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For the quadratic helicity x? we present a generalization of the Arnol’d inequality which relates the magnetic
energy to the quadratic helicity, which poses a lower bound. We then introduce the quadratic helicity density
using the classical magnetic helicity density and its derivatives along magnetic field lines. For practical purposes
we also compute the flow of the quadratic helicity and show that for an a?-dynamo setting it coincides with the
flow of the square of the classical helicity. We then show how the quadratic helicity can be extended to obtain an
invariant even under compressible deformations. Finally, we conclude with the numerical computation of x?
which show cases the practical usage of this higher order topological invariant.

PACS numbers: 51.60.+a, 52.20.-j, 52.25.Xz, 52.30.Cv, 95.30.Qd

I. INTRODUCTION

Modern models of non-linear dynamos (e.g.""'!), labora-
tory plasmas (e.g.'>!3), the solar magnetic field (e.g.'*2?) and
other magnetohydrodynamics (MHD) problems (e.g.2-2%) are
based on magnetic helicity conservation. Magnetic helicity
has a simple geometrical interpretation: by the Arnol’d theo-
rem it measures the pairwise asymptotic linking of magnetic
field lines?, i.e. it is an invariant of ideal MHD.

Such topological invariants are by their definition con-
served under an ideal evolution with vanishing magnetic resis-
tivity where the magnetic field evolves under a Lie-transport
(e.g.3%31). Approximately ideal conditions exist in various as-
trophysical settings, like the solar corona where the dynamics
of the plasma is dominated by the magnetic pressure with neg-
ligible contributions from the hydrostatic pressure gradients.

Additionally, in ideal MHD there exist several topologi-
cal invariants, which are deduced from the pairwise asymp-
totic linking numbers of magnetic field lines: the quadratic
helicities®> and higher momenta of helicity*>. It has been
suggested that such topological invariants give rise to addi-
tional constraints on the evolution of a magnetized plasma
(C.g.34_36).

We investigate the properties of these invariants and, in
analogy to the magnetic helicity, try to answer the follow-
ing question: “Is it possible to use the quadratic helicities as
non-linear restrictions in MHD problems?”. Our results can
be used to to further study e.g. the application of higher mo-
menta of helicity in describing nonlinear dynamo saturation,
mentioned in®’. Here we give the definitions and properties of
the quadratic helicities and conclude with a practical example
for which we compute one of the helicities numerically.

Helicity density is a function on the 4-dimensional space of
the ordered pairs of magnetic field lines {(L;, L;)}, which
is determined by the Arnol’d asymptotic linking number
h(L;, L;)*. The quadratic helicities x(), x[? are the two
(non-central) second momenta of the function h(L;, L;). The
definitions are given in section II.

In this paper we study only the quadratic helicity x(?, but

in section II, we will refer to X[Q] and results from3237-3_ In

section III a generalized Arnol’d inequality for the quadratic
helicity is introduced. There we prove that the upper bound of
the quadratic helicity is well defined using only the magnetic
field B. In section IV we propose a formula for x(?) using
local data (the magnetic helicity density (A, B) and its direc-
tional derivative along the vector B). This formula is rather
complicated, but its analogy to the formula for magnetic he-
licity provides an excellent base for applying x(?) in practice.
Since x(? is not conserved under a general smooth deforma-
tion (diffeomorphism) in section V we give a generalization of
x? that is invariant also under diffeomorphisms with homo-
geneous density change. For the sake of practical applications,
in section VI we present the numerical evaluation of y(?) for a
linked magnetic field. In section VII we prove that the analog
of the helicity flux exists for the quadratic helicity. This result
shows that the quadratic helicity can be practically applied.

II. QUADRATIC MAGNETIC HELICITIES FOR THIN
MAGNETIC TUBES

The quadratic helicities x(?), x[?! are defined for a magnetic
field B inside a bounded domain 2 C R®, where B is tangent
to the boundary of the domain®?7. Assume that the magnetic
field is represented by a large, but finite number of magnetic
tubes §;, then the quadratic helicity x(?) is well-defined by
the formula:

(2) o ‘I)fq)j(I)kn(Lj,LZ)n(Lz,Lk)
X2(B) =) TN Y
i,k
where L;, L;, Lj is a non-ordered collection of central lines
of the (thin) magnetic tubes £2;, §2;, 2;, with magnetic fluxes
®;, d;, ®;, through their cross-sections. In each collection of
3 tubes one magnetic tube (2; is singled out (marked). Two
collections of 3 tubes are different even if the tubes coincide,
but a different tube is singled out. In equation (1) n(L;, L;)
and n(L;, Ly,) are pairwise linking coefficients of central lines
of the corresponding magnetic tubes and vol(€2;) are the vol-
umes filled by the magnetic tubes.

With the same formalism, the quadratic helicity x[?! is de-
fined by the following formula where the sum is over non-



ordered pairs of thin magnetic tubes:

®202n2(L;, L)
2l(g) — i 27, Lj
X7(B) ZJ: vol(Q;)vol(€;)

B
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We now clarify equation (1) by using the asymptotic er-
godic Hopf invariant of magnetic lines (for the definition of
the asymptotic Hopf invariant of magnetic lines see e.g.?).
We assume, for simplicity, that the thin magnetic tubes €2;,
Q;, €, consist of closed magnetic field lines, each of which is
defined as a parallel shift of the central line of the correspond-
ing tube. Assume that the absolute value | B| of the magnetic
field is constant along each magnetic line. Then the value of
the asymptotic Hopf invariant h(L;, L;) of a pair of magnetic
lines L; C €; and L; C €2, is calculated by the formula:

h(Li, Ly) = |Bi||Bjln(Li, L) |Li| Ly~ (3)
where |L;| and |L;| are lengths of the corresponding magnetic
lines and we use the relation |B;|S; = ®; for the magnetic
flux with the cross sectional area S; of the magnetic tube €;
and vol(£;) = | L;|S;.

The quadratic helicity x(?)(Q;;Q; U Q) over the do-
main Q@ = §; U Q; U Q, with a marked magnetic tube
Q; is calculated as the result of integrating the function
h(L;, Lj)h(Ls, Li) over the domain 2. With the assumption
that the function h(L;, L;)h(L;, Ly,) is constant in €; as the
result of the integration, we get the value:

X3 Q05 U Q) = |Bil?| B || Br|n(Li, L)
xn(Lay L) Lal 2Ly L ™
xvol(£2;)vol(€2;)vol (). 4)

The remaining two equalities for marked tubes €);, €2, are
analogous. After taking the sum and a corresponding transfor-
mation, equation (4) coincides with the corresponding term
in equation (1). Hence, the quadratic helicity x(?) (also the
quadratic helicity x!?)) is defined analogously to the asymp-
totic Hopf invariant; the only difference is the following. In-
stead of a Gaussian linking number, which is a combinato-
rial invariant of the order 1 (in the sense of V.A. Vassiliev),
one uses a combinatorial invariant of the order 2. Definitions
and properties of finite-type invariants (Vassiliev invariants)
of links can be found in e.g.*

Let us note, that the values of formula (2) are not changed
with respect to a subdivision of magnetic tubes into a collec-
tion of thinner tubes Q;k = v,k and Q;»’Z = 7,9, with
scaling factors ; , with >, 7; » = 1. For example, if a mag-
netic tube €); is divided into [V, thinner parallel magnetic tubes
Q; ;, then we get:

Zvol ix) = vol(€)
Zq)zk:_

n(Li g, L) = n(Ls, L)

With such a subdivision, equation (2) can be rewritten for an
N; in the following way:

/2 /2 2 / /
]ln sz,L )

(I) . :
[2] gl
Z Z Vol (€25 5.)vol (€2 )

1,7 k,l

(I)/'Qk (I)I'QZ
} : 2 } : i, } : J,
= J p VOI(Q;JC) l VOI(Q;-J)
2

2 2 2.0
) ik Pi )
= n“(L;, L; E
E ‘ ( i) Vi, kvol(€2;) ; ¥5,vol(§2;)

D222 LZ,L )
=D o 5)
— vol(€;)vol(Q;) ’

1,7

The right hand side of the equation does not depend on the
number of subdivisions /V;.

III. THE ARNOL’D INEQUALITY FOR x(? AND ITS
GENERALIZATIONS

The following inequality:

Uwy(B) > CI(B)|. U (B) = / (B.B)dQ, (6)

where (., .) denotes the scalar product, x the magnetic helicity
and C a positive constant, is called the Arnol’d inequality®’
This inequality relates the magnetic energy (on the left hand
side) to the magnetic helicity (on the right hand side). The
constant C' > 0 does not depend on the magnetic field B,
but on the geometrical properties of the domain (2, which is
assumed to be a compact domain supporting B.
Using the model for B from*' we prove the inequality

U (B) = CxP(B) (7)
is not valid for k < 1 with an arbitrary fixed C' > 0, with

Uy (B /|B\k dQ, k>0.

Consider a magnetic field B inside a thin closed magnetic
tube  C R? without the thinner concentric magnetic tube
Q. of radius ¢ > 0. The magnetic field B is tangent to both
boundary components of €).. The component of B that is
parallel to the central line (which is cut-out) is constant (it
is equal to 1). The meridional component of B, around the
central line, is proportional to 7%, where r is the distance from
a point to the central line. The parameter & < 0 determines
the intensity of the meridional component of B, but makes
no contribution to the integral magnetic flow trough the cross-
section of the magnetic tube (2., which is perpendicular the
the central line.

In the limit lim,._, o, of equation (7) with « € (0, —o0), the
right and left hand side of equation (7) tend to +oc. In the
case of k < 1 there exists a value «, for which the right hand
side of the inequality is infinite, but the left hand side is finite.

The quadratic helicity is not continuous with respect to C'*—
small deformations of B. In a magnetic tube ergodic domains



of magnetic field lines are not stable with respect to small
C'—deformations*>*; the quadratic helicity is destroyed by
such deformations. When ergodic domains of magnetic lines
are destroyed inside the common ergodic domain ', mag-
netic helicity remains fixed, the quadratic helicity x(?)(B) de-
creases down to its lower bound, which is equal to the square
of the magnetic helicity normalized by the volume of the do-
main: %.

Here we present a generalization of the Arnol’d inequal-
ity (6), using the idea from*. The new inequality estimates
magnetic energies for k = 6 and k£ = % using the quadratic
helicity x(?).

Let B be a magnetic field in a bounded domain Q C R3,
which is tangent to the boundary of the domain. The following
inequality is then satisfied:

2
(75) UG (B, (B) > sup P (B) > P (B),®)
16 (6) (%) B

where € > 0 is an arbitrary infinitesimally small positive con-
stant, supg,. x?(B’) is the upper boundary over arbitrary
magnetic fields B’, which are e-closed in C'-topology to the
initial magnetic field B. The right hand side of the inequality
(8) is an invariant under a smooth volume-preserving transfor-
mation of the domain 2.

Proof. Observe that

@B < [(aBpaas [ B,

where

1 1Bl

I[A(z)]| < p(x) = i Jo Tz —ylP

Using arguments of?° (III, proof of theorem 5.3, the Hardy-
Littlewood inequality), by Holder’s inequality with p = % and
q = 2 we obtain:

2
/B2p2d§2<U% (B) (/ 3dQ>3

< (116)7 Us,(B) (U(B)(g))% .o

IV. QUADRATIC MAGNETIC HELICITY DENSITY

The magnetic helicity is computed through the magnetic
helicity density (A, B). The quadratic helicities, however,
admit no densities which makes the invariants hard to calcu-
late. In this section we introduce the analogue of magnetic
helicity density for the quadratic helicity x(%).

Denote the magnetic helicity density by h = (A, B) in
Q. A magnetic line L; is equipped with the magnetic flow
parameter 7, this parameter determines the magnetic flow in
2 generated by the vector field B(x).

Along each magnetic line L; define the decomposition
(A(7),B(7)) = h + 6f(7), where h is a mean value of
(A(7), B(7)) along the line L; (which is well-defined for al-
most arbitrary magnetic lines L;) and ¢ f (7) is a variation with
zero mean value. The definition of h is clear for closed mag-
netic lines, for open magnetic lines the Arnol’d approach is
based on the Birkhoff theorem.

The quadratic helicity x(?)(B) is defined in*? as the re-
sult of the integration of the functions h? over the domain Q,
where the function h2(z) is constant on each magnetic line
L;. With that definition we can rewrite the expression for x (2)
using the magnetic vector potential A and avoid computing
mutual linking numbers like n(L;, L;).

We now calculate the square of the mean value of (A, B)
on a magnetic field line L; starting at point & with limit
T,0 <7 < Tas (mgr[(A, B)])? for sufficiently large
T. In the limit T — +oo we obtain the mean value.
This makes mg r[(A, B)] the mean value of (A, B) on
L; over the parameter 7. Then we integrate the function
(Ma 7=+ [(A, B)])? in the domain Q. As result we ob-
tain x(?(B). Obviously, (Mg 17=100[(A, B)])? does not
change if we choose a different starting point * € L;, be-
cause the mean value over an infinite magnetic line does not
depend on the integral over a finite segment. and we can take
(Ma 7=+ [(A, B)])? in the formula.

This method has a major defect. The integration is in gen-
eral highly sensitive on the starting point  of the magnetic
line. This is especially true for chaotic magnetic field lines. In
case we integrate along a random collection of curves, which
are uniformly distributed in 2, the integral coincides not with
x®(B), but with x?(B)/vol(Q), because the integral tends
to its minimal possible value. With this the minimal value of
x@ coincides with the lower bound?2.

Here we present an alternative way to calculate y(*)(B).
In order to simplify the proofs we assume that each magnetic
line L; is closed, but the method can be applied to the general
case. For simplicity we now omit the indices ¢. Consider the
formula for the mean square of the magnetic helicity along a
magnetic line starting at position x:

ma r[(h(@) + 0 f(2))*] = B> + mar[6f*]. (9

Here, the term 2my, 7[hd f] is trivial along lines and is omit-
ted, because h is a constant and § f (), « € L is the term with
zero mean value. The integral over the domain €2 of the left
hand side of formula (9) is easy to calculate:

// Me.[(h +5f)?] dQ = ///(A,B)2 dQ, (10)

because h(xz) + df(x) = (A, B)|g, x € L, and

// me.1l(A, B)?] dQ:///(A,B)2 Q.

Our goal is to calculate the integral

/ / a7 [02] A



To calculate the term my, 7[(6 f)?] we present the double
integration over a subdomain in the Cartesian product of the
magnetic line starting at . Consider a mean integral over
T€[0,T):

—/ (h+0f(r /0 (557(:1))&1(17, (11)

where 7 and 7 are the curve parameters of the magnetic flow
with 0 < 74 < 7 < T on L starting at . By taking the
average over T we assume that 7" — 4-o0.

Using the equation:

Me {p.v. /000 /() dTl] =0, (12)

dT1

where the integral over 7 is calculated by its principal value
(p.v.), or, as the Cesaro mean. From (12) we then get:

mm76f2
// (h+6f(r d‘Sf(ﬁ)c‘l d].(13)

If we put 71 = 7 + 7% in the equation we obtain:

mac,‘r[(sf2] =
T
%/0 /O (h+ofrn XLt dT] (14)

d’TQ

or, if we change the order of integration:

My T[(Sf
My lpv / / (h+6f(T d(5f(7'2+7') deTQ] .

The first term in the integration vanishes, i.e.

0 T
1 —ddf(me + 1) B
me/) thTdTQ—O.

Let us now define the function ¢ as

T
o) =7 [ o2 D a4 as)

By the ergodicity we may replace in the integral —oo by +o00
which results into

0
mmyT[éfQ] = Mg {p.v./ (12, x) dTg]

“+oo
= —My [p.v./ (12, ) d7'2:| . (16)
0

Equation (16) is clear: for an arbitrary & € L define the
function [ 6 f(72) dr2 = ¢(7, @) for T > 0 with the bound-
ary condition (0, ) = 0. This function is a branch of the
scalar potential of the vector A along the magnetic line L with
starting point «. The function (7, x) is well-defined by the
boundary condition (0, ) = 0. Take the field C(x), such
that m[p(7, ) + C(x)] = 0 on L. Denote ¢(7,x) + C(x)

4

by @(, ). With that, and because C'(x) = —m/[p(T, x)], we
obtain C(x) = @(7, x)|r=o.
The equation (16) can be replaced by:

Mg 1y [5f2] = Mg, r

I déf(m)
T/o o(T, @) = dT‘|

p.v.[p] = 0. a7

Then the formula for the quadratic helicity is presented as:

@ = [[[eappao [[[maraa as)

with the second term given by equation (16) or (17).
Finally, let us prove the boundary condition for ¢(72, ) in
(16):

// $(0, ) dQ = 0. (19)

(A(7), B(7)) = h+4f(7),

Recall,

d(A(r), B(r)) _ dof(r)

dr dr

We get (0, z) = (A, B) 148 — 1AAB) g

2 dr

///d(A’B)QdQ_O, (20)
dr

because the magnetic flow preserves the integral
[[(A, B)*dQ.
Analogously, we get

3(A(T),B(T))

JJ] 295 a0~ [ iamey AP g0 -

[[[ 5 Al Bl A 4o,
[[[ A By HATLEED g0 -
/// = { ). B MADBO | 4q

By analogous arguments, for k£ > 0, we get:

d?k¢(0
/// C;szk:E Ao = 0. Q1)

By construction,

d(A(r), B(7))
dr

// o(r, @) dQ = B(r), >0,

= (grad(A, B), B).

Denote



Let us decompose this function into the Fourier integral, using
(19), (21):

—+oo

®(7) =p.v. / b(y) sin(y7) dy. (22)
0

In this formula we collect all possible Fourier coefficients b(y)
over the spectrum y with elementary harmonics sin(y7), each
elementary harmonic satisfies equation (21) and for 7 — +o0
tends to its principal value

p.v. lim M

T—+oo Y

[1 — cos(yr)] = b(y)

The required second term in (18) is calculated as the principal
value of ®(7), 7 — +oo over 7, or as the Cesaro mean value
(®) of ®(7) by the following formula:

@=|f ” g 23)

Let us assume that the spectral densities b(y) have a com-
pact support which belongs to the segment y € [dp,d1],
dp > 0. This assumption gives simplifications of the problem
for y — +oo (very long complicated magnetic lines), and for
y — 04 (higher harmonics of the magnetic spectrum), in the
case of closed magnetic lines with a lower estimation of cur-
vature by a positive constant the condition is satisfied. Let us
calculate values, using equation (22),

do(7) d3®(7) d?-1@(7)
dr ’ dr3 7 7 dr2k=1 7’

for 7 = 0, k > 1 by the formulas:
dQ

d2k: l(I) d2k A B)
= ffam =52

dT2k 1
= (—1>’“/ y*1b(y) dy. (24)
do

From equation (24) we obtain ®(0) = 0. The left hand sides
of the formulas are calculated by data, while the right hand
sides are the total collection of momenta of the required func-
tion 22 in the integral (23). By this collection the integrals
(16), and (23) are calculated as follows.

For the parameters y > 6o, a > 0, (a > 6§, 2) we have the
limit lim,_, + o (1 — exp(—ay?)) = 1. But we can also write
this expression using its Taylor expansion:

o0

k, 2k
k+10°Y
> (1) -

k=1
With that the integral (23) is calculated as following:

01
(@) = /5 bW 4y 25)

o Y

1~1—exp(—ay?) =

_ (71)k+1ak /51 2k:71b( )d (26)
= 5 Y Yy)ay

@7

This formula (of (1 — exp (—
case a is sufficiently large.

Let us consider the simplest example. Assume that the
magnetic field contains the closed magnetic line L. The
cyclic covering over this magnetic line is the real line L =
(—o00,400) with the period 27. Assume that (A, B) =
h + sin(7), 7 € L. Then the first term of the integral (18)
is h? + % the second term is % and the quadratic helicity over
L equals to hZ.

Let us calculate the second term in this formula using the
function (22). We get:

a))-type, a > 0) is taken in the

—(®) = mg [0f%] = —m, [ /O ” O(7) d@] =

“+oo “+o0
—p.v./ mer [/ sin(7) cos(T + 72) dT:| dry =
0 0

1

+o0 1
—fp.v./ sin(7z) dme = —=p.v.
0 2

5 lim [1—cos(m2)] = —5

To2—+00

Obviously, using the equation (25), because

_1\k 27
— (=1) / sin? (12) dra,
0

2T

d%kP
dr2k

7=0

e 1
sin?(7y) dmp = =,
0 2

we get:

V. COMPRESSIBILITY EFFECTS ON THE QUADRATIC
HELICITY

For many physical applications the underlying fluid or gas
is described as being compressible, rather than incompress-
ible. Such systems include those in plasma physics and MHD
with applications in astrophysics and fusion science. While
in their current definitions y(?) and y!? are invariant under
incompressible fluid deformations, they need to be modified
to assure their invariance under a general diffeomorphism that
includes compression. We show that by simply including the
fluid density we obtain quantities that are invariant under a
diffeomorphisms that change the density uniformly in space.

In*? (equation (2)) the authors use the square of the aver-
age magnetic helicity along a magnetic line A®) (T; x). It is
defined as

T 2

AT x) = ;2 / (&(7), A(z(r)dr | ,  (28)
0



with the magnetic vector potential A of the field and the ve-
locity vector &(7) = B(x(7)). The integral is taken along a
magnetic field line starting at position x = x(7 = 0). With
that®? wrote the quadratic helicity x(?) as

X@>:nmsm{/A@NTm»dD, (29)

T—o0

where D € R3 is a ball of radius r. By Birkhoff Theorem
the limit in (28) exists for almost arbitrary x, see*?, section 5.
The velocity &(7) along the magnetic field line is equivalent
to B at position x(7).

Assume that magnetic lines are closed, this gives a simpli-
fication of the proof. With that we can identify equation (28)
as the squared of the average magnetic helicity density along
a magnetic flux line of integration length 7". For the sake of a
compact notation we will write the integrand of equation (28)
as the scalar product of the magnetic vector potential and the
magnetic field, i.e. (A, B) < (&(7), A(z(7))).

We now investigate the cases of diffeomorphisms stretch-
ing the coordinate system along and across the magnetic field
lines assuming a fluid density of pg = 1 before applying the
mapping. For a stretching along the magnetic field lines by
a factor of ), the density changes to p = A~!. B is in-
variant under such a transformation because the integral mag-
netic flow is invariant and the cross-section is fixed. The to-
tal length of the field line at parameter 7 = T changes, but
the mean of the magnetic helicity density does not, hence
(A,B) — (A, B)p~!. So, the function (A, B)p~! is frozen
in. We now substitute (A, B) by (A, B)p~! in equation (28)
which adds a factor of p~! in equation (29):

T
Ag,z)(T;CC) _ 1 /(w(T),A($(T))) dr . (30

T2 p(x(7)))

However, with p also the measure dD changes to pdD. We
get the following formula for x(?) in the compressed fluid:

X = //A,%p dD (31

For a stretching across the magnetic field lines by a factor
of \ along both directions the density changes as p = A\ 72.
In order to conserve magnetic flux across comoving surfaces
the magnetic field changes according to A™2B = pB. Again,
(A, B)p~!isinvariant. The integral measure changes accord-
ing to A72.

In both cases the additional factor of p in the two integrands
cancel if p does not depend on space. In that case we obtain
a quadratic magnetic helicity that is invariant under (homoge-
neously) density changing diffeomorphisms.

From the changes of x(?) for general transformations, we
can conclude that x(?) is not a function of the magnetic he-
licity h and does form part of invariants suggested by*. If
it was true, then for two fields with the same helicity, the
quadratic helicity would be the same. Here we construct a
simple counter example. Take a field B; with helicity h;.
Construct a second field B via a topology conserving trans-
formation of By, then h; = ho. If this transformation is not

volume conserving, then, in general, the quadratic helicities
are different, i.e. hy # hs.

VI. NUMERICAL CALCULATIONS OF y?

For practical applications, like MHD simulations, equations
(30) and (31) can be computed numerically. In order to eval-
uate the integral in equation (30) we need to trace magnetic
field lines (streamlines), while for the integral in equation (31)
we integrate in space.

A. Hopf Link

As simple test case we apply our calculations on the Hopf
link which consists of two magnetic flux tubes with a finite
width which are interlinked. In our construction they both
have the radius 1 and a tube diameter (FWHM) of 0.28284.
Their centers are located at (0,0, 0) and (1,0, 0) with surface
normals of (0,0, 1) and (0, 1,0). The magnetic vector poten-
tial for the first ring is given as

= (272 x2+y2+1)n)/

n
i VAyiaCtat (yiz) )
o 2/ + 2
41 Yrvidet (yiz) el
Y 2./x2 + 42
Aiz%@% (32)

while for the second it is given as

2= e(*((m—1)2+y2+z2,2 m+1)n) /n
Vi — 1)¢2erf (/iy) ()

A2 = 2
24/ (x—1)" + 22
1
2 2
n 2
42 VmaCRerf (/ny) e(mv) 3
z ’ ( )
24/ (x — 1) + 22
with the total vector potential
Apopt = A + A%, (34)

From this we can write the magnetic field for the two flux
rings as

v yzCler (yiz) ) 4 py¢!

Bl =—
B VTt zz(lert (vnz) (%) 4 na¢t

" Vet y?

Bl =0 (35)



FIG. 1. Volume rendering of the magnetic field strength for the Hopf
link used in our calculations.

and

VaniyzCert (/iy) (") 4z

BI =
VeZ4+ 22 -2z +1

T

2
B2=0
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with the total magnetic field as their sum

BHopf :Bl +B2 (37)

A representation of this Hopf link is shown in Fig. 1.

B. Change of coordinates

We apply five different simple homeomorphisms which
change the grid density uniformly and compare them to the
initial grid. By changing the grid we also need to transform
the magnetic field B and the magnetic vector potential A. We
do this by applying the pull-back on the corresponding differ-
ential forms:

ag = Azdx + Aydy + A,dz (38)
Bo = Bydy Adz + Bydz Adx + B,dz Ady  (39)
a = F*(ap) (40)
B =F"(o), (41)
with the mapping F'.

We stretch and compress the grid in various directions and
perform the integral (30) and (31) on the deformed field.
For simplicity we choose factors of 2 for the deformations.
These deformations we the abbreviate using the short no-
tation e.g. uvw = (2,0.5,1), which implies a transforma-
tion of (u,v,w) = (2z,0.5y,1z), with the new coordinates

0.00025

0.00020 f
0.00015
0.00010

0.00005

0.00000

0 1000 2000 3000 4000 5000 6000 7000
TNseeds

FIG. 2. The modified quadratic helicity Xf) in dependence of the
number of seed points for the integration of equation (31) for differ-
ent homeomorphisms. We clearly see the convergence to the same
value of X(f). Here we denote the mapping F' by the new coor-
dinates u, v and w, where e.g. uvw = (2, 0.5, 1) corresponds to
(u,v,w) = (2z,0.5y, 12).

(u,v,w). In order to minimize selection bias we choose as
starting points for our integration a set of ca. 7000 homoge-
neously distributed points within a sphere of radius 2 centered
at the origin. Those points are then transformed according to
the homeomorphism. A larger number of such points will pro-

vide us with a more accurate value for XE,Q). In Fig. 2 we plot

the value for xﬁf) for different grid deformations and number
of seed points for the integration. We clearly see convergence
to the same value which confirms our result that the modi-
fied ng) is invariant under a homeomorphism which homo-

geneously changes the grid density.

VII. QUADRATIC MAGNETIC HELICITY FLOW

By?2, Theorem 2, the quadratic magnetic helicity x(*) ad-
mits a continuous variation in the case of C?—small flows
OB

(vector of flows %2 in the domain €) with its first and second

partial derivatives small). In* is claimed, that KAM-theory
proves (for generic functionals) the analogous statement for
C*—small flows, k > 3.

Let us calculate, a contribution of the advection of magnetic
lines to the main term of the variation of (). Let us consider
C?2-small perturbations § B and 6 A:

B B+6B, A A+35A; V x§A=6B.

Using Corollary 1 from*?, the first-order gauge transformation



of the equation (28) is represented by:
AP(T; ) AD(T; ) +
9 [T
T2 o
T
></ (z(1), A(x(r)) dT +

0

;mf[w(w(r))nf:nA<w<T>>>

X/o (x(7), A(x(r)) dr.

The first extra term corresponds to the gauge term J A. The
second extra term is given by the scalar product of the average
m.[dB] of the gauge vector 6 B over the magnetic line x(7)
at the point «(7T). (This term is given by the second term
from the equation in Corollary 1 from32.) As the result, in the
limit 7 — 400 we get the following expression of the time-
derivative of the quadratic helicity:

dy® _

d
[ (A2 )

<mT [@Bg}”} - ,A<w<m>>>

xm.[(B(z(7), A(7))]|r=7, dS2.

By this property we get that the limit over the parameter
T — +oo of formula (28) is uniform with respect to t—

(x(7),0A(x(r))) dr

+

T=T0

. . ()
variations of the magnetic field B. To calculate dﬁt , for
t = to, it is sufficient to calculate the first-order derivative in
equation (28) over t for a prescribed T'. In particular, for a2-

dynamos we get: %—‘? = aB;and, assuming Vx B = k x B,

dﬁf) = 4akx(2). This means that the flow of

quadratic magnetic helicity x(?) for the magnetic field with
the k-vector coincides with the flow of the square of the he-
licity x2.

we have:

VIII. CONCLUSIONS

Both, the magnetic helicity and the quadratic helicities, can
be calculated from experimental data and be used in various

MHD problems. For that, the main tool and example is the
Arnol’d inequality (6), which relates the geometry of mag-
netic field lines (Gauss linking numbers or asymptotic Hopf
invariants) with the magnetic energy. Analogous inequalities
relate higher magnetic energies with higher momenta of mag-
netic helicity (see the formula (8)). This inequality shows that
the upper bound of the quadratic helicity for C°-closed mag-
netic fields is limited.

For many problems in MHD one uses not only the total
magnetic helicity, but its density. The density of magnetic he-
licity is defined as (A, B). This value is not invariant with
respect to transformations of the domain with the magnetic
field. To calculate the quadratic helicity x(?) equation (18) is
proposed. The first term in the formula is easy to calculate.
To calculate the second term one needs to know the structure
of the ergodic magnetic subdomains in €2, where each subdo-
main contains a dense collection of magnetic field lines. An
ergodic subdomain can be shrunk to a surface, to a line, or
even, to a critical point of B. Therefore, quadratic magnetic
helicities are much harder to use in applications then the mag-
netic helicity and equation (29) might be preferred.

We then showed that the quadratic helicity x(?) can be
extended to be invariant under non-volume preserving dif-
feomorphisms, as long as they change the density homoge-
neously. We calculated that quantity numerically for the Hopf
link and showed that it is indeed invariant under such diffeo-
morphisms. This has important applications in various fields
of MHD.
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