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Abstract

In this paper the theory of species sampling sequences is linked to the theory of conditionally
identically distributed sequences in order to enlarge the set of species sampling sequences which are
mathematically tractable.

The Conditional identity in distribution (Berti, Pratelli and Rigo (2004)) is a new type of de-
pendence for random variables, which generalizes the well-known notion of exchangeability. In this
paper a class of random sequences, called Generalized Species Sampling Sequences, is defined and a
condition to have conditional identity in distribution is given. Moreover, two types of generalized
species sampling sequences that are conditionally identically distributed are introduced and studied:
the generalized Poisson-Dirichlet sequences and the generalized Ottawa sequences. Some examples
are discussed.
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1 Introduction

A sequence (X;)p>1 of random variables defined on a probability space (22, A, P) taking values in a
Polish space, is a species sampling sequence if (a version) of the regular conditional distribution of
Xnt1 given X(n) := (X1,...,X,) is the transition kernel

Knt1(w;-) 5= 2 kmy Pk (@)0x, ) () + Talw)p() (1)

where Py, 1 (-) and 7, (-) are real-valued measurable functions of X (n) and p is a probability measure.
See Pitman (1996).

As explained in Hansen and Pitman (2000), a species sampling sequence (X, ),>1 can be inter-
preted as the sequential random sampling of individuals’ species from a possibly infinite population
of individuals belonging to several species. If, for the sake of simplicity, we assume that p is diffuse,
then the interpretation is the following. The species of the first individual to be observed is assigned
a random tag X, distributed according to p. Given the tags Xi,...X, of the first n individuals
observed, the species of the (n + 1)-th individual is a new species with probability 7, and it is equal
to the observed species X with probability >3, pn,jl{x,=x,}-

The concept of species sampling sequence is naturally related to that of random partition induced
by a sequence of observations (see Pitman (2006)). Given a random vector X (n) = (X1,...,Xn),
we denote by L,, the (random) number of distinct values of X (n) and by X*(n) = (X71,..., X1 ) the
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random vector of the distinct values of X (n) in the order in which they appear. The random partition
induced by X (n) is the random partition of the set {1,...,n} given by ™ = [71'§n)7 . ,7727:3] where

ier™ o X, = X}

Two distinct indices ¢ and j clearly belong to the same block W,(cm for a suitable k if and only if
X; = X;. It follows that the prediction rule (1) can be rewritten as

Ly (w) ~*

Kni1(w, ) = 22621 Pk (@)0x7 () () + 7n(w)pa(-) (2)
where
Pn,k = Zjem(f‘)p”’j'

In Hansen and Pitman (2000) it is proved that, if p is diffuse and (X, )n>1 is an exchangeable
sequence, the coefficients p,, , are almost surely equal to some function of 7™ and they must satisfy
a suitable recurrence relation. Although there are only a few explicit prediction rules which give
rise to exchangeable sequences, this kind of prediction rules are appealing for many reasons. Indeed,
exchangeability is a very natural assumption in many statistical problems, in particular from the
Bayesian viewpoint, as well for many stochastic models. Moreover, remarkable results are known
for exchangeable sequences: among others, such sequences satisfy a strong law of large numbers and
they can be completely characterized by the well-known de Finetti representation theorem. See,
e.g., Aldous (1985). Further, for an exchangeable sequence the empirical mean > ;| f(Xx)/n
and the predictive mean, i.e. E[f(Xn+1)|X1,...,X»], converge to the same limit as the number of
observations goes to infinity. This fact can be invoked to justify the use of the empirical mean in the
place of the predictive mean, which is usually harder to compute. Nevertheless, in some situations
the assumption of exchangeability can be too restrictive. For instance, instead of a classical Pélya
urn scheme, it may be useful to deal with the so called randomly reinforced urn schemes. See, for
example, Aletti, May and Secchi (2009), Bay and Hu (2005), Berti, Pratelli and Rigo (2004), Berti,
Crimaldi, Pratelli and Rigo (2009), Crimaldi (2009), Crimaldi and Leisen (2008), Flournoy and
May (2009), Janson (2005), May, Paganoni and Secchi (2005), Pemantle (2007) and the references
therein. Such processes fail to be exchangeable. Our purpose is to introduce and study a class of
generalized species sampling sequences, which are generally not exchangeable but which still have
interesting mathematical properties.

We thus need to recall the notion of conditional identity in distribution, introduced and studied in
Berti, Pratelli and Rigo (2004). Such form of dependence generalizes the notion of exchangeability
preserving some of its nice predictive properties. One says that a sequence (X,),>1, defined on
(©, A, P) and taking values in a measurable space (F, &), is conditionally identically distributed with
respect to a filtration G = (Gn)n>0 (in the sequel, G-CID for short), whenever (X,),>1 is G-adapted
and, for each n > 0, 7 > 1 and every bounded measurable real-valued function f on F,

Elf(Xn+5) [Gn] = E[f(Xn+41) | Gnl-

This means that, for each n > 0, all the random variables X4, with j > 1, are identically distributed
conditionally on G,,. It is clear that every exchangeable sequence is a CID sequence with respect to
its natural filtration but a CID sequence is not necessarily exchangeable. Moreover, it is possible
to show that a G—adapted sequence (Xn)n>1 is G-CID if and only if, for each bounded measurable
real-valued function f on F,

Vi = B[ (Xnt1) | Gnl

is a G-martingale, see Berti, Pratelli and Rigo (2004). Hence, the sequence (V,{),, >0 converges almost
surely to a random variable V;. One of the most important features of CID sequences is the fact that
this random variable V is also the almost sure limit of the empirical means. More precisely, CID
sequences satisfy the following strong law of large numbers: for each bounded measurable real-valued
function f on E, the sequence (M,{)nZh defined by

M= 3SR, £, 3)

converges almost surely to Vy. It follows that also the predictive mean E[f(Xpn41)| X1, ..., Xx] con-
verges almost surely to Vy. In other words, CID sequences share with exchangeable sequences the
remarkable fact that the predictive mean and the empirical mean merge when the number of obser-
vations diverges. Unfortunately, while, for an exchangeable sequence, we have Vy = E[f(X1)|7] =



J f(z)m(w,dx), where T is the tail-o—field and m is the random directing measure of the sequence,
it is difficult to characterize explicitly the limit random variable Vy for a CID sequence. Indeed no
representation theorems are available for CID sequences. See, e.g., Aletti, May and Secchi (2007).

The paper is organized as follows. In Section 2 we state our definition of generalized species
sampling sequence and we give a condition under which a generalized species sampling sequence is
CID with respect to a suitable filtration G. After recalling the notion of stable convergence in Section
3, we introduce and analyze two types of generalized species sampling sequences which are CID:
the generalized Poisson-Dirichlet sequences (see Section 4) and the generalized Ottawa sequences (see
Section 5). We give some convergence results and we discuss some examples. The paper closes by a
section devoted to proofs.

2 Generalized species sampling sequences

The Blackwell-MacQueen urn scheme provides the most famous example of exchangeable prediction
rule, that is ;
1

i1 m‘sxi(') + 91n ()

where 0 is a strictly positive parameter and p is a probability measure, see, e.g., Blackwell and
MacQueen (1973) and Pitman (1996). This prediction rule determines an exchangeable sequence
(Xn)n>1 whose directing random measure is a Dirichlet process with parameter @u(-), see Ferguson
(1973). According to this prediction rule, if p is diffuse, a new species is observed with probability

P{Xn+1 (S |X177Xn}:Z

0/(0 + n) and an old species X is observed with probability proportional to the cardinality of ﬂ](n),
a sort of preferential attachment principle. In term of random partitions this rule corresponds to the
so—called Chinese restaurant process, see Pitman (2006) and the references therein.

A randomly reinforced prediction rule of the same kind could work as follows:

Y; 0

P Xn+1€‘ Xl,...,Xn,Yi,...,Yn = n (5)(1. B I ey T
{ | =% O+ gy,

=1 0 + Z?:l Y’J ( ) (4)
where p is a probability measure and (Y},),>1 is a sequence of independent positive random variables.
If p is diffuse, then we have the following interpretation: each individual has a random positive weight
Y; and, given the first n tags X (n) = (X1,..., X,) together with the weights Y (n) = (Y1,...,Y,), it
is supposed that the species of the next individual is a new species with probability 6/(6 +>>"_, ;)
and one of the species observed so far, say X, with probability Zieﬂ("’ Y;/(0+ E?Zl Y;). Again a

preferential attachment principle. Note that, in this case, instead of describing the law of (X )n>1
with the sequence of the conditional distributions of X, 41 given X(n), we have a latent process
(Yn)n>1 and we characterize (X )n>1 with the sequence of the conditional distributions of X, 41
given (X (n),Y(n)).

Now that we have given an idea, let us formalize what we mean by generalized species sampling
sequence. Let (2, A, P) be a probability space and F and S be two Polish spaces, endowed with their
Borel o-fields £ and S, respectively. In the sequel, FZ = (F7),>0 will stand for the natural filtration
associated with any sequence of random variables (Z,),>1 on (2,4, P) and we set .7-—OZo = \/nzoff.
Finally, P,, will denote the set of all partitions of {1,...,n}.

We shall say that a sequence (X,)n>1 of random variables on (Q2,.A, P), with values in FE, is a
generalized species sampling sequence if:

e (h1) Xi has distribution u.
e (h2) There exists a sequence (Yy,),>1 of random variables with values in (S,S) such that, for
each n > 1, a version of the regular conditional distribution of X, 4+1 given
Foi=F NV Ty
is
Kng1(w,7) = 371 9oi (7 (@), Y (1) (@))dx, ) () + (7 (@), Y () (@)l ) (5)
with pri(+, ) and (-, -) suitable measurable functions defined on P, x S™ with values in [0, 1].

e (h3) Xnt1 and (Yn4;)j>1 are conditionally independent given JF,.



Example 2.1. Let p be a probability measure on E, (v,)n>1 be a sequence of probability measures
on S, (rn)n>1 and (Pn,i)n>1,1<i<n be measurable functions such that

rn t Pnx S™ —[0,1], Pn,i i Pn X Z™ —[0,1]

and

Z?:ﬂ)n,i(qna Yty 7yn) + Tn(qrhyla ceey yn) =1 (6)
for each n > 1 and each (gn,¥y1,...,Yyn) in Pn x S™. By the Ionescu Tulcea Theorem, there are
two sequences of random variables (X5,)n,>1 and (Y3)n>1, defined on a suitable probability space
(2, A, P), taking values in E and S respectively, such that conditions (h1), (h2) and the following
condition are satisfied:

e Y, 1 has distribution v,41 and it is independent of the o-field
FaVo(Xni1) =Fns1 VFr.

This last condition implies that, for each n, (Yn+;);>1 is independent of Fi\, vV FY . It follows, in
particular, that (Y,),>1 is a sequence of independent random variables. Therefore, also (hs) holds
true. Indeed, for each real-valued bounded F,-measurable random variable V| each bounded Borel
function f on E, each j > 1 and each bounded Borel function h on S?, we have

E[V f(Xns1)h(Yns1, -, Yais)] = BV f(Xns1)ER(Yat1, -, Yari) | Fa V o (Xnt1)] ]
=E[Vf(Xnt1) [o(Un+1s - Yn+s) Vnt1(dYnt1) - - (dYnt1) ]
= E[VE[f(Xn-H) | Fn}fh(yn-kla cosYnts) Vn1 (AYnt) - (dyn+1)]~

On the other hand, we have

Eh(Yot1, .-, Yats) [ Fal = [h(Ynt1, - Ynts) Vns1(dYntr) - - (AYn+1)

hence
Elf (Xnt1)h(Yat1, .o Yaig) | Fu] = E[f (Xnt1) | Fa]E[R(Yat1, - Yays) | Ful-

This fact is sufficient in order to conclude that also assumption (hs) is verified. O

In order to state our first result concerning generalized species sampling sequences, we need some
further notation. Set

P (@) = pi (7™ Y () = opai (™, Y(n)) forj=1,....L,

zewj

and

Trn = Tn (W("), Y(n)).

Given a partition 7(™ | denote by [Tr(")]j+ the partition of {1,...,n+1} obtained by adding the element
(n+1) to the j-th block of (™. Finally, denote by [71'("); (n+ 1)] the partition obtained by adding a
block containing (n 4 1) to 7(™. For instance, if 73 = [(1, 3); (2)], then [#®]o1 = [(1,3); (2,4)] and
(75 (4)] = [(1,3); (2); (4)].

Theorem 2.2. A generalized species sampling sequence (X )n>1 with p diffuse is a CID sequence
with respect to the filtration G = (Gp)n>0 with G, = FXVFY if and only if, for each n, the following
condition holds P-almost surely:

Py (0T) = rupin s (P {n+ 1) + 0o 5 (7 ) )pina(7™) (7)
for 1<j < Ln.
In the following sections, we shall introduce and study two types of generalized species sampling

sequences that are CID.

We conclude this section with some remarks on the length L, of the random partition induced
by a generalized species sampling sequence at time n, i.e. the random number of distinct values of a
generalized species sampling sequence until time n.

Let Ag := F and A, (w) := E\ {X1(w),....Xn(w)} ={y € E: y ¢ {X1(w),..., Xn(w)}}
for n > 1 and set so := 1 and s, := rn(w("),Y(n)),u(An) = rpu(Ay) for each n > 1. (If the
probability measure p is diffuse, then s, = r,.) Reconsidering the species interpretation, given



X(n)=(X1,...Xn) and Y(n) = (Y1,...,Y,), the species of the (n+1)-th individual is a new species
with probability s, and one of the species observed so far with probability 1 — s,, that is

PlLpnt1 = Lo+ 1| Fn] = sn = rau(An).
Moreover, setting B, = {L, = L,—1 + 1} € F,, for each n > 1 (with Lo = 0), we have

L, = ZIBw and ZP[Bk | Fr—1] = Zsk—L
k=1

k>1 E>1

Then, by Lévy’s extension of Borel-Cantelli lemmas (see, for instance Williams (1991), sec. 12.15),
we can obtain the following simple, but useful, result.

Proposition 2.3. Let (X, )n>1 be a generalized species sampling sequence. Then

(1) > >0 Sk < 400 implies Ly, <=5 L, where L is a random variable with P{L < +oo} = 1.
.. . . Ly a.s.
(1) 3y Sk = +00 implies T 1.
In particular, in case (ii), if there exists a sequence (hn)n>1 of positive numbers and a random variable
L such that

1 a.s.
hn 1 400 and h—zz:lsk,l 2L

then Ly /hnp iy )

3 Stable convergence

Since in the sequel we shall deal with stable convergence, we briefly recall here this form of conver-
gence.

Stable convergence has been introduced by Rényi (1963) and subsequently studied by various
authors, see, for example, Aldous and Eagleson (1978), Jacod and Memin (1981), Hall and Heyde
(1980). A detailed treatment, including some strengthened forms of stable convergence, can be found
in Crimaldi, Letta and Pratelli (2007).

Given a probability space (2, A, P) and a Polish space E (endowed with its Borel o-field £), recall
that a kernel K on E is a family K = (K (w,))weq of probability measure on E such that, for each
bounded Borel function g on F, the function

K(g)(w) = [ g(z)K (w,dz)

is measurable with respect to A. Given a sub-o-field H of A, we say that the kernel K is H-measurable
if, for each bounded Borel function g on E, the random variable K (g) is measurable with respect to
‘H. In the following, the symbol A will denote the sub-o-field generated by the P-negligible events
of A. Given a sub-o-field H of A and a H V N-measurable kernel K on FE, a sequence (Z,)n>1
of random variables on (2,4, P) with values in E converges H-stably to K if, for each bounded
continuous function g on E and for each H—measurable real-valued bounded random variable W

Elg(Zn) W] — E[K(g) W].

If (Zn)n>1 converges H-stably to K then, for each A € H with P(A) # 0, the sequence (Zn)n>1
converges in distribution under the probability measure P4 = P(:|A) to the probability measure
PaK on E given by

P4K(B) = P(A)'E[I4K(-, B)] = [ K(w, B) Pa(dw) for each B € €. (8)

In particular, if (Z,)n>1 converges H-stably to K, then (Z,),>1 converges in distribution to the
probability measure PK on E given by

PK(B) =E[K(-,B)] = [ K(w, B) P(dw) for each B € €. (9)

Moreover, if all the random variables Z,, are H-measurable, then the H-stable convergence obviously
implies the A-stable convergence.
Throughout the paper, if U is a positive random variable, we shall call the Gaussian kernel
associated with U the family
N(@0,U) = (N(0,Uw))) ,cq
of Gaussian distributions with zero mean and variance equal to U(w) (with A(0,0) := dy). Note that,
in this case, the probability measures defined in (8) and (9) are mixtures of Gaussian distributions.



4 Generalized Poisson Dirichlet sequences

Let @« > 0 and 0 > —a. Moreover, let p be a probability measure on E, v; be a probability measure
on (o, 400) and (Vn)n>2 be a sequence of probability measures on [a, +00). Consider the following
sequence of functions

yi —a/Ci(gn)
0+ Z?:1 Yi

Tn(Q‘rn y(n)) = %

where y(n) = (y1,...,9n) € (o, +00) X [, +00)" ™, ¢n € Pn, Ci(gn) is the cardinality of the block
in g, which contains ¢ and L(g,) is the number of blocks of g,. It is easy to see that such functions
satisfy (6). Hence, by Example 2.1, there exists a generalized species sampling sequence (X, )n,>1 for

which
(Z'e (n) Y;) -« 0
1ET; —+ OéLn
) N S R il P 6 10
where (Yn)nZI is a sequence of independent random variables such that each Y; has law v, and
Sp =321, Y; (with So = 0). If 11 is diffuse, one can easily check that (7) of Theorem 2.2 holds and

50 (Xn)n>1 is a CID sequence with respect to G = (Fr V Fo)n>1-

Pn,i(qn, y(n)) ==

P{Xn41 € |X(n),Y(n)} = Sk,

It is worthwhile noting that if p is diffuse, Y,, = 1 for every n > 1, a € [0,1) and § > —q, then we
get an exchangeable sequence directed by the well-known two parameter Poisson-Dirichlet process:
i.e. an exchangeable sequence described by the prediction rule

L card(nl(n)) -«
P{Xn+1 € - |X1,. .. ,Xn} = Zl:ie—i—in

See, e.g., Pitman and Yor (1997) and Pitman (2006).

0+ oL,

bx; () + T ) (1)

The case @ = 0 have been deeply studied by many authors (see, for instance, Aletti, May and
Secchi (2009), Bay and Hu (2005), Berti, Crimaldi, Pratelli and Rigo (2009), Crimaldi (2009),
Flournoy and May (2009), Janson (2005), May, Paganoni and Secchi (2005), Pemantle (2007) and
the references therein). The case when p is discrete and o > 0 has been treated in Berti, Crimaldi,
Pratelli and Rigo (2009). Here, we present some results for the case when p is diffuse and o > 0.

Proposition 4.1. If sup, E[Y;?] < +oco and lim, E[Y;,] = m, then

rn=79+aLn2>R and &gR,
0+ S, n

where R is a random variable such that P{O < R <1} =1.
In particular, if m > «, we have P{R =0} = 1.
Later on we shall see some examples in which P{R > 0} > 0.
Let us take A € € and set V;i* := P[X,,41 € A|F,]. Since, (X,)n>1 is CID, we have

a.s. 1 ~ a.s.
VnA ——=Va and M,f = - ZIA(Xk) — Va.
k=1

We shall prove the following central limit theorem.

Theorem 4.2. Let us assume the following conditions:
(i) sup,, E[Y,'] < 400 for some u > 2
(ii) m = lim, E[Y,], ¢ = lim, E[Y;?].
Then A atant
(VRO = Vi), V(v = Vi) N0, Ua) X N (0, ),

where

2

q Q@

(ﬁ - 1) Va(l = Va) + 5 Ru(A)[1 - p(A)].

YA = %VAQ —Va)+ % (% - 2) Ru(A)[1 — p(A)].

Ua



In particular, \/rn(M7 —Va) Astadly N(0,U4 + £4). Moreover,
Elg(va(Vi! = Va)) |Ga] = N(0,21))(9)
for each g € Cy(R).

4.1 Case m > «
By Proposition 4.1, we have P{R =0} = 1 and so

q q
Uyg = (ﬁ_l) VA(l—VA). ZAIEVA(I—VA).

Taking into account the analogy with randomly reinforced Pélya urns, it is natural to think that
the random variable V4 is generally not degenerate (see Aletti, May and Secchi (2009)). This fact
implies that X4 is not degenerate, while U, is degenerate if and only if ¥, converges in L? to the
constant m. This happens, for example, in the classical case (see (11)) studied by Pitman and Yor
(1997) and Pitman (2006).

4.2 Case m =«
If m=aand ¢g=a? (ie. Y, U «), then
Ua = Ru(A)[1— pu(A)], Ya=Va(l—=Va)— Ru(A)[1—u(A)) and  Ua+Xa = Va(l—Va).

The following examples show that, if m = «, we can have P{R > 0} > 0.
Example 4.3. Let us take o > 0 and —a < 6 < 0. Setting

. al,
" a0+ S’
we have (see the following Lemma 6.2)
(a = Y)W, af (= Yn)an af

An = E[Wn+1_Wn |-’F'n} - +

0+ Sn O+ Su)(a+0+S,) = (B+an)?  (B+an)(a+0+an)

Therefore, we have

1

E[Wni1 | Fn]-W ZEWkH—WHﬂ ZAk>0‘Z + QZ (0 + ak)(a + 0 + ak)’
Pt @ a
and so
Elo — Yilk < 1
BWnnl 2 o +e Z (6 + ak)? +a9;(0+ak)(a+0+ak)'
Letting n — +o00, we obtain
1
E[R] > —— +a L .
; 0+ k ; 0+ ak)(a+ 6 + ak)
Therefore, if
ElYy — alk 1 !
12
ad O+ak)z Z(9+ak)(a+9+ak)<a+0’ (12)

k>1 k>1
then E[R] > 0 and so P{R > 0} > 0. Note that, in order to have (12), it must be

Z 7E[Ykk_ o] < +o00.
k>1

¢

Example 4.4. Let us take « >0, 0 =0, Y1 > a and Y,, = « for each n > 2. Then, using the same
notation as the one in the previous example, we have A,, = 0 for each n > 2 and so E[R] = E[Wa].
On the other hand, we have

2a
E <E 1
0 < E[W3] < [a+Y1] <
Then we get min [P{R > 0}, P{R < 1}] > 0. Moreover, since it must be P{¥4 > 0} = 1, we obtain
that, if 0 < p(A) <1, then P{Va=0,R >0} =0and P{Va=1,R >0} =0. O



5 Generalized Ottawa sequences

We shall say that a generalized species sampling sequence (X, )n>1 is a generalized Ottawa sequence
or, more briefly, a GOS, if the following conditions are satisfied for every n > 1:

e The functions r, and pn,; (for i =1,...,n) do not depend on the partition, hence
Kni(w,+) = 32001 Pri (Y (1) (@) 0, () (4) + ra (Y (n) (@) () (13)

e The functions r,, are strictly positive and

’f’n(le74..7Yn) Zrn+1(Y17...,Yn7Yn+1) (14)
almost surely.
e The functions p,,; satisfy
Pn,i = I'n Pn—1,i fori=1,...,n—1
Tn—1
Tn (15)
Prnn i=1—
Tn—1

with rg = 1.

For simplicity, from now on, we shall denote by r, and p,,; the FY -measurable random variables
o (Y(n)) and pn,: (Y (n)), that is rn := (Y (n)) and pn,i := pn,:(Y(n)).

First of all let us stress that any GOS is a CID sequence with respect to the filtration G =
(FXV FX)n>o0. Indeed, since G, = Fn V 0(Yntj : § > 1), condition (h3) implies that

E[f(Xnt1)[Gn] = E[f (Xn41) | Fn] (16)
for each bounded Borel real-valued function f on E and hence, by (h2), one gets
Vil = Bl (Xnt1) [ Ga] = 31y Praf (X3) + B[ (X0)].
Since the random variables p,41,; are G,-measurable it follows that

E[VTlLf+1 |Gl =D 0 1 Pnt1if (Xi) + Pt n 1 E[f (Xng1) | Gn] + ra B[ (X))
= TS f(X0) + Vi~ TS Bl ()]

Tn

= PRV GBI+ V= PRV o BO)] = VL

Some examples follow.

Example 5.1. Consider a GOS for which Y,, = a,, where (ay)n>0 is a decreasing numerical sequence
with ap =1, an > 0 and 7 (y1,...,Yn) = Yn-

If p is diffuse, by Proposition 2.3, we can say that L, converges almost surely to an integrable
random variable if and only if Zk ap < +o00. O

Example 5.2. Consider a GOS for which (Y;,),>1 is a Markov chain taking values in (0, 1], with
Y1 = 1 and transition probability kernel given by

x
P{Yn+1 < J}|Yn} = 7](01Yn>(x) —+ I[Yn,+oo)(1') n>1

and (Y1, ..., Yn) = Yn-
If p is diffuse, we have E[s,] = E[Y,] = (1/2)""" and so }_,.,E[sx] < +oc. Therefore, by
Proposition 2.3, we can say that L, converges almost surely to an integrable random variable. O

Example 5.3. Consider a GOS for which (Y;,),>1 is a sequence of random variable taking values
on (0,1) and

ra(ys, . yyn) = [ v
1=1

Note that in this case

P{Xni1 € 1X(n),Y(n)} =3 {(1 -v) I v




Assume that p is diffuse and that (Yj);>1 is a sequence of independent random variables dis-
tributed according to a Beta distribution of parameter (j,1 — «) with « in [0,1). That is each Y; has
density (with respect to the Lebesgue measure) on [0, 1] given by

= FrG+1—a) /7!
LG -a) (1 -=z)~

where I'(z) = [**2*'e™"dx. Set mi,, := E[L,] and ma,,, := E[L2]. Note that

Mint1 = min + E[r,] = ZE[TJ (17)
and
n j—1
Mo i1 =3ming —2+2) > Elriry]. (18)
=2 i=1
If « =0, (17) gives
n_Jj
1
Miny1 =1+ Z H = 1+
j=11i=1 1+Z =0 +‘]
and, after some computations, from (18), one gets also
n j—1 4 TL+1 J
nt1 =143 — — =143 n
T | F) | D Wi st

Now recall that

lim — 21_:1 (19)
1

n—+oo logn 4
i=

and, moreover, observe that

ZZ

This shows that the mean of L,, diverges as logn and the second moment diverges as log?(n). More
precisely,

TL"+OO log

M nt1 . M2 n1
lim —2" = im ++ =
n—+oo logmn n—-+oo 2log?(n)

If a« # 0, in the same way, one gets

1
Mint1 = 1+0(2— ) Zl“j—lj—i;r—)a)

Now recall that

r(j+ 1) 1 .
= 1+0(1
TG+2—a) ~ ji-a (L +00/D)
for j — 400 and that
. 1 1 1
dm njzjzljlﬁ =, (forac (0,1). (20)

Hence, when « # 0, we have
. mi 1 I'2 -«
hm st — ( ) .
n—+oo N o

O

Example 5.4. Consider a GOS for which (Y;,),>1 is a sequence of random variable taking values
on R4 and

Palyns o) = s
n(Yly -y Yn) = 7——=n
0+ Z]‘:1 Yj
with 6 > 0. Note that the randomly reinforced Blackwell-McQueen urn scheme (described by (4))
gives rise to a GOS. This example will be reconsidered later on. O

For the length L,, of the random partition induced by a GOS, we shall prove the following central
limit theorem.



Theorem 5.5. Let (X,)n>1 be a GOS with p diffuse and suppose there exists a sequence (hyp)n>1 of
positive numbers and a positive random variable o2 such that the following properties hold:

il =ri-1) L
hy T 400, and o := 2j=1Ts }1( i-1) a8y 52,

Then, setting R, ==Y .

Go1Tj—1, we have

L, — R, A—stably
_— N
Vhe

Corollary 5.6. Under the same assumptions of Theorem 5.5, if P(U2 > 0) =1, then we have

T, := 0,0°).

(0,1).

T _ (Ln — Ry) A—s_ta)blyN
In \/E?:l rj—1(1—7j-1)
Example 5.7. Let us consider Example 5.1 with p diffuse and

0
0+ nl-«

an =

with 6 > 0 and 0 < a < 1. We have s, = r,, = a, and, setting h, = n® and L = 0/, from (20) we
get

1 1 et 0 0
7Rn = — 0 A T T —.
ne ne 2370 0 + ]1704 a
Thus, by Proposition 2.3, we obtain that L, /n® %% 0/a. Further, since
I <
HZj:lajbj — b, (21)

provided that a; > 0, >27_, aj/hn — 1 and by, — b as n — +o0, it is easy to see that

o T n(or) 0 g g O (Y
n — - j 1(9+]1 a) - g+]1a

ne ne

e —0/a.

Therefore, by Theorem 5.5, we obtain

n— Rn A- stablyN,

na/Q

Tn: (0,0).

Example 5.8. Let us consider a GOS with p diffuse and

0
0+ Y
where & > 0 and the random variables Y, are independent positive random variable such that

>, E[Y;?]/n® < +oo and lim, E[Y,] = m > 0. Then s, = r, and (see, for instance, Lemma 3
in Berti, Crimaldi, Pratelli and Rigo (2009)) we have

T =

i 325:1% —1/m.

Setting h,, =logn and L = ¢/m, by (19) and (21), we obtain

1 1 0 an 1 nel (0 1 s
R, = + ) : pOjy <3+32Lﬂa =%

logn logn  logn J*10+Zg:1 f logn

L3
m
and so, by Proposition 2.3, we can conclude that L, /logn %% 6/m. Moreover, by (21), we have
2 Siori(l=r) g s STV
" logn " logn =t (0 +>7_,Yi)?
) 2
7 Y/ j 1
9 anl Ez 1 /.7 .] N a/m
" logn 0/j+3_1Yi/i i Vi

10



Therefore, by Theorem 5.5, we obtain

L, — Ry, A—st_a}blyN,

T, =
Vlogn

(0,0/m)

and so
L, — R, A—st_a)blyN,

\/%logn

If we take Y; = 1 for all i, we find the well known results for the asymptotic distribution of the
length of the random partition obtained for the Blackwell-McQueen urn scheme. Indeed, since
1 jl—logn=n~+ O(%), one gets

(0,1).

L, —0logn A—st_a)blyN
v0Ologn
See, for instance, pages 68-69 in Pitman (2006). O

We recall that, since a GOS (X, )n>1 is CID, then, for each bounded Borel real-valued function
f on E, we have

(0,1).

a.s. 1 = a.s.
Vil = Blf(Xnp0) | Fa] =5 Ve and - M= =3 f(Xk) =5 Vy.
k=1

Inspired by Theorem 3.3 in Berti, Pratelli and Rigo (2004) and the results in Crimaldi (2009), we
conclude this section with the statements of some central limit theorems for a GOS.

Theorem 5.9. Let (X,)n>1 be a GOS. For each bounded Borel real-valued function f and each
n > 1, let us set
Cl = V(M = Vi)
and, for1 <j<mn,
1 . . 1 .
Zns = ) =V + G =DV = =+ i) [F(X5) = Vi)
Suppose that:
n P
(a) U,{ = Zj:l(erj,,j)z — Uy.
* L

(b) (Z,{) ‘= 8SUPi1<j<n |Z£,j| — 0.
Then the sequence (C1)n,>1 converges A-stably to the Gaussian kernel N'(0,Uy).

In particular, condition (a) and (b) are satisfied if the following conditions hold:

(al) Ul =% Uy.

(b1) sup, >, E[(C{)?] < +oo.
Theorem 5.10. Let (Xn)n>1 be a GOS and f be a bounded Borel real-valued function. Using the

previous notation, forn > 0 set

r
Qn = Pntinyr =1 — :7“ and D} = n(Vi —Vy).

Suppose that the following conditions are satisfied:
() N ksn Q3 “% H, where H is a positive real random variable.
(i) 3150 k? E[QR] < oo.
Then
E[g(D3) | Fa] =5 N (0, H(Vyz = VF) ) (9)

—stabl
for each g € Cy(R). In particular, we have D, g yN(O, H(Viy2 = V7).

11



Corollary 5.11. Using the notation of Theorem 5.10, let us set for k>0
1 1

pr =

Tkl Tk
and assume the following conditions:

(a) i < ek a.s. with ", <, kzcﬁﬂ < oo and kri 3 «, where cx, o are strictly positive constants.

(b) The random variable py, are independent and identically distributed with E[p}] < co.
Finally, let us set B := E[pi] and h := o*3.
Then, the conclusion of Theorem 5.10 holds true with H equal to the constant h.

Furthermore, if the assumptions of both Theorems 5.9 and 5.10 hold true, then, by Lemma 1 in
Berti, Crimaldi, Pratelli and Rigo (2009), we get

(G, DI) =2 N(0,U) x N (0, H(Vyz = V).

In particular, \/n(M7 — Vy) = C{ + D{ Astably N(0,Us + H(Vyz — V7).
Since the proofs of these results are essentially the same as those in Berti, Pratelli and Rigo
(2004), in Crimaldi (2009) and Berti, Crimaldi, Pratelli and Rigo (2009), we shall skip them. The

interested reader can find all the details and some simple examples in the first version of this paper
Bassetti, Crimaldi and Leisen (2008).

6 Proofs
This section contains all the proofs of the paper. Recall that
Fo=FSVFy and  Gu=F X VFe=FuVo(Yarj:j>1)
and so condition (h3) of the definition of generalized species sampling sequence implies that
Vi = E[g(Xnt1) | Gn] = E[g(Xnt1) | Fa]

for each bounded Borel real-valued function g on E.

6.1 Proof of Theorem 2.2

We start with a useful lemma.

Lemma 6.1. If (X,)n>1 is a generalized species sampling sequence, then we have
Plo+ 1€ 7" 6] = PXoss = X7 | F.) = 5, opus (@Y () + 0 (x, Y ()17 )
for eachl =1,..., L,. Moreover, for each bounded Borel real-valued function f on E,
Ell{r, =rat1y f(Xnt1) [Gn] = Bllir, =113 /(K1) | Fa] = ru(x ™, Y (n)) [, f(y) p(dy).
holds true with Ag := E and A, the random “set” defined by
Ap(w) == E\{X1(w),.... Xn(w)}={y e E: y¢ {X1(w),..., Xn(w)}} forn>1.
In particular, we have
PlLnt1 = Ln41|Gn] = PlLps1 = Lo + 1| Fu] = ra (7™, Y (0)u(An) 1= 50 (7™, Y (n)).
If v is diffuse, we have
Pln+1en™ G, =P[Xpi1 = X | Fu] = zjeﬂl(n)pn,j(w(”% Y (n))
for eachl=1,...,L, and
Bl 41 =L, 410/ (Xni1) [Gn] = Bll{1, 122,411 (Xni1) | Fa] = ra (@™, Y () E[f (X1)]

and
PlLnt1 = Ln41|Gn] = P[Lnt1 = Ln + 1| Fu] = o (7™, Y (n)).

12



Proof. Since G, = F,, Vo (Yn4; : j > 1), condition (hsz) implies that
Pln+1 €™V [Ga] = PXnt1 = X{ |G P[Xns1 = X[ | Ful.
Hence, by assumption (h2), we have

PXpi1 = X[ [ Fal = 320, pai(n™, Y ()0, (X7) + 7 (n Y () n({X7'})
=2 jen(mPrii (7™, Y (n)) + ra (7™, Y () n({X7 ).

for each I =1,..., L,. If u is diffuse, we obtain
P = X [ Fal = 2 oopn(n™,Y ()

foreachl=1,...,L,.
Now, we observe that

I{L7L+1:Ln+l} = IBn+1 (Xla B Xann+1)
where Bni1 = {(z1,...,Zn+1) ¢ Tny1 & {x1,...,2n}}. Thus, by (hs) and (h2), we have
Ellir, =r,+13 f(Xnt1) | Gn] = E[l{1, =0, 113 F (Xn41) | Far]

= fIBn+1 Xi,. "7me)f(y)Kn+l(' dy)

IZ?lpm "y (n IA Y)ox, (dy) +ra (7™, Y (n)) [, fy)u(dy)
= (7™, Y (n fA

If we take f =1, we get
P[Uns1 =11Gn] = P[Uns1 = 1| Fu] = ra(7™, Y (n) u(An).
Finally, if p is diffuse, then p(Ay,(w)) =1 for each w and so we have

Ja, fWn(dy) = E[f(X1)].

O
Proof of Theorem 2.2. Let us fix a bounded Borel real-valued function f on E. Using the
given prediction rule, we have

Vi =50 pni (@™ Y (0) £(Xa) + o (7™, Y () E[£(X1))]
=Yk () F(XT) + raBLf (X))

The sequence (X,) is G-cid if and only if for each bounded Borel real-valued function f on E, the
sequence (VTf )n>o0 is a G-martingale. We observe that we have (for the sake of simplicity we skip the
dependence on (Y,)n>1)

E[V/, 1 1G] = S0  F(X)Es + Epnstns1 (™) f(Xns1) | Gnl + Elrngr | Gnl f
=Y rX )Ziew§")Ei +Epntint1 (1) f(Xnt1) | Gn] + Elrngr | Gal f

where E; = E[pni1.:(r"* )| G,] and f = E[f(X1)].
Now we are going to compute the various conditional expectations which appear in the second member
of above equality. Since p is diffuse, using Lemma 6.1, we have

Ei = E[pns1,i(m™ ) | Ga]
=SBl {n+len (n+1)}pn+11( )| G, J 4+ Ell{L, oy =Lat1yPrs1i(T )Gl
= S pntri (7B tnrentty |Gl + Bz, =241y | Galposa, i(r™n 1))
= Sizpnera () s (1) 4 rapn i ([r ™+ 1))

= S i (T 1)pn i (1™) + Papngn,i (775 + 1))

13



and so

Ly
o Bi= > peng (L piam ™)+ D pasra(m ] 0pn (7 ) + rapg s (7™ in 4 1)

en(™ 1=1,1#] ien(™

=m0 )pn i (7)) = prstnan (T 0)Ph415 (7)) + rapig (7™ m 4 1)
Moreover, using Lemma 6.1 again, we have
E[pn+1n+1 (7" ) f (Xnt1) | Gn] =

Ln

> E[I{n+1e«§"+1>}l’n+1,n+1(W("H))f(XnJrl) |Gl + Ell (1,1 =20 413 Pt (7)) (K1) | G] =
=1

Ly
ZE[I{nJrlE ety | Gnlpntt s ([ L) FXD) + Bl L, =101y F(Xns1) | Galprana (7 Pn 4+ 1) =

=1

P (mepn b)) Pttt (7)) FXD) + Pt s (F 4+ 1) f =
S Dn (T st (T 1) FXT) + Papnstnsr (0™ n 4+ 1) .
Finally we have
E[rni1]Gn] =1 =305 Elpniri (7)) | Gl
:1_Zi 1 Bi = Ena
=1-3" B = 2 pn (7" )pastnn (7)) = rapnit i (7 + 1)

Thus we get

E[V 0 1Ga] = 300 eng f(X7) + (1= 3052 en) f

where
eng = Lt Bi 4 ot () )05 ()
_ (™41 Lo o () s o (n)
= rnPn1; ([T 50+ 10) + 35 Py ([0 ] )P (7))

We can conclude that (X,),>1 is G-cid if and only if we have, for each bounded Borel function f on
FE and each n

S P X)) f =i e i f(X)) + (1= X0 eny)f  P-almost surely.

Since E is a Polish space, we may affirm that (X,),>1 is G-cid if and only if, for each n, we have
P-almost surely

S PrgOxp () () = 3007 en il () + (1= 3077 eng)il)
But this last equality holds if and only if, for each n, we have P-almost surely
Drj = Cnj for 1 <j < Ly ;

that is
P (7") = rapln; (f ™ {n+ 1) + S0 ph,; (7™ )i, Jph (™)
This is exactly the condition in the statement of the Theorem 2.2. O

6.2 Proofs of section 4
We need the following preliminary lemma.

Lemma 6.2. Let us set Sn = > ", Yj. Then

alL, a.s./L'

a+0+ Sn-1 I

W, =

where R is a random variable such that P{0 < R <1} = 1.

14



Proof. We have
(a4+60+Sn)L, +0

E[Ln+1 “7:77,] = Ln+7'n =

0+ Sn
Hence, we get
aly oLy ab
An = BWnit [ Fo] = Wa = gmmem = e — 0+ Sn)(a+0+Sn)
(a—Yy) al, n ab
0+ Sn) (a+0+Sn-1) (04 Sn)(a+0+Sn)
(= Y)W, ab

ST 045 T 0+S)@t0+5)

If —a < 0 <0, then A, is negative for each n and so (W,,),, is a positive supermartingale. Therefore
it converges almost surely to a random variable R.

If 0 > 0, let us set Z,, = W,, + m. For each n, we have
0Y,
ElZps1 | Fn]) — Zn = An —
(Zrsr [ 7] 6+ 5, )@+ 5,
_ (a=Y,)W, + ol 1 - Y.
(= Y)W, O(a—Yy) ad(Y, + «)

@+ 5) @+ Sm)0+5) (65 )0+ (atot5) ="

Therefore, the sequence (Z,,), is a positive F-supermartingale and so it converges almost surely to a
random variable R. Since S, goes to +o00, we get

0 a.s./Lt
Wn=2,— —F+— —— R.
9 + Snfl
Finally, we observe that 0 < W, < ;22— — 1. O

Proof of Proposition 4.1. It is easy to verify that ST” 2 m (see, for instance, Lemma 3 in

Berti, Crimaldi, Pratelli and Rigo (2009)) and so, by Lemma 6.2, we get
_ 0+aLn 0 a+9+Sn—l a.s.

n — = Wn R
S, 015, T 0+s,

Moreover, we have

Zrk,lzl—&—(e—&—a)Zﬁag. an—igzézoo.

E>1 E>1 k>1

Then, by Proposition 2.3, we find
Ln a.s.

_ —> 1.
Dk Th—1

Since Cesaro’s lemma implies
n
1 a.s.
— g re—1 — R,
n
k=1

we get Ln/n 23 R. On the other hand, we have

Lnagm —as mp
n «@ @
Therefore, we have 7 R ‘" R and so, if m # «, it must be P(R = 0) =1. O
Proof of Theorem 4.2. As we have already observed, assumption (ii) implies Sn" 3 m and

rn =3 R. After some calculations, we find

Yorrlla(Xn1) = Vil] | [0(A) = Ta(Xnsa)]

Vi -Vt =
i 0+ Snt1 0+ Sni1

{Ln+1:Ln+1}'

We want to apply Lemma 1, Theorem 2 and Remark 4 of Berti, Crimaldi, Pratelli and Rigo (2009).
Therefore, we have to prove the following conditions:

15



(1) E[maX1<k<n k?|Vk 1 VkAH —0
(2) E[supy>, VE[VE, = Vi ] < 00
(3) ”Zk>n(vk 1= Vi )2 =5 Xa

(4

) & i Ta(Xe) - VL, + MV VP
Conditions (1) and (2) hold true: we observe that

A Yit1 +
Vil - Vi ‘_9 an+1)
This inequality and assumption (%) imply
JE[(Ye + a)"]
W (E[maX1§k§nk|VkA 1 Vk S u/2 Z k 9 T ak — 0
and "]
“ (Vi +
B{(supesn VAV s = )] < o ) < e
Condition (3) holds true: we observe that
V2 Ia(Xk) — Vit ]2 Ta(Xy))?
A A2 k k—1 A(Xk
n;(kalka ) :n; (0—|—Sk)2 ZQJ’_—SI{LIV:L’V*1+1}
Yi[La(Xk) = Vil a][1(A) — La(X)]
2 Iip, —
+ an; CESDE {Lp=Lj_q1+1}
as. T Y2Ia(Xk) = VA ?  a? [1(A) — Ta (X))
—.-) Z L2 +oan Z L2 Hpy=r4_1+1)
k>n k>n
0 Yilla(Xe) = VA [a(A) = Ta(X0)]
JrQﬁnZ k k.12 I{Lk:Lk—lJFl}'
k>n

We want to use Lemma 3 in Berti, Crimaldi, Pratelli and Rigo (2009). Therefore, we observe that
E{YZ[La(Xe) = Vi) | Fioa} = EYZIE{[La(Xx) = Vila]* [ Fror} *5 qVa(l = Va)
and so the first term converges almost surely to
%VAQ —Va).
Moreover, we observe that we have
E{[u(A) = La(Xi)P* Iz, 41y [ Fro1} = re1p(A)[1 = p(A)] = Ru(A)[1 — p(A)]

and so the second term converges almost surely to

2

«@
& Ru(A)[1 - p(A)]. (22)
Finally, we have

E{Vi[Ia(Xx) — Vi) [u(A) — Ta(Xi) (pp=rp_,+1) | Fro1} =
— EYi]re—1p(A)[1 = p(A)] =5 —mRu(A)[1 — u(A)]

and so the third term converges almost surely to

—25 Ru(A)[1 — p(A)].
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Condition (4) holds true: we observe that

1 n
=~ LX) = Vi RV - V)Y =
k=1

1< A kY kalu(A) — Ta(Xs)] % .
n;{[IA(Xk)V’“‘I] {1* 9+Sk] T ors, menesny

L5 v ] O

IS A 12 Vil @ 2
D R e B D DU A I

201

mmn
k=1

7a() = Vil 1= 25| () = Ta (Xl sy

We want to use Lemma 3 in Berti, Crimaldi, Pratelli and Rigo (2009) once again. Therefore, we
observe the second term converges almost surely to (22). Moreover, we have

v, 1? Vi ]?
E {[IA(Xk) -V {1 - Ek] |}_k—1} =E { [1 - i} }E {[IA(Xk) - Vi) |}—k—1}
and so the first term converges almost surely to
q

Finally, we have
Yy A _
E 1- E [IA(Xk) - kal][/J(A) - [A(Xk)]I{Lk:Lk,lJrl} ‘kal =

B 1= 2| B {1160 - V) ~ X0ty | P}

and so the third term converges almost surely to zero. (I

6.3 Proof of Theorem 5.5
It will be useful to introduce the sequence of the increments
Uy =L =1 and U,:=L,—L,_1 forn>2.

We need a preliminary lemma.

Lemma 6.3. If (X,)n>1 is a GOS with p diffuse, then, for each fized k, a version of the conditional
distribution of (Uj)j>k4+1 given Gy is the kernel Q. so defined:

Qnr(w, ) = Q71 B(L,7i-1(w))

where B(1,r;-1(w)) denotes the Bernoulli distribution with parameter rj_1(w).

Proof. It is enough to verify that, for each n > 1, for each exy1,...,€x1n € {0,1} and for each
Gr-measurable real-valued bounded random variable Z, we have
E[ZI{Uk+1:€k+1a<'<ka+n:5k:+n}] = E[Z H?I:Jrlrjé'j—l(l - Tj—l)l_ej]' (23)

We go on with the proof by induction on n. For n =1, by Lemma 6.1, we have
E[ZI{Uk+1:€k+l}] = E[ZE[I{U,CH:%H} |Gk]] = E[Zr (1 - i) TR,

Assume that (23) is true for n — 1 and let us prove it for n. Let us fix an Gy-measurable real-valued
bounded random variable Z. By Lemma 6.1, we have

E[Z[{Uk+1:€k+1v“wUk+n:€k+n}} = E[ZI{Uk+1:5k+l7-<-7Uk+n71:Ek+n—1}E[Uk“"" = €htn | ngrn*lH
€k+n l—€pin
= E[Zrk]:;z—l(l = Tkin-1)  *F Lugyi=eppasenn, Uk+n71:€k+n—1}:|'
We have done because also the random variable Zr,iit[il(l — Than_1)'"%+" is Gr-measurable and
(23) is true for n — 1. O
We need also the following known result.
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Theorem 6.4. Let (Zn,i)n>1,1<i<k, be a triangular array of square integrable centered random
variables on a probability space (Q, A, P). Suppose that, for each fized n, (Zn;)i is independent
(“row-independence property”). Moreover, set

U,zw- = E[Zf”] = Var[Z,.i], ol = Zf;l a'fm-,

Vi 1= Zf;l Zrzt,ia Zy, = SUP<i<k, |Zn,i]
and assume that (V,)n>1 is uniformly integrable, Z;, £, 0 and U,QL — o2,

Then S Zn i in lgw N(0,0?).

Proof. In Hall and Heyde (1980) (see pp. 53-54) it is proved that, under the uniform integrability
of (V,,), the convergence in probability to zero of (Z,;),>1 is equivalent to the Lindeberg condition.
Hence, it is possible to apply Corollary 3.1 (pp. 58-59) in Hall and Heyde (1980) with F,; =
O'(Znyl,...,Zn,i). D

Proof of Theorem 5.5. Without loss of generality, we can assume h,, > 0 for each n. In order
to prove the desidered A-stable convergence, it is enough to prove the Fx V FX -stable convergence
of (T},) to N(0,0%). But, in order to prove this last convergence, since we have Fx V Fo = V. Gk,
it suffices to prove that, for each k and A in G, with P(A) # 0, the sequence (7},) converges in
distribution under P4 to the probability measure PN (0,02). In other words, it is sufficient to fix
k and to verify that (Tx+.)n (and so (T},),) converges Gy-stably to A/(0, 02). (Note that the kernel
N(0,0?) is Gr V N-measurable for each fixed k.) To this end, we observe that we have

S U =) X Uy —re) X (U =)
- +

\V4 h'k:+n V hk+n \V4 hk+n

Obviously, for n — +o00, we have

Tk+n =

S U= rim1)

0.
\V4 hk+n _)

Therefore we have to prove

k+n
Zjik+1(Uj —7j-1) gkfﬁblij.
vV hk+n

From Lemma 6.3 we know that a version of the the conditional distribution of (U;);>k+1 given
Gy is the kernel Q) so defined:

(0,07). (24)

Qr(w,") = ;.;kJrlB(l? ri-1(w)).

On the canonical space R let us consider the canonical projections (£;);5x4+1. Then, for each n > 1,
a version of the conditional distribution of

k+n
Zj:k;+1(Uj —rj-1)
\V4 hk«H’L
given Gy, is the kernel Ny, so characterized: for each w, the probability measure Niin(w,-) is the

distribution, under the probability measure Qx(w, -), of the random variable (which is defined on the
canonical space)

S (& —ria(w)
N '

On the other hand, for almost every w, under Qg (w, ), the random variables

Znyi;:w forn>1,1<i<n

vV hk+n

form a triangular array which satisfies the assumptions of Theorem 6.4. Indeed, we have the row-
independence property and

Trotio1(W) (1= Trgio1(w)) .

h/k+n

EQk(w")[Zn,i} -0, EQk(wy)[ZZ’i} =
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Therefore, by assumption, for n — 400, we have for almost every w,

> Tk+i—1(w)(1 — Tk+i—1(w)) 9

hi 2
= o2 pfw) - 1% ()

Z?:1EQk(w’-)[ZrQL,i] =

— 0% (w).

hk+n hk:Jrn

Moreover, under Qx(w,-), we have Z;; := sup; Zn,i < 2/y/hi4n — 0. Finally, we observe that,
setting Vi, := > | Z?2 ,, we have

hiaoi (@)
EQIVE] = Var @I (1] + (Ui+n(w> S )
hk+n
with
VarQ"(w")[Vn] _ Z?zlvaer(wv')[Zi’i] < ZLlEQk(W’-)[Zi,i]

o 2
< (ohente) - T

hk+n '

Since, for almost every w, the sequence (o2 (w)),, is bounded and h,, T 400, it follows that, for almost
every w, the sequence (V4,),, is bounded in L? under Q(w, -) and so uniformly integrable. Theorem
6.4 assures that, for almost every w, the sequence of probability measures

(Nign(@,)), 2,

weakly converges to the Gaussian distribution A/ (O, o2 (w)) This fact implies that, for each bounded
continuous function g, we have

B g St U —rio0)
V hk+n

It obviously follows the Gi-stable convergence (24). O

) ygk} 22 N(0,0%)(9)-
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