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STRONG CONSISTENCY OF SPECTRAL CLUSTERING
FOR STOCHASTIC BLOCK MODELS

By LIANGJUN SU* WUYI WANG AND YICHONG ZHANG

Singapore Management University

In this paper we prove the strong consistency of several methods
based on the spectral clustering techniques that are widely used to
study the community detection problem in stochastic block models
(SBMs). We show that under some weak conditions on the minimal
degree, the number of communities, and the eigenvalues of the prob-
ability block matrix, the K-means algorithm applied to the eigenvec-
tors of the graph Laplacian associated with its first few largest eigen-
values can classify all individuals into the true community uniformly
correctly almost surely. Extensions to both regularized spectral clus-
tering and degree-corrected SBMs are also considered. We illustrate
the performance of different methods on simulated networks.

1. Introduction. Community detection is one of the fundamental prob-
lems in network analysis, where communities are groups of nodes that are,
in some sense, more similar to each other than to the other nodes. The
stochastic block model (SBM) that was first proposed by [8] is a common
tool for model-based community detection that has been widely studied in
the statistics literature. Within the SBM framework, the most essential task
is to recover the community membership of the nodes from a single obser-
vation of the network. Various procedures have been proposed to solve this
problem in the last decade or so. These include modularity maximization
[15], likelihood methods [1, 2, 6, 23], method of moments [4], spectral clus-
tering [9, 12, 16, 17, 18], and spectral embedding [13, 19]. Among them,
spectral clustering is arguably one of the most widely used methods due to
its computational tractability.

[2] introduce the notion of strong consistency of community detection
as the number of nodes, n, grows.! By strong consistency, they mean that
one can identify the members of the block model communities perfectly in
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112] use the terminology “asymptotic consistency” in place of strong consistency.
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large samples. They give the necessary and sufficient conditions for strong
consistency based on the parameters of the block model, properties of the
modularities, and expected degree of the graph (\,). In particular, they
find that A,/log(n) — oo is necessary for strong consistency. [23] define
weak consistency of community detection, which essentially means that the
number of misclassified nodes is of smaller order than the number of nodes.
[3] find that weak consistency requires that A, — oo for the SBM. Similarly,
under the conditions that \,/log(n) — oo (A, — 00), [23] establish the
strong (weak) consistency under both standard SBMs and degree-corrected
SBMs.

It is well known that some methods like the modularity maximization of
[15] and the likelihood method of [2] yield strongly consistent community
recovery under some mild conditions on the growth of the node degrees,
but they either rely on combinatorial methods that are computationally de-
manding or are guaranteed to be successful only when the starting values
are well-chosen. Spectral clustering has been shown to enjoy weak consis-
tency under standard or degree-corrected SBMs by various researchers; see
[9], [12], [16], and [17]. For example, [12] establish the weak consistency for
spectral clustering in SBMs with expected degree as small as log(n). But to
the best of our knowledge, the strong consistency of spectral clustering has
not been formally established.

The aim of this paper is to formally establish the strong consistency of
spectral clustering for standard /regular SBMs under a set of conditions on
the minimal degree of nodes (u,), the number of communities (K), the
minimal value of the nonzero eigenvalue of the normalized block probabil-
ity matrix, and some other parameters of the block model. In the special
case where K is fixed and the normalized block probability matrix has min-
imal eigenvalue bounded away from zero in absolute value, we show that
n/ log(n) — oo is sufficient to ensure strong consistency.

As demonstrated by [1], the performance of spectral clustering can be
considerably improved via regularization. [9] provide an attempt at quanti-
fying this improvement through theoretical analysis and find that the typi-
cal minimal degree assumption for the consistency of spectral clustering can
potentially be removed with suitable regularization. In this paper we also
establish the strong consistency of regularized spectral clustering.

The SBM is limited by its assumption that all nodes within a community
are stochastically equivalent and thus provides a poor fit to real-world net-
works with hubs or highly varying node degrees within communities. For this
reason, [10] propose a degree-corrected SBM (DC-SBM) to allow variation
in node degrees within a community while preserving the overall block com-
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munity structure. The DC-SBM greatly enhances the flexibility of modeling
degree heterogeneity and enables us to fit network data with varying degree
distributions. We also prove the strong consistency of spectral clustering for
regularized DC-SBMs.

In the simulation, we consider both standard SBMs and DC-SBMs. For
standard SBMs, we adopt [9]’s regularization method and choose the tuning
parameter 7 according to their recommendation. The results show that in
terms of classification, spectral clustering tends to outperform the uncondi-
tional pseudo-likelihood (UPL) method, which also has the strong consis-
tency property ([1]). In contrast, for the DC-SBMs our simulations suggest
that the regularized spectral clustering tends to slightly underperform the
conditional pseudo-likelihood (CPL) method even though both are strongly
consistent under some conditions. We also show that an adaptive procedure
helps the regularized spectral clustering to achieve much better performance
than the CPL method.

The rest of the paper is organized as follows. We study the strong con-
sistency of spectral clustering for the basic SBMs in Section 2. We con-
sider the extensions to regularized spectral clustering and degree-corrected
SBMs in Section 3. Section 4 reports the numerical performance of various
spectral-clustering-based methods for a range of simulated networks. Section
5 concludes. All proofs of the main results are relegated to the mathematical
appendix.

Notation. Throughout the paper, we write [M];; as the (i, j)-th entry of
matrix M. Without confusion, we sometimes simplify [M];; as M;;. In addi-
tion, we write [M];. as the i-th row of M. ||M|| and ||M||r denote the spec-
tral norm and Frobenius norm of M, respectively. Note that ||[M|| = || M|
when M is a vector. We use 1{-} to denote the indicator function which
takes value 1 when - holds and 0 otherwise. C, ¢, and ¢ denote arbitrary
positive constants that are independent of n, but may not be the same in
different contexts.

2. Strong consistency of spectral clustering.

2.1. Basic setup. Let A € {0,1}"*" be the adjacency matrix. By con-
vention, we do not allow self-connection, i.e., 4;; = 0. Let cz, = Z?Zl Ajj
denote the degree of node i, D = diag(czl, - a?n), and L = D"Y2AD1/2 be
the graph Laplacian. The graph is generated from a SBM with K commu-
nities. We assume that K is known and potentially depends on the number
of nodes n. We omit the dependence of K on n for notation simplicity. If K
is unknown, it can be determined by either [11]’s sequential goodness-of-fit
testing procedure or the likelihood-based model selection method proposed
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by [20]. The communities, which represent a partition of the n nodes, are
assumed to be fixed beforehand. Denote these by Ci,...,Ck. Let nyg, for
=1,..., K, be the number of nodes belonging to each of the clusters.

Given the communities, the edge between nodes ¢ and j are chosen in-
dependently with probability depending on the communities 7 and j belong
to. In particular, for nodes ¢ and j belonging to cluster C, and Cy,, respec-
tively, the probability of edge between ¢ and j is given by P;; = By, k,, where
the block probability matric B = { Bk, }, k1, k2 = 1,..., K, is a symmetric
matrix with each entry between [0,1]. The n x n edge probability matrix
P = {P;;} represents the population counterpart of the adjacency matrix
A. Frequently we suppress the dependence of matrices and their elements
on n.

Denote Z = {Z;;.} as the n x K binary matrix providing the cluster mem-
berships of each node, i.e., Z;; = 1 if node i is in C}, and Z;; = 0 otherwise.
Then we have P = ZBZ". Let D = diag(dy,...,d,) where d; = 2;21 Py
The population version of the graph Laplacian is £ = D~/2PD~1/2, The
standard spectral clustering corresponds to classifying the eigenvectors of L
by K-means algorithm. In this paper, we focus on the strong consistency of
both the standard spectral clustering and its variant.

2.2. Identification of the group membership. Let mg, = ng/n, Wy =
(Bl ZTtn/n = K| Bumin, Dp = diag(W1,..., W), and By = D52 BD,"/?,
where ¢, is a vector of ones in R"™. We can view W} as the weighted aver-
age of the k-th row of B with weights given by 7g,. Similarly, By is a
normalized version of B. Note that By is symmetric as B is. Let II,, =
diag(7min, ..., Tkn). Throughout the paper, we allow for the elements in the
block probability matrix B to depend on n and decay to zero as n grows,
which leads to a sparse graph.

ASSUMPTION 1. By has rank K* < K and the spectral decomposition of
H}/QBOH}/Z is SpQnSE in which S, is a K x K* matriz such that SLS, =
I+ and Qp, = diag(win, . .. ,WK+n) such that |win| > -+ > |Win).

Assumption 1 implies that B = D}B/QH;UQSnQnSzH;UQD}B/Q and By =
1,/ 2SnQnSg I, /% Tt is weaker than the full-rank assumption of [9] who

also assume that K is fixed as n — oo. It also implies that £ has rank K*
and has the spectral decomposition:

L=U,2, Ul =U,21,UL,,

where ¥, = diag(o1p,...,0k%n,0,...,0) is a n X n matrix that contains
the eigenvalues of £ such that |o1,| > |02, > -+ > |ok*n| > 0, X1, =
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diag(oin, - .., 0K*n), the columns of U, contain the eigenvectors of L asso-
ciated with the eigenvalues in %, U, = (Uipn,Usy), and ULU, = I,. As
shown in Theorem 2.1 below, oy, = wg, for k=1,..., K*.

ASSUMPTION 2. There exist some constants C and c such that

oo > C > limsupsupngK/n > liminfir]ifnkK/n >c>0.
n k n

Assumption 2 implies that the network has balanced communities. It is
commonly assumed in the literature but can be relaxed at the cost of more
complicated notation.

ASSUMPTION 3. Let z] = [Z],., the i-th row of Z. There exists a deter-
ministic sequence {&ntn>1 such that if z; # zj,

(n/K)' 2|\ = =) (27 2)71 28] = & > 0.

Assumption 3 imposes a condition on the matrix 5,. It is weak because
we have not specified any explicit condition on {&,}. In fact, as Theorem
2.1 below shows, &, is bounded below from zero if K* = K and the above
assumption can be ensured by imposing some restrictions on the rows of By
when K* < K.

THEOREM 2.1. If Assumptions 1 and 2 hold, then Q, = X,, U, =
Z(Z"72)~'28,, and
sup (n/K)'2|2] (27 2)71%8,| = 0(1).
1<i<n
In addition, if (i) K* = K, then Assumption 8 holds with liminf, &, > 0;
(ii) if K* < K and there exists a deterministic sequence {£),}n>1 such that

inf K Y|[Bolk,. — [Bolw, |l = &
o0t A Bolka- = [Boles- | 2 6> 0,

then Assumption 3 holds with &, > c&|, for some constant ¢ > 0.

Noting that the ith row of Uy, is given by z;‘F(ZTZ)_l/QSn, Theorem 2.1
indicates that the rows of Uj,, contain the same community information as Z
for all nodes in the network. Therefore, we can infer each node’s community
membership based on the eigenvector matrix Uy, if £ is observed.

In practice, £ is not observed. But we can estimate it by L. We show
below that the eigenvectors of L associated with its few largest eigenvalues
in absolute value consistently estimate those of £ up to an orthogonal matrix
so that the rows of the eigenvector matrix of L also contains the useful
community information.
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2.3. Uniform consistency of the estimated eigenvectors. To study the
consistency of the eigenvectors of L associated with its K™ largest eigenval-

ues, we add the following assumption.
log(n)KK* log(n)K*

- O’ M"IO—K*TL‘

ASSUMPTION 4. Let p, = min; d;. Then

and ulog# — 0.

NYK*n

— 0,

If K is fixed and liminf,, |0 g+, | is bounded away from zero, then Assump-
tion 4 reduces to the requirement that log(n)/pu, — 0. That is, the minimal
expected degree should grow faster than log(n). As pointed out by [1], such
a condition is almost the minimal requirement for establishing the strong
consistency of the standard spectral clustering. [5], [9], [16], and [19] con-
sider the regularization of the graph Laplacian, which was proposed by [1],
and establish weak consistency under conditions weaker than Assumption
4. We will come back to the strong consistency of the regularized spectral
decomposition in Section 3.

Consider the spectral decomposition

L=0,5,0",

where 3, = diag(61n, ..., 0nn) With [61n| > |62n| = -+ > [6nn| > 0, and
ﬁn is the corresponding eigenvectors. Let iln = diag(01n,---,0K*n), f]% =
diag(dx*+1ns - - -, Onn), and (7” = (ﬁln, (72,1), where ﬁln contains the eigen-
vectors associated with eigenvalues 61y,...,0K+*,. Then, ﬁf’;ﬁln = Ik~
ﬁg;jjln = 0, and

L= ﬁlnilnﬁﬂ + ﬁgni\bnfjg;l.
The following lemma indicates that L and ﬁln are consistent estimates of

L and Uy, in terms of spectral norm, respectively, and up to an orthogonal
matrix in the latter case.

LEMMA 2.1.  If Assumptions 1—4 hold, then there exist a positive constant
C sufficiently large and a K* x K* orthogonal matriz O, such that

£ —L|| < Clog"?(n)u; /% a.s.

and
[T = UinOnll < Clog2(n)pi 2ol [(K*)? a.s.

Two variants of Lemma 2.1 have been derived in [9] and [16] as special
cases. The key differences are two-fold. First, we obtain the almost sure



7

bound for the objects of interest instead of the probability bound. Second,
Uin and Uln are n x K* 1nstead of n x K.

Let A = LUln = Ulnzlny A = EUann = U1n¥1nOn, Az = Ullzlna
and A; = uh-EmOn, where U Uu and Uu are the i-th rows of Uln and Uy,
respectively. In order to study the strong consistency, we have to derive the
uniform bound for ||@l; — uf.0,|.

THEOREM 2.2.  Denote pp, = max(supy, , [Bolkiks, 1). If Assumptions 1—
4 hold, then

log(n)K*\'Y? ( py, + K1/2
Sup\/”/K”au—OZUMH§C<Og(n> > (p +2 ) a.s.

/-’LTLK UK*n

Note that p, is a measure of heterogeneity of the normalized block prob-
ability matrix By. If all the entries in B are of the same order of magnitude,
then p,, is bounded. In addition, by Assumption 2 and the fact that

(77161n77k2n)1/2Bk1k2 <
(1) T Bry) V2 () Tin Brt) /2

we have p, < CK for some constant C' > 0. Therefore, if the number of
blocks is fixed, then p,, is also bounded.

Since both Uy, and Uy, have orthonormal columns, they have a typical
element of order (n/K)~'/2. This explains why we need the normalization
constant (n/K)? in Theorem 2.2. An important implication of Theorem 2.2
is that like Uy, the rows of ﬁln also contain the community membership
information. Let B, = (n/K)Y?0y,;. Let ¢0 € {1,..., K} denote the true
community that node 7 belongs to. Theorems 2.1 and 2.2 imply that there
exists Byo, = (n/K)Y?0Tuy; such that

- log(n)K*\ Y2/ p,, + K1/2
||6m - ﬁg?n” = Og.s. <<Og(l(> <p0%{*n>> = Oq.s. (1)

1 K* 12 1/2 5
uniformly in 7 provided that <%) (W) = o(1). Then g,

TK*n

(Wklnﬁkgn) 1/2 [Bo]kle =

)

serves as a consistent estimator of Sy,

Example 2.1. Consider the four-parameter SBM studied in [17]. The
model is parametrized by K, s, r and p, where the K communities contain
s nodes each, and r and r+p denote the probability of a connection between
two nodes in two separate blocks and in the same block, respectively. For this
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K
—Kfﬂ), and f, = Lp'}g ) _ (p+r).
Therefore, the probability bound of sup; /n/K||uy; — OLuy| is of order

(Klog(n)rfp + rK))l/Q((p +r)K +£§1/2(p + rK))

K
model, K* = K, p, = (gi:)K ;, OKn =

The last term is of o(1) if K3log(n)/(np) — 0 and rK/p — ¢ € (0,00),
or if K®log(n)/(nr) — 0 and r/p — c € (0,00) . If we further restrict our
attention to the dense SBM with both r and p bounded away from zero, then
the last displayed item becomes o (1) as long as K°log (n) /n — 0.

2.4. Strong consistency of the K-means algorithm. Let an be a generic
estimator of B, for i = 1,...,n. To recover the community membership

structure (i.e., to estimate g?), it is natural to apply the K-means clustering
algorithm to {f;,, }. Specifically, let A = {a, ..., ax} be aset of K arbitrary
K* x 1 vectors: ag, ..., ax. Define

n

. 1 . )
Qn(A) = > o | Bin — cull

=1

and A, = {ay,...,ak}, where A, = arg min 4 @n(A) Then, g;, the esti-
mated cluster identity, is computed as

§; = argmin || By, — &,
1<I<K

in which if there are multiple {’s that achieve the minimum, §; takes value of
the smallest one. Next, we consider the case in which the estimates {Bm}?zl
and the true vector {5kn}kK:1 satisfy the following restrictions.

ASSUMPTION 5. (i) There ezists a constant C' such that
limsup sup ||Brnl|l < C < 0.
n  1<k<K
(ii) There exist some deterministic sequences c1p, and cay, such that sup; ||Bm—

Byonll = Oa.s.(c2n) and liminfy, infi<pep <k [|Ben — Brnll = c1n > 0. (ii)
lim sup,, ancfnl =0 and limsup,, czncanK(K*)l/Q =0.

Let H(-,-) denote the Hausdorff distance between two sets. Let B, =
{B1in,- -+, Brn}. The following lemma shows that the K-means algorithm can

estimate the true centroids {8k, }X_| up to the rate Oa_s.(céle/Q(K*)l/‘l).



LEMMA 2.2. Suppose that Assumptions 2 and 5 hold. Then
H( A, By) = Ous. (e K2 (K%,

With Lemma 2.2, we can show the K-means classification is strongly con-
sistent.

THEOREM 2.3. Suppose that Assumptions 2 and 5 hold. Then for suffi-
ciently large n we have

sup 1{G; # %} =0 a.s.
1<i<n

That is, we can classify all nodes into the true community a.s. in large
samples. To apply the above theorem to (;,, we add the following condition.

1/2

* *\1/2 * 1/2

ASSUMPTION 6. <1°g(’3K K) <(K ) a@“g K) ) — 0 asn — oo.
™ K*n>n

Assumption 6 imposes the conditions for the strong consistency of the
spectral clustering under fairly general conditions. If both |ok+,| and &, are
bounded away from zero, and K* = K is fixed, then the above assumption
reduces to the requirement that u,/log(n) — oo as n — oo, which is the
minimal condition for the strong consistency discussed in [2].

COROLLARY 2.1.  Suppose that Assumptions 1-4 and 6 hold and the K-
means algorithm is applied to By = Bin = (n/K)l/Qﬂli. Then,

sup 1{gi # 0} =0 a.s.
1<i<n

Corollary 2.1 shows that the spectral-clustering-based K-means algorithm
consistently recovers the community membership for all nodes almost surely
in large samples.

Example 2.1 (cont.) For the four-parameter model in Example 2.1,
Assumption 6 is equivalent to

<wb@%pwxv”%@+mK+;W@+ﬂﬂ>ﬁa

(2.1)

If rK/p is bounded, then the above rate further reduces to K%log(n)/ (np) —
0, which allows K = o((np/log(n))'/%). As long as p decays to zero faster
than log(n)/n, Assumption 6 holds even when K grows slowly to infinity. On



10 L. SU ET AL.

the other hand, if r/p — ¢ € (0,00), (2.1) reduces to K®log(n)/ (nr) — 0.
In addition, if both p and r are bounded away from zero, then (2.1) requires
that K8log(n)/n — 0. In contrast, [2] find that when K = O (n1/4/10g (n))
and p is bounded away from 0, the number of misclassified nodes from the
K-means algorithm in the four-parameter SBM is of order o (K3 log? (n)) =

o (n3/4) .

3. Extensions. In this section we consider two extensions of the above
results: regularized spectral clustering of the standard and degree-corrected
SBMs.

3.1. Regularized spectral clustering analysis for standard SBMs. The SBM
is the same as considered in the previous section. Following [1] and [9], we
regularize the adjacency matrix A to be A, = A+ 7n 1,1l where 7 < n
is the regularization parameter and ¢, is the n x 1 vector of ones. Given the
regularized adjacency matrix, we can compute the regularized degree for
each node as d7 = d; + 7 and D, = diag(dy +7, ..., d, + 7). The regularized
version of P and D are denoted as P, and D and defined as

Pr=P+mm 'yl and D, = diag(dy + 7,...,dp + 1),

n

respectively. Consequently, the regularized graph Laplacian and its popula-
tion counterpart are denoted as L, and £, and written as

L. =D Y24,D7Y? and £,=D7Y?*P.D;'/?
respectively. Noting that ¢, = Zix, we have
Pr=P+m vyl =ZBZT + a7 Zugel 2T = ZBT 27,

where B™ = B + Tn_ILKL? Apparently, the block model structure is pre-
served after regularization. Given B”, we can define B, the normalized ver-
sion of B7 as in the previous section. Let W = [B"|.Z7 1, /n = S B ki min,
Dy, = diag(W7,...,WEk), and B} = (D§)~'/2B7(Dj) /2.

In order to follow the identification analysis in the previous section, we
need to modify Assumptions 1 and 3.

ASSUMPTION 7. (i) Bf has rank K* < K and the spectral decomposition
of H%/QBgH,ll/Q is STQT(ST)T, in which ST is a K x K* matriz such that
(STYTST = Ik« and QF, = diag(w],,,. .. ,wk.,) such that |w],| > --- >
|Wiesp |- (1) There exists a deterministic sequence {&] }n>1 such that if z; #
Zj,

(n/K)' 2| = =) (27 2)"Psh) > & > 0.



11

We consider the eigenvalue decomposition of £, as

where 37 = diag(o7],,...,0k+,,0,...,0) is a n X n matrix that contains
the eigenvalues of £, such that |o7,| > |03,] > -+ > |0k«,| > 0, X7, =
diag(o7,,-..,0%=,), the columns of U] contain the eigenvectors of L, asso-

ciated with the eigenvalues in X7, U7 = (U7,,,U3,,), and (Ug)TU; =1,.
The following theorem parallels Theorem 2.1 in Section 2.2.

THEOREM 3.1. If Assumptions 2 and 7 hold, then Q] = X7, U], =
AVANARRET Y
sup (n/K) V22T (27 2)7 257 = 0.
1<i<n
In addition, if (i) K* = K, then Assumption 7(ii) holds with lim inf,, £ > 0;
(i1) if K* < K but there ezists a deterministic sequence {§),}n>1 such that

inf K [BGlky- — Bkl > &
lgkllgk‘QSK 1[Bg k1 = [Bolks-|l = &, > 0,

then Assumption 7(ii) holds with £ > ¢!, for some constant ¢ > 0.

Since £, = n™1ZBfZ, the proof of Theorem 3.1 is exactly the same as
that of Theorem 2.1 with obvious modifications. Theorem 3.1 indicates that
we can infer each node’s community membership based on the eigenvector
matrix U7, if £; is observed.

As before, we consider the spectral decomposition of L :

L, =USn(UNT = UL, 87,077 + U3,53,(U3,)7.

67,0 = 0, ST, = diag(67,s -+, ) and £3, = diag(6 ey - 07m);

Ur = ((717”, U{n) is the corresponding eigenvectors such that (ﬁfn)Tﬁln =
Ig~ and ﬁg;lﬁln = 0. Note that ﬁfn contains the eigenvectors associated
with eigenvalues 67,,,...,0%~,. To study the asymptotic properties of ﬁ{n,
we modify Assumption 4 and 6 as follows.

ASSUMPTION 8.  Denote p;, = min; d;+7. Then W — 0, LnglgLT)K I
n n K*n
log(n)
0, TG — 0, and

<1og<n>K*K)”2(<K*>l/2p; + (K K)Y 2) -0
1, (0Fn&h)? '
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The above modification is natural because node i’s degree becomes d; + 7
after regularization. u], can be interpreted as the effective minimum expected
degree after regularization.

Let (u],)” and (@7,)T be the i-th row of U7, and UT,, respectively. The
following theorem parallels Theorem 2.2 and Corollary 2.1 in Section 2.3.

THEOREM 3.2. Denote p;, = max(supy, x, [Bflkik,» 1). Suppose that As-
sumptions 2, 7, and 8 hold. Then there exists a K* X K* orthonormal matriz
O;, such that

sup +/n/K|[af;—(O7) uf;]| < €

1<i<n

() () o

If K-means algorithm defined in Section 2.4 is applied to Biy = v n/Kuj;.
Then for sufficiently large n, we have

sup 1{g; # g2} =0 a.s.
1<i<n

Theorem 3.2 indicates that the regularized spectral clustering, in con-
junction with the K-means algorithm, consistently recovers the community
membership for all nodes almost surely in large samples.

To see the effect of regularization, in the simplified case when K* =
K, K is fixed and o7, is bounded away from zero, Assumption 8 boils
down to log(n)/ul, — 0. Even if min; d; grows slower than log(n) or does
not grow to infinity at all, we can still choose 7 with 7/log(n) — oo such
that Assumption 8 holds. This implies we can obtain strong consistency for
some SBMs in which some nodes have very limited number of links. The
following is a non-trivial SBM which does not satisfy Assumption 4 but
satisfies Assumption 8.

Example 3.1. Consider a SBM with two groups such that ny = no = n/2

and /
0.4 2/n
5= (2 i)
In this case, d; = 0.4(% —1)+ 2 -2 = 0.2n+0.6 for node i in cluster 1 and

d; = % 5+ %(% —-1)=3- % for node i in cluster 2. Therefore, Assumption
4 does not hold. However, for some T such that 7/logn — oo, we have

+  (0447/n (2471)/n
B _<(2+7')/n (4+T)/n>
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and d] = 0.2n40.6+7(1—n"1) for node i in cluster 1 and d] = 3—4n"'+
7(1 — n~Y) for node i in cluster 2. Thus log(n)/ul, — 0. In addition, it is
easy to see that

0.4+7n~1 247 0.4+co o
BT — 0.2+(1+7)n~ T 02n+(1+0)2E+0)172 | _, [ 02£% 0-24co
0 247 4+ co 1
[0.2n4(147)]1/2(347)1/2 3+7 0.24co

when co = lim,, oo 7/n € [0,1). Apparently, Bj has full rank and Assump-
tion 8 holds. Therefore, the strong consistency of the regularized spectral
clustering still holds.

The previous example illustrates that the regularization works for the case
when one cluster has strong links and the other one has weak links. However,
if both clusters have weak links, it is hard to separate them. Consider the
above example with B replaced by

B 4/n 2/n
- \2/n 4/n)’
and 7/log(n) — oo. Then we can verify that

B — <(4+r)/(3+r) (2+r)/(3+7)>
0 2+7)/B+7) A4+7)/B+71)

such that B has two eigenvalues given by 2 and 2/ (3 + 7). But Assumption
8 cannot be satisfied in this case because u7, |07, |*/log(n) is converging to
zero at rate 1/(72log(n)). Consequently, we cannot show that sup, v/n||a], —
(OD)TuT,|| = 04.s.(1) or prove strong consistency in this case. In general, the
regularization may not work for the case in which we have multiple clusters
with weak links.

3.2. Regularized spectral clustering analysis for degree-corrected SBMs.
In this subsection, we extend our early analyses to the spectral clustering
for a degree-corrected stochastic block model (DC-SBM).

3.2.1. Degree-corrected SBMs. Since [10], degree-corrected SBMs have
become widely used in communication detection. The major advantage of
a DC-SBM lies in the fact that it allows variation in node degrees within a
community while preserving the overall block community structure. Given
the K communities, the edge between nodes ¢ and j are chosen indepen-
dently with probability depending on the communities that nodes ¢ and j
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belong to. In particular, for nodes ¢ and j belonging to clusters Cy, and Cj,,
respectively, the probability of edge between ¢ and j is given by

P;j = 0;0; By,

where the block probability matrix B = {Bj,k,}, k1,k2 = 1,..., K, is a
symmetric matrix with each entry between [0, 1]. The n x n edge probability
matrix P = {Pj;} represents the population counterpart of the adjacency
matrix A. We continue to use Z = {Z;;} to denote the cluster membership
matrix for all n nodes. Let © = diag(61,...,0,). Then we have

P=0zBzTeT,

Note © and B are only identifiable up to scale. We adopt the following
normalization rule:

(3.1) > Oi=mp, k=1,... K.

Alternatively, one can follow the literature (e.g., [16, 23]) and apply the
following normalization Zz‘eck 0, =1, k=1,...,K. We use the normal-
ization in (3.1) because it nests the standard SBM as a special case in which
0;=1fori=1,...,n.

We first observe that, if we regularize both the adjacency matrix A and
the degree matrix D, we are unable to preserve the DC-SBM structure
unless © is homogeneous. To see this, note that when A is regularized to
A; = A+ 7n" Yl its population counterpart is

P.=P+m 'yl =02BZ270 + i Zuul Z.

Since © does not have the block structure, we are unable to find a K x K
matrix B™ and a n x n diagonal matrix ©7 such that

P.=0"2zB"zZTO".

For this reason, we follow the lead of [16] and only regularize the degree
matrix D as D, = D + 71,. To differentiate from the regularized graph
Laplacian L, considered in [9], we denote the new regularized graph Lapla-
cian as

L= D;l/QAD;lﬂ,

and its population counterpart as
—1/2 py—1/2
L =D7V2ppi2,

where P = ©ZBZT0O, D, = D + 71, and D = diag(ds,...,d,) with d; =
> j-1Dij-
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3.2.2. Identification of the group membership. Let mg,, Wy, Dp and By
be as defined in Section 2.2. To facilitate the asymptotic study, we now
strengthen Assumption 1 to:

ASSUMPTION 9. (i) There exists some sequence p, such that p, > 1 and
By < pp, element-wise. (ii) By has full rank K.

It is possible to relax Assumption 9(ii) as we have done in the previous
section. Here, we assume full rank of By for simplicity and clarity.
As before, we consider the spectral decomposition of L/ :

L =U,%,UL,

where ¥, = diag(o1p,-..,0Kns) is @ K X K matrix that contains the eigen-
values of £, such that |o1,| > |9 > -+ > |okn| > 0 and UL Uy, = Ik.
Note that we suppress the dependence of Uy, and 3, on 7. Let O, =
diag(67,...,07) where 0] = 0;d;/(d;+7) fori=1,...,n. Let nj, = >, 6].
THEOREM 3.3. Suppose Assumptions 9 holds and let g? and uZT be the
node i’s true community identity and the i-th row of U1y, respectively. Then
(i) there exists a K x K matriz S} such that Uy, = @iﬂZ(ZT@TZ)*l/QSfL,
(i) (n7g)V2(07) 2T | = 1, and. (i) if 2 = 2 then | — 2] = 0: i

N T V2

il Al H '

flw flw

zi # zj, then ||

Like Lemma 3.3 in [16], Theorem 3.3(iii) provides useful facts about the
rows of Uj,. First, if two nodes ¢ and j belong to the same cluster, then the
corresponding rows of Uy, point to the same direction so that u;/||u;| =
uj/||uj||. Second, if two nodes i and j belong to the different clusters, then
the corresponding rows of Ui, are orthogonal to each other. As a result,
we can detect the community membership based on a feasible version of

{i/ il }-

3.2.3. Uniform consistency of the estimated eigenvectors and strong con-
sistency of the spectral clustering. To proceed, we add the following as-
sumptions.

ASSUMPTION 10. There exist two constants C' and ¢ such that

oo > C > limsup sup n’od; K/(nd;) > liminf inf n’odj K/(nd;) > ¢ > 0.
n o 1<i<n Ji n 1<i<n Yi
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ASSUMPTION 11. Denote pi, = min; d;, p), = pin + 7, 0 = max; 0;, and
0 = min; 0;. Then (i)

logl/Q(n)K3/2 51/4%/2 pn 4+ K172 o
(up)'? o4 oKl ’

oKl
and (i) there exists a positive constant ¢ such that @ > n=¢.

Assumption 10 holds for the simplest case in which the degrees are homo-
geneous within the same cluster. Note in this case, ngo ng od /dl, which

may be of smaller order of magnitude of n/K if d;/7 — 0. However As-
sumption 10 still holds because the factor d;/d] is removed. In general,
Assumption 10 holds if d; is of the same order of magnitude for all 7 in the
same cluster.

Assumption 11 specifies conditions on d;, 6;, and oxy,. If 0 < 8 < 6 < oo,
then Assumption 11(i) reduces to Assumption 6 with K* = K and &, = v/2.
If in addition, K is fixed and liminf, |ox,| > 0, then Assumption 11(i)
further boils down to log(n)/u;, — 0. This indicates that even if the minimal
degree py, is bounded, Assumption 11(i) still holds if 7/log(n) — cc.

Consider the spectral decomposition

L;_ = ﬁninﬁg = ﬁlnilnﬁﬂ + /U\iniQnﬁg;m
where in = dlag(o*n, ey Opn) = dlag(Eln,Egn) with |61, > |Gon| > -+ >
\a,m| > 0, Eln = dlag(aln, ey OKn)s Egn = diag(Gx+1,n, oo a,m) and
Un (Um, Ugn) is the correspondmg eigenvectors such that Uanm = Ig
and U2nU1n = 0.

The following lemma parallels Lemma 2.1.

LEMMA 3.1, If Assumptions 9-11 hold, then there exist a positive con-
stant C sufficiently large and a K x K orthogonal matriz O, such that

12, — L] < Cllog(n)/uy)"?  a.s.

and
1TU1n — U1nOnl| < C(log(n)/u}) lowal T K2 a.s.

Let A = LUpp = UinSp, A = LU1,0,, = Upn$,0p, Ay = 423, and
A = uzTEnOn, where iZZT and uZT are the i-th rows of ﬁm and Uy, re-
spectively. In order to obtain the strong consistency, we need to derive the
uniform bound for ||@] — ul O,||.
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THEOREM 3.4. If Assumptions 9-11 hold, then

sup( )1/2(07) 1/2Hu —OTuZH <Cn, a.s.,

i 10g1/2( ) *1/4p1/2 on +K1/2
where tin = <(# 2 loknl Ql/z T Toxal )

Theorem 3.4 is essential to establish the strong consistency result. As a
corollary, we have:

COROLLARY 3.1. If Assumptions 9—11 hold, then
(3.2)

sup

Ui OE;Uz‘ IOgl/z( ) 51/4/)711/2 4 Pn + K1/? a.s
@]l 1OLu] )1/2 §l/4 loknl o

|0 Knl
In addition, if the K-means algorithm is applied to BAm = uy;/||uril|, then

sup 1{G; # %} =0 a.s.

1<i<n

Corollary 3.1 justifies the use of K-means algorithm on %;, /||u;, || provided
the bound on the right hand side of (3.2) is o (1/K3/2), which is ensured
by Assumption 11(i).

3.2.4. An adaptive procedure. Given the strong consistency of the spec-
tral clustering, it is possible to consistently estimate © by some estimator,
namely ©. Built upon é we propose an adaptive procedure by spectral clus-
tering a new regularized graph Laplacian denoted as L”, which is defined
as

T
Lt = (Dy) V2 AUD) 2,

where A” = A+ 004,16 and D! = diag(A”4,). The population coun-
terpart of LY is denoted as £” and defined as

L — (D//)—l/QP//(D//)—l/Q

where P! = P+ 10, [0 = ©ZB!Z70, B! = B+ tn !, and
D! = diag(P/i,) = D + 70.

Provided O is consistent, we conjecture that one can show the adaptive
procedure is strongly consistent by applying the same proof strategy as used
in the derivation of strong consistency of the spectral clustering based on
L, and L!. We leave this important extension for future research. In the
following, we focus on establishing the consistency of ©.
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Given the estimated group membership {g;}i_, we follow [21] and esti-
mate © by © = diag(6y,--- ,6,), where

A n n
(3.3) 0; = g, ( i1 Aij)/(zi':gi,:gi Zj:l Ayj)
and iy = #{i : §; = k}. Next, we show ; — 6; a.s. uniformly ini = 1,--- , n.

ASSUMPTION 12. (i) limsup,, 6 < co. (ii) sup;<;<, 1{Gi # 67} =0 a.s.

Assumption 12(i) requires that the degree of heterogeneity is bounded,
which is common in practical applications. Assumption 12(ii) requires the
preliminary clustering is strongly consistent. For instance, this assumption
can be verified by Corollary 3.1. However, we also allow for any other
strongly consistent clustering methods, such as the conditional pseudo like-
lihood method proposed by [1].

Let my = Z?:1 QjBkg? and m,, = infg my. Note my = Zi’GCk dy [ny is
the average degree of nodes in community k£ and m,, is the minimal average
degree.

THEOREM 3.5.  If Assumption 12 holds, then sup;<;<,, 10;—0;] = Oq.s.(log(n)/m,,).

In order for © to be consistent, we need the average degree for each com-
munity to grow faster than log(n). In some cases, the average degree and
the minimal degree are of the same order of magnitude. Then we basically
need p,/log(n) — oo for the consistency of ©. In our simulation designs,
pin/ log(n) — 0, which is, in some sense, the worst case for the adaptive
procedure. However, even in this case, the performance of the adaptive pro-
cedure improves upon that of the spectral clustering based on L.

4. Numerical Examples on Simulated Networks. In this section,
we consider the finite sample performance of spectral clustering with two
and three communities, i.e., K = 2 and K = 3. The corresponding numbers
of community members have ratio 1 : 1 and 1 : 1 : 1 for these two cases,
respectively. The number of nodes is given by 50 and 200 for each community,
which indicates n = 100 and 400 for the case of K = 2 and 150 and 600 for
the case of K = 3. We use four variants of graph Laplacian to conduct the
spectral clustering, namely, L, L, L!., and L” defined in Sections 2 and 3.

1. L =D '24D~1/? where D = diag(As,). It is possible that for some
realizations, the minimum degree is 0, yielding singular D.
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2. L, = DT_I/QATDT_I/2 where A; = A+ 7J,, D; = diag(A-¢,), and
Jn = n_anLz.

3. L = D;1/2AD;1/2 where D, = D + 71, and I, is an n X n identity

matrix.
4. L'" = (D!)~'1247(D!")~/2 where A” = A+ 101,16 and D! =
diag(AZey,).

The theoretical results in Sections 2 and 3 suggest the strong consis-
tency of the spectral clustering with L, and L/ for the standard SBM and
DC-SBM, respectively under some conditions. In Sections 4.1 and 4.2, we
consider these two cases. In addition, for the DC-SBM, we will also consider
the adaptive procedure introduced in Subsection 3.2.4. Additional simula-
tion results of spectral clustering with L and L. for the standard SBM and
L and L, for the DC-SBM can be found in the supplementary Appendix D.

For the standard SBM, after obtaining the eigenvectors corresponding to
the largest K eigenvalues of the graph Laplacian (L, L,, L., or L"), we
classify them based on K-means algorithm (Matlab “kmedoids” function,
which is more robust to noise and outliers than “kmeans” function, with
default options). For the DC-SBM, before classification, we normalize each
row of the n x K eigenvectors so that its Lo norm equals 1. For comparison,
we apply the unconditional pseudo-likelihood method (UPL) and conditional
pseudo-likelihood method (CPL) proposed by [1] to detect the communities
in the SBM and the DC-SBM, respectively.? To evaluate the classification
performance, we consider two criteria: the Correct Classification Proportion
(CCP) and the Normalized Mutual Information (NMI).

4.1. The standard SBM. We consider two data generating processes (DGPs).
DGP 1: Let K = 2. Each community has n/2 nodes. The matrix B is set

* 2 (log*(n) 0.2log(n)
B= n <O.2log(n) 0.810g(n)> '

The expected degrees are of order log?(n) and log(n) respectively for com-
munities 1 and 2.
DGP 2: Let K = 3. Each community has n/3 nodes. The matrix B is set

2As [1] remark, the UPL and CPL are correctly fitting the SBM and the DC-SBM,
respectively. In both UPL and CPL, the initial classification is generated by spectral
clustering with perturbations (SCP). The SCP is spectral clustering based on L, with
7 = d/4 and d being the average degree.
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as
3 nt/? 0.110g%(n) 0.110g"%(n)
B="101log"%mn) 1log®?(n)  0.110g%%(n)
0.11og”%(n) 0.110g°/%(n) 0.810g®%(n)

The expected degrees are of order n'/2, log®/? (n) and log®/6 (n) respectively
for communities 1, 2 and 3.

We follow [9] and select the regularizer 7 that minimizes a feasible version
of

L7 = Lel|/ o7

In particular, for a given 7, we can obtain the community identities Z based
on the spectral clustering of L,. Given A , we can estimate the block proba-
bility matrix B by the fraction of links between the estimated communities,
which is denoted as B. Let P = ZBZT, P =P+ TJn, D, = diag(]f’TLn),
ﬁT = @T_ 1 2]5T157_ 1 2, and 07, be the K-th largest in absolute value eigen-
value of £,. Then we can compute

Q(T) = ||LT - ﬁTH/&;ﬁr

We search for some 77Y that minimizes Q(7) over a grid of 20 points, Tjs
on the interval [Tiin, Tmax] , Where j = 1,...,20, Tyin = 1074 and Ty is set
to be the expected average degree. We set 71 = Tin, 72 = 1, and 749 =
(Tmax)?/*® for j =1,...,18. [16] suggested choosing 7 as the average degree
of nodes, which is approximately equal to the expected average degree.

All results reported here are based on 500 replications. For DGPs 1 and 2,
we report the classification results based on L, = D, 1 QATDT_ 1/2 in Figures
1 and 2. The results based on L and L are relegated to the supplementary
Appendix D.

In Figures 1 and 2, the first and second rows correspond to the results with
n = 100 and n = 400, respectively. For each replication, we can compute the
feasible 77Y as mentioned above. Their averages across all replications are
reported in each subplot of Figures 1 and 2. In particular, the green dashed
line represents 77, which can be easily compared with the expected average
degree, the rightmost vertical border.

We summarize our findings from Figures 1 and 2. First, despite the fact
that the minimal degrees for neither DGP satisfies Assumption 4 so that the
standard spectral clustering may not be consistent, the regularized spectral
clustering performs quite well in both DGPs. This confirms our theoretical
finding that the regularization can help to relax the requirement on the
minimal degree and to achieve the strong consistency. In addition, when a
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proper 7 is used, the spectral clustering based on L, outperforms the UPL
method of [1]. Both results are in line with the theoretical analysis by [9].
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4.2. The DC-SBM. The next two DGPs consider the degree-corrected

SBM.
DGP 3: This DGP is the same as DGP 1 except that here P = 0ZBZT0T,
where O is a diagonal matrix with each diagonal element taking a value from
{0.5,1.5} with equal probability.
DGP 4: This one is the same as DGP 2 except that here P = ©ZBZT0T
and © is generated as in DGP 3.

To compute the feasible regularizer for the DC-SBM, we modify the previ-
ous procedure to incorporate the degree heterogeneity. In particular, given 7,
by spectral clustering L, we can obtain a classification 7 = (Zl, e Zn)T,
where Z; is a K by 1 vector with its g;th entry being 1 and the rest
being 0 and g; is an estimator of node ¢’s community membership. Let
ne = #{i : 9i = k} Then we can estimate the block probability matrix
B and © by B = [BkaKK and © = dlag(el,...,en), where 6; is de-
ﬁned in (3.3) and By = (X (.5):50= ,nglA )/ (giy). Let P = ©ZBZTOT,

= diag(Pt,) + 71, and £, = D72PD;'2. Let 677, denote the K-th
largest eigenvalue of £ (in absolute Value). Let

Q'(r) = 1Ly = L51/5%n-

We search for some 7Y that minimizes Q'(7) over the same aforementioned
grid.

For DGPs 3 and 4, we report the classification results based on L. =
D, 1/ QADT_ /2 25 the orange lines in Figures 3 and 4. For each subplot, the
rightmost border line and the red vertical line represent the averages of d and
7Y respectively. Figures 3 and 4 show the regularized spectral clustering
based on L’ is slightly outperformed by CPL in DC-SBMs. However, 7/7Y
has the close-to-optimal performance in terms of both CCP and NMI over
a range of values for 7.

Table 1 reports the classification results for the spectral clustering with
7 = 7Y for DGPs 1-2 (or 7Y for DGPs 3-4) and d in comparison with
those for the UPL (or CPL for DGPs 3-4) method over 500 replications. In
general, the spectral clustering with 7 = 7Y outperforms the UPL method
in DGPs 1-2 but slightly underperforms the CPL method for DGPs 3 and
4. In all cases, we observe that the increase of the probability of correct
classification as n increases. This is consistent with the theory because both
the UPL/CPL method and our regularized spectral clustering method are
strongly consistent.
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TABLE 1
Comparison of classification results based on spectral clustering with T set to 7% or d,
and the UPL/CPL method
CCP NMI
Spectral clustering UPL/CPL | Spectral clustering UPL/CPL
DGP K n/K d Y ' TY d 1Y 7Y
1 2 50 0.9999 0.9999 0.9977 0.9990 0.9990 0.9843
2 200 1.0000 1.0000 0.9994 1.0000 1.0000 0.9949
2 3 50 0.9905 0.9957 0.9943 0.9693 0.9820 0.9760
3 200 0.9945 0.9994 0.9980 0.9847 0.9968 0.9893
3 2 50 0.9592 0.9619 0.9625 0.7918 0.7942 0.8136
2 200 0.9756 0.9779 0.9770 0.8531 0.8690 0.8667
4 3 50 0.9468 0.9534 0.9603 0.8320 0.8414 0.8678
3 200 0.9640 0.9702 0.9745 0.8710 0.8898 0.9023
4.3. The adaptive procedure. Next we consider the adaptive procedure for

DC-SBM. The procedure contains two steps:

1.

Following [1], we adopt the SCP to get a preliminary estimate of the com-

munity structure. Based on this preliminary estimate, we estimate © by ©
as in (3.3).

. With the estimated © from the previous step, we construct A7 = A +

70J,07, D! = diag(A”1,), and L” = (D")~*/2A"(D!)~1/2.3 For a given T,
by spectral clustering L, we can obtain a new classification Z = (Zl, e ZH)T,
where Z; is a K by 1 vector with its g;th entry being 1 and the rest be-
ing 0 and §; is an estimator of node i’s community membership. Let ny =
#{i : §g; = k}. Then, based on the new classification, we can estimate the
blockA probability matrix B and © by By = (Z(i)j)?i:k@j:l Aij)/ (i)
and 0; = g, (327 Aij)/(Xir.5, =g, 2oj=1 Airj)- Given B = [B]i<ki<k and
0, = diag(fs,...,6,), we compute P = 6, ZBZT0T P’ = P + 16,07,
D, = diag(P"1y,), and L = ’157_1/2]5;’15;1/2. Let 6% denote the K-th largest
eigenvalue of £/ (in absolute value). Let

Q"(r) = 1LY — £21/6%,:

We search for some 7Y that minimizes Q" (7) over the aforementioned grid.

Figures 3 and 4 also report the classification results based on L”, which are
shown as the dark lines. We find the performance of spectral clustering based on

[/
L7 is

better than those using the CPL method. In addition, our choice of 77,

marked as the dark vertical line in each subplot, performs well in both DGPs 3 and

4.

3In

practice, we let A7 = A+76.J,07 +1078J, to overcome the computation problem

incurred by 0 degree nodes.
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5. Conclusion. In this paper we study the strong consistency of spectral
clustering for stochastic block models (SBMs). We first consider the standard SBMs
and show that under some conditions on the minimal degree (i), the number of
communities (K), and the eigenvalues of the probability block matrix, the K-means
algorithm applied to the eigenvectors of the graph Laplacian associated with its
first few largest eigenvalues can classify all individuals into the true community
uniformly correctly almost surely in large samples. In the special case where K is
fixed and the probability block matrix has minimal eigenvalue bounded away from
zero, the strong consistency essentially requires that p,/log(n) — oo as n — oo,
which is the minimal condition for the strong consistency discussed in [2]. We
also consider the regularized spectral clustering for the standard SBMs and show
that the regularization can greatly relax the above conditions and it only requires
(tn, +7) /log (n) — 00 as n — oo in the aforementioned special case, where 7 is the
regularization parameter. The extension to the regularized spectral clustering for a
degree-corrected SBM is also studied and we show that strong clustering can also
be achieved in this case. Our simulations indicate that an adaptive procedure helps
to improve the finite sample performance of the regularized spectral clustering for
a degree-corrected SBM.

APPENDIX A: PROOFS OF THE RESULTS IN SECTION 2

In this appendix we prove the results in Section 2. We will apply some technical
lemmas whose proofs are relegated to the supplement.

PROOF OF THEOREM 2.1. By the proof of Rohe et al. [17, Lemma 3.1], we have
L = n"1ZByZ". Therefore, L2 = n"1ZBy(Z¥Z/n)BoZT. Let ,, = ZTZ/n =

diag(mip, - .., TKn). By the spectral decomposition in Assumption 1, we have
(A1) 1Y/2 BoIl, BoITY/? = 5,02 8T
where Q,, = diag(win,...,wk+n) such that |wip| > |wan| > -+ > |wk+n| > 0 and

S, is a K x K* matrix such that STS,, = Ixc-. Let U, = Z(ZT Z)~1/2S,,. Then,
we have

(A.2) upQturt = 22 =u,, 33 Ul

In addition, U;Uy, = SIS, = Ix+. Therefore the columns of Uj,, are the eigen-
vectors of L associated with eigenvalues o1,,...,0K+y,, up to sign normalization.
W.lo.g., we can take U, = Uy, and Q,, = 3q,,.

In addition, if node 4 is in cluster Cy,, then 2/ (Z72)~1/28, = nl;l/Q[Sn]kl.,
where [Sy,]x. denotes the k-th row of S,,. Therefore, by Assumption 2 and the fact
that [|[Sh e[ < 1,

(/K212 (27 2) 7280 < V2 [Sulky |l < 2

Taking sup, on both sides establishes the first desired result.
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Now, let &, = mini<;<j<,(&)2|(2; — 2;)(Z7Z)71/28,||. Let nodes i and j be
in communities k; and kg, respectively, where ky # ko. If K* = K, ||[Sp]x.|| = 1 for
k=1,...,K and [S,]{ [Sn]r,. = 0. Then noting that

n n n 2
Kny, KnkQ =’

n _
i = 2)(Z72) 28, =
we have &, > 1/% > 0. This concludes part (i) in the second claim. For part (ii), by

(A1), (2T 2)-Y28,028T(z" Z)~Y/? = n~' Bym, By. Noting that 2] (27 Z)~1/28,, =
n,;l/Z[Sn}kl and 2] (Z7Z)71/28, = n;21/2[5'n]k2., this implies that

h
> e (28l ) (w62

k*=1
K
= Z?(ZTZ)71/2STLQTLSZ;(ZT ) 1/22 =n Z ﬂ-kan[BO]klks [Bo]kzksv
k3:1
K* ) 2 K
—1/2 _
> (1 Sudse ) =17 D Bl
k*=1 k3=1
and
K* 2 K
—1 _
32 e (Sl ) = Y s Bolf
k*=1 ks=1
It follows that
(A.3)
K* 2 K
—1/2 _
. ("kl/ [Sulkars — i, [Sn]kzk*> =n"" > Thyn([Bolkiks — [Bolkaks)*-
k*=1 k3=1

By (A.2), w?, = ||£?|]. In addition, ||L| < 1, and by Lemma 2.1 below which
does not use the result in this theorem, ||£ — L|| = 04.5.(1). This implies |wqp| < 2.
Then, by Assumption 1(ii) and (A.3),

2
5 —1/2
4§n - 41<k1<kz<n K Z (nkl [Sn]klk* - nk? [Sn]kzk*>

V

2
. ~1/2 1/2
—19?2&@;{21%* N i C R C

Z 2
T 1<k Sha<n K2 Tran ) ([ Bolkaks = [Bolkara)
1 2>

kz=1

Y

2 > ’1\2
1<k1;n<k:2<n K? ”[BO} [BO]kg-” - C(gn) ’

Then &, > ¢/, with ¢/ = /c/2 and the conclusion in part (ii) of the second claim
follows. N
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The proof of Lemma 2.1 is similar to the ones in [9] and [16]. We include it
just for completeness. We will use the following Bernstein inequality of the matrix
derived by [14].

LEMMA A.1.  Consider an independent sequence (Yy)g>1 of real symmetric dxd
random matrices that satisfy EY = 0 and ||Yx|| < R for each index k. Then, for
allt>0 and 0? = || >, -, EY?|,

—t2
P Vi >t <d - ).
(I = 0) < deo( 357 )
E>1
PROOF OF LEMMA 2.1. Let L = D~Y2AD~1/2_ Then
I£—=L|| <|I£- Ji|| + || L - E|| = T+1I.

Let Y;; = (didj)~'/2(A;; — Pij)(eie] + ejel) for 1 < i < j < nand Y =
—d;an-el e; , where ¢; is the n x 1 vector with its i-th coordinate being 1 and

the rest being 0. Then, {Y;;}1<i<;j<n is a sequence of independent symmetric ran-
dom matrices such that EY;; = 0,

L — £ + diag(L Z Y;; and diag(L) = Z Yii.
1<i<j<n i=1

In addition, we note that sup; <, <, [|Yi; || < v2/p, and

d=| > EYZ|=|dag> pi(1—py,)/( o g (L=png)/(dndy))|

1<i<j<n J#1 J#n

—1
S Hr, 1rgfl<x sz] — DPij /d < p“n .

Therefore, by Lemma A.1 and Assumption 4, there exist some constant C' > 2 and
some integer ng sufficiently large, such that for n > ng

P(|L — £+ diag(L)|| = Cllog(n)/ua)'?) = P(I Y Yyl = Cllog(n)/un)"?)

1<i<j<n
—C?log(n)/ n
§nexp( _ g(n)/p - 1)
Bun '+ 2v/2C (log(n)/pin)'/ 2 i
(A.4) <Cn'=¢.

This implies that

> P(|L - £ + diag(L)|| > C'log"?(n)p, /%) < oo,

n=1



28 L. SU ET AL.

or equivalently, || L—L+diag(£)|| < C’logl/2(n)u;1/2 a.s. In addition, ||diag(L)| <
ut = o(log"?(n)un /?). Therefore,

1< ||L— £ +diag(L) ] + |diag(£)| < Clog”>(m)u; /2 a.s.

Now we turn to II. By Bernstein inequality for independent bounded random
variables, for some C > 2, we have,

i - —C2d2 log(n
P(sup|d; — d;| /d; > C(log(n)/pm)"/?) < 2Zexp< C2d; log(n)/pin )
‘ =1

2d; +2C(log(n)/pn)*/2d; /3

<Cn'7%,

where the second line follows from the fact that min; d; = p, and log(n)/u, — 0
under Assumption 4. Therefore, sup; |d; — d;|/d; < C(log(n)/u,)"/? a.s., and we
have

ID~2DY2 —1|| = max|(d;/d;)"/? ~1] < max|(di/d;) ~1] < C(log(n)/pa)'/?  a.s.

Then by the triangle inequality and the fact that ||L|| <1,

HZ _ LH _ HL _ D—1/2D1/2LD1/2D—1/2H
S HD71/2D1/2L _ D71/2D1/2LD1/2D71/2H + ||L _ D71/2D1/2L||
<||D7VEDVE —I||DT2DYR| 4 ||DT V2DV — 1| < C(log(n)/ua)'?  aus.

This concludes the first part of the proof. For the second part, by the Davis-Kahan
Theorem (e.g., Yu et al. [22, Theorem 2]), we have

C(K)'\2IL — £

‘O'K*n

U1 — Upn Oyl < < Clog"?(n)(K*) "2, 2o,

a.s.

To prove Theorem 2.2, we need the following three lemmas.
LEMMA A.2.  Let p, = max(supy, j,[Bolkik,,1). Then Py < pon=(did;)'/2.

LEMMA A.3.  Let Vi, be some nx K* (random) matriz and vl be the i-th row of
Vin. Assume there exist two deterministic sequences {@1n}n>1 and {¢an}tn>1 such
that [|Vin|l < é1n and sup; ||vii|| < ¢an almost surely. In addition, if Assumptions
14 hold, then there exists some positive constant C sufficiently large such that

* 2 * 1/2
sup(dfwll([A]i.—[Ph.)D1/2V1n||) §20[¢2"1°g(")K v(log(”)j;"m”[{) } a.s.
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LEMMA A.4. Assume there exists a deterministic sequence {ty, }n>1 such that
sup; [[uy;|| < ¥n almost surely. If Assumptions 1-4 hold, then there exists some
positive constant C sufficiently large such that

IA — Al < Clog'/?(n)(K*)/?p ot | as.

and

sup [A; — As|l < Clog(n) K™y, "y + Clog(n) K*) 2 pp(npin) 2|0yt

Proof of Theorem 2.2. First, by the Weilandt-Hoffman inequality and Lemma
2.1,

(A.5) IS0 — S1nll < |L = £ < Clog?(n)p'?  a.s.
Then, by Lemmas A.4 and 2.1,
C(log(n)K*)/2pu 2ot
>[A - A
:”Ulnzln - Ulnzann”
> U1 (00T 10 — Z1000) || = Ui = UrnO00) 210 = U1 (Z1n — S1) |
:”Onzln - E1nOnH -’ IOgl/Q(n)N;1/2|0K |( )1/2 a.s.

Therefore,
(A.6) 100E 10 — S1000 || < Clog?(n)uy; V2 ok, |(K*)Y? a.s.
In addition,

1Ai = Asl = a1 — v 51004

> ||(ulz ulz n)S1nl| — ”ulz(zln S|l = ||u’ﬂ-(21n0n — O0nZ1)||
= I—-II—-1III.

Next, we bound the three terms on the right hand side (RHS) of the above display.
First, since ¥1,, = diag(o1n,-.-,0K+*n),

I> |ognl|ul;, —ul,0,| a.s.
Denote T',, = sup; ||a?; — u;0,|. By Theorem 2.1 and (A.5)
IT < (Sll%p [a1; = ui;0n +sup [ D110 = Saal
< Clog"?(n)u; YT, + Clog1/2(n)(nun)_l/QKl/2 a.s.
Similarly, by (A.6) and Theorem 2.1,

177 < Clogl/Q(n)(nun)_l/Q\ol}in (KK*Y? a.s.
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Therefore, we have

sup |Ai—As|l = (lox-n|=Clog"? (), /*)T=Clog! 2 (n) (mpr) 2|0t [ (KOK)12.

On the other hand, if T',, < 519 a.s. for some deterministic sequence {57(10)]%21, then

sup |yl < C(6O + (n/K)"1?) a.s.

Applying Lemma A.4 with 1, = C(6%”) + (n/K)~/?) and Assumption 4, we have
Cpi log(m6@ K™ + Cllog(n) K*)Y2pr (ngin) 210,
> sup||A; — Ay

— Clog!? () V)T, — Clog2(n) (ngu) ot (K K2,

2 (|JK*n

Since log(n)u,;, ! |U]_ﬁ” — 0 under Assumption 4, we can choose ng sufficiently large

such that for n > ng,
> Clog?(n)u; /2.

Then, by combining and rearranging terms, we have,
Crig it [ og K"y | Cllog(m)K*) (i) 2032, (pn + KM?).
(1= Clog"?(n)pn ot ) " (1= Clog"*(m)pn'Ploict,.|)

OKn
Again, since o 0 under Assumption 4, we can choose n; > ng sufficiently
large such that for any n > nq,

‘O—K*n

I, <

log(n)K™

Cpy log(n)logen, |[K* 1
(1= Clog" () Plogt,l) ~ 2
and
¢ <2C.

—-1/2, —
(1= Clog"*(n)uz*|oct,,

)

Therefore, for n > nq,
s = Lso 4 Np >T
5 9n n = 1n,

n

where 7,, = 2C(log(n)K*)"/?(np,) 202, (pn + K'/?). We iterate the above cal-
culation ¢ > 1 times for some arbitrary integer ¢, and obtain that, for n > nq,

T, <6®, &0 = %55;*” + -

This implies (L(f) = (%)t [(57(10) — 2774 + 27),.

Because sup; [|u;]|? < ||(71n||% = K*, we have sup, ||ay;|| < (K*)'/2. Then, we
set 5 = (K*)Y/2 and choose ny > n; sufficiently large and ¢ = n such that for
n 2> ng,

I, <6 <27(K*)Y/2 4+ 25, < 3n,.

This concludes the proof. O
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Proof of Lemma 2.2. Let Q,(A) = Zszl ming <;< g || Brn — r]|*Tn. We first
derive the convergence rate of Q,,(A)—Qn (A) uniformly over A € M = {(a1,...,ak):
sup; <<k llaxl| < M} for some constant M independent of n. Let R,, = sup; | Bin —
Bgon |- Then, by Assumption 5(iii),

(A7) Ry = Oa.s.(C2n)-
In addition,
1Bin — cull® < [1Byon — cull® + 21(Byon — Bin)" (Byorn — )| + |1Bgon — Binll®
< 1Byon — aull® + 21IBgon, — Binll1l1Bgon — cttlloo + R2
< |1Byon — aull® + 2VE* Ry | By, — il + R},
< 1Byon — aull® + 2VE* R (|| Bgon |l + lleull) + B3

Taking min;<;<x on both sides and averaging over ¢, we have
Qn(A) < Qu(A) + CVE*R,.
Similarly, we have Q,(A) > Q. (A) — CVEK*R,. By (A.7),
B = sup [Qn(A) = Qu(A)] = Ous. (20 VED).

Next, we show A, € M. Denote A, = {ay,...,ak}. By Assumption 5(i), we
can choose co > M > 0 such that

sup [|Binll < R+ sup |[|Binll < M.
i 1<k<K

Denote I,,(k) = {i : k = argmin; ;< |Bin — @]} for some k < K. If ||| > M
and I,(k) = 0, then we can choose

i ~ ~ ~ o~ ~
An = {ala' sy Op—1, Qs Ot 1, - - .,(XK},

where @), = (i, for some arbitrary i < n. Therefore, we have ||a}| < M < ||a||

and Q,(A’) < Qn(A,), which is a contradiction. On the other hand, if [|@| > M
and I, (k) # 0, then we can choose

" ~ ~ ~ o~ ~
A, ={a1,...,0k_1,0}, 01, ..., 0K},

where @), = m D ier, Bin and |I,(k)| is the cardinality of I,,(k). This means
oLl < M < ||ag|| and @, (A),) < Qn(A,), which is a contradiction too. Therefore,
|lax|| < M. Since k is arbitrary, A, € M.

Third, we show for any C7 > 0, there exists a constant C' independent of n such
that,

i f > : 2 K 2 K
-AZH(-/{%TL)>C'1 QH(A) - len(cl/ 7Cln/ )a
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where B, = {B1n,- .-, Bkn}- If there exist some Iy € {1,..., K} and two indices k;
and ko such that

lo = argmin || Bk, n — aq]| = argmin || Br,n — aql],
1<I<K 1<I<K

then by Assumption 5(ii)
QTL('A) 2 ﬂ-kln”ﬁkln — H2 + 7Tk2n||ﬂk2n — Qy H2

o C
> 22 (1Brin = gl + 1Bran — 1o 1)* 2 Fl1Bran = Bran I = Cetn/ K.

On the other hand, if there does not exist such an [y, then there is a one-to-one
mapping h: {1,..., K} — {1,..., K} such that

h(k) = argmin || Brn — |-
1<IKK

Therefore,

K
Qn(A) = Zﬂ—kn”f}kn - O‘h(k)Hz > (H]%f ﬂ_kn)Hz(A; Bn) > CC%/K
k=1

Last, we show H(Vzl\n,Bn) = Oa,s,(c;le/Q(K*)l/‘l). For any € > 0 and suffi-
ciently large Cs,
P(H(A,,By,) > Cocd P KV2(K*)Y/4 i)
= P(H(Ay, B,) = Cocy K (K*)*,Qu(An) = Qu(By)
+ Cmin(C2eon (K2, 3, /K) i.0.)
< P(Qn(Ay) + Ry > Qu(By) — Ry + Cmin(Cea (K*)Y2,63, /K)  i.0.)
= P(2R, > Qn(Bn) — Qu(Ayn) + Cmin(C2eon(K*)Y2, 63, /K) i.0.)
< P(2R, > Cmin(Ccy, (K*)2, 2, /K) i.0.) =0,
where the last inequality because @n(Bn) - @n(ﬁn) > 0 and the last equality holds

because R,, = Oug.s.(c2n(K*)1/?) and lim sup,, czncff(K*)lpK — 0. This concludes
the proof. O

Proof of Theorem 2.3. By Lemma 2.2 and Assumption 5(ii) and (iii), for each
n, there is a one-to-one mapping i, : {1,..., K} — {1,..., K}, such that
SUP |k = By, gl = O (e KN,
W.l.o.g., we can assume p, (k) = k such that

(A.8) R, = sup @k — Brnll = Oaus. (chl KV (EF)VY).
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If g; # g7, then || Bin — Qg
inequality, implies that

| < [|Bin — 0o, This, in conjunction with the triangle

Ha’g\ﬂl n” Hﬂm ag?n” < ||ﬁm - a’g}n ‘ < Hﬁm - ag?nH

It follows that 1

~

Hagt -«

v (A.7), (A.8), and the repeated use of the triangle inequality, we have

0
g, n

Rt o2 1B = Byl + 1Bym — Gyl
> Bin — Bypall 2 2 1@ — By
= 21 Boin — Bypn) + @n — ) + (B — g
> 5 — Bygull = B = e1n/2 - By

This implies R
g # )} < YR, + 2R, > c1,/2}.
Noting that the RHS of the above display is independent of i, we have

P(sup 1{g; # %} >0 i.0) < P(R,+2R, > c1,/2 i.0.)

= P(Ous.(C2n) + Ou o (A PK V(K > ¢1,/2 in0.)

= 0 under Assumption 5(iii).
This concludes the proof. O

Proof of Corollary 2.1. We note that Theorems 2.1-2.2 and Assumption 6
verify Assumptions 5(i) and (ii) and Assumption 5(iii), with S, = 7Tk_n1/2[5n0n]k.,

Bin = nt/ 2u1 , Can = &2, and ¢y, = &,. Then the corollary follows from Theorem
2.3. O

APPENDIX B: PROOFS OF THE TECHNICAL LEMMAS IN

APPENDIX A

Proof of Lemma A.2. Definition of p,,, [Bolk,k, < pn forany ki, ke =1,..., K.
Consider the case nodes ¢ and j are in Cj, and Cy,, respectively. Then

Pij = Bk, =n" (nWi,)"?[Bolkyr, (nWi,)"/?
= 0 Bolkk, (didy)'/? < pan=(didy) /2.
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, N\ 1/2
Proof of Lemma A.3. Letr, = {%" 105(”)1{ v(log(n)f;"p"K ) ],SK -l =

{%(6 iRK* gl = 1}, and G, = {g1,...,9n:m,} € SE ! such that for any ¢’ €
GK* -

)

lg' = f(d)l <n7,

where f(g') = argmin g |[lg' — gl|. Then, we have M, < Cnk 1

and
P (supd 21((AL ~ [PLID2V | 2 20,
siP( sup 2[4l [PLID Vi £(0))] > Cr,

+ 32 P sup d (Al — [Pl Vgl 2 O, )

i=1 9€Gn
(B.1) = I, 4+ I,

Note that d;1/2||([A]i.—[P]i.)D_l/QH < n!/?p;t almost surely, sup e gre—1 || Vin(9—
F@)II € ¢ran~" and r, > C 27 Therefore,

I < ip(¢1nn-1||dﬂ2<m. — [Pi)D 17| > CW(““")_W)

i=1

(B.2) < i:P(l > C(,un)l/2> =0.

i=1
Now we turn to I1,,. Let

H={heR":||h]| < ¢1, and sup|h;| < d2n},
j

where h; is the j-th element of h. Note, for any g € SK =1 |[Vi,g| = Vil < é1n
and [[Vingl;.| < |lvisll < ¢on almost surely. Thus, {Vi,g : g € SK" 71} € H. In
addition, for any h € H, |(Ai; — P;;)(did;) "' /?h;| < ¢an/pn and by Lemma A.2,

0% =Y E(Ay — Py)*(did;) "B <Y Pyj(didy) 'R < po(npn) 17,
J#i j=1

and
|Aii — Pyld; " |ha| = Pii(di) " hil < donpy,t < Cri /2.
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Then, by the Bernstein inequality,

I, <Y Cn® 71 sup P(d_1/2|([A],-. — [Pl;)D™ Y Ving| > Crn>

gESK* 1

<y conf- Sup P<C’rn/2 1 (Aij = Py)(didy) 20| > Crn>
=1

J#i
2,.2
(B.3) < Cn®™ exp &
Crn¢2n + 2p"¢ln

3pin Tpn

Note that ¢on/pn < 7,/(log(n)K*) and pn¢3,/(nu,) < r2/(log(n)K*) by the
definition of r,, Therefore for a sufficiently large constant C,

(C/2)%K*

the RHS of (B.3) < CnlX ~“Eiva] < o2

Combining

1), (B.2), and (B.3), we have,

(B.
i_o: (Sup< d; )AL - [P]i-)D_l/Q‘/ln”) > ZC’rn> < 0.

This leads to the desired result by the Borel-Cantelli lemma. O
Proof of Lemma A.4. Note ||L|| < 1. Then, by Lemma 2.1,

IA = Al| = ||LU1, — LU Oy ||
<N LUy — U1, O)|| + (L = £)U1, 04|
<NUip = UrnOn|| + ||IL - £

< Clogl/z(n)(K*)1/2un1/2|a a.s.
For the second result, denote A = D=Y/2PD~1/2,,,0,, and A; = d 1/2[ P];. D~Y2U,,,0,,
as the i-th row of A. Then we have
B4 suplRi— Al < sup|A — Kol + sup Ry — Ryl o= T+ 7.

For I, we have
I=sup||(d; d; [P D72 — V2P DTV UL, O
Ssuplldi V2Pl D~V — a7 PP DV
<sup||d V2P D VDYDY - )|+ |(d; P - a7 )P D
<supd‘”2||[ POV |[DV2DT — 1| 4 sup d;* — a2 [P D)

= Il + IQ.
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By Lemma A.2,
(B.5) I[P} D2 = Zlﬂ Y2 < pu(difn)' 2.

In addition, by the proof of Lemma 2.1,

(B.6) sup\d V212 1) < C(log(n)/un)?  a.s.
and

(B.7) |DY2D=Y2 — I|| < C(log(n)/un)'/?  a.s.
Therefore,

I < Csupd; /*(dyn) "/ (log(n) /1) /?pr < Clog"> (n)(npta) 2y aus.

I < Csupd; ?(log(n) /1) "/*(di /n)? pn < Clog"?(n)(nin) ™ 2py acs.,
and
(B.8) I < Clog?(n)(npn) " ?pn  a.s.
For II, we have
sup [[A; - A
=sup||d; /?[A];. D7 20r, — d; P[Pl DT U0
i
<supd; | [Pli. D721 = UinOn) |+ supd; 2 ([ALi = [PLi) D201 Ol
+supd; (14 —[P}i.>D-1/2<Um—Umon>||

(B.9)
22111 + IIQ + 113

By Lemma 2.1, (B.5), and (B.6),

Iy < Csupd; ' po(di/n)'/? (log(n) /) /2| gt | (K)1/2
(B.10) < Cpn(log(n) K*) V2 (npn) V2ot | a.s.
By (B.6), we have

I, < Csupd; ?||([A);. — [P);.)D~Y/?DY2D™12U,,,0,].

Denote Vi, = DY/2D~1/2[J;,,0,,. Then, by (B.7), Theorem 2.1, and the fact that
On = O4.5.(1), we have ¢1, = ||V, < C and ¢, = sup;<;<,, [[v1i]] < C(n/K)~1/?
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almost surely. Therefore, by Lemma A.3 and the fact that p,, > 1 and K*K log(n)/p, —
0 under Assumption 4, we have

(B.11) IT, < Clog?(n)(nun) Y2 (pua K*)/?  a.s.
Similarly, we have
113 < Cd; 2|([AL;. = [P])D~Y2DY2 D=2 (0, — U1, 0n).

Let Vi, = ’D1/2D_1/2([71n — U1,0,). Then, by (B.7), Lemma 2.1, and Theorem
2.1, we have

P1n = [[Vin| < CHﬁln = UnOnl| < C(log(n)K*/un)l/ﬂU;ﬁn a.s.
and

$on = sup |lvl| < C sup [[af; — uf;0n] < ¢bn+C(n/K)"? as.
1<i<n 1<i<n

Then, by Lemma A.3, we have

(B.12)  II3 < Clog(n)uy, " n K* + Clog(n)p, 'n™ 2K (K2 + pi/? |05t |).
Combining (B.4) and (B.8)—(B.12) with the fact that log(z%w = 0, |og+n| <
|o1n] < 1 and p, > 1, we find the bound of I]; and the first term of the bound of

115 dominate the rest, which leads to the desired result. O

APPENDIX C: PROOFS OF THE RESULTS IN SECTION 3

Proof of Theorem 3.1. Since £, = n~1ZBJZ, the proof follows that of The-
orem 2.1 with A, By, and S, replaced by A,, Bj, and S}, respectively. O

Proof of Theorem 3.2. The proof of part (i) is analogous to that of Theorem
2.2. The main difference is that we need to use Theorem 3.1 in place of Theorem
2.1.

Theorem 3.1 and the first part of Theorem 3.2 verify Assumptions 5(i) and
(i) and Assumption 5(iii), respectively, with By, = W,?i/Q[S,TLOZL]k. and B, =
n'/2(a7,)". Assumption 2 is maintained. Then part (i) follows from Theorem 2.3.

O

Proof of Theorem 3.3. Let ¢ € {1,...,K} denote node i’s membership.
Similar to Qin and Rohe [16, Lemma 3.2], we have by (3.1)
(C.1)

n n K K
d; = ZPZ-J- =0, Z 0;Bgo g0 = 6i Z Z 0; By = nb; mengk = nfiWyo.
j=1 j=1 k=1

k=1j€C}



38 L. SU ET AL.

Therefore,
[£7)i5 = Pis((di +7)(dj +7))7V/% = Byogo (6:6;)((d; + 7)(dj + 7))/
— Bg?g?(9;9;)1/2(9i9j)1/2(d,»dj)—1/2
=1 Byogo (0707)"*(Wya W) ™12
= n'[0}? 2Dy BD; 2" 0%,
=n"10Y2ZByzTeY?,;.

That is, £, = n=10Y?ZByZT©Y?. Then
(L) =n"1'0Y2ZBy(270,.Z/n)ByZzT0Y? = n~'e}2ZB,1I7 ByzT0}/?,

where 1T}, = 270, Z/n = diag(n],,, ..., 7k,), and 7y, = nj/n =3, . 607 /n. By
the spectral decomposition, we have

(C.2) (I17,) /2 Bo I}, By (117) /2 = 870, (S7)7,

where Q,, = diag(wn, ..., wkn) such that w, > wap > -+ > wg, > 0and S, is a
K x K matrix such that (S7)7ST = Ix. Let U}, = @i/zZ(ZT@TZ)_lmSTTL. Then,
we have

ULn Uiy = (£7)? = Un B3 UL,
In addition, UL U7, = (S7)T'ST = I. Therefore the columns of U;,, are the eigen-
vectors of L/ associated with eigenvalues o,,,...,0xn, up to sign normalization.
W.lo.g., we can take Uy, = U, to obtain the first result.

Now we turn to the second result. If node 7 is in cluster Cj,, then

ul = (07)"2:] (27 0.2)"V25] = (67) 2 (nf,) "2 (S]]
where [ST]x. denotes the k-th row of S7. Therefore,
(k)20 2Nl || = 1571k = 1.

T
Last, we note that “—ZTH = [Sq]go.. Therefore, if z; # z;, then g7 # g7 and

[l

T T
e = o | = sl 157
- — 18T,0. — [ST],0.]l = V2.
luf -l s e
Similarly, if z; = z;, then g¢ = g% and % = 4 0
imilarly, if z; = z;, then gj = g; an TufT = Tl

PROOF OF LEMMA 3.1. Let I, = Dy /2AD72. Then
1L, — LU < ||£h — Lo || + | L) — Ly || := T + I1.

Let d] =d; + 71, Y = (d[d;)*l/Q(Aij - Pij)(eief +ejel) for 1 <i < j < n, and
Y= —(d{)_lPiieie;fF, where e; is the n x 1 vector with its ¢-th coordinate being 1
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and the rest being 0. Then {Y;;}1<i<j<n is a sequence of independent symmetric
random matrices such that EY;; = 0,

L, — L +diag(£)) = Y Y, and diag(L)) = > Y.

1<i<j<n =1

In addition, we note that sup;<; ;< |Vl < V2/ul and

> EVE| = |diag(> " pij(1 - py)/( Y pni(1 = pug)/(dd]) |

1<i<j<n Jj#1 J#n
< (un) ™" poax szg —pig)/d} < ()"

By Lemma A.1, there exist some constant C' > 2 and some integer ng sufficiently
large, such that for n > ng

(L, — £, + diag(£},)]| = Cllog(n)/u5)/?)
=P Y Yyl 2 Clogln) /) ?)
[ —C2 log(n) /41, )

= "e’“’(s(u;)—l +2v/2C (log(n) /up) /2 ()~
(C.3) < On'7%

This implies
> PUILr — £ + diag(£})|| > Cllog(n)/uf)"/?) < oo,
n=1

or equivalently, |[L, — £. + diag(£.)|| < C(log(n)/u?)*/? a.s. In addition, As-
sumption 11 implies log(n)/ul — 0. Therefore,

[diag(£2)]| < (up) ™" < Clog(n)/pp) ">,
Therefore,
I <Ly — £+ diag(LL) | + ||diag(£})|| < Clogn/u})'*  a.s.

Now we turn to II. Let CZZ =d;+7. By Bernstein inequality, for some C > 2,
we have,

—C?(d})*log(n) /17, >

P(sup|d] —d]|/d] > C(1 Y2y <2
(s 0 a1/ 2 Clow(o)/)!*) <23 g Gtorn B s

< Cn'=C.
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Therefore, sup, |d7 — d7|/dT < C(log(n)/uZ)? a.s., and thus,
ID; /2 D}/2 1| = max|(df /df)"/?~1| < max |(d] /) 1| < C(log(n)/u;)"?  a.s.

In addition, by Chung [7, Lemma 1.7], || L’ || < ||L|] < 1. Therefore,

L, — L) = L, - D; 2 DY2L, DY/2D 12
< |D;Y2DY2L, — D V2DV DYAD VA 4 | — Dy VDML |
<|ID7VEDY? — I[PV DY2| + | D7 2D — 1| < Cllog(n)/un)' ' aus.

This concludes the first part of the proof. Then by the Davis-Kahan Theorem (e.g.,
Yu et al. [22, Theorem 2]),

CKV2||L, — £

1Un — UinOn || <
|0Kn|

< O(log(n)/py) ' Plowal T K2 aus.

To prove Theorem 3.4, we need the following three lemmas.
LEmMA C.1. If Assumption 9 holds, then P;j < pnn_l(ﬂiHj)l/Q(didj)l/Q.

ProOF. Consider the case in which nodes ¢ and j are in Cj, and Cj,, respec-
tively. Then by the definition of By and (C.1)

Pyj = 0:0;Biy, = 10,0, (nWi, ) 2[Bol by (hnWi, ) /2
=n"1(0:0;)"*[Bolkyks (did;)? < pan™"(0;60;)"*(did;) /2.
O

LeEmMA C.2.  Let V,, be some n x K (random) matriz and vl be the i-th row of
Vi,. Assume there exist two deterministic sequences {@1n}n>1 and {dantn>1 such
that ||V,]| < é1n and sup; ||vi]] < ¢ap almost surely. In addition, if Assumptions
9-11 hold, then there exists some positive constant C' sufficiently large such that

sup <(”§g)1/2(95)1/2(d2)1/2||([A]zn - [P]i')DTl/QVnIO

3

[Gon log(m)(nE)  (log(n)pac?, 0\ /?
<2C o1z \Y, o172 a.s.
p1n0 pnf
PRrROOF. The proof is analogous to that of Lemma A.3. We include it for com-
- _ 1/2
n log(n)(n 1/2 077,712191/2 _
ens a0 (1esnagfy ) T 5 — g €
lgll = 1}, and Gy = {g1,. .-, 91, } € SE~1 such that for any ¢’ € SK—1,

lg’ = f(g)Il <n 04,

pleteness. Let r, =
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where f(g') = argmin,cg, |lg’ — g||. Then, we have M, < Cn¥ for some constant
C’ >0 and

P (suptigy) /2067) 20l ~ PPV, | > 2,

i i

< ZP( sup (n7o)/2(607) VA7) 2| (A — [P1.)D; Y *Vilg — £(9))] > m)

i= gESK—l :

+ZP(b;gp 7o) 2(67) 72D 2 (([Al. — [P)) DS Viag] > crn)
gebn

(C.4)
= I, + II,.

By Assumption 10,

(ngo)/2(67)7/2(dD) T 2II([ AL = [Pli) D72l < 62 () as.

i

/2
In addition, supyegr-1 [[Valg — f(9)I| < ¢1n n='9Y* and Cr, > C%.

Therefore,

In < ZP<¢1 n 04 (ngo) /2 (0F) M2 (df) T2 (AL — [Pl D = Crn>
=1

(C.5)
< ZP(l > Clogm(n)w;)”z) =0.

Now we turn to I1,,. Let
H={heR":|h| < ¢, and sup |h;| < P2, },
J
where h; is the j-th element of h. Note that for any g € SE=1 |[V,g|l = [|[Vall < ¢1n

and |[Vpgl;.| < |lvjll < ¢o2n almost surely. Thus, {V,,g : g € SK~1} C H. For any
heH,

(ngo)2(07) 7 2|(Ayj — Pig)(df 7)™V 2hy| < don2(01) 712 () !
In addition, by Lemma C.1,
T T\ — T JT - T JT\— 7L/2 - - T\—
> ng(67) T E(Ay—Piy)?(didy) T ThS < Y nfo(67) 7 Py (dfd]) T hG < pub 0T PR () T 6],
i i=1
and

( . )1/2(9T) 1/2|Au — Py|(d7)™ 1|hi| < ¢2nn1/2(KQ)_1/2(N;)_1 <Cry/2.
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Then, by the Bernstein inequality with C' sufficiently large,

g

I, <3 Cn" sup P(wo>1/2(ez>-1/2<dz>-1/2|<[A]i. — [P))D7 Vo] > crn)

geSK—1

heH

i=1 i
C'K+1 —(C/2)*r3

< Cn exp( Crodranml/? 2%m %ngl/z

3ur (K0)1/2 Kug0'/2
(C.6)
’ — 0/2)27"2 _
<C C'K+1 ( n <C 2.
=0 ez leK) ) T

Combining (C.4), (C.5), and (C.6), we have,

i P(Sup(n;g)l/Q(aiT)l/2 ((d;)1/2|([14]i< _ [P]i,)DTl/2Vn|> > 207%) < 00.

This leads to the desired result by the Borel-Cantelli lemma.

LEMMA C.3. Assume there exists a deterministic sequence {{n}n>1 such that

sup(ngo)'/2(07) /2 1| < wbn
J

almost surely. If Assumptions 9-11 hold, then there exists some positive constant

C sufficiently large such that

IR~ All < Cllog(n) K /1) lokal ™ as.

<Y n®E sup P(Crn/2 + (n;?)l/z(e;)—l/ﬂ > (Aij = Pyj)(didy) " ?hy| > Cry,

pulog?(n) log"*(m)8"" pl/?

and
—~1/2
- e ~ log(n)d " K
sup(ny)/2(67) 2 Ri-Ad]) < © gifgm Yt

ProOF. By Chung [7, Lemma 1.7], ||[L’|| < || L] < 1. Then, by Lemma 3.1

IA = All = 12,01 = £5U100n]

<L (T = UinOn) | + (L = £3) U104

< T = UrnOn| + | L. — L1

< C(log(n)/up) |own| T KV as.

This proves the first result.

(1) 2o en]

)
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For the second result, denote A = D;1/2PDT_1/2UMO,L and A; = (3{)’1/2[P] _1/2U1n0n
as the i-th row of A. Then we have

sup(nfo)'/2(07) 72| Ai — Al < sup(nfo)/2(67) 72| As — As + sup(n]o) /2 (67) 72 |[As — A
(C.7) =T +1I.
For I, we have
I < sup (o) /2(07) ™ 2((d]) 2P DF 2 = (&) M2 [Pl DE ) Unn O
< sup(ngo)/(0) 72 (d]) 2P D2 = (d) AP D
< sup(ngo)/2(0]) ™2 (d]) 2Pl DT AIDY 2D 2 — 1]

+ Sup(n;?)1/2(9"[)_1/2|((;ZZ—)_1/2 _ (d:)_1/2|||[P]ZD;1/2”

= Il + IQ.
By Assumption 10 and Lemma C.1,
(C.8)
(o) /2(07) 72 ([[P)i. D72 = (ne)M/2(67) /2 ZPQ d7) ™2 < Cpadi /)2,

In addition, by the proof of Lemma 3.1,

(C.9) sup |(d])~V/2(d) /2 — 1] < Clog(n) /1) /2 as.
and

(C.10) IDy/? D71 — 1| < C(log(n)/up)'?  aus.
Therefore,

Iy < Csup(d])/2(di/ K)"? pa(log(n) /) < Clog!2(n) (K i)™ ?pn s,
%

I < Csup(d7) /> (log(n) /1) /*(di/ K) /2 pn < Clog>(m)(Ku7) ™ 2p, s,
and

(C.11) 1< Clog"?(n)(Kul) " Y?p, a.s.
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For 11, we have

sup(nfo)'/*(07) 712 A; — Ay
= sup(njo)'/2(67) /2| (d}) "V /?[A;. DSV U, — (df) V2 [P D721, 0,
< sup(ngo)/2(07)7/2(d7) 2 [Pli. DA (U = Ui On)|
+sup(ngo)/2(67) /2 ()72 (([ALi. = [Pi) D72 Ur,On|
+sup(ngo)/2(67) 7 2(d]) 72| (AL — [Pi) D72 (i — UrnOn)|
(C.12) 2

= IIl +I[2 +IIg

By Lemma 3.1, (C.8), and (C.9),
(C.13)
11, < Csup(d7)™Y2(ds/ )V pr (08(n) K /1) 2 o sen] ™ < Cpnlog2(m) (u5) 2 |oscal s,

By (B.6), we have
113 < Csup(ngo)/2(07)~2(d) 7 2II([Ai. — [P)i) D7 V2D 2DV 201,04 ]l.

Denote V,, = D$/2D;1/2U1n0n with i-th row given by v!. Then, by (C.10), Theo-
rem 3.3, and the fact that O,, = O, .. (1), we have ||V,,|| < C and

(O7)"2(d) M2 (d]) = (ngo) TV 2[S7] 0.0l < C(OK) 20~ aus.

sup |lvf| = sup o

1<i<n 1<i<n H

7'/ log(n) K2

T — 0. Therefore, by Lemma

In addition, Assumption 11(i) implies
C.2, we have
—1/2 _
(C.14) 115 < C(log(n)d / pu) 2 (un0Y?) 2 s
Similarly, we have
9

I1y < C'sup(nge)"/*(07)/(df) =2 [|([Al;.~[P)i.)D; /> D2 DY (U1~ U1 On) |-

Let V,, = DY2D7Y%(Uy, — U1,,0,) with i-th row given by vF. Then, by (B.7),

Lemma 3.1, and Theorem 3.3, we have

sup o] || = sup [|(d7)"/*(d]) "2 @] — uf O,)]
% 1<i<n
<C sup (mgy)™AO7) 21 (gy) 2(07) T — T O] < CURTm) Ay + 1)

and
[Vall < C||Urn — UrnOnl| < C(log(n)K/pp) ' ?|ogn| ™" a.s.
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Then, by Lemma C.2, we have

a1/2 Z1/2 —1/4
C15) 15 <c|oem? K log(n)f K log(n)d " (Kp,)'/?

upg!? e Hilosnle
Again, by Assumption 11(i), #}f)}{ — 0. Therefore, the bounds for I/; and

115 dominate the bounds for the second and third term of II3. In addition, the
bound for term I is dominated by the bound for term I1;. Combining (C.7), (C.11)—
(C.15), we have the desired result. O

Proof of Theorem 3.4. First, by Weilandt-Hoffman inequality and Lemma
3.1

(C.16) IS0 = Sull < 1L, — £]) < Cllog(n)/up) " a.s.
Then, by Lemmas C.3 and 3.1,

Clog(n)K/p7)"?lown| ™ > |A = All
== ||fjln§n - Ulnznon”

> U1 (OnZ0 — S0.0)|| = [|(Urn — UrnO0) S| = [|Urn(E0 —

= [104Z0 = 00| = C'(log(n) K /7)) ?loca] ™ aus.
Therefore,
(C.17) 100 — 2,0, < Clog(n)K/ul) 2 okn| ™" a.s.
In addition,

(ng )”2(97) V2)1A; — A, | = (ngo Y2072 At s, — ul $,0.]
> (ngo V20772 @] - ul 0,) 20| - (n;g)l/z(f)Z)’”QH
— (ng0) 2 (67) 2 [uf (3,00 — 0 %) |
=111 —-1I1I.

Next, we bound the three terms on the RHS of the above display. For the first term,

we have
I > |ognl(nge) ?(07)) 2@ — uf Onll  a.s.

Denote I';, = sup; (n )1/2(97) 12| al — ul O, . By Theorem 3.3 and (C.16),

IT < (sup(nge)/*(67) "2 @] — uf Onl| +sup(nge)/2(67) "2 ] |)|5 — Sa

7

< Clog(n)/up) *(Tn + 1) as.

al'(s

Za)l

n = )|
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Similarly, by (C.17) and Theorem 3.3,

111 < C(log(n)K/ui) Y ?lognl ™ a.s.
Therefore, we have

i

sup(nfo)/*(07) /| Ai= Ayl = (Joxeal~C(log(n)/p7)"*) T —Clog(n) K /1i7,) /2|0 |

On the other hand, if ', < 519 a.s. for some deterministic sequence {5,(10)}n21, then
by Theorem 3.3

sup(ngo)/2(67) 712wl < C(6)) +1)  aus.

Applying Lemma C.3 with v, = C’(é,(lo) + 1), we have

log(n)d"* K pulog?(n)  log!2(n)d"" pi/
urg'/? (7)Y 2okl (ur)'/20M*
> sup(njo)/2(07) 72| A — A

C 59 +

> (|oxn| = CQlog(n)/up)/*)Ly — C(log(n) K /1i7)" 2|07, .

Since log(n)/(ulo%,,) — 0 by Assumption 11(i), we can choose ng sufficiently large

such that for n > ng,
|0 kcn| > C(log(n)/py)'/?.

Then, by combining and rearranging terms, we have,

12, _
Clog(n)K0 " (up) 10 ? okl 15(0)+ Cnn,
(1 —C(log(n)/ui) ?lokn|~t) "

where

(L~ Clog(n)/s) Ploren D) = ™

log'2(n) \ (8 p/* | pu+ K2
Tn = ( ‘ + .

i)' o kn '/ |okn]

Again, since C’log(n)Kgl/Q(u;)_lﬁfl/QIOKn\_1 — 0 by Assumption 11(i), we
can choose n; > ng sufficiently large such that for any n > nq,

Clog(m) K9 (u7) 10~ loen| "t _ 1
(1= Cllog(n) /up) Plowal ")~ 2
and o
<2C.

1= C(log(n)/up) ?logal™

Then, for n > nq,

1
st 559 +2Cny > Ty,
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We iterate the above calculation ¢ times for some arbitrary integer ¢, and obtain
that, for n > nq,

L, <6®, 60 = Ly 4 2C
— “n n 92 n n:
This implies
1
oM = (i)t [55}” — 40774 +4Cn,.

In addition, because sup; ngo O7) ||| < nQ_lﬂfjlnH%/K =n#~', we have

sup(ngo)/2(07) V2 |@|| < n'/20712,

Therefore, we can set 6%0) = n!/267Y% and choose ny > ny sufficiently large and
t = n such that for n > no,

T, <60 <2 mpl/2971/2 L acy, < 5Cn,,

where the last inequality holds because 7,, decays at most polynomially. This con-
cludes the proof. O

Proof of Corollary 3.1. By the triangle inequality and Theorem 3.4,

~T T ~T ~T
sup ||ZT|| ||Z:T8:||’ sup ”ZTH Huuz +Csupn162(07) 21ar —ulo,|
< QCsupn%Q(@T) V2l = uf O
<( log'/*(n) )(91/4 pil® L pn+ K ) as
SN Moxal/ N0 Joweal i)
The second result follows Theorem 2.3 with K* = K. O

Proof of Theorem 3.5. Let &, = C'log(n)/m,,, for some positive constant C
which is sufficiently large.

P( sup |0AL — 0| > en i.o.)
1<i<n

SP( sup |0; —0;] > en 0., sup g # %) = 0) + P( sup 1{g; # g7} >0 i.o.)
1<i<n

1<i<n 1<i<n
n .
<P| sup |n E A” E . CAyi) =0 >en o).
1<i<n i'igh =gy =1

where the last inequality holds by Assumption 12(ii). In order to show the RHS of
the above equation is zero, it suffices to show

(C.18) ZZP(n 0 Z A/ Zi/:gg:gp :ZlAi/j)—ei\ zan) < 0.

n=1 i=1
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For the simplicity of notation, from now on, we assume g; = k. Then, we have

n n Zn_l(A”le — Z" C Al’Jel)
Ai- Ai’ N ei — J= - 1" eCy .
Inge (., »/(Zi,:gg:gg iy Avg) = 0 S S

For the denominator, note that EY-"_ ) 37, e, Airj = mynp, EYT_ 30, A7, <
mygng. Then, by Bernstein inequality, for any A > 0,

" e Av; s AP ming
p |Zj_1 Zz eCy 1y 1> \) < 2exp( - 2 1k k = 2exp(—Cmgny),
Mmgng mgng + g)\mknk

where Cy = %. Similarly, for the numerator, we note that |Aijnk_2i’eck A5 <
n

ng(0; +1) and Ejzl E(A;jnk — Zi'eck Ay i0;)* < ni —02mgng. Then, by Assump-

tion 12(i) and Bernstein inequality,

P(| Yj1 (Aigne = Yiee, Avibi) | > en) <Zexp( — 2°n MM
MmNy - ng — 02myny + seamini(0; + 1)
<Cexp(—C'e,my).
Therefore,

Zj:l Zi/eck Ai’j
(B~ D Aot

mrng

| >en(l— A)) + 2exp(—Crmyny)
<Cexp(—C'en(1 — N)m,,) + 2exp(—Chm,,ng).

By construction, e,m, = C'log(n) for C sufficiently large. Therefore, (C.18) holds,
which concludes the proof. O

APPENDIX D: ADDITIONAL SIMULATION RESULTS

In this section, we report some additional simulation results for DGPs 1-4 studied
in the paper.

Table 2 reports the classification results based on the eigenvectors corresponding
to the largest K eigenvalues of L = D~Y/2AD~'/2. Given an adjacency matrix
A, D is not invertible when there exists a node which has degree 0. We also re-
port the percentage of replications which generate A with strictly positive degrees
for each node in the table, denoted as Ratio. For these realizations, we report the
classification results. In Table 2, “CCP” indicates the Correct Classification Pro-
portion criterion; “NMI” means the Normalized Mutual Information criterion, and
“kmeans” correspond to the classification methods K-means with default options
(Matlab “kmedoids”). We summarize some important findings from Table 2. First,
we have a fair large probability to obtain zero degree for some nodes in DGPs 1-4
because we allow the minimum degree to diverge to infinity at a very slow rate,
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namely at rate-log(n) in DGPs 1 and 3 and rate-log® ®(n) in DGPs 2 and 4. Second,
the performance of the spectral classification based on L is not as satisfactory as
that based on its regularized version studied in the paper. This is especially true
when n/K is small.

TABLE 2
Classification results based on L = D™Y/2AD™1/2

DGP K n/K Ratio CCP NMI
1 2 50 0.650 0.9696 0.7863

2 200 0.632  0.9917 0.9361
2 3 50 0.368  0.9600 0.8330
3 200 0.170  0.9870 0.9245
3 2 50 0.102  0.9647 0.7543
2 200 0.002 0.9773 0.8042
4 3 50 0.040 0.9810 0.7482
3 200 0.000 - -

Figures 5-8 report the classification results based on L, = Dy Y ZADT_ Y2 and
L, = DT_l/QATDT_l/2 for DGPs 1-2 and DGPs 34, respectively. As in the paper,
the left column uses the CCP criterion and the right column uses the NMI crite-
rion to evaluate the classification performance. The x-axis marks the 7 values, i.e.,
[10™%, (Trmax)?s (Trmax) /12, ..+, (Timax ) *8/18], where Ty is the expected average de-
gree. There are two curves in each subplots. As marked in the legend and explained
in the paper, they represent classification results by using different classification
methods. In each subplot, the green dashed line is the pseudo 7 value as defined in
[9]. We summarize some findings from Figures 5-8. First, the spectral classification
results first improve and then deteriorate as 7 increases. Second, as Figures 5 and
6 suggest, the spectral clustering based on L, = Dr 1/ 2AD; /2 hased on either
7 = d or 7Y is slightly worse than the UPL method. Third, as Figures 7 and 8
suggest, the method of [9] tends to select too large a regularization parameter, but
still yields classification results that are much better than those of CPL.
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