-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by AMS Acta

PARTIAL STRATIFICATION OF SECANT VARIETIES OF
VERONESE VARIETIES VIA CURVILINEAR SUBSCHEMES

EDOARDO BALLICO, ALESSANDRA BERNARDI

ABSTRACT. We give a partial stratification of the secant varieties of the order d
Veronese variety of P"*. We will focus on points lying on the span of curvilinear
subschemes of Veronese varieties and we compute their symmetric rank for
small border rank. We will also describe the structure of the Hilbert schemes
of curvilinear subschemes of Veronese varieties.

INTRODUCTION

m+d

Let vg : P™ — ]P’( )1 be the order d Veronese embedding with d > 3. We
write X, g := vg(P™). An element of X, 4 can be described both as the projective
class of a d-th power of a homogeneous linear form in m + 1 variables and as the
projective class of a completely decomposable symmetric d-modes tensor. In many
applications like Chemometrics (see eg. [24]), Signal Processing (see eg. [20]), Data
Analysis (see eg. [5]), Neuroimaging (see eg. [16]), Biology (see eg. [23]) and
many others, the knowledge of the minimal decomposition of a tensor in terms of
completely decomposable tensors turns out to be extremely useful. This kind of
decomposition is strictly related with the concept of secant varieties of varieties
parameterizing tensors (if the tensor is symmetric one has to deal with secant
varieties of Veronese varieties).

Let Y C PV be an integral and non-degenerate variety defined over an alge-
braically closed field K of characteristic zero.

For any point P € PV the Y -rank ry (P) of P is the minimal cardinality of a finite
set of points S C Y such that P € (S), where ( ) denote the linear span:

(1) ry(P) :=min{s e N| 35S CY, #(S) =s, with P € (S)}.

“

If Y is the Veronese variety X,,, the Y-rank is also called the “ symmetric
tensor rank ”. The minimal set of points S C X, 4 that realizes the symmet-
ric tensor rank of a point P € X,, 4 is also said the set that realizes either the
“ CANDECOMP/PARAFAC decomposition ” or the “ canonical decomposition ”
of P.

The natural geometric object that one has to study in order to compute the
symmetric tensor rank either of a symmetric tensor or of a homogeneous polynomial
is the set that parameterizes points in P having Xm,q-rank smaller or equal than a
fixed value ¢ € N. For each integer ¢ > 1 let the ¢-th secant variety o;(X) C PV of a
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variety X C PV be the Zariski closure in P of the union of all (¢ — 1)-dimensional
linear subspaces spanned by t points of X c PV:

(2) o(X)=J (P,....P)
Py,...,PeX

For each P € PV the border rank bx (P) of P is the minimal integer ¢ such that
P e o (X):

(3) bx(P):=min{t e N| P € 0:(X)}.

We indicate with of(X) the set of the elements belonging to o¢(X) of fixed
X-rank ¢:

(4) 0f(X) = {P € oo(X) | rx(P) = t}
Observe that if o;_1(X) # PV, then o?(X) contains a non-empty open subset of
O't(X).

Some of the recent papers on algorithms that are able to compute the symmetric
tensor rank of a symmetric tensor (see [9], [7], [10]) use the idea of giving a stratifica-
tion of the ¢-th secant variety of the Veronese variety via the symmetric tensor rank.
In fact, since o4 (X) = 0?(X), the elements belonging to (X)) \ (6?(X)Uoy_1(X))
have X-rank strictly bigger than ¢. What some of the known algorithms for com-
puting the symmetric rank of a symmetric tensor T' do is firstly to test the equations
of the secant varieties of the Veronese varieties (when known) in order to find the
Xm,q-border rank of T', and secondly to use (when available) a stratification via the
symmetric tensor rank of (X, 4). For the state of the art on the computation of
the symmetric rank of a symmetric tensor see [15], [10], [21] Theorem 5.1, [9] for
the case of rational normal curves, and also [9] for the case t = 2,3, moreover [7]
for t = 4.

If a stratification of the secant varieties of the Veronese varieties via the symmet-
ric rank could be done for all ¢, then we would get a stratification of PV with strata
labelled by pairs of integers (rank,border rank) and it would be possible to produce
effective algorithms for the computation of the symmetric rank of any symmetric
tensor.

What we propose to study here is the computation of the symmetric tensor
rank of a particular class of the symmetric tensors whose symmetric border rank
is strictly less than its symmetric rank. We will focus on those symmetric tensors
that belong to the span of a reduced 0-dimensional curvilinear sub-scheme of the
Veronese variety. We will indicate in Notation 6 this set as o] (X).

From now on in the introduction we take X := X,, 4 C PV with N := (m;;d) —1.

In Section 1 we will define a finite partial stratification of o4(X) \ (¢?(X) U
01—1(X)) by constructible subsets and o] (X) will turn out to be the union of these
strata (thus o] (X) is constructible). For very low ¢ (ie. ¢ < |(d — 1)/2]), we
will describe the structure of o¢(X)": we will give its dimension, its codimension
in 04(X) and the dimension of each stratum (see Theorem 1). Moreover in the
same theorem we will show that for such values of ¢, the symmetric border rank of
the projective class of a homogeneous polynomial [F] € o4(X)\ (¢9(X) Uoy—1(X))
is computed by a unique 0-dimensional subscheme Wr C X and that the generic
[F] € 04(X)T is of the form F = LM + L¢ +---+ L% , with L, Ly,...,L; 9, M
linear forms. To compute the dimension of the 3 largest strata of our stratification
we will use Terracini’s lemma (see Propositions 1, 2 and 3).
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We will also prove several results on the symmetric ranks of points P € PV whose
border rank is computed by a scheme related to our stratification (see Proposition
5 and Theorem 2). In all cases that we will be able to compute, we will have

bx(P) +rx(P) < 3d-2,

but we will need also additional conditions on the scheme computing bx (P) when
bx(P)+rx(P) >2d+2.

1. THE STRATIFICATION

We begin this section by explaining the stratification of the curvilinear 0-dimensional
subschemes of any smooth connected projective variety Y C P".

Notation 1. For any integral projective variety Y C P" let 5(Y) be the maximal
positive integer such that every 0-dimensional scheme Z C Y with deg(Z) < 4(Y)
is linearly independent, i.e. dim((Z)) = deg(Z) — 1.

Notation 2. Fix an integer ¢ > 2. Let A(t) be the set of all non-decreasing
sequences t; > to > --- > ts > 0 such that Zle t;i =t and t; > 2.

For each such sequence t = (t1,...,ts) let I(¢) be the number of the non zero t;’s,
fori=1,...,s.

Set A'(t) := A(¢t) U{(1,...,1)} in which the string (1,...,1) has ¢ entries.

We say that I((1,...,1)) =t.

Definition 1. Let Y C P" be a smooth and connected projective variety of dimen-
sion m. For every positive integer ¢ let Hilbt(Y) denote the Hilbert scheme of all
degree t O-dimensional subschemes of Y.

Remark 1. Observe that if m < 2, then Hilb’(Y") is smooth and irreducible.

We now introduce now some subset of Hilb?(Y") that will give the claimed strat-
ification.

Notation and Remark 1. Let Y C P" be a smooth connected projective variety
of dimension m.

e For every positive integer t let Hilbt(Y)o be the set of all disjoint unions of
t distinct points of Y.

Observe that Hilb!(Y)g is a smooth and irreducible quasi-projective va-
riety of dimension mt and also a dense open subset of it if m > 2 (see [18],
[19]). Moreover for arbitrary m = dim(Y") the irreducible scheme Hilb’ (Yo
is always open in Hilb’(Y").

e Let Hilb!(Y); be the closure of Hilb'(Y)g in Hilb’(Y),cq. The elements of
Hilb"(Y), are called the smoothable degree t subschemes of Y.

If £ > m > 3, then there are non-smoothable degree ¢ subschemes of Y.

e An element Z € Hilbt(Y) is called curvilinear if at each point P € Z,.4 the
Zariski tangent space of Z has dimension < 1 (equivalently, Z is contained
in a smooth subcurve of Y). Then for arbitrary m we can define Hilb*(Y),
that is the set of all degree t curvilinear subschemes.

Hilb!(Y), is a smooth open subscheme of Hilb’(Y") . which strictly con-
tains Hilb"(Y),.

Fix now O € Y with Y C P” being a smooth connected projective variety of
dimension m. Following the introduction of [19] we state the corresponding result
for the punctual Hilbert scheme of Oy,o.
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Remark 2. For each integer ¢ > 0 the part of the punctual Hilbert scheme
parametrizing the degree t curvilinear subschemes of Y with P as its reduction
is smooth, connected and of dimension (t — 1)(m — 1).

Notation 3. Now fix an integer s > 0 and a non-decreasing sequence of inte-
gers t; > -+ > t, > 0 such that t; +---+t; = t and t = (¢1,...,¢s). Let
Hilb*(Y).[s;t1, . . ., ts] denote the subset of Hilb’(Y'), parametrizing all elements of
Hilbt(Y)C with s connected components of degree t,...,ts respectively. We also
write it as Hilb"(Y).[t].

Remark 3. Since the support of each component Hilb!(Y).[t] varies in the m-
dimensional variety Y C P", the theorem on the punctual Hilbert scheme quoted
in Remark 2 says that Hilb"(Y).[s;t1,...,ts] is an irreducible algebraic set of di-
mension ms + > ., (t; — 1)(m — 1) = mt + s — ¢, i.e. of codimension ¢ — s in
Hilb* (V).

Thus if t > 2 we have:

Hilb" (V). = Use ar(nyHilb" (V). [t] = Hilb"(Y)o |_| Uge acHilb' (V) [t].

Each stratum Hilb*(Y).[¢] is non-empty, irreducible and different elements of A’(t)
give disjoint strata.

Different strata may have the same codimension, but there is a unique stratum of
codimension 1: it is the stratum with label (2,1,...,1). This stratum parametrizes
the disjoint unions of a tangent vector to Y and ¢t — 2 disjoint points of Y.

Notation 4. Take now a partial ordering < on A’(t) writing (a1, ...,az) = (b1,...,by)
if and only if 22:1 a; < Zj-:l b; for all integers i > 1.

It turns out that a < b if and only if the stratum Hilb’(Y).[b] is in the closure
of the stratum Hilb*(Y").[a].

We recall now a lemma that we borrow form [12] and [9].

Lemma 1. Let Y C P" be a smooth and connected subvariety. Fiz an integer
k such that k < B(Y), where (Y) is defined in Notation 1, and P € P". Then
P € 01(Y) if and only if there exists a smoothable 0-dimensional scheme Z C'Y
such that deg(Z) = k and P € (Z).

Proof. As observed in [12], proof of Lemma 2.1.5, the condition k£ < 3(Y") is the one
need to apply [9], Proposition 11, to get the “ only if ” part. The same references
also gives the “ if ” part, but we will write down the proof. Assume that Z is
smoothable and P € (Z). Call Sy a family of reduced subsets converging to Z,
then the condition “ k < S(Y) ” says that (Z) and all (S)) are (k — 1)-dimensional
and the family {(S)} converges to (Z) in the appropriate Grassmannian G(k—1,r).
Since the incidence correspondence of P™ x G(k — 1,r) is closed and the projection
P" x G(k —1,7) — P" is a closed map, we get that (Z) is in the closure of Uy {S\).
The latter set is contained in U¥_;o¥(Y). O

The following lemma shows a very special property of the curvilinear subschemes.

Lemma 2. Let Y C P" be a smooth and connected subvariety. Let W C Y be a

linearly independent curvilinear subscheme of Y. Fix a general P € (W). Then
P ¢ (W') for any W' G W.
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Proof. A key property of curvilinear schemes is that they have finitely many proper
closed subschemes. Since the base field is algebraically closed, it is infinite. Thus
P*~1! is not a finite union of proper linear subspaces. Thus UW/;W<W'> Sw) O

We introduce the following Notation.

Notation 5. For each integral variety Y C P and each Q € Y., let [2Q, Y] denote
the first infinitesimal neighborhood of @ in Y, i.e. the closed subscheme of Y with
(Zg,y)? as its ideal sheaf. We call any [2Q, Y], with Q € Y,.4, a double point of Y.

Remark 4. Observe that [Q,Y],e.q = {Q} and deg(]Q,Y]) = dim(Y) + 1.

The following observation shows that Lemma 2 fails for some non-curvilinear
subscheme.

Remark 5. Assume that Y C P" is smooth and of dimension > 2. Fix a smooth
subvariety N C Y such that dim(N) = 2 and any Q € N. Since N is embedded in
P", the linear space ([2Q,Y]) is a 2-dimensional space. Fix any P € ([2Q,Y]). If
P =Q, then P € ({Q}). If P # Q, then the plane ([2Q,Y]) intersects [2Q,Y] in a
degree 2 subscheme [2Q,Y]p and P € ([2Q,Y]p) that is a line.

Notation 6. For any integer ¢ > 0 let 0;(X)" denote the set of all P € o4(X) \
(02(X) Uos—1(X)) such that there is a curvilinear degree ¢ subscheme Z C X4
such that P € (Z).

Remark 6. Let X C PV be the Veronese variety X, ¢ with N = (”jd) — 1. Take
P € o(X)" and a curvilinear degree ¢ subscheme Z C X, such that P € (Z).
The curvilinear scheme Z has a certain number, s, of connected components of
degrees t1,...,ts respectively with t; > --- > t,, but we cannot associate the string
(t1,...,ts) to P, because Z may not be unique. In fact the scheme Z is uniquely
determined by P for an arbitrary P € o4(X)! only under very restrictive conditions
(see eg. Theorem 1 for a sufficient condition). However, we think that it useful to
see at(X)T as a union on the various strings t; > --- > t,, even when this is not a
disjoint union.

We recall the following definition.

Definition 2. Fix now integral and non-degenerate subvarieties Xi,...,X; C P"
(repetitions are allowed). The join J(X71,...,X;) of X1,..., X; is the closure in P"
of the union of all (¢ — 1)-dimensional vector spaces spanned by ¢ linearly indepen-
dent points P, ..., P, with P; € X, for all .

Remark 7. From Definition 2 we obviously have that o,(X;) = J(X1,...,X1).
—_———
¢

Definition 3. Let S(X1,...,X;) C X1 X -+ x X; x P" be the closure of the set of
all (P, Ps,..., P, P) such that P € ({P1,...,P:}) and P; € X; for all i. We call
S(Xy,...,X;) the abstract join of the subvarieties X,..., X; of P".

Remark 8. The abstract join S(X1,...,X;) is an integral projective variety and
dim(S(Xy,...,Xy)) =t —1+ Ele dim(X;). The projection of X7 x -+ x X; X
P" — P” induces a proper morphism uyx, . x, : S(Xi,...,X;) — P" such that
ux,,..x,(S(X1,...,Xy)) = J(X1,...,X;). The embedded join has the expected
dimension ¢t — 1 + Z§=1 dim(X;) if and only if ux, . x, is generically finite.

.....
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Remind here the so called Terracini’s Lemma (that is for sure the most used tool
to study the dimensions of secant varieties).

Terracini’s Lemma Let Y C P” be a smooth projective variety and let P &€
0+(Y) be a generic point, i.e. P € (Py,...,P;) for Py,..., P, € Y generic points.
Then we have the following equality between Zariski tangent spaces: Tp(0+(Y)) =
(Tp,(Y),...,Tp,(Y)).

In [1], part (2) of Corollary 1.11, it is proved that Terracini’s lemma works also for
joins. In fact it can be generalized as follows.

Terracini’s Lemma for Joins Let P € ({P,..., P;}) with (P, ..., P;) general in
X1 X -+» X X3, then the Zariski tangent space Tp(J(X1,..., X)) may be identified
with the linear span of the union of the first infinitesimal neighborhoods [2P;, X]
of P, in each X;, 1 <1 <t.

We are now ready to apply this tool of curvilinear subschemes in the particular
case of secant varieties of Veronese varieties.

2. CURVILINEAR SUBSCHEMES AND TANGENTIAL VARIETIES TO VERONESE
VARIETIES

m+d) _ 1

From now on in this paper we fix integers m > 2, d > 3 and take N := ( m

and X := X, 4 the Veronese embedding of P into PN,

Definition 4. Let 7(X) C PV be the tangent developable of X, i.e. the closure in
PV of the union of all embedded tangent spaces TpX, P € X, :

7(X) = U TpX
PeX

Remark 9. Obviously 7(X) C 02(X) and 7(X) is integral. Moreover Since d > 3,
the variety 7(X) is a hypersurface of o5(X).

Definition 5. For each integers t > 3 let 7(X,t) C PV be the join of 7(X) and
or—2(X):
7(X,t) := J(7(X), 01—2(X)).

We recall that min{n, t(m + 1) — 2} is the expected dimension of 7(X, ).
Here we fix integers d,t with ¢ > 2, d not too small and look at 7(X,t) from
many point of views.

Remark 10. The set 7(X,t) is nothing else than the closure inside o¢(X) of the
largest stratum of our stratification. As recalled in Remark 3 this is the stratum
given by Hilb’(X).[(2,1,---,1)] (see Notation 3).

Remark 11. For any integral projective scheme W, any effective Cartier divisor
D of W and any closed subscheme Z of W the residual scheme Resp(Z) of Z with
respect to D is the closed subscheme of W with 7, : Zp as its ideal sheaf. For
every L € Pic(W) we have the exact sequence

(5) OHIRGSD(Z)(@L(_D) —>Iz®L—>IZmD’D®(L|D) — 0
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From (5) we immediately get the following well-known result, often called the
Castelnuovo’s lemma.

Lemma 3. Fiz L € Pic(Y) for Y CP" any integral projective variety. Then
W (Y, Iz ® L) < hi(KIResD(z) ® L(=D)) + (D, Zznp,p ® (L|D))
for every i € N.

Notation 7. For any ) € P™ and any integer k > 2 let kQ denote the (k — 1)-
infinitesimal neighborhood of @ in P™, i.e. the closed subscheme of P™ with (Zg)*
as its ideal sheaf. The scheme k@ will be called a k-point of P™.

We give here the definition of a (2, 3)-point as it is in [13], p. 977.

Definition 6. Fix a line L € P™ and a point Q € L. The (2,3) point of P™
associated to (Q, L) is the closed subscheme Z(Q, L) C P™ with (Zg)® + (Z1,)? as
its ideal sheaf.

Remark 12. Notice that 2Q C Z(Q, L) C 3Q.

Remark 13. Let Z = Z; U Z(Q, L) be a closed subscheme of P™ for Z; C P™
a 0-dimensional scheme. Since Z(Q,L) C 3Q, if h'(P™, Z3quz, (d)) = 0, then
hY(P™, Zy(d)) = 0.

Lemma 4. Fiz an integert such that (m+1)(t—2)+2m < N with N = (m;d) -1
and general Py,..., P,_o € P™ and a general line L C P™ such that Py € L. Set

Z = Z(Py, L) | J(U'Z32P))

and
7' =3P Juizi2p,).

Then
(i) If h*(P™,Z7(d)) = 0, then dim(7(X,t)) = t(m +1) —
(ii) If K1 (P™,Zz/(d)) = 0, then dim(7(X,t)) = t(m + 1)

Proof. If t = 2 then 7(X,t) = 7(X) and the part (i) for this case is proved in
[13]. The case t > 3 of part (i) follows from the case t = 2 and Terracini’s lemma,
because 7(X,t) is the join of 7(X) and t — 2 copies of X. Part (ii) follows from
part (i) and Remark 13. O

Remark 14. Let A C P™, m > 2, be a connected curvilinear subscheme of degree
3. Up to a projective transformation there are two classes of such schemes: the
collinear ones (i.e. A is contained in a line, i.e. v4(A) is contained in a degree d
rational normal curve) and the non-collinear ones, i.e. the ones that are contained
in a smooth conic of P”. The latter ones form a non-empty open subset of the
corresponding stratum (3,0,...,0) and, in this case, we will say that A is not
collinear. The family of all such schemes A covers an integral variety of dimension
3m — 2 (that corresponds, after its embedding via the Veronese map v4, with the
second osculating variety of X, 4). In [8], Lemma 3.5, by using the theory of
inverse systems, it is proved that the tangent space to the second osculating variety
to Veronese variety is dominated by 4Q), with @ € X, 4, exactly as 3Q) dominates
the tangent developable of X, 4.
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Lemma 5. Fiz integers m > 2 and d > 5. If m < 4, then assume d > 6. Set
o = L(m"’n’f_l)/(m + 1)]. Let Z; Cc P™, i = 1,2, be a general union of i triple

points and o — i double points. Then h*(Zz,(d)) = 0.

Proof. Fix a hyperplane H of P and call F; the disjoint union if ¢ triple points of
P™ with support on H with ¢ € {1,2}. Thus E; N H is a disjoint union of ¢ triple
points of H. Since d > 5, we have h'(H,Zyng,(d)) = 0. Let W; C P™ be a general
union of o — ¢ double points for ¢ € {1,2}. Since W; is general W; N H = (.

If we prove that h'(Zg,uw,(d)) = 0, then, by semicontinuity, we get also that
hY(Zz(d)) =0 for i € {1,2}.

By Lemma 3 it is sufficient to prove hl(IResH(Wqui)(d —1))=0.

Since W;NH = 0, we have Resy (W;UE;) = W;UResy (E;). Thus Resy (W;UE;) is
a general union of o double points, with the only restriction that the reductions of
two of these double points are contained in the hyperplane H. Any two points of P,
m > 2, are contained in some hyperplane. The group Aut(P™) acts transitively on
the set of all hyperplanes of P™. The cohomology groups of projectively equivalent
subschemes of P have the same dimension. Thus we may consider W; LU Resy (E;)
as a general union of o double points of P™. Since (m+1)a < L(mtg_l)/(m +1),
d—12>4and d—1 > 5 if m < 4, the very well known theorem of Alexander
and Hirschowitz on the dimensions of all secant varieties to Veronese varieties gives

hl(ZReSH(WiUEi)(d_ 1)) =0 (see [2], [3], [4],[14], [11]) O

Lemma 6. Fiz integers m > 2 and d > 6. If m < 4, then assume d > 7. Set
g = L(mtzd)/(m +1)|. Let Z C P™ be a general union of one quadruple point

and (3 — 1 double points. Then h*(Zz(d)) = 0.

Proof. Fix a hyperplane H and call E' a quadruple point of P™ with support on H.
Thus E N H is a quadruple point of H. Since d > 2, we have h'(H,Zyng(d)) = 0.
Let W C P™ be a general union of § — 1 double points. Since W is general, we
have W N H = (.

If we prove that h'(Zguw(d)) = 0 then, by semicontinuity, we get also that
hY(Zgow (d)) = 0. By Lemma 3 it is sufficient to prove hl(IReSH(WUE)(d_ 1)) =0.

Since W N H = (), we have Resyg (W U E) = W U Resy. Thus Resg(W UE) is a
general union of 5 —1 double points and one triple point with support on H. Since
Aut(P™) acts transitively, the scheme Resy (W U E) may be seem as a general dis-
joint union of § — 1 double points and one triple point. Now it is sufficient to apply
the case ¢ = 1 of Lemma 5 for the integer d’ :=d — 1. O

Proposition 1. Set o := L(mtgj_l)/(m + 1)]. Fiz an integer t > 3 such that
t < a—1. There is a non-empty and irreducible codimension 1 algebraic subset I'y
of o+(X) with the following property. For every P € Ty there is a scheme Zp C X
such that P € (Zp) and Zp has one connected component of degree 2 and t — 2
connected components of degree 1.

Proof. Lemma 5 and Terracini’s lemma (we recalled it in Section 1) give that the
join 7(X,t) (see Definition 5) has the expected dimension. This is equivalent to
say that the set of all points P € (Z; U{Py,..., Pi_2}) with Z; a tangent vector of
X has the expected dimension, i.e. codimension 1 in o¢(X). Obviously 7(X,t) # 0
and I';y # (). The set I'; is irreducible, because it is an open subset of a join of
irreducible subvarieties. ]
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The proof of Proposition 1 can be analogously repeated for the following two
propositions: Proposition 2 and Proposition 3.

Proposition 2. Set o := L(mtz*l)/(m + 1)]. Fiz an integer t > 3 such that
t < a—2. There is a non-empty and irreducible codimension 2 algebraic subset I'y
of o¢(X) with the following property. For every P € T'y there is a scheme Zp C X
such that P € (Zp) and Zp has two connected components of degree 2 and t — 4
connected components of degree 1.

Proof. This proposition can be proved in the same way of Proposition 1 just quoting
the case i = 2 of Lemma 5 instead of the case i = 1 of the same lemma. O

Proposition 3. Set 3 := [(""97%)/(m + 1)]. Fiz an integer t > 3 such that

m
t < B —1. There is a non-empty and irreducible codimension 2 algebraic subset I'3

of o¢(X) with the following property. For every P € I's there is a scheme Zp C X
such that P € (Zp) and Zp has t — 3 connected components of degree 1 and one
connected component which is curvilinear, of degree 3 and non-collinear.

Proof. This proposition can be proved in the same way of Proposition 1 just quoting
Lemma 6 instead of Lemma 5 and using Remark 14. (]

Remark 15. Observe that if we interpret the Veronese variety X,, 4 as the variety
that parameterizes the projective classes of homogeneous polynomials of degree d
in m + 1 variables that can be written as d-th powers of linear forms then:

e The elements F' € I'; can all be written in the following two forms:
F=L"7"M+14+4. .-+ L,
F=M+ - +M{+L{+ - +L{,;

e The elements F' € T's can all be written in the following two forms:
F=L" M4+ LM + L8+ + L
F=M+ 4+ M¢+MA 4+ + M2+ L+ + L,

e The elements F' € I's can all be written in the following two forms:
F=LY"2Q+ L "M + LY+ + L{_;
F=N1d+-'-+N§ld,1+L‘f+~-+Lf,3:
where L, L’M,M'Lq,...,Li_o, My, ..., My, M{,..., M}, N1,...,Nog_; are all lin-

ear forms and @ is a quadratic form. Actually M;,..., My and M{,..., M} are
binary forms (see [9]).

3. THE RANKS AND BORDER RANKS OF POINTS OF [;

Here we compute the rank rx(P) for certain points P € 7(X,t) when t is not
too small with respect to d. If t = 2 we refer [9], Theorems 3, 4; if ¢ = 3 we refer
[6], Theorem 2.

We first handle the border rank.

Theorem 1. Fix an integer t such that 2 < t < |(d — 1)/2|. For each P €
ot (X)\ (6)(X) U1 (X)) there is a unique Wp € Hilb'(X) such that P € (Wp).
Set o (X)T :={P € 0y(X)\ (6?(X)Uoy_1(X)) | 3IWp € Hilb" (M), s.t. P € (Wp)}
as in Notation 6.
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(a) The constructible set oi(X)' is non-empty, irreducible and of dimension
(m + 1)t — 2. For a general P € a,(X)! the associated W C X computing bx (P)
has a connected component of degree 2 (i.e. a tangent vector) and t — 2 reduced
connected components.

(b) We have a set-theoretic partition o;(X)! = Ueawo(t), where A(t) is
defined in Notation 1, in which each set o(t) is an irreducible and non-empty con-
structible subset of dimension (m~+1)t—1—t+1(t), where l(t) is defined in Notation
2. The stratum o(t), with t = (t1,...,ts), is in the closure of the stratum o(a) with
a = (ai,...,ay) if and only if for each integer i > 1 we have 3%, t; > 375, aj,
i.e. if and only if a < t.

(c) The complement of o¢(X)1 inside a;(X)\ (6?(X)Uc;_1(X)) has codimen-
sion at least 3 if t > 3, or it is empty if t = 2.

Proof. Fix P € o,(X) \ 04—1(X). Since 3(X) = d+1 >t (8(X) is defined in
Notation 1), Lemma 1 gives the existence of some W C X such that deg(W) = ¢,
P € (W) and W is smoothable. Since 2t < d + 1, we can use [6], Lemma 1 to
say that W is unique. Moreover, if A C X is a degree t smoothable subscheme,
Q € (A) and Q ¢ (A') for any A’ G A, then Lemma 1 gives Q € 04(X) \ 0y—1(X).
If A is curvilinear, then it is smoothable and U g A(A") G (A). Hence each degree
t curvilinear subscheme W of X contributes a non-empty open subset Uy, of the
(t — 1)-dimensional projective space (W) and Uw, N Uy, = O for all curvilinear
Wl, W2 such that W1 7é Wg. Thus

oy (X)Jf = Uieaw) (UWeHilbt(X)[ﬁUW)'

Each algebraic set By := L, pyi)p nUw s irreducible and of dimension ¢ — 1 +

(x)
tm + I(t) — t. This partition of ;(X)' into non-empty irreducible constructible
subsets is the partition claimed in part (b).

(i) Fix any two strata, say By,, ¢ = 1,2. Since each By, is irreducible, we get
B, € By, if and only if Hilb"(X)[tz] € Hilb"(X)[ts], i.e. if and only if t; < t,.

(ii) Here we prove part (c). Every element of Hilb?(X) is either a tangent
vector or the disjoint union of two points. Thus Hilb?(X) = Hilb*(X).. Hence we
may assume t > 3. Fix P € o4(X) \ (69(X) U oy_1(X)) such that P ¢ o, (X)T.
By Lemma 1 there is a smoothable W C X such that deg(W) =t and P € (W).
Since 2t < B(X), such a scheme is unique. Thus it is sufficient to prove that the
set B, of all 0-dimensional smoothable schemes with degree ¢ and not curvilinear
have dimension at most mt — 3.

Call B;(s) the set of all W € B; with exactly s connected components.

First we assume that W is connected. Set {Q} := W,.q4. Since in the local Hilbert
scheme of Ox g the smoothable colength ¢ ideals are parametrized by an integral
variety of dimension (m — 1)(t — 1) and a dense open subset of it is formed by the
ideals associated to a curvilinear subschemes, we have dim(B; (1)) < m+(m—1)(t—
1) — 1 =mt — t = dim(Hilb" (X).) — ¢.

Now we assume s > 2. Let W7, ..., W, be the connected components of W, with at
least one of them, say Wy, not curvilinear. Set ¢; = deg(W;). We have t1+---+ts =
t. Since Wy is not curvilinear, we have t; > 3 and hence t — s > 2. Each W;
is smoothable. Thus each W;, i < s, depends on at most m + (m — 1)(t; — 1) =
mt;+1—1t; parameters. We saw that B;_(1) depends on at most mts;—ts parameters.
Thus dim(B,(s)) <mt+s—1—t. O
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Proposition 4. Assume m > 2. Fiz integers d,t such that 2 < t < d. Fiz a
curvilinear scheme A C P™ such that deg(A) =t and deg(ANL) < 2 for every line
L CP™. Set Z :=vy(A). Fiz P € (Z) such that P ¢ (Z') for any Z' G Z. Then
bx(P) =t and Z is the only 0-dimensional scheme W such that deg(W) < t and
P e (W).

Proof. Since t < d+ 1, Z is linearly independent. Since Z is curvilinear, Lemma 2
gives the existence of many points P’ € (Z) such that P’ ¢ (Z') for any Z' G Z.
Let W C X be a minimal degree subscheme such that P € (W). Set w := deg(W).
The minimality of w gives w < t. If w = t, then we assume W # Z. Now it is
sufficient to show that these conditions give a contradiction. Write Z := v4(A) and
W = vq(B) with A and B subschemes of P™, deg(A) = ¢ and deg(B) = w. We have
P e (W)n(Z), then, since W # Z, by [6], Lemma 1, the scheme W U Z is linearly
dependent. We have deg(BU A) < t+ w < 2d. Since W U Z is linearly dependent,
we have h*(Zpua(d)) > 0. Thus, by [9], Lemma 34, there is a line R C P™ such
that deg(RN (B U A)) > d + 2. By assumption we have deg(R N A) < 2. Thus
deg(B N R) > d. In our set-up we get w = d and B C R. Since P € (W), we get
P € (vq(R)). That means that P belongs to the span of a rational normal curve.
Then the border rank of P is computed by a curvilinear scheme which has length
< [(d+1)/2], contradiction. O

Proposition 5. Fiz a line L C P™ and set D := vq(L). Fix positive integers
t1,51, a 0-dimensional scheme Zy C D such that deg(Z,) = t1 and S; C X \ D
such that §(S1) = s1. Assume 2 < t1 < d/2, 0 < s1 < d/2, that Z; is not reduced
and dim((D U S1)) = d + s1. Fiz P € (Zy U Sy) such that P ¢ (W) for any
w g Z1USy. We have ﬁ(<21> N <{P} U Sl>) =1. Set {Q} = <Z1> n <{P} U Sl>
Then bx(P) = t1 + s1, rx(P) =d+ 2+ s1 — t1, Z1 U Sy is the only subscheme
of X computing bx (P) and every subset of X computing rx(P) contains S1. If
2s1 < d, then every subset of X computing rx(P) is of the form AU Sy with
AcCD, 4(A) =d+2—s1 and A computing rp(Q).

Proof. Obviously bx(P) < t; 4+ s1. Since P € (Z; U S1) C (DUSy), P ¢ (S1)
and (D) has codimension s; in (D U Sy), the linear subspace (Z;) N ({P} U Sy)
is non-empty and O-dimensional, {Q}. Since deg(Z;) < d+1 = p(X) = G(D)
(where ((X) is defined in Notation 1), the scheme Z; is linearly independent.
Since P ¢ (W) for any W G Z; U Sy, we have (Z;) N ({P} U S;) # 0. Since
(Z1) C (D), we get {Q} = (Z1) N ({P} U S1). Hence Z; compute bp(Q) (Lemma
1). By Lemma 1 we also have bx(Q) = bp(Q). Since Z; is not reduced, we have
rp(Q) = d + 2 —t1 ([15] or [21], theorem 4.1, or [9]). We have rx(Q) = rp(Q)
([22], Proposition 3.1, or [21], subsection 3.2). Write Z1 = v4(4;) and S1 = v4(B1)
with Ay, B C P™. Lemma 1 gives bx(P) < t; + s1. Assume bx(P) <t;+s —1
and take W = v4(FE) computing bx (Q) for certain 0-dimensional scheme E C P™.
Thus deg(W) < 2t; +2s7 — 1. Since P € (W) N (Z; U Sy), by the already quoted
[6], Lemma 1, we get h'(P™,Zg,a,uB, (d)) > 0. Thus there is a line R C P™ such
that deg(RN (EU Z,US;)) > d+ 2.

First assume R = L. Thus LN (A; UB;) = A;. Hence deg(ENL) > d+2—t;. Set
E' :=ENL,E" :=E\E', W' :=v(E') and W" := v4(E"). Since P € (W UW"),
there is O € (W’) such that P € ({O} UW"). Thus bx(P) < bx(0) + deg(W").
Since O € (D), we have rx(0) < rp(0) < |(d+2)/2] < d+2—t; < deg(W'),
contradicting the assumption that W computes bx (P).
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Now assume R # L. Since the scheme L N R has degree 1, while the scheme A3 N L
has degree t1, we get deg(RNE) > d+2 —s1 > (d+2)/2. As above we get a
contradiction.

Now assume bx (P) = t; + s1, but that W # Z; U Sy computes bx (P). As above
we get a line R such that deg(W U Z; U S1) > d + 2 and this line R must be L.
Since P € (Z; U Sy), there is U € (D) such that Z; computes the border D-rank
of U and P € (UUSy). Take A C D computing rp(U). By [15] or [21], Theorem
4.1, or [9] we have §(A) =d+ 2 —¢;. Since P € (AU S7) and AN Sy = (), we have
rx(P) < d+2+s;—t;. Assume the existence of some S C X computing rx (P) and
such that §(S) < d+1+s1 —t1. Thus deg(SUS1UZ1) < d+1+42s; < 2d+1. Write
S = vq(B). We proved that Z; U Sy computes bx (P). By [6], Theorem 1, we have
B = By US; with By = LN B. Hence #(By) < d+1—t;. Since P € (B;US]), there
is V € (By) such that P € (VUS1). Hence rx(P) < rx(V)+s;. Since B computes
rx(P) and V € (By), we get rx(V) = f(B1) and that By computes rx (V). Since
vq(B1) C D, we have V = Q. Recall that bx(Q) = bp(Q) and that Z; is the only
subscheme of X computing rx(Q). We have rx(Q) = rp(Q) = d + 2 — t;. Hence
#(B1) > d + 2 — t1, contradiction.

If 251 < d, then the same proof works even if §(B) = d+ 2+ s; —t; and prove that
any set computing rx (P) contains 5. O

Lemma 7. Fix a hyperplane M C P™ and 0-dimensional schemes A, B such that B
is reduced, A # B, h*(Za(d)) = h*(Zp(d)) = 0 and hl(IP’m,IReSM(AUB)(d—l)) =0.
Set Z = vq(A), S :=va(B). Then h*(P™ Zaup(d)) = h'(M, L aup)nm(d)) and
Z and S are linearly independent. Assume the existence P € (Z) N (S) such that
P ¢ (Z') forany Z' G Z and P & (S') for any ' G S. Set F:= (B\(BNM))NA.
Then B=(BNM)UF and A=(ANM)UF.

Proof. Since h'(Z4(d)) = h'(Zp(d)) = 0, both Z and S are linearly independent.
Since h?(Zaup(d — 1)) = 0, the residual sequence

0 _’IResM(AuB)(d_ 1) = Zaus(d) — Ziaupynm(d) — 0.

gives h' (P™, Zaup(d)) = h* (M, Z(aup)nm(d)). Assume the existence of P as in the
statement. Set By := (BN M)UF.

(a) Here we prove that B = (BNM)UF, ie. B = B;. Since P ¢ (S’) for any
S G S, it is sufficient to prove P € (v4(B1)). Since Z and S are linearly indepen-
dent, Grassmann’s formula gives dim((Z)N(S)) = deg(ZNS)—1+h*(P™, Zaup(d)).
Since Respr (AU B1) C Resp (AU B) and hl(Pm’IResM(AuB)(d* 1)) = 0, we have
RY(P™, Zaup, (d)) = R (M, Z(aup,)nm(d)). Since M N (AUBy) = M N(AUB), we
get h1(P™, Zaug, (d)) = h*(P™,Zaup(d)). Since both schemes Z and v4(B) are lin-
early independent, Grassmann’s formula gives dim((Z) N (v4(B))) = deg(AN B) —
1+ h'(P™,Zaup(d)). Since both schemes Z and v4(B;) are linearly independent,
Grassmann’s formula gives dim((Z)N(vy(B1))) = deg(ANB1)—1+h! (P™, Zaup(d)).
Since AN By = AN B, we get dim((Z) N (S)) = dim((Z) N (v4(B1)). Since
(Z) N {va(B1)) C{Z)N(S), we get (Z) N {vg(B1)) = (Z)N(S). Thus P € (vq4(B1)).

(b) In a very similar way we get A = (AN M) U F (see steps (b), (c) and (d)
of the proof of Theorem 1 in [6]). O

Theorem 2. Assume m > 3. Fiz integers d > 5 and 3 < t < d. Fiz a degree 2
connected subscheme A; C L and a reduced set Ay C P™ \ L, such that #(As) =
t —2 and h'(P™,Z4(d)) = 0, for A == Ay U Ay. Set Z; == vq4(4A;), i = 1,2, and



CURVILINEAR SUBSCHEMES OF VERONESE VARIETIES 13

Z = 7y U Zy. Assume that A is in linearly general position in P™. Fix P € (Z)
such that P ¢ (Z') for any Z' G Z. Then bx(P) =t and rx(P) =d+1t—2.

Proof. Since h'(P™,Z4(d)) = 0, then the scheme Z is linearly independent. Propo-
sition 4 gives bx(P) = t. Fix a set B C P™ such that S := v4(B) computes
rx(P). Assume rx(P) < d+t—2,ie #(5) <d+t—3. Since t < d, we have
Tx(P)-i-tS 3d — 3.

(a) Until step (g) we assume m = 3. We have h'(P™ Zaup(d)) > 0 ([6],
Lemma 1). Hence A U B is not in linearly general position (see [17], Theorem
3.2). Thus there is a plane M C P3 such that deg(M N (AU B)) > 4. Among all
such planes we take one, say Mj, such that the integer z; := deg(M; N (AU B))
is maximal. Set Ey; := AU B and F, := Resp;, (F1). Notice that deg(Es) =
deg(E1) — 1. Define inductively the planes M; C P3, i > 2, the schemes E; 1,
1 > 2, and the integers x;, ¢ > 2, by the condition that M; is one of the planes such
that the integer x; := deg(M; N E;) is maximal and then set E; 1 := Resyy, (F;).
We have E; 1 C E; (with strict inclusion if E; # @) for all > 1 and E; = ) for all
1> 0. For all integers ¢t and ¢ > 1 there is the residual exact sequence

(6) 0— IEi+1(t - 1) - IE1 (t) - IEiﬁMz‘,Mi (t) — 0.

Let u be the minimal positive integer i such that and h'(M;, Zys, g, (d+1—1i)) > 0.
Use at most rx (P) 4 ¢ times the exact sequences (6) to prove the existence of such
an integer u. Any degree 3 subscheme of P? is contained in a plane. Thus for any
i > 1either x; > 3 or x;41 = 0. Hence x; > 3 for all i < u—1. Since rx (P)+t < 3d,
we get u < d.

(b) Here we assume u = 1. Since A is in linearly general position, we have
deg(M; N A) < 3. First assume x; > 2d + 2. Thus §(B) > (BN M;) >2d —1 >
d+t — 3, contradiction. Hence z1 < 2d + 1. Since h' (M1, Iy, g, (d)) > 0, there is
a line T' C M; such that deg(T'NEy) > d+2 (][9], Lemma 34). Since A is in linearly
general position, we have deg(ANT) < 2. Thus deg(T N B) > d. Assume for the
moment h!(P3,Zg,(d — 1)) > 0. Hence x5 > d + 1. Since by hypothesis d > 4,
x2 < z1 and 1+ 22 < 3d+1, we have 2o < 2d—1. Hence [9], Lemma 34, applied to
the integer d — 1 gives the existence of a line R C P3 such that deg(E2NR) > d+ 1.
Since A is in linearly general position, we also get deg(R N E3) < 2 and hence
deg(RN BN Ey) > d—1. Thus #(S) > 2d — 1, contradiction. Now assume
h'(P3,Zg,(d—1)) = 0. Lemma 7 gives the existence of a set F' C P2\ M; such that
A= (ANM;)UF and B = (BNM;)UF. Thus §(F) = deg(A)—deg(ANM;) > t—1.
Since #(B N M;) > d, we obtained a contradiction.

(¢) Here and in steps (d), (e), and (f) we assume m = 3 and u > 2. We first
look at the possibilities for the integer u. Since every degree 3 closed subscheme of
IP3 is contained in a plane, either z; > 3 or Zi41 = 0. Since rx (P)+t < 3d—3, we get
x; =0 for all ¢ > d. Hence u < d. We have z, > d+3—u (e.g. by [9], Lemma 34).
Since the sequence x;, i > 1, is non-decreasing, we get rx (P)+2+t—2 < u(d+3—u).
Since the function s — s(d + 3 — s) is concave in the interval [2,d + 1], we get
u € {2,3,d}.

(d) Here we assume u = 2. Since 3d + 1 > x1 + z2 > 2x2, we get xo <
2(d — 1) + 1. Hence there is a line R C P3 such that deg(Ea N R) > d + 1. We
claim that 21 > d + 1. Indeed, since AU B € R, there is a plane M C R such that
deg(MN(AUB)) > deg((AUB)NR) > d+ 1. The maximality property of z1 gives
21 > d+ 2. Since A is in linearly general position, we have deg(A N R) < 2 and



14 EDOARDO BALLICO, ALESSANDRA BERNARDI

deg(AN M) < 3. Hence deg(BNFE>;NR)>d—1and rx(P) > (x1 —3)+d—1>
2d — 2 > d+t — 2, contradiction.

(e) Here we assume u = 3. Since h!'(Ms, Zar,np, (d — 2)) > 0, there is a line
R C M3 such that deg(FsNT) > d. This is absurd, because 1 > o > x3 > d and
xr1 + T + X3 er(P)+t§d+2t—3§3d—3.

(f) Here we assume u = d. The condition “ h'(Zps,np,(1)) > 0 7 says that
either M N FE, contains a scheme of length > 3 contained in a line R or x4 > 4. Since
xq >3, wehave rx (P)+t > x4+ +x4 > 3d. Sincet < d and rx(P) <d+t—3,
this is absurd.

(¢) Here we assume m > 3. We make a similar proof, taking as M;, i >
1, hyperplanes of P". Any 0-dimensional scheme of degree at most m of P™ is
contained in hyperplane. Hence either z; > m or z;11 = 0. With these modification
we repeat the proof of the case m = 3. 0

REFERENCES

[1] B. Adlandsvik, Joins and higher secant varieties. Math. Scand. 62 (1987), 213-222.

[2] J. Alexander and A. Hirschowitz, La méthode d’Horace éclatée: application & I'interpolation
en degrée quatre. Invent. Math. 107 (1992), no. 3, 585-602.

[3] J. Alexander and A. Hirschowitz, Polynomial interpolation in several variables. J. Alg. Geom.
4 (1995), no. 2, 201-222.

[4] J. Alexander and A. Hirschowitz, Generic hypersurface singularities. Proc. Indian Acad. Sci.
Math. Sci. 107 (1997), no. 2, 139-154

[5] E. Acar and B. Yener, Unsupervised Multiway Data Analysis: A Literature Survey, IEEE
Transactions on Knowledge and Data Engineering. 21 (2009) no. 1, 6-20.

[6] E. Ballico and A. Bernardi, Decomposition of homogeneous polynomials with low rank.
Preprint: arXiv:1003.5157v2 [math.AG].

[7] E. Ballico and A. Bernardi, Stratification of the fourth secant variety of Veronese variety via
the symmetric rank. Preprint: arXiv:1005.3465v1 [math.AG].

[8] A. Bernardi, M. V. Catalisano, A. Gimigliano and M. Ida, Osculating varieties of Veronese
varieties and their higher secant varieties. Canad. J. Math. 59 (2007), no. 3, 488-502.

[9] A. Bernardi, A. Gimigliano and M. Ida, Computing symmetric rank for symmetric tensors.
Preprint: arXiv.org/abs/math/0908.1651v5, J. Symbolic. Comput. (to appear).

[10] J. Brachat, P. Comon , B. Mourrain and E. P. Tsigaridas. Symmetric tensor decomposition.
Linear Algebra and its Applications 433 (2010), no. 11-12, 1851-1872.

[11] M. C. Brambilla and G. Ottaviani, On the Alexander-Hirschowitz theorem. J. Pure Appl.
Algebra 212 (2008), no. 5, 1229-1251.

[12] J. Buczynski, A. Ginensky and J. M. Landsberg, Determinantal equations for secant varieties
and the Eisenbud-Koh-Stillman conjecture, arXiv:1007.0192 [math.AG].

[13] M. V. Catalisano, A. V. Geramita and A. Gimigliano, On the secant varieties to the tangential
varieties of a Veronesean. Proc. Amer. Math. Soc. 130 (2002), no. 4, 975-985.

[14] K. Chandler, A brief proof of a maximal rank theorem for generic double points in projective
space. Trans. Amer. Math. Soc. 353 (2001), no. 5, 1907-1920

[15] G. Comas and M. Seiguer, On the rank of a binary form. 2001, Preprint:
arxiv.org/abs/math/0112311.

[16] W. Deburchgraeve, P. Cherian, M. De Vos, R. Swarte, J. Blok, G. Visser, P. Govaert and
S. Van Huffel, Neonatal seizure localization using PARAFAC decomposition. Clinical Neuro-
physiology, 120 (2009), no. 10, 1787-1796

[17] D. Eisenbud and J. Harris, Finite projective schemes in linearly general position. J. Algebraic
Geom. 1 (1992), no. 1, 15-30.

[18] J. Fogarty, Algebraic families on an algebraic surface. Amer. J. Math 90 (1968), 511-521.

[19] M. Granger, Géométrie des schémas de Hilbert ponctuels. Mém. Soc. Math. France (N.S.) 2¢
série 8 (1983), 1-84.

[20] L-H. Lim and P. Comon, Multiarray Signal Processing Tensor decomposition meets com-
pressed sensing. Compte-Rendus de I’Academie des Sciences, section Mecanique, 338 (2010),
no. 6, 311-320.



CURVILINEAR SUBSCHEMES OF VERONESE VARIETIES 15

[21] J. M. Landsberg and Z. Teitler, On the ranks and border ranks of symmetric tensors. Found.
Comput. Math. 10 (2010), 339-366.

[22] L.-H. Lim and V. De Silva, Tensor rank and the ill-posedness of the best low-rank approxi-
mation problem. Siam J. Matrix Anal. Appl. 31 (2008), no. 3, 1084-1127.

[23] G. Morren, M. Wolf, P. Lemmerling, U. Wolf, J. H. Gratton, L. De Lathauwer and S. Van
Huffel, Detection of fast neuronal signals in the motor cortex from functional near infrared
spetroscopy measurements using independent component analysis. Medical and Biological
Engineering and Computing, 42 (2004), no. 1, 92-99.

[24] G. Tomasi and R. Bro, Multilinear models: interative methods, Comprehensive Chemometrics
ed. Brown S. D., Tauler R., Walczak B, Elsevier, Oxford, United Kingdom, Chapter 2.22,
(2009) 411-451.

DEPT. OoF MATHEMATICS, UNIVERSITY OF TRENTO, 38123 Povo (TN), ITALY

CIRM -FBK, 38123 Povo (TN), ITALY
E-mail address: ballico@science.unitn.it, bernardi@fbk.eu



