]). It is for this very reason that we now generalize these words for the
standard episturmian word s. Firstly, however, we prove some basic results concerning the
words s, and uy,, as detailed in the next section.

4.1 Useful results

For each n > 0, set D,, := uy,, . Observe that, for any m > 1,

m—1

Dl = (dimsr = Vsl + D djsalsyl- (10)

j=0
Indeed, using (2) and (6), one finds that

D,, = ULy — hLm+1—2hLm+1—3 «+-hihg
= hy T R R b
= sgzmﬂ_lsgf—lsi’le T Silzsgl- (11)
Also note that Dy = a‘lil_l since Dy = ug, = hg,—2hg,—3---hihy = hgl_l. For technical
reasons, we shall set D_; := a;};_; and |D_;| = =1 for 1 < j < k.
Proposition 4.1 Let 1 <i < k. For alln > 1—k, a; is the last letter of s, ifn=1—1
(mod k).

PROOF. Since we have s1_j, = a9, So_p = as, ..., S_1 = ax, Sg = a1, the result follows
immediately from the definition of the words s, (see (5)). O

Proposition 4.2 For all n > 0, s, 1Dy k11 = $,Dp, and hence |D,| — |Dy_gi1| =
S| — |snl-

. . d -1
PROOF. The claim holds for 0 < n < k — 2 since s,41D;,_p11 = 8T+ -+ - 80 Ay 400,10 =
SnDy, and forn >k —1, s,01 Dy _gy1 = sﬁ”“sf;ﬁl e si’fk’“ﬁ . -sibsgl =s,D,. O
Proposition 4.3 For alln > 1, |s,| > |Dy—1].

PROOF. We proceed by induction on n. The result is clearly true for n = 1 since
51| = [a%ay| = |Doaras| = |Do| + 2. Now assume the result holds for some n > 2. Then,
using Proposition 4.2,

|snial = I8l + [ Dn| = [Dnpya| > [Dna + [Dn| = |Dngsa| = | Dnl,

since |Dn—k+1| S |Dn—1|- |

Recall that the words D, and s, are prefixes of s for all n € N. Thus, according
to Proposition 4.3, the palindromes Dy, Dy, ..., D,_; are prefixes of s,. In fact, the



maximal index ¢ such that D; is a proper prefix of s,, is ¢ = n — 1, which is evident from
the following result.

Proposition 4.4 For alln >0, D, = s®+1D, ;.
PROOF. Firstly, Dy = af ™ = sPa;! = s@D_ and, for 1 <n < k — 1, we have

= sfl"“_lsna;}rl (using (5))

= sﬁ”“a‘}rl =
Now take n > k. Then

_ d,_ _
D,, = stn+17lgdn ... Sy it Sn—kDnei = shnt17lg Dy _j = 4D,y O

Proposition 4.5 For alln >0, s, = D,_43,D; ;.
PROOF. We proceed by induction on n. For n = 0, D_kgoD:,i = a'aar = ap = so.
Assume the result holds for some n > 1. Then, using Proposition 4.2,

Therefore, invoking Proposition 4.4 and (5), for 1 <n < k — 2, we have

~ /~\d -1
Snt1 = Dy k5,(8,) " Dy Zp 4
=D U2, a1 (30)™ -+ (5p1) ™ (3,) " Dt
— Pn—k+1Un4-20p5 11 Un4-1(20 n—1 n n—k+1
_ -1 = -1
- Dn—k+lan+2an+25n+1Dn_k+1
_ ~ -1
= Dn—k+15n+1Dn_k+1-

And, forn >k —1,

Sn4+1 = Dn—kgn(gn)dn+lD;_lk+1
= Do k[0t Grorr) 218 kit B pr2) 55 - (B) ™) (B) ™ Dy Ly sy

~ -1
= Dn—k+1sn+an—k+1a

as required. 0O

Remark 4.6 This result shows, in particular, that s, = D;_lksnDn_k, i.€., Sy 1S the
|Dy—k|-th conjugate of s, for each n > k. (For 0 < n < k —1, 5, is the (|s,| — 1)-st
conjugate of s, since 3, = an1180a,,4,.) The following two corollaries are direct results of
the above proposition.

Corollary 4.7 For anyn > 0, the word §nD;ik 18 a palindrome. In particular, let U, =
D, _i and 'V, = §nD;Ek. Then s, = U,V,, is the unique factorization of s, as a product of
two palindromes.

PROOF. From Proposition 4.5, we have s, = Dn_kgnD;_lk = U,V,, and whence
D' s, = §,D; ', Tt is therefore clear that 5,D,', is a palindrome. The uniqueness



of the factorization s, = U,V,, is immediate from the primitivity of s,,, which follows from
Lemma 2.1(i), together with Proposition 3.2. (Recall that since s, is primitive, there are
exactly |s,| different conjugates of s,.) O

Corollary 4.8 For alln >0, s, = D,3,D,'.
PROOQOF. Propositions 4.4 and 4.5. O

Notation: Now, for each n € N, we define the words G,, , by
Sp=Dp_Gpr, 1<r<k-1

Example 4.9 In the case of Sturmian words c,, r =1 and s, = D,,_1Gy1 = ur, G for
alln > 1, where G, 1 = ab or ba, according to n odd or even, respectively.

Example 4.10 Recall that when all d;i = 1, s is the Tribonacci sequence over
{ai,a9,a3} = {a,b,c}. For n = 4, we have s, = s4 = abacabaabacab, Dy = aba,
D3 = abacaba, and hence

Gy = abacab and G4o = cabaabacab.

Note. Since D,,—, = aj}1,,_, for 0 <n < r, we also set

Gy = Qpti4n—rSn for 0 <n <r. (12)
~1
n,l-

PROQOF. It is easily checked that the result holds for 1 < n < k — 1, since

Proposition 4.11 For alln > 1, snsn_ngfl,k_l = S$,_15,G

-1 -1
Snsn—lGn_Lk_l =8,Dpi = SnQy 41,

and
~1 d d ~1
sn_lsnGml = Sp_1Dp_1 = sp" 180" = Spay, .

Now take n > k. Then, using (11), we have

—1
Snsn—lGn_l,k_l = SnDn—k

_.d dn—1 dn—k42 dp—py1—1 dp_g do di
= (s 18070 - “Sp—k+1 Sn—k)Sn" Sp—k—1"""51"5
- dn—1 _dn-1 dn—kt2 dn_kt+1 dn—k do di
= Sn-1(57"7 Sn2 S k+1Sn—k  Sn—k—1"""51"50 )
- Sn—an—l

1
= Sn_1SnGn,1- O

Remark 4.12 Recall Ezample 3.1. For ¢, with a = [0;1+dy,ds,ds .. .|, it is well-known
that, for alln > 2, s,s,_1(xy) ™' = s,_18.(yx) ™, where x,y € {a,b}, x # y, and xy <,
Sn—1. This is known as the Near-Commutative Property of the words s, and s,,_1. Because
SnSn_1(zy)™t = $,D,_o and s, 18,(yx)™t = s,_1D,_1, Proposition 4.11 is merely an
extension of this property to standard episturmian words s. It is also worthwhile noting
that Proposition 4.11 shows that s, is a prefix of Sp_15,.

10



Hereafter, we set d_; = 0 for j > 0.

Proposition 4.2 implies that |s,i1| — [Dn| = |Sn| — |Dn—g+1], and hence |G,i11| =
|G k—1]. In fact, we have the following:

Proposition 4.13 Foralln>1, G,1 = én—l,k—l-
PROOF. One can write

_ -1 _ -1 .d dn—1 dn—k+t2
G”vl - Dn—lsn - Dn—lsnn—lsn—2 ©Sp—k+1Sn—k

=1 dn—1 dn—1 dn—t+2
- Dn—lsn—lsnn—l Sp—2 " Sp—_k415n—k

-1 -1
= Dn_lsn_an_an_k.

Whence, it follows from Corollary 4.8 that G, ; = §n_1D;ik = én_l,k_l since S,_1 =
Gn—l,k—an—k- u

Proposition 4.14 Let 1 <i: <k and1 <r <k—1. Foralln >0,

(1) @y is the first letter of Gy, if n=1i+r —1 (mod k);
(ii) a; is the last letter of G, if n =14 —1 (mod k).

PROOF. (i) The assertion is trivially true for 0 < n < r since, by (12), we have G,,, =
Qk111n—rSn- Now take n > r. By definition,

-1 -1 -1
GH,T’ = Dn—rsn = Dn—rSN—T’-i-lsn—r—l—lsn
where s,_,,1 is a prefix of s,,. Hence, one can write
-1 ~ -1
Gn,r = Gn—r+1,1sn_r+1sn = Gn—r,k—lsn_r.l,_lsn (13)

by applying Proposition 4.13.

Now, one easily deduces from Proposition 4.1 that a,, <, s, ifn =m+r—1 (mod k),
and thus a,, <, Gy k-1 <p Sn—r if n=m+r —1 (mod k).

(ii) For 0 <n <7, Gpy = Apy14n—rSn and, for each n > r, we have G,,, <; s,. Hence,
am <5 G if n =m —1 (mod k), by Proposition 4.1. O

4.2 Singular n-words of the r-th kind

By definition of the words (s,),>1-% (see (5)) and the fact that s = lim,,_, $,, one
deduces that, for any n > 0, s can be written as a concatenation of blocks of the form s,

Sn—1y « -+ Sn—k+1, i'e'a
_ dn+1 d dn7k+3 dn+2 dn+1 dn7k+4 dn+3
8= [((Sn Spi1tce Sn—k+2 Sn—k+1) Sn C U Sn—k+3 Sn—k+2)
dn+1 d dn—k+3 dn+2 dn+1 dn—k+5 dn+4
(Sn Speqte Sp—k+2 SN—k-i-l) Sn T Sn—k+t4 SN—]H-?’] Tt (14)

We shall call this unique decomposition the n-partition of s. This will be a useful tool in
our subsequent analysis of powers of words occurring in s (Section 6, to follow).
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Note. Uniqueness of the factorization (14) is proved inductively. The initial case n = 0
is trivial. For n > 1, the factorization of s, in terms of the s,_; given by (5) is unique
because the s,_; end with different letters (by Proposition 4.1). So it is clear that every
(n + 1)-partition of s gives rise to an n-partition, in which the positions of s,_,1 blocks
uniquely determine the positions of s,y blocks in the original (n + 1)-partition (since
Spp1 = stigde ~-si’fk’“j§sn_k+1). Accordingly, uniqueness of the n-partition implies
uniqueness of the (n + 1)-partition.

Remark 4.15 Since each factor of s has exactly k different return words (see Section
2.2.2), two consecutive spy1-; blocks (1 < i < k) of the n-partition are separated by a

word V', of which there are k different possibilities. From now on, it is advisable to keep
this observation in mind.

Lemma 4.16 Let 1 < r < k — 1. For any n € NT, a factor u of length |s,| of s is a
factor of at least one of the following words:

o Ci(sn), 0<j < |sy| — 1

o sl --siﬁ’k"jfsn_ksgil - -si’l}ﬁffsn_rsn if m>r;

b an-i-lsna'r_z-ll-la'n—r—i-k—i-lsn Zf n<r.

Note. The word s+ 1. -siﬁ’kﬁfsn_ksiu e sg’l}ﬁfsn_r (1 <r < k—1) has length
|Sn].-

PROOF. In the n-partition of s, one observes that two consecutive s, blocks make the
following k different appearances:

o
S8, and  s,s Sy Sy Sy, 1<r<k-—1.

n—1"
(*)

Evidently, any factor of length |s,| of s is a factor of one of the above k different words.

Now, factors of length |s,| of s,s, are simply conjugates of s,. Furthermore, for n > r,
dr o .
the first |st, - 55" 25, .| factors of length |s,| of (¥) are again just conjugates of s,,.
The remaining factors of length |s,| of (%) are factors of
dp—rp1—1 dp—g+2 d dp—ri2
Sn-r T Snl—k-i-l Sn—kSply snn—rr—l-l Sn—rSn-

For n < r, one can write (x) as Snst - sB a1 = snsna;}rlan_HkHSm of which
the first |s,| — 1 factors of length |s,| are conjugates of s,,, and the other factors of length
|sn| are factors of an+1sna;}r1an_r+k+1sn. O

Lemma 4.17 For anyn > 1, Y¥! D, ;| = |s.] — k.
PROOF. Induction on n and Proposition 4.2. O

Lemma 4.18 Let 1 <r < k—1. For any n > r, we have

dp—rp1—1 dp— g2 d dp—ri2 _ ~
Snn—rr e nn_]H_l Sn—ksnn_l T snn—rq-l Sp—r = Dn— Gn,ra

~1
and for 1 <n <71, Gpt1500y110n—rikt+1 = Gn .

)
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PROOF. For 1 < n < r, one can write CNJW = Splp_rikt1 = an+1sna;}r1an_r+k+1, by
Remark 4.6. Now take n > r. Then, using Corollary 4.8 and Proposition 4.4,

~ ~ -1
Dn—an,r = 'DTL—TS’I’LDn_fr
-1 -1

— D,_,D's, DD},

_ -1.d d dn—r42

- DN—T’Dn Snn+1 Spiqte Snn—rr-l-l Sn—r

_ —1 d dn77‘+2

- D”—TDn—kSnn—l © Sp—r41Sn—r
dn77‘+1_1 .
n—r

dn7k+2 d dn77‘+2 |:|

=S ’ Sn—k+1 Sn—ksnn—l © Sp—rt1 Sn—r-

Whence, it is now plain to see that each word én,rsn = CNJWD,L_TGW is a factor of s.
We will now partition the set of factors of length |s,| of s into k disjoint classes.

Theorem 4.19 Let 1 <r <k —1. For any n € Nt the set of factors of length |s,| of s

can be partitioned into the following k disjoint classes:

o ) :=C(sn) = {Cj(sn) : 0<7 <|sp| —1};

o O :={weAd : |w=]|s,] and w < 27 G, D, _,Gp,x7'}, where x is the last letter
of G

That s, Q‘sn|(s) = Q?L U Q,ll U---U Qﬁ_l.
PROOF. First observe that Lemma 2.1(i), coupled with Proposition 3.2, implies that

each s, is primitive, and hence |[Q0| = |s,|. Also note that Q0 := {@ : w e Q°} = QO
i.e., Q0 is closed under reversal, which is deduced from Corollary 4.7.

We shall use Lemma 4.16 to partition (2s,/(s) into & disjoint classes; the first being
Q% = C(s,). Now consider the factors of length |s,| of the words

dp—rp1—1 dn—kt2 d dn—ri2
Sy S e Sk Sy 8, S Sy (R 2> T). (15)

Since (15) can be written as Dn_rCN}’n,TDn_TGn,T (by Lemma 4.18), the first |D,,_,.| + 1
factors of length |s,| = |D,,_.Gp,,| are conjugates of 5, (and hence of s,,) and the last factor
is just s,,. Hence, all other factors of length |s,| of (15) are factors of 2™ 'G,, . D,,_, G, .27,
where z is the last letter of G,,,. Moreover, D,,_, appears exactly once (and at a different
position) in each word in

Qr={we Al : |w|=|sp| and w < 27'Gp Dy Gz}

whence || = |G| — 1. Since the letter just before D,_, (equivalently, the last letter
of Gy.,) in the word 271G, D, G, 2" is different for each r € [1,k — 1], it is evident
that Q9 QL ... OQFL are pairwise disjoint.

Now, for 1 < n < r, other than words in the sets Q0, Q... Q" the remaining factors
of length |s,| of s are factors of

-1 ~
Ap4+15nQp 4 10n—r+k+15n = Snlpn—r4+k+1Sn (16>

(see Lemma 4.16). The first factor of length |s,| of the word (16) is 5, (i.e., the (|s,|—1)-st
conjugate of s,,) and the last is just s,. All other factors of length |s,,| of (16) are factors
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of
a;ilgnan—r—l—k—l—lsna;_}_l = ar_Hl_lGn,an—an,rar_Hl_l-
Defining 0, := {w € A} : |w| = |s,| and w < a5, 1,Gp Dy yGyrapti }, one can check
that || = |G, —1and Q8 QL ... Q%1 are pairwise disjoint.
It remains to show U?;g Q) = Q,((s) for all n > 1. Indeed, |Q,,((s)| = (k — 1)|sn| + 1
(from the complexity function for k-strict standard episturmian words), and we have

k—1 ) k—1 k—1
D10 = lsal + 3 (1Gn 1 = 1) = [sal + X _(Isul = [Dueyl = 1)
j=0 j=1 j=1

k-1
= Klsn| =k +1=3_ |[Dnj|

j=1
=klsp| —k+1—(|sn| — k) (by Lemma 4.17)
= (k—1)|s,| + 1. O

Let us remark that the sets €2 are closed under reversal since :B_lGn,an_an,rx_l is a

palindrome; that is Q7 := {@ : w € 7} = Q7. We shall call the factors of s in (, the
singular n-words of the r-th kind. Such words will play a key role in our study of powers
of words occurring in s.

Evidently, for Sturmian words c,, ©;, = {w,} and we have Q5 |(ca) = C(s,) U{w,}, as
before.

5 Index

A word of the form w = (uv)"u is written as w = 2", where z = uv and r := n+ |ul|/|z|.
The rational number r is called the exponent of z, and w is said to be a fractional power.

Now suppose x is an infinite word. For any w < x, the index of w in x is given by the
number
ind(w) =sup{r € Q : w" < x},
if such a number exists; otherwise, w is said to have infinite index in x. Furthermore,
the greatest number r such that w” is a prefix of x is called the prefiz index of w in x.
Obviously, the prefix index is zero if the first letter of w differs from that of x, and it is
infinite if and only if x is purely periodic.

For all n > 0, define the words

o . _.d dn—1 do d
tn = Dp_k+1Gpy1 -1 and 1, :=5,_1D, 1 = 87" 15,75 - 81285

Note. By convention, ry = aka,gl =¢,and t, = a;}rza,ﬁgsnﬂ for0<n<k-2.
The next two results extend those of Berstel [2].

Lemma 5.1 For alln > 1, the word 7,1 is the greatest fractional power of s, that is a
prefiz of s, and the prefix indezx of s, ins is 1 + dpi1 + |Du_gl|/|5n]-

14



PROOF. First we take n > k. Observe that the longest common prefix shared by the
words s,, and ¢, is

d ,k+2—1
D1 = 8,500 Tk,

since
Sp = Dn—k—l—lGn,k—l and t, = Dn—k—l—lGn—l—l,k—l = Dn—k+1Gn+2,1 (17>

where G, ;—1 and G,,41 ;1 do not share a common first letter, by Proposition 4.14. Clearly,
Sn+15n <p S, and we have

_ dni1od dn—g+3
Snt1Sn = Sy Sy - 8, NS S k41Sn

= SZ"HH(Sifkkﬁ_lsn—k)_an—k+1Gn,k—1
— st (g s sl Gy (by (10)

= s D, kG

= 8Z7L+1+1tn—1- (18)

Hence, sé+171 is a prefix of s. Also observe that the longest common prefix of ¢,_; and
Sy 18 D,,_, since

tn—1 = Dn—an,k—l and Sp = Dn—an,k
where G,, -1 and G, have different first letters, by Proposition 4.14. Further, from (18)
and Proposition 4.4, we have

_ odnt1+1l _ odnt1+1 _ _
Sn+15n = Sy i tn—l =S, + Dn—an,k—l — SnDnGn,k—l — Tn—l—lGn,k—L

Thus, the greatest fractional power of s, that is a prefix of s is r,,1 with
Pna] = [snDn| = |85 Dpg| = (dpsr + 1)[50] + [ Doil;

whence the prefix index of s, in sis 1 + d,i1 + |Dy—g|/|Sn]-

Similarly, for 1 < n <k — 1, we have

g1 A d
Sn4+18n = 8" 1S Syt Any2Sy

_ dpy1+1, —1
= 8, A, 1Ant25n

_ odnt1+1
= st Dn—an,k—l

n

= Tn—i—lGn,k—l-

Therefore, the greatest fractional power of s, (= D,_;G,_1,-1) that is a prefix of
Sn+15n '<p S 18 Tn+1, where |rn+1| = (dn—i-l + 1)|Sn| + |Dn—k| = (dn—i-l + 1)|Sn| — 1. That iS,
the prefix index of s, insis 1 +d, 1 — 1/|sy| for 1 <n<k—-1. O

Lemma 5.2 Foralln > 1, the index of s, as a factor of s is at least 2+d,+1+|Dn—k|/|Snl,

and hence s contains cubes.

We will show later that the index of s, is exactly 2 + dp 11 + |Dn—k|/|5n|-
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PROOF. Setting e =1+ d, i1 + |Dp_k|/|5n|, we will show that s, x.2 contains a power
of s, of exponent 1 + e. Certainly, using Proposition 4.11, one can write

d +k+2— 1
Spthr2 = Sy Stk 1Sk Dnsk Dy to

_ Antkya—l
= Sntk+1 3n+ksn+k+1Gn+k+1 1Gne an+an+2

d +k42— 1
= Snz_k+1 Sn—l—an—l—an—l-k k— an+an+2

The suffix sn+an+an+k7k_1Dn+kDgi2 contains the exponent 1+ ¢ of s,,. More precisely,
Sp+k ends with s,,, and D, 4G, 1y -1 shares a prefix of length |D,, x| with s,4541. Thus,
since 1,41 is a prefix of s of length

[Tns1] = |8n] + [Dn] < [Dnyil,

we have s,7p 11 < SpyrDngr < Spyrg2. O

6 Powers occurring in s

For each m, [ € N with [ > 2, let us define the following set of words:
P(m;l) :={we A; : |w| =m, w' < s},
where s is the k-strict standard episturmian word over Ay, = {aq, as, . .., a;} with directive

word A given by (4). Also, let p(m;1) := |P(m;1)].

The next theorem is a generalization of Theorem 1 in [6]. It gives all the lengths m
such that there is a non-trivial power of a word of length m in s. Firstly, let us define the
following k sets of lengths for fixed n € N*:

Di(n) :=A{r|sy| : 1 <r <dpi1},
Dy(n) = {|s) sty - sy s« 1<r<dpn}, 2<i<k—1,
Dr(n) = {[s sy - st snannl 1 1 <7 <y — 1},
Theorem 6.1 Letm, n € N* be such that |s,| < m < |s,11| and suppose m & U_, D;(n).
Then p(m;l) =0 for all 1 > 2.
Remark 6.2 Put simply, the above theorem states that if a word w has a non-trivial

integer power in s, then |w| € U, Di(n) for some n. For instance, if k = 3, we have

3
U Di(n) = {18, [shsnm] : 1< 7 < dsn} U{Jsst 80ma] s 1 < 7 < dygr — 1),
=1

In the particular case of the Tribonacci sequence, Theorem 6.1 implies that if w' is a factor,
then |w| € {|snl, |Sn| + [Sn—1|} for some n, where the lengths (|s;|)i>o are the Tribonacci
numbers: TQ = ]., T1 = 2, T2 = 4, T, = T;L—l —I—T;;_Q —Fﬂ_g, 1 Z 3.
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The proof of Theorem 6.1 requires several lemmas. Let us first observe that in the n-
partition of s (see (14)) to the left of each s, block, there is an s,4;_; block for some
J € [1,k]. Also note that each s,4;_; is a prefix of s,. Furthermore, to the left of each
Sp+1—; block is another s,.;_; block or an s,5_; block, for each i € [2, k].

Lemma 6.3 Let n € Nt. Consider a word w < s of the form w = us,v for some words
u, v e A, uFe.
(1) If w = wyug, where uy <4 spy1—; for some i € [1,k] and uy <, Sy, then u; = .
(i) If w = uySpi1-sug for somei € 2, k|, where uy <s Spya—i and ug <, S, then uy = u
Or U1Spt1—; = U.
(ili) If w = u1Spi1—ius for some i € [2,k — 1], where uy <g Spy1-; and us <, S, then
U = U OT UL Spy1—; = U.

PROOF. (i) Other than the case when u; = u, uy = s, and v = ¢, the only other
possibility is:

Uy U2

(Note that uy < sp41-; for some i € [1, k], and therefore |u1| < |spr1-i| < [Sn|.)

In this case, using the figure, we write u; = uv’, s, = u'v’, us = v'v for some o', v’
(u' # €). As v’ is a prefix of s,,, we have s,, = v'v" for some v, thus «’ and v” are conjugate.
So there exist e, f and non-negative integers p, ¢ such that v' = (ef)Pe, u’' = (ef)?, and
v" = (fe)? with ef primitive. Hence s,, = (ef)PT%. As v’ is a suffix of s,11_; which is a
prefix of s, we must have, by primitivity of ef, s,4+1_; = (ef)", and then r = 1. But v’ is

non-empty, so v’ = ef = s,.1_;, and it follows that u = ; a contradiction.

(ii) Let 7 € [2,k] be a fixed integer. Since u; <5 Spy2—; and ug <, s,, we have |u;| <
|Snro—i| < |sn| and |us| < |s,|. Accordingly, there exist only three possibilities (other than
Up = U Or U1Sp41—; = u), and these are:

w = U Sn, v
Uy Sn41—i Ug

or

w = U Sn, v

(1 Sn41—i Ug

or

w = U Sn v

Uy Sn41—i U2

In the first instance, us,v = w18, 1_jus = uu's,1_;v'v, where uy = v'v with v <, s,
and u; = uu’ with v’ <, s,. That is, s, = u's,11-;v', where v’ <, s, and V' <; s, and
up = uu' <y Spio_;. Therefore, u' <, s,.2_;, and hence the word s,1_; must be preceded

17



. ) dnyo
by the last letter of s,.,5_;. However, since v’ is also a prefix of s, = s%" | - - ST Sk,

where $,_1, ..., Snt1-k, Sn—k do not share a common last letter (by Proposition 4.1),
one is forced to presume that v/ = s¥ %! -SZZFES_’Z (resp. v’ = €) when i € [3,k]
(resp. @ = 2). This contradicts the fact that 1 < |u'| < |s,12-

In the second instance, we have us,v = U1S,11_ iUz = ut'S,41_suz, where u; = uu'
with «/ <, s, and uy <, s,. Consider the word w' = wuy™" = us,vuy™ = us,v,
e, w = us,v' = uiSp41-i, where v/ <, v and v' <, S,41-;. Since w3 <5 Sp42-; and
Sp+1—i =p Sn, it follows from assertion (i) that u; = v and hence s,,41_; = s,v’, which is
absurd unless ¢ = 1 and v/ = e. But i > 1, so this situation is impossible.

Lastly, us,v = 41S,41-iUs = U1 8,41-;0'v, where uy = v'v <, s, with v’ < s,,. Consider
the word w’ = uy'w = ul us,v = u's,v, i.e., W = u'sy,v = Spi1_sUs, where v’ <, u and
U <y Spi1-i. Since ug <, S,, one obtains, as an immediate consequence of claim (i), v’ =

Spi1—i, Uz = Sp, v =&, and hence u = u1S,41_;; a contradiction since |uyS,11-;| > |uq.

One can prove assertion (iii) in a similar manner. O

Lemma 6.4 Let c € A, and n € N be fixed. Consider an occurrence of cs,, in s. Then
the letter c is the last letter of a block $,+1-i of the n-partition of s, for some i € [1, k],
and the integer i (equiv. the block s,y1-;) is uniquely determined by c. In particular, in
every occurrence of Spi1_iSn in S, the word S,41_; is a block in the n-partition of s.

That is, occurrences of words w containing cs,, (¢ € Ay) must be aligned to the n-partition
of s.

PROOF. This assertion follows from Lemma 6.3. The case n = 0 is trivial, and for
n > 1, observe from Lemma 6.3 that the given s, is either an s, block in the n-partition
of s or has an s,41_; block of the n-partition as a prefix, for some j € [2, k]. In the first
case, to the left of s, there is an s, 11, block, for some [ € [1, k]. Whereas, in the second
case, there is an $,,41_; or s,1o_; block (of the n-partition) to the left of s,. That is, s,
is preceded by an s,.1_; block of the n-partition for some i € [1, k]. Since the last letters
of $p, Sp_1, -+, Snr1—k are mutually distinct (by Proposition 4.1), it is clear that i (and
hence $,,41_;) is uniquely determined by the letter ¢. O

We can now determine the exact index of s, in s.

Lemma 6.5 For any n > 1, the word of maximal length that is a factor of both s and the
infinite sequence (8,)* = 8,8,8, -+ is &1 2D, 4 de., ind(s,) = 24+ dpy1+ | Da_il/|5nl-

PROOF. According to Lemma 6.4, any occurrence of s2 (p > 2) must be aligned to the
n-partition of s. By inspection of the n-partition of s (see (14)), it is not hard to see that
between two successive s,.1_ blocks there is a word possessing one of the following k
forms:

q d +1 d - dn+37k
Snsnn Snn—l 8n+2—k7 q S {07 1}7

or

d +1 d dn+37i d +1 d dn+37k: .
Sy SR Sppo—i Snr1-iSy" S Spha g, L E [2> k— 1]
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Thus, the alignment property implies that an occurrence of s? (p > 2) is either a prefix of

dn+1+7“ dn dn+37k

Sn Sp—1"" " Sp42—k Snt+1-k<1 (19)

for some integer r < 1 and suitable z;, or a prefix of

r .d dny3—i d d dnys3—k
SpSpe1""" Snr—bl—2—il Sn+1—isnn+1snn—l T Snﬁ—2—k Sn+1-k%2 (20>
for some i € [2,k — 1], r < d,,41 and suitable 2.
: : dnss_k :
Now, suppose s? is a prefix of the word (19). Since s™ , -- Sk Sn41—kSn 1S DOt a
: . dnsop—1 _
prefix of s,s,, (in fact, it is the word s, (s, "¢ Sn—k)"'Sn = Sntn_1), s& must also be a
prefix of

dny1+r d dnt3—k _ odnt1tr+l
S T e 8 S kS = S, T T T (21)

As in the proof of Lemma 5.1, one can show that the prefix index of s,, in the word (21) is
dni1+7+1+|Dy_i|/|sn|, which is at most d,, 142+ |D;,—k|/|s,|. Furthermore, in the word

(20), it is clear that the prefix index of s, is less than for (19) (since s - - si’f;_’jsnﬂ_isn

has length less than the word sfl”_l e siﬁj_’,’; Sp+1-kSy and is not a prefix of s,,s,,). Whence,
it has been shown that ind(s,) < dnq1 + 2+ |Dy—k|/|sn|, and so the result is now an easy

consequence of Lemma 5.2 (which gives ind(s,) > dpy1 + 2+ |Doi|/|sn]). O

The following analogue of Lemma 3.5 in [5] is required in order to prove Theorem 6.1.

Lemma 6.6 Let n € NT and suppose u < s with |s,| < |u| < |sp11]. Then the following
assertions hold.

(1) For alli € [1,k|, if u starts at position | in some s,+1—; block in the n-partition of s
and also starts at position m in some factor s, 1_; of s, then | = m.

(2) Foralli € [1,k—1], if u can start at position | in s,1_; and at position m in S,_;,
then Il = m.

PROOF. By inspection of the n-partition of s, notice that, for 1 <¢ <k —1, an s,41;
block is followed by either an s,,;_; block, an s, block, or an s,_; block. Furthermore,
an s,1_ block is always followed by an s, block.

Let w,41-; be the prefix of u of length |s, 11

(1) Let 1 <4 < k and consider an occurrence of u that starts in an s,,41_; block of the n-
partition of s. If this s,,.1_; block is followed by an s, 1_; block, then u,,,_; is a conjugate
of Spy1-; as Ups1—; < Spa1—iSnt1—; and |uyi1—;| = |Spy1-i|. Similarly, if this s,,1_; block
is followed by an s,, block, then w,;_; is a conjugate of s,,+1_; since s,11_; <, s,. And, if
this s,11_; block is followed by an s,_; block, then again w,.1_; is a conjugate of s, 11_;.
Indeed, in the (n + k — 7)-partition of s, s,41_; is always followed by an s,,x_; block,
which has s,.1_; as a prefix; whence u,,1_; < Sp41_iSni1_i- S0, In any case, U, 1_; iS a
conjugate of s,,41_;, and the result follows from the fact that the conjugates of s, 1_; are
distinct.

(2) Let 1 <4 <k — 1. Suppose the word u has occurrences starting in s,,41_; blocks as
well as s,,_; blocks in the n-partition of s. (Note that this implies n > i.) First consider
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an occurrence of u beginning in a block of the form s,_; of the n-partition. As an s,_;
block is always followed by an $,4x_;_1 block in the (n + k — i — 1)-partition of s and
Snt1—i =p Sntk—i—1, We have

dn—it+1 dnt3—i—k
Upt+1—i = Sp—iSnt+1—i = Sn—isnn—il e niZ—iz—kSn‘f‘l_i_k‘

Thus, in light of Lemma 6.4, we have the following fact:

CSpn—i A Upy1—; where c € A, and ¢ < Spi1—ik- (22)

Consider an occurrence of u starting in an s,,,1_; block of the n-partition, which can be

factorized as

_ dn—it1 dn—g dny3—i—k
Sntl—i = Sp—i  Sp—i—1"" " Spi2—i kSn+l-i—k- (23)

We distinguish two cases, below.

Case 1: The word u begins in the left-most s,,_; block in (23) when d,,_;1; > 2. In this
case, u,_; is a conjugate of s,_; and hence, as deduced in (1), the starting position of u
in this s,,_; block must coincide with its starting position in any occurrence of s,,_; in the
n-partition of s.

Case 2: The word u does not start in the left-most s,,_; block in (23). The block to the
right of s,.1_; in the n-partition is either another s,,_;, or an s,_;, or an s,. In any
case, S,_; is a prefix of this block to the right of s,,1_;, which implies u,;_; contains an
occurrence of S, 411_; gSn—;. This contradicts (22). O

Proof of Theorem 6.1 Clearly, p(m;l;) > p(m;ly) if I < l. Thus, it suffices to show
that for m & UY_, Di(n), we have

p(m;2) =0, (24)
i.e., there are no squares of words of length m in s.

Suppose (24) does not hold for some m satisfying

m¢gumx (25)

and let u be a word of length m with |s,| < m < |s,.1| such that u? < s. For convenience,
we shall write u?> = uMu® to allow us to refer to the two separate occurrences of w.
Let 1 < i,j < k. Obviously, u(!) starts at position ¢, say, in some s,,,_; block of the
n-partition of s. Further, by Lemma 6.6, u® also starts in some Sn+1—; block of the n-
partition of s at position ¢q. From the proof of Lemma 6.5, recall that two consecutive
Sni1—k blocks in the n-partition of s are separated by a word of one of the following &
forms:

r d +1 d. dn+37k
spsanttsen s e e {0,1},
or
dpi1 .d dnt3—i d d dpy3—k .
Sy TSRy Snr-li-Z—iZ Spt1—iSy Sy snr-bl-2—k> (A= [2> k— 1]
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If we also keep in mind that |s,| < |u| < |$,+1], then using Lemma 6.6 we see that the
possible lengths |u| of u are:
dnfi
[sp]and [spsiy s sl
where 1 < i < k—1and 1 <7 < dupy (with r # dpp if i = k=1 as |u| < [spq1])-
Therefore, m does not satisfy (25); a contradiction. 0O

The next five propositions, which have some interest in themselves, are needed in the
next two sections where we shall prove our main results concerning squares, cubes, and
higher powers in s.

Notation: Given | € N and w € Aj, denote by Prefj(w) the prefix of w of length [ if
|w| > 1, w otherwise. Likewise, denote by Suff;(w) the suffix of w of length [ if |w| > [, w
otherwise.

Recall that Q7 denotes the set of singular n-words of the r-th kind (1 <r <k — 1), as
defined in Theorem 4.19.

Proposition 6.7 Let n € N*. Suppose w € Q,,,_; for some i € [1,k — 1] and let v =
Prefj(w) where 1 <1 < |Gpy1-i1| — 1. Then the word vs,41_; occurs at position p in s if
and only if the n-partition of s contains an s, starting at position p+1 and an s,_; ending
at position p+1—1. In particular, w occurs at exactly those positions where vs,1_; occurs
ins.

PROOF. Let i € [1,k — 1] be fixed and let 1 <1 < |Gpy1-i1| — L.

First note that |w| = |s,11-| and w < 27 'Gpy1-i1Dp_iGri1—i1x~ " where z € Ay, by
definition of Q},,,_,. Since |Dy,—;Gny1-i1| = |Snt1-4|, the word v = Prefj(w) is a suffix of
z7'G,41-;1 which, in turn, is a suffix of s,_; as Gp1-i1 = Gn_i k-1

Now, by Lemma 6.6, the word s, ;_; can only occur at the starting positions of blocks
(in the m-partition) of the form s,, s,_1, ..., Sp11-, all of which have different last
letters (by Proposition 4.1). In particular, each s,_; block (0 < j < k—1, j # i) of
the m-partition of s has a different last letter to s,—; (and hence v). One should note,
however, that an s,_; block of the n-partition is never followed by an s,.1_; block (except
if i = 1, in which case we do have certain s, blocks preceded by s,,_; blocks). Also observe
that if 2 = Suff;(s,11-), then an s,_; block of the n-partition is only ever followed by
Sni1-i2 " = Dp_iGpi1_i127 "1 if it is followed by an s, block of the n-partition. Taking
all of this into account, one deduces that the word vs, 1_; occurs only at positions in s
where an s,_; block of the n-partition is followed by an s, block, which has s,.1_; as a
prefix. This completes the proof of the first assertion.

As for the second assertion, recall that w begins with the word v which is a non-
empty suffix of x_lénﬂ_“ = I_lGn_i,k_l <s Sp_i- Consequently, w occurs at every
(|S$n—i| — 1+ 1)-position of an s,_; block that is followed by an s, block in the n-partition
of s, i.e., w occurs where the prefix vs, 1_; of vs, occurs in s. By Lemma 6.6, the only
other position where w may occur (besides where vs,,1_; occurs) is in the (|s,_;| —(+1)-
position of an s,, block that is preceded by an s,,_; block. Now, to the right of this type
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of s, block (in the n-partition) there appears another s,, block or an s,_; block. The fact
that s,11-iSn—i <p SnSn—1 <p SnS, implies that w ends with the prefix of s,_; of length
|sn—i| — I. More precisely, w ends with the word

Dyi—ickz

where z; is a non-empty prefix of énﬂ_i,l of length |21| = |Gp41-i1] — I. On the other
hand, by definition of w, we have that w ends with

Dn—iz2

where 25 is a non-empty prefix of G, +1-;1 of length |23 = |Gpy1-i1| — [. It is impossible
for both situations to occur, so we conclude that w occurs at exactly those positions where
VSpi1—; occurs. O

Notation: For n > 1, denote by P, the set of all formal positions of sﬁ”“_lsn_l in the
(n — 1)-partition of s.

Proposition 6.8 For any n € NT | the set of all positions of D,, in's is P,,.

PROOF. We proceed by induction on n. Forn =1, D,, = D, = sz_lsgl, and hence D,
occurs at exactly those places in s where /27 sy = (a%ay)®'a, occurs in the 0-partition
of s. We claim that there is a one-to-one correspondence from the set of all positions of
D,, in the (n — 1)-partition of s to the set of all positions of D,,;; in the n-partition of
s (see (14)). Assume that P, gives all of the occurrences of D, in the (n — 1)-partition
of s. Since D, = sn’ff_lsnDn = D,,5,,(8n41)% 271 D, ;1 occurs at any place in P, .
Conversely, since each occurrence of D, in (14) naturally gives rise to an occurrence of
D,, in the (n — 1)-partition of s, the word D,,y; must occur in s at exactly those places

given by P,.,. O

Consider two distinct occurrences of a factor w in s, say
!/ / /
s =uwv =uwv', |u]>]ul,
where v, v/ € AY. These two occurrences of w in s are said to be positively separated (or

disjoint) if |u| > |uw|, in which case v’ = uwz for some z € A, and hence s = vwzwv’.

Proposition 6.9 For anyn € NT, successive occurrences of a singular word w € U?;ll 978
i s are positively separated.

PROOF. Let 1 <r <k —1. For 1 <n <r, observe that
QO ={we A : |w|=]|s,| and w < 5,_1D,,_1D;* 8, 1Dp_1},

where D! = a,_,qp41 for 1 < n < r. It is left to the reader to verify that consecutive
occurrences of a word w € Q! (1 < n <r) are positively separated in s.

Now take n > r 4+ 1 and suppose w € (2. Then D,,_, will occur in w. By Proposition

dnf'r -1 :
6.8, the word D,_, occurs at exactly those places where s, "' "s,_,_1 occurs in the
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(n —r —1)-partition of s. First note that the letter just before D,,_, in w is the last letter
of G, which is the first letter G, and hence the last letter of s,,_,_; (by Propositions
4.1 and 4.14). On the other hand, in the word w, the letter just after D,,_, is the first
letter of G, . Since there are k different return words of si’i}”lsn_r_l in s, there exist
k different possibilities for occurrences of sﬁi}"“sn_,,_l in the (n — r — 1)-partition of s;

namely:

(1)

dnf'r+1_1 dn—r—1 dp—r—1 dn7r7k+2 dnfr'Jrl_l

(Sn—r Sn—T—l)Sn—r—l Sp—r—2 """ Sn—r—k—l—lsn—T—k(Sn—r n—r—l)
_ —1 —1

- Dn—TDn—r—kD”—TDn—r—l

= Dn—r(gn—r)dnirﬂD;—lr—l

= Dn—r(gn—r)dnﬂ%l_lGn—r,l;

(2)
dnf'r«kl_l dnf'r_l dnfrfl dn7r7l+2 dn77‘+1_1

(sn™ Sn—r—1)8n7_1 Sur—2 " Spy 141 Sn—r—1(Sns Sn—r—1)
_ -1 dn—r+1—1
- Dn—an_r_l(Snn—rr Sn—r—l)

dp—r+1—2 .
o Dn—an—r,lSnn—rr Sp—r—1 if dn—r—i—l > 2a
Dn—an—r—l,l—l if dn—r—i—l = 1)
where 2 <[ <k —1;
(3)

dp—r+1—1 dp—r+1—1 dp—r—1 dp—r_1 dp—r—k+3

(Snn—rr SN—T’—l)(Snn—TT SN—T’—l)Snn—rT—l nn—rr—2 e Snn—rr—k-l-2sn—r—k+1

~ ~ d,_ —92 = .
. Dn—rsn—r—l(sn—r> nort Gn—r,k—l if dn—r—l—l Z 27
Dn—an—r—l,k—2 if dn—r—l—l =1

Thus, if d,,—y+1 > 2, the word D,,_, is followed by either s,,_,, G,,_,;, or S,_,_1, of which
only s,_, has the same first letter as Gn[. Similarly, if d,_,,1 = 1, the word D, is
followed by either G,,—,1, Gy,—p—1,-1, OF Gy—p_1 —2, of which only G,,_,; has the same
first letter as G,, . Therefore, only in case (1) will we have D,,_, followed by the first letter
of Gy, ;. Accordingly, one deduces that any occurrence of w in s corresponds to a formal
occurrence of the word

dnfr'Jrl_l

dp—r—1 dpn—r—_1 dp—r—k+2 dp—r41—1
Sn—T—k(Sn—T Sn—T—l)Snn—rr—l nn—rf—2 e Snn—rr—k-l-lsn—T—k(S o

n—r Sn—r—l)

in the (n — r — 1)-partition of s. Hence, we conclude that occurrences of w are positively
separated in s since a word of the above form is positively separated in the (n —r — 1)-
partition. O

The next proposition follows from Lemma 6.5, and Propositions 6.7 and 6.9.
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Proposition 6.10 Let n € NT and suppose u < s with |u| = |s,|. Then u® < s if and
only if u € C(s,). In particular, if u is a singular word of any kind of s, then u?® £ s.
Moreover, for anyn >k — 1, if u?> <'s with |s,| < |u| < |Sns1|, then u does not contain
a singular word from the set Q). ., .

PROOF. As sé+1t2D, ;. < s (see Lemma 6.5), the square of any conjugate of s, is a
factor of s. (Note that s¥+1+2D, ; = sh+1¥2¢-1 for 1 < n < k — 1.) Now recall that
the set of all factors of s of length |s,| is the disjoint union of the sets C(s,,) and U?;ll Q.
Consequently, the first two assertions are deduced from Proposition 6.9.

For the last statement, let n > k — 1 and suppose u? = uMu® is an occurrence of u?
in s, where |s,| < |u| < |sp41]. Also assume w € Q,, , and w < u. Clearly, w occurs
in both (") and u® at the same position. By Proposition 6.7 (with i = k — 1), different
occurrences of w correspond to different occurrences of s,,.1_ blocks in the n-partition of
s (as an s,41_x block is always followed by an s, block). Between two consecutive s,1_
blocks in the n-partition, there is a word taking one of the following & forms:

r .d +1 dn dn+37k
Snsnn Sp—1""" Sn+2—k’ re {0’ 1}7
or
d +1 d dn+37z’ . d. +1 d. dn+37k .
Sy TS Spqo— Snt1—iSy T SR Spqaks U E [2, k — 1]

Therefore, the distance between consecutive occurrences of s, 11, blocks in the n-partition
of sis

[snal (r=0), |spaal +lsa| (r=1), or [snp| = (D1l = [Dnsa—rl) + |snsal,

and all of these distances are at least | s, 1|, which implies |u| > |s,11]; a contradiction. O

More generally, we have the following proposition.

Proposition 6.11 Let n € Nt and suppose u* <'s with |s,| < |u| < |sny1]|. Then u does
not contain a singular word from the set Q) ,_; for anyi € [1,k — 1].

PROOF. The case when i = k—1 is proved in Proposition 6.10, so take i € [1, k—2]. Let
u? = uMu® be an occurrence of u? in s, where |s,| < |u| < [s,11]. Assume w € QL. ,_,
for some i € [1,k — 2], and w < u. Clearly, w occurs in both u(*) and u® at the same
position. By Proposition 6.7, different occurrences of w correspond to different occurrences
of s,,_; blocks that are followed by s, blocks in the n-partition of s. By inspection of the
n-partition (see (14)), the word of minimal length that separates two such s,,_; blocks is

d +1 dn .. dn+37k: d. +1 dn - dn+27i
Sn TSl Spnt+2—k Snt1-kSy " SRt Spt1—i -

That is, the minimal distance between two consecutive occurrences of an s,,_; block (with
each appearance followed by an s,, block) is |S,41] + || + |Dnl = [Dn—i| > [Snt1] + [Snl,
which implies |u| > [$,41| + |sn|; & contradiction. O
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6.1 Squares

The next two main theorems concern squares of factors of s of length m < d; +1 = |sq]
and length m > |s;|, respectively.

A letter a in a finite or infinite word w is said to be separating for w if any factor
of length 2 of w contains the letter a. For example, a is separating for the infinite word
(aaba)®. If a is separating for an infinite word x, then it is clearly separating for any factor
of x. According to [8, Lemma 4], since the standard episturmian word s begins with a4,
the letter a; is separating for s and its factors.

Theorem 6.12 For 1 <r < d;, we have

iy [ TS/
P70 difr > (4w 12

In particular, P(r;2) = {(a})*} forr < (dy +1)/2, and P(r;2) =0 forr > (dy +1)/2.

PROOF. Consider a factor u of s with |u| = r < d;. As a; is separating for s and a;
occurs in runs of length d; or dy + 1 (inspect the 0-partition of s), we have that u is either
a; or a conjugate of aj 'a; for some j, 1 < j < k. Further, it is evident that there are no
squares of words conjugate to a} 'a;, 1 < j < k. And, using the same reasoning for words
u of the form af, one determines that s contains the square of w if and only if 2r < d; +1,
in which case there exists exactly one square of each such factor of length r of s; namely
(@) ©

Let w be a factor of s with |w| € U%, Ds(n) for some n. Roughly speaking, the next
theorem shows that if w? is a factor of s, then w is a conjugate of a finite product of blocks
from the set {s,, Sp11,- -, Snt1-k}, depending on |w| and d,, 1. For example, if |w| = r|s,|
for some r with 1 < r < 1+ d,41/2, then w? < s if and only if w is one of the first |s,|
conjugates of s7.

Theorem 6.13 Let n, r € N*.
(i) For 1 <r <d,.1,

[Sn] if1<r<1l+d,1/2,
p(lspl;2) =S | Dp_il + 1 if dpyy is even and r =1+ dpy1/2, (26)
0 Zfl+dn+1/2<7’§dn+1

In particular,

{C(s) + 0<j<lsul =1} #1<r<14du/2

P(spl:2) = 4C5(s5) = 05 < [Dukl}  if duga is even and r = 1+ dyya /2,
0 if 14 dy1/2 <7 < dopr.

(27)
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(ii) For1<r <d,41 andi € [2,k] (with r # d,41 if i = k), we have
p(|s,sn dn 3%—?23 “iSnt1-il;2) = [Dpga—i| + 1. (28)
In particular,
T n n 7 dTL @ . y
Pl smisd snin-il; 2) = {Ci(shsimy -+ 5 snpa i)+ 0<j < [Djail}.
(29)
Remark 6.14 For standard Sturmian words c,, we have s, = D,_ixy, where x, y €

{a,b} (x #y), and hence |D,,_1| = ¢, —2 for alln > 1. Accordingly, Theorem 6.13 agrees
with Theorem 3 in [6] for the case of a 2-letter alphabet.

The proof of Theorem 6.13 requires the following three lemmas.

Lemma 6.15 Let n € N* and set u; := sTsd” . SZTQS Spi1—q for each i € [2,k] and
1<r<d,1—1. Then, for alli € [2,k], we have

dn d d'r +3 2
(Sn JrlSnn—l e Sn—Li-2 ;Sn—i-l Z) Dn—i—l—i <'s, (30)

and
2 dni1 d dn+3 2
U, Dn+1—i ~ (Sn i Spi1te Snr-LI-Q zlsn—i-l 2) : (31>

PROOF. Let us first note that, for i = k, (sitisi .. si’_ﬁ N Sni1-k)?Dpy1p =
$2 1Dy is a factor of s (by Lemma 5.1). Now, for i € [2,k — 1], by inspection of
the n-partition of s, the word

d +1 d dn+3 i d +1 d dn+37k d +1
St Sty Sp2—i Sn+1—iSy" Splqcce Sn+2—k Snt1-kSp"
. d +1 d dn+3 7 2 dn+27i_1 dn7i+1 d +1
= (Snn Sn’n 1 8n+2 i 8n+1 2) 81’L+1 i STL i “ .. Sn—i-l—ksnn
_ dn+1 od dn+3 i 2 +1
- (Snn nn 17 " Spt2—; Snt+1- Z) Dn—',-l an—l—l Sn dn

is a factor of s (where D, 1_j is a prefix of s, for n > k — 1, and DnJrl g = Qnio for
1 <n <k —2). Thus, assertion (30) is proved.

As for the second assertion (31), one can write

(s sy S5 )
= Sd”H " Srsd”H rsgnl ) SZT; i Sng1—i
= S TS T S s T T S S T S
= ST U Dy Dy L st Z”l---si’f; i Snt1-iy

which yields the result since D,,_j is a prefix of s,, and s,,_1 for n > k, and D g = Qpt1
forl<n<k-—1. O
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Lemma 6.16 Let n € Nt and let > = uMu® be an occurrence of u® in s, where
|sal < ul < [snial-

(i) For alln > 1, if |u| = |s"| with 1 < r < d,y1, then u™) begins in an s, block of
the n-partition of s. Moreover, u® is a factor of stn+1 25,071 = sdn1¥2D  where
o] = [sn| = | Dn—gl.

(i) Let i € [2,k — 1]. For all n > i — 1, if |u| = |s}si, - si’f; Spa1—i| with
1 <r < d,, then u® starts in an s, block and contains an Sni1—; block that
is followed by an s, block in the n-partition of s. Moreover, u® is a factor of

d d +3 2 . .
(ShSpry - Sp i Snt1—i)  Dnt1—i, which is a factor of
dpi1 .d dn3 2
(SnnJr Spiqce Sn7—l|-2 zlsn-i-l Z) Dn-i—l—i-

(iii) Foralln >k —1, if |u| = |s.s;, dn si+2 FSpi1ok] with 1 <7 < d,41 —1, then uV
starts in an s, block and contazns an Spy1-k block of the n-partition of s. Moreover,

u? is a factor of (shsim - si’;BSjganrl_k)anJrl_k, which is a factor of

2 _ (olnt1 odn dni3—k 2
Spt1 = (Snn Splpce Spto—k Sn+1—k) .

PROOF. (i) By similar arguments to those used in the proof of Theorem 6.1, the first
claim is obtained from the fact that |u| = r|s,| with 1 < r < d, .1, together with Lemma,
6.6. For the second claim, one uses the fact that an s,, block in which v starts is followed
by the word sﬁsfﬁ_l e si’jﬁ’ ") Sp+1-iSn, for some i € [2,k] and 0 < p < d,1;. Hence, we
have

Sty S sweisn Gty = sa( TS s s ) TGl

= Sn(Dn+1—iD5ik)_1Dn+1—i

= SnDn—k

= Snsn—le_zil,k—l

= sn_lsnG;}l (by Proposition 4.11)

= snsnv_l,
where |v| = |s,| — |Dn_g|. Therefore, the assertion holds provided u(® does not con-
tain the word s,,_1s,(w G, 1) I for some non- empty proper prefix w of G, ;. Indeed if
Sn_15n (W Gp1) ™t < u®, then s,_1Dp_1w = Dy_1Gp1Dp_1w is a factor of u® | where

w <, Gy1. But this situatlon is absurd (by Proposition 6.11) since this word contains a
singular n-word of the first kind.

(ii) From Lemma 6.6, we can argue (as in the proof of Theorem 6.1) that u(!) begins
in an s,y1-; block that is followed by an s, block in the m-partition, or contains an
Sni1—i block that is followed by an s, block. However, in the first case, we see that
u would contain a singular word from the set Q,l1 4o_i» since u would contain s,11_;Sy,
which has $,41_iSpio-; as a prefix (see Proposition 6.7). This contradicts Proposition
6.11, and so only the second case can occur. By reasoning as above and using the fact
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that |u| = |ss% - si’fj ' Spy1-, ut) must start in the left-most s,, block in the word

dn Z
stin—l e Sn—i-JrZB i Sn+1—iSn,
which appears in the n-partition of s. Since Dy41-; <p Snt2—i <p Sn, 1) ends within the
first | D, 41| letters of the s, block to the right of the s,.1_; block. Otherwise, u would
contain a singular word w € Q. ,_, which contradicts Proposition 6.11. To the left of the

: s L
Snt+1—i block, there is the word sdn+ist | ... gimt5ks 1 4 and, in view of the fact that
d : .
lu| = [shsin -5, | with 1 < 7 < d,11, one deduces that there exists a p € N
T dn dn+3 %

with 0 < p < |Dpy1-4| such that u() starts at position p in s7se, - s 8,41 iSn.

dn dn+3 [3

This implies u? < v2D,41_; where v := sV so" | - 57" /s, 1 ;. It remains to show that

v2D,,41_; is contained in

d d dn+t3 2
(SnnJrl Splicce Snr—bl—2 an+1 Z) Dn-‘rl—i

which, in turn, is a factor of s. Indeed, this fact is easily deduced from Lemma 6.15.

(iii) The proof of this assertion is similar to that of (ii), but with ¢ = k and 1 < r <
dp+1 — 1. The details are left to the reader. O

Lemma 6.17 For all n, r € N* and i € [2,k], the word v := s"s% | .. ~si’_’:§3 Sna1_i 08
primitive.
PROOF. Suppose on the contrary that the given word v is not primitive, i.e., suppose

v = uP for some non-empty word u and integer p > 2. Then |v|,; = p|ul,, for each letter
aj € Ay, ie., p divides |v|,; for each a; € Ai. In particular, p divides

|'U|a1 _T(Qn )_l_d (Qn 1 n 1) (Qn—i—l i n+1 z)
=|v| = (rPo+doPry 4+ + dn+3—ipn+2—i + Ppii-i),

by Proposition 3.4. Thus, p must also divide rP, +d,P—1 + - -+ dpss—iPrio_i + Proi1-s.
But ged(|v|, 7P+ dn P11+ -+ dnis—iPpio—i+ Pyi1—i) = 1, which yields a contradiction;
whence p = 1, and therefore v is primitive. O

Proof of Theorem 6.13 We simply prove that (27) and (29) hold as the elements of
the respective sets are mutually distinct (by Lemma 6.17), which implies (26) and (28).

(i) As shown previously, for each i € [2,k], v := st+isi .. si’f; S Snt1—isnGri_y =
sdn+1+2D 4 is a factor of s. Thus, by Lemma 6.16(i), it suffices to find all of the squares
of words u with |u| = r|s,| (1 <r < d,s1) that occur in the word v. In fact, one need only
consider occurrences of u? starting in the left-most s,, block of v, and the result easily

follows.

(ii) Let i € [2,k — 1]. By Lemma 6.15, the word (s»+1 g, .. si’jﬁ’ i Sny1-4)? is a factor
of s and it contains the word

P r .d dn+3 7 2
V= (Snsnn—l ©tSpg2—i Sntl— l) Dn-i-l—i?
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for any r with 1 < r < d,,,1. Therefore, u* is a factor of s for each word u given by

= Cylshsin sy sni), 0 < j < | Dogal.
Conversely, if u?> < s with |u| = |s;si"_1---si”f23_’;sn+1_i| for some 1 < r < duqq,
then u? < v, by Lemma 6.16(ii). And, since |v| = 2Ju| + |D,.1_;|, we must have

_ d dnt3—; . .
w=Cj(s) sy S i Snt1—i) for some j with 0 < j <|D,41-4].

The case i = k is proved similarly, using Lemma 6.16(iii). O
6.2  Cubes and higher powers

Our subsequent analysis of cubes and higher powers occurring in s is now an easy task
due to the above consideration of squares. Extending Theorem 6.13 (see Theorem 6.19
below), only requires the following lemma, together with arguments used in the proof of
Theorem 6.13.

Lemma 6.18 Let n € NT and suppose u® < s with |s,| < |u| < |sn41|. Then u® does not
contain a singular word from the set Q. _,_; for anyi € [1,k —1].

PROOF. Suppose on the contrary that u® = uMu®u® contains a singular word w €
QL. for some i € [1,k — 1]. By Proposition 6.11, w is not a factor of u®, and therefore
every occurrence of w must begin in u™™ or u®, both of which are followed by u again.
Accordingly, there exists a p € N such that w starts at position p in both «® and
u®. Reasoning, as in the proofs of Propositions 6.10 and 6.11, yields the contradiction
ul = |spsa]. O

Theorem 6.19 Letn, r,l € N*t, [ > 3.
(i) Forl <r <dp1,

|Sn] if 1 <r < (dnt1+2)/1,
p(lspli 1) = 4 1Dnkl + 1 if r = (dnsa +2)/1, (32)
0 Zf(dn+1+2)/l<7"§dn+1

In particular,
{C(s7) : 0< 5 <|sp| =1} ifl <7 <(dps1+2)/1,

Plsulil) = 4{Ci(s7) + 0<j < [Dnsl}  if r = (dns1 +2)/1, (33)
0 if (dps1 +2)/1 <1 < dpy1.

33 33

(ii) For 1 <r <d,41 andi € [2,k] (with r # dp41 if i = k), we have
p|shsdy - st is, i il; 1) = 0. (34)

PROOF. (i) Suppose u < s with |u| = r|s,| for some r, 1 <r < d, 1, and consider an
occurrence of u! = uMu® ...4® in s, | > 3. By Lemma 6.16(i), uMu? begins in an s,
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block of the n-partition of s, and by Lemma 6.18, u’ does not contain a singular n-word of
the first kind. So, as in the proof of Theorem 6.13(i), one infers that u! is contained in the
word v := sé+1¥2D, ;. <'s, and the rest of the proof follows in much the same fashion.

(ii) In this case, assume u® = uMuPu® occurs in s. By (ii) and (iii) of Lemma 6.16,
u® begins in an s, block and contains an Snt1—; block that is followed by an s, block
in the n-partition of s. Accordingly, u?® contains the word s,4,_;s,, and hence contains a
singular word w € Q) ,_;, which contradicts Lemma 6.18. O

6.3 FEramples

Example 6.20 Let us demonstrate Theorems 6.13 and 6.19 with an explicit example.
Consider the standard episturmian word s over Az = {ay, as,as} = {a, b, c} with periodic
directive word (abcca)®. We have (d,)n>1 = (1,1,2,2,1,2), and hence

sy =ab, |s1| = 2;

Sg = abac, |sa| = 4;

sg = abacabacaba, |s3| = 11;

s4 = abacabacabaabacabacabaabacabacab, |s4| = 32;

s5 = abacabacabaabacabacabaabacabacababacabacabaabacabacabaabac, |s5| = 58.

Also, Dy = ¢, D1 = a, Dy = abacaba, and D3 = abacabacabaabacabacaba.

We shall simply consider squares and cubes of words of length m occurring in s with
|ss| < m < |sg|. By Theorem 6.1, we need only consider lengths m in the set

S = {]s3l, 2[s3], |s4], |s5], 2|s5], [s352], |S§52|7 |535381\7 |5483], |s554], |S§34|7 855453}
According to Theorem 6.13(1), for 3 < n <5, we have

p(]s3);2) = [s3] = 11,

p(2ls3);2) = [Do| +1 =1,
p([s4];2) = [s4] = 32,
p(|ss];2) = |ss5] = 58,

(

p(2|ss5];2) = | Do + 1 =8.
Also, part (i) of Theorem 6.13 gives

p(|s3sal;2) = [Dof +1 =38,
p(|s3s2]52) = | Do +1 =8,
p|sss3511;2) = [Di] +1 =2,
p([sass3;2) = |Ds| + 1 = 23,
P(lsssal;2) = [Da| + 1 = 34,
p(|s354]52) = |Da +1 = 34,
p(|sssas3];2) = | D3| + 1 = 23.
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Furthermore, from Theorem 6.19, one has

and p(m;3) =0 for all other lengths m € S.

For instance, the sole factor of s of length 2|s3| = 22 that has a square in s is
s3 = abacabacabaabacabacaba,

and the eight squares of length 2|s3ss| = 30 are the squares of the first eight conjugates of
s389 = abacabacabaabac; namely

(abacabacabaabac)?, (bacabacabaabaca)?, ... , (cabaabacabacaba)?.

The only factors of length |sy| = 32 that have a cube in s are the first two conjugates of
S4, i.e.,
si<s and (Ci(s4))® = (a 's40)® < s.

Example 6.21 The k-bonacci word is the standard episturmian word n, € AyY with
directive word (ajas - - - ag)¥. Since all d; = 1, we have s, = Sp_18p—2 - Sp—g for alln > 1
(and the lengths |s,| are the k-bonacci numbers). Thus, for fived n € N and | > 2, if
wt < My with |s,| < |w| < |s,41], then we necessarily have |w| = |s,|+|sp_1]|+- -+ |81
for some i € [1,k — 1] (by Theorem 6.1). The preceding main theorems reveal that

P(1;2) = {ar}, P(|sal;2) = C(sa) = Q) and P(|s,;3) = {Cj(sn) : 0< 5 < [Dnyl}.
Furthermore, for each i € [2,k — 1], we have
P(|snsn-1- - snt1-il;2) = {Cj(snSn-1--Snt1-i) : 0 <75 < |Dpyi—i|}-

All other P(|wl];1) =0, 1 > 2. In particular, k-bonacci words are 4-power free.

7 Concluding remarks

Using the results of Section 6, it is possible to determine the exact number of distinct
squares in each building block s, which extends Fraenkel and Simpson’s result [10] con-
cerning squares in the finite Fibonacci words. Such work forms part of the present author’s
PhD thesis [13, Chapters 6 and 7].

Theorems 6.12, 6.13 and 6.19 also suffice to describe all integer powers occurring in any
(episturmian) word t € Ay that is equivalent to s. (See [15, Theorem 3.10] for a definition
of such t.) The problem of determining all integer powers occurring in general standard
episturmian words (with not all d; necessarily positive) remains open.
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