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ON THE VALUE DISTRIBUTION OF TWO DIRICHLET L-FUNCTIONS

NIKO LAAKSONEN AND YIANNIS N. PETRIDIS

Let p denote the non-trivial zeros of the Riemann zeta function. We study the relative value distribution
of L(p+o,x1) and L(p+ o, x2), where o € [0,1/2) is fixed and x1, x2 are two fixed Dirichlet characters
to distinct prime moduli. For ¢ > 0 we prove that a positive proportion of these pairs of values are
linearly independent over R, which implies that the arguments of the values are different. For ¢ = 0
we show that, up to height 7', the values are different for ¢T" of the Riemann zeros for some positive

constant c.

1. INTRODUCTION

The value distribution of {(s) and L(s, x) is a classical problem that has recently attracted
attention in for example ||§|, , . In this paper we prove two results relating to the relative
distribution of arguments and values of two distinct Dirichlet L-functions. In Theorem we
compare the arguments of two Dirichlet L-functions at horizontal shifts of the Riemann zeros,
o + i, where o € (1/2,1) is fixed and  runs over heights of the non-trivial zeros of ¢. This is
done by computing discrete averages of the second and fourth moments of Dirichlet L-functions.
In Theorem [I.2] we move to the actual zeros of (. In this case we are only able to obtain results for
the first and second moments. This allows us to compare the values of two Dirichlet L-functions.

The most typical focus for investigation for ¢ and L(s, x) is the distribution of their zeros.
Let N(T) denote the number of zeros of ((s) in the region Res € (0,1) and Im s € (0,7). The
Riemann—von Mangoldt formula states that

N(T) = N logT — N +O(logT).
s 27
We expect that all zeros of Dirichlet L-functions to primitive characters are simple, and that
two L-functions with distinct primitive characters do not share any non-trivial zeros at all. This
comes from the Grand Simplicity Hypothesis (GSH), which states that the set

{y>0|L(} +iv,x) = 0 and y is primitive}

is linearly independent over Q, see . In 1976 Fujii showed that a positive proportion
of zeros of L(s,v)L(s,x) are distinct, where the characters are primitive and distinct, but not
necessarily of distinct moduli. A zero of the product is said to be distinct if it is a zero of only one
of the two, or if it is a zero of both then it occurs with different multiplicities for each function.
R. Murty and K. Murty proved that two functions of the Selberg class S cannot share too
many zeros (counted with multiplicity). They show that if F, G € S then F = G provided that

1Zp(T)AZg(T)| = o(T),
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where Zp(T') denotes the set of zeros of F(s) in the region Res > 1/2 and |Ims| < T, and A is
the symmetric difference. In 1986 Conrey et al. 1| proved that the Dedekind zeta function of a
quadratic number field has infinitely many simple zeros unconditionally. However, they had to
assume the RH in order to extend this to a positive proportion [2].

Apart from looking at the zeros, it is natural to consider other values of ¢ and L(s, x), that is,
the distribution of s such that {(s) = a (or L(s, x) = a) for some fixed a € C. In [8] Garunkstis
and Steuding proved a discrete average for ¢’ over the a-values of ¢, which implies that there
are infinitely many simple a-points in the critical strip. On the critical line, however, we do not
even know whether there are infinitely many a-points. For further results on the distribution of
simple a-points see [11]. On the other hand, we can also look at points where ((s) (or L(s, x))
has a specific fixed argument. Fix ¢ € [0,7) such that ¢ # 7/2. In [14] the authors proved that

¢ takes arbitrarily large values with argument ¢, that is

1 logT
1,5 - S
OgltanT\CQ +it)| > exp <(2 + 0(1)> \/ loglogT) .
Arg(¢(1/241it))=¢

This has recently been improved to angles modulo 27 by Hough [13].

In this paper we will prove the following two theorems.

Theorem 1.1. Assume the Riemann Hypothesis, i.e. B = % Let x1, x2 be two primitive

Dirichlet characters modulo distinct primes q and £, respectively. Let o € (%,1), then, for a
positive proportion of the non-trivial zeros of ((s) with v > 0, the values of the Dirichlet L-
functions L(o + i7,x1) and L(o +iv,x2) are linearly independent over R.

Remark 1. If the values L(o + iv,x1) and L(o + i, x2) are linearly independent over R, then

in particular their arguments are different.

Theorem 1.2. Two Dirichlet L-functions with primitive characters modulo distinct primes,
attain different values at ¢T non-trivial zeros of ((s) up to height T, for some positive constant

C.

Remark 2. In Theorem we fail to obtain positive proportion and we expect this to be a
limitation of the method used. In [5] the authors looked at the mean square of a single Dirichlet
L-function at the zeros of another, and showed that it is non-zero for at least ¢TI of the zeros for
some explicit ¢ > 0. On the other hand, since we are working with two distinct L-functions, and
more precisely their difference, it seems difficult to introduce a mollifier to improve on the result.
Martin and Ng [18] evaluated the mollified first and second moments of L(s, x) in arithmetic
progressions on the critical line and proved that at least T'(logT)~! of the values are nonzero,
which misses the positive proportion (of arithmetic progressions) by a logarithm. This was
extended to positive proportion by Li and Radziwilt [17]. However, their method relies on the

strong rigidity of the arithmetic progression and fails when the sequence is slightly perturbed.

Remark 3. We assume that the conductors of y; and y2 are primes in order to make the
notation simpler. It should be possible to generalise our results to the case when the conductors

are coprime or have distinct prime factors.

We will prove Theorem in section [2] and Theorem in section [3] The main ingredient

in the proofs is the Gonek-Landau formula, and results derived from it. In 1912 Landau [15]
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proved that, for a fixed = > 1,

S = —%A(m) +O(logT), (1.1)
0<~<T

as T — oo, where A(z) is the von Mangoldt function extended to R by letting A(z) = logp
if z = p* for some prime p and integer k > 1, and A(z) = 0 otherwise. The sum in runs
over the positive imaginary parts of the Riemann zeros. What is striking in is that the
right-hand side grows by a factor of T" only if = is a prime power. This version of Landau’s
formula is of limited practical use since the estimate is not uniform in z. Gonek [9] proved a
version of Landau’s formula which is uniform in both x and T with only small sacrifices to the

error term:

Lemma 1.1 (Gonek-Landau Formula). Let x, T > 1. Then

T
Z P = —Q—A(a:) + O (zlog 22T log log 3z)
0<~y<T g (1'2)

1
+0 (logzmin (7,2 ) ) +0 (log2l min (T, — ) ),
(x) log x
where (x) denotes the distance from x to the nearest prime power other than x itself.

If one fixes = then this reduces to the original result of Landau as T" — oco. As an application

of this result Gonek proves (under the RH) the following mean value for (:

. 2
T
ST ¢ + iy + 2ma/ log T) = (1 - (S“”“”) ) L 10g?T + O(T1og"/" T),
0<~y<T T T
where T is large and « is real with |a| < 5= log T

In order to work on the critical line (or exactly at the Riemann zeros) we need different tools.

We replace the classical Gonek-Landau formula with an integrated version, see [6].

Lemma 1.2 (Modified Gonek Lemma). Suppose that Y.~ a(n)n™* converges for ¢ > 1 and
a(n) = O(n). Leta=1+1log ' T. Then

1 [T mys 7is\ w= a(n)
o ). (5g) TE)ex <52>; e O
_omit apl/2tey s — _
a(n)exp( 2mm)—|—0(mT ), ifd=-1,
O(m2), if 6 = +1.

We also need the following version of the approximate functional equation for Dirichlet L-
functions. First, denote by G(k, x) the Gauss sum

q

G(k,x) = Y _ x(a)eiak/a.

a=1

We also write G(1, x) = G(x)-

Theorem 1.3 (Lavrik [16]). Let x be a primitive character mod q. For s = o+it with0 < o < 1,

t>0, andm:A,/%,y:A‘lw/%, and A > 1, A €N, we have

n 3—s l-sta xX(n
L(s,x) =Y % +e(x) (%) FF( (siu)) :1(_) + Ry, (1.3)

n<az 2 ) n<y
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with
R,y < \/q (yﬂ’ + x”il(qt)l/%") log 2t,
and in particular, for x =y,
R <277 /qlog2t.
Here e(x) = ¢~ '/%i*G(1, x), and

_1-x(=1)

a4 2

It is not hard to see that this formula is, in fact, valid for all real A > 0. Approximate func-
tional equations for imprimitive characters do exist, but they are more complicated. Therefore,

we restrict our attention to primitive characters in Theorem

2. PROOF oF THEOREM [L.1]

The proof will follow the steps of |9, Theorem 2| and |20, Theorem 1.9] for the Riemann zeta
function and GLy L-functions, respecively.

Two non-zero complex numbers z and w are linearly independent over the reals is equivalent
to the quotient z/w being non-real, or that |zw — Zw| > 0. For us z and w are values of Dirichlet
L-functions. Instead of looking at these functions at a single point, we will average over multiple
points with a fixed real part o € ( %, 1) and the imaginary part at the height of the Riemann
Zeros.

We are assuming the RH purely because it makes the proof simpler as expressions of the
form x” become easier to deal with if we know the real part explicitly. On the other hand, the
distribution of these specific points does not seem to have any impact on the rest of the proof.
We suspect that the RH is not an essential requirement. In fact, following [10], it might be
possible to obtain the result without the RH by integrating

¢ -
(s~ )B(s. P)L(s. ) L5, x2)

over a suitable contour. This picks the desired points as residues of the integrand yielding the
required sum. This idea is also used in the proof of Theorem [1.2

The proof will be divided into three propositions after which the main result follows easily.
In the first proposition we want to calculate discrete mean values of sums of terms of the
type L(o + i, x1)L(c + i7, x2) and its complex conjugate. If we subtract one of these mean
values from the other then each term is non-zero precisely when the two numbers are linearly
independent over the reals. Hence we need to prove that the two mean values are not equal,
which is the content of Proposition [2.3] Finally, we get the main result by applying the Cauchy—
Schwarz inequality to the difference of the mean values. Because of this we also need to estimate

a sum of squares of the absolute values of the above quantities, that is,

|L(U + Z’Y? XI)L(U + ZW?XQ) - L(U + Z’Y? XI)L(U + 7177)(2)‘2'

This is done in Proposition [2.2

The first problem in our proof is that the mean values are complex conjugates. In order to
show that the difference is non-zero leads to determining whether Im L(20, x1%5) # 0, which
does not always hold. Thus we need to introduce some kind of weighting in order to shove
these sums off balance. We do this by multiplying by a finite Dirichlet polynomial, B(s, P),

which cancels some terms from either of the L-functions, depending on which mean value we are
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considering. We define
B(s,P) = [ (1 = xa(@)p*)(1 = x2(p)p™) (2.1)
p<P

for some fixed prime P, depending only on g and £. In Proposition[2.3we prove that it is sufficient
to pick any prime with P > max(q,¢). Let us also assume that this Dirichlet polynomial has

P) = Z enn”

n<R

the expansion

for some R depending on P. Since |c,| < 2 for any prime p, we have for all n that
len| < 2P, (2.2)

We prove the following propositions.

Proposition 2.1. Assume the Riemann Hypothesis. With s = o + iy we have

oo

S™ B(s, P)L(s,x1)L(s,x2) ~ N(T) S d"%;f”), (2.3)
0<~<T n=1
and -
S B(s, PYL(s, x)L(s,x2) ~ N(T) %;f”) (2.4)
0<y<T n=1
where - -
B(s, P)L(s, x1) Z n—" P)L(s,x2) = Y 2. (2.5)

Proposition 2.2. Suppose s = o + iy and let

A(y) = B(s, P) (L(s,xl)L(s,Xg) — L(s, Xl)L(s,xg)).

Then, under the Riemann Hypothesis,

> 1AM)? < N(T). (2.6)

0o<~y<T

Proposition 2.3. Under the Riemann Hypothesis we can find a prime P such that

S A() ~C-N(T) (2.7)

0<~y<T

for some non-zero constant C.

Remark 4. Recently, Garunkstis and Laurin¢ikas [7] considered mean values similar to ours for
¢ at horizontal shifts of its zeros. They use the fourth moment estimate to obtain results about

the discrete universality of the Riemann zeta function.

Proof of Theorem[I1.1 By the Cauchy—Schwarz inequality and Propositions [2:2] and [2.3]

Z 1> 12 0<y<r AP S |C|]VJETJE)T)2

> = |C]*N(T). (2.8)
0<y<T Zo<7gT|A(W’ |
A(7)#0

This proves that a positive proportion of the A()’s are non-zero; in particular, for the same ~’s,

L(s,x1) and L(s, x2) are linearly independent over the reals. O
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2.1. Proof of Proposition It follows directly from the definition (2.5]) that the coefficients
d,, define a multiplicative arithmetic function and that d,, = O(1) (see proof of Proposition
for the explicit formula). We define, for a fixed ¢,

B(s, P) Z x1(n)n=° = Z din°.

qlt qff
n<y/12 n<R

™

We have
dn = Z cle(m)a (29)

n=km

and hence for n < R %—ff

= > axa(m). (2.10)
nkzgkgl

From this it follows that d,, = d, for n < %—ff. We also need to show that d], < 1. Let p1,...,pp,
for some h > 1, denote all the primes below P in an increasing order. Define P = p1---prP.
From the product representation of B(s, P), equation , we see that ¢, = 0 for n > 1, if
n contains any prime factors greater than P. Thus, write n = p{* ---p" P*v = n'v for some
«; > 0. Then

/!

d,, = Z CrkX1 (ZV) = x1(v)dy,s

k|n’
k<R

Thus it suffices to consider n with prime factors only up to P. Since B(s, P) has a finite Euler
product of degree two we have c,; = 0 for any prime p and j > 3. So we can suppose that
n = p’lJkl .- -pz”’ P where 0 < o; < 2 for all ¢ < h. The number of summands in is then
at most 3"*1. By (2.2)), we find that |d],| < 2P3"*!. In particular, ), < 1 as required.

The approximate functional equation for x1 with A = /7 gives

(s;x1) Z x1(n)n™* + X (s, x1) Z X (n)n* "+ Ot logt + 714,
n< qi: n< 27{@

where

—s —s+a
X(s,x) =(x) (%)1/2 FF((S?M)

Similarly for xo with A = /qR we get

(s, x2) Z x2(n)n™* + X (s, x2) Z Xo(m)n* ™t + Ot logt +171/4),

n< R/t n<i, /A

We can now expand the left-hand side in (2.3]) to
> B(s,P)

0<y<T
S (T + X(sxa) S Tm)nt ™+ 0(y " logy + 4 1“))
n< q“ nS\/%

x ( Z Xa(n)n ™" + X(s, x2) Z x2(n)n® L+ O(y 72 logy 4+ v~ 1/4)>.
ngR\/% ngﬁ /Zequ

(2.11)
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Denote the sum with x; and X, by M(T). We will take care of the other sums at the end of the

proof. The main term comes from the diagonal entries of M (T'). First, write

= Z B(s, P) Z x1(n)n=?° Z Xo(m)m™—*

0<y<T n< q;;: 7rL§R\/%

— 1 —o—i - —oti
Y Y Y walmm
0<y=T ngR\/q;;: mSR\/‘?ZL;’
Then, we separate the diagonal terms

L
2

moy (X AR S ) )

0<<T N, C g, /a0 n#£m
=71+ Z. (2.12)

The asymptotics in (2.3) come from Z;. We have

= dnXa(n dpXs(n dl, — dy)Xa(n
Zl:z (Z ;(25)_2 :2£>+Z( nz(BX())

0<~y<T *n=1 n>R ql'y n<R /q;:
- an?( )
= N(T —=2 -+ C1 +C
( )nz::l o T Ot Co

We need to estimate C7 and Cs. For C7 we have

C1 <Y D> n < Y 4277 =o(N(T)).

0<y<T n> /v 0<~y<T
Similarly,
Ca <Y Y n7 =o(N(T)).
0<~<T n> qZ'Y

To estimate Z we wish to exchange the order of summation and apply the Gonek-Landau

formula ([1.2]). Splitting and rewriting Zs in terms of the zeros of { we get

dXa(n)  (mNVEY O diXp(m)  onLREY
Z Z Z no+1/2mo—1/2 (E) +na+1/2m071/2 (E)

0<~y<T n<R ql/'y m<n

-y Z 3 dp,X2(n) LAY dpXo(m) (NP
- = no+1/2mo—1/2 \\ no+1/2mo—1/2 \'m )
n<R qygm n 27\'71. 2 <H<T

To apply the Gonek—Landau formula we split the innermost sum to 0 < v < T and 0 < v <

27n?/q¢R?. Hence, we can write
Zoy = Zy1 + Zog + Zag + Zos + Zos,

with

Zoy = —5= Z Z na+1/2md >§32( )A (%) ’

n<R thT m<n

n2A(n/m)
Zn < Z Z no+1/2mo—1/27

?fT m<n
NSRS
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1 n 2nT 3n
Za3 < Z Z n0+1/2m071/2%10g m loglog m’

n<R qfi m<n
1 n . n/m
Ty < Z Zmlogﬁ mln(T,Wm)7
n<R 4L m<n
= 27

and
1 1
Zos < log T —————— min (T, ———— | .
w<logTy > o ml“( log<n/m>>

fT m<n
n<RA/ o

We begin by estimating Zs;. The only non-vanishing terms are with m|n. Thus we write n = km

and obtain
T A(k) T e—o—1/2 —20
In<52d. D e <gp 2k > m™,
k<Ry/ZEL m< & \/2L k<R\/4E m<R /o
since A(k) < k€ for any € > 0. Since both sums are partial sums of convergent series we get

Zs1 = O(T). Working similarly with Zso gives

A(k) 3/2—c+ 2-2
In <Y D pmmppmems < 0 KPR mi
R<RVETm< /4T R<RVEL - m<fV/ET

T1/2 3-20 3-2¢
< Z k3/2—a+e<(k) +1) < T3 Z ka—3/2+e :O(T)

k<R\/ZZ kT2

For Zs3 we get

1 1
Zz3 < logT log logTZ no—1/2 Z mo+1/2
n<Ry/LZ m<n

1
<L logT loglogTZ eyl o(N(T)).
n<R\/LL

In order to estimate Zay we write n = um + r, where —m/2 < r < m/2. Hence

(1w
<u—|-f>: m
m >

Let ¢ = R\/ql/2r then n/m < ¢/T, and so

1 n 1
22 < logTZ Z no 1 2ma =172 m (n/m)

n<cTt/2 m<n

1 1
<logTd, X Y e am i Pt D)

mSch/Q u<|[cTY/2 /m|+1 —F<r<

if u is a prime power and r # 0,
PHmeP 7 (2.13)

)
% , otherwise.

and then evaluate the sum over r depending on whether u is a prime power or not to get

mlogm m
< logTZ Z (A(U) MmoF172(wm)o—1/2 + mo+1/2(um)0—1/2>
m,Sch/2 uL[eT?/2/m]+1

€

logm U
< IOgTZ m2o-—1 Z we—1/2 = O(T)
m<cTt/? ucT/2/m
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Finally, for Zy5 set m =n—r, 1 <r <n—1. So in particular log(n/m) = —log(1 —r/n) > r/n.

Hence,

1 n
Zys <logTy 3, noH 12 (n — r)o=1/2 ¢

n<cTt/? 1<r<n
1 1
nSch/z r<n—1

It remains to estimate all the other terms in (2.11]). By repeating the analysis done for Z; and

Z5 we obtain the following estimates

ORI I T

o<y<T n<R /qzl%

2
< N(T), (2.14)

and ,
Sl Y xmn ™t < N(T). (2.15)
0<y<T nSR\/q;Z
With trivial changes to the above argument we get,
2
) \ > w0 < TTVEN(T), (2.16)
0<y<T n< %
and
2
S 1Y % < TTVAN(T). (2.17)

0<y<T 1 2
n<#\/374

We also need to estimate the order of growth of the derivative in ¢ of |X (s, x)|*. First, notice

that |e(x)| =1, so
-1
l—s+a s+a
rf——J|I .
< 2 )H ( 2 )’

9 g 1—20 1—20
[ X (s, %) A(ﬁ) S (2.18)

as I'(z) = I'(Z), where A is some non-zero constant. Thus, with ¢ = T"/T,

XG0P = 1x G0l (o5 ) () w e ((50) -0 (55)
=|X(s, x)lzé <2i (arg(l_?ra) - arg(iu» + 0(7_2)>

< 71720 <O(’71) + 0(72)> < ,Y*QU’ (2.19)

XG0l = (4)7

By Stirling asymptotics

by a standard estimate on ¢ |12, p. 902, 8.361(3)] and the Taylor expansion of arccot. Let

2
Z Cnnfcrfi'y Z Xl(n)naflqtiﬁy
<

<R
= n>v/2x2

2

S(T) =Y X (o +ivx1)l”
0<~y<T
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We use summation by parts, (2.19), (2.16), and (2.17) to see that

S(T) =X (o +iTx) Y | D xa(n)n? 7
0<y<T o J2T
P

2

2

d
7|X(O' + it7X1)|2 dt7

o—1+2y
Xl(n)n dt

0<y<t <r

which simplifies to

T
S(T) < T*=2077=Y2N(T) +/ t"YEN ()2 dt.
1

The first term is clearly o(N(T')). For the integral we use the fact that N(t) = O(tlogt) to
estimate it as

T

/ /2% log t dt < T3>+,

1

Hence we have that S(T') = o(N(T)), and similarly

Z Xa( n)ngilim

n<1

2

> X (0 +i7, %) L T3/277% = o(N(T)).

0<~y<T

27rq

Finally we use the Cauchy—Schwarz inequality, (2.14)), , and the above two equations to
estimate all other terms in (2.11) as o(N(T)). O

2.2. Proof of Proposition Since B(s, P) is a finite Dirichlet polynomial it is bounded
independently of 7. Thus, to estimate Eng|A(7)|27 it suffices to estimate

D 1L, x)PIL(s, x2)|* = O(N(T). (2.20)
o<y<T
The approximate functional equation for L(s, x1), as in the proof of Proposition gives
(s:x1) = > xim)n ™"+ X(s,x1) Y xi(m)n* "t + 0t logt + 11/

qlt
n<\/5- n<y/5

= W1+ X(s,x1)Wa + Ot logt) + O(t~'/*).

ﬂl

Similarly,

L(s, x2) = Y1 + X(s,x2)Y2 + O(t=/2logt) + O(t~/4),

where
= Z xe(n)n™?%, Yy = Z Xo(n)n®~
n<q/ 4L n<y /2
We have (%) .
— P v V\YY
Z Wy, wiw, = Z Z xa(m mnul/),u X2 (%) . (2.21)

0<y<T 0<YET 1y <y J2E
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Again, we consider the diagonal terms separately from the rest of the sum. The number of

solutions to mn = v = r is at most the square of the number of divisors of 7, d(r)2. Thus

sty 2m2

>y et g 5

0<y<T mn=pv 0<y<T r=1

(1), (2.22)

since the inner series converges. For the off-diagonal terms set uv = r and mn = s. We can
treat the cases s < r and s > r separately. In the following analysis we assume m, n, p, v <
(q¢T/27)"/?. Consider first the terms with s < r in (2.21). We have that

Zy = Z Z Z x1(m)xz 5/:?;51( )YQ(T/H)Z (g)”’ (2.23)
r<glT /2w s<T m|s, u|r K<~<T

where K = min(T), (2rr/qf) max(m?, s> /m?, u?,7?/u?)). Applying Gonek-Landau Formula (1.1))
to Zo gives

YT T x1(m Xioi/l%zl(l/FQ(r/u) 3 (f)”fz (g)p

S
r<LT s<r m|s, p|r 0<~y<T 0<y<K

= Zor,2 + Zos + Zos + Zos,

with
x1(m)xa(s/m)X1 ()Xo (r/p) K =T (7
ZEED IS ey ey oA (5)-
rLT s<r m|5 p,‘r
T 3r
Za3 < Z Z Z ra+1/250 172 5 1 loglog—
r&LT s<r mls, p|r
X1 (m)xa(s/m)Xq (#)Xo(7/ 1) LA /s
Znu < Z Z Z rot1/2g0-1/2 log; min | T, r/sy )’
r<cT s<r 'nq,ls #‘T
and

1
< 3 S oy log2T mm( (r/s))

rLT s<r m|s, p|r
For Zz; 2 we set r = sk. Since d(z) < z€ and K < T, we get
kE €
Znp <T Z Z k0+1/282a =0(T).
k<T s<T/k

We also have

7,.6 86
Z23 <logT loglogT Z ro—1/2 Z go+1/2
rT s<r
€

< logT loglog T} 7007_“71/2 = o(N(T)).
r<T

We can rewrite Zo4 as

= aalr) = Gu = xe)(6) log - min <T7 r/s ) (2.24)

ro+1/2 s0—1/2 (r/s)

r<cT s<r
where * denotes the Dirichlet convolution. Let r = us + ¢, where —s/2 < t < s/2, and separate

the terms where v is not a prime power to Zs4 1, and denote the remaining terms by Z4 2. We
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use ([2.13)) to see that
Z Z Z (us +t)° t
Za1 € s”+1/2 (us +t)o—1/2 o (u * s) . (2.25)

s<cT ukcT/s+1 |t|<s/2

Rewriting yields

525 ¢ 1/2—o0+e
Z24,1 < IOgT Z 52‘7 Z Z (U + S> .

s<cT ukcT/s+1|t|<s/2

The terms in u can be bound from above by (u — 1)*/2=7*¢, Thus

T 3/2—o+e€
Zoy1 K logT Z glt2e=20 (C>

S
s<cT

<« T3/2=otepl/2=oF€ og T = O(N(T)).

For Zs 0 let / in summation denote that the sum extends only over prime powers. We need to

estimate

1*X2 (us +t)(x1 * x2)(s) ; . s 4t
Z Z Z us+ta+1/23cf 1/2 log U+g min T’T

s<eTyu<| €T |41 04[] <s/2

as O(N(T)). This can be rewritten as

(Xl*Xz X1*X2 (us +1) t . us +t
Z T e Z Z D)o+1/2 log u+; min T,T .

s<eT w< | <L |41 oiti<erz ¢

By taking absolute values and using the triangle inequality we find that

Lo K log? T Z g2e—20+1 Z wl/2—o+e
s<T uLT/s

< TS/Q*UJ”E 10g2 T Z 857071/2 — O(N(T)),
sKLT
as required. It remains to estimate Z5. We use the same method as in Proposition 2.1} Let
s=r—k,and 1 <k <r to get

1 r
ot 05
r<T k<r

<<logTZ#Z%:oNT

r<T k<r

Finally, if s > r we can consider the complex conjugate of ( - ) to obtain the same estimate.
The rest of the proof proceeds in the same way as in Proposition [2.1l We obtain trivially the

estimates
>t < N(D), (2.26)
0<~y<T
>t < N(T). (2.27)

0<~y<T
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Also, by modifying the argument slightly we find that

3 Walt < TP HN(T), (2.28)
0<~y<T

ST vl < T2 EN(T). (2.29)
0<~y<T

We also need to estimate the derivative of [X (s, x)|*. By estimate (2.19) from Proposition

we get
d 4 1-20,.,—20 1—-4c0
@IX(&X)I LY Ty <y .
The rest of the proof now follows from estimating

31X (s x| Wel* = O(T' 27 N(T)),
0<~y<T

and similarly for Y5, and applying the Cauchy—Schwarz to the remaining terms in the expansion

of the product in (2.20). O
2.3. Proof of Proposition Let
nX2 enXl
D= Z n2a’ ’ Z n?cf
By Proposition it is sufficient to show that D — F # 0. First, we need to compute the d,

and e,’s explicitly. Let us denote the set of primes smaller than P by & = {p1,pa,...,pn, P}.
Suppose P is large enough so that ¢, £ € &. The coefficients d,, are defined by the Euler product

H(17X2 XHZX1ns :

p<P p>P n=0

If p? | n, p € &, then n disappears from the expansion, i.e. d,, = 0. If n has no prime factors
from the set &, then we just get the usual coefficient from L(s, x1). On the other hand, if some

prime p € & divides n exactly once then it contributes —x2(p). Hence

x1(n), if ptnforal pe L,
d, = (—1)’“)(1(%1 o )x2(Piy -+ pi), i ps, || nfor p;; € 2 for all j,
0 otherwise.

Similarly for e,,. Hence for p > P the Euler factors of D are of the form

(1 - x1(P)Xa(p)p ") "

b

while for F one obtains the complex conjugate. On the other hand, for p < P we have

L+ dpXa(p)p 27 + dpeXa(PP)p™ 27 + - =1 — xaXa(p)p 2 =1—p 27,

unless p = ¢, and similarly for the second series. Now, suppose that D = E, then

[Ta-p>) [T0-Cax)@p ) = T[ - [T (1 = Gix2))p>7) "
p<P p>P p<P p>P
p#L P#q

We cancel out the common terms in the product over p < P, which yields

(1—q*)z=(1-0)z
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where
2= ] - Gaxa)@p>) "
p>P
Hence,
1—q 2 _Z
1—¢-20 2
Taking absolute values yields
1— —20
a7 _
1—4¢-20
which is a contradiction. O

3. PROOF OF THEOREM [L.2]

We now sample the values of L(s, x) at precisely the non-trivial zeros of ¢. In this case we
do not assume RH. Off the critical line we used the method of Gonek-Landau to prove linear
independence. On the critical line, however, this becomes very difficult. This is mainly because

of the corresponding Zs4 term in the first proposition. We would need to control sums of the

Y, 3 X () min (1. 75 ).

n<X m<n
where X = ¢T'/2m+/log T. This should be o(N(T") log T'), which we cannot prove. In the proof of
Conrey et al. |1] they make a reduction to the discrete mean values of one L-function at a time.

form

We have been unable to find such a reduction in our case. Garunkstis et al. [6] presented a more

suitable method through contour integration and a modified Gonek Lemma (see Lemma .
Denote the characters in Theorem by x1 and xo with distinct prime moduli ¢ and £.

For any Dirichlet character xy modulo n, we denote the principal character modulo n by xg-

Moreover, put B(s,p) = p® for some prime p to be determined later. Then,

A(FY) = B(p,p) (L(pa Xl) - L(p7 XQ))

is non-zero precisely when the two L-functions assume distinct values.

Proposition 3.1. Let € be the rectangular contour with vertices at a + i, a + i1, 1 —a + T,

and 1 — a + i with positive orientation, where a = 1+ (logT)~t. Then we have

C/ 6X1T T
— | =(s)B L 4 1
2711 ¢ C( ) (Sap) (S7X1) (0] 271-’ (3 )
where -
C. = G(l’xl)G(*pyXl)
X1 — s
q
and similarly for xo.
Then, by the residue theorem, we get
!
A 27rz/ C p) (L(s,x1) — L(s,x2)) ds.

O<7<T

Proposition 3.2. With the same contour as in Proposition[3.1] we have for j,j' € {1,2} that

RS

omi Je € (8)L(s, x5)L(1 = 8,X;) ds < Tlog?T.
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This proposition gives us estimates for all the terms in 3| A(y)|?, since B(s, p) can be bounded
independently of T. Finally, we have to prove that the difference coming from Proposition [3.1]

is non-zero.
Proposition 3.3. There is a prime p, different from q and £, such that C,, — Cy, # 0.

With these propositions we can prove Theorem in the same way as in (2.8)). In the proofs

below we make extensive use of the following facts about Gauss sums, see |3 pg. 65 (2)].
G(n,x1) =x1(n)G(1,x1), (3-2)
since ¢ is a prime, and (see |3, pg. 66 (5)])
G(1,x1)G(-1,x1) = ¢, (3.3)
and similarly for ys.

3.1. Proof of Pr0p051t10n We prove the proposition for y; as the case of x2 is identical.
Denote the integral in by Z. Then

a+i1T l1—a-+:T l1—a+1 a+1 C/
/ / / +/ = (8)B(s,p)L(s,x1) ds
a+iT 1—a+iT l1—a+1 C

=T + Iy + I3 + 14.

We can evaluate Z; explicitly to get

a+i1T
T, = / S ()L (s, xa)p* ds
a+1 C

— iy Al e e S + 7 = o)

2 Tomp e/ \mn ¢

where the second term comes from the case mn = p. For Zy we use the following bounds (see |3}
pg. 108]):

!
gé(a—i—zT)<<logT if —1<o<2, |T|>1, (3.4)
and
Lo +iT,x1) < |T)"*1log|T +2|, ifl—a<o<a, |T|>1. (3.5)

These yield Zy = O(Tl/ 2]og® T). Next we consider Z3. Changing variables s — 1 — 5 gives
-1 a+iT CI s
Iy = — 1—-38)L(1—35,x1)p  °ds.
smi | 0= s)
Conjugating and applying the functional equation of ¢ and L(s, x1) yields

a-+1T / /
I3= % o (CC(S)—&-:(S)) L(s, x1)A(s, x1)p~* ds,

where

)

1/2—s r (
1

L5

— i Sl - —7rzs/2 Tis/2
Asxa) = () L GOTIT) (77 430 (-1)™/?)
Using the definition of A to expand the above we find that

| Dol

V(s)=m

[ V)

and

=p(Fr+-+Fa),
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where

‘;_G@M>1/“”v()tzsp Sep (™5 Lisy1) d
! q 27 Jori A 2mp 2 )

v (-1 G l,f 1 a+iT s
- BENGLT) L™ ) () Tsen +W”) (5:x1) ds,
q T Jati v 2mp

_G(l,xl)l/‘””c Y
T = ¢ 2mi )., g(s) 27p [(s) exp

(
| )

SR IR AR AT ER em@wj (s 30) s
&

L(s,x1)d

wﬁ

q 2mi a+1 C

We rewrite F; in the following way

1.v% T 7 1 atiT
flzw/ ’Y(a—&—iT)d(,/ ( > s) exp
q 17 27 Joyi 2mp

By Lemma

7)), 6o

a+iT s
L (q> F(S)exp( ) s,x1)ds =Y xi(n eXp( qu) + O/,

21 Jo oy 27p oxl

We can separate the periods to write the sum as

q
.ap T
> @ (<2mi) 0 1= 6 +00)
a=1 4 HS% b

n=a mod ¢q

We integrate by parts in (3.6) and use the standard estimate

~' s _
L) =tog 2L 0™, 121

to see that

Fi= g;:; /T (log% + O(T_l)) d <T+ 0(71/2+€))

_CuT, T
= log — + O(T"/?*¢
omp 085, T O )-

Similarly by Lemma Fo is O(logT), while F4 = O(1). For F3 we have

7= G(L><1)1./:HT (q)sr(s) exp< ”;S> g( VL(s, x1) ds

q 270 Jops 27wp
_-Gx) S A(m)xi(n) exp (_anp ) +O(TV?+),
q

mn<2
Soap

Looking at the summation we decompose it as

3 A(m) Z x1(n) exp <2m‘m:p> .

m<2T—q n<
S3rp

—27rp'm.

We separate the periods in the same way as for F; and write the above sum as

> Am)G(=mp )5+ O(D).

Tq
ng'rrp
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We will show that the summation over m in fact converges. This means that we have F3 = O(T).

To do this it suffices to consider

A(m)x;(m
5~ AT (m)

m<X m
Let
Y(X,X1) = Z A(m)x, (m).
m<X
Then, by |3} pg. 123 (8)],
X8
w(Xa YI) = _7 + O(X eXp(—c(log X)1/2))a

where the term with § comes from the Siegel zero of x; and c is some positive absolute constant.
However, since our ¢ is fixed, we know that 3 is bounded away from 1. Hence, with summation

by parts we obtain

> A 9w | / X)) - o

m t
m<X

as required. Finally Z, = O(1) as the integrand is analytic in a neighbourhood of the line of

integration. O

3.2. Proof of Proposition We prove the case 7 = j/ = 1 as the other cases are either

similar or easier. Now, denote the integral by Z, i.e.

1 !/
=557 | SOOI L0 — s T s

and split it in the same way as in the proof of Proposition so that
T=Ti+ -+,

We can write 77 as
1 a+1T C/

Il (S)L(53X1)2A(53X1)d8

T2 Jors €

_ G(q><1)21m /:T (%)SF(S) (exp <72”S> %1 (=1) exp (”;S)) g(s)L(s,le ds
— &4 &

By Lemma & = O(1). Let us now estimate £;. We have

&= 7@ Z d(n)x1(n)A(m)exp (27rinqm> + O(T/?+9),

mn<%
=27

Denote the sum over m and n by S. As before, we first separate the periods

5= xia)exp (—2m’”b) > dmA(m).
q mngg
n=a mod ¢q
m=b mod ¢

q
a,b=1
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Now sum over characters n of modulus ¢ to get

.ab
( Z Z x1(a exp( 27mq> Z d(n)n(n)A(m)

n mod qa, b=1

m=b mod q

ZZG —b,x1m) Y d(n) m),

n mod ¢q b=1 <Tq

m= bmodq

and as before

= 202 Yo G=Loam | Y dmnm)Aim)wim) | X (b)n(b)w(b)
b=1

77 w mod g mn<Zte
=2

The sum over b is non-zero if and only if w = wp and n = x1; or w = X1 and 7 = 1p; or W # Wy
and n = yjw. By Perron’s formula

= S dmyn(n)Am)w(m) = ;m/aw Y (s, (s,m? (%) dj +0 (TlogaT>

mn<la a—iU L

n<gy
for some U with |U| < T. Since our characters are fixed, we can use Vinogradov-type zero-free
region [6, pg. 296]. That is, let b = 1 — ¢;/(logt)3/4*¢ (in fact, any power smaller than 1 would
do), then L(o + it, x1) has no zeros in the region o > b;. Here ¢; is some positive absolute
constant. By the approximate functional equation and Stirling asymptotics we have uniformly
for 0 <o <1 and |t| > 1 that

1—0o
L(s,x1) < |t| = log(|t| +1). (3.7
Then, by shifting the contour we get

L Ta\® 1
= 2 dlmn(m)A(m)e(m) = Res (s, w)Lis,n)* (q) s

2T

1 b1 +iU b1 —iU a—1U L/ T Sd Tl 3T
o[ [ [ ) T (52) Tro(TET). 6
2mi a+iU by +iU by —iU L 2 S U

We need to find the residues in each of the three cases.

/ Tg\° 1 Tq
il 2(2) Z - _1(1 2-4
1315 L(37WO)L(SaX1) (27T> s L(1, x1) on’
L, _ Tq Tq (o@)\* L', _ Tq
- L S92 1,%,) log =2
Res —(s,X1)L(s,70)” (%) . %( . ) Thx)lesg 4O,
L 5 (Tg\" 1
Res 7 (s,w)L(s, 1) <2ﬂ> 5 =0

It remains to estimate the integrals on the right-hand side of (3.8]). By (3.4]) and (3.7) we see that
the first and third integrals yield O(T%U " log? U). We split the second integral and estimate

it as

b1+ by —1 by —iU L/ T s d

q s

w0 ) R ey (3) =
</b1+iU by+i b > ! 27 8

= O(T" U " log* U + T by — 1|72),
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where the second error term comes from the integral over the constant segment. It suffices to
choose U = T'/? as then

TaU—b1 10g4 U < Te—% logT+%(logT)1/475+4 loglogT7

TOHU' P log! U « Te~ 7 1osT)/* “4dloglos T

and

Th1|by — 1|72 « Te~e1(0gT)! /"7 +(3/2+2¢) loglog T

which are all O(T'). Therefore we conclude that Z; = O(T'logT).
Next up is Zy. We use again the convexity bound writing it as
L(o +it, x1) < [t

where € > 0, —1 < 0 < 2 (say), |t| > 1, and

0, ifo > 1,
po(o) =452, if0<o <1,
% —o, ifo<0.
With this we can write
1 L=atiT

Lo | FOLeLO 5T ds

< ( / / / )log T Trolo)reqroll=a)te go.
l1-a

Keeping in mind that ¢ < a we get
Ty < T Y24 10g? T+ TV 2+ 10g? T = O(T).

For Z5 we do the usual trick of mapping s — 1 — 5. Taking complex conjugates leads to

a+iT / ’
Lo = % ati (E(S) - 1(8)> L(s,x1)*A(s,x1) ds.

3
As in Proposition [3.1] we split this up into F,. .., Fs. Adding up F3 and Fy gives Z;, which is
O(TlogT). As before, F5 does not contribute. So we have to estimate i, that is

_GOx) [T, T L e , s
.Fl = q /1 (10g o + O(T )) d omi /a+i L(S7X1) F(S) exp 5 ds | .

Working as in Proposition we can write the inner integral (plus an error term) as
n

Z x1(n)d(n)exp (—2m’) .

n<gt 1

This is O(7 log 7), which gives Zy = O(T log® T'). It is not difficult to extend this to an asymptotic
estimate, but for our purposes the upper bound is sufficient. Trivially we also have that 7, =
O(1). Hence Z = O(T'log*T). O

3.3. Proof of Proposition n By (3.2) and we see that

CXl - CX2
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if and only if x1(p) = x2(p). By Chinese Remainder Theorem and Dirichlet’s Theorem we can

find a prime p different from ¢ and ¢ that satisfies

p=1mod g,
{ p =amod ¥,
such that y2(p) = x2(a) # 1, since x2 is non-principal. This gives 1 = x1(p) = x2(p) # 1, which
is a contradiction. O
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