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1 American options in discrete time

1.1 Discrete markets

We briefly recall the main results for market models in discrete time: we refer for instance to [38] and
[32] for a comprehensive description and complete proofs. We consider a discrete market model, built
on a probability space (2, F, P) with Q having a finite number of elements and where we assume that
P({w}) > 0 for every w € Q. Given a time interval! [0, 7], we suppose that all transactions take place
only at fixed dates

O=to<t1 < ---<tny=T,

and that the market consists of d + 1 securities: one bond B with dynamics

By=1
0= " (1.1)
B, =B,-1(1+71), n=1,...,N,

where 7 is the risk-free rate, and d stocks S = (S, ..., S%) with dynamics
L eR
50 € R+ . (1.2)
Sh=5 1 (T4 ub), n=1,...,N,

where p!, is a real random variable that represents the yield rate of the i-th asset over the n-th period
[tn—1,tn]. We set
d
fin = (s -5 115)

and define the filtration
fO = {®7Q}7
Fon=0(ux | k<n), n=1,...,N.

As usual F,, represents the amount of information available in the market at time t,,. We assume that
ln is independent of F,,_1 for any n =1,..., N, and Fy = F.

Definition 1.1. A portfolio (or strategy) is a stochastic process in R+

(Oé, ﬁ) = (a}w s aaza ﬁn)n:l,...,N-

In the preceding definition of, (respectively 3,) represents the amount of the asset S° (resp. of the
bond) held in the portfolio during the n-th period, i.e. from ¢, to t,. Therefore we define the value
of the strategy (o, 3) at time ¢,, as

d
V) = 0 Sy + BnBn =Y _abSi+ BpBn,  n=1,...,N, (1.3)
=1

and
Vo™ = a1 + 1 Bo.

Usually, when («, ) is fixed, we omit the superscript and simply write V instead of y(@h),

Definition 1.2. We denote by A the family of the strategies («, 3) that are

1Let us recall that the unit of time is the year: to fix the ideas, t = 0 denotes today’s date and T' the expiration date
of a derivative.
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1.2 Martingale measure and arbitrage price 3

i) self-financing, that is the relation
Vie1 = anSn—1 + BnBn-1 (1.4)
holds for everyn=1,...,N;
it) predictable, that is (aun, Bn) s Fn_1-measurable for everyn =1,... N.

Note that if (v, 3) € A then V(@) is a real stochastic process adapted to the filtration (F,) and we
have
Vn - Vn—l = Qp (Sn - Sn—l) + 5n (Bn - Bn—l) 5

that is, the variation of the value of the portfolio only depends on the variation of the prices of the
assets. The discounted price of the i-th asset is the defined by

5222—2, n=20,...,N.

Note that, since By = 1, then 56 = 56. The discounted value of the strategy (a, 3) is
‘7n = angn + ﬁn
Then the self-financing condition reads 17”_1 = angn_l + 0, or equivalently

Vi, =Va_1+ Oén(Sn — Sn—l)- (1.5)

In particular we remark that a strategy is identified (recursively by (1.5)) by the initial wealth V{, and
the predictable process a.

1.2 Martingale measure and arbitrage price

Definition 1.3. Given a discrete market (B, S) on the probability space (2, F, P), a martingale measure
is a probability Q on (2, F) such that:

i) Q is equivalent to P;

i1) for everyn =1,..., N we have
EQ [§n | fn_l} = S, (1.6)
ie S isa Q-martingale.
By the martingale property, we have
So = 8y = EX [En] (1.7)

that has an important economic interpretation: it says that the expected value of the future normalized
prices is equal to the current price. Therefore (1.7) is a risk-neutral pricing formula: the expected value
of S,, with respect to the measure ) corresponds to the value given by an investor who reckons that
the current market price of the asset is correct (and so he/she is neither disposed nor averse to buy the
asset).

A key property of any strategy (a, ) € A is that its discounted value is a Q-martingale:
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1.2 Martingale measure and arbitrage price 4

Proposition 1.4. If Q is a martingale measure and (o, 3) € A, then V@b s q Q-martingale: in
particular the following risk-neutral pricing formula holds:

vie?) = ge [f@f“vﬁ)} ., n<N. (1.8)
Proof. Taking the expectation conditional to F,_1 in the second formula in (1.5), we get
EQ |:‘7n | fn—l] = Vn—l + EQ |:an(§n - Afgvn—l) | fn—l] =
(since « is predictable)
= ‘711—1 + anEQ |:§n - §n—1 | ~fn—l} = ‘711—1
since S is a @-martingale. O
Definition 1.5. A strategy (o, 3) € A is called an arbitrage if its value V' is such that
i) Vo =0;
i) Vy > 0;
i1i) P(Viy >0) > 0.

A discrete market is arbitrage-free if and only if there exist no arbitrage strategies.

Definition 1.6. A FEuropean-style derivative (or simply, a claim) is a random variable X on (2, F, P).

X s called replicable if (o, B) € A exists such that X = V]S,a’ﬁ) :in that case («a, 3) is called replicating
strategy. A market is complete if any European derivative is replicable.

Theorem 1.7. [Fundamental theorem of asset pricing]
i) A discrete market is arbitrage-free if and only if there exists at least one martingale measure.

i) In an arbitrage-free market, X is replicable if and only if E? [X] is constant, independent of
the martingale measure Q. In that case, for every replicating strateqy (o, 3) € A and for every
martingale measure Q, it holds that

EQ [5( | ]-'n] —Ved = [, n=0,...N. (1.9)

The process H is called discounted arbitrage price (or risk-neutral price) of X.
i11) An arbitrage-free market is complete if and only if there exists a unique martingale measure Q.

Note that, by (1.9), the arbitrage price of an option is independent of the martingale measure @ and
of the replicating strategy («, 3). Actually one can show that, in an arbitrage free market, a claim X
is replicable if and only if E? [X] is independent of the martingale measure Q.
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1.3 Binomial model 5

1.3 Binomial model

In the binomial model there is only one risky asset defined by
Sp = Sn—1(1+ pn), n=1,...,N

where p,, are i.i.d. random variables such that

L+ = u  with probability p,
Hin = d with probability 1 — p,

for p €]0,1[ and 0 < d < u. In other terms, the law of u, is a linear combination of Dirac deltas:
pdy—1 + (1 — p)dg—1. Consequently we have

P(S, = ukd"*5,) = <Z> PP —p)F, 0<k<n<N.

The binomial model is the simplest example of a discrete market that is arbitrage-free and complete.

Theorem 1.8. In the binomial model the condition
d<1l+r<u, (1.10)

is equivalent to the existence and uniqueness of the martingale measure Q, under which p,..., N are

1.1.d. random variables and
1+r—d

o (1.11)

Q(1+Nn:u):q3:

1.4 American options

From now on we assume that the market S is arbitrage-free, that is there exists at least a martingale
measure Q.

An American derivative is characterized by the possibility of early exercise at every time t,, 0 <
n < N, during the life span of the contract. To describe an American derivative it is therefore necessary
to specify the premium (i.e. the payoff) that has to be paid to the owner in case he/she exercises the
option at time t, with n < N. For example, in the case of an American Call option with underlying
asset S and strike K, the payoff at time ¢, is X, = (S, — K)™.

Definition 1.9. An American derivative is a non-negative discrete stochastic process X = (X,,), adapted
to the filtration (F,).

Since the choice of the best time to exercise an American option must depend only on the information
available at that moment, the following definition of exercise strategy seems natural.

Definition 1.10. A stopping time
v: Q—{0,1,...,N},
i.e. a random variable such that
{v=n} € F, n=0,...,N, (1.12)
is called exercise strategy (or exercise time). We denote the set of all exercise strategies by 7.

Intuitively, given a trajectory w € € of the underlying market, the natural number v(w) represents
the moment when one decides to exercise the American derivative. The condition (1.12) merely means
that the decision to exercise at time n depends on F,,, i.e. on the information available at time ¢,,.
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1.4 American options 6

Definition 1.11. Given an American option X and an exercise time v € T, the random variable X,
defined by
(XV) (w) = Xy(w) (w)7 w e,

is called payoff of X relative to the strateqy v. An exercise time vy is called optimal in Q if

E@ [)ZVO} = sup E¢ [)Zy] . (1.13)
veTy

We observe that the random variable )A(i,, can be interpreted as the discounted payoff of an European
option: so E9 [X ,,] gives the risk-neutral price of the option (this depending of course on the martingale

measure ), when the option is exercised following the strategy v.

In an arbitrage-free and complete market, the price of a Furopean option with payoff Xy is by
definition equal to the value of a replicating strategy: in particular, the discounted arbitrage price is
a @Q-martingale. Pricing an American option is a slightly more delicate matter since it is clear that
it is generally not possible to determine a replicating strategy i.e. a strategy (a,) € A such that
VTEQ’B ) = X, for any n: this is due to the fact that V(@h) ig a @Q-martingale while X is simply an
adapted process.

Let us begin by observing that, by arbitrage arguments, it is possible to find upper and lower bounds

for an initial price of X that will be denoted by Hy. We set
AL ={(a,8) e A| V) > X,,, n=0,..., N},

the family of those strategies in A that super-replicate X. To avoid introducing arbitrage opportunities,

(a,8)

the price Hy must be less or equal to the initial value V) for every (a, 3) € A;} and so

Hy< inf V9.
(a,B)€EAL

On the other hand we put

Ay ={(a,B) € A| there exists v € Ty s.t. X, > Vo)),

Intuitively, an element (o, 3) of A represents a strategy on which a short position is assumed to borrow
money and buy the American option, knowing that there exists an exercise strategy v yielding a payoff
), corresponding to the amount necessary to close the short position in
the strategy («, 3). The initial price Hy of X must necessarily be greater or equal to VO(O[’B )

(o, B) € Ay if this were not true, one could easily build an arbitrage strategy. Then we have

X, greater or equal to Vl,(a’ﬁ
for every

sup Vb(aﬂ) < HO-
(w.h)eAx

Therefore we determined an interval which the initial price Hy must belong to, in order to avoid
introducing arbitrage opportunities. Let us show now that risk-neutral pricing relative to an optimal
exercise strategy respects such conditions.

Proposition 1.12. In an arbitrage-free market, for every martingale measure QQ it holds that

sup Vo(a’ﬁ) < sup E° [fg] < inf Vo(a’ﬁ). (1.14)
(a,B)eA% veTy (o,3) €A
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1.4 American options 7

Proof. For any (o, ) € Ay, there exists vy € 7y such that Vy(oa’ﬁ) < X,,. Further, Vih) is a Q-
martingale and so by the Optional sampling theorem, we have

VR Z 79 — @ [70] < B2 R, < sup £ %],
vEly

hence we obtain the first inequality in (1.14), by the arbitrariness of (o, 3) € A
On the other hand, if (o, 8) € A} then, again by the Optional sampling theorem, for every v € 7

we have
vo(a,ﬁ) _ gQ [‘71/(04,5)} > E° [)A(:V] )

hence we get the second inequality in (1.14), by the arbitrariness of («, 3) € A} and v € 7. O

The definition of arbitrage price of an American option is based on the Doob’s decomposition theorem
which we first present.

Theorem 1.13. [Doob’s decomposition theorem]
FEvery discrete adapted process H can be decomposed in

H=M+A (1.15)

where M is a martingale such that Mg = Hy and A is predictable and such that Ag = 0. Moreover H
s a super-martingale if and only if A is decreasing.

Proof. We set My = Hy, Ag = 0 and define recursively

Mn-‘rl = Mn + Hn+l - K [Hn-‘rl ‘ fn]
" 1.16
= Hop1+ Y (Hi— E[Hgya | Fil), (119

k=0
and
An+1 - An - (Hn -F [Hn—l—l | fn])
" 1.17
=3 (He - BlH | F). (17
k=0

The thesis follows straightforwardly. O

Under the hypothesis that the market is arbitrage-free and complete, the following theorem contains
the definition of the initial arbitrage price of an American derivative X.

Theorem 1.14. Suppose that there exists a unique martingale measure Q. Then there exists (a, 3) €
AL N Ay and so we have:

) Ve > X, n=0,...,N;
i) there exists vy € Ty such that X, = V,,((f"ﬁ).
Consequently

E° [)Z'yo] = Vo(a’ﬁ) = Sgg) E° [)N(,,} , (1.18)

defines the initial arbitrage price of X.

Proof. The proof is constructive and is made up of two main steps:
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1.4 American options 8

1) construct the smallest super-martingale H greater than X , usually called Snell’s envelope of the
process X ;

2) use Doob’s decomposition theorem to isolate the martingale part of the process H and by this
determine a strategy («,3) € A% N A%.

Then we can we conclude the proof of the theorem by showing that Hy = 17()(@’6 ) = VO(O[’B ) and (1.18)
holds. ~
First step: we define iteratively the stochastic process H by putting

~ XN, TY,ZN,
_ (1.19)

mﬂ{x%mw %ﬂfq} n=0,... N-1.

Below we will see that the process H defines the (discounted) arbitrage price of X. It is indeed an
intuitive notion of price that gives rise to the definition above: in fact the option X is worth Hy = Xy
at maturity and, at time t5_1, is worth

o Xn_1 if one decides to exercise it;

o the arbitrage price of a European derivative with payoff Hpy and maturity NV, in case one decides
not to exercise it, and we know that this equals —E [Hy | Fn-1].

Then it seems reasonable to define

Hy_j = max {XN—la E9[Hy | ]:N—ﬂ} ;

1+7r

and by repeating this argument backwards, we get definition (1.19).
Evidently, H is an adapted non-negative stochastic process; further, for every n, we have

fﬁL2<EQ[EQ+1|f;}, (1.20)

that is H is a Q-super-martingale. This means that H “decreases in mean” and intuitively this cor-
responds to the fact that, moving forward in time, the advantage of the possibility of early exercise
decreases.
Actually H is the smallest super-martingale that dominates X:in fact, if M is a Q)-super-martingale
such that M, > )?n then N
M, > max{X,, E? [M,1 | Fn]}

for every n. Since N B
My > XN = Hn,

the thesis follows by induction. We recall that, in probability theory, the smallest super-martingale that
dominates a generic adapted process X is usually called Snell’s envelope of X.

Second step: we now prove that there exists (o, 3) € A} NAy. Since His a Q-super-martingale, by
Doob’s decomposition Theorem 1.13 we get

H=M+A

where M is a -martingale such that My = ro and A is a predictable decreasing process with null
initial value.

Andrea Pascucci A short course on American options



1.4 American options 9

By hypothesis the market is complete and so there exists a strategy (a, 3) € A that replicates the
European derivative My in the sense that VN( ,) = My. Further, since M and Vo= V@B are
@Q-martingales with the same terminal value, they are equal:

V, = B9 [V/N | fn} = EQ [My | F] = M, (1.21)
Consequently, («, 3) € .A;E since A, < 0. Moreover we have
Vo = Mo = H,

so that (a,3) is a super-replicating strategy for X that has an initial cost equal to the price of the
option, as defined in (1.18).
In order to verify that (o, ) € Ay, we put:

vo(w) = min{n | Hy(w) = X,(w)}, weQ. (1.22)
Since
{vo=n}={Ho>Xo}N---N{Hp1 > Xn_1} N {H, = X,,} € Fn

for every n, then vy is an stopping time, i.e. an exercise strategy. Further, vg is the first time that
X > E9 |H [ n+1 | F ] and so intuitively it represents the first time that it is profitable to exercise the

option.
According to Doob’s decomposition Theorem (see in particular formula (1.16)), for n = 1,..., N,
we have

n—1
My = Hy+ Y (B~ B2 [y | 7).
k=0

and consequently

M,, = H,, (1.23)

since

ﬁk = EQ [ﬁk+1 | fk] over {k < 1/0}.
Then, by (1.21), we have

Ve = M,, =
(by (1.23)) N
= HI/() =
(by the definition of 1) N
= X, (1.24)

and this proves that (a, 3) € Ay.

Conclusion: let us show now that vy is an optimal exercise time. Since (o, 3) € A% N Ay, by (1.14)
in Proposition 1.12 we get

Vo = sup E@ [)?,,] .
veTy
On the other hand, by (1.24) and the Optional sampling theorem, it holds that
‘/0 = EQ |:Xl/():|

and this concludes the proof. O
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Remark 1.15. The preceding theorem is significant from both a theoretical and practical point of view:
on one hand it proves that there exists a unique initial price of X that does not give rise to arbitrage
opportunities. On the other hand it provides us with a constructive way to determine the main features
of X:

i) the arbitrage price by the recursive formula (1.19);
i) a hedging strategy (o, 3) € A% N Ay;
i11) an optimal exercise strategy vy.

|

Formula (1.19) readily gives a recursive algorithm for determining the arbitrage price of an American
derivative: this is a particular case of a much more general methodology to solve stochastic optimal
control problems, that is called dynamic programming. As an example, in Paragraph 1.8 we will use
the dynamic programming to study the problem of pricing in an incomplete market.

Remark 1.16. Fized n < N, we denote by
T, ={veTy|v>n}

the family of exercise strategies of an American derivative bought at time t,. A strategy v, € T, is
optimal if it holds that

E“ [)A(:,,n | fn} = ng% E“ [)A(i,, |.7:n] .

If H is the process in (1.19), we denote the first time that it is profitable to exercise the American
derivative bought at time n by

n(w) = min{k > n | Hy(w) = X (W)}, we Q.

We can extend Theorem 1.14 and prove that v, is the first optimal exercise time following n. To be
more precise it holds that

H, = E® [)Zyn | fn} = sup B¢ [)?y |]:n] . (1.25)
ZIETn
The process H in (1.19) is called discounted arbitrage price of X. O

1.5 Asymptotics: the free-boundary problem

In the binomial model we now fix T', set § = % and let IV go to infinity: a well-known consistency

result states that, under natural assumptions, the binomial model approximates the standard Black &
Scholes model. More precisely, let us assume the following specific form of the parameters of the model:

u= e"\/g, d= e_‘”/g, 147 =€, (1.26)

for some positive constants o and rg.
Given a function f = f(¢,5) defined on [0,7] x R4 (here f plays the role of the arbitrage price of
an American option with payoff ¢(¢,5)), the recursive pricing formula (1.19) becomes

{f(Tv S) = SO(T7 5)7

f(t,5) = max {so(t, S), 1 (af(t + 6,uS) + (1 — q) f(t + 6, dS))} : (1.27)
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1.5 Asymptotics: the free-boundary problem 11

If we set
f=Fw9),  [fr=ft+6uS),  f=f(t+4,d9),
and define the discrete operator

af'+ (- f

J5f(t7S): 147

f (1.28)
the second equation in (1.27) is equivalent to

max {J5f(t7 S)7 QO(t, S) - f(t7 S)} =0.
By using the standard Taylor expansion, it is not difficult to prove the following

Proposition 1.17. For every f € C12([0,T] x R) we have

Jim PICD) pr,s),
for (t,S) €]0, T[xR, where
2¢2
Lesf(t,S) == 0f(t,S) + = 5 Ossf(t,S) +roS0sf(t,S) —rof(t,S) (1.29)

2
1s the BlackéScholes differential operator.

Proof. We first note that by (1.26)

o=t L L (=T ) Vi olve) (130)

2
u—d 2 20 2

as 0 — 0. By the second order Taylor expansion we get (by simplicity, we simply write f instead of

f(t,5))
f“—f=0f6 +0sfS(u—1)+ %853f52(u —1)2+0(0) +o((u—1)2) =

(by (1.26))
= 080sfVé+ Lfi+0(5), 6&—0, (1.31)
where ) 5 o)
S
Lf = 0uf + 7505 + =0ss .
and analogously
fl—f=—-08S0sfVo+Lfs+0(d), &—0. (1.32)

Then we have

Jsf(t,8) =—(1+o)f +af*+ (1—q)f*
=—rdf +q(f* = f—(f"=f)+(f" = f)+o(s) =

(by (1.31) and (1.32))
= —0rf +0Lf +V3(2q — 1)0Sdsf + o(5) =

(by (1.30))
2
= —0rf+0Lf+ V5 <<r - %) JS+o(x/5)> 0595 f + o(9)
= 6Lpsf + 0(9),
as 0 — 0 and this concludes the proof. O O
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By Proposition 1.17, the asymptotic version, as 6 — 0, of the discrete problem (1.27) is given by

{maX{LBSf,go —f}=0, in [0, T[xRy,

(1.33)
(T, S) = (T, S), SeR,.

The convergence of binomial to Black&Scholes prices of American options was proved in [31], [2] and
[33].

Problem (1.33) is called a free boundary problem: it contains a differential inequality that, from
the theoretical point of view, is much more complex to study than the usual parabolic Cauchy problem
arising in the analysis of European options. Existence and uniqueness of the solution to problem (1.33)
will be proved in the next chapters.

1.6 Binomial algorithm for American options

In this paragraph we consider an American options with payoff of the form X, = ¢(n,S,): this
includes the American put as a particular case. We use the notation

Sn k= uFd" kS, n=0,...,N and k=0,...,n, (1.34)

and denote the payoff by
Xn,k = So(na Sn,k)

The recursive definition (1.19) gives the following iterative formula for the arbitrage price H = (H,, ;)
of the derivative:

Hyyp = XN, 0<k<N, (1.35)
Hy, 1= maX{Xn—l,ka ﬁ(an,kH +(1—- Q)Hn,k)} ) 0<k<n-1, '
_ _ 1tr-d
form=1,...,N and ¢ = :id .

Example 1.17. Let us consider an American Put option with strike K = 20 and price of the underlying
asset Sy = 20 in a three-period binomial model with parameters

u=1.1, d=0.9, r = 0.05.
The martingale measure is defined by

_1l+r—d

=0.75.
u—d

By using the algorithm (1.35), at every step we compare the risk-neutral price to the value in case of
early exercise:

1
Hn—l,k’ = maX{Xn—l,ka 1—_H(an,k+l + (1 - Q)Hn,k)}

1
= max{Xn_Lk, m(075 * Hn,k+1 + 0.25 % Hn,k)} .
In Figure 1 we put the price of the underlying asset and of the derivative respectively inside and outside

of the circle. The prices in boldface correspond to early exercise. For example, at the beginning we have
that Xo = 0 while

_ 1
EQ [Hl} = == (0.75 % 0.12 4 0.25 % 2) = 0.56

and so it is not profitable to exercise immediately. O
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1.6 Binomial algorithm for American options 13

Figure 1 Arbitrage prices of an American Put option with strike 20 and Sy = 20 in a three-period
binomial model with parameters u = 1.1, d = 0.9 and r = 0.05

Hs3=0

Hyy=0

Let us now dwell on the hedging problem, first recalling how it can be solved in the European case.

Remark 1.18. We use notation (1.34) and denote by Hy, i, the price, at the node Sy}, of the binomial
tree, of an FEuropean option with payoff Hy = ©(Sn). The replication condition V,nfa’ﬁ) = H, s
equivalent to
{anusn—l,k + BnBy = n,k+1;
andSy_1; + BnBy = Hy .
The solution of the system gives the replicating strategy for the n-th period [t,—1,t,]:

Hn,k—l—l - Hn,k ﬁ _ UHn,k - dHn,k—l—l
(u—d)Sp_1s T T —d) (1)

Coming back to the American case, theoretically the proof of Theorem 1.14 is constructive (since
it is based upon Doob’s decomposition) and identifies the hedging strategy with the replicating stra-
tegy of the European derivative My. However, My is a path-dependent derivative even if X is path-
independent. So the computation of the replicating strategy by the binomial algorithm can be burden-
some, since My depends on the whole path of the underlying asset and not just on its final value. As
a matter of fact, this approach is not used in practice.

Instead, it is worthwhile noting that the process M,, depends on the path of the underlying asset
just because it has to keep track of the possible early exercises: but in the moment that the derivative
is exercised, hedging is no longer necessary and the problem gets definitely easier.

To fix the ideas, in the preceding example we consider the time n = 1 and so we have two cases:

o if S = 5171 = 22 then

(1.36)

Qn k=

0.12 = H171 > X171 =0,

so the option is not exercised, My = H, and we can use the usual replication argument (cf.
formulas (1.36) below) to determine the strategy

oo — Hy9 — Hy
2 (u—d)Sll ’

)

uHy1 — dHsz o
(u—d)(1+7)’

that, with an initial wealth H; 1, hedges the American derivative at the subsequent time;

Po =
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o if otherwise 51 = dS1, = 18, then

1 qHz1 + (1 —q)Ha
EC[Hy = == = < X0 =2,
+r [Ha] 1+7r 10

1.28 =
1

and so the option is exercised. Therefore the position is closed and it is not necessary to determine
the hedging strategy?.

By using standard binomial formulas (1.36) we determine the whole hedging strategy. In Figure 2 we
depict the strategy of the preceding example.

Figure 2 Hedging strategy for an American Put option with strike 20 and Sy = 20 in a three-period
binomial model with parameters u = 1.1, d = 0.9 and r = 0.05

1.7 Trinomial model

In the trinomial model we assume that there exists only one risky asset whose dynamics is given by
Sp = Sn—1(1+ pn), n=1...,N
where p,, are i.i.d. random variables such that

u  with probability pq,
14+ pp = ¢ m with probability po, (1.37)
d with probability ps =1 — p1 — po,

for p1,p2 €]0,1[ and 0 < d < m < w.
The trinomial model is the simplest example of an arbitrage-free and incomplete market. Trying to
determine a martingale measure by imposing condition (1.6) we infer

Sp1(1+7)=E S, 1 (14 ptn) | Fnil, (1.38)

2Anyway Hi1 = 1.28 is enough to super-replicate Ha; and Ha o at the subsequent time. In general, the hedging
formulas (1.36) provide a self-financing strategy that super-replicates the payoff of the American option.
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and by setting, forn =1,..., N,

Q?:Q(1+/Ln:u|fn—l)a QEL:Q(1+Mn:m|fn—l)7 QQ:Q(1+Mn:d|fn—l)v
we get the linear system

uql +mqy +dgy =1+r
v+ a3 +a5 =1,

that generally admits infinite solutions, thus proving the non uniqueness of the martingale measure. On

the other hand, the condition Vy = X of replicability for a claim X in the last period, gives the linear

system (dual of (1.39))
anyuSn-1 + BNBn = X",
aymSy-1+ BBy = X™,
andSn—1+ BnBy = X4,

that generally does not admit a solution (ay, Sy) thus proving the incompleteness of the market.

1.8 Pricing in an incomplete market by Dynamic Programming

We consider a standard trinomial market model, with N = 2, where the dynamics of the risky asset is
given by
S():la Sn: n—1(1+,un)a n:172

where p, are i.i.d. random variables defined on a probability space (2, F, P), such that
P(pn=-1/2) =P (n=0)=P(pu,=1) = n=12

We assume that the short rate is null, » = 0.
We consider the problem of pricing and hedging an European Call option with payoff

0(S2) = (S2 — )T,

by minimization of the “shortfall” risk criterion. More precisely, by means of the Dynamic Programming
(DP) algorithm, we aim to determine a self-financing strategy with non-negative value V' (that is, such
that V,, > 0 for any n) that minimizes

EP [U(Va, Ss)],

where

UWV,S) = ((S) = v)*
is the shortfall risk function.

We first represent the binomial tree with the prices of the underlying asset. By (1.5), the value V
of a self-financing strategy («, (3) satisfies

anSn—h
Vi ="Voo1+ anSp-1ptn = Vo1 + 4 0, (1.40)
anSn_1
-2
Then V,, > 0 for any n if and only if V5 > 0 and
Vn—l 2Vn—1
— <a, < , n=1,2.
Sn—l -t Sn—l

In the general framework of a model with IV periods, the DP algorithm consists of two steps:
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Call

i) we compute
Ry_1(V,8):= min  EY UV + Saun,S 1+ py))]

for S varying among the possible values of Sy_1. Recalling that we are considering predictable
strategies, we denote by any = an (V') the minimum point for V' varying among the possible values

of Viv_1;
ii) forn e {N —1,N —2,...,1}, we compute
R, 1(V,8):= min  EF[R, (V4 Soytn, S (1 + pin))]
cl-%.Y]

for S varying among the possible values of S,,_1. We denote by oy, = a, (V) the minimum point
for V varying among the possible values of V,,_1.

In our setting, as a first step of the DP algorithm we compute Ry (V,S) for S € {2, 1, %} We have

Ry (V,2) = i EP U (W +2 2(1
1(V,2) = min BV 2002, 21+ pi2)]

— in  EP|((201 DT (V42 *

oin B[00 ) = 1) = (V4 20m))
1 4

= in - (B-V-2)t+1-M")=-01-V"

e g (( ) +(1=V)") =2 1=-V)",
and the minimum is attained in
ag =V. (1.41)

Next we have

Ry (V,1) = QEEiVHW] EP UV + apg, 1+ p2)]

- ae[I?%/r,lw] B [(,u; —(V+ am))Jr]

1 1
= min -(1-V-a)f=-01-3V)"
aE[IE%/I,IQV] 3 ( @) 3 ( )
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and the minimum is attained in

g = 2V. (1.42)

Moreover we have

Ry (‘/71> = min EF [Z/{ <V+% 1+M2>}
a€[—2V,4V]

+
P 1 + 125 * a2
= min F -1 —(V—I——) =0,
ac[—2V,4V] 2 2

and the minimum is attained in any

oy € [-2V,4V]. (1.43)

Final value

Payoff for Vi — %
3 3
1 1
0 0
1 1
0
0 0
0 0
0 0
0 0
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The second step consists in computing the risk at the initial time:

Ry (V,1) = aefﬂ_%w EP [Ry (V + apr, 1 + p)]

i Ry (V,1 R (V 2
ae[ril%/l,zV}( 1( ; )+ 1( + a, ))

=,
5

Ol ot Wl Wl

(é (1-3V)" 40— (V + a))+>

ag[-V,2V]

_ 5t (1.44)
and the minimum is attained in
a1 = 2V. (1.45)

By formula (1.44) for Ry (V,1), it is clear that an initial wealth V > £ is sufficient to make the shortfall
risk null or, in more explicit terms, to super-replicate the payoff.

Next we determine the shortfall strategy, that is the self-financing strategy that minimizes the
shortfall risk. Let us denote by V; the initial wealth: by (1.45) we have

a1 = 2‘/0
Consequently, by (1.40) we get
2‘/07 for H1 = ]-7
Vi=W+ 40, for p; =0,
Vo, form=-}
Then by (1.41)-(1.42)-(1.43) we have
3V, it 5 =2,
as = { 2V}, iS5 =1,
0, if $ =1,

and we can easily compute the final value V5 by means of (1.40). We represent in the figure the
trinomial tree with the prices of the underlying asset and the values of the shortfall strategy inside the
circles. On the right side we also indicate the final values of the option and of the shortfall strategy
corresponding to Vy = % We remark that we have perfect replication in all scenarios except for the
trajectory Sy = S; = S = 1 for which we have super-replication: the terminal value of the shortfall
strategy Vo = % is strictly greater than the payoff of the call option that in this case is null.
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2 Obstacle problem for parabolic PDEs

In this chapter we prove the existence of a solution to the free boundary problem

(2.46)

max{Lu — ru,p —u} =0, in Sy :=]0, T[xRY,
u(0,-) = ¢, in RY.

This corresponds to the construction of the Snell envelope (cf. Step 1 in the proof of Theorem 1.14).
Note that (2.46) is the continuous-time version of (1.19).
In (2.46) L is a parabolic operator with variable coefficients of the form

N N
1
)= =

where (¢,z) is an element of R x RY and (¢;;) is a symmetric matrix, under the assumption that the
coefficients ¢;; = ¢;(t,x), b; = b;(t,x) and r = r(t,z) are bounded Holder continuous functions (cf.
Hypothesis 2). We shall systematically use the notation

Ly,u = Lu— ru.

In Chapter 4 we shall prove that the price of an American option can be expressed in terms of the
solution u to (2.46). By the first equation in (2.46) we get that u > ¢ so the strip

Sr =)0, T[xRY
is divided in two parts:
i) the exercise region where u = ;

ii) the continuation region where u > ¢ and L,u = 0 i.e. the price of the derivative verifies a
Black-Scholes’ type PDE.

A

Tl .

Exercise region

u=q

Continuation region

.
|

X
Indeed problem (2.46) is equivalent to:
L,«’LL < 0, in ST,
> in &
b= et (2.48)
(u— ) Lyu =0, in S,
u(0,x) = ¢(0,x), r € RV,

This kind of problem is usually called obstacle problem. The solution is a function such that:
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i) it is super-solution® of L, (i.e. it holds that L,u < 0);

)
ii) it is greater or equal to the obstacle which is represented by the function ¢;
)

iii) it solves the equation L,u = 0 when u > ;

iv) it assumes the initial condition.

Actually we can verify that u is the smallest super-solution greater than the obstacle, in analogy with
the notion of Snell envelope. The obstacle problem is a particular free-boundary problem, since the
boundary that separates the continuation and exercise regions is an unknown of the problem.

One of the main features of problem (2.46) is that in general it does not admit a classical solution
belonging to C? even if ¢ is a smooth function. Therefore it is necessary to introduce a weak formulation
of the problem that may be based upon different notions of a generalized solution. A general theory of
existence and regularity has been developed by many authors since the seventies.

The wvariational approach to problem (2.48) consists of looking for the solution as a minimum of a
functional within an appropriate functional space whose elements possess first order square integrable
weak derivatives. In the literature the variational approach has been developed in Bensoussan and Lions
[9], Kinderlehrer and Stampacchia [30], Friedman [21] and applied to financial modeling by Bensoussan
[7], Jaillet, Lamberton and Lapeyre [24]. More recently, since the introduction of the notion of viscosity
solution (cf. Crandall, Ishii and Lions [13]), the pricing of American options in the viscosity sense have
been studied in Barles [3], Fleming and Soner [17], Varadhan [41]. The notions of variational solution
and, above all, of viscosity solution are very weak and allow one to get existence results under very
general hypotheses.

Another notion of generalized solution, the so called solution in strong sense or strong solution,
has been studied (cf. Friedman [20]). Strong solutions have second order weak derivatives so that the
PDE can be written pointwisely a.e.; even though the theory of strong solutions generally requires more
restrictive hypotheses (that are indeed verified practically in all the actual cases), strong solutions should
be preferable in financial applications because of their better regularity properties. For this reason, we
shall seek the solution to the problem (2.46) in this framework, following the presentation in [16], [38]
and [39].

2.1 Fundamental solutions and the Cauchy problem

We suppose that the operator L in (2.47) is uniformly parabolic, i.e. the following holds:
Hypothesis 1. There exists a positive constant A such that

N
ATUEP < ) et )& < AEP,  teR, 2, RV, (2.50)

1,j=1

The prototype for the class of uniformly parabolic operators is the heat operator with constant
coefficients, that has the identity matrix as (¢;;) and b; = 0.

3The term “super-solution” comes from the well-known fact in the classical theory of differential equations, that under
rather general hypotheses, by the maximum principle, it holds that L,.u < 0 if and only if u > HE for every domain O for
which the Dirichlet problem for L, with boundary datum u

{LTH—O, in O, (2.49)

Hlso = u,

is solvable with solution H = HZ.
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In the theory of parabolic equations, it is natural to give to the time variable ¢t “double weight” with
respect to the space variables x. In order to introduce the hypothesis below, we define the parabolic
Holder spaces.

Definition 2.19. Let a €]0,1[ and O be an open subset of RNTL. We denote with C%(O), the space of
functions u, bounded on O and for which there exists a constant C' such that

fut, z) = u(s,y)| < C (It = s/% +]a—y) (2.51)
for every (t,z), (s,y) € O. We define the norm

|u(t, z) — u(s, y)|

l|lullca) = sup |u(t,z)|+ sup 2 )
PO (t,x)€0 ’ (t2),(sw)e0 [t — 8|2 4 |z — y|*
(t,2)#(s,y)

Let us denote respectively with C’Ilfa(O) and C’IQDJFO‘(O) the Hélder spaces defined by the following norms:

N
lulloita oy = lullego) + D 19s,ulleg o),
=1

N
||u||c}2,+a(o) = ||u||c},+a(o) + Z ||ari:cju||C}%(O) + ||8tu||C}%(O)-
ij=1

We write u € Cllijlfé(O) ifu € C’];,Jro‘(Ol) for every bounded open set Oy such that O; C O.
We assume the following regularity hypothesis on the coefficients of the operator:

Hypothesis 2. The coefficients are bounded and Holder continuous: c;j,bj,r € CI%(RNH) for some
a €]0,1[ and for every 1 <i,j < N.

The following classical results hold (see, for instance, [19] or the more recent exposition [15]):

Theorem 2.20. [Existence of a fundamental solution]

Under the Hypotheses 1 and 2, the operator L, has a fundamental solution T' = T'(t,x;s,y) that is a
positive function, defined for x,y € RN and t > s, such that for every bonded and continuous function
@ on RN the function u defined by

u(t,z) = /]RN L(t, z;s,y)e(y)dy, zeRYN, t>s, (2.52)

and by u(s,-) = p, belongs to 012;”1(]8, +0o[xRN) N O([s, +oo[xRN) and solves the Cauchy problem

{Lu —ru=0, in ]s, +oo[ xRN, (2.53)

u(s, ) =, in RN,

2.2 Functional setting and a priori estimates

We now introduce the definition of parabolic Sobolev spaces where we aim to set the obstacle problem
and we present some preliminary results to prove the existence of a strong solution. The proof of such
results can be found, for example, in Lieberman [34].
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Definition 2.21. Given a domain O in R x RN and 1 < p < oo, we denote with SP(O) the space of
the functions u € LP(O) for which the weak derivatives

O Uy Opz;u, Opu € LP(O)

for every i,j =1,...,N. We write u € S°

fo 10c(O) if u € SP(Oy) for every bounded domain Oy such that
01 CO.

We point out that, as in Definition 2.19 of the parabolic Hélder spaces, the time derivative has
double weight.

Definition 2.22. A strong solution to the problem (2.46) is a function u € SL (Sr)NC(Sr) satisfying
the equation

max{L,u,p —u} =0
almost everywhere in St and assuming the initial datum pointwisely. We say that U is a strong super-
solution to (2.46) if u € SL_(Sr) N C(St) and it verifies

{max{Lru, @ —u} <0, a.e. in Sr, (2.54)

’L_L(Ov ) > 2 m RNa

The parabolic version of the classical Sobolev-Morrey embedding theorem holds. In the following
statements Op, Oy denote bounded domains in R x RY with O; C Os.

Theorem 2.23 (Sobolev-Morrey embedding theorem). For every p > N + 2 there exists a positive
constant C depending only on p, N,O1 and Os, such that
N+2

lullgireo,y < Cllullsroy, — a=1 —

for all u € SP(O3).
A second useful result from classical functional analysis is the following a priori interior estimate.

Theorem 2.24 (Interior estimates in SP). Assume that L, satisfies Hypothesis 1 and has bounded

continuous coefficients. Then for every p €]|1,00[ there exists a positive constant C, depending only on
p, N, L., O1 and Oy, such that

lullsp0r) < C (lullzro,) + I LrullLooy))
for all u € SP(O3).

2.3 Strong solutions
We lay down the hypotheses on the obstacle function:

Hypothesis 3. The function ¢ is continuous on St, locally Lipschitz continuous and for every bounded
open set O such that O C Sy there exists a constant C' such that

N
D biliOnaye(tx) = ClEP RN, () €0, (2.55)

1,j=1

in the distributional sense, i.e.

S e, /O Ore 0 > CIE2 /O o,

1,j=1

for all ¢ € RN and ¢ € C§°(0O) with ¢ > 0.
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Condition (2.55) gives the local lower boundedness of the matrix of the second order spatial (dis-
tributional) derivatives. We point out that all the functions belonging to C? wverify Hypothesis 3 and
also all the locally Lipschitz continuous and convex functions, including so the payoff functions of the
call and put options. On the contrary the function p(x) = —z does not satisfy condition (2.55) since
its second order distributional derivative is a Dirac delta with negative sign that is “not bounded from
below”.

Remark 2.25. It is worth noting, since it will be used in the sequel, that a consequence of the previous
hypothests is that L, is locally lower bounded.

The main result of this chapter is the following existence result.

Theorem 2.26. Under the Hypotheses 1, 2 and 3, if there exists a strong super-solution u to the problem
(2.46), then there exists also a strong solution u such that w < @ in Sp. Moreover, u € St (Sr) for
every p > 1 and consequently, by the embedding Theorem 2.23, u € C};{;"C(ST) for all o €]0,1].

Remark 2.27. In typical financial applications, the obstacle is related to the option payoff function :
for example, in the case of a call option, N =1 and

P(S) = (S - K)T, S >0.
In general, if v is a Lipschitz continuous function, then there exists a positive constant C' such that
[p(S) <C(1+5), 5§>0,

and after the transformation
p(t,z) = o(t,e”),
we have that
lp(t,z)] <C(1+e*), zeR

In this case a super-solution of the obstacle problem is
a(t,x) = Ce™ (1 + &%), te[0,T], z €R,

where 7y is an appropriate positive constant: in fact it is evident that u > ¢ and moreover, when N =1,
m vt T+t 1
Lyu=Ce" (—r—~)+Ce §cll+b1—r—’y <0,

for v large enough. O

Remark 2.28. Concerning the regularity of the solution, we emphasize that on the grounds of Definition
2.19 of the space C’};{g‘c, the strong solution uw of Theorem 2.26 is a locally Hélder continuous function,
together with its first spatial derivatives Oy, u, . ..,0zyu of exponent a for all a €0, 1].

2.4 Obstacle problem on bounded cylinders: the penalization method

In this section we prove existence and uniqueness of a strong solution to the obstacle problem

{maX{Lu —ru,¢p —u}p =0, in B(T) :=]0, T'[x B, (2.56)

ulopB(T) = 95

where B is the Euclidean ball with radius R, R > 0 being fixed in all this section,

B ={z eR"Y | |z| < R},
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and 0pB(T') denotes the parabolic boundary of B(T):
opB(T) :=0B(T)\ ({T} x B).

The idea is to find a solution to (2.56) as the limit of solutions to a sequence of approximating problems,
involving non-linear PDEs for which standard existence results are available.
We impose a condition analogous to Hypothesis 3 on the obstacle:

Hypothesis 4. The function ¢ is Lipschitz continuous on B(T') and the weak convezity condition (2.55)
holds with O = B(T). Furthermore g € C(0pB(T)) and g > .

We say that v € SL_(B(T)) N C(B(T)) is a strong solution to problem (2.56) if the differential
equation is verified a.e. on B(T") and the boundary datum is taken pointwisely. The main result of this
section is the following

Theorem 2.29. Under the Hypotheses 1, 2 and 4 there exists a strong solution u to the problem (2.56).
Moreover, for every p > 1 and O, domain satisfying O C B(T), there exists a positive constant c,
depending only on L,,O,B(T),p and on the L*°-norms of g and ¢, such that

[ullsr0) < c (2.57)

We prove Theorem 2.29 by using a penalization technique. We consider a family (8:).cjo,1| of

functions in C*°(R): for every ¢ > 0, (. is a bounded, increasing function with bounded first order
derivative such that

65(0) =0, ﬁs(s) <eg, s> 0.
Moreover we require that
lim 3.(s) = —o0, 5 <0.

e—0

Lo

The penalized problem is defined as

{Lru =Be(u—y),  inB(I), (2.58)

ulopB(T) = 9-

The existence of a classical solution to (2.58) is guaranteed by the following result (cf., for instance, [19]
or [16]).
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Theorem 2.30. Under Hypotheses 1 and 2, let us take g € C (0pB(T')) and h = h(z,u) € Lip (B(T) X ]R).
Then there exists a classical solution u € C%™*(B(T)) N C(B(T)) to the problem

Lyu = h(-,u), in B(T),
ulopB(T) = 9-
Moreover there exists a positive constant ¢, depending only on L,, h and B(T), such that

sup u| < e(1+ |lg] ). (2.59)
B(T)

Proof of Theorem 2.29. We apply Theorem 2.30 with

(- u) = Be(u— ),

in order to infer the existence of a classical solution u. € C%™*(B(T)) N C(B(T)) of the penalized
problem (2.58). After the simple change of variable

o(t,z) = etlllon(t, ),

we can always assume that r > 0.
The crucial estimate to be proved is the following

|Be(ue — )| <€ (2.60)

with ¢ constant not depending on €.

Since 3. < ¢ we have to prove only the estimate from below. We denote with ¢ a minimum point
of the function f.(u. — ¢) € C(B(T)) and we suppose that [:(u:({) — ¢(()) < 0, otherwise there is
nothing to prove. If ¢ € dpB(T) then

B=(9(¢) —»(¢)) = B:(0) = 0.

Viceversa, if ( € B(T), then, since [ is an increasing function, also u. — ¢ assumes the (negative)
minimum in ¢ and therefore?

L(uz = ¢)(¢) = r(u - ¢)(€) = 0,

4We remark that if v € C? has a minimum in ¢, then we have

Vo(() =0, dw(¢) =0, D*v(¢)=0.
Then there exists a symmetric and positive semi-definite matrix M such that
N N
D*v(¢) = M* = (Z mihmh]) = (Z mihm]-h>
h=1 i,j h=1 i

and therefore we have

N =

Lv(z) = Z cij(2) Zmihmjh = % Z (Z Cij (Z)mihmjh> > 0.

i,j=1 =1 h=1 \i,j=1

In our case v = ue — ¢, and although ¢ is generally not a C? function, the above argument can be made rigorous by a
standard regularization technique.
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Now, by Hypothesis 4 (see also Remark 2.25), L,p(¢) is bounded from below. So by (2.61) we get

/BE(UE(C) - SO(C)) = LTUE(C) > LTSO(C) >,

with ¢ not depending on ¢ thus proving the estimate (2.60).
By the maximum principle® we have

sup |uc| < sup |g| + Te. (2.62)
B(T) B(T)

Then by the a priori estimates in SP, Theorems 2.24, and the estimates (2.60), (2.62) we infer that the
norm |[u||sp(0y is bounded uniformly with respect to ¢, for every open set O included with its closure
in B(T) and for every p > 1. It follows that there exists a subsequence of (u.) weakly convergent for
e — 0in SP (and in C5"™) on compact subsets of B(T) to a function u (and by (2.60) we also have
u > ). Furthermore

Lyu = lim Lyu. = lim Be(ue — @) <0 in L,

so that Lu < 0 a.e. in B(T). Finally, L,u = 0 a.e. on the set {u > ¢}.

We next conclude the proof of Theorem 2.29 by showing that v € C(B(T")) and u = g on dpB(T).
To study the behaviour of the solution at the boundary, we use a standard tool in PDE theory, the
barrier functions: given a point (t,z) € dpB(T), a barrier function for L, in (¢,z) is a function

w € C%(V N B(T);R), where V is a neighborhood of (¢, ), such that
i) Lyw < —1in VN B(T);

i) w(t,z) =0and w>0in VNB(T)\ {(t,z)}.

It is well known that that every point of the parabolic boundary of B(T') admits a barrier function (cf.,
for instance, [19] p.68 or [38], Lemma 8.25).
Given z = (t,Z) € 9pB(T) and ¢ > 0, we consider an open neighborhood V of z such that

lg(z) — g(2)] <9, for z = (t,x) e VNopB(T),
and a barrier function w for L, in V N dpB(T) exists. We put
vE(2) = g(2) £ (6 + k()
where kg is a sufficiently large constant such that
Li(ue = %) = B(ue — ¢) = Liv™ > Be(ue — p) + ks +7(g(2) +8) > 0,

and u. < v" on (V. N B(T)). Note that, by (2.60) and (2.62), the constant ks can be chosen to be
independent of e. Then, by the maximum principle we have u. < v on VN B(T), and by an analogous
argument, we also have u. > v~ on VN B(T).

Thus as € — 07, we get

9(2) — 6 — ksw(z) <wu(z) < g(2) + 0 + ksw(z), zeVnB(T),
and consequently

g9(2) — 6 <liminfu(z) <limsupu(z) < g(z) + 0, z e VNB(T).

oz z—Z
This proves the thesis by the arbitrariness of §. O

We conclude this section by proving a comparison principle for the obstacle problem.

®For any v € C?, it holds

sup |[v| < sup |v|+ T sup |Lyv|.
B(T) 8, B(T) B(T)
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Proposition 2.31. If u is a strong solution to the problem (2.56) and v a super-solution, i.e. v €

Sioc(B(T)) N C(B(T)) and
{max{Lrv, e —v} <0, a.e. in B(T),

v|opB(T) > 95
then w < wv in B(T). In particular the solution to (2.56) is unique.

Proof. By contradiction, we suppose that the open set defined by
D:={z€ B(T)|u(z) >v(2)}
is not empty. Then, since u > v > ¢ in D, we have that
Lu=0, Low<0 in D,

and v = v on dD. Then the maximum principle implies u < v in D and we get a contradiction. O

2.5 Obstacle problem on the strip

We prove Theorem 2.26 by solving a sequence of obstacle problems on a family of bounded cylinders
that cover the strip Sr, namely

B, (T) =)0, T[x{|z| < n}, n € N.

For every n € N, let us consider a function x, € C(R";[0,1]) such that y,(z) = 1if |z < n — 3 and
Xn(z) =0if |x| > n, and we set

gn(t, ) = Xn(2)p(t, ) + (1 = xn(z))u(t, x),  (t,2) € Sr.

By Theorem 2.29, for every n € N, there exists a strong solution u,, to the problem

max{L,u,p —u} =0, in B,(T),
UlgpBa(T) = Ins

By Proposition 2.31
¢ < Upy1 < Uup <4, in B, (T),

and we can conclude the proof by using again the arguments of Theorem 2.29, based upon the a priori
estimates in Sﬁ)o and the barrier functions.

Remark 2.32. Theorem 2.26 gives an existence result: the uniqueness of the strong solution in the
class of non-rapidly increasing functions will be proved in the next chapter as a consequence of the
representation formula of Theorem 3.36.

Remark 2.33. The strong solution found in Theorem 2.26 is also a solution in the weak and viscosity
senses. This means that the other weaker notions on generalized solution gain the stronger regularity
properties of the strong solutions, in particular they are in C}DJ[(?‘C(ST) for all a €]0,1[. A proof of this

claim can be found, for instance, in [16].

Remark 2.34. Regarding the optimal regqularity of the solution to the obstacle problem (2.46), using the
(quite involved) techniques developed by L. Caffarelli and his collaborators, it is possibile to prove that

the solution is, up to S°°-reqularity, as smooth as the obstacle function: in particular, if p € C’?{g‘c we

not only have that w € S, (St) for every p > 1 as proved in Theorem 2.26, but also that u € S.(Sr),
that is we have the local Lipschitz continuity of the first order derivatives. For more details we refer to
Caffarelli, Petrosyan and Shahgholian [11], Petrosyan and Shahgholian [40], Frentz, Nystrém, Pascucci,

and Polidoro [18].

Andrea Pascucci A short course on American options



3 Optimal stopping problem

28

3 Optimal stopping problem

In this chapter we prove a representation formula for the strong solution to the obstacle problem

max{Lu —ru, —u}, in Sy :=]0,T[xRY, (3.63)
U(TJ ) =¢,
where 7 and ¢ are given functions and, with the notation (¢;;) = o0,
N N
L=5 ) cijOna, + ) bidu, + 0, (3.64)
ij=1 j=1
is the Kolmogorov operator associated to the N-dimensional SDE
dX; = b(t, Xy)dt + o(t, Xy)dW,. (3.65)

More precisely, we represent u in terms of the solution of the optimal stopping problem related to (3.65)
thus proving in particular the existence of a solution to such a problem. Note that L in (3.64) is the
backward® version of the operator considered in the previous chapter.
In (3.65) we denote by W = (W',..., W?¥) a standard Brownian motion defined on a filtered space
(Q,F,P,F;). As usual we put
Lyu=Lu—ru

and assume Hypotheses 1 and 2, i.e. L, is a uniformly parabolic operator with bounded and Holder
continuous coefficients. Under these assumptions, the SDE (3.65) has a solution X and, by Theorem
2.20, the operator L has a fundamental solution I' that is the transition density of the process X: more
precisely, if X%* denotes the solution to (3.65) starting from x at time ¢ then, for any T > ¢, T'(¢,z, T, )
is the density of the random variable X%x, ie.

P (X,j:f e H) :/ Lt 2, T, y)dy
H

for any Borel set H.
We also recall the following generalized” Ito formula (cf., for instance, Theorem 5.79 in [38]):

Theorem 3.35. Let f = f(t,x) € SP(R x RY) with p > 1 + XF2. Then we have

N
df(t, X;) = Lf(t, Xp)dt + > o35t X)0n, f (t, Xp)dW] .

,j=1

3.1 Feynman-Kac representation and uniqueness

The main result of this chapter states that the solution to the obstacle problem (3.63) can be expressed
in terms of the solution to the optimal stopping problem related to the diffusion X.

Theorem 3.36 (Feynman-Kac formula). Under Hypotheses 1 and 2, let u be a strong solution to (3.63)
such that ,
lu(t,z)] < ceMel (t,2) e Sp, (3.66)

SIn the simplest case, L = %A + 0% is the backward (or adjoint, since it is obtained by integration by parts) version of
the standard heat operator %A — Oh.
"The standard Ito formula holds true for C? functions: recall that its proof is based on Taylor formula.
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for some positive constants C' and X\, with \ sufficiently small. Then for any (t,x) € Sr, we have

u(t,z) = sup B | XD x|
T€T, T

where Ty 7 denotes the family of the stopping times with values in [t,T].

Remark 3.37. Since Theorem 3.36 gives a representation formula, it also implies the uniqueness of
the strong solution satisfying estimate (3.66).

Proof. As for the standard Feynman-Ka¢ formula, the proof is based on the It6 formula: since a strong
solution is generally not in C?, then we have to apply the generalized It6 formula in Theorem 3.35 by
means of a localization argument. For more clarity, we only treat the case r = 0.

We set Br = {z € RV | |z| < R}, R > 0, and for a fixed z € Bg we denote by 7 the first exit time
of X%* from Bp. Under our assumptions, it is well-known that E [rg] is finite.

We show that for any (¢,z) €]0,T[xBgr and 7 € 7 7 such that 7 < 7 a.s., it holds

ut,z) =F [u(T, Xboy — /t " Lu(s, ngz)ds] . (3.67)

&R

Since u € SﬁC(ST) for any p > 1 then, for any positive and suitably small €, there exists a function w

such that &% € SP(RN*H1) for any p > 1 and v®® = v in |t,T — ¢[x Bg.
We next apply It6 formula to v and using the fact that u>f =« in |t,T — e[xBgr, we get

u(t, X5%) = u(t, r) +/ Lu(s,Xﬁ’w)ds—i-/ Vu(s, X% o (s, X1*)dWs, (3.68)
t t

for any 7 € T, such that 7 < 7p A (T — ¢). Since u € Cpt% then (Vu)o is a bounded function on
|t,T — e[x Bg so that

E [/ VU(S,X;’I)O'(S,X;’I)dWS] =0.
t

Thus, taking expectations in (3.68), we conclude the proof of formula (3.67), since £ > 0 is arbitrary.

Next we recall that Lu < 0 a.e.: since the law of X? is absolute continuous with respect to the
Lebesgue measure, we have

E [/ Lu(s,Xﬁ’m)ds] <0, T €T,
t

so that from (3.67) we deduce
u(t,z) > E [u(f A TR, Xﬁfm)] . reTir (3.69)
Now we pass to the limit as R — +oo: it holds

lim 7ATR=T
R—+o00

and, by the growth condition (3.66), we have

w(T A TR, Xiites)| < Cexp ()\ sup !Xﬁzf) .

t<s<T
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By standard maximal estimates (cf. for instance Theorem 9.32 in [38]) the random variable on the right
hand side is integrable, thus by the dominated convergence theorem, passing to the limit in (3.69) as
R — 400, we infer

u(t,x) > B [u(r, X7")] > E [p(r, X27)] .
This proves that

u(t,z) > sup E [p(r,X1")].
T€Ty T

We conclude the proof by setting
70 = inf{s € [t,T] | u(s, X"*) = o(s, X0¥)}.

Since Lu = 0 a.e. on {u > ¢}, it holds

TONTR
E {/ Lu(s,Xﬁ’z)ds] =0,
t

so that by (3.67) we have
u(t,) = E [u(ro A r, Xihe,)]

Using the previous argument to pass to the limit as R — +oo, we finally deduce

u(t,z) = E [u(r0, X5%)] = E [p(r0, X5")] -

3.2 Gradient estimates

Using the Feynman-Ka¢ representation, it is possible to prove useful properties of the strong solution
under additional specific assumptions. For instance, let us assume that the function ¢ is Lipschitz
continuous in x, uniformly in ¢, that is

‘QO(t,IL’) - Qo(t7y)‘ < C“T - y‘? (t7$)7 (t,y) € 8T7

for some positive constant C'. Then we can prove that the spatial gradient Vu = (0, u,...,0z,u) is
bounded in Sr. More precisely the following proposition holds.

Proposition 3.38. Under the hypotheses of Theorem 3.36, let us assume that ¢ and the coefficients of
the SDE (3.65) are Lipschitz continuous in x, uniformly in t, on Sp. Moreover let r be constant or ¢
be a bounded function. Then the strong solution u of the obstacle problem (3.63) verifies

Vu € L®(Sr).

Proof. Let us first consider the case of constant r. The thesis follows by the general inequality

sup F(r) - sup G(1)| < sup |F(7) — G(7)]

valid for any functions F, G. Indeed, by Feynman-Ka¢ formula, we have

lu(t, z) —u(t,y)| < sup E {G_T(T_t) (7, X2%) = (T, Xﬁ’y)” <
T€Ti T
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(by the Lipschitz condition, for some positive constant c)

<c sup E [‘Xﬁr - Xﬁ’yH <
TG'E,T

(by the well-known continuous dependence on the initial datum of the solution of a SDE with Lipschitz
continuous coefficients)
g Cl|1‘ - y|7

where the constant ¢; depends only on T" and on the Lipschitz constants of ¢ and of the coefficients.
In case ¢ is bounded, the thesis follows by an analogous argument, using the fact that the product
of bounded Lipschitz continuous functions

(t @) > e BT X s (7 )

is a Lipschitz continuous function. O
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4 American options in continuous time

In this chapter we present the main results on pricing and hedging American derivatives by extending to
continuous time the ideas introduced in the discrete-market setting. Even in the simplest Black-Scholes
market model, the hedging and pricing problems for American options need very refined mathematical
tools. In the complete-market setting, Bensoussan [8] and Karatzas [27], [28] developed a probabilistic
approach based upon the notion of Snell envelope in continuous time and the Doob-Meyer decomposi-
tion. The problem was also studied by Jaillet, Lamberton and Lapeyre [24] who employed variational
techniques, and more recently by Oksendal and Reikvam [37], Gatarek e Swiech [22] who employed the
theory of viscosity solutions. Here we present an analytical Markovian approach, based upon the exis-
tence results for the obstacle problem and the Feynman-Ka¢ representation formula previously proved.
In order to avoid technicalities and to show clearly the main ideas, we only consider the Black-Scholes
market model case: the case of a complete market with N risky assets can be treated in a complete
analogous way.

4.1 Pricing and hedging in the Black-Scholes model

Since in the theory of American options, dividends play an essential role, we assume the following
risk-neutral dynamics for the underlying asset under the martingale measure Q:

dSt = (T‘ - Q)Stdt + O'Stth. (4.70)

In (4.70) r is the risk-free rate, o is the volatility parameter, ¢ > 0 is the dividend yield and W is a
real Brownian motion on the filtered space (Q,F,Q,F;). Then the discounted price S, = e7"S, has
the following dynamics:

dgt = —qgtdt + O'gtth. (471)

Definition 4.39. An American option is a process of the form

(¥(t, St))eepo,m)

where 1 is a convex Lipschitz continuous function on [0,T] x Ry: (t,S;) represents the premium
obtained by exercising the option at time t.

An ezercise strategy is a stopping time on (Q,F,Q,F;) taking values in [0,T): we denote with Tp
the family of all exercise strategies. We say that 79 € Ip is an optimal strateqy if

E® [e7"™4(70, Sry)] = sup E? [e7Te(7, S,)] -
7€l

The following result relates the parabolic obstacle problem to the corresponding problem for the
Black-Scholes differential operator

2qQ2

s
Lpsf(t,S) == "2

Issf(t,S) + (r—q)S0sf(t,5) + 0cf(t,5) —rf(t,9).

Theorem 4.40. There exists a unique strong solution f € Sp (]0,T[xRy), p > 1, to the obstacle
problem

{max{LBsf,w - [}=0, in 0, T[xR+, (4.72)

f(T7) :¢(T7)7 in Ry,
satisfying the following properties:
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i) for every (t,z) € [0, T[xR4, we have

f(to) = suwp EQ | Dy(r, 8] (4.73)
e

where S is solution to the SDE (4.70) with initial condition S; = x;
it) f admits first partial derivative with respect to S in the classical sense and we have

Osf € CP1e NLX(0,T[xRy),  Va €]0,1]. (4.74)

Proof. With the change of variables
U(t, l‘) = f(tv e:c)’ Qp(tv :E) = dj(tv e:c)

the problem (4.72) is equivalent to the obstacle problem

max{Lu — ru, o —u} =0, in ]0, T[xR,
u(T, ) =p(T,-), in R,

for the parabolic operator with constant coefficients
2 2
Lu = %amu + <r —q— %) Oy u + Opu.

The existence of a strong solution is guaranteed by Theorem 2.26 and by the following Remark 2.27.
Furthermore, again by Remark 2.27, u is upper bounded by a super-solution and lower bounded by ¢
so that an exponential-growth estimate similar to (3.66) holds: then we can apply the Feynman-Kac
representation theorem, Theorem 3.36, which justifies formula (4.73) and proves the uniqueness of the
solution. Finally, the global boundedness of the gradient can be proved by proceeding as in the proof
of Proposition 3.38. O

We now consider a strategy (oy, 3;) with® o € L12oc and § € L%OC, whose value process is defined as

Vi= Vt(a’ﬁ) = St + BBt

Hereafter, for greater convenience, when (a4, ;) is fixed we omit the superscript and simply write V;
instead of Vt(a’ﬁ ). We recall that (o, Bt) is self-financing if and only if

dVy = o (dSt + QStdt) + B:dBs.

Substituting (4.70) in the previous formula and using the identity 3;B; = V; — oS¢, we obtain the
following

Proposition 4.41. Put 17,5 = e "V,. A strategy (a, 3) is self-financing if and only if
d‘z = ;¢ (dgt + qgtdt) s
i.e.

Vi=W —1—/ adSs + / asqSsds
0 0

t ~
=W —1—/ 008, dWs. (4.75)
0

In particular every self-financing strategy is determined only by its initial value and by its a-component.
Furthermore, V is a Q-local martingale.

S]LP

loc

denotes the space of the progressively measurable processes Y such that fOT |Y;|Pdt is finite a.s.
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On the grounds of the previous proposition, the discounted value of all self-financing strategies is a
local martingale: in the following we are interested in the strategies whose value is a true martingale.
Therefore we denote by A the family of the self-financing strategies («,3) such that’ o € L2(P): a
noteworthy example is represented by the strategies with « bounded process. It is known (cf., for
instance, Proposition 10.33 in [38]) that the discounted value of every (a, §) € A is a Q-martingale. Let
us now prove a version of the no-arbitrage principle.

Lemma 4.42. [No-arbitrage principle]
Let VY, V2 be the values of two self-financing strategies in A and assume that

vi<y? a.e. (4.76)

for some T € Tp. Then it holds that
Vo <V

Proof. The thesis is immediate consequence of (4.76), of the martingale property of ‘71,172 and of
Doob’s optional sampling theorem. O

Just as in the discrete case, we define the rational price of an American option by comparing it
from above and from below to the value of appropriate self-financing strategies. Such an argument
is necessary because, differently from the European case, the payoff 1 (¢,S;) of an American option
is not replicable in general, this meaning that there does not exist a self-financing strategy assuming
the same value of the payoff at every single time. In fact by Proposition 4.41 the discounted value of
a self-financing strategy is a martingale (or, in analytical terms, solution to a parabolic PDE) while
¥(t,S;) is a generic process, not necessarily a martingale.

Let us call

At ={(a,8) € A| VP > 42, 5,), t €[0,T] as.},

the family of self-financing strategies that super-replicate the payoff ¢ (t,S). Intuitively, in order to
avoid arbitrage opportunities, the initial price of the American option must be less or equal to the initial
value Vo(a’ﬁ) for every (a, 3) € .A:Z.

Furthermore, let us set

A; = {(e, ) € A| there exists T € T t.c. (1,5;) > VT(O"B) a.s.}.

We can think of («, ) € A; as a strategy on which we assume a short position to obtain funds to invest
in the American option. In other words, Vo(a’ﬁ ) represents the amount that we can initially borrow to
buy the option that has to be exercised, exploiting the early-exercise possibility, at time 7 to obtain the

payoff ¢ (7, S;) which is greater or equal to VT(Q’B ), amount necessary to close the short position on the
strategy (a, ). To avoid arbitrage opportunities, intuitively the initial price of the American option

must be greater or equal to Vo(a’ﬁ) for all (o, B) € A;.
These remarks are formalized by the following result that can be proved as Proposition 1.12.

Proposition 4.43. We have

sup Vo(a’ﬁ) < sup E¥ [e‘”z/}(v', ST)] < inf Vo(a’ﬁ).
(a.B)€A; €Ty (a,B)EA]

In particular for every (o, 3) € A; N AT, it holds

Vo(aﬁ) = sup E@ [e7 (T, 57)]
7€l

9]LQ(P) denotes the space of the progressively measurable processes Y such that ET [ fOT |Yt|2dt] is finite.
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Theorem 4.45 below allows us to say that there exists (@, 3) € .Aj; N .A; and therefore the following
definition is well-posed.

Definition 4.44. The arbitrage price of the American option 1 (t,Sy) is the initial value of any strategy
(a,B) € .A:g N "41;" in particular, we have

VO(d’B) = inf VO(O"B) = sup Vo(a’ﬁ) = sup B9 [e7Ty(r, 5;)] .

(a,ﬁ)EAi (B)EA, T€Tr

Theorem 4.45. Let f be the strong solution to the obstacle problem (4.72). The self-financing strategy

(a, B) defined by
Vil = £0,80),  ar =05t ),

belongs to A:Z N A;. Consequently f(0,Sy) is the arbitrage price of ¥(t,S;). Furthermore an optimal
exercise strateqy is defined by

T0 = inf{t € [OvT] | f(tv St) = ¢(t7 St)}7 (477)
and it holds that

VO(O"B) = E9 [e™"™(70, S7y)] = su}) E? [e™" (7, 87)]
T€lT

where
02
8 = Soe” a8

is the solution to the SDE (4.70) with initial condition Sy.

S 4

)

K

S>(-

v

Proof. The idea is to use the generalized It6 formula, Theorem 3.35, to compute the stochastic dif-
ferential of f(t,S;) and to separate the martingale part from the drift part of the process'’. Since
f €St ([0,T] xR;), we do not have a global estimate of f and its derivatives (and therefore of Lggf),
but only a local one: then we must use a localization argument. Fixed R > 0, we consider the stopping
time

mr =T Ninf{t | S; €]0,1/R[U]R, +ool[}.
As in the proof of Theorem 3.36, by [t6 formula we have that, for all 7 € 7,

TATR TATR
e "N f (7 A TR, Seary) = £(0,80) +/ 05105 f (t, S¢)dW, +/ e "' Lpsf(t, Sdt  (4.78)
0 0

19T his corresponds to Step 2 in the proof of Theorem 1.14. In a general framework, this kind of result is usually called
the Doob-Meyer decomposition theorem.
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or equivalently, by (4.75),
. TATR
e TNTR) F (7 A TR, Searg) = Vinrs + / e " Lys f(t, Sy)dt, (4.79)
0

where V is the discounted value of the self-financing strategy («, 3) defined by the initial value f(0, Sp)
and oy = Jsf(t,St). Let us point out the analogy with the hedging strategy and the delta of a European
option. A crucial remark is that Visa @-martingale (not only a local one) since dsf is a bounded
function by (4.74), and therefore (a, 8) € A.

Let us now prove that, for all 7 € 77, it holds that

Lim Vinen = Vi. (4.80)

T _ 2
</ aStasf(t,St)th> ]
TATR

T 2
</ O'Stan(t7 St)]l{T/\TR<t<T}th> ] =
0

In fact we have

E

=k

(by the It6 isometry, since the integrand belongs to IL2)

T, _ 2
_FB [ / (aStagf(t, St)]l{TMRStST}> dt} 0
0

R—oo
by the dominated convergence Theorem, being dsf € L.

Now we can prove that («, ) € A:Z N A;. First of all, since Lggf < 0 a.e. and S; has positive
density, by (4.79), we have

Vt/\TR > f(t A TR, St/\TR)
for all t € [0,T] and R > 0. Taking the limit in R, by (4.80) and the continuity of f, we have

Vi > f(t,S:) > (¢, Sy), t € [0,7],

and this proves that (o, 3) € .A:Z.
Secondly, since Lpgf(t,S:) = 0 a.s. on {7y > t} with 7y defined by (4.77), again by (4.79) we have

VT()/\TR = f(TO N TR, ST()/\TR)

for all R > 0. Taking the limit in R as above, we get

VTO = f(7_0> STO) = ¢(7—0> STO)'
This proves that («, ) € A; and concludes the proof. O

4.2 American call and put options

By Theorem 4.45 we have the following expressions for the prices of call and put American options in
the Black-Scholes model, with risk-neutral dynamics (4.70) for the underlying asset:

e’ <5060WT+(T_(]_%2)T - K> +] )
e " <K — S()eUWT—F(T_q_%)T) +] .

C(T,Sy,K,r,q) = sup E
TETT

P(T,Sy,K,r,q) = sup E
TETT
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In the preceding expressions, C(T, Sy, K, r,q) and P(T, Sy, K,r, q) denote respectively the prices at time
0 of call and put American options with terminal time T, initial price of the underlying asset Sp, strike
K, interest rate r and dividend yield q. For American options explicit formulas as in the European
case are not known, and to compute the prices and the hedging strategies is generally necessary to use
numerical methods.

The following result establishes a symmetry relation between the prices of American call and put
options.

Proposition 4.46. We have that
O(Tv SO)K7 T, Q) = P(T7 K7 SO)Q7T)' (481)

Proof. If we set
o2
Zy = Wi T

we recall that Z is a (Q-martingale with unitary mean and, with respect to the measure C~2 defined by

d@
— =7
aQ
the process -
Wi =W; —ot

is a Brownian motion.
Let us note that we have

o2 +
O(T7 507K7 T, q) = sup EQ ZTe_qT <SO _ KE_UWT+(q_T+T)T> ]
7€l

W, 52 +
= sup E® | Zpe 0" (So —Ke ° T+(q_r+2)T> ]

TETT
~ [ _ W +( -~ _ﬁ) +
= sup E¥ e_qT<S0—Ke T\ T> .
TETT
The thesis follows because, by symmetry, —Wisa @—Brownian motion. O

We study now some qualitative properties of the prices: on the grounds of Proposition 4.46 it is
enough to consider the case of the American put. In the following statement we denote with

o2 +
P(T,S) = sup E |e'" <K — SGUWTJF(T_(I_T)T) ] ) (4.82)

TETT

the price of the American put option.

Proposition 4.47. The following properties hold:

i) for all S € Ry, the function T — P(T,S) is increasing. In other words, if we fix the parameters
of the option, the price of the put option decreases when we get closer to maturity;

it) for all T € [0,T1], the function S +— P(T,S) is decreasing, convex and

lim P(T,S) = K; 4.83
Jim P(T'5) (4.83)
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iii) for all (T, S) € [0,T[xRy, we have that
—1<09gP(T,S) <0.
Proof. 1) is trivial. ii) is immediate consequence of (4.82), of the properties of the payoff function and

of the fact that the properties of monotony and convexity are preserved by the sup operation, i.e. if
(g9-) is a family of increasing and convex functions then also their sup

g = supg-
T

is increasing and convex.
Then dsP(T,S) < 0 since S +— P(T,S) is decreasing. Furthermore, if we set ¥(S) = (K — S)" we
have

() = (S| <[5 = 5],

and so to prove the third property it is enough to proceed just as in the proof of Proposition 3.38 and

to observe that
‘E |:€_TT¢ <SoeaWT+(r—q—"2—2)T> _ e_m-w <S(,JeaWT+(r—q—§)r>:H
< |SO . S(,)|E |:60W-r—(q+‘722)7':| <

(since ¢ > 0)
o2
<|So — S{|E [e"WT_QT] =

(since the exponential martingale has unitary mean)

= [So — S|

4.3 Early exercise premium

In this section, we study the relation between the prices of the European put option and American put
option by introducing the concept of early exercise premium. In the following we denote by f = f(¢, S)
the solution to the obstacle problem (4.72) relative to the payoff function of the put option

U(t, 8) = (K - 8)".
For t € [0, T], we define!!
S*(t) =inf{S > 0| f(¢t,5) >¢(t,9)}.

S*(t) is called critical price at time t and corresponds to the point where f “touches” the payoff 1; the
map ¢ — S*(t) is called the free boundary. Note that S*(t) < K for t < T in fact if we had S*(t) > K
then it should hold that

f(t,57(t) = ¥(t,57(t) =0,

and this is absurd since f > 0 by definition (4.82).

"' Mathematically or by arbitrage arguments, it can be proved that the set {S > 0| f(¢,S) > 9(¢,S)} is non-empty and
S*(t) > 0.
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Remark 4.48 (Smooth fit principle). Since the first order derivative OgP of the American put price
is (Hélder) continuous'?, we immediately get the following additional information at the free boundary:

dsP(t, 8*(t)) = dsw(t, S*(t)) = —1. (4.84)

Condition (4.84) is usually known as the smooth fit principle.

S

A

K

S>(—

v

Lemma 4.49. For all (t,S) € [0,T[xR4, we have that
LBsf(t, S) = (qS - T’K)]l{5<5*(t)}. (485)
In particular Lsf is a bounded and discontinuous function.

Proof. Since S*(t) €]0, K], by (4.83) and the convexity of S — f(¢,S) (cf. Proposition 4.47-ii)), we
infer that f(t,5) = K — S for S < S*(t). Moreover, by definition of S*, we have f(¢,S) > (¢, 5) for
S > S*(t) and therefore we conclude that

0, for S > S*(t),
LBSf(tvs): *( )
gS —rK, for S < S*(t).
O
Remark 4.50. By (4.85), knowing that Lpsf < 0, we deduce that S*(t) < %: in particular, if ¢ > r
then liI:II} S*(t) < K. O
t—1—

Now we go back to formula (4.78) with 7 = T since Lpsf is bounded, we can take the limit as
R — 400 and then get

T T
=T (T, Sp) = F£(0,50) + / e Lus [ (£, Sy)dt + / 0G0 [ (L, S,)dW,,
0 0

and taking expectation, by (4.85),

T

p(So) = P(So) + / e_rtEQ [(qSt — ""K)]I{StSS*(t)}] dt, (4.86)
0

where p(Sp) and P(Sy) denote respectively the price at time 0 of the European and American options

with maturity 7. The expression (4.86) gives the difference P(Sp) — p(So), usually called early exercise

premium: it quantifies the value of the possibility of exercising before maturity. (4.86) has been proved

originally by Kim [29].

12This is generally true for any strong solution by Remark 2.28.
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4.4 Numerical methods

Standard finite difference schemes can be adapted to the numerical solution of the obstacle problem:
Brennan and Schwartz [10] first investigated these methods and the applications to the pricing of options
with early exercise. Jaillet, Lamberton and Lapeyre [24] and Han-Wu [23] gave a rigorous justification
of the method (see also Zhang [43] for a complete proof of strong convergence of the schemes and an
extension to models with jumps). Barraquand and Martineau [5], Barraquand and Pudet [6], Dempster
and Hutton [14] propose various refinements of the previous techniques which lead to more accurate
approximations of exotic options. Among other numerical methods proposed in literature we quote the
finite elements in Achdou and Pironneau [1], the ADI methods in Villeneuve and Zanette [42] and the
wavelet methods in Matache, Nitsche and Schwab [36]. In a different spirit, semi-explicit approximation
formulas were given by MacMillan [35], Barone-Adesi and Whaley [4], Carr and Faguet [12], Jourdain
and Martini [25, 26].
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