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Zusammenfassung

Den Schwerpunkt dieser Arbeit bildet die Untersuchung der Parameter |V,;| und + der
CKM-Matrix, die in b — u-Ubergéngen messbar sind. Dies wird durch die Suche nach
Neuer Physik motiviert, von der erwartet wird, dass sie die C'P-Verletzung beeinflusst.
In der B-Physik gibt es eine grofle Menge an Messdaten, die von mehreren Experimenten
aufgezeichnet werden und so ein breites Fundament bilden, um die Parameter der Theo-
rie zu bestimmen und Unsicherheiten zu kontrollieren. Eine einheitliche Betrachtung der
Klasse der exklusiven Zerfille von By- und B,-Mesonen in leichte Hadronen ist geeignet
einen groflen Teil dieser Daten fiir die Theorie zu nutzen. Wir wenden eine Entwicklung in
Agcep/my an und driicken nicht-perturbative QCD durch Lichtkegel-Distributionsamplituden
und Formfaktoren aus. Diese Vorgehensweise ist unter dem Namen QCD-Faktorisierung
bekannt. Wir diskutieren zwei separate Klassen von B-Zerfallen.

Im ersten Teil der Arbeit fithren wir eine phdnomenologische Analyse von B-Zerfillen in
2 longitudinale Vektormesonen in nichstfiihrender Ordnung in « und fithrender Ordnung
in Agep/myp durch. In einer Analyse von |V,,| aus By — pjp; sind die niedrigsten Kor-
rekturen quadratisch und erméglichen eine sehr genaue Vorhersage. Durch diese Methode
kann auch ein moglicher Anteil von Neuer Physik in der Mischungsphase von Bg-Mesonen
eingeschrinkt werden. Die grofiten Korrekturen aus der theoretischen Beschreibung von
hadronischen Zerféllen stammen von Beitrdgen der 1. Ordnung in Agep/my. Deswe-
gen entwickeln wir eine Methode diese Korrekturen durch eine zusétzliche Messung eines
Verzweigungsverhéltnisses einzuschréanken. In der Zukunft wird der Zerfall B, — ¢¢ ein
geeigneter Test fiir Neue Physik sein. Wir geben eine obere Schranke fiir die CP-Verletzung
an, die auf einer experimentellen Bestimmung von hadronischen Parametern mit Unsicher-
heiten von unbekannter Grofie beruht.

Der zweite Teil der Arbeit widmet sich der Entwicklung von notwendigen Komponen-
ten und Werkzeugen fiir die Berechnung von baryonischen B-Zerfillen. Wir betrachten
dazu den Zerfall B, — pp und diskutieren die fithrenden Beitrage. Aufgrund der He-
lizitdtsunterdriickung ist es notwendig Beitrige der 1. Ordnung in Agep/me zu berechnen.
Fiir die in diesem Zerfall auftretenden Proton-Formfaktoren geben wir explizite Formeln
in néchstfithrender Ordnung an. Wir bestimmen dazu sowohl die fehlenden Teile der
nicht-perturbativen als auch die der perturbativen QCD und geben Integralformeln fiir die
Zerfallsamplitude an. Die auftretenden Integrale iiber 4 Parameter bediirfen einer Regu-
larisierung, fiir die wir eine Methode zur systematischen Entflechtung von Divergenzen bei
Cut-off regularisierten Integralen entwickeln.



Abstract

We mainly investigate the parameters |V,;| and v of the CKM matrix that are associated
with b — u transitions in electroweak theory. These investigations are motivated by the
search for New Physics, which is expected to have an influence on C'P-violation. There
is a wealth of experimental data available from an active experimental community, which
provides a broad foundation to determine and control parameters of the theory. In order
to make use of a large amount of data we discuss exclusive charmless decays of By and By
mesons to light hadrons. We apply an expansion in Agep/my, and express nonperturbative
QCD by light cone distribution amplitudes and form factors. This procedure is known as
QCD factorization. We discuss two separate classes of B-decays.

In the first part of this thesis we perform a phenomenological analysis of B-decays to
longitudinal vector mesons, B — V. V;. We exploit the smallness of 2 parameters in the
decay By — pfp; and express CKM parameters in an expansion. We observe that for
|Vip| such an expansion starts at second order and use this fact to provide a precise value
assuming the standard model. This method also serves to constrain possible New Physics
phases in the mixing of B; mesons. A major troubling aspect of hadronic decays are the
general power corrections of order 10%. Therefore we develop a strategy to constrain the
power corrections with the help of an additional measurement of a branching fraction.
Apart from CKM parameters, we also extract the hadronic parameter in order to check
the leading power prediction. On the experimental side particularly the sector of B, decays
will be developed in the future. Among the decays into hadrons that are suitable for probes
of New Physics is By, — ¢¢. We provide an upper bound for the CP violation, based on
experimental determinations of hadronic parameters that have corrections of unknown size.

The second part is devoted to the development of nesessary ingredients and tools to
compute decays that involve baryons. Specifically we regard the decay B, — pp and discuss
the leading contributions. This decay is helicity suppressed, which makes it necessary to
calculate up to the first power in Agep/my. Computations at first power in baryonic
systems require the input of next-to-leading soft and hard quantities. We determine the
necessary power suppressed terms on the soft and the hard side and give explicit formulas
for the decay amplitude. The result may be presented as an integration over 4 parameters
with parameter dependent integration boundaries. We describe a systematic method to
regulate these integrals. The result of the regulation is given for proton form factors. In
order to systematically disentangle divergent parts for more complex integrals we develop
a method for cut-off-regulated integrals.



Chapter 1

Introduction

The deepest validated formulation of physics at present is the standard model. Its the-
oretical formulation is the result of a series of publications [IHI8], that were spurred by
experimental observations in the 1950’s and 1960’s. The main building blocks that explain
these observations, including the observed C P-violation in 1964, were published by 1973.
Since then it has been firmly established by an enormous amount of experiments, which
confirmed consistency predictions and measured up to now 18 of the 19 free parameters at
a relative precision ranging from 0.65 for the u-quark mass to 7-1071 for the fine structure
constant a.,,. The precision of a.,, translates to a similar precision for selected physical
observables like the anomalous magnetic moment of the electron, which shows the good
theoretical control of certain observable physical quantities. The historical development of
physical theories gives an impression of the success of the standard model. For example
the initial test of the theory of general relativity, the perihelion precession of Mercury,
explained a deviation relative to newtonian physics of 1072. Very little though is known
about the 9 additional parameters that entered after the discovery of non-zero neutrino
masses [19] and the Higgs boson is currently searched for at the Large Hadron Collider.

Despite the overall success of the current framework to describe collider physics, astro-
nomical observations indicate physics beyond the standard model. One important observa-
tion is that there is no sign of a large amount of anti-matter in the universe, which indicates
a non-conservation of symmetries in nature, more precisely C- and C P-invariance [20]. In-
deed the required abundance of matter before annihilation of matter and anti-matter had
to be of the order of 1071°, which is unattainable within the mechanism of C' P-violation in
the standard model [21]. It is therefore quite natural to assume that there is New Physics
associated with C'P-violation.

The indirect approach to gain deeper understanding of the independent parameters
of the standard model — the search for New Physics — is to make precise predictions for
observable quantities, which can be accurately measured. New interactions leave their
traces in physics below the kinematically allowed region of their production and can have
an impact on the measured values. In the past, this approach led to predictions like the
top-quark mass that were verified later by direct detection. There are only few hints from
these indirect measurements in colliders so far that the standard model does not suffice to
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Figure 1.1: Standard model fit of CKM parameters [26].

describe the physics behind them. An example that potentially signals New Physics, is the
comparison of the above mentioned anomalous magnetic moment of electron and muon.
There is a difference of 3.20 of experimental value [2223] and theoretical prediction [24] of
the muon anomalous magnetic moment. With the help of a precise measurement of other
decay modes, such as By — ptu~, certain classes of New Physics can be ruled out [25].
Here we see a nice interplay of several indirect tests and the importance of controlled
QCD-dynamics, which is the limiting factor in understanding the anomalous magnetic
moment.

The CP-violating parameters in the standard model have made significant progress
only in the last decade with the start of the dedicated experiments BELLE and BABAR.
They are related to the fact that a different linear combination of the 3 generations of
quarks couples to W-bosons than the mass basis. In flavour changing weak decays CP-
violation can be observed and the 4 independent parameters of the involved mixing matrix,
the C K M-matrix, can be determined. A combined fit of several decay modes results in
values that are well consistent with a unitary standard model mixing matrix [26,27], as
illustrated in Fig. [[.Il In order to extract standard model values, the CKMfitter group
assumes unitarity for the fit. The independent measurements that are shown also test
unitarity itself though.

There is a wealth of different decay modes, which are susceptible to different contribu-



tions of potential New Physics. The expectation of New Physics contributions in a channel
is usually tied to the presence of sizable QCD corrections, which make it difficult to pre-
dict decay rates. Therefore it is important to use strategies to minimize their impact and
to employ systematic techniques to calculate strong phases. For decays of B-mesons one
can make use of the large mass of the b-quark compared to the scale of QCD, Agep, and
expand decay rates in powers of Agcop/me. For decays into final states composed of 2
pseudoscalar mesons this procedure systematically predicts the leading power terms, but
fails to predict subleading powers [28-30]. Thus a sizable uncertainty for most decay ampli-
tudes of the order of 10% remains, which limits the overall potential of branching ratios to
extract C'K M-parameters. An uncertainty of similar size is introduced by heavy-to-light
form factors, which are non-perturbative objects of QCD. This limiting property is shared
with other decay channels of B-mesons, e.g. semileptonic exclusive decays, which makes it
advantageous to regard ratios of observables with similar QCD-behavior, where unknown
leading power terms drop out [31H34]. Another well known source of QCD uncertainties
is a special class of Feynman diagrams, which are known as penguin diagrams. They are
calculable in the heavy quark limit [29,[35] and for certain decay channels (e.g. B — n%70)
a sizable contribution can be found.

In this thesis we make use of this power expansion to extract C'K M-matrix elements
from B-decays to longitudinal vector mesons: B — V.V [36]. These decay channels
seem particularly suited for phenomenological analysis, since vector mesons as final states
have a significantly reduced impact of penguin diagrams compared to pseudoscalar mesons
[37,38]. The main focus lies here on a phenomenological analysis, which tries to exploit the
numerous relations of the 28 calculable channels. In particular together with an expansion
of the C K M-matrix, the Wolfenstein parametrization [39,[40], hadronic uncertainties can
be significantly reduced. In order to constrain the remaining uncertainty due to subleading
powers in Agep/my and form factors, we suggest to use a flavour-SU(3)-related decay
channel. In an analysis of |V,;| we use the fact that «, the top angle of the C K M-triangle
in Fig. [[T] is close to 90°. This ensures a well controlled determination of |V,,;| with
quadratic corrections of small parameters. The sensitivity to |V,;| also serves as a means
to constrain an additional phase of New Physics in B—B-mixing.

The systematic expansion of hadronic decay amplitudes relies on the factorization of the
decay amplitude. Factorization holds, if not all particles that take part in an interaction,
interact in a strong manner with all the other particles. It is then possible to regard parts
of the amplitude and study these parts independently in other decay modes or determine
them by nonperturbative methods. In the hypothetical case of no interaction at all, the
decay amplitude factorizes completely and all particles can be regarded separately from
each other. With the weak interaction switched on, the amplitude is still called factorizable,
since due to the weakness of the interaction it is under good theoretical control. Possible
non-factorization arises, if the strong interaction is switched on. If all particles are hadrons,
they contribute to the interaction and can spoil factorization already at leading power in
Agcep/my and leading order in oy, which means the whole amplitude has to be regarded as a
complete object and the perturbative expansion (“Feynman diagrams”) cannot be applied
directly. Here we do not aim at a factorization proof to all orders in a and limit ourselves
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to finite order. Therefore we can make use of the QCD Lagrangian of the standard model
and do not need to separate momentum modes at the level of the Lagrangian. A useful
tool for factorization proofs to all orders in «ay is Soft Collinear Effective Theory [411142].

In exclusive hadronic B-decays to two mesons factorization of the amplitude holds only
for the term of O(1) in an expansion in Agep/my. The colour structure of QCD can
play an important role in the presence or absence of factorization, because diagrams may
not contribute or are additionally suppressed in the number of colours. For instance it
can be shown that factorization holds at first order in a combined expansion in Agep/my
and 1/N, [43]. The colour situation is different in decays to baryons, since they form
antisymmetric invariants of SU(3) instead of singlets. There are few known studies of
baryonic B-decays at first power until now [44,[45], which leaves open questions about the
factorization of objects with different colour structure than mesons. Necessary ingredients
to perform such calculations, like the twist 4 nucleon projector, are still missing. Here we
fill this gap and compute the first power of the proton form factor explicitly. The results
are regularized, if necessary.

Perturbative corrections do not factorize, if gluons resolve the soft structure of the
forming hadrons. This is typically indicated by diverging integrals over momentum com-
ponents of single quarks. Factorization in next-to-leading order in o, and leading power
is well established for a decay of a heavy meson to 2 light mesons. Decays that involve
baryons, typically have more complex perturbative corrections. For heavy baryons that
decay into another heavy baryon and a meson, e.g. A, — A.m, the situation is similar to
the mesonic case, B — Dm [46]. These decays can be shown to factorize at all orders in
the strong coupling constant a,. Additional types of diagrams contribute in the baryonic
decay, but are suppressed. Among the decays that probe V,;, and therefore are of interest
for this work, we can identify A, — pm and By — pp as promising candidates.

Here we will make the first steps to calculate the decay amplitude of B; — pp in
the framework of QCD factorization, by focusing on an important subclass of Feynman
diagrams — the annihilation diagrams. The advantage here is that the B-meson projector
has only 2 parameters. The distribution amplitude of A; is known since 2008 at leading
twist [47] and opens the path for future studies of baryonic decays.

From the mesonic decays, B — MM, it is known that these diagrams do not factorize
[29]. This is signaled by unsuppressed nonperturbative contributions of soft quarks. The
size of the annihilation diagrams in the mesonic case is not very well known. Estimates
that rely on the degree of divergence [30] allow for large contributions, whereas light cone
sum rules [48] indicate moderate contributions. For a calculation of By — pp it is therefore
important as a first step to calculate and regularize these diagrams. They make up an
important class of tree diagrams of B, — pp, which receives less contributions from other
diagrams than B; — pp. This makes it feasible to discuss them in the example of this
decay channel.

A challenge in the calculation of B, — pp is the helicity suppression, which makes it
necessary to make use of higher twist terms of the proton distribution amplitude. Therefore
there are considerably more terms of long computation time to treat in the perturbative
evaluation than in the mesonic case, which makes it necessary to develop suitable com-



puter programs. Another challenge is posed by the regularization of divergent 4-parameter
integrals, which are given by folding distribution amplitudes with Feynman diagrams.
Therefore they share features of integrals over Feynman parameters, with the important
difference that they are not dimensionally regulated. The very developed machinery of
treating loop integrals cannot be applied here and has to be modified or new methods have
to be developed. We describe a modified procedure of sector decomposition and discuss
the complications that arise.

The structure of this thesis can be outlined as follows: In chapter [2 we perform a
phenomenological analysis of B-decays into 2 longitudinal vector mesons, B — V; V;,. After
the main ingredients for the calculation are lined out in section 2.1l we present the analytical
expressions for all relevant diagrams, parameters and amplitudes in section 2.2l Here we
provide expressions for the parameters that are used to describe the decay amplitudes,
explicitly write down all 28 calculable decay amplitudes, give expressions for a model of
the annihilation diagrams and write down the corresponding amplitudes. In section
we give an overview over the experimental situation in B — V.V, decays. An extensive
phenomenological discussion is given in section 2.4l We start with a discussion of branching
fractions and CP asymmetries and provide a detailed error analysis, including a discussion
of the effects of w-¢-mixing on the branching fractions for the affected decays. Subsequently
we extract the parameters «, v and |Vy;| from the decay By — p*p~ on the basis of leading
power predictions. Additionally we constrain the size of a possible mixing phase from New
Physics in B — B-mixing. Section 4.5 is an update of an analysis for v, which aims at
determining the amplitude of penguin diagrams by the measurements of B~ — K}’p,
and By — pTp~. The analysis in section constrains power suppressed terms by the
measurements of branching fractions of the flavour-SU (3)-related decays By — p™p~ and
By — K3°K;°. The suppression of correction terms is discussed and CKM parameters and
hadronic parameters are extracted and compared to results from leading power predictions.
This analysis is repeated for the case of pions as final states in .47 In section we
derive a bound for CP violation in B, — ¢¢. The following sections compare with the
literature, deal with electromagnetic corrections and quote central values for coefficients of
the analysis.

Chapter [3] deals with questions of factorization in B-decays with baryonic final states.
First we lay out and develop in section [B.1] the basic ingredients in the calculation. This
includes the derivation of nucleon distribution amplitudes at subleading twist, the descrip-
tion of a developed computer program, which is capable and fast enough in dealing with
expressions of large size. The section is devoted to nucleon form factors. They are
calculated from first principles and include subleading powers. We give analytical expres-
sions for the vector form factor and regularize it, as well as for the axial vector form factor.
Section contains an analysis of the contributing diagrams and discusses the size of their
contribution. There it is also layed out how the calculation of the hard contribution is
performed. The results of this calculation are given in the following, ordered by type of
diagram and the complications in the regularization are discussed. Finally we conclude in
chapter @l
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Chapter 2

Exclusive Mesonic B-Decays

2.1 Preliminaries

In the computation of the perturbative expansion (“Feynman diagrams”) it is of great use
to reduce the number of propagators to simplify calculations. In weak decays of particles
with much lower mass than the W-boson mass, this can be accomplished by integrating
out the W and Z boson and work with effective Hamiltonians. A basic example is given
in figure 2.Jl The two diagrams need to be matched at the scale My, i.e. the coupling

w

Figure 2.1: Example for the representation of Feynman diagrams by effective operators.

constant is determined. Corrections in the strong coupling constant need to be taken
in account at first order for the present analysis. By solving the renormalization group
equation the coupling constant C' (“Wilson coefficient”) can be determined at the scale
my. This procedure sums up large logarithms log (My, /i), where p ~ my, and is explained
in more detail in [49,50]. The full effective weak Hamiltonian for charmless hadronic B
decays, without change in strangeness (AS = 0), is given by [49]

_ G
HQAHS—O == TI; Z )\p (Cl QZ;![) + C2 QIQJ +' Z Cz Qz + C%, Qm + ng Qgg) -+ h.c. (21)

p=u,c i=3,...,10
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where the elements of the CKM quark-mixing matrix V enter as A, = V)V, C; are Wilson
coefficients, and the operators (); read

Q7 = (pb)v_a(dp)v_a, Q5 = (pibj)v—aldjpi)v-a,

Qs = (db)v-a Y 4 (G2)v-a, Qi = (dib)v-a Y _q(@Ggi)v

Qs = (db)v-a Y 4 (G@0)v+a, Qs = (dibj)v-a Y g (@4i)vsa,

Q7 = (db)y_a Zq 2eq(qq)via, Qs = (dibj)v-a Zq se(Ti%i)vea (22)
Qo = (db)y—_a > ¢ 3e4(qq)v—1 . Qio = (dibj)v—1a > ¢ 5e4(qiai)v-a,

Qry = # my o, (1 + 75) F*™b, Qsy = % My A0 (1 + 75) G b

Here 4,7 are colour indices, e, are the quark charges, and the sums extend over ¢ =
u,d, s,c,b. The Wilson coefficients C; will be taken at next-to-leading order (NLO), using
the treatment of electroweak contributions described in detail in [30]. The sign conventions
for the electromagnetic and strong coupling correspond to the covariant derivative D, =
Ou+1eQr A, +igT* A, With these definitions the coefficients C7,,, Cs, are negative in the
Standard Model, which is the convention usually adopted in the literature.

The effective Hamiltonian for charmless decays of B mesons with AS = 1 can be
obtained from (1)) by interchanging d- and s-quark labels. The CKM factors governing
these transitions are then A, =V, V..

To obtain the amplitudes for B — Vi V5, decays from the Hamiltonian, the matrix
elements of the operators @; have to be computed in QCD factorization [28-30]. To lowest
order the matrix elements are expressed in terms of B — V form factors and vector-meson
decay constants. The required form factors are defined by (see e.g. [51])

(V(p. 77150l B(p)) = 2my Ao(q>) 5 ¢ + (m + my) Ar(¢?) | — 5lg"
2 2
2 2
€-q my —1m
_A2(q2)m (pB +p)ﬂ _ %qﬂ] (23)
>, o V 2 vV po
(V(p, €)|gy"b| B(ps)) = mﬁgﬂ P D BuD s (2.4)

where the momentum transfer is ¢ = pg — p and the totally antisymmetric tensor e***? is
normalized by %23 = —1.
The vector-meson decay constant fi is given by

Vg, m|@.q'|0) = =i fymym, (2.5)

for a vector meson with flavour content V' = ¢’q. The corresponding matrix element where
Yu = VY5 is zero. For energetic vector mesons V' (p, €) with longitudinal polarization

p#
ne 2.6
o= L (26)
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up to corrections of second order in my /mp.
The factorized matrix element of a (V' — A) ® (V' — A) operator then reads to lowest

order (a?)

Vi Varl(@b)v—a(Gagh)v—a| By) = im5Ag " (mi,) fva (2.7)

where Vi = gq1 and Va = §q2 (1 # q2)-

The corrections at higher order in a; are expressed in terms of calculable hard-scattering
kernels and meson light-cone distribution amplitudes. The latter quantities enter through
the meson projectors in momentum space. For the B meson the projector bg is given at
leading power in Agep/mp by [29)]

(0] (2)[=, 010, (0)| B(ps))| =

. .fB 5ji N 1d —iépp-z \/§
=25 o+ moyl, [ A [om() + VE0m(©)]
1
= —/ d¢ e7PB2pg, (2.8)
0
where the Wilson line
1
[z,y] = Pexp [zg/ dt(z — y) t"A™ (tr + (1 — t)y)] (2.9)
0

is used to make the matrix element (2.8) gauge invariant. bg denotes a matrix in Dirac
space displaying the flavour composition of a Bq meson in the initial state. The 4-vector
n* = 1/v/2(1,0,0,—1) is chosen to be in the direction of the recoiling meson Vi. The
parameter £ is the light-cone momentum fraction of the spectator quark g. The distribution
amplitudes are normalized as

1 1
[ dcom© =1 [ deom(e) =0 (2.10)

0 0
In the present analysis ¢ps does not enter the results and ¢p; appears only through the

first inverse moment )
¢Bl mpg
dé¢ =/ = —= 2.11
/O gt (2.11)

which defines the hadronic parameter A\g = O(Agep).

The distribution amplitudes of light vector mesons, given by matrix elements like
(V(p)|O(x)I'O(0)]0), can be found by expanding the composite operator O(x)O(0) into
local operators on the light cone. Explicitly, an operator consisting of several local op-
erators (here 2) has the following light cone expansion, assuming a complete set of local

n .
operators Oy,

A(@)B(0) ~ Y Co(a®)a™ .20y, (0) (2.12)

Bt
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Here the Wilson coefficients scale as C,, — \/ﬁt_dA_dB log (z2m?)”, where d4, dp are the
dimensions of the operators A, B, respectively, ¢ = d,, — j, is the twist of operator Oy .
m is a mass and p an undetermined number. A way to help in diagonalizing the operator
mixing matrix is to use operators with definite transformation properties under conformal
transformations. In that way we gain an additional “quantum number”, the conformal spin
j =1/2(l + s). s is the projection of the spin on the “+”-direction. The corresponding

conformal operator product expansion is given by

t A+ p—t
ATbn n+s1+sa—sa—sp

A(2)B(0) ~ ;C" (%) 2 =

B(ja—jB+in:jB—Ja+jn)
1
% / du ujA—jB-i-jn—l(l _ u)jB‘jA"’jn—l@,thjZ (ux_) ’ (2.13)
0

where 7j; is the conformal spin of the operator i, s; is the corresponding spin projection on
the “+”-direction and ¢; = d; — s; is the conformal twist. /12 are conformal operators out
of 2 constituent fields with conformal spins j;, jo. More details can be found in the review
[52]. Although QCD is not a conformally invariant theory, due to mass terms and quantum
corrections, the framework of conformal field theories is applicable for the determination
of anomalous dimensions and their eigenfunctions. Operators with different conformal
spin cannot mix under renormalization at leading order, because the counterterms are tree
level to this accuracy and keep all classical symmetries. Another feature is, that exact
equations of motions on the operator level can be solved order by order in the conformal
expansion. The reason is, that the equations of motion don’t need to be renormalized
and so don’t receive quantum corrections. This technique is used in [53] to determine the
p-meson distribution amplitudes. Subtleties arise from the fact, that generators of the
collinear conformal group do not commute with general spin rotations. Therefore one finds
that operators with different helicity and conformal twist are connected by the Wandzura-
Wilczek relations. If formulated in terms of geometric twist, this is not the case [54].
But gauge invariance is broken for distribution amplitudes of definite geometric twist and
causes artificial singularities, that are cancelled exactly by total derivative operators. In
the following we refer by twist to the conformal twist, which coincides with the geometric
twist for the leading contribution.

For a longitudinally polarized vector meson in the final state with flavour content g>q;
and momentum p, the projector can be written as [37]

) ifi& of,
Q21 = %lﬁ o) (x) — %mv ]{i '%7471

o, () (2.14)

Here z is the momentum fraction of the final-state quark ¢; and
i
—n

\/§sz
Ln
V2Zmp

kY = xpt + kY + # (2.15)

kb = aph — K+ n (2.16)
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(with £ = 1 — z) are the momenta of ¢; and g, respectively. n* is a light-like vector
with spatial direction opposite to p#: If p ~ ny (p ~ n_) then n = n_ (n = ny), where
nf =1/+/2(1,0,0,41).

The function ¢ (z) is the light-cone distribution amplitude of leading twist for a lon-
gitudinal vector meson. The subleading-twist amplitude ®,(z) has been treated in (2.14))
in the Wandzura-Wilczek approximation. It gives rise to contributions suppressed by one
power of Agcp/my. We will nevertheless include it in order to estimate the impact of this
particular source of power corrections to factorization in the heavy-quark limit.

The functions ¢ and ®, can be expanded in terms of Gegenbauer and Legendre poly-
nomials, respectively,

)(z) = 627 Y 0, Co* (22 — 1) (2.17)
O, (z) = SiaannH@x —1) (2.18)

where ag = ag; = 1. In the Wandzura-Wilczek approximation ®, can be expressed in
terms of the twist-2 wave function of a transversely polarized vector meson, ¢, , as

o, (z) = /0 au 22 /ml 22 (2.19)

U U

¢ has an expansion similar to ([2I7) and this leads to (2.I8]).
Note that (2.19) implies

/ i Oy(x) =0 (2.20)

even though ®,(z) is not necessarily antisymmetric under x <> & for general ;. The
. .ol
normalization of ¢y, is [, dz ¢y (z) = 1.
For phenomenological applications we shall truncate the expansions of ¢ and ®, and
use, for a particular meson V/,

¢l (x) = 62 [1 + af 3(2z — 1) + oy 6(52® — 5z + 1)] (2.21)
®V(z) =322 — 1) (2.22)
Taking the vacuum-to-meson matrix element of a local current, the projector (2.14)

reproduces (2.3]), (2.6])

1
(V(P)l@17uq210) = — / dz try,q2q1 = —ifvpy, (2.23)
0

and
(V(p)|aal'g2|0) = 0 (2.24)

for I' = 1, 75, yu7s-
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2.2 QCD factorization in B — V;V;, decays

The amplitudes for the AS = 0 decay of a B meson into a pair of light vector mesons with
longitudinal polarization can be conveniently expressed as follows (the case of AS =1 is
obtained by replacing d < s):

(VigVar [ HET=1B) = == Y ° A, (VigVar | T, + T2 B) (2.25)

p=u,c

\f

where

7;,d = a1(V1V2) Opu (be)\/—A ® (du)v-a
T as(ViVa) G (db)y—a ® (it)y—a
+as(ViVa) > ¢ (db)v—a ® (Gq)v—a
+ aj(Via) Zq (@)v—a @ (dg)v-a
+ a5 (ViVa) Y g (db)v—a @ (G9)va
+a7(ViVa) ) g (db)y -4 @ Se4(qq)va
+ ag(V1V2) Zq ( _b)V—A ® 2€q(CM)V—A

+
S
S
o
=~
S
S—
[
N
0‘
S~—
s
S
®
m
=]
Y
s
N
S

(2.26)

Here the summation is over ¢ = u, d,s. The symbol ® indicates that the matrix elements
of the operators in 7 are to be evaluated in factorized form [30]. The factorization
coefficients a; include hard QCD corrections to the B-decay matrix elements at NLO, as well
as electroweak effects in the systematic approximation of [30]. Note that structures with
scalar and pseudoscalar currents are absent in (Z20]), in contrast to the case of B — K
considered in [30]. Because (pseudo)scalar currents cannot create a vector meson from the
vacuum, these structures can give no contribution to B — V'V decays.

The term 7™ in (2.25) describes the effects of weak annihilation. These are power
suppressed in the heavy-quark limit and cannot be computed in QCD factorization. We
shall use model calculations to estimate this important class of power corrections to the
leading, factorizable amplitudes. Weak annihilation will be discussed in Section 2.2.3
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2.2.1 Results for the parameters a;

The factorization coefficients can be written as a; = a;1 + a; 1. We find

a1 =Ch + % _1 + CZ:S Vv: , 1,11 Z% CFTW;“S Hy,vy,,
asy = Cy + % :1 + CZ:S VV: ; Ao 11 :% CFTWCQS Hy,v,,
az; = C3 + % :1 + CZ:S VV: : az :% OFTﬂfS Hy,v,,
ah | = C4+%°; :1+ Cj% VV: - %Cj—: %

+ Zf;j (P, —rYPyy), Q11 :% CFTWC% Hy, v,
as1 = Cs + % [1 + CZ:S (_V\;’)] ) as,11 :% CF]‘\ZQS (_H‘//1V2)7
afy = Cr + % [1 + CZ:S (—Vv')} + %P5ZEW> az, :% C?\zas (—=Hyyy,),
agy = Cy + ?\;CO {1 + CZ:S Vv} + %P{}EW, a9 11 Z% CIX;CQS ViVas

aj; = Cio + % {1 + CZ:S VV] - %CZ:S s
o EW  V pp.EW Cy Crma
+ N (Pyy " —r i Ppg™), aio N N Hy,y, (2.27)

where C; = Ci(u), as = as(pn), Cp = (N?—1)/(2N,), and N. = 3. The hadronic quantities
V‘E/), H‘(/{l)‘/z’ Py, Py, P{}g W P"/’f W and P"/’fw are given below. All indices v in Vi, Py,

rV are understood to refer to the emitted meson V5.

Contributions suppressed by one power of Agcp/my, that arise from the twist-3 compo-
nent of the vector-meson wave function have been included in the above expressions. They
are related to the scalar penguin operator (gb)s_p(5¢)s+p and come with a factor

V() = 2 () _ 2my £ (1GeV) [asw))]—””ﬁo[ 0 (1) ]CF/% (2.28)

Come( vy me(me)fr Los(me (1GeV)

Here my(p) is the M S-mass of the b quark at scale p, and 8y = 23/3 for f = 5 flavours of
quarks.
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Va

q q2
b P
Vi
P2

B

Figure 2.2: Vertex diagrams.

Vertex and penguin contributions
The vertex corrections (Fig. [Z2]) are given by

1
Vi = 121n% —18+/ dx g(z) ¢ (z),
0

1
Vi = 12ln@—6+/ drg(1—xz) ¢ (x),
0

o
1-2
g(z) = 3<1_;1nx—z’7r)
+ [2 Ly(x) — In’z + ilili — B+ 2im)Inz — (z < 1—2x) (2.29)
1
Vif = / dr [2 Ly(z) — In*z — (14 2im) Inz — (2 <> 1 — 2)] @) (2) (2.30)
0

where Ly(x) is the dilogarithm
T In(l—t
Lo(z) = —/ dt ¥ (2.31)
0

The expansion of gb“‘/ in Gegenbauer polynomials gives

1 21

' . 1
/0 dx g(x) ¢|‘|/(x) =—5~ Jim + (5 - BZW) o) — 20 ay + ... (2.32)

Replacing g(x) by g(1 — x) leads to a change of sign in front of the odd Gegenbauer
coefficients on the right-hand side.
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d Vo q d Vo q

Figure 2.3: Penguin diagrams.
Next, the penguin contributions (Fig. 2.3) are

4. m 2 8. m 4
P‘I;’Q = 01 [g lnjb + g — Gv(sp):| + Cg [g lnjb + g — GV(O) — Gv(l):|

+ (Cy + Cs) {? In % —3Gv(0) = Gy (s) — Gv(l)}

U oda
- Qng/O 11—z ¢\‘\/(95) )
4 2 td
PUsY = (Cy + N.Cy) [— In =2+ 2 - GV(SP)] — 30 /O —ol@)  (233)

3w 3

where s, = 0 and s. = (m./my)?. Small contributions from the electroweak coefficients
Cq,...,Co are consistently neglected in P‘% within our approximation scheme. Also,

the very small corrections from Cj, ..., Cq in P{}:g W' (and in P"/’jg};j W see ([2:38) below) are
omitted for simplicity.

The function Gy (s) is

Gy (s) = /0 dx G(s — ie, 1 — ) 8 (). (2.34)

1
G(s,z) = —4/ duu(l —u)lIn[s — u(l — u)z|
0
_ 2(12s + 5z — 3zlns)  4v/4ds —x (25 +2) arctan . x (2.35)
\ 4s —

Ox 3z3/2



16 2. Exclusive Mesonic B-Decays

Expanding in Gegenbauer moments one finds

5 2 v Yy 4
Gv(sc):g—glnsc+%+%+§(8+9a¥+9a¥)sc

+2(8 + 63a) + 214ay )s? — 24(9a) + 80a )s® 4 2880as s?
- 2\/1—743c [1 + 25, + 6(4 + 27a) + T8ay )s>

—36(9a) + 700y )s? + 43200&;/83} (2 arctanhy/1 — 4s, — i)
+1%3P+34¢Hm¥—§(LHm¥+mm@sc

+ 18(af + 100y )s2 — 24004;/3?] (2 arctanhy/1 — 4s, — z'7r)2 -

5 2imr ol o
Gﬁ®:§+7T+§~%§+“w
85 A2 (155
GWD:?;—&@w+{}—(77—3m6w+m#)¢/
7001
+—(—?;———504V§ﬂ*+136ﬁ2>céf+a.. (2.36)

The function Gy (s) and its expansion in Gegenbauer moments have the same form as
Gk (s) in the case of B — K discussed in [30]. Likewise the integrals proportional to C$I
and Cg! in (233) are similar to those in B — K. They read

1
/)f@—w%m=3u+a¥+a¥+”q (2.37)
0 1—x

The twist-3 terms from the penguin diagrams are obtained from the twist-2 terms
by the replacement qb“‘/(:c) — ®)(x), except for the terms proportional to C£I and Cgh.
Here the factor of (1 — ) in the denominator of the integral in (2.33) is canceled by the
twist-3 projection. An important difference between the twist-3 penguin contributions in
B =V, Vi, and B — K arises from the different properties of the twist-3 wave functions
in these two cases. Since fol dz ®Y (x) = 0 it follows that the contributions from C?,fyf and
Cgh vanish in the former case. The same holds for all z-independent constants in the

hard-scattering kernel, in particular for the scale and scheme dependent terms. We then
find

Pyy=- [Cl Gy (sp) + C3 (Gy(0) + Gy (1)) + (Cs + Cg) (3Gv(0) + Gy (s.) + év(l))]
P = —(C1 + N.Cy) Gy (sp) (2.38)
with X
Gy(s) = /0 dr G(s —ie, 1 — x) ®Y (x) (2.39)
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Using the asymptotic form of the wave function ®) (z) = 3(2z — 1) leads to

Gv(sc) =1—36s. + 12s./1 — 4s, (2 arctanhy/1 — 4s, — iw)
—125? (2 arctanhy/1 — 4s. — z'7r)2 ,
A 4
Gy (0) =1, Gy (1) = §7r2 + 431 — 35 (2.40)

Finally, we give the electromagnetic penguin contributions P&’TF:W (p = u, ¢). For
intermediate charm, p = ¢, these are calculable in perturbation theory and read

4 my 2 4 m
PGP = (O + N.Cy) |sIn— + = + —In—<| — 3¢k 2.41
In the case of the up-quark loop, p = u, the amplitude becomes sensitive to additional
long-distance dynamics, which is not strictly calculable. Using a suitable hadronic repre-
sentation of the light-quark loop, we estimate

4 my 10  4n? 12
gl — — —+ — 2 2
3 W 9 3 =, my, — m; +im, L,

Py = (C) + N.Cy)

2rmi . 2. my 2
BB ) P AT
3 6. 3 m 3

te—mi . to—mj
Ty 2TV 30t (2.42)
Le my,

where t, = 47*(f7 + f2). This point is discussed further in section 2.6l

The authors of [37] factorize the term (2.42) into a short-distance and a long-distance
part, separated by a scale v. The short-distance part is equivalent to (2.41I]) with m,
replaced by v. The long-distance part is not considered explicitly in [37]. Our treatment
is consistent with the framework of [37], but supplies a concrete model representation for
the long-distance contribution of the electromagnetic penguin.

Hard spectator scattering

The hard spectator interactions (Fig. [24]) determining the coefficients a; ;; in (2.27) are
governed by the quantities

_ foVl ldg ldx 2 1dy 1 1‘% 1
Hy,v, = 2 ATV (0 o ?q)B@)/O ?¢|‘|/ (SC)/O 7 M( (y) + 7! ;‘I)L/ (y)] (2.43)
1 d 1 d 1 d
v = bt [ Eon [ Foo) [ Lo+ Eale)] 2

Strictly speaking, only the twist-2 components ¢ of the vector meson distribution ampli-
tudes contribute at leading power and are consistently calculable in the present approach.
The twist-3 part described by @, leads to terms with logarithmic endpoint singularities, but
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S

o]

Vi
D2

Figure 2.4: Hard spectator diagrams.

these terms are suppressed by one power of Agcp/my. We shall include them in our anal-
ysis using a simple model, in order to estimate the potential impact of power corrections
from this source. Following [30], we parametrize the endpoint singularity by

1

d .

Xy = / ol A (14 pp ) In B (2.45)
o Y Ay,

The logarithm comes from cutting off the lower range of integration at g,,;, = An/mpg, and
pH, ¢g are real model parameters to allow for a complex Xy and a deviation from the
default value In(mp/A). The integral over ®, in (2.43)), (2.44]) then becomes

/ 1 Y ,(y) = 330 2 (2.46)

Throughout we use pu, = App with Ay, = 0.5GeV as the scale in the spectator-
scattering contributions.

2.2.2 B — Vi1 Var decay amplitudes

The transition operators 79, T* describe a total of 28 two-body decays of B, By and B,
into the charmless vector mesons K**, K*=, K*, K*0, p* p=, p°, w and ¢. There are 15
AS =0 (b—d)and 13 AS =1 (b — s) transitions. In this section we give the expressions
for the amplitudes of these processes in terms of the factorization coefficients a;. All light
vector mesons are taken to be longitudinally polarized, that is, p~p° here means p; p}. We
use the abreviation
Gp BV,
Ayy, = zﬁsz AT (M) fr, (2.47)
suppressing the dependence of Ay,y, on the B-meson flavour in the notation.
The decay amplitudes, up to the factor ([2.47]), are conveniently obtained from the
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transition operator by the following 'bosonization’ of the bilinear quark currents in (2.20):

B~ p’+ B~ = 5
(ub)y—a = pTw + Bap" + B,K**
§ Byw — Byp® -
(db)V_A = B_p_ + % + BSK*O
(8b)y_a = B~ K*™ + B4K* + B¢ (2.48)
(du)y = p~, (ud)y = p*, (5d)y = K*° (2.49)
(CZS)V = K*O, (Eu)v = K*_, (’ﬂS)V = K*+ (250)
0+ w - w—p° _
=L (dd)y = “—F (55)v = 0 (2551)

(uu)V \/§ ) \/5 )
In our notation the charge of B mesons (light mesons) corresponds to that of particles in
the initial (final) state. Note that the axial vector parts of the light-quark currents don’t
contribute for final-state vector mesons. Insertion of these expressions in 7¢ (7°*) from eq.
([226) generates all AS = 0 (AS = 1) amplitudes. For a specific process B — V;V; the
amplitude is found as the coefficient of (BV;)V; (and of (BV;,)V; if Vi # V5). This procedure
automatically keeps track of all sign and Clebsch-Gordan factors. Note, however, that an
extra symmetry factor of 2 has to be included for amplitudes with two identical particles
in the final state. From the structure of T it follows that the coefficients as, as and
ak, afy always appear in the combination az + as and ab + af, respectively. Representative
numerical values for the coefficients a; can be found in appendix 2.7
The AS = 0 transition amplitudes then read (a summation over p = u, ¢ is understood):

3
VIAB™ = p74) = [l b a0+ S0+ bl Ay (252)

\/EA(B_ —pw) = [Aay + )‘p(ai + a?o)] Awp

1
+ |:)\uCL2 + A <a§ +2(az + as) + §(a’7’ + afy — a’l’o))} A, (2.53)

1
AB™ = p o) =N, {ag +as — §(a$ + ag)} A (2.54)
A(B~ = K K%)= ), {aﬁ - %aﬁ’o] Ao gee (2.55)
. 0.0 p_ S p, p_ Lop
A(Byg— p'p”) = |—Auas + A, | @] — §(a7 +ay) — 5910 A, (2.56)
>, 0 1 p 3 p p 1 p
A(By — p'w) = 3 Aulz + Ay | —a + §(a7 + ap) + 590 Aup

1 1
~3 {)\uag + A, (afi + 2(ag + as) + §(a$ +ap — a’fo))} A, (2.57)
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_ 1
A(Ba = x0) = [pua + 3, (4 2ea + a0) + 5068+~ aly) ) A
_ 1
V2A(By — p°¢) = =), [ag +as — (a7 + a’g’)} Aps

i 1
V2A(By = wo) = A, [ag + a5 — 5 (ar + aS)} Aug
A(Bd — P+P_) = [Auar + Ap(af + afy)] App
1

A(Bd — K*OK*O) = >\p |:CLZ — §CL11)0:| AK*K*

_ 3 1
V2A(B, — K*p%) = {)\uag + A (—aﬁ + 5(@? +ay) + 56%)} Ak,

_ 1
\/i.zél(BS — K*w) = [Auag + A (ai +2(az + as) + i(aé’ +af — afo))] Agry,
D, *0 p ]' p 1 p p
.A(Bs — K (b) = >\p ay — §a10 A¢K* -+ )\p as + as — §(a7 —+ CLQ) AK*¢>
A(Bs = K*p7) = [Muar + N\ (df + dly)] Axp

The amplitudes for AS = 1 transitions are found to be:
3
V2A(B™ = K*7p%) = [Mar + N, (d} + aby)] Apre + [/\;az + §A;(a€ + ag)} A,

V2A(B™ — K" w) = [X,ar + N,(a} + )] Aure-

1
+ [)\;ag + A, (2(a3 +as) + 5(@? + ag))} Agen,

1
AB™ — K" ¢) = X, {aﬁ +as + as — 5(@’7’ + agy + alfo)} Aferg

— 1
A(B~ = K*p7) =X [aﬁ - ia’fo] Ak

_ _ 3 1
V2A(By — K*0p°) = {)\;ag + 5)\;(6#7) + ag)} Agep— X, [aﬁ — 5&{)0} Aprce

(2.58)

(2.59)

(2.60)
(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)
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_ _ 1
V2A(By — K*w) = {)\;ag + A, (2(a3 +as) + 5(@’7’ + a{j))} Agee,

Y { - %} A (2.72)

_ _ 1
A(Bd — K*OQS) = )\; |f],i + as + a5 — 5(@? + ag + a’fo)] AK*¢ (273)
A(By — K p*) = [XNya1 + A (a] + aly)] Ay (2.74)

- 3
_ 1

\/ﬁA(BS — w¢) = |:)\;a2 + )\; (2(&3 + &5) + 5(&? + &g)):| A¢w (276)

_ 1
A(B; = ¢p) = 2X, {@Z +az+as — §(a17) + ag + alfo)] Ape (2.77)
A(By — K*TK*7) = [Xya1 + X (ah + aly)| Agexce (2.78)

_ _ 1

A(By, — K*K*) =\ |df — 5&%} Agcogen (2.79)

2.2.3 Weak annihilation amplitudes

The decay mechanism of weak annihilation (Fig. 2.5]) gives contributions to the amplitudes
for B — V, Vi, decays that are supressed by Agcp/my. These power corrections are not
calculable in the usual factorization framework. This is indicated by end-point singularities
from the integrals over light-cone momentum fractions in a hard-scattering ansatz. We shall
use the model of [30], which is based on this ansatz together with a cut-off procedure, to
estimate the impact of annihilation effects on the leading decay amplitudes. Following the
notation of [30] we write

ol = G _
Ve Var G Bhamn = Z= 37 Ap (VieVar T B) (2.80)

p=u,c
with A, = V)V, and
7;ann,d _ 6up (57’d bl 0-3 + 5T’u b2 0’5) + bg O'Zl + 5rd b4 tr(U)

3 3
+5 bEWV e, o7 + 5 O bEV tr(Q o) (2.81)

Here the index r = u, d, s denotes the flavour of the spectator quark in the B meson
and @ = diag(2/3,—1/3,—1/3). The corresponding formulas for AS = 1 transitions are
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Figure 2.5: Annihilation diagrams.

obtained by interchanging the labels d > s in the expressions (2.80), ([2.81]) for AS = 0.
In particular, A, is then replaced by A\ =V, V5.
The operators
of = Y (@w) x (@d) (2.82)
q'=u,d,s

encode the valence quarks of the final state mesons. Matrix elements of the product of
currents in (2.82)) are defined as

(ViLVarlji X jo| B) = icfs fvi fva (2.83)

where ¢ = 0, 1, £1/4/2, etc., is the appropriate Clebsch-Gordan coefficient and symmetry

factor, relating the currents j; and j, to the mesons Vi, V5. The coefficients b; are given
by

b — Ficlf“ﬁv by — %[C3A§+C5(A§+A§)+NCCGA§ ,
b= SE Ol b= 5 [Cdi+ Cot].
C . .
PEW = NI; [chg + Cr (AL + A + NcCsAﬂ :
C . .
b = L [Crodl + Cudl] (2.84)
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and correspond to current—current annihilation (by, b2), penguin annihilation (b3, b4), and
electroweak penguin annihilation (b5V,b5W). These coefficients depend on the final-state
mesons, b; = b;(V1V4), but this dependence will be left implicit in the following. Finally,
the A"/ read

s = s [ty {af o) |-t | et )
Al =0,
ty = ma [ty o) [+ ] et 2
“Jo 20 —ga) 2] 0T Ty [
Al =0,
A= o, [ aay {2 s r@alipn 2
> Jo ez (L =gy - I T (1 - ga) [
af = ma, [ dnty {—op oo 2 grmen D) sy

The superscript i (f) denotes gluon emission from the initial- (final-)state quarks, as shown
in Fig. (c) and (d) ((a) and (b)). The subscript k indicates the Dirac structure of the
four-quark operators, ['1y @ s = (V-A) @ (V-A) (k=1), V-A) (V+A) (k=2),
(—=2)(S — P)® (S + P) (k = 3). The various quantities in (Z.84)) will be evaluated at the
scale py, = v/Ay 1, similarly to the spectator-interaction terms. .

For the numerical estimate of weak annihilation the IR-divergent quantities Az’f in
(2.88) will be parametrized by

1
Xy = / dr_ (14 paeir)In 28 (2.86)
o T Ah
The quantity X4 is the cut-off regulated integral [ /ih Jmp dx/x = In(mpg/A,), with scale
Ay = 0.5GeV, modified by a phenomenological magnitude p4 and phase ¢4 [30]. Using
SU(3) flavour symmetry and the asymptotic forms of the meson wavefunctions ¢ and ®,,
one finds A} = A, A4 =0 and

2

A’i R T {18 (XA—4—|— %) +18(7’K)2 (XA —2)2

Al ~ —36ma,r] (2X5 —5X4+2) (2.87)

We next give the results for the annihilation amplitudes in terms of the coefficients b;,
where we define
Gr

\/§ foV1fV2 (288>

The decay constant fp depends on the flavour of the decaying B meson, even though
this is not made explicit in the notation for the By,y,. The following expressions can be

BV1V2 =1



24 2. Exclusive Mesonic B-Decays

efficiently obtained with a procedure similar to the one described at the beginning of sec.
2.2.21 Typical numerical values for the coefficients b; are given in appendix 2.7l For the

channels with AS = 0 the annihilation contributions read

Aann(B~ = p7p") =0

V24 (B~ = p~w) = [Aa2b2 + (A + A) 2(b3 + 05")] By
Aon(B~™ = p~ ) =0

Aan(B™ = K*K*0) = [\ by + (A + Ao) (b3 + 05Y)] Biee e

> 1 1
Aann(Ba — p°p") = {Au b+ (A + Ac) <b3 + 20y — S5 + §bfw)} B,,

3 1
'Aann(Bd - pow) = |:>\u b1 + ()‘u + )\c) <_b3 + §b]32W + gb?w)} Bpw

B 1 1
Aann(Bd — ww) - [A“ bl + <>\u + >\c) <b3 + 2b4 - §b§w + §b4EW>:| wa

Aann(Bd — p0¢) =0
Aan(Bg — wg) =0

Aan(Bg — pTp7) = {Au by + (A + o) (bg + 20y — %bgw + %bfw)} B,,
Aann(Bg — KK = (A, + \) <b3 + 2by — %bgw — bEW) B
VB Aun(B. = K = (430 (b + 315 ) B,
V2Aumn(By = K*w) = (Ay + A.) <b3 - %bgw) B+
Aun(B, = 1%9) = (20 (b= 305 B

_ 1
Aann(Bs — K p7) = (A + Ae) <b3 — 5bgw) B+,

2.89
2.90
291
2.92

o~ o~ o~~~
~—  ~— ~— ~—

(2.99)

(2.100)

(2.101)

(2.102)

(2.103)

In addition there are two AS = 0 decay modes that proceed only through annihilation

diagrams:

Aann (Bg = K*TK*™) = [ Ay by + (M + Ae) (2b4 + %bEW)} B e

(2.104)
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Apnn (B = ¢9) = (A + Ae) (204 — b7") Byg (2.105)

For the annihilation amplitudes with AS = 1 we obtain:
V2laua(B™ = K7p%) = [N, b + (A, + X)) (b +65™")] Bieey

(2.106)
V2Aum(B™ = K*w) = [N, by + (X, + X.) (bs 4+ 65™)] Bicew, (2.107)
Apn(B™ = K*7¢) = [N, by + (X, + \.) (b3 +b5")] Brso (2.108)
(2.109)

Aann(B™ = K*p7) = [N, ba + (X, + X.) (b3 + b5™)] Bi+p 2.109
_ _ 1
V2Aunn(Bg — K*°0%) = (X, + )\)) (—b3 + 5bEW) Bi-, (2.110)
\/_ D %0 / / 1 EW

2-Aann(Bd — K CU) = ()\u + )\C) bg — §b3 BK*w (2]_1]_)

_ _ 1
Aann(Bg = K*0¢) = (X, + X)) (bg — §b§W) By (2.112)

_ 1
Aann(Bg — K pT) = (X, + X)) (b3 — §b§W) By, (2.113)
Aamn(Bs = p°¢) =0 (2.114)
Aamn (Bs — wg) =0 (2.115)
A (Bs = ¢0) = (X, + AL) (2bs + 2by — 05" — b)) By, (2.116)

1

Aann(Bs = K*TK*™) = {A; by + (N, + ) <b3 + 20y — %bEW +3

bEW)] Byeg- (2.117)

_ _ 1
Aamn (Bs = KK = (X, + X)) <b3 + 2by — §b§W — bEW) By~ (2.118)

In the case of AS = 1 transitions there are four pure annihilation modes. Their amplitudes
have the form:

_ 1

Aann(Bs — p+p—) = |i)‘; bl + ()‘; + )‘,c) (2b4 + §bé}fw)} BPP (2119)
_ 1

Aann(Bs — p°p°) = [A; by + (N, + ) <2b4 + §bfw)} B, (2.120)

Aamn (Bs — ww) = lA; by + (X, + ) <2b4 - %bfw)] By (2.121)

_ 3
A (Bs — p'w) = {A; by + (N, + ) ibfw} B (2.122)
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Table 2.1: Experimental results [55] for CP-averaged branching ratios and
longitudinal polarization fractions f, of B — V'V decays. Here the B meson
is either a B~ or a By. The branching ratios for B — VV}, have been obtained
as fr B(B — VV). Also shown are the direct CP asymmetries Acp = —C =
(B(B— f)—B(B— [))/(B(B— f)+ B(B— f)). The label (L) indicates
that Acp refers to vector mesons with longitudinal polarization only.

4% B(B — VV)/107¢ fr B(B — Vi,Vi)/107¢ Acp
prp” 242752 0.97870 0o 23.74+3.2 0.06 +0.13 (L)
p°p° 0.73792% 0.757012 0.55 % 0.22 —0.2+0.9 (L)
pp° 240757 0.950 + 0.016 22.8+1.9 —0.051 4 0.054
pw 15.9£2.1 0.90 = 0.06 143+2.1 —0.20 £ 0.09
KR 0.8140.23 0.807013 0.65 4 0.21 —
K* K*0 1.240.5 0.7570:30 0.9 +0.45 —
K00 34410 0.57 +0.12 1.94+0.7 0.09 £ 0.19
K*p* <12 — <12 —
K0 < 6.1 — < 6.1 0.2070:33
K~ 92+15 0.48 £ 0.08 44+1.0 —0.01 £0.16
K¢ 9.8+0.7 0.480 £ 0.030 47+0.5 —0.01 £0.05
K*~¢ 10.0£1.1 0.50 = 0.05 5.0+ 0.7 —0.01+£0.08
K% 20=£0.5 0.70£0.13 1.4+£0.44 0.45£0.25

Because of similarities in the flavour structure of 7, and 7,7 in all amplitudes

the coefficient bg appears together with the factorization coefficient a} in the combination
aly + By,v, /Aviv,bs. This has been noted before in the context of PP and PV final states
[37.

2.3 Experimental results and input parameters

Available data on the decays of B~ and By mesons into a pair of light vector mesons are
displayed in Tables 2] and The results are from [55] unless indicated otherwise. CP
averaging is understood for branching ratios and f;. No data are available yet on B, — V'V
decays.

Table 2.3] collects the input parameters used in our analysis. The values of my, I'y,
mp, |Vus| and |Vz| have been taken from [57] and are compatible with [58], except for
'y (K*). They have only small uncertainties, which we neglect. Our choice for |V,,/Ve|
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Table 2.2: Experimental results for further B — V'V decays [55]. Quoted are
the CP-averaged branching fractions in units of 107%. The B meson is either
a B~ ora B,.

K-w| p ¢ | KK~ | pw
<74 | <30 < 2.0 < 1.6

ww | p'd wo o9
<40 | <0.33 <12 < 0.2

is compatible with the exclusive determinations quoted in [57]. We prefer those over the
inclusive values since we use V,;; in exclusive processes where the form factors rely on similar
theoretical methods (light-cone QCD sum rules, lattice) as in the exclusive extraction of
|Vip|. The lifetimes of B~ and By are also from [57]. On the other hand, the lifetime of
B, is put equal to 75 ,» which is expected theoretically to hold to very high accuracy. The
value of 75, from [57] is compatible with this, but is still affected by a larger error.

The number for sin2f is the average of [55] from CP violation in b — c¢¢s modes.
The angle v corresponds to the result of global CKM fits [26,59]. The standard model
parameters A%, my, Me, my and My, are the same as in [30]. Changes in these values have
been small in comparison with the relevant uncertainties. The quark masses are running

MS-masses.

The decay constants fi, can be determined from data on V — [T~ and 7 — Vv. We
use the values quoted in [37]. The transverse decay constants fir need to be computed
theoretically, for instance with QCD sum rules. The results we use for fif have been
compiled in [60]. The B — V form factors are from QCD sum rules on the light cone
[61]. These results do not yet incorporate some improvements in the treatment of SU(3)
breaking that has been achieved in the meantime (see comments in sec. 2.3 of [62]).
The uncertainties on the form factors in Table 2.3 are taken to be somewhat larger than
reported in [61]. The Gegenbauer coefficients a}fz are still rather uncertain. We adopt
numbers of the typical size found in QCD sum rule calculations [61,63] and allow for sizable
uncertainties. The range of numbers for the B-meson decay constants is representative of
results from recent unquenched lattice simulations (see sec. 2.4 in [62] for a review and
detailed references). The parameter Ap is not well known at present. We shall consider
here the generous range already used in [30]. No attempt is made to account for SU(3)
breaking in this quantity.
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Table 2.3: Input parameters for B — V.V, decays. Here B, stands for either
B~ or By. The values of the scale dependent quantities fif = fi(u) are given
for 4 = 1GeV. The scale dependence of oz}/;z is neglected.

Light vector mesons
V|| my/MeV | T'yv/MeV fv/MeV fir /MeV o) ay
p 776 149 209 165+ 9 0 0.1+0.3
w 783 8 187 151+9 0 0.1+£0.3
K* 894 51 218 185+ 10 0.1+£0.1] 0.1£0.3
[0} 1019 4 221 186 +9 0 0.1+0.3
B mesons
B mp/GeV T5/DS fB/MeV Ap/MeV
B~ 5.28 1.64 200 + 30 350 £ 150
By 5.28 1.53 200 £ 30 350 £ 150
B, 5.37 1.53 230 £+ 30 350 £ 150
Form factors
APT0) | AFTHO) | APTR(0) | AFTR(0) Ay (0)
0.30 +0.04 0.28 +0.05 0.37+0.05 0.36 £ 0.05 0.47 £ 0.06
SM parameters
AL MeV | my(my) /GeV | me(my)/GeV | my(m,)/GeV My /GeV
225 4.2 1.3+0.2 167 80.4
Vs |[Ver| Vv Ve| v sin 23
0.226 0.0416 0.09 £0.01 (67 £12)° 0.673 £ 0.023

2.4 Phenomenological analysis

2.4.1 B — ViV branching fractions

The branching fraction of a decay B — V; V5 is obtained from the corresponding ampli-
tude A as

B
16mmp

B(B — V1LV2L) =5 \A(B — VlLVzL)\z

(2.123)

Here S is a symmetry factor with S = 1/2 if V} and V; are identical and S = 1 otherwise.
Predictions of CP averaged branching ratios are compiled in Table 2.4] and Table

for strangeness-conserving and strangeness-changing B — Vi Vs, decays, respectively.

Absolute branching fractions have in general sizable uncertainties from hadronic input
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Table 2.4: CP-averaged branching fractions for B — V,V decays with AS =

0. The sensitivity to variations in the input parameters according to Table 2.3]

is displayed where the upper (lower) entry corresponds to the larger (smaller)
value of the parameter. The renormalization scale p is varied between 2my
and m;p/2. The model parameters X4 g(pan, dan) from power corrections
are varied within the range given by 0 < pq gy <1 and 0 < ¢4 g < 2m. Here
upper (lower) entries refer to positive (negative) ImX, 5. The appropriate
units for each mode are given in square brackets.

mode central Ay | | A | fe | n | Xa | Xy “2: v
B~ —pp® | 1T5[0° | 130 | 5 | 505 | T8 | oo | — | T | Tae | o
B™ —pw 155007 | T37 | o9 | 296 | Tos | Ton | zos | Dir | Tho | vor
B~ —p¢ | 60007 | T8 | 55 | vhs | s | e | — | 555 | Too | Tho
B KK | o] |08 g T o et g e e
YRR E AR EAE Ik IEIE IE
Bao p'w | 8000 | 53 | [ o [ [ 53 [ ot [
By —ww | 5001077 | %05 | T7 | 550 | Too | 500 | so | vas | ‘o | voa
By—p’¢ | 280107°) | T§7 | 15 | o5 [0 | Tve | — | us| Too | Tos
By —~w¢ | 24[07°) | F05 | S5 | v [ T05 [ 4va | — | 31| Too | Toi
Bi— pp” | 2580107 | a5 | £ | Tad | 505 | sor | Tis | w3 | 555 | 508
By — KK | 321077 | %08 | 769 | *0% | *00 | Sos | w50 | w04 | ‘00 | ‘o
YRR EE FIEA FAF A EA R E
B, K | 65007 |47 |5 [0 [ioh |t |sap | 4 |abs
B.— K% | 34[1077] | "y ;i-i 07 | 205 | 706 | ¥51 | vos | w00 | T
B K | n200] | s |38 S| ohe | a9 St e | ot |0
By — KK | 29[07°] | — | = | = | %08 | 55 | swo0 | = | Toi |03
Bi—¢¢ | 25107° | — | — | — |07 | G| Do | — | Foo | %04
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Table 2.5: CP-averaged branching fractions for B — V,V decays with AS =
1. The sensitivity to variations in the input parameters according to Table 2.3
is displayed where the upper (lower) entry corresponds to the larger (smaller)
value of the parameter. The renormalization scale p is varied between 2my
and m;/2. The model parameters X y(pa n, ¢a ) from power corrections
are varied within the range given by 0 < pg gy <1 and 0 < ¢4y < 2m. Here
upper (lower) entries refer to positive (negative) ImX, 5. The appropriate
units for each mode are given in square brackets.

mode central Ay | oY | & | Xg | fe | n | Xa | Xu | v
B~ — K*p° | 34[107° | %69 | 501 | w07 | To2 | son | vo1 | ta7 | to1 | “oi
B™ = Kw | LTI07 | %65 | So1 | soe | 03 | 2on | w00 | v24 | y0s | “od
B~ = K¢ | 41[107°] | 515 | o1 | 5o | Tv3 | 505 | 05 | 4vs | +10 | 00
B~ — K% | 33[107°] | Tro | 505 | sz | 0% | w05 | 103 | s65 | 504 | 500
Ba— K" | 5.001077] | T | 506 | %25 | Tos | Y03 | vois | vt | 105 | w0
By — K*w | 1A[07] | %08 | 505 | vos | To6 | 105 | <00 | +27 | 05 | T
By — K*¢ | 37107 | 15 | Sou | 58 | 707 | 505 | 204 | avs | C0s | <00
Ba— K*~p™ | 300107°] | %68 | 205 | So3 | Tos | vou | 203 | +s4 | won | T
B o | moo] [P - [ [RT - ag TR
B wo | 4400 [F | R e el [ R
By é¢ | 1550107 | 55 | — | 565 | 16 | w07 | 435 | v202 | 136 | 101
B KR | 5000 | |0 e s [0
By — KK | 62(107°] | 17 | 203 | 520 | Tvo | vou | v15 | 78 | Sor | T00
Y RV Ul e e e e A A
B |50 | = | = | = [ = [
TR T e e e I E A A A R
Bopw | 1507 | — | = | = | - [ uss ] - [0
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quantities, for instance from B — V, form factors. Taking ratios or other combinations of
suitable branching fractions can eliminate part of the uncertainties and lead to theoretically
cleaner observables. In spite of this it is still interesting to present the theory expectations
for the branching fractions, which can be directly confronted with experimental data. In
addition, we use Table 2.4l and to display in detail the sensitivity of the results on the
most important input parameters.

In Fig. we compare theory and experiment for B — V;V;, branching fractions, for

BR/10~6
.Leading power prediction
Theoretical prediction, no annihilation errors
25 . .As above, including annihilation errors
Experimental result
20 F
L]
L[]
15F
10+
51
° [ ]
° [ ] ]
o
o .l . . od hlh . . . . | J od
p+p7 popo P pO P w K*OK*O K*Opo K*7p+ K*fpo K*0p7 K*0¢ K*7¢ K*Ow K*_K*O

Figure 2.6: Comparison between theory predictions [dots (black), left bar (cyan), middle
bar (marine blue)] and experimental results [right bar (orange)] for By — ViV, modes,
for which measurements are available. The theoretical error bars display the hadronic
errors without [left (cyan)] and with [middle (marine blue)] the model-dependent error
estimate for annihilation topologies. The form-factor uncertainties are not included in the
error bars. The black dots are the central values of the theory predictions where all power
corrections have been omitted. From experiment only upper limits are known for the two
K*~p channels.

which measurements are available. For this comparison the form factors have been fixed
to their central values. In the present discussion we will assume that the Standard Model
is valid. Under this assumption the comparison with experimental data will serve as a test
of the theory of QCD interactions in hadronic weak decays. It should be kept in mind
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that possible deviations between predictions and measurements may in principle indicate
the existence of New Physics. In order to disentangle New Physics from QCD effects it is
important to consider observables with very little hadronic uncertainty. We will discuss
several examples for this in the following sections. For the moment we stay with the
discussion of the theoretically less clean absolute branching fractions for the purpose of
testing the method of QCD factorization, under the (provisional) assumption that physics
beyond the Standard Model is absent.

Fig. shows good agreement of theory and experiment within errors. An exception
is B~ — p~p, where a recent measurement of the branching ratio [64] is somewhat high
with respect to the expectation from theory.

In the other two p-meson channels, By — p*p~ and By — p°p°, theory and experiment
agree very well, as it has also been found in [38]. The p°p° channel is a colour-suppressed
mode and comes with large uncertainties. Hard spectator scattering plays an important
role and therefore the sensitivity to the poorly known parameter Ap is large. Still the
experimental result can be accounted for naturally with default values of the hadronic
parameters.

The penguin modes B; — K**K*0 and By — K*p° tend to have relatively small
predicted branching ratios, which however stretch into the range of measured values within
errors. The compatibility is better for By — K**K*? than for B; — K*°p°. At the same
time the latter mode is also seen to be very sensitive to the annihilation contributions.

It is interesting to note that the central values of the experimental and theoretical results
are particularly close for the penguin decays B~ — K**p~, By — K¢, B~ — K*~ ¢,
B — K*%. On the other hand, the dependence on weak annihilation is very strong. The
huge variations from these effects shown in Fig. R.6lsuggest that, at least for these channels,
the annihilation model used by us is likely to overestimate the related uncertainty.

Further branching ratio predictions and information on the various error sources for all
34 B — V; Vi, decays can be obtained from Tables 2.4] and 2.5

Our results include estimates of some effects that are suppressed by a factor of Agep/my.
These corrections are weak annihilation and the effects proportional to 7 (see eq. (Z.28).
Terms at this order are not calculable in QCD factorization. They have still been in-
cluded as model estimates in order to permit us to assess the sensitivity of factorization
predictions on potentially important power corrections. Weak annihilation is the most
prominent example. For the default choice of input parameters the impact of power cor-
rections on the predicted branching ratios is in general small. This can already be seen
from Fig. 2.6l where central results with all power corrections omitted are indicated by
the black dots. They differ very little from the central theory predictions that include such
effects. To make these statements more quantitative, we list the differences between the
central values for all AS = 0 branching ratios without and including power corrections,
BR(no power corr.)/BR(default) — 1, in the order of appearance in Table 2.4] in %:

—1, +2, =6, +6, +15, +7, =27, —6, —6, —5, —16, —12, —9, +6, +1, —100, —100
(2.124)
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The same information for the AS =1 decays of Table reads

+5, +5, +3, +7, +9, +12, +6, +7, +2, +0, -8, —17, —19, —100, —100, —100, —100
(2.125)
The deviation is —100% for the six pure annihilation decays, which have no leading-power
contribution. In all other cases the impact of the default power corrections is rather
moderate or indeed very small, notably for the dominant decay channels.

We finally comment on the impact of the long-distance electromagnetic penguin cor-
rection defined in (2.42)) and discussed in appendix This contribution affects only
decays with the emission of p'; w or ¢, where it enters through the coefficient a¥ +ay. The
long-distance effects are sizable, on the scale of this coefficient, for p° and w, but much
less in the case of ¢. Since the long-distance terms are of order @ = 1/129 their overall
contribution is in general very small. This is particularly true for the AS = 1 decays where
the up-quark sector is also CKM suppressed. For the AS = 0 transitions the absence of
the term in (2:42)) would change branching ratios at the level of a few percent at most and
below the size of most of the other uncertainties. The situation is similar for the direct
CP asymmetries in the AS = 0 modes with the exception of p=p°, p~¢, p’w, p’¢ and we,
where the impact is relatively large. However, in any case, the direct CP asymmetry is
very uncertain for p’w and it is very small for the remaining channels.

2.4.2 Direct CP violation in B — V;,V,

Direct CP asymmetries require the presence of a strong as well as a weak phase difference
between two interfering amplitudes. In the heavy-quark limit this phase difference arises
at order ay. It is therefore parametrically suppressed and at the same time sensitive to
uncalculable power corrections. This makes it difficult to obtain accurate predictions for
direct CP violation. At present the most precisely measured direct CP asymmetry in
B decays is Acp(B — Ktn~) = —0.097 £ 0.012 [55]. The corresponding strong phase
difference is small (~ 15°) [65], but has a sign opposite to the O(ay) result in the heavy-
quark limit. This may indicate the importance of Agep/my corrections.

In Tables and [2.7] we show estimates of direct CP asymmetries for the decays under
discussion.

The values have large uncertainties, as anticipated. Most of the asymmetries are small
or moderate, but there can be exceptions. Large asymmetries may occur when the in-
terfering amplitudes have comparable magnitude and a substantial strong relative phase.
Examples are the AS = 0 decays with a colour suppressed tree contribution (~ as), as
Bq = p°0°, ww or By — K*°p°, K*%w. Despite the a, factor the strong phase difference
can here be naturally more sizeable. Generically, a decay amplitude of the form

A(B — M Ms) ~ e — pe'® (2.126)
with p, ¢, v real, leads to the direct CP asymmetry

B 2psin ¢ siny
14 p? —2pcos cosy

Acp (2.127)



34 2. Exclusive Mesonic B-Decays

Table 2.6: CP asymmetries for B — V.V, decays with AS = 0, defined as
Acp = (B(B — f) — B(B — [))/(B(B — f)+ B(B — f)). The sensitiv-
ity to variations in the input parameters according to Table 2.3 is displayed
where the upper (lower) entry corresponds to the larger (smaller) value of the
parameter. The renormalization scale yu is varied between 2my, and m; /2. The
model parameters X g(pa m, ¢an) from power corrections are varied within
the range given by 0 < pa gy <1 and 0 < ¢4 g < 27m. The appropriate units
for each mode are given in square brackets. We refrain from quoting estimates
of CP asymmetries for pure annihilation modes.

mode central me | ay | A | fe | u Xa | Xy ‘é‘;’ y
B —pp” | =26[1074 | Y07 | *05 | 03| 100 | woe | — | F37 | Y03 | 103
B™—=pw | —93[107% | *35 | T10 | Jos | To3 | Tao | Tas | D31 | N0 | 1
B-—=p ¢ | —120007° | 700 | D03 | w0z | Ton | mn | - | Bod | o1 | o
B~ = K~ K* | =1.0107"] | To9 | Jo0 | To% | D01 | Toz | 39 | Tou | To1 | oo
Ba— p°° | +5.3[107"] | 107 | 5% | 558 | Jos | sor | Tss | D58 | 106 | yob
By — pPw | +7.8[107%) | [irg | 5% | 559 | T6T | Do | Tlors | T10a | o6 | die
Bg—ww | —45[1071 | *07 | Foh | ot | os | for | oY | F3E | f0d | L0k
Ba—p% | 120107 | 1o | o3 | Gos | To1 | T | — | T | So1 | fou
Ba—we | =12[107°) | Too | Y63 | So3 | To1 | 11| — | fod | Fo1 | fou
By— ptpm | =3.7[107% | T35 | F00 | Yoo | yo0 | Toi | Ti0F | 05 | Toid | 1os
By — K*K* | —15[107 | 106 | 703 | 209 | 500 | 703 | 95 | 201 | 05 | 0o
By — K% | +43[107 | 704 | 734 | D21 | 105 | vos | Tas | T332 | jos | Tos
By — K% | =5.2[107"] | 207 | *39 | (5 | 00| o8 | f%E | 87 | 08 | 406
By — K% | —20[107"] | 705 | 705 | 705 | o1 | o5 | TEE | 0% | 103 | Tod
By — K*p~ | =3.9[107%] | 715 | 700 | 03 | So0 | o4 | Tias | 03 | T0a | 1os

For siny ~ 0.92, a value p = O(1) and a substantial phase ¢ give a large asymmetry. In
the case of By — p%p? the central values p = 0.36, ¢ = 49° give Acp = 53%.

2.4.3 Sensitivity to w-¢ mixing

In the other sections of this paper the vector mesons ¢ and w are always implemented as
pure s5 and (u@ + dd)/+/2-states, respectively. Here we investigate the sensitivity of our
results to the deviation from this case of ideal mixing. We assume that other effects with
Zweig-rule suppression are negligibly small. We neglect, for example, Zweig-rule forbidden
matrix elements of the type (4(s3)|(ab)y_a|B7).
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Table 2.7: CP asymmetries for B — V,V, decays with AS = 1 (see caption
of Table [2.6] for details).

mode central me | of | oY | Ap | u X4 | Xy ‘V}ZZ’ v
B~ — K*=p° | 290107 | 0% | 501 | fon | 5os | o5 | Foo | T | 03 | So0s
B~ — K*w | 49107 | oo | Jo0 | Ty v ] s | 50 | 03 | Go0n
B~ = K*¢ | 54[107% | *36 | T01| 500 | so0s | 707 | Tloosa | “o8 | To6 | Yos
B~ —= K®p~ | 60107 | 32 | 7| F0R | doa | o | Pooso | Fon | 07 | To7
By — K*°p° | 371071 | *05 | 505 | 289 [ Ve | o0 | Ty | Tis | G0 | 503
By — K*% | 21[107"] | 07 | 703 | T8 | 10 | sos | T | Fin | T3 | Tos
By— K¢ | 1101077 | 05 | 700 | T05 | jos | 703 | Foia | D07 | o1 | Toi
Bg— K*p™ | 331071 | 07 | 05| 08| 0t | 0| e | fon | 03 | soe
By — o' 3011071 | 00 | — | 05| q03 | sos | — | Te | o3 | oY
B, — wo 9.0007" | Ae:®85 | — | Sos | 80 | 59 - | Tigo | o4 | 300
By — ¢¢ 9.7(107% | *3d | — [ *Re|ave |y | fex® | IS | i | TN
By = K*PK* | 26107 | oo | G0 | 03 200 | To3 | foo | fou | f03 | sou
By = KK* | 87[107% | *5¢ | 09 | 719 | toe | sen | Tt | fos | Tio | U0

Mixing can be introduced by the following parametrization:

i+ dd
$(1020) =s5 cos§ + % sin 6 (2.128)
ui + dd

w(782) :T cosf — s§sin 6. (2.129)

The ideal mixing angle in this parametrization is § = 0. According to sum-rules quadratic
in meson masses [57], the mixing angle can be estimated to be § = 3.4°. The results of
varying the mixing angle up to # = 6.8° are shown in Table 2.8 For most branching
fractions the effect of a nonvanishing mixing angle § ~ 3.4° is very small, in particular
for the important modes B~ — p~w, B~ — K*~ <b, By — ¢¢. On the other hand, the
modes By — p’¢, By — wp, By — wp, By — pw have a significant dependence on
deviations from ideal mixing. The largest effect is observed for B~ — p~¢. In this case
B~ — p~w feeds into the former channel through mixing with a more than three orders
of magnitude higher branching ratio compared to B~ — p~¢(sS), which overcompensates
the small mixing angle:

B(B™ = p~@)mix ~sin’0 B(B~ — p~w) (2.130)
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Table 2.8: Dependence of B — V,Vp branching fractions on w-¢ mixing. The
variation of the branching fractions is given for two values of the mixing angle
6. The upper (lower) value corresponds to ¢ = 6.8° (§ = 3.4°).

mode default value | deviation mode default value | deviation
B~ —pw | 15.5[1079 —0.2 B — K*w| 1.7[107 0
B~ = p ¢ | 6.0[107 Tos | BT = K¢ | 4101077 o2
By — pw 8.0[107%] o By — K*w 1.4[107°] o0
By — ww 5.0[1077] s By — K% 3.7[107°] igﬁg
By— %6 | 2.8[1079] 19 By — ¢ | 5.9[1077] 00
By —wo | 2.4[1079 F10.0 By — wo 4.4[107F] oy
B, » K | 6.5[1077] 0 B, — ¢¢ | 15.5[107° 0.0
By — K% | 3.4[1077] o B, — ww 3.2[107%] iy
Bi— 0o | 2.5[107 ~04 By — p'w 1.5(1077] Ta5

A recent discussion of hadronic B decays, mostly with charm in the final state, for which
w-¢ mixing has a large impact can be found in [66]. Their estimate of B~ — p~¢ is
compatible with ours.

2.4.4 Unitarity triangle from CP violation in B; — p}fpz
Determination of p, 17, v and «

The time dependent CP asymmetry in By — pf p; is given by

D(Ba(t) = prpr) —T(Balt) = pron) o . _
Acp,(t) = D(By(t) — pyp;) + D(By(t) — pipr) S sin(Bmat) =€ COS(Am([;ti?)l)

The parameters S, and C, have been measured to be
S, =—0.05£0.17 C,=-0.06+0.13 (2.132)

as quoted by [55], based on results of BaBar [67] and Belle [68]. Together with the ex-
perimentally well determined quantity sin 23 from CP violation in B — K" decays, the
parameter S, can be used to fix the CKM unitarity triangle. The value of sin2§3 from
Table 2.3 implies 8 = (21.1 £ 0.9)° or

7= cot 8 =2.58%0.12 (2.133)

In terms of the improved Wolfenstein parameters p and 77 [40] the unitarity triangle is then

determined by
p=1—17 (2.134)
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(1+75,)(1 +1r,cos¢,)

_ 1
(TEIE

—\/(1 — S2)(1 41,08 0,)2 — S,(1 + 72)(S, + sin 28)r2sin? ¢, | (2.135)

These formulas have been derived in [43,[69] for B — w7 ~, but they apply to the case of
B — pip; as well. The parameters r, and ¢, are hadronic quantities. They are defined
here through

a§ + a§y + 1 (bs + 20y — 305V + L0EW)

Y= 2.136
r,e .
p ay + af + afy + 1% (b1+53+254_%bgw+%bEW) ( )
where all coefficients a;, b; refer to the pzr p; final state and
B
T 1NN T (2.137)

Ay mBATTP(0)

The real quantities r, and ¢, are the magnitude and phase of the penguin-to-tree amplitude
ratio in B — p}p;. They are independent of CKM parameters. Numerically we find

rp = 0.038 £0.005 (11, a%)  TG035 (pas Pa) (2.138)
¢p = 0.23+0.09 (me, o) 575 (pa, Pa) (2.139)
7,08, = 0.037 4 0.005 (11, ab) 0058 (pa, da) (2.140)

The first error is from the uncertainties in the input parameters Ay, af, fpl, AB, fB, Me
and a variation of the renormalization scale p between my/2 and 2m; around its default
value 1 = my. The dominant sources of uncertainty are indicated in brackets. The second
error reflects the sensitivity to the parameters pa, ¢4, pg and ¢y used to model power
corrections from weak annihilation (A) and in the spectator scattering amplitude (H). We
have used 0 < pa g < 1,0 < ¢pa g < 2m. The second error is entirely determined by weak
annihilation.

The phase ¢, is parametrically suppressed since it arises only at order o, or Agep/me.
Its precise value is rather uncertain, in particular due to the model dependence of power
corrections, which may compete numerically with the calculable O(ay) term. Fortunately
the dependence of 7 in (2.135]) on ¢, is very weak [43/69]. In addition, 7, is a small
parameter, even smaller than the corresponding quantity r, in By — 7#77~. The smaller
size of the penguin contribution in the case of vector mesons as compared to pseudoscalars
has been pointed out before in the context of QCD factorization [37,[70]. The formulation
in (ZI30) makes it particularly transparent to analyze the impact of a small penguin
correction on the determination of the unitarity triangle. To linear order in r,, eq. (2.135)
implies the simple relation

1475, - /1= 52
n = (1+7)S, (1+17,cos¢,) (2.141)
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In this approximation 77 and p depend only on the real part of the penguin-to-tree ratio. As
can be seen from (ZI30), second order corrections in r, are further suppressed by sin? ®p-
With 7 and p also the CKM angles v and o can be computed:

~ = arctan 7 - a=1—p—7 (2.142)
1—7n

It is instructive to write down the expressions for small values of S,, which are suggested
by the data in (2.132]). To first order in both S, and r, we find

S
v = arctan T + ?p + 71,080, (2.143)
S
o= g—;p—ﬂ“pcosgbp (2.144)

For S, = 0 and in the absence of a penguin contribution one has v = 90° and v =

(68.5 £ 1.0)°. Non-zero values of the observable S, and the theoretical quantity r,cos ¢,

then compete in shifting v and o away from these lowest-order approximations.
Evaluation of the exact formulas (2.I35) and (2.142) gives

ij = 0.346 4 0.013 (7) £ 0.012(S,) % 0.008 (r, cos ¢,) (2.145)

v =728 +£1.2°(7) £5.1°(5,) +3.2° (r,cos ¢,) (2.146)

Nearly identical results are obtained for 7 when the first order expression ([Z143)) is em-
ployed. The approximations (2.143) and (2144) work to very good accuracy in the relevant
range of S, and r,. This greatly facilitates the determination of v and « and the analysis
of errors, which can simply be read off from (2.143) and (2.144]).

The calculation of v in [38] using the longitudinal part of the time dependent CP-
asymmetry in the p*p~-system and [ as input yields a similar result for the hadronic error
of +3°.

The determination of « in (2.140) is considerably more precise at present than mea-
surements using B — DK tree-level decays. Belle has found [71]

v = (78.4719%(stat) & 3.6(sys) £ 8.9(model))° (2.147)

and a recent analysis from BaBar [72] gives, among other intervals for v, at 68% confidence
level
80.9° < v < 99.1° (2.148)

Up to 20 both results are compatible with (2.146).

Bounds on UT parameters

Useful information on the angle v can also be obtained in the form of a lower bound,
which is even less sensitive to theory input than the result in (2.146). It relies only on the
conservative condition that r cos ¢ > 0, which holds in the heavy-quark limit. This bound
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has been derived in [43,[69]. Further discussions may also be found in [73],[74]. The bound
is valid as long as S > —sin 23 and reads

>z—arctanS_T(1_ 1_52)
773 S+l VI—o

The constraint (2Z149) can be evaluated using CP violation in B — 77~ (S = S;) or in
B — pfp; (S =S5,). The derivation of (2149) is identical for both cases. In fact, since
the (positive) penguin correction 7, cos ¢, is smaller than 7, cos ¢, the bound is expected
to be more stringent using S, instead of S;. This expectation is indeed bourne out by
the experimental result S, > S; = —0.61 £ 0.08 (see sec. 2.4.7)), which implies that S,
gives the better constraint. Qualitatively, these features can also be understood from the

approximate relation (2.143).
To linear order in S the bound (2.I49) becomes

(2.149)

v > arctan T + g (2.150)

in agreement with (2.143).
Using S = S, = —0.05 (central), —0.22 (1o), —0.39 (20), we obtain from (ZI49),
respectively
v>67°, 62°, 57° (2.151)

The linear approximation (2.I50) gives practically identical results. We remark that the
relevant values of S, fulfill the condition S, > —sin2f3, under which the bound can be
applied.

The penguin correction is expected to shift the numbers in (ZI51]) by approximately
+6° to yield the actual value of v. The bound is therefore quite stringent. Within a
Standard Model interpretation it eliminates already a sizable fraction of the allowed range
from the direct measurements in (Z.I47) and (2.I4]).

Bounds similar to the one for v can also be derived for 7 and p [43,169]. The lower
bound for 7 is given by the right-hand side of (2.I41]) with r, put to zero, the upper bound
on p then follows from p = 1 — 777. With the same input for S, as in ([2ZI51]) we find

7>0338, 0326, 0314 (2.152)

and
p<0.143, 0.172, 0.203 (2.153)

Precision determination of |V,;| from sin23 and S,

The preceding analysis has a further interesting application regarding the determination
of |Vi| from sin2f3 and S,. The value of |V,;| determined in this way may be affected
by New Physics entering CP violation in By — ¢ Kg and By — pfp;. The presence
of non-standard contributions can be revealed by comparing the extracted value of |V|
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with the result for |V,;| from an independent method. An important example is the direct
determination of |V,;| from semileptonic, exclusive or inclusive, b — wulv decays, which
are most likely independent of physics beyond the Standard Model. It is clear that the
usefulness of such a New Physics test will depend on how precisely |V, can be determined.
We will show that sin28 and S, offer a particularly clean and accurate determination of
|Vib]-

The magnitude of |V,,| is proportional to R, = y/p? + 772. Using the exact formulas in
(2134) and (2.135), we expand R} in S, and r,. This is motivated by the smallness of the
theoretical parameter r, and the empirical observation that also S, is small, as we have
discussed in section 2.4.4l Treating S, and 7, as small quantities of the same order we find

1
Rb =V ﬁz + 7—]2 = ﬁ (2154)
1

S 2 S
L+ 2 <?p + 7T COS ¢P) - % (f + 77, COS ¢p) (Spcos ¢, + 277, sin” @)

where we have neglected terms of the fourth order. Through terms of third order in S,
and r, (S5, S2r,, Spyr2, r3) eq. (2.I54) is exact.

The basic features of (2.I54]) are easy to understand from the geometry of the unitarity
triangle. If S, = r, = 0 then a = 7/2. In this case R, = sinf = 1/v/1+ 72, which
gives the leading term in (2.I54). Because sin f§ is the minimum value that R}, can take for
fixed 8, first order corrections in r, and S, are absent and the second-order term is strictly
positive. The protection of (2.154) from first-order corrections in S, and r, is the basis for
a precise determination of V.

The quantity S,/2+7r, cos ¢, appeared already in (2.143)), (2.144]). For S, < 0 thereis a
further cancellation in this term with the penguin shift 71, cos ¢,. Taking S, = —0.05+0.17
2132), 7 = 2.58 +0.12 (2.133) and the conservative range r, cos ¢, = 0.04 4 0.03 we have

S

7’3 + 71, cos ¢, = 0.078 £ 0.115 (2.155)

The range of r,cos ¢, covers the result obtained from the QCD analysis in sec. 2.4.4l As

we will show in sec. [Z.4.6] r, cos ¢, can also be determined by independent experimental

information on the penguin mode By — K;°K3;", which confirms the values employed here.
Through second order in S, and r, the correction factor relative to the lowest-order

result in (2154)) reads, using (ZI55),

1/8 2
1+ 5 (?p + 77, cos ¢p> = 1.003"5003 (2.156)
We remark that the lower limit of 1 for this factor is an absolute bound. The third-order

term in (2.I54)) is less than about 0.2r,5,/2 < 0.2-0.04 - 0.1 < 0.001 and thus completely
negligible.
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Using sin 8 = 0.361 £ 0.015 from Table we obtain

1/S ?
Ry =sinf |1+ 2 (5” + 77, Cos ¢,,) ] = 0.362 £ 0.01679:90° (2.157)
From [57] we have
A = |Vis| = 0.226 + 0.002 V.| = 0.0416 + 0.0006 (2.158)

This implies

Ve Ve A _
V| = ‘ﬁdd Ry = = Ry V| = (3.497075(Ry) £0.05(Vy) £ 0.03(Vye)) - 1073
u -7
(2.159)
The uncertainty is dominated by the error in 3 ((40.14) - 1073), followed by the error in

the correction from S,, 7, ((X5:03) - 107%) and the error in V. Adding errors in quadrature

the final result reads
|Vip| = (3.49 £0.16) - 1072 (2.160)

It corresponds to a ratio |Vy,/Vie| = 0.084 £0.004, in agreement with Table 2.3l The value
in (2.160) should be compared with the direct measurements of |V,;| in b — wulv transitions.
An analysis of inclusive decays at NNLO is given in [75]

Vi =(4.30 & 0.2470:2640-28) . 103 E;>20 GeV BABAR (2.161)
V| =(3.96 £ 0.197055102%) . 1072 My < 1.55 GeV  BABAR (2.162)
Vi =(3.84 4 0.33702110-20) . 1073 P, < 0.66GeV BELLE (2.163)

The exclusive determination from B — 7lv decays has been investigated in [76] with the
result
|Vip| = (3.50 £0.24) - 1072 (2.164)

Related discussions, in the context of QCD sum rules, can be found for instance in [77]
and [78]. Using an average of data from lattice QCD, [79] quotes for the determination
from exclusive decays

V| = (3.54 £ 0.40) - 1073 (2.165)

The results for exclusive determinations (2.160), (2.164) and (2.165) are in very good
agreement with each other, the inclusive determination (ZI6I], 2.162] 2.163]) agrees within
20. They provide us with a test of Standard Model CP violation in B — ¥ Kg and
B — ptp~ (2160) against the |V,;| determination from tree-level, semileptonic b — ulv

decays (2161 2162, 2163)), (2.164) and (ZI65).

Numbers for |V,;| very similar to (2.160) have been obtained from global fits of the
unitarity triangle performed by the CKMfitter [26] and UTfit [59] collaborations, which
quote

Vo] = (3.53791%).107%  (CKMfitter) (2.166)
Vip| = (3.64£0.11)-107%  (UTHit) (2.167)
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While such global fit results summarize our current overall knowledge of quark-mixing
parameters, they do not exhibit explicitly the individual pieces of information that deter-
mine this knowledge. We emphasize here that the precise result in (2.160) can be obtained
from sin28 and S, alone, with only very moderate requirements on the accuracy of the
penguin contribution ~ r, from theory. The representation proposed in (2.I57) makes this
statement particularly transparent.

The result in (2.160) is currently the most precise determination of |V,,|. Since the
error is dominated by the uncertainty in sin 3, an even higher precision will be achieved by
a more accurate measurement of sin 3 as it is expected at the upcoming LHC experiments.
For instance, with a determination of sin 8 to 1%, the error in (2I60) would shrink to
+0.08 - 1073, corresponding to a precision of 2% for |Vy|.

Constraint on New Physics phase in B; — B, mixing

The preceding analyses rely on the assumption of a Standard Model phase in By — By
mixing. We would like to examine the effect of a small New Physics phase entering only
in By — Bg-meson mixing [80,81]. In this scenario the New Physics phase shall not violate
unitarity of the Standard Model CKM matrix. The modified mixing phase £+ €2, with the
New Physics contribution (2, enters the analysis in the determination of 7 = cot(f + Q)
from By — J/¢K, and through mixing-induced CP violation in B; — pTp~. The relation
(Z.I34) for p depends now on Q:

(1 —=77) — (T +7)tan
1—7tan(

p= (2.168)

The measurement of S, determines 7 up to the mixing phase 2. The new relation for 7
reads

[T +78,)cosQ+ (S, + 7)sin Q] (1 4 7, cos ¢, )(cos 2 — 7sin Q) B
T (1+72) (S, +sin(2Q)) (2.169)

{(1- Sf)) (1+ ri +2r,co8¢,) (cosQ — 7sinQ)*  (2.170)

| cos 2 — 7sin Q|
(1+72) (S, +sin(2Q))
—r>sin® ¢, [(1+785,) cos Q + (S, + 7) sin Q]2}1/2 (2.171)

Analogously to ([2.I41]) we expand ([2.169) in 7, and S,:

s,
~ 7(1—rtanQ) (1—7‘tanQ)(Trpcos¢p+7”(1—7tan§2)> o2 52
n= 14 72 + 14 72 + O 755, 5,)
(2.172)

We note that 2 enters the leading term in the expansion with an enhancement of 7 &~ 2.6.
The first order term is suppressed relative to the leading order term by a factor of ~ 0.1.
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For Ry, we find the following expression:

1
4(124+1)|sin(2Q) + 5|
[(1+7,cos $p)° (S,(TcosQ +sin Q) + 7sin Q + cos(1)) 2
— ((7'2 + 1) S, + 27') (27",) cos ¢, + ri + 1) (S, + Sin(2Q))]1/2
+ (14 7r,cos¢,)
[—477sin Q (S, cos Q + sin Q) + 475, cos(2Q) +4 cos Q (S, sin Q2 + cos Q)]] 2
1
- (cos ) — 78in 2)? (
[ri (S, (S, (2cos (2¢,) (1 cos(2) + sin Q) + (7% — 1) cos(2€Q2) — 377
+275in(2Q) — 3) — 4sin® ¢, ((7° + 1) sin(2Q) + 27))
+2cos (2¢,) (Tsin Q + cos Q) — (72 — 1) cos(2€2) + 72 — 67 sin(2Q2) + 1)
—8r, (57 — 1) cos ¢,(cos Q2 — Tsin 2)* — 4 (57 — 1) (cos Q — 7sin Q)?] 2
+2r,cos ¢, (72 — 1) sin(292) — 27 cos(2€2))
(S,(Tcos Q +sinQ) + 7sin Q + cos Q) + 45,(cos Q — 7sin Q)*

—4(7 cos Q — sin Q) (cos Q — 7sin Q)?) 2}1/2 (2.173)

Ry = {[—4] cos Q — 7sin Q|

2(7 cos Q2 + sin )| cos Q — 7sin |

In the expanded form one can see, that R} is not in a minimum:

|1 — 7 tan Q| TT, COS ¢ S
R, = Y 1 —tan§) m + 7” +O(r2,1,5,,52) (2.174)

Again we have an enhancement of the dependence on €2 by 7. For Ry the error from S,
and 7, cos ¢, is much less important than the error from 7 (ZI33)), in contrast to the case
of n (2.143]).

Relating R, to |Vip| as in (ZI59), taking Vi, S,, 7 from experiment and r,, ¢, from
QCD factorization, the angle € can be extracted. This is visualised in figure 2.7 In general
the solution is not unique. Here we assume that the new phase (2 is small, neglecting
discrete ambiguities. Such ambiguities may be eliminated with additional measurements.
In particular, a second solution with large {2 would imply a negative sign of cos(2(5 + 2)),
which is disfavoured by experiment [82]. A more general discussion on the New Physics
aspects of this analysis can be found in [8T].

If one disregards solutions with || > arctan (1/7) ~ 21° and uses the exclusive deter-
mination (2I67) of |V|, then © can be determined with an accuracy of few degrees:

Q= (—0.28.05(7) £03(S,) 201 (rp) 103 (Viy) 233 (Viw))” (2.175)

One may note the very small impact of S, = —0.05£0.17 and r, = 0.0440.03. Combining
the errors in (2I75) in quadrature one finds 2 = (—0.28 £ 2.7)°.
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Figure 2.7: Extraction of new physics phase ) from independent determination of V.
The circular band is the 1o error band of V,;. Ry is determined by 3, the measurement of
S, and the hadronic parameters r, and ¢, from QCD factorization. The comparison with
T = cot(f + Q) constrains (.

2.4.5 Extracting r, from B~ — K'zopz

The precision of CKM angles extracted from CP violation in B — pfp; is ultimately
limited by our knowledge of the penguin parameters r, and, to a lesser extent, ¢,. Since r,
is small, a very moderate accuracy in this quantity is sufficient to obtain a small theoretical
error for CKM parameters. In [83] it has been proposed to constrain the penguin parameter
r, using the penguin dominated decay B~ — K;%p;. We will discuss this method in the
context of our analysis, comment on the benefits and limitations, present an updated
numerical evaluation, and compare with the theory results of sec. 2.4.4

The main idea of [83] is to determine the penguin amplitude from the pure-penguin
process B~ — K;%p; through

78, G | A2

B(B™ = Ki’pr) = o

|ac(pK™)[? (2.176)
Here we defined a,(pK*) = a,(B~ — K;°p;) as the coefficient of (iGr/v/2)), in the
amplitude for B~ — K%, eqs. ([210) and (ZI09). They correspond to the charm-
and up-quark penguin amplitudes for this process. Since a,(pK*) and a.(pK*) are of
comparable size, and the up-quark amplitude is strongly CKM suppressed, the charm
penguin completely dominates the branching ratio (ZI76]). The penguin amplitude a.(pK™*)
can be related to the (similarly normalized) penguin amplitude a.(p) in By — p*p~ by
introducing the factor
ac(pK”)
ac(p)
To lowest order (in a5 and A/my) this factor would be given by k = fj/f, = 1.04. Including
QCD corrections this value is reduced to |k| = 1.01, and further to |k| = 0.97 by the effects
of electroweak penguins. The estimate in (ZI77) includes also the weak annihilation terms
with default model parameters. Annihilation contributions are thus seen to be potentially

~ 0.84 (2.177)

k] =
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important. These observations agree with the discussion in [83]. In that paper the ratio
of the penguin amplitudes in B~ — K}%p, and B; — pTp~ has been parametrized in
terms of a factor F', which is related to s through |x| = V/F fx-/ fp- In [83] a rather wide
range for F'is assumed, 0.3 < F' < 1.5. We will use the same range, which corresponds to
|k| = 0.93 +0.36.
For a given value of || the penguin parameters r,, ¢, are then constrained by the ratio
B(B~ — K;%7) T, 2
B (B - p—lL—pZ> TBy4

Ves
Ve

5?12

2.178
P+ +ri42pr,cos 0, ( )

where CP averaged rates are understood. Using 7 = cot 3, S,, C, and the ratio of branching
fractions in (2IT8) as experimental inputs, the four quantities p, 7, 7, and ¢, can be
determined as functions of |x|. A discrete ambiguity in the sign of cos ¢, can be resolved
using the heavy-quark limit. The suppression of ¢, in this limit singles out the solution
with cos¢, > 0. A similar use of the qualitative result cos ¢, > 0 from factorization has
been made in [43,[69]. Further details on the extraction of p, 1, 7,, ¢, are discussed in
in the context of a similar analysis. The results for the present method are collected
in Table 290 Combining and symmetrizing errors we obtain from Table

Table 2.9: CKM and penguin parameters extracted from 7 = cot § = 2.58 &
0.12, S, = —0.05+£0.17, C, = —0.06£0.13 and b = B(B~ — K{°p7)/B(B —
pipr) = 0.186 & 0.049. The penguin correction factor is taken to be |r| =

0.93 = 0.36.
central T S, C, b |k

— 0.107 | ~0:009 [ =0.030 | ~0.002 | ~0.005 | +0.010

P : 4+0.011 | +0.030 | 4+0.023 | +0.005 | —0.023

— —0.012 | +0.012 | +0.00L | +0.002 | —0.004

n 0.346 | 70013 | ~0.012 | —0.011 | —0.002 | +0.009

+0.9 +5.0 0.3 0.8 )

y[deg] 72.8 ~1.0 —5.1 —4.7 —0.9 +3.9

- 0.039 | —0-002 [ —0.000 | +0.000 [ +0.005 [ —0.011

P . 4+0.002 | +0.000 | —0.001 | —0.006 | +0.026

¢ — 0392 | 000 [ 001 [ 4069 | +0.04 [ -0.13

o . —0.00 | —001 | —-115 | —0.05 | +0.13
v=(72.84+6.9)° a=m—0F—v=(86.1£6.9)° (2.179)

where S, is the largest source of uncertainty. The results agree very well with those in
(Z146). Eq. (ZI79) is an update of the results quoted in [83]. We have checked that we
obtain the numbers given in that paper if we use the same input.

A disadvantage of the method just described is that the charm-penguin amplitudes in
B~ — K% and in By — pfp; are not related in full QCD by SU(3) flavour symmetry
alone. The SU(3) argument relating a.(pK™*) and a.(p) strictly holds only to leading order
in the heavy-quark limit. At the level of power corrections from weak annihilation these
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penguin amplitudes are not related by SU(3). This can be seen from egs. (298) and
(Z109), which show that the QCD annihilation penguins are determined by the coefficient
bs for a.(pK*), but by b3+2b4 instead for a.(p). This difference has been discussed in [83]. In
order to account for the corresponding SU(3) breaking, a rather generous correction factor
x (2I77) has been allowed for. While this is certainly a valid procedure, it is somewhat
against the spirit of using experimental data to constrain the penguin in By — p}p}.
An unexpectedly large penguin annihilation effect in this channel, beyond the available
model estimates, would not necessarily be indicated by the B~ — K;%p, rate, not even
in the SU(3) limit. In this respect, the method of [83] amounts to the standard analysis
of CP violation in By — pf p; with input on r, from factorization calculations, which are
validated by comparing similar theory results on the penguin mode B~ — K;°p, with
data. Indeed, QCD factorization works very well for B~ — K;%p; with little room for
sizable power corrections. Correspondingly, the values for r, and the angle v determined
in Table are very close to the values found in the factorization analysis, eqs. (2.138)
and (2.I140). Nevertheless, an independent control of penguin annihilation corrections in
By — p}p;, which is not guaranteed by B~ — K};%p,, would be very desirable. A variant
of the method in [83] that can provide this control will be discussed in the following section.

2.4.6 Extracting r, from B; — K;°K3°

In this section we propose a method to constrain the penguin parameter 7, in By — pf p;
([2.136) using SU(3) flavour symmetry and data on the penguin decay By — K;°K;°. This
approach shares the basic idea with the method discussed in section An important
difference is that now, unlike the case of section 2.47] the penguin process exhibits an
exact SU(3) relation to the penguin amplitude of B; — pjp;. Because this relation
extends beyond the heavy-quark limit, the method offers an independent control of all
power corrections, in particular those from weak annihilation topologies. We show that
a precise determination of the unitarity triangle is possible, already with present data on
By — K;°K3°. Since the penguin decay By — K;°K3;% is a AS = 0 transition, the up-
quark sector of the amplitude does not have the same CKM suppression as for the AS =1
process B~ — K;%p,. We will find that it is still sufficiently well constrained.

The SU(3) relation between the relevant penguin amplitudes can be demonstrated
as follows. The penguin contribution for By — pfp; is given by the component of the

amplitude proportional to A\, = V;V5. The corresponding part of the effective Hamiltonian
(21) has the form

G
Haopp.e = 7; ((71 Q5+ C2Q5+ > CiQi+ C, Qgg) +hee. (2.180)

1=3,...,6

where we have neglected higher-order electroweak effects. The operators @); are defined in
(22). The Hamiltonian in (2.I80) gives rise to the QCD penguin amplitude in the charm
sector of both By — pfp; and By — K;°K3;°. To prove the symmetry relation we note
that all operators entering (ZI80)) are invariant under SU(2) rotations of the doublet (u, s)
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of quark flavours, the V-spin subgroup of flavour SU(3). The initial state, a By meson in
both cases, is likewise a V-spin singlet. The final states p™p~ and K*°K*° are transformed
into each other by interchanging u and s quarks, which represents a particular V-spin
rotation. In the V-spin symmetry limit, therefore, the relation

(K7°K;°Hacop.o|Ba) = {(pf pr Hacop.o| Ba) (2.181)

holds as an identity in QCD. As a consequence, the QCD penguin amplitudes proportional
to Ao in By — pj p; and By — K;°K;9 have the same form, including the weak annihilation
contributions. This can be seen from (2.61]), (2.62) and (2.98), (2.99).

In practice V-spin is broken because the masses of up and strange quarks are not the
same. This source of V-spin breaking can be expected to be of the typical size of flavour
SU(3) breaking effects, roughly 20-30%. It is possible to estimate the required correction
to the V-spin limit using factorization. We will give a more quantitative treatment below.
Electroweak effects also violate V-spin symmetry. They are similar to isospin breaking and
likely to be much smaller than the SU(3)-breaking effects due to the strange-quark mass.
For example, the relative importance of (standard) electroweak penguins is governed by
the ratio a§,/a$ ~ 0.03. This is safely negligible in comparison with the dominant V-spin
breaking effects. Contributions from electroweak penguin annihilation are very small and
can also be neglected.

We next turn to the phenomenological implications of the flavour symmetry relation
(2I8T). Denoting by a,(K*) = a,(Bs — K;°K;°) the coefficient of (iGr/v/2)), in the
amplitude for By — Ki°K30, eqs. ([Z62) and ([299), the CP averaged branching fraction
may be written as

2 2
BB = RiPKi) = 0 | oo (1) 2, Real () A(K) + £GP
(2.182)
A(K") = ag(K*) — a(K*) (2.183)

where the functions f; depend only on CKM parameters. Expressed in terms of 7 = cot 8

from (2.133) and

o = coty (2.184)
they read
folo,7) = (ii:; = Rt'; (2.185)
filo, 1) = ((07_1_7; = R‘e;jp - (2.186)
folo,7) = (i_:‘:; - Mz (2.187)

In the region of interest for a Standard Model test,
o = 0.447 £ 0.253, T=258+£0.12 (2.188)
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there is a clear hierarchy among the CKM factors
fo=083670150,  fi/fo=0.0204£0.085,  fof fo = 01577050 (2.189)

implying |f1| < fo and fy < fy. The second inequality is a consequence of the fact
that numerically |V,;,/Viq|* < 1. The first inequality arises because f; ~ cosa and the
angle « is close to 90°. A similar feature holds for the decay B — pvy, where it leads to a
suppression of hadronic uncertainties [84)85]. The dominance of the fj term in (2ZI82) is re-
inforced by the hadronic factors since the difference |A(K™*)| is systematically smaller than
la.(K™)|. This difference is a next-to-leading order effect in QCD factorization, whereas
a. is present at leading order. In addition, several terms cancel in the difference a. — a,,.
First, the NLO hard spectator corrections are identical in the ¢- and u-sector and drop
out, which eliminates the uncertainty due to Ag. Spectator effects in a.— a, can only come
from penguin diagrams at NNLO (O(a?)), which are very small [86]. Second, also weak
annihilation effects cancel in general, in particular those that are taken into account in our
model estimate (coefficients b;). The only exception would be more complicated bd — sdds
annihilation topologies involving charm and up-quark loops. These are both power and

Zweig rule suppressed and not expected to give a significant contribution. Numerically we
find

|ac(K*) — ay(K*)|/GeV?* = 0.021%5603 (Ao) - 10001 (@) “0506 (me)  To07 (1) (2:190)
Normalized to the central value of |a.(K*)| = 0.084 we then have

|ac(K7) — au(K”)|
|ac(K*)|

=0.257912 (2.191)

Together with the CKM factors from (Z.I89) we estimate a relative suppression of the third
term in (ZI82) by 0.010 (+0.012, —0.007) with respect to the first term. For the second
term we estimate a relative size of at most 0.009 + 0.043, neglecting the phase between
a. and A. In this case the potential magnitude of the correction depends strongly on
the CKM suppression due to f;, which can be checked after the CKM factors have been
determined at the end of the analysis.

Because of the smallness of the f, fo terms, the first term in (ZI82) determines the
branching fraction to very good approximation. In the SU(3) limit, and up to negligible
corrections from electroweak penguins, a.(K*) is equal to the penguin amplitude a.(p) in
By — pip; (in a corresponding normalization). Introducing the SU(3) factor

a.(K*)
ac(p)

we obtain the ratio of CP averaged branching fractions

€l =

~ 1.28 (2.192)

B(By; — K'K;) (L=p)2+7°) [

B(By— pfpr) P4+ 724 2p7,C08 P,

(2.193)
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This result constrains the penguin parameter 7, in By — pj p;. The four variables p, 7, r,
and ¢, may now be determined from the four measurements of 7 = (1—p) /7, S,(p, 7,75, ¢,),
Cy(p,71,7p, ¢p) and b = B(By — K;°K;°)/B(Bs — pfp;). This analysis then depends on
a single theoretical parameter, the SU(3) factor |{] = 1.28 £+ 0.14, where we adopt the
estimate in (2.192) and assign a 50% error on the magnitude of SU(3) breaking. The
quantity & = a.(K*)/a.(p) is real to very good approximation, & = |].

The expressions for S and C' in terms of p, 7, r and ¢ are identical to the case of
By — w1~ discussed in [43,69]. They read

20[p* + 0 —r* — p(1 —r*) + (p* + 7° — 1)r cos ¢

S =
((L=p)* +0?)(p* + 0> + 1% + 2rpcos @)

(2.194)

B 2rn sin ¢
PP+ 2412+ 2rpeos é
We remark that discrete ambiguities in the determination of p, 1, » and ¢ can be avoided
using other constraints on the unitarity triangle, which exclude p, 1 far outside the region
allowed in the Standard Model [43/[69]. A discrete ambiguity in the sign of cos ¢, can be
resolved by the heavy-quark limit, which favours the solution with cos ¢, > 0. As pointed
out in a similar context in [83], the discrete choice is still less restrictive in practice, because
the second solution has cos ¢, < —0.8, which is in fact far smaller than zero.
The result of this analysis is given in Table 2.10] where we have also summarized the
experimental input from Table 2T and section [2.4.4l The output values p, 7, r, and ¢, are

(2.195)

Table 2.10: CKM and penguin parameters extracted from 7 = cot 8 = 2.58 &
0.12, S, = —0.054+0.17, C, = —0.06+0.13 and b = B(B; — K;°K};")/B(Bq4 —
pipr) = 0.027 £ 0.009. The SU(3) breaking parameter is taken to be || =

1.28 +0.14.
central | T S, C, b €]
~ —0.009 | —0.020 | —0.001 | —0.007 | +0.008
P 0.097 | Zo'010 | 40020 | +0.013 | +0.008 | —0.012
_ 0.350 | —0:012 [ +0.011 [ +0.000 | +0.003 | —0.003
n . 4+0.013 | —0.011 | —0.005 | —0.003 | 4+0.005
10.9 148 0.2 1.2 —14
y[deg] 74.5 —0.9 —4.9 —2.2 —1.4 +2.1
, 0.050 | —0-002 | ~0.002 [ +0.000 | +0.008 | —0.009
P : +0.002 | +0.002 | —0.000 | —0.009 | +0.014
é —0.25 | t000 [ 000 | +054 | +0.03 | —0.05
0 : —0.00 | —0.00 | —0.63 | —0.05 | +0.05

shown together with their sensitivity to the relevant input quantities. From Table 2.10] we
draw the following conclusions:

a) The errors on the CKM quantities p, 77 and « are rather small. They are dominated
by the uncertainty in S, (7 is sensitive also to 7 = cot 3).
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b) The error from the SU(3) factor |{| is smaller than the errors from the experimental
quantities 7, S,, b, which may still be improved by future measurements.

c¢) The penguin parameter is obtained as r, = 0.050+0.015. The central value is somewhat
larger than the theoretical number in (Z.I38]), but both results are compatible within
errors. This confirms the expected smallness of r,, which is the basis for a precise
extraction of CKM quantities.

d) The phase ¢, is seen to be strongly dependent on C,, but essentially uncorrelated
with the remaining parameters and input quantities. In particular p, n and ~ are
almost unaffected by the value of C, within the measured range. This behaviour
is in agreement with the general expectation discussed in 2.4.4l The error on ¢, is
completely dominated by the error on C,. The sign of ¢, is opposite to the central
standard model value from factorization in (2.139). If higher-order perturbative
corrections cannot account for this change in sign, and we assume it is not due to New
Physics, this would mean that power corrections give an important contribution to
the strong phase. A similar situation is known to occur for the direct CP asymmetries
in By — 7fr~ and By — nt K. However, within uncertainties the numbers for ¢,
in (2.139) and Table are fully consistent with each other. The result for ¢, in
Table 210 confirms the prediction of a suppressed phase in the heavy quark limit.

Combining the errors in Table .10 we find for the CKM angles
v = (74.5 £ 5.6)° a=1—f—7y=(84.3£57) (2.196)

where the uncertainty is dominated by the experimental error in S,. The result is in very
good agreement with (2Z140). It is already rather accurate at present. From Table 210 we
see that a precision of £1° for v and « from this method should be possible.

Finally, we remark that the approximations leading to (2.193)) may be cross-checked
using the extracted value of v or ¢ = coty = 0.25 £ 0.10, and 7 = cot § = 2.58 &+ 0.12.
Varying also the hadronic input parameters, the relative importance of the correction
terms in (2.I82) is then smaller than £3%. (For the default parameter set and o = 0.25,
T = 2.58, the correction is —0.9%.) The corresponding change in (2.193)) could be absorbed
in a modification of |£| by less than £1.9%, which is entirely negligible.

2.4.7 Unitarity triangle from B; — nt#n~ and B; — K°K°

The analysis of section made use of CP violation in B; — pfp;, a measurement of
sin23, and the By — K};°K;° branching fraction to obtain an accurate determination of
the unitarity triangle. The decay By — K;°K;° served to fix the penguin-to-tree ratio in
By — pipy based on SU(3) flavour symmetry.

The same analysis may also be performed with the V'V -modes replaced by their pseu-
doscalar counterparts, that is, using CP violation in B; — 777~ and constraining the
penguin parameter 7, with By — K°K° and SU(3) symmetry. The formulas of section
apply with obvious substitutions. Related discussions can be found in [43][69].
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Using form factor estimates based on [87]
P77(0) = 0.258 £ 0.031 P7R(0) = 0.304 £ 0.042 (2.197)
we find from QCD factorization [30}37]
a.(K)

ac(m)

=

= 1.46 +0.23 (2.198)

Again we have assigned a generous 50% uncertainty on the total amount of SU(3) breaking.
With experimental input from [55] we obtain the results displayed in Table 2111

Table 2.11: CKM and penguin parameters extracted from 7 = cot § = 2.58 &
0.12, S = —0.65+0.07, C;; = —0.3840.06 and b = B(B; — K°K")/B(B; —
7tn~) = 0.186 £ 0.040. The SU(3) breaking parameter is taken to be |(| =

1.46 £ 0.23.
central | T Sy Cr b IC]
— 0.185 | ~0.012 [ —0.018 [ —0.013 | —0.015 | +0.023
P . +0.013 | +0.021 | +0.018 | +0.019 | —0.027
— 0.316 | —0-010 [ +0.007 | +0.005 | +0.006 | —0.009
n . 4+0.010 | —0.008 | —0.007 | —0.007 | +0.010
+0.9 +3.1 +2.1 +2.5 —338
y[deg] 59.6 —0.9 —3.5 —3.0 —3.1 +4.5
, 0.147 | —0.008 | —0.006 [ —0.002 | +0.015 | —0.020
w : 4+0.008 | +0.008 | +0.002 | —0.017 | +0.028
¢ 089 | 001 [ 4002 [ 017 | +0.09 [ -0.17
7r . —0.01 | —003 | —-021 | —0.14 | +0.15

Combining errors we obtain from Table 211
v = (59.6 £ 6.6)° (2.199)

This value is lower than the result in (2.196]) but it remains consistent at the level of roughly
20. One possible source of this discrepancy is the rather large value of C; = —0.38 +0.06,
representing the simple average of the BaBar [88] and Belle [89] results

Cr=-0254+008+002 (BaBar) Cr=—055+0.08+0.05 (Belle) (2.200)

These results are not in very good agreement. With a smaller |C;|, favoured by QCD
factorization and the BaBar measurement, the extracted value for v would increase some-
what. For example, with C; = —0.1 we obtain v = 65.4°, keeping all other inputs fixed.
Particularly important for the resulting v is the value of S;. If it were 20 lower in absolute
magnitude, at S, = —0.51, the central value of v would shift to v = 65.5°. The uncer-
tainties in b and |¢| also have a relatively large impact. This is because of the larger size
of the penguin contribution 7, in comparison with r,. Note that the error on « from the
uncertainty in b is almost twice as large in Table 2.TT] than in Table 210}, even though b is
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known with an accuracy of 22% in the former case and only to 33% in the latter. Thus,
because of the larger size of the penguin amplitude, and also because of the experimen-
tal situation of C';, which is still not entirely resolved, the determination of the unitarity
triangle from B — 77~ and B — K°K° appears to be somewhat less precise than the
determination from B — p}p; and B — K;°K}°.

2.4.8 CP violation in B; — ¢1¢L,

The decay By — ¢¢ is a pure b — s penguin transition and thus of considerable interest
as a New Physics probe. Possible hints of deviations from the Standard Model in CP
violation in the b — s penguin process By — ¢Kg, and similar modes, have so far remained
inconclusive. A detailed experimental study of B, — ¢¢ will become possible with the
LHC [62]. In the Standard Model CP violation in B, — ¢¢ is small. Any nonzero effect in
excess of the Standard Model contribution will signal the presence of New Physics. Based
on our next-to-leading order results we shall investigate the size and uncertainty of CP
violation in the Standard Model, which ultimately limits the sensitivity to New Physics.
The time dependent CP asymmetry in B, — ¢1¢;, decays is defined by
I(Bs(t) = ¢r¢r) — U'(Bs(t) = ¢r¢1)

“%W@:w&@—mmm+m&@%¢mm:&ﬂ“mm”‘%““mzlw

Here we have neglected the effects of a nonzero width difference Al'g_, which would modify
the time dependence of the CP asymmetry. This can be taken into account in extracting
Sy and Cy, but would not change the following discussion of these parameters.

For a generic B decay into a CP self-conjugate final state f one has

2Imé _ 1P M, A(B— f)
L+ €% IR |Mis| A(B — f)

where My = (B|Hap—2|B) is the B-B mixing amplitude. We use the phase convention
CP|B) = —|B). The CP violation parameters S, and Cy then become

S =

£ =

(2.202)

S<Z> — 2)\27] Reac(¢) B au(¢) ’ C<Z> — 2>\2n1mac(¢) - a’u(¢) (2203>
ac(¢) ac(9)
where a,(¢), p = u, ¢, is the coefficient of (iGF/\/i)A; in the B, — ¢r¢; amplitude (Z.77)
and (2.116]). It can be seen from (2.203)) that Sy and Cy depend on the same CKM quantity
but on different hadronic parameters. A measurement of C, is therefore only of limited
use in controlling hadronic uncertainties in Sy.

The hadronic parameters in (2203) depend on the difference between the penguin
amplitudes from the charm and the up-quark sector. This difference is calculable in fac-
torization. It has the further advantage that the leading annihilation corrections related
to the parameters b; (2.116]) cancel in a.(¢) — a,(¢). A similar cancellation occurs for the
hard-spectator scattering contributions in the NLO approximation. We then find

|ac(é) — au(¢)]/GeV? = 0.05740507 (o) Toomo (@3)  “os (me)  Fooor () (2.204)
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where we show the dominant parametric uncertainties and their origin (in brackets). In
contrast to the difference a.(¢) — a,(¢), the absolute value of a.(¢) depends on the an-
nihilation contributions b;. Rather than aiming for an accurate theoretical prediction, it
therefore appears more reliable to extract |a.(¢)| from experiment. Neglecting the very
small up-quark contribution, we may write

_ 75,G% | \.|?
BB, = 6u60) = T o) (2.205)

A recent measurement for the decay B, — ¢¢ has been reported by the CDF collaboration,
as well as a first measurement of the longitudinal branching fraction

B(B, — ¢¢) =(2.40 £ 0.21(stat) + 0.86(syst)) - 1077 [90] (2.206)
fo =0.348 & 0.041(stat) = 0.021(syst) [91] (2.207)

This gives

(2.208)

B(B, — ¢161)]"? [1.47ps]"?
84-10-6

|ac(¢)| = (0.132 £ 0.027) GeV?® {

TBS

By the time CP violation in B, — ¢¢ will be studied at the LHC, the branching fraction
will be known with good precision and the number in (2.208) can be easily updated.

The quantity Sy is predicted to be small and positive in the Standard Model. With
our default parameter set and n = 0.36 we obtain

S, (default) = 0.01 (2.209)

From the discussion above we conclude that the Standard Model upper limit can be written
as

c — Uy B(Bs — ¢L¢L) 2
N PRES] 178410 (2210)
A similar limit holds for the absolute value of Cy. For n < 0.4 we have
Sy < 0.02 ICy| < 0.02 (2.211)

A rescaling for the value of the branching fraction can be done using (22I0). Measure-
ments in excess of these Standard Model limits would constitute evidence for New Physics.
The expected sensitivity of LHCb after five years of data taking is o(S,) =~ 0.05 [92].
Improvements to values of 0.01 or 0.02 with the anticipated LHCb upgrade appear possi-
ble [62]. This should allow us to exploit the full New Physics potential of S, and to detect
non-standard effects in b — s penguins at the few percent level.
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2.5 Comparison with the literature

In this section we comment briefly on the existing literature related to the subject of the
present thesis [70,03].

We re-emphasize that factorization calculations for charmless two-body B decays, in
particular B — V.V, are useful for flavour physics analyses such as the determination of
CKM parameters. This has also been stressed in [38] and earlier in [30,[37,43,[69]. The
most comprehensive study of B — V'V decays has been presented in [38] with an emphasis
on total branching fractions and polarization observables, for instance the longitudinal
polarization fractions fr. More recently these processes were considered in [93] in an
extended study, following the analysis of [38]. We do not discuss transverse polarization
here but rather concentrate on the decays with longitudinal vector mesons B — V V.
These are calculable in QCD in the heavy-quark limit and thus of special interest for
phenomenological applications in flavour physics. We list the detailed results for the B —
Vi Vr, amplitudes in explicit terms. The corresponding results of [38] can be reconstructed
from similar formulas given for B — PV decays in [37]. Our main results are consistent
with [38]. A minor difference with (the original version of) [38] are the expressions for
penguin annihilation A% ~ 0 and A4 (Z87). The final expressions in [38] give incorrectly,
due to a relative sign change, a nonvanishing A% and Ag ~ 0, even though the basic formulas
agree with (2.85)). The difference leads to a reduced sensitivity to penguin annihilation in
penguin-dominated B — V;V;, decays. It does not play a role for B — p*p~, because the
corresponding decay amplitude is tree dominated and color allowed, so no deviations from
modelling of power-suppressed contributions are expected. This point has previously been
noted in [93]. There is consensus on the expressions (2.85]), (2.87) within the annihilation
model used [70,93] . Another difference with [37,[38] is the treatment of electromagnetic
penguin matrix elements contributing to a; 4, where we have proposed an explicit model
for the long-distance contributions to these O(«) terms.

The article [70] concentrates on transverse polarization and therefore does not report
the complete expressions for the amplitudes with longitudinal vector mesons. Where a
comparison is possible we agree with the results of [70], except for two minor discrepancies.
One is the detailed form of the integrand of the annihilation parameter Ag . However,
the final result for A coincides with ours. Another difference is the annihilation part
of B~ — K* ¢, which should read by + b5W instead of by — b5V /2. Both issues are
inconsequential.

B — V'V decays have been studied within QCD factorization also in [93,[94]. These
papers address various V'V channels, especially penguin dominated modes such as ¢K*.
Some of them investigate the impact of New Physics scenarios [95-97], [93] extends the
analysis to VA and AA modes as well. In comparison, the present paper, while concen-
trating on B — V.V, gives complete NLO results for all channels, a detailed analysis of
uncertainties and applications for precision tests of flavour physics. The authors of [93]
employ m.(mp) = 0.91 GeV, smaller than the value used here and in [38]. We find that the
error due to m, for the longitudinal amplitude is small compared to other experimental
input, also for penguin dominated decays.
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2.6 Long-distance electromagnetic penguins

For B decays with neutral vector mesons p°, w or ¢, the operators Q7 5 have electromagnetic
penguin-type matrix elements where the photon from the pp loop is transformed into one
of these mesons. The photon virtuality k% = mi is then small. While the penguin loop
may still be considered short-distance dominated for p = ¢ due to the charm-quark mass,
the matrix element becomes sensitive to long-distance hadronic physics for p = w. This
can be seen from the perturbative result for the case of the charm quark (2.41]), which
diverges in the limit m. — 0. The up-quark contribution is thus not strictly calculable.
Since this situation arises only in a small electromagnetic correction, it is not a serious
problem for practical purposes. In fact, additional dependence on long-distance hadronic
physics is to be expected when electromagnetic radiative corrections to hadronic B decays
are considered. Still the penguin matrix element under discussion contributes within our
approximation scheme of including leading electroweak effects. We shall therefore give an
estimate of its size using available information on the long-distance dynamics of the up-
quark loop. Apart from obtaining a numerical evaluation of the effect, the long-distance
electromagnetic penguin is also interesting for conceptual reasons.

The up-quark loop is closely related to the vacuum polarization function IT(k?), where
the UV subtraction is given by the standard renormalization prescription of the weak
hamiltonian. We thus write the penguin matrix element, needed at low photon virtuality
k* = m}, as the matrix element evaluated at k* = m? plus a remainder proportional to
the difference T1(k*) — I1(m?). The contribution of the electromagnetic up-quark penguin
to the coefficients ay g then takes the form

. a 4 my, 4 27 8’
Aagg = %(C’l + N.C5) [g In 0o 34 N, (I(m) — H(m})) (2.212)
The correlator T1(k?) is defined through
I, (k) =i /d49: M (0|T5,(2)7,(0)]0) = (k,k, — k?g,, ) TL(k?) (2.213)

where j, = @y,u. The first terms in the square brackets of (2.212)) come from the pertur-
bative evaluation of the matrix element at k* = m? and carry the appropriate scale and
scheme dependence. The remainder depending on IT may be computed to lowest (one-
loop) order, which reproduces the perturbative result for the matrix element. We shall
treat TI(k?) — II(m?) as the full hadronic correlator, which includes the nonperturbative
hadronic physics relevant at low k2. This procedure assumes a factorization of the soft
hadronic correlator form the remaining parts of the diagram, which is not strictly justified.
We adopt this additional assumption to obtain a rough estimate of the long-distance sensi-
tive penguin contributon. A similar method has been proposed and applied in the context
of b — s(d)ete™ decays in [08].
The function I1(k?) obeys the dispersion relation

I(k?*) = ! /Ooo dtﬂ (2.214)

T t— k2 — e
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In this form the dispersion relation needs one subtraction, but the subtraction constant
cancels in IT1(k?*)—TI(m3). In principle ImII(¢) could be determined experimentally. Instead,
for simplicity, we choose a convenient ansatz that should capture the essential features
of the true hadronic quantity Imll(¢). We write ImIl as the sum of a resonance and a
continuum contribution

ImIT = ImlII, + ImII, (2.215)
where
1 ?m,I,
Tmll, (1) = - r 2.216
mll, (%) T;WQ(t—m$)2+m$F$ ( )
_ 1 202 2
ImlII.(t) = 47rtC®<tc t) + 47r@<t te), t. =4 (fp + f3), t>0 (2.217)

The asymptotic QCD result fixes ImIl, to N./(127) = 1/(4x) at large t. Imposing quark-
hadron duality for the integral of ImII(¢) up to (at least) ¢ = ¢. determines the value of
te=4m(f2 + f2) = 3.1 GeV?. The factor 1/2 in (Z2I0) is an isospin factor coming from
the overlap of p° and w with the @7y,u current. Determining IT in (2:212) with the help of
(2214)) and (Z215)), treating the resonances as narrow and taking the heavy-quark limit
t. < my, we finally obtain (2:42). Concerning the factor in square brackets in (2.42]), two
limiting cases are worth noting. If k* = m? — 0, we recover an expression similar to
(241)) where the light-quark mass under the logarithm is replaced by the hadronic scale
V.. In the limit k% = m}, — t. the same terms appear, and in addition the perturbative
imaginary part —2mi/3.

2.7 Coefficients a;, b;

In the following Table we quote the central values of the coefficients a; as defined in
(2.20) for two final-state p-mesons (2.3). The default value used for the model of power-
suppressed hard-spectator contributions is Xy = In ’X—f" and for the renormalization scale
it is p = 4.2GeV.

ax a2 az + as ajy ay
0.991 + 0.020¢ | 0.177 — 0.0847 | 0.002 — 0.001z | —0.025 — 0.016¢ | —0.033 — 0.0097
(a7 tag)/a | (a7 —ag)/a | (a7 +a5)/a afy/a afy/a
—1.84 — 0.54: 1.15+ 0.02: —1.10 — 0.022 —0.17 4 0.09¢ —0.17 4+ 0.09:¢

The central values of the coefficients b; as defined in (2.81]) for two final-state p-mesons
([2.3) are given below. The default value used for the model of power-suppressed annihila-
tion contributions is X4 = In ’X—f" and for the renormalization scale it is u = 4.2GeV. Here
ra = By, /Ay

7 4by 740y 7 4b3 raby | rab¥W /o | rabEY
0.029 | —0.011 | 0.003 | —0.003 | —0.035 0.013




Chapter 3

Exclusive Baryonic Bg Decays

In the following we constrain ourselves to the discussion of By, — pp decays. Due to
the flavour structure the decay amplitude is proportional to (0|5I'b|B,), i.e. the relevant
Feynman diagrams are annihilation topologies. There are three main classes of perturbative
contributions that dominantly contribute to this decay channel, as shown in Fig. B.Il For

D& DO

Figure 3.1: Classes of dominant Feynman diagrams for the decay B, — pp. Each class is
suppressed by a different mechanism. Class A: Double CKM suppression, O(0.01). Class B:
loop, a; and colour suppression, @(0.01). Class C: electromagnetic suppression, O(0.01).
One representative QCD contribution is picked for each class.

the purpose of this thesis we will restrict ourselves to the discussion of class A diagrams.

3.1 Preliminaries

The effective weak Hamiltonian for charmless hadronic B decays, with change in strangeness,
(AS = 1), is given by (2.1) and (2.2)) and the replacements \, — A\, = V;;V and d — s.
Here we regard only the contributions of the large Wilson coefficients €y and Cy:

., G
HET=! = —g >N, <Cl Q + Cy Qg’) +h.c. (3.1)

p=u,c
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The operators (); read correspondingly
Q= (Pb)v_a(3p)v-a, Q5 = (Pibj)v—a(5;pi)v-a (3.2)

Here i, j are colour indices. All diagrammatic expressions are performed in Feynman gauge.
Analogously to the discussion of vector mesons in the final state, we need the projector of
the B-meson, as given in (2.8), and of the outgoing proton and antiproton, which will be
discussed in the following section.

3.1.1 Nucleon distribution amplitudes

In order to classify the distribution amplitudes by twist, the expansion is expressed in
terms of the light-like momentum p,

M2

- Z“Qp—-z’ (3.3)

pu= by

where P is the nucleon momentum and z is a vector with 22 = 0. We choose 2z and a
coordinate system, so that

p-z~1, Pt = pink, M= 2_nt, (3.4)

where p, = v/2|P] is the large scale in the process, e.g. z* = n" /n_-p. The nucleon spinor
N, (P, A) is decomposed into a “large” N ~ \/py and a “small” N, ~ 1/,/p; component:

NHP ) = 2]]:%2]\7”(13, A) (3.5)
N7 (P,)) = 2?_” NP, ) (3.6)

The index u of N indicates that this is the spinor of a particle. It has momentum P
and helicity A. In the following sections we suppress the index u. For the spinor of an
antiparticle we use N,.
Using the equation of motion, PN, (P) = M N, (P), we arrive at the following equations
for projected spinors:
pN;(P) =0, pN, (P) = MN](P) (3.7)

u

Analogously for the spinor of an antiparticle:
pNF(P)=0,  pN;(P)= ~MN}(P) (38)

In [99] the distribution amplitudes are computed on the light cone, which is useful for
determinations with light cone sum rules. The twist expansion up to twist 6 is quoted in
the appendix ([A.0). Here we compute the decay amplitude with general 4-momenta and
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only then take the light cone limit, i.e. we set perpendicular momentum components of
quarks to 0. Therefore we need to consider the matrix element

(0]e7%[0, 21 — zg]ul, (21 — 23)[0, 20 — z5]uy(22 — 23)d5(0)[p(P)) =
Z / d*p d'ps d'psd™ (p1 + 2 +ps — P)
k

eTiorGimz) e Gemza) P2 () po 9 )Dy(pr, pa, 3),  (3.9)

where z; — z3 is not necessarily on the light cone and I'y(p1, p2, ps) are Dirac structures.
Several Wilson lines are inserted, in order to make the matrix element gauge invariant:

o) = P e [0, [ s = agio+ - 9o (3.10)

The Wilson lines are omitted for brevity in the following. The general matrix element can
be found by translation

(0l g (21)uy (22)d5 (23) [p(P)) = €0l g (21 — 23)ufy(22 — 25)d5(0)[p(P))  (3.11)

There are 2 independent spatial Lorentz vectors, z; — z3 and 2z, — 23, in opposition to 1, as
used in [99] and in [100], where the matrix element (0|e7*ul (a1x)u),(asz)d" (asz)[p(P)) (a;
are real numbers) is considered off the light cone, i.e. 22 # 0. We need the most general
decomposition for ([BIT]), which transforms like a Dirac spinor under Lorentz transforma-
tions, is invariant under parity transformations and is symmetric under the simultaneous
transformation z; <> 23, a <> . The matrices with indices «, S have one factor of
C = —iv?*y°, in order to preserve Lorentz covariance, as can be seen from (A.3)). Parity
invariance induces either a 75 or a totally antisymmetric tensor to cancel the minus from
y°C~y% = —C. All possible invariant terms are listed in appendix (A9). The number of
terms can be reduced by the equation of motion, PN, (P) = M N, (P), and spinor identities
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(A.10). Therefore the distribution amplitude can be written as
(0lul, (213)uy(223)dE(0)[p(P)) =
cigk
4N,
+ PLM (350) 5 Ny M2 (35C) 5 (PI2N )+ PM® (35C) 15 (1021000075 N),
Y

|:§1MC(16 (75N)«, + Mzcaﬁ (551275]\[)7 + §3M3Caﬁ (iaz13z2375N)«/

+ Vi (PC),, (N), + M (PC),, <V2 1275N)7 + VM (7,0) 55 ("N,

P02 (VI2C) (o), + M (1,0), (10" V53N )

af
M (%m@aﬁ (#1575N) , + M (%mg)aﬁ (275N,

* V7M2 (PC) ap (i021322375N),y + %M?’ (’yMC)aﬁ (7%0’213@375]\])7
+ M* (VJHC) (10225 N),

A (P0) 1y Ny + M (PC)  (B2N) 4 AaM (3,050),5 (1),

P (A290) Ny 4 M (33C0), (10" AN )

+ M° (Aééfv C) ?513 + M? <A§ll;275c) of (7’523N)7

+ A M? (P% )aﬁ 10215205 V)., + AgM? (’Yu%c)ag (7%0213@3]\7)7
+ M <A¢127 C) o (10215205 N

+ T (i0,0C), 5 (V5 N), + M (T;w“wupc) L, (6N), + ToM (0,0) 5 ("7,
M (0, C) s (T390 )+ M (T5i0,0C) (47N,

+ M2 (T30, C) (B 002 <TZ12“zaupC) (£275N)

+ M (0,,C), (awifw%zv)v + TaM? (0,0,C) (010213203751,

1 () (), 0 (1) 07,

] af

+ TlOMg (i02132230)a6 (75N)—y + M* (i02132230)a6 <T15511275N>7
+T12M5 (02132230)a5 (021322375]\7)7} ) (312>

where we use the shortcuts ;2" = 1(F 1245 + F2253), F?é12 = [y, F,=S8,PV,AT
and as notation for contracted Lorentz indices op, = P*0,,. Momentum dependence, spin
s and spinor index u of NZ(P) are suppressed in the notation. Note that we distinguish
the space dependent form of a distribution amplitude from the momentum dependent form
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only by its arguments:
Fi = Fi(zl,Zz, z3) =

= /d4p1 d*py d*py 6W (p1 +p2+ps — P)e_i(pl'(Zl_ZSHPQ'(Q_ZSHP'ZS)Fk(pl7]927]?3)- (3.13)

Terms with a factor of z13 or 293 can be expressed by

.0 [ D O 0
e owy Z<p4ﬁmi+aMl+- )’ 31

where we used the definition ([3.39)) for i = 1,2, defined p as p° = p°, o' = —p* and neglected
terms of second power in Agep/my, similar to the procedure of [30]. The derivatives
act on the hard scattering kernel. After applying the derivative and taking the heavy
quark limit p;; /my ~ Agep/my — 0, the suppressed components can be integrated out.
Correspondingly we substitute £, — F; (up to a normalization factor) and define

Fy(a1z, a0z, a32) = /Du Fk(ul,u2,u3)6_ip'zzf“f“j (3.15)

with light cone momentum fractions u; = n_ - p;/n_ - p and the integration measure

1 1 1
/'Du = /dul /du2 /dU3 5(1 — Uy — Uy — U3). (316>
0 0 0

In the following we will relate the Fj(u;) to distribution amplitudes Fj(u;) that are
constructed directly from (BII]) on the light cone, as it is done in [99]. In order to do
so, we expand (B.12]) in powers and take the light cone limit. The following identities can
be used to disentangle the power dependence and to identify the higher twist distribution
amplitudes:

WO — PR i+ ——fep L ©,  PNUP) = LN (P) (3.17)
K Dz Dz + ’ “ M '
Up to twist 4 we can make the following identifications with distribution amplitudes F;
that result from an expansion of the left hand of (312]) on the light cone (A.6):

Vi=Vi, 1_/1—p-z(a13172,1+a23\_/2,2) —2V3 = Vh, 2Vs = V3
A=Ay, A1+ p- 2z (a134271 + assAs) + 245 = A, 243 = Aj
T = 11, Ty — 4Ty — p-z (a13T4,1 + @23T4,2) =15, 23 =Ty

_ -z — r 2 Z [ [
T - pT (a13Toq + agsTo2) — 275 — pT (013Ts1 + anTiz) = T

S, =S, P=D (3.18)
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Distribution amplitudes that are accompanied by factors of a;3 = a; — a3 can be rewritten
by

(a; — a3)F = /Du F(uy, ug, us) (Lﬁuz) e~ Pz u0
pb-z

— ' [ Du F'(uy, ug, ug)e™ =25 %% (3.19)
b-z
Eventual surface terms are included in the definition of F’(u;). In order to obtain an
expression for F'(u;) we use the normalization conditions (O|5"jkD,\ug(0)u%(O)d,’j(O)|p(P)>
and <0|z—:ijkug(0)D,\ué(O)d§(O)|p(P)> for both expansions of (O|ug(zlg)u’5(223)d’f/(0)|p(P)) on
the light cone. At leading fock state we have to take the derivative

8(a?z“) - ;uz 8?2- (3:20)
of the expressions of (B.I8) on both sides. In the case of 17271 we get
Vo = (—1) /Du wy [Va(ug) — Va(ug) — 2Vs(u;)] e~ 2w (3.21)
The distribution amplitude is therefore given by
Vo (ui) = uy [Vi(ug) — Va(ug) — Va(uy)], (3.22)

where we defined V5 (u;) = iVa1(u;). Analogously the other distribution amplitudes read

V22(Uz) = uy [Vi(u;) — Va(u;) — Va(wy)]
A2,1(Ui) = Uy [A2(ui) - A1(Ui) - A3(ui)]
A2,2(Ui) = Uy [Ag(u;) — Ar(u;) — As(u;)]
T 1 (wi) = uy [Th(us) + To(w;) — 2T5(w,)]
Too(u;) = ug [T (u;) + To(u;) — 275 (u;)] (3.23)
Tyq(uw;) = wy [T1(w;) — To(u;) — 207 (u,)]
Tyo(u;) = ug [Ty (u;) — To(u;) — 277 (u;)]
Terms with two factors of z;3 in (B.12) are not relevant at twist 4.
In the projector we substitute the perpendicular derivative by
AN (3.24)
7 D1

and average over the perpendicular subspace, which produces the same result at first power
of p¥,, [30].
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For the leading contributions to B, — pp it is necessary to include power suppressed
terms up to first order in M /my,. The twist expansion reads up to this power

(Ofug,(z1)ul(20)d% (25) |p(P)) =
Ez'jk
= S1MClp (%J\fj)V + PLM (75C),5 N,

)0 (), 412 (), 0630, + Vit (100 (),
FVarty (50),, (B 5N, + Vaary (O),, (B sNY),
+ Al (p%:’c)aﬁ N{;{ + A2 (p’yg)C)aﬁ Nu_'y + Agg (’}/J_’)/5C)a6 (VLN:)V

M M
+ A2 175" (p’}/g)C)aB (apuN—l—) + A2 275 (p’}/g)C)aB (aP2LN+)
+Th (Zalpc)aﬁ (YN ), + T (Zglpc)aﬁ (v Ny )

(011:C)yp (aLll%NJ)

M . M
+ TSE (Zapzc)aﬁ ('VSNJ)V + T7?

v

M
+ T2 1—= 8 (iO-HPC)aB (’}/5N ) + Tg 2—8 (iaﬂpc)aﬁ (’)/5NJ),Y

2 P11 2 P21

M
+ 1415 Opy (Ulpc)ag (ULM%NJ)W + Ty

2

M
78P2LH (Ulpc)aﬁ (JJ_MW%NJ),Y] ) (325>

where z* = p*/p - p. op and 0F act on the hard scattering kernel. The momentum
dependence and spin of the nucleon spinor, N,, is suppressed in the notation. Further we

denote 0y, = 0Pz, VIV = V907" Gne = Guw — Puz + 2u00) [P 2, O = 5[, 7] and
use the charge conjugation matrix C' = —iy24Y.

We need the nucleon projector for an outgoing proton and an outgoing antiproton. The
corresponding projector for an outgoing proton p with momentum P can be found by

<P(P)|ﬂ;(zl)ﬂ]ﬁ(z2)d7;(zs)|0> =
= 19,7575, [0 (1) (22)d5 (23) [p(P))] (3.26)

The gauge factors can be inserted above, using [z,y]" = [y, z]. Association of the colour
index i to ¢, ¢ denotes transformation under SU(3), SU(3), respectively. The explicit
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expression is given below:

(p(P)lag, (1)@ (22)d5(25)[0) =

E:Z]k‘ . i _
=T [SIM G (N3, + PEM (Ora), N,

_ _ M _

+ V' (C) g (Ni5), + V5 (CP) 5, (N 5), + V5 5 (1) o (N5,
M _ M _

+ V;l? (Oﬁ)ﬁa (N:75aP1L)y + ka? (Cp)ﬁa (N:'VSasz_)—y

_ _ M _
+ AT (Crsp) g, Nify + 45 (Cr5p) g, Niry + A5 7 (Cr571) o (NIT),

u

M M _
+ A2 179 D) (vaé) Ba (N+apu_) + A2 270 9 (Ovﬂé) Ba (N’lj_aPQL)'y
=17 (CZUJ_:IJ)5a (Nu V5 ),Y =Ty (CWJ_p)ga (N_%VL)

M — /
_ Tgﬁ (Ciapz)ﬁa (N:”)%) + T (CO’J_J_/)BQ (N+75JJ-J_ )

Y

T2*170pu (Cwup)ﬁa (N:%) =17 —8 (Cwup)ﬁa (NJ%)V

2,2 9 P2l
* M Nax dlu * M N+ dlp
—I—T47178plw (CO’J_p)Ba (Nu V50 )v + T4,2?0p2w (Calp)ﬁa (Nu V50 )v (3.27)

The distribution amplitudes, F; = V;, A;, T3, S;, P;, are given by

F*(app-z,pn) = /Dx P Ei TR (g 1), (3.28)

where the real functions F; depend on the longitudinal momentum fractions, z;, 0 <
x; < 1, Y . x; = 1, of the quarks inside the proton and the renormalization scale u.
The distribution amplitudes V;, T; are symmetric under exchange of the u-quark momenta
(x1,22): F(x1,29,23) = F(x9,21,23). A;, S;, P; are antisymmetric under x; <> x3. The
distribution amplitudes F; relate to the ones used in [101], Frs, by Fes = fvFi. fv =
(5.3 +0.5) - 1073 is the nucleon decay constant.

Invariance of the QCD Hamiltonian under charge conjugation implies that
(P(P)|ul,(21)uy(22)dE (23)]0) transforms as a tensor product of spinors:

(D(P) g (21)uh(22)d5 (23)]0) = —CpCraCar (p(P) |} (1)) (22)d5 (25)]0), (3.29)

where we have used the spinor representation as given in the appendix (AJ]) and choose
phase 1 for the charge conjugation of a proton: U(C)|p) = |p). Therefore the explicit



3.1 Preliminaries 65

expression is given by:

(P(P) g, (21w (22)d5 (25)[0) =

ijk
sz S MCaa (1N), + PEM (15C), N,
M
+ V3 (PC) 4 (5NS), + V5 (pO) 4, (1N), = V5 (72C) g (1N ),

. M . M
- ‘/2717 (pc)ﬁa (apuf%N;_)y - ‘/2,27 (pc)ﬁa (apzlr%N:)y
M
+ Aj (75?0)5(1 N;; + A; (75¢C)ﬁa N, — A;; (1571.C) ga (VLN:)V
M M
- AZ 179 2 (751?0)5@ (apuN;—) ASZ 9 (75p0)5a (aP2LN:)7
+ T (101,C) g (VNS ), + T (i01,0) g, (YN, ),

M . M /
- ngTz (i10p:C) g, (75N5r) - 17— > (011:C)g, (Uu WsN:)

. M : . M :
— 15, 5 apu (wupc)ga (VSN;F) — 15, 9 apu (wupc)ga (VSN:)V

Ma C Lhre NT) — T %a C Lhre N 3.30
prip (O 1p )Ba (U V54V )v 4275 Oparn (o1p )Ba (U V54 Vy )7 (3.30)

v

T

For convenience we quote the twist classification of the various distribution amplitudes
from [99] in Table Bl Due to the twist 4 contributions for perpendicular momentum

Table 3.1: Twist classification of nucleon distribution amplitudes [99].

twist 3 twist 4 twist 5 twist 6
vector Vi Vo, Vs Vi, Vs Ve
pseudo-vector Ay Ay, As Ay, As Ag
tensor Ti Ty, 15,17 | Ty, Ty Ty T
scalar Si Sy
pseudo-scalar P P,

components, the leading twist distribution amplitudes also contribute at subleading power.

3.1.2 Computer assisted calculation

The calculation of the decay amplitude requires suitable computer programs due to the
large amount of terms to be calculated. For the proton form factor there are roughly 1.4-10°
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terms to be treated that contain traces with typically 16 Dirac matrices (the number of
matrices varies between 12 an 18). There are considerably more terms in the calculation
of the decay amplitude of B, — pp, due to the additional B-meson distribution amplitude
and a higher number of diagrams. A necessary requirement for a computer program is to
cope with the large amount of terms and the limited amount of time and main memory.
The existing Mathematica programs seem to be unsuitable for that task, due to the long
calculation time for traces over 12 or more Dirac matrices in combination with 5 and
the large amount of required memory. A program that is designed to cope with large
expressions is FORM [102]. It fulfills the requirements about speed and memory usage,
but is also much less used than Mathematica and has a smaller number of developers.
Although it is used as calculatory tool in a considerable amount of papers, it cannot be
excluded that bugs may cause wrong results.! Therefore it is appropriate to crosscheck
parts of the calculation with another computer program.

For that purpose we developed a Mathematica program (referred to as Trddim) that is
not limited by the amount of main memory (just disk memory) and that is considerably
faster than other Mathematica programs. This tool allowed to verify the form factor
calculation and parts of the the decay amplitude of By — pp. The program has features
that reduce the amount of time needed for the calculation of a single trace as well as the
handling of medium to large sized expressions that contain Dirac matrices. In addition it
expands products of sums that contain Dirac expressions in small portions and saves the
results on the hard drive. From there the Dirac matrices can be treated as required, i.e.
user defined functions can be applied to the expressions. The long calculation time and
problems of real computing environments made it necessary to implement the feature to
resume interrupted calculations. In addition it is possible to use FORM for most computing
intensive tasks out of Mathematica. The FORM code for each task is generated by Trddim
as needed, the conversion of formats is done by a script in Python. That makes it possible
to compare the results within the same framework. The main features of the Mathematica-
part of Trddim are parallelized. Although the program aims at reducing the calculation
time of large expressions, also single traces are calculated considerably faster, as shown in
Table 321

3.2 Proton form factor

The calculation of the decay B, — pp has elements that are similar to the calculation of
the timelike proton form factor. In fact the helicity projected form factor (pp|uy*Pru|0),
where P, = % (1 —~5), is part of the calculation. In the following we present the proton
form factors in the spacelike region, in order to be easily comparable to other calculations.
The timelike formulas can be obtained from the spacelike by crossing symmetry.

IThere is a report about fixed bugs under http://www.nikhef .n1/~form/history/history.html.
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Table 3.2: Comparison of different Dirac algebra programs. Trddim is referred to as pure
Mathematica implementation (“Trddim Math”) and as partial FORM implementation,
that is used out of Mathematica (“Trddim FORM”). No parallelization is used in the com-
putation above. The first line represents 1 trace over 12 Dirac matrices and 5. Analogous
assignments for the other lines. For one entry the computing time could not be evaluated
due to insufficient memory, which is indicated by “-”.

FeynCalc [103] | Tracer [104] | Trddim Math | Trddim FORM
1 trace (12,G5) [s] 515 113 9 0.4
720 traces (10,G5) [s] 10° 4256 130 0.85
720 traces (12) [3] = 162 251 0.01

3.2.1 Vector form factor

Here we will discuss the electromagnetic, spacelike proton form factor,
(p(P")|ewin*ulp(P)) + (p(P")|ead"d|p(P)) =

= N(P) (7“F1(Q2) Nl

2M

F2<@2>) N(P), (3.31)

including powers of O (M/Q). At leading power the form factor was computed in [LI01I05].
Discussions of perturbative calculations that include the baryonic form factor can be found
in [106,107]. We use the notations ¢ = P'— P, Q* = —¢*, Q = \/@ and the nucleon mass
M. The connection to the experimentally measured electric and magnetic form factors is
given by

Gh (@) =F(Q%) + F3(Q%), (3.32)
QY =P Q) — 12 @) (3.33)

They are normalized by G%(0) = 1 and G%,;(0) = p,. The experimental data for the
magnetic form factor can be described empirically by the dipole formula [108]:

ah(Q%) = —" g, (3.34)
(1+%)
Ho
where p2 = 0.71 GeV?,
Structure of the calculation
The expansion of the form factor in «, can be written as
L(Q? B(O? L(Q? 2 o
FQY) ~ QY + (@) B | (@)Y C (3.35)
T Q? T Q*
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The first two terms in this expansion are power suppressed with respect to the latter one.
Estimates [I09,110] suggest A(Q?) < 1/Q° and B(Q?) < 1/Q*. The helicity changing form
factor F5(Q?) has a similar expansion as Fy, but is additionally suppressed by M/Q. The
first power correction in C' is formally leading in power compared to the terms containing
A and B, which can be seen by using

47
a,(Q?) = ——
Bolog &

(3.36)
and counting log Q/M = 2.4 of the order of \/Q/M =~ 2.4 for () in the range of mp, =
5.4 Gev.

In the range of moderate energies Q? ~ 4 Gev? there is considerable consensus that
the distribution amplitudes deviate strongly from their asymptotic shape. An indication
to that is the opposite sign prediction for the neutron form factor compared to the exper-
imental result [105,[111]. The authors in [112] revisit the issue of inadequate fits for the
form factors at medium Q?, if asymptotic distribution amplitudes, F; ~ x 2223, are used
and suggest to use empirical distribution amplitudes, that take into account a ‘mean’ of
perpendicular components. In [I13] the authors use a diquark model, which matches the
experiment in case of the magnetic form factor rather well. The applicability of the model
is limited to situations where the W-boson couples mainly to the d-quark and not to the
diquark formed by the u-quarks. Therefore the model is of limited use for our purposes.
For a review about the diquark structure of hadrons be referred to [114]. An approach that
uses dispersion relations is taken in [115]. For further developments in the medium and
high energy range see [100], where the LCSR approach for baryons is developed and other
approaches are reviewed. For a recent discussion of the form factor within LCSR see [110].
Here we will discuss the proton form factor in perturbation theory on the light cone at
next-to-leading power, which may serve as an estimate of subleading contributions. This
correction is also part of the leading contribution for the decay B, — pp.

At O(a?) the relevant Feynman diagrams with external coupling to a u-quark are given
in Fig. Non-abelian diagrams do not contribute at this order due to the colour
structure.

u(py) E. u(ph) E E. E E

FFRy FFR FF, FF, FF FF, FF;

FF FFR, FFy FFy FFp FFy FFy

Figure 3.2: Feynman diagrams with photon coupling to u-quark at O(a?) for the proton
form factor. The diagrams with photon coupling to the second, third fermion line can be
obtained by exchanging the momentum index 1 with 2, swapping d3 with u;, respectively.
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The calculation of the diagrams in Fig. at O(a?) has the following structure:

(p(P)]a(0)yu(0) p(P)
— %1677 / a2 (p(P)|@(0)a () 5dl(22),[0)
(T (T2) 50 (T ) (0]1(0) 1 25) ol 20), [P P)) =

d4p/ d4P ~
2 J n m
= —a’16m E / 16,3 (16792 E™(P))F™(P))

tr [M" (p)Fl(pz-,pj)Mm(p)Fg(pé,pj)} Nf’jF(P’)Fs(pé,pj)Nf’*(P)+(9((M/Q)Q)(, |
3.37

where I'j, is the Dirac structure of the quark line with momentum index k, 7,7 = 1,2,
1 =1,2,3,4, and 7 indicates transposition. Colour has been left implicit. In the last step
we have used ([B.3]). If perpendicular momenta do not contribute explicitly at the regarded
power in the hard scattering kernel, they are neglected and can be integrated over explicitly.
Schematically we can express the matrix element by the distribution amplitudes of (A.6l)
and (3:27):

D 2.1 327.1

%F(v, b kb = / DuF(v;) (3.38)

The momenta of the quarks, which are taken to be on-shell and massless, can be written
as a sum of longitudinal and perpendicular components:

P
pL=wp+p — =
2uipy
p%J_
P2 = Ugp + P21 — n_
2ugpy

(prL +p2i)?
2(1 — uy — ug)py

ps=(1—u1—us)p—piL —pa1 — n_, (3.39)
where p = p.n,. Analogously for p'. Conventionally we assign the momentum fractions

v; for outgoing protons, where appropriate. The perpendicular momenta are of O(Agep).
The expansion (8:39) introduces an off-shellness of the proton of O(Aqp):

o _ 9
UgUopy| + uitipy) + 2ususpiy - Pal
’ulUg(l — Uy — Ug)

(p1+p2+ps)? = — , (3.40)

where u; = 1 — u;. The off-shellness is small compared to the proton mass.

The dependence of F™(p;) on the perpendicular components is a function of p?,
p11 - p21 and p2,, due to rotational invariance in the perpendicular subspace. There-
fore the integral over momenta eliminates single powers of p;;, ¢ = 1,2. The procedure is
compatible with the way of calculating derivatives of perpendicular momenta (3.24) up to
the first power. After the trace in (837 is evaluated and the equations of motion (B.1]
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[A4) are applied the leading and subleading term can be identified. The perpendicular
momentum components are suppressed and can be integrated over. We are left with the
distribution amplitudes on the light cone F(z;), as defined on the r.h.s. of ([8.28). The
final term of (B.37) then simplifies to

(p(P)[u(0)7"u(0)[p(P))
- —0@167?22/ Dv DulF"(v;) F™(u;)

a%:

" (3w ) NS (POTTNG (P) |+ O ((M/Q)?)

[ P ) N (PITENE(P) + 2]
(3.41)

where I'J"" can be either v or (P’ + P)".

In order to obtain the full amplitude, we have to add the diagrams 15-28, where the
photon couples to the line with momentum index 2. We assign the numbers 15-28 to the
diagrams that are obtained from the diagrams in by swapping lines with momentum
indices 1 and 2. These contributions can be obtained from those of diagrams 1-14, by using
symmetry properties of distribution amplitudes at the integrand level. We observe that
in the projectors (3:25), (327), (3.30) there are only terms symmetric or antisymmetric
in momentum indices 1 and 2. In particular the terms with derivatives of perpendicular
momentum components can be written as

Fia(ur, ug, uz)d) | + Fio(uy, ug, uz)d, | = F(uy, us, us) (Ula;fhl + uﬁlﬁ;l) , o (342)

where F' (u1,us,us) is either symmetric or antisymmetric in 1 and 2 and the other factor
is always symmetric. This expression acts on the sum of diagrams D;(1,2,3) with photon
couplings to the line with momentum index ¢, ¢ = 1,2. For each proton (variables u; and
v;, respectively) the expression for the diagrams D;(1,2,3) can be split up in a symmetric,
D3(1,2,3), and an antisymmetric, D{(1,2,3) part in (1,2). If (3:42]) is symmetric, denoted
by S(1,2,3), we obtain

S(1,2,3)(D1(1,2,3) + Do(1,2,3)) =

S(1>2a 3 (D1(172a 3) + D1(27 1a 3)) =

S(1,2,3) (D7(1,2,3) + D5(1,2,3)) (3.43)
For antisymmetric (8.42), denoted by A(1,2,3), we obtain

A 1, 73) (D1(172a3) + D2(172’3)) =

A(1,2,3)(D1(1,2,3) + D1(2,1,3)) =

A(1,2,3) (DY(1,2,3) + D5(1,2,3)) (3.44)

Several checks of the calculation were taken. The Ward identity is explicitly recov-
ered, which checks most parts of the calculation: the developed computer program, the
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correctness of diagrams and the projectors. In order to explicitly check the compatibility
of projectors for outgoing and incoming protons we calculated the timelike form factors
and related them by crossing symmetry. Furthermore the cancellation of perpendicular
components at subleading power checks the developed program.

Results for leading power

In the following we provide the twist 3 contributions. At leading power only V;, A; and
Ty contribute. Listed below are the integrands of (8.41]) for the upper row of diagrams in
Fig. B.2

(" =AY (W = AY) +4TYTY

FF;:
! 4’&%1@,@%@3
FFE; 0
THTY
FFy: - %
U2U2U3V1V2V3
FF4 . . (Vvlu - AqlL) (Vvlv - A?l})
) 4U2U3ﬂ3@1’1121)3
pp . (VA (4 AY)
b 4'&2’&2U3’UQU3T)3
FFG : 0
(Vi — AY) (Vi — AY) + AT TV
FF;: L L 4@2}“ 1 -1 (3.45)
1U2U1V2

FY, F* (F =V, A,T) abbreviate F;(vy,vq,v3), F;(uq,us,us3), respectively and we use z =
1 — x. The colour factor

N.+1)2
%WW% (3.46)
and the factor .
a§16w2@N;(P’WN;(P) (3.47)

have been omitted in F'F;_7;. The contributions of diagrams 8-14 can be obtained from
1-7 by exchanging u <+ v. The contributions of diagrams 15-28 with weak vertex at the
u-quark line and momentum index 2 can be obtained by exchanging momentum indices
1 <+ 2 in diagrams 1-14.

The explicit expressions for the upper row of diagrams in Fig. with weak vertex at
the d-quark line are:

29 2U2’&§U2@§
FF30 : 0
pr . WA (F Ay

4'&1@1’&21)11)2@3
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(" + A7) (W + A7)

FFsy —
52 4U1U2’a21)1’l}2@3
Ty
FFss: %
ULULU2V1 V2V
FF34 : 0
VUVU+AUAU
FFa - A S S Sl § 3.48
35 QUﬂ_L%Ul’(_Jg ( )

The colour factor (B.40) and the factor (B.47) have been omitted in F'Fyy_35. Diagrams
36-42 are given by exchanging u <> v in 29-35. The expressions of (3.45]) and (3.4])) agree
with those given in [T01L107], except for the expression of diagram 10 in their enumeration,
which lacks an exchange of momentum indices 1 <+ 2 and has a wrong position of a square.
We agree with the subset of expressions that is given in [I16]. This includes the expression
that disagrees with the two former papers. In the literature there are calculations that
differ by a global factor of 2, e.g. the results of [I0I],[I17] are a factor of 2 higher than
those of [II8119]. Our result is higher by a factor of 2 than [I01,117]. The discrepancy
in the overall factor with and among the other papers is unresolved [II8-120]. Recently
a calculation based on (A.6) was done [12I] that claims agreement with [I18,[119]. Our
discrepancy with [121] originates partly from their normalization of the proton colour
amplitude to 1, which is incompatible to ([A.6l). This corresponds to a change of 1/N.! in
3:28) to 1/4/N.l. The other part appears to be a missing symmetry factor of 24 for the
Wick contractions.

The conformal expansion for baryons [52,[122] provides a systematic framework to ex-
pand distribution amplitudes, as described in the meson case (ZI3]). The explicit terms are
given in [99] and provided for reference in appendix[A.7 After integrating over momentum
fractions the result for the two terms of (3.31]) reads

(p(P"|uy"ulp(P)) =
N.+1)? 1 _ ,
o @iV (PN ()

100 8162)2 + 54¢9(65 + 1) + 43(65)” — 3665 6 + 63(67)?

9
+O(M/Q)] + O(a?), (3.49)

=a?167>

(p(P")|dr"d|p(P)) =

(Nc+1)2 1 AT+ / i —+
TN g (PN ()
50

5 [324(¢3)? — 36¢5(4d5 + 307) + 13(d3)* + 1865 ¢5 + 225(¢7 )?
+O(M/Q)] + O(a?) (3.50)

=a2167?
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Therefore the electromagnetic form factor at leading power is given by

> (p(P)eqy"qlp(P)) = (3.51)
q=u,d
No+1)21 .
:ﬁmﬁ%@mw )N+ (P)
2 1126801065 +905) + 53(657)" — 5465 05 + (6
+O(M/Q)] + O(a?) (3.52)

The next-to-leading power diverges, when integrating over the momentum fractions of
the quarks. The full result is given in the appendix (A.11]) and to the best of our knowledge
not available in the literature. As required by Ward identity, terms that involve (P* — P*)
cancel, when we choose a unique basis in terms of distribution amplitudes (e.g. a basis
that is not symmetric under u; <> v;, see (B.55)).

Regularization procedure

As regularization procedure for divergent expressions we cut off the integration boundaries

(B.I6) as follows:

1 1

1 1 1 1
/du1 /dUQ/dU3 (5(1 — U1 — U —U3) — /dU1 /dUQ/dU3 (5(1 — U1 — U —U3), (353)
0 0 0 €

£ £

where 0 < e < 1/3. For finite terms we let ¢ — 0, for divergent terms the e-dependence is
kept.

There are divergences in the integrand of (AII) for us — 0, ug — 1 — uy, ug — 1,
up =0, up — 1, v9 =0, v9 > 1 —wvy, vy = 0 and v; — 1. They arise when 1 or 2 (anti-)
quarks become soft. In order to disentangle the divergent part of the integral from the
finite contribution, we write the integrand of (A.I1]) as a sum of 2 Laurent series around
the divergent points plus a holomorphic function. This has to be done for the momentum
fraction sets for both (anti-) protons, i.e. (uj,us) and (vq,v2). The series expansion for an
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integrand f (v, vo) has the following general form:
fvr,v2) =
-1 ' -1 -1
= Z a?jvév{ + Z ailjvé(l — vy ) + Z h$(vq)vy
irj irj i

-1

—1 -1
+ Z bgj(l — U1 — ’UQ)Z"U{ + Z bllj(l — U1 — Ug)i(l - ’Ul)j + Z hi’(vl)(l — V1 — ’Ug)i
i\ 0. '

(2

1 —1
+ (1 —w)'] + 3 ) (1 — v
,J i

1 —1
+ Z dgj(vl + vy)'v] + Z hd(vy)(v1 4 v2)'
Y] i

-1 1
+> @ (va)v] + 3 (0)(1 vy’
+ haa(v1, v2), (3.54)

where i and j are negative integers and h%(vy), h(vy), hS(vy), hd(vy), a(vs), b (vy),
his(v1,v9) are holomorphic on [0, 1] and [0, 1]? for hj». An analogous expansion applies for
uy and us. The terms in this expansion result from an expansion around the divergences
of vy (“rows”), whose vi-dependent coefficients are expanded around the divergences in v,
(“columns”). The finite integrals of the expansion, with exception of his(vy,v2), can be
solved analytically, since they are simpler due to the applied expansion. In order to solve the
integral over his(vq, v2) we use that it is finite and expand it in € with the help of the Leibniz
rule. The order in ¢ is determined by the maximum degree of divergence that is produced
by the integral over (uj,us). Higher orders in € than the degree of the divergence do not
contribute, since the corresponding terms make the whole integral Taylor expandable in
e and therefore vanish explicitly. For the integration over (u,us) an analogous procedure
holds. It was checked explicitly that the procedure does not depend on the order of
integration.

There are 6 cases of 1 or 2 quarks becoming soft, which are easily identified with
divergent terms in the expansion. Table [3.3] provides an overview over the correspondence
between physical circumstances and terms in (3.54]).

Results for subleading power

In order to make the divergent behavior of more explicit, we provide the power of
the most singular divergence in the integrand for the coefficients in the conformal expansion
(A7 [A.g)) in Table B4l The divergences are extracted for each w; and v;, separately, i.e.
cancellations of divergent behavior through the other variables are not taken into account.
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Table 3.3: Overview of physical interpretation (soft, hard quark) to divergent behavior
according to (B54)). The limits are given in the form of brackets that correspond to

(v1,v2,v3) and indicate soft (0,1) and hard “~” momentum fractions.
term adviv] agvs (1 — ) he (vy)vh
interpretation (0,0,1) (1,0,0) (—,0,-)
term by, (1 — vy — vyl bi;(1 — vy — ) (1 —w1)? | h(vy)(1 — vy — wy)f
interpretation (0,1,0) (1,0,0) (——,0)
term (1 — vy) '] h$(v1)(1 — vy)°
interpretation (0,1,0) (0,1,0)
term d%;(v1 + va)'v] h(v1)(vy + va)'
interpretation (0,0,1) (0,0,1)
term al (vy)vt b2 (03) (1 — vy)’
interpretation (0,—-) (1,0,0)

As a basis for the integrand we choose

V1(Uz)V1(Uz')7 V1(Uz')V2(Uz’), Vl(ui)vza(vi),
Ar(u)Ar(vi),  Ar(ug) Aa(vi),  Ax(wi) Az(vi),
T )Ty (v),  Ty(u)To(vs),  Ti(us)Ts (i) (3.55)

There are linear and triple logarithmic divergences in ([A.11l). The integration over
twist 3 distribution amplitudes provides only logarithmic contributions. All terms that are
proportional to (1 — u;)™2 are multiplied by one power of uy and thus do not produce a
linear divergence. Linear divergences stem from the integration over twist 4 distribution
amplitudes. Specifically, the linear divergences in the terms that multiply ¢3¢9 and ¢3¢;
stem from terms proportional to v32. These divergences are produced from derivatives
of perpendicular components. The divergence pattern associated with the distribution
amplitudes is shown in Table[3.5l Generally twist 3 distribution amplitudes multiply terms
of similar degree as twist 4 distribution amplitudes. In contrast to twist 4 distribution
amplitudes there is a better suppression of these divergences, due to the asymptotic wave
function. This leads to less singular terms in almost all monomials.



76 3. Exclusive Baryonic B; Decays

Table 3.4: Singular behavior of the next-to-leading power part of the u-form factor .
Displayed are the most singular powers in the expansion (3.54]) of the conformal expansion.
The table entries denote the negative exponents (i, j) or i, where appropriate. The shown
monomials have the lowest total degree —i — 5. There are no monomials with lower single
degrees —i or —j. The momentum fractions u; are associated with twist 3 distribution
amplitudes, shown in the upper half of the table. Finite terms are indicated by “—7.
Expansion coefficients with no singular terms are left out.

(¢9)" | 9907 | @309 | 901 | o8oi | #Qur | ofef

Expansion in momentum components uf :
uy” 1 1 1 1 1 1 1
uz’ 1 1 1 — 1 1 1
uy" 2 2 2 2 2 2 2
uy” 1 1 1 1 1 1 1
T 2 2 2 2 2 2 2

Expansion in momentum components vf :
vwo | — Y)Y ) @)Y ),
vy 1 1 1 1 1 1 1
vl | — ) LY — @) LY,
ool | — (LD | () — | @ (L) | (1)
vy 1 2 — — 2 1 1
s | — (L) (L) | LY | (L) ] (1Y) | (L)
vy 2 2 2 2 2 2 2
vy 1 1 1 1 1 1 1
v, 2 2 2 2 2 2 2
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Table 3.5: Displayed are the most singular powers in the expansion (B8.54]) for the functions
that multiply the indicated distribution amplitudes of the power suppressed u-form factor
(AII). The table entries denote the negative exponents (i,7) or i, where appropriate.
Finite terms are indicated by “—7”. Expansion coefficients with no singular terms are left
out. The shown monomials have the lowest total degree —¢ — j. There are no monomials
with lower single degrees —i or —j. We used the short notation F = F;(z1, e, T3).

ViVe | WV VeV | AVAY | AYAY | AvAs | YTy | TYTY | TYTY
Expansion in momentum components uf :
wlu? |y |y | @y | — — | @y | @y | @y
w'u? | @20, | @, | @, | @D | @, | @), | @D | @D, | @),
(1,2) (1,2) (1,2) (1,2) (1,2) (1,2) (1,2) (1,2) (1,2)
uplu | @0, | @0, | @D, | L) | L) | 1L2) | @, | &1, | @),
(1,2) (1,2) (1,2) (1,2) (1,2) (1,2)
ug'ur? | 20), | @D, | @D | L2 | L2 | 1LY | @1 | @1, | @,
(1,2) (1,2) (1,2) (1,2) (1,2) (1,2)
alur? | @0, | @, | @0, | @D | @, | @), | @D | @D, | @),
(1,2) (1,2) (1,2) (1,2) (1,2) (1,2) (1,2) (1,2) (1,2)
Uy uy? — — — — — 1,1 | 1,1 | @11
Expansion in momentum components Uf :
vy | (1) — — — — — (1,1) — —
U2—i1—]1—j (2,1), (1,2) (1,2) (2,1), (1,2) (1,2) (2,1), (1,2) (1,2)
(1,2) (1,2) (1,2)
v | @), | @, | @, | 12 | 12 | 12 | @1, | @1, | @),
(1,2) (1,2) (1,2) (1,2) (1,2) (1,2)
v | @, | @, | @ | 42 | 1L2) | L2 | @D, | @1, | 21,
(1,2) (1,2) (1,2) (1,2) (1,2) (1,2)
vl | @, | @, | @D, | @D | @D, | @, | @D, | @1, | @),
(1,2) (1,2) (1,2) (1,2) (1,2) (1,2) (1,2) (1,2) (1,2)
o5 vy’ — — — — — (1,1) — —
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For the subleading power part of the u-form factor (A1) we obtain

(p(P")|ury ulp(P))|nLp =

= a§3207r27(i\;i7j]\:€ )!2 % (P" 4+ P*)NT(P)N*(P)
190 (69)" 5.+ ; loge)
— 12¢5¢]

6
(E +18log’ e 4 1621log” e + log £ (36log 2 — 3% + 543) + 102log 2 + 540 — 77r2)

— 3¢50
(481og® £ + 4021log” & + log & (72log 2 — 87 + 1200) + 1801og 2 — 237 + 1266)
—12¢9¢; (12log” e + 108log® e + loge (241og 2 — 27> 4 356) + 60log 2 — 57 + 406)
— 69505
12
(— +361og” e + 3241og” e + loge (72log 2 — 67° + 1126) + 204 log2 — 147° + 1145)
g

0/ —
+ P31,

(1441og” £ + 1290 log® £ + loge (360 log 2 — 247% + 4352) + 900log 2 — 517 + 5068)
— 3¢50

(481og” e + 4021og” € + loge (721log 2 — 87 + 1180) + 1801log 2 — 237 + 1256) |
(3.56)

The result for the d form factor at next-to-leading power is given in appendix (A.12]).
This leads to the divergent structures for the coefficients in the conformal expansion of the
distribution amplitudes as shown in Table There are 16 terms in a minimal basis in
terms of distribution amplitudes. Therefore we do not display the divergent structures for

the distribution amplitudes here.
The regulated contributions to the next-to-leading power part of the d-form factor are:

(p(P")|dr"d|p(P))Inve =
_ 2 Z(NC + 1)2 M / T+ / +

[(¢>§)2 45 (1 —loge)

+ 33939 (41 + 291loge + 41og”€)

+ ¢3945 (15 + 11loge + 2log® £)
— 05652 (119 + 9Tloge + 18log’¢)
+ @3076 (79 + 41loge + 6log?¢)

+ ¢3¢y (113 +103loge + 18log’¢)
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+o3 15 (59 + 37loge + 6log”e) | (3.57)

Table 3.6: Singular behavior of the next-to-leading power part of the d-form factor (A.12).
Displayed are the most singular powers in the expansion (8.54]) of the conformal expansion.
The table entries denote the negative exponents (7, j) or ¢, where appropriate. The shown
monomials have the lowest total degree —i — j. There are no monomials with lower single
degrees —i or —j. The momentum fractions u; are associated with twist 3 distribution
amplitudes, shown in the upper half of the table. Finite terms are indicated by “—7.
Expansion coefficients with no singular terms are left out.

(6" | #9067 | o3u) | @801 | @301 | SSs | v
Expansion in momentum components uf :
uy' |1 1 1 1 1 1 1
uy' |1 1 1 1
azt | 1 1 1 1 1 1 1
ut |1 1 1 1 1 1 1
alt |1 1 1 1 1 1 1
Expansion in momentum components vg :
L 1 1 1 1 1 1
| 1 1 1
vt | — 1 1 1 1 1 1
vt | — 1 1 1 1 1 1
o1 1 1 1 1 1 1

The electromagnetic form factor at subleading power in Agcp/my and leading order in
«, therefore reads:

> (p(P)eg@y"qlp(P))|xLe =

q=u,d
640 ,(N.+1)> M -
2 2 c / + / +

[(gbg)z 90 (6 + loge)

12
+ $336 <—? — 957 + 147% — 2041og2 — 999 log e + 672 loge — 72log2log e

— 312log% e — 3610g® 5)
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+ P393 (—816 + 23712 — 18010og 2 — 8701oge + 8% loge — 72log 2loge
— 342log” e — 481og” ¢)

+ 3¢5 4 (—1337 + 157% — 180log 2 — 1165loge + 67%loge — 72log 2log e
— 342log® e — 36log® 5)

12
+ #3016 (—? — 987 + 141% — 204 log 2 — 1044 log € 4 67° log e — 72log 2log &

— 312log* e — 361log® a)

+ ¢35y (5294 — 5172 + 900 log 2 + 4558 log e — 247% log e + 360 1log 2log ¢
+1326log” e + 144 1og’ ¢)
+ 1) 3 (—666 + 23712 — 1801og 2 — 8101oge + 8% loge — 72log2loge
— 342log” e — 481log”¢) | (3.58)

3.2.2 Axial vector form factor

The spacelike axial vector form factor has 3 independent coefficients:

(p(P)| fA"vsfp(P)) =

_ .0'“)‘
=N (P') |y FI5(Q%) + i~

o @)+ PP @) NP),  (3.59)

where ¢# = P’* — P" and f represents the flavours u, d.

Results for leading power

At leading power the diagrams in Fig. B2 have the following integrands of [ DvDu:

pr . = AD 07— A +4TyTy

4’&%1@,@%’113
FFE: 0
THTY
FFy: - %
U2U2U3V1V2V3
e DA (7 - A
4U2U3U3’U1’U2U3
e WA (W Ay
4U2U2U3’U2U3U3
FF(; : 0
Vit — AY) (VY — AY) + ATTY
FF7: ( 1 1)( 1 1)_'_ 1 1 (360)

4@%1,62’(_]%’02
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We ommitted the factor )

02167 7y N (P')" 35N (P) (3.61)
and the colour factor (3.46]). Apart from the ommitted factors the same comments apply
as below (3.45]). The explicit expressions for the upper row of diagrams in Fig. with
weak vertex at the d-quark line are:

pp . VAL
29 QUQUQTL?;’@%
FF30 : 0
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e 4'&1U1U2U1U2@3
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2 4'&1U2’&2U1’Ug@3
PR Ty
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FF34 : 0
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FFa - S St Sl S 3.62
35 2U1’U1TL§@§ ( )

These expressions have to be multiplied by the same factors as the expressions in ([3.60). If
we integrate over the momentum fractions and convolve with the distribution amplitudes

in (A7), we get

(p(P")|ury"~su|p(P)) =
No+121
o gi ¥ (P (P)

199 197(69)% — 180305 — 13(05)? + 1265 6 — 21(61)?

3
+O(M/Q)] + O(a?) (3.63)

= — a?167?

(p(P")|dy"ysd|p(P)) =
e et 1 o
= — Oé8167T W@N—F(P/)’}/u”)%N—F(P)

50 |36(69)7 — 8605 + 360367 + - (63)? — 665 07 — 23(67)’
+O(M/Q)] + O(a?) (3.64)

The flavour changing axial form factor was calculated in [123|[124] for a specific helicity
configuration. We confirm the expressions for the diagrams from [123] with a calculation
that uses the leading twist part of the nucleon distribution amplitudes (3:28) and (327
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and that takes into account the different contractions of Dirac indices in a p — n transition.
The relation g4 = G7, for the magnetic form factor of the neutron, G'};, and asymptotic
distribution amplitudes is confirmed.

Results for subleading power

Using (anti-)symmetry of the distribution amplitudes, we arrive at the following integral
representation for the u-flavour form factor at next-to-leading power:

(p(P") [y y5ulp(P))|xrp =
N, + 1) M _
:a§16W2%@ (P" — PH) N+(P’)75N+(P)/ Du/ Dv
{ Vievy

16“1@%“2@%“31)16%@26%1)3

(w1 (= (—2u3ts 4 (5 — duz) uzvr + (=3 + (=5 + u2) (=2 4 ug) up) v7) vy
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+14v1 — 6ugvy))) va + (ug (3 — (=5 + u2) (=2 4 ug) ug — Tvg + us (28
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Fus (20101 4 (=2 + (T — 4dv) v1) va + (2+ (=4 +v1) v1) v3) U
—U1 (—v1 — V102) Val3))
Ay A;

8uy U2 uglidusiizv 03 V93 U3
(w1 — uz) (v1 — va) ((—=1 + wdus + (3 — 2us) uz + uf (=2 +up +u3) +u; (3
tus (=6 +us +u3))) vith + (—uftis (2+us — 7 (1 +up) v1 + 2 (2 + uz) v7)
tup (3—6us +uj +uj —5 (2 —dus +ud) vi +2 (34 ug (—6 + us + uj)) v7)
Fufus (1 + 01 (=5 +201)) + U2 (=14 (3 = 201) v1 + ua (2 + v1 (=7 + 4v1)))) v2
+ (u1 (—3 — Uy (—6 + ug + u%) +2 (3 + Uy (—6 + Uy + ug)) v, + (—2 + (=2 + u9) 2u2)
v1) + uus (—1 + 01 (24 v1)) —uflia (=2 — (=4 +v1) v1 +us (1 +v1) (=14 3vy))
—ii (ug (2 + (=4 +v1) v1) — 07)) v3)

Ay A3

Ay uugtidustizv, V3090303
(w1 — u2) (v1 — va) ((—=1 + wfus + (3 — 2us) up + uf (=2 + up + u3) +u; (3
Fuy (=6 +ug + u3))) vty + (—uilis (24 us — 7 (14 uz) v1 + 2 (2 + up) v7)
Fup (3= 6us +uj3+uj —5(2—4dus +u3) vy +2 (34 ug (—6 + uz + u3)) v7)
Fufus (1 +v1 (=5 +2v1)) + U2 (=1 + (3= 201) v1 + uz (2 + vy (=7 + 4v1)))) v2
+(u (=3 —up (—6+us+ud) +2(3+us (=6 +us+u3)) v + (=24 (=2 + us) *uz) v7)
+udug (—1 4+ o1 (24 v1)) — uity (—2 — (=4 +vy) vy +up (1 +v1) (=1 + 30y))
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+203) + v} (=2 — vo + v3) — 2030s) + V10 (V2 4+ v1 (1 + v2 (—4 +T3)))))
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+ (=342 (3 —5vy) v1) v3) + dug (—0i0; — 2 (=24 v1) vivs + (=1 +v; (4
+o1 (=10 + 3v1))) v3 + (14 vy (=24 3v1)) v3) — v10 (V2 + v1 (1 + vy (—4 + 03)))
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(3.65)

For the regularization of the axial vector form factor, we use the same procedure as for the
vector form factor (B:21]). The integration over the momentum fractions of leading twist

distribution amplitudes vanishes, after the conformal expansion (A7 and [A-§]) has been
employed:

(p(P")|ar"ysulp(P)) Ixee =0 + O(ay) (3.66)
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Table 3.7: Singular behavior of the next-to-leading power part of the axial vector d-form
factor (B.67). Displayed are the most singular powers in the expansion ([B.54) of the con-
formal expansion. The table entries denote the negative exponents (1, j) or i, where appro-
priate. The shown monomials have the lowest total degree —i — 7. There are no monomials
with lower single degrees —i or —j. The momentum fractions w; are associated with twist
3 distribution amplitudes, shown in the upper half of the table. Finite terms are indicated

by “—”. Expansion coefficients with no singular terms are left out.
(63)° | 365 | #5u8 | Soi | o9vn | S
Expansion in momentum components uf :
uy’ | 1 1 1 1 1 1
az’ | 1 1 1 1 1 1
a;t |1 1 1 1 1 1
Expansion in momentum components vg :
vt | — | — 1 — 1 1
vt | — 1 — 1 — —
vt — | — 1 — 1 1

The d-flavour form factor reads at next-to-leading power:

<p(P/)|J7H75d|p(P)>|NLP =

2 2 (NC + ]‘)2 M AT+ +
_0[8167'(' W@ (P//J — P,LL) N (P/)’}/{;N (P) DU DU
B ViV
8U1’&1U2'&2ﬂ3’U1@1Ug@2@3

(uz (1= 6vy 4+ 407 + 3 (=24 v1) Dve + (4 = 3v1) v3) +uj (-1 — 2 (=2 +v1) vy
+4vo + (=5 + v1) vivg + (=2 + v1) v3) + uf (—Uz + 4v; — Bugvy — 207 + UV}
— (=4 4 3uy +v1) vyvg + (=2 + ug + v1) vg) — Uty (—Ug + 6v1 — Sugvy
—4v} + ugv} — 3 (=2 + up + v1) B1va + (—4 + us + 301) v3) + U1205)
(1 +u? + (=3 + ug) ug — uytia) (—1 + 201 + 2v3)
41 Uq Ug U U3V Vo Us
(1+uf + (=3 +ug) ug — 3urliy) Ay (v — v2)
41 Uq Ua Utz V1 Uy Y Ay gy 50909

(—1 + 2uy + 2us) (v1 — v9) (v1 — vy)

41 U U301 V1 V2V 41UV, V1 V2V

VY

HVIVS

ATV - AV



3.3 Evaluation of decay amplitude 87

(ul — Ug) (’Ul — UQ) (’&3 + @3) (Ul — UQ) (’Ul — ’Ug) (—1 + 2’111 + 2'[12)

—ATA] + ATAS

8U1U2TL§’Ul’UgT)§ 4u1u2ﬂ§v1v2@§
Ur — U ) (U1 — V2
duq ugtizv1v2U3
3
+ O(ay) (3.67)

As in the case of the vector form factor, one can extract the divergent behavior for each
integral alone, assuming that the other variables are finite. For illustration purposes the
most divergent terms after the conformal expansion of distribution amplitudes are shown
in Table 3.7

The integrand is regulated according to (B.16). The limit, € — 0, of the integral is well
defined and vanishes:

(p(P")|dv"y5dlp(P))|xLp = 0+ O(a) (3.68)

Most higher power corrections that involve light cone distribution amplitudes are not
calculable at subleading power. Since this is the case for ([8.60]) and (B.68)) we expect that
objects based on the axial vector form factor have rather small hadronic corrections.

3.3 Evaluation of decay amplitude

3.3.1 Outline of factorization scheme

We perform the calculation of matrix elements (p(P')p(P)|Q:(0)|Bs) at leading power
in Agep/my. As long as the calculation only involves leading twist nucleon distribution
amplitudes, it is formally not necessary to consider higher fock states. Numerical estimates
suggest that higher twist coefficients are of comparable size to leading twist coefficients [99].
Expecting a bigger impact on the amplitude of these higher twist terms than subleading
fock states, we disregard the latter from our analysis. Because of the flavour structure,
annihilation diagrams are the only ones that contribute. If we insert the operators Q7.
and Qg,, whose fermion fields can only be contracted with the Bs-meson, we are left with
the matrix element (0|50, (1 + 75)b|Bs). It vanishes by Lorentz symmetry:

(0[50, (1 +75)b| Bs) = 0 (3.69)

The tree diagram at O(a?) for the operators @Y, - - - Q1o with implied B-meson projection
(2.8) is depicted in Fig. B3 and vanishes by the equations of motion. At O(«,) we
encounter the diagrams of Figs. 3.4 and B.5. The diagrams at O(a?) are shown in Figs.
3.6l 3.7 and [3.8. Non-abelian diagrams do not contribute due to the colour structure. In
addition to the perturbative expansion we also have a power expansion in Agcp/my. The
leading power can be identified with the help of the leading form factor scaling (3.35):

S

_1, = M
(pp|He ™ 1Bs) ~ GrVuViifsfi—s (3.70)
b
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Q)

Figure 3.3: Tree diagram at O(a?). Shaded area indicates B-meson projection.

q a1 a1 q

(73 @2 72 (73

b1 p1 b1 b1

Figure 3.4: Tree diagrams at O(ay). Shaded area indicates B-meson projection.

The decay is suppressed by an additional power in M/m,, due to the conservation of
angular momentum and momentum: either the final state is in s-wave and the helicity
of the (anti-) proton is flipped or it is in p-wave. The p-wave is suppressed, because one
power of p; /my, has to be picked up to generate the corresponding angular distribution.
In order to estimate the diagrams in Fig. 3.4l we project onto the B-meson and identify
the leading power expressions. The expressions for each diagram, from left to right, read:

: e 1 1
- Z27TO[S—2—_7
my Nc UgVg + Vg

(@2)t“7(1 + 75>p<p2>] (3.71)

2@ (1 — 7)p(p1) L—Zq@z)t“ml —0plps) + g
Cigmads L L

sm% Nc U2V9
20" (1 — 75)p(py) [uizaqa)ma —2e)pps) + (@t + 75>p<p2>] (3.72)
z’4ms%@@(q1)t“v“(l — 75)p(P1)q(q2)t"vup(p2) (3.73)
i L () ( = )P0 ) (3.74)
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@ @

P1 P1 P1

a(q)
(o)
d(gs)
d(ps)
u(ps)
u(p1) . AfL Af; Al A

Afy Afy Afy Af Afg Af
Afig Afyy Afyp Af Af

Figure 3.6: Tree diagrams at O(a?) that include only gluon couplings to final state fermion
lines.

We assigned the momentum fractions ¢; = v;q and p; = wu;p for the leading power momenta.
()2 does not contribute for the first two diagrams, ()1 does not contribute for the last two
diagrams. We see from (B7IH374) that these diagrams do not vanish by equations of
motion. Compared to the hard contribution ([B.70), the suppression for the protons to pick
up two soft quarks was estimated to be O((Agop/myp)?) [109,110]. Furthermore in the
expressions (B.7IH3.74]) there is only one gluon propagator and 1 quark propagator and
therefore only terms with momentum fraction z; up to 1/z?. At O(a?) there are 2 gluon
and 2 quark propagators and therefore powers up to 1/z%. Similar to [I09] we use the
asymptotic distribution amplitude ®,4(z;) = 120z 2223 to estimate the size of the typical
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Figure 3.7: Tree diagrams at O(a?) that include only gluon couplings with exactly one
coupling to an incoming fermion line.

integrals over momentum fractions:

(/ Dy Las(@i)

) (J ot

(I)as 7 ?
(/ Py Lol )) ~103 (3.76)
T1T2T3

Expressions (8.72)) and (374) have logarithmic singularities. We estimate them using a
cut-off at Agcp/my,. When we integrate over the asymptotic distribution amplitude and
the explicit momentum fractions of B.7IH3.74)), we get values below 10 with the highest
value of 65 for (3.72)). The (anti-) protons in the diagrams of Fig. 3.5 have to pick up 2 soft
quarks and are suppressed by at least (Agcp/my)?. We estimate them to be smaller than
the contributions of Fig. 8.4l Due to the additional factor ay /7 for the hard contribution,
the soft contribution can play a sizeable role.

) ~10? (3.75)
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Figure 3.8: Tree diagrams at O(a?) that include only gluon couplings with exactly two
couplings to an initial fermion line and 3 (anti-) quark contractions per (anti-) proton.

(1)
u(gqa)
d(fla)

d(ps)
u(p2)

u(pr)

Ay

The hard contribution to the amplitude at O(a?) can be represented as follows:
(p(P)p(P)Heg' 1 Bs) =
G N.+1 N.+1
—"E\, {(—Clg—@ + )7;

V2 4N2N,! 4N2N,!
(N +1)2 N + 1 (N +1)2

Feynman diagrams at order o? contribute at power O(M/my). At leading twist in the
proton and antiproton distribution amplitude there is no contribution at the integrand
level. That is consistent with the expectation of power suppression ([B.70). The leading
contribution results from taking the proton distribution amplitude at twist 4 and the
antiproton distribution amplitude at twist 3 and distribution amplitudes with exchanged
twist assignments. At leading power the decay amplitudes do not depend on the spectator
quark momentum. In order to show that, we use that the form for the B-meson distribution
amplitude for general z has the same Dirac structure as the one on the light cone (2.8]),
i.e. 22 = 0. Instead of the integration over ¢po(£), we have to integrate over 1pa(ps),
which depends on the full momentum of the spectator quark. Subsequently we express the
momentum of the spectator quark in the integrand as

= p2p+ )" /my + Pt + D2 (p — @)F ), (3.78)

apply the equations of motion and average over the momenta of the perpendicular subspace
independently for each hadron, similar to the case of the proton form factor as described in
[3.2.1l The dependence on all perpendicular momenta and the spectator quark momentum
drops out as expected. Therefore we can perform the integration over ¥ps(ps), which
vanishes.
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In the next subsection we supply the amplitudes for the Feynman diagrams with cou-
pling to the first u-quark line. The expressions 7; in (3.77) can be obtained by summing
over Ai and following the prescription in (3.43]) and (3.44]). The analogous holds for the
expressions 7T, and 7.

3.3.2 Feynman diagrams Ai

The diagrams with two gluon couplings to quark lines from incoming fermions are displayed
in Fig. B.8 Apart from the factors separated out in ([B.77), the diagrams Aiy, ..., Aig,
folded with the proton-, antiproton- and B,-meson projector ([B.27, B30, 2.8), can be
expressed at leading power as follows:

Ail :
M
ioz§167r2f3—4/DU/Du
my
1

{4u2u3 (—1 4+ uqvy) vovg (—1 + w103 + ug03)

[N (PNS(P) (Vi*Vy 205 4+ ViV3'2 (=1 4 wyvr + ugn) — ViV oy + VPV — ViVayty
FVP V01 + VIV (L= 0} —vg — w1 (G — 02)) + VIV (T — uz) + Ay Vi — A5 V"5
F ALV — A Vo1 + AV (1 + 0] — o1 (L4 @3 — v2) — va) — AV uz + AV
—AYV3 oy + AYVor — AV or + AV (W — us) + AYVE (—of 4 v1 (14 @3 — v2) — To)
+ATAS 200 + ATAZ2 (—1 + wyvg + uguy) + ATAS 01 — AJAY 0 + AT AS, 01 — ATAS 0y
FALAY (v + 01 (—us + v2) — o) — Ay Afus — T1 T3 205 + T Ta1 203 + 1115 20 v
=T7VT52u 05 — 17Ty, 205 + 17Ty 2vs + TV T7 20103 — TV T 2uqvs — STTY 20103

+SVTY2 (=209 + uy (14 03)) + PYT 20103 — PPTY2 (—2ug + uy (1 4 03)))

+N (PN (P) (= (V'Vayon) = VIVt — V'Vt — Vi Vigy

VIV (=0} + 01 (1 + 13 — va) — B) — V' Vi'ug + ASV"2v,

—ASVP2 (=1 4+ uyvy + uguy) + A5 Vo, + Ay Vo, + A, Vitoy + A, VP oy

+AS V" (v% + v (—ug +v2) — Ba) + AV (U1 — ug) — AJVS'2 (=1 + wqvy + usvy)

TAYVy 20y — AYVy 0 — AYVi 01 — AjVaptn — Ay Viptn — Ay V5'us

FAYVY (1 — v —vo — vy (U — Do) + AVAY Oy + AVAY 0y + AV AL, + AVAS, D,

FALAY (1407 — o1 (1403 — va) — v2) + AAY (T — o) + T} T3 203 + 17 T3 2vs

=TVT5 20105 — TV T3 2u 05 + TV, 205 + 17Ty 2vs — TV T7 20103 — TV T 2u 03

+S7T 20103 + SYTY2 (—2ug + uy (1 + 03)) — PYT 20103 — PPTY2 (=2 + uy (1 +03)))]}
+0O(a?) (3.79)
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Aig .
M
ia§167r2f3—4/7)1)/17u
"y
1

{4u2u3 (—1 4+ uqvy) vg (—vg — ugls) v3
—Vi'Vios + WVatos + Vi Voot — ViVt + V'V (01 — v2)

+VIVE (—ug — uguy — U1 — ugvg) — A Vitue + AS Vv — A5 VM0, + ALV 0y

—AVi'vg + ASVY (u (=1 + v1) 4+ 01 — wava) — AjVajve + AfVioe — ATVy01 + Af Vo)
+ATVS (ug — ugvy — 01 + ugva) + ATVE (01 — vg) + AT AS20109 + AV AS2us + AY AS vy
—ATAS vy — ATAS, Uy + ATAS, U, — AT ASus + AT AS (ug + ugvy + 01 + ugvg)

+TPT5 (2 — 2u9vy) + TP T3 (=2 4 2agvy) + 1117 (2 — 2a9vy) + TYTH (=2 + 2u9vy)
+STTV'2 (ugvy — vy + 2v9) + SYIY (2 — 2ugvy) — PYTY2 (ugvy — 01 + 203)

+PITY (=2 4 2u9vy))

+N (P ) NT(P) (ViVayvs + Vi Vagvs + V" Vytn + ViVt

+VIVE (01 — va) + VIVE" (ua (=1 4 v1) + 01 — ugvg) + A5V)"20109 — A5V 2uy

+ A5 Vi g + A Vg — A V'01 — Ajp Vit — AzVi'os

+ AV (—ug — uguy — Uy — ugva) — AYV3 2uy + ATV 20109 — AV Vivg — ATV 09
FATVED) + AMVSTL + ATV (s + ugvy + 01 + o) + AVVE (B — vy) — AVAL vy
CAVA vy — AVAL T — AVAL T — AV A% + AVAY (uz — s — By + )

+TPT5 (=2 4 2uguy) + TV T3 (=2 + 2ugvy) + 1117 (=2 + 2a9v1) + TYTH (—2 4 2agv7)
—STT2 (ugvy — Uy + 2v9) + STTY (2 — 2ugvy) + PUTY2 (ugvy — 01 + 209)

+PTYV (=2 + 21a9v7))]}

+ O(a?) (3.80)

[NT(PYN*(P) (V*Vy2v105 + Vi V3'2u,

Aig :
M
ia§167r2f3—4/7)1)/17u
my,
1

{4u2u§vg (—vy — ugty) V3

[NF(P)NT(P) (= (V' V5" 2ugvs) + Vi*Vaivg — Vi Vaivg + ViViyus — ViV

+ViVy (—U3 + 209 — ULVy — UgUy — V1Vg — vg) + VPVE (ay — ug) + A Vi'vy — A5 VP0y
+ A5V vy — A ViPug + AV (1 — V1V — V3 — U Ty — uQT)g) — A5V ug + AT Vyivo
—ATV3vs + AYVysve — ATVovs + ATVS (U1 — ua)

+ATVY (—u3 — U Uy — Uy + V1V + US) — AT AS2usvy — AT AS v9 + AT A vy — AT AS 00
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+ AT Ay v + AYAS (1 — 205 + v109 + 05 — wTs — ugls) — A Afus — T1'T352u;
+17T552us — TVT5 2usvy + TV 15 209us — TV Ty52us + 17 T)52us — 1117 2usvy
+T7 T 2uus + SYTV 2u3v0 — SYTY2 (1 + ug) ug — Py 2usy + PTY2 (1 4 ug) ug)
+NT(P) N (P) (= (V'Vava) = Vi Vajve — Vi'Vayue — V' Vaguy

FVIVY (—us — ugva — upvs + v1vg + v3) — V'Vi'us + AV 2uzv, — Al Vv

— A5 Vg — A5 Vv — A5 VP0s + A5V (1 = 209 + 0105 + 05 — w1Ts — ugls)

FAUVY (T — ua) + AV 2u5vs + AUV vy + AVVE vy 4+ AVVE 0y + ALV 0y — AVVius
+ATVY (—u;; + 209 — U Vg — UgUy — V1V — v%) + AT AY vs

+AYAY vy + AV A vs + A AYyvs + AYAY (1 — v1ve — 05 — ugls — Usly)

+ATAS (U — ug) + T T5y2us + TP Tos2ug + 1115 2usvy + TV T 2u0us + T4, 2us
FTPTS 2us + TETY 2us0y + TP T 205us — SUT2u30s — SUTY2 (1 + up) ug + P11 2usby
+PITY2 (1 + ug) uz)]}

+ O(a?) (3.81)

Ai4 :
M
ioz§167r2f3—4/DU/Du
"y
1

{4u§u3vgvg (=1 + w103 + uqts)

[NT(PY)NT(P) (= (V}'Vy 2uaT3) + V'V 2us + Vi*Viyius — Vi Vajus + Vi*Vayus — Vi Vayus
TV V5'ug (=2 + U + 03) + A Vi'ug — A5 Vi'up + A% Vi'ug — A%V us

+ AV up (U3 — v1 — v2) + AYViiug — Ay Vajus + Ay Vosus — AYVayus

AV g (—uy — g + T) — AYAL2uaTy + AVAL2uy — AVA g + AVA 1y — A AL
+ATAS ug — AT AYus (=2 + as + U3) — 11150205 + 17154520 + 1113 20505 — 17 T4 2uqvs
=TV 2v5 + TV 15203 + 1117 2vavs — TV T 2ugvs + S7T1 20905 + STTY 2u9v3

— PT " 2vqv3 — PP 2usgv3)

+NT(P)ysNT(P) (= (V' Vayuz) — Vi Vajus — ViViyus — Vi Vijus

+VPV ug (U — vy — va) — ASV*2uot3 — A5V 2ug — A Vitug — A ViPug — A5, Vitus

— A5V us + A5V us (—2 + ag + v3) — ATV5 2uy — ATVY 2ue05 + AT Vyiug + A Vyiug

+ A Vaus + AYVayus — ATVi'us (=2 + Uiz + 03) + AfAj us + ATAS up + AfAjyus
+ATASug + AT Afus (—uy — us + 03) + 11155203 + TV 50203 — TV T3 2vav3 — TV T3 2uqvs
+17 75205 + TV Ty 2vs — TV 2v9vs — TV T7 2ugvs — ST 2v9v3 + STTY 2uqvs

+ P11 2v9v3 — P17 2ugvs)| }

+ O(a?) (3.82)
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Ai5 .
M
ia§167r2f3—4/7)1)/17u
my,
1

{4u1uQu§vlvgv§

[NF(P)NT(P) (= (V'Vy'20103) — ViVyit + Vi'Vaitn — ViVt + Vi Vastia

—ViVs'uy (=2 + U + ) + Ay Vi"un — A Vit + A V' — A3 V'

+AZVY U (U — vy — v2) + AfVyyun — AYVyyun + AYVost — ATVosty

— AV (s — vy — vs) — AVAL200s + AVAL @y — AYAY @y + AV AL ay — AV AL,
FAVAMG (=2 + Uy + 3) — TUTY 2us + TVTE 2us — TVTY 2usty + TP T 2uyus — TVTY 2us
FTUTE 2uy — TTY2us0y + TP T 20us — SPTP2us0; — SUTY 20 us + PPTY2us0,
+PTY 24 u3)

HNT (P NH(P) (= (V'Vaytn) = ViVaitn — Vi'Vaytn — Vi Vst

+VIVitu, (ug — vg — ve) — ASV“2u 03 + A5 Vi'uy + A Vi + A, Viuy + A5, VPt
=AWV (=2 4 U3 + 03) — AYVy2ugvs — AYVaiun — AYVyyin — AYVostn — AYVastn
FAVV' U (=2 + U3 + U3) + ATAG Uy + ATAR U + AYAS U + AT AR T

—ATAS U (Ug — vy — vo) + 1715 2us + TYT51 2ug + 1115 2ugvy + 1715 20 us

+17VT 2us + TVTy  2us + TV 2ugvy + TV T 20 us + STT 1 2usvy — ST 2t us

— P 2usvy + P'TY2uus3)|}

+0O(a?) (3.83)

Aiﬁ :
M
z‘a§167r2f3—4/m/2>u
my
1

{4u1u§u3vlv§vg

[NT(P)NT(P) (ViVy 2tus — Vi*Viyyus + Vi Viius + ViVt — Vi Vit

FVIVE (—ugly — Gyvg) — A5 Vitug + A3 Vitug — A% Vit + A Vit

+ AV (—ugty + vy — ugva) — ATVajug + AY V3 us — AYVasuy + AT Vyyty

FAVVY (g — ugvy — fvn) + AUAY0up + AVAY us — AVAY 1y — AV Al + AVAL @,
+AT AL (ug — ugvy + ve — ugve) — TPTY 22U 09 + T T3 20 vy — 117 20 v + TV T3 21102
+S7T 2 vy + STV 20109 — PYT 22U v9 — PPTY20409)

FNT(P)ysNT(P) (Vi Viug + VP Vijug + Vi Vaytn + VP Vst

+VIEVY (ug — uguy — tqve) — ASV P 2u us + A3 Vitug + A ViPus — A5, Vitay — AS, Vi
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+ AV (ug — ugvy + vy — ugva) — AJV32uqus — ATVajus — AT Vyug + AV Vot

+AYVR U 4 AYVY (—usly — tvy) — AYAjyus — AJAG up — AYAS Uy — A AR T

+ATAS (—ug®y + vy — ugve) + 1715 2Uyvg + 17 152U v9 + 1117 20109 + TV 17 20109

— ST 2105 + SYTY 2Uqve + PYTV 20100 — PTY 2uqv2) ]}

+0O(a?) (3.84)

3.3.3 Feynman diagrams Am

The abelian diagrams with exactly one gluon coupling to fermion lines of incoming partons
are displayed in Fig. B After the amplitude for each diagram is expressed by independent
Dirac structures and the leading power is identified, we can express the diagrams by 4
dimensional integrations. The factors of (3.77) are left out.

Al’Ill .
e 167T2fB /Dv/ Du

{4u1u3 2(—1 4 uyvy) v2v3

[NT(P)NT(P) (V*Vy'207 + V'V oy — VIVyion — ViVt

APV (=1 = (=3 4 ag) v — vf) — Vi'Vitug + A5 V01 — A5 VIO — ARV

FASVE (1= (1 + 1) v1 4 v7) — AV ug + AYVai oy — AV 01 + AYVo,

FAV (g — ug) + APVY (=1 + (1 + 1) v — vf) + AVAS207 — AYAY 0y + AJAY o
+AYAL T+ AYAY (L4 (=3 + 13) v1 +v7) + AVAY (6 — us) + 11Ty 2uzvs — TV T 2usv,
+T1T7 2usvy — T T 2uzvy + STT 2usvy + STV 2us (—2 4 vy) — P11 2usv,

—PTY2u3 (=2 4 v1))

FNF (P NT(P) (= (ViVayon) = VP Vaion — ViEVigtn + ViV (=1 + (1 + ag) v — of)
—VPVi'ug + ASV207 — A Vit — Ay Vit — ALV + AV (14 (=3 + 1) vy + v7)
— AUV uz 4+ AYVY 207 4+ AV, + AV Ty + AVt + AVVE (T — ug)

FAWVY (=1 = (=3 +u3) v1 — v7) + AVAS 0y + AJAY 0 + AV A5

FAYAY (1 — (14 a3) v1 +07) + AVAY (6 — us) — T1Ty 2uzvy — T T4 2usv,
—T7T72uzvy — TY T 2uszvy — SYT 2ugvy + S1TY2us (—2 4+ v1) + PYT 2usv;

—P{'TY2us3 (=2 + v1))]}

+O(a?) (3.85)

Am2 .

{16! 167T2fB /DU/DU
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1

{4u%u;), (—1 + uqvy) 0103

[NT(P)NT(P) (ViVy 201 — Vi'Viyva + Vi Vajvs — Vi'Vay Oy — Vi'Vi'us

FWIVE (=01 = wn (=2 4 2v1 + v2)) — AG V" v + A5y ViTvs — AR V01 — AgVi'vs

FAVY (3) — ugvs) — ATV vs + AUV vs + AVVET + AVVE () + wyvs)

+ATVY (01 — ve) + ATAY2U1 0y + AT AS ve — AT AS 09 + ATAS T + ATAS (01 — v2)
+ATAY (01 + uy (=2 4 201 + v9)) + 11 T3 205 — TV Ty, 203 — T T3 20105 + 1715 2uqv3
+T1T5 203 — TV T4 2vs — TV T7 20103 + TV T 2uqv3 + STTY2 (=2 + v1) vg + ST 2u 03
—PPTV2 (=2 + vy) vs — PI'TY2uyv3)

AN (P N*(P) (ViVaive + Vi Vaive + V'Vt + VIVE (01 — va) + VIVS' (01 — uaws)
+ASV2 (ur — ugvy — 1) + A Vi'vg + Ay ViPvg + A5, V01 + A5V (01 — v2)

+ASVY (=01 —ug (=2 4 2v1 +v9)) + ATV52 (ug — ugvy — 01) — A7 V509 — ATV 09
—APVur + ATV (01 4+ g (=2 + 201 + va)) — ATV vs — AT AS ve — ATAS 09 — ATAS T
—ATASvs + ATAS (=01 + ugvg) — T T3 203 — TV T3 205 + T T3 20105 + T T3 2uqv3
17Ty 2vs — TV Ty 205 + TV 1720105 + TP T 2uqyv3 — STT2 (=2 + vy) vg + S1TT 2uyv3
+PITV2 (=2 4+ vq) v3 — PPTY 2uyv3)] }
+0(a?) (3.86)

Am3 .

M
iaglﬁﬂszT/DU/Du
my,

1
{4u2u§vgﬂ2 (—v9 — ugls) U3
[NF(P)NT(P) (V{'Vy 2090 — Vi Vajvs + Vi"Viyua — Vi'Vayus — VI'V5' (T — T2) T
—Vi'V5'ug 4+ A3 Vi"vy — A3 Vi'vg + A3 Vivs + ASVY (—ug — 02) U2 + ASVY (U1 — u2)
—ATVyive — ATVosva + AT Viive — ATV ug — ATV (—us — vg) U + AT A520,7
+ATAS ve — AT ASyve + ATAS 09 + ATAS (g — U2) U2 + ATAS (y — ug) + 11 T5p2us
=TV T552us + T3 2usv — TVT5 2Ugus + 11Ty 2us — 17 T)52us + 1117 2us0s
—T7TH2uus — Sy 2uz02 + STTY2 (1 + ug) us + PYT  2usvy — PPIY2 (1 4 ug) ug)
AN (P )N (P) (Vi Vaive + ViVayvs + Vi Vagus — VI'VS' (—us — v2) T
AWV (U1 — ug) + AV 20505 — Ay Vi'vg — AR Vi'vp — A Vi"vs 4 ASVY* (g — 02) 0
— AV us + AYVy 20909 + ATViive + AV Vasve + AT Vaive + ATVE (W1 — ug)
— ATV (g — 09) U9 — ATAS va — AT ASyvy — AT AS v9 + ATAS (—ug — vg) Uy — AT ASus
—T1T552us — TV 159 2us — 1718 2usve — TV 15 2Usus — TV Ty52us — TV T)52us
—T1T72u30y — Ty T 2Ugug + ST 2usts + SYTY2 (1 + ug) us — PYT  2u30y
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—PrTP2 (1 + ug) us)]}
+0O(a?) (3.87)

Al’Il4 .

ia?16m° fB /Dv/ Du

{4uquu3v2 (—vy — ugly) V3

[NT(P)NT(P) (V{'Vy'2tavs — Vi Vayus — ViVt + ViVt — V' Vv

—ViV5' Uy (=01 + 202) + Ay Vi*v 4 A V01 — ARV on + AV (01 — 1a)

+ASVY (ug — ugvy — 1) — AY V5 ve + ATVas vy — ATVyaty + ATV ae0, — ATV vg

+ A A5 2ugvs + AT AS ve + ATAS U — ATAS 0 + AT AL (0 — va) + AT ARy (—01 + 20)
—TeTY 20505 + TP T 2005 — THTY 20503 + TV T 20503 + SUTE2 (1 + ug) vg — STV 2005
—PPTV2 (1 4 ug) vy + PTY2u5v3)

HNT(P)ysNT(P) (= (V'Vayva) = Vi Vatn = VIVt — Vi'Vy'ug

+VIVE (ug — uguy — 1) — AYV"2ugvy + AS, Vitve + A5, Vi + A, Vg

FAZVY (01 — v2) — A5V g (=01 + 202) — AJV5 20900 — AYViivs — ATVyp01 — ATVt
+ ATV Uy (=01 + 2v9) — ATV vs + ATAS 09 + ATAS Dy + AT A0 + ATAS (01 — vg)
+ATAS U0y + 1113 2ugvs 4+ TV Ty 2usvs + 1117 2U9vs + TV T3 2uqvs — SYT12 (1 + ug) vs
=Sy 2ugvs + PYTY2 (1 + ug) vs + PPTY 2u5v3)] }

+ O(a?) (3.88)

Am5 .

{16! 167T2fB /DU/DU

= [NT(P)NT(P) (= (Vy*V3'07) 4+ VIV5* (ug — usvy)

{4u1u2 3 (=1 +ujvy) 03
FVIVE (14 (=2 4 ug) vy + v7) — VP Vitup — ASV“o7 — A3V uoty

FASVE (14 (2 + up) v — v7) — A5V us — AYVi'usty — ATV 07 + A Vi'us
+ATVY (1 (2 4+ ug) vy + Ul) AYALD? 4+ AYVAY (ug — ugvy)

FAYAY (=14 201 — ugvy — v7) + AV Afus + T Ty, (2 — 2v1) + T T3y (2 — 207)
FTPT32 (14 (=2 +ug) vy +07) — TP T3 2us + T Ty, (2 — 2v1) + T Ty (2 — 201)
FTPTE2 (1 + (=2 +ug) vy + v7) — TP TH2us + ST (—2 4 2 (2 + uz) vy — 207)
—S1TY2us + PYTY2 (1 — (2 + ug) vy + v7) + PPTY2us)
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+NF(P)ysNT(P) (= (ViVy07) + VEV3 (ug — uguy)

+ViVy (1 —(2+u) v + U1) Vi Vatug — A;’Vluﬁf — AV usty

+AVE (-1 + 21)1 — usvy — v7) — A§Vus — AYVi'uty — AYVY0 + AYVitus

FANVY (T4 (=2 + ug) v1 +v7) — ATAST; + AVAY (us — usvy)

+AYAY (-1 + (2 + ug) vy — v7) + AVAYus — TYT3, 20, + TP T3y (2 — 2vy)

—TPTY2 (1 + (=2 + ug) vy + v7) — TP T3 2up — T1 T3 201 + TY T (2 — 207)

—TPTP2 (1+ (=2 +ug) vr 4 v7) — TP T3 2us + SYTY2 (1 — (24 ug) vy + v7) — S{TY2us
+PIT (=24 2(2+ u) vy — 207) + P{Ty2us)] }

+0O(a?) (3.89)

Am6 .
{16! 167T2fB /DU/DU

{_411%112 (=1 + wyvy) 0103

[NF(P)NT(P) (= (W'Vy'T1ws) + VIV Ty — ViVayvos + V' Vajos + V' Vv

+VIVE (=01 + wgvg) + ASVY" (vg — v102) + AV 007 — AY Vitvg + A5 Vv + AV 0y
FASVY (01 4+ ur (=1 + 01 — 02)) + ATV 0y + ATVY (02 — vive) — AYVoiop + ATVoivs
+ ATV (=01 +uy (1 — vy + v2)) — ATV vy — AL ASD109 + AT AU, 01 + AT A5 02
—ATAS vy — AT ASvy + ATAY (01 — wyvs) — 111520y — 17 T3 205 — T1175,20;

CTET 20y + TVTE2 (— 01 + wivg) — TOTY 205 — TVTE 205 — TETS20: + TETE 20
+T7TH2 (=01 + uyvs) + ST 209 + SYTY (2 — 201 + 2uy (—01 — va)) — PPT 20,
+PITY2 (=01 +up (1 — vy + 1))

FNT(P ) N*(P) (VIV5 (02 = v1va) + VIV (un — waoy — o) + ViVaive + V' Vi,
ViV ve + VIPVE (01 + uy (=1 4+ v1 — va)) — ASV 0109 + ASVY (ug — ugvg — 0y)

+ A5 Vifvg + AS Vg — ASV 0y + AZVY (=01 + wyvs) + AYVY (ug — ugvg — 0y)

—APVY 01vg — ATV va — AYVyve + ATVS (01 — wyvs) + ATV vy + ATAY (vg — v109)
FAVAY (1 — ugvr — By) — AV AL s — AUA vy + A Alvy

FAVAY (—5y 4 uy (1 — 01+ v)) + TUT 205 — TPTE 205 + TVTY, (2 — 201) — TRTY20,
FTUTY2 (—0) + wyvs) + TVTE 205 — TVTY 205 + TUTY, (2 — 20;) — TETY 20,

+TVTH2 (=01 + uyvg) — SYT 209 + SYTY (2 — 2v1 + 2uy (—01 — v9)) + PYT} 209
+PPTY2 (=01 +uy (1 — v +19)))]}

+0(a?) (3.90)
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AIIl7 .
e 167T2fB /Dv/ Du

{ duduzvy (v + vy (=1 + 21)2) — Val) (—1 + u1 U3 + u2Ts)

[NT(P)NT(P) (V{'V3 2ua03 — Vi'Vy'2us + V' Vay (—us — v3)

+V I Viiug 4+ ViVay (—ug — v3) + Vi Val (ua + 01 — va) + ViV (=0} — 20109 — v3 + U3)
+VI V5 ugug + A5 V' (—ug + 01 — v2) + Ay ViPug + A5V (—ug + 01 — v2)

FALVY (ug — v3) + A5V (0] 4 v1 (=1 4 209) — v202) + AV ugus — AjVaius

+ ATV (ug — v3) + ATVos (—ug + 01 — va) + ATV, (ug — v3) — A7V usus

FALVY (—vf — 2v102 — v3 + U3) + AL A 2us03 — AYAY2us + ALAY (us + U1 — o)

— AV Ay uy + AYAY, (ug + 01 — v2) + AVAY, (—us — vs) + ATAY (v + 01 (—1 + 20) — va1)
— AV Afusus + SYT (v + v1 (=1 4 200) — vals) — PP (v + v1 (—1 4 209) — v20))
FNT(P)ysNT(P) (Vi'Vi (ug — v3) + V" Vijjug + V"V (ug — v3) + ViV (ug — v3)
+VVE (—vf — 20109 — v3 + U3) + V' Vi ugus + ASV{"2usts + A5V 2us

+ A5V (ug 4+ 01 — va) + Ay ViPug + A5 Vi (ug + 01 — v2) + A VY (ug + 01 — vg)
FASV (0] 4 v1 (=1 4 209) — val2) + A§V ugus + ATV 2us + ATVy 2us05 — AYViius
+AYV; (—ug — vs) + A7Va5 (—ug — v3) + AYVyy (—u2 — vs) — AjV5'ugus

FALVY (—vf — 2v102 — v3 + U3) + ATAY (—us + U1 — v2) — A} AY uy

FALAS, (—ug + 01 — va) + AJAY, (—us + U1 — v2) + ALAY (v] + v1 (=1 + 203) — va1)

— AV Afusus — S{T (v + vy (=1 4 2v2) — va0s)

+PIT4 (vf + v (=1 + 209) — 0a02) )] }

+0O(a?) (3.91)

Amg .

{16! 167T2fB /DU/DU

{4u2u3u3v§v3 (—1 + w103 + us03)
Vi Vajve = ViPVoi01 + Vi*Vosor — V' Vosu1 + ViV ugvs + ViPV3'ugus — Aj Vitvg

AL VOB, — ALV 4+ ALVEB 4 AV vy — ANV g0 — AVVED, + AV 0
ATV, 4 ANV T A+ ANV — ANV ugus — AAR20, + AV A2i50s — A A, vy
FATAL By — AVALD 4+ AVAL T, — AV Alugvy — AV AMTgvs — ST ATigvs + PUTAtizvs)

[NT(P)NT(P) (= (V{Vy2us) + V" V3 2u30,
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+NT(P)ysNT(P) (V" Vgvg + VIV, + VIV, + VIVt — ViV ugve — VI Vittizus
—ASV 20y — ASV [ 2ugve — A5 Vg — Ay V0 — A V0 — A5, V01 — AV ugvs

+ AV ugvg — A7Vy 2ugv9 — ATVY 209 + ATVH 01 + ATV vg

+AVGs01 + AYVay vy — AV Vi usvs + AT Vi usvy — ATAS ve — ATAS 0, — ATAS, 0,

— A A5, 0 + AT ASugvg + AT ASugvg — STV dusvs + PlTV4ugvs)|}

+ O(a?) (3.92)

Amg .

{16! 167T2fB /DU/DU

{_4ﬂ1u30%1}§

[NF(P)NT(P) (VPVy (2 = 2u) — Vi*Viy + ViV = ViV,

FVIVE (=2 4w + 03) — Ay V)" + Ay V)" — A V)" + ASVY (—uy + 03) — AYVo) + AYVy)
+ATVG, + ATVE (ug —vg — ) + ATAS (2 — 2uy) + ATAY, — ATAY, + ATAS,

+ATAS (2 —uy — vy — ve) + TV 203 — TV T3 203 + TV T7 203 — TV 17205 — SYT 203
=Sy 203 + P 2v3 + PyTY 203)

FNT (P N*(P) (ViVay + VI Var + V'V + VIV (—un + T3) — A3V 2u0 + Aj VY
FALZVY + ARV + AV (=2 + w4+ 03) — AYVS"2u0 — ATVR) — ATV

— AV + ATV (2 —uy — vy — vp) — AYAG) — AJAG, — ATAY

+ATAY (ug — v1 —v9) — TVT5 203 — TV T3 203 — 1117 2us — 17 T72v3 + ST} 205
=Sy 203 — PPT 2v3 + PTY203)]}

+0O(a?) (3.93)

Amw .

ia?16m° fB /Dv/ Du

1
{4u%u§v§’vg
[NT(P)NT(P) (ViV3'2 (ur — wavy — 01) — ViVayug + ViVjus + VI Vst
VIV (=24 2up + ug) By — AL Vg + AY Viuy + ALV — ALV usty — AUV uy
+ AV ug — AT Vosty + AYVY (ug — ugvy) + ATAS2 (uy — ugvy — 1) + ATV A5 us
—AJ A ug — ATAS Uy + ATAS (=2 4 2uy + ug) 0y + 11Ty 2us — 17 T3 2ug + 1115 2ust;
—TPT 20 us + TPTE 2us — TVTE 2us + TP 2usty — T T 20 us + SVT2usty
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+ SV 2uyus — PP 2usvy — P12 us)

+NT(P)ysNT(P) (Vi Vayus + Vi Vajus + VIVt + ViV3 (uz — ugvn)

+ASV 2 (uy — uyvy — 1) + A9 Viug + A5 Viug + A5 Viuy + ASVY (=2 + 2uy + ug) 0y
+ATVY2 (ug — ugvy — 7)) — AVajug — A VY ug — ATVasty — AYVE (=2 4+ 2uq + ug) 0y
—AUAY Uy — AVAY up — AVALwy — AU ASuyty — TV 2us — TVTE 2us — TPTY 2us0y
—TYT 20 us — TV, 2us — TPTE 2us — TVTY2us0; — TP T 201us — SUT2us0;

+ 51TV 2t us + Py T 2uzvy — PPTY 24 us)]}

+0O(a?) (3.94)

Amu .

ia?16m° fB /Dv/ Du

1

{4u§uQu3v§v§

[NF(P)NT(P) (= (V' V5" 2ugtis) + Vi'Viiug + Vi Viyus — Vi Visus

—VPV3'ug (=2 + ug + 03) — A5 Vi'us — A% V" ug + A5 ViPus + A3V us (—us + 03)

+ ATV us — AT Vsug + ATViiug + ATVi'ug (ug — vy — va) — AV AS2ustiy — ATAY Uy
—ATASus + ATAS us + AT Afus (—2 4 ug + v3) + 171155205 — TV 154203 — 1113 20903
+I7T52u9vs + TV Ty52v5 — TV T)52v5 — 11T 20905 + TV T7 2uqvs — S7TY 20903

—SVTY 2uqus + PYTY 20905 + PPTY 2uqvs)

FNT (P N*(P) (ViVaus + Vi Vayus + Vi Vagus + Vi'Vi'us (—uz + T3) + A3 Vi 2usis
— A5 Vi ug — A% Vi'ug — A Viiug — AV us (—2 4 ug + 03) + ATV5 2ustin + AV Vi us
+ A Vaus + AYVayus + AYV5'us (=2 + ug + 0s) — ATAG uy — AV Ajus — AV A us
+ATASus (ug — vy — vg) — TV 155203 — TV 15203 + T T3 2v9vs + TV T3 2usvg — 11Ty, 203
—T7T)52vs + 1117 2v9vs + TV TH 2usvs + STTT 20903 — ST 2u9v3 — P11 20505

+ PP 2uqvs)]}
+ O(a?) (3.95)

Am12 .

{16! 167T2fB /DU/DU

1
{4u%u§v%6203
[N+(P/)N+ (P) (—‘/1“‘/2U2UQ172 -+ ‘/11}‘/2“1112 V“V 2U1 -+ V ‘/22111
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+VIVE (ug + vg — ugvg — 2ugus) — Ay Viiug + A% Vi"uy — A Vit + ASVYE (ug — tqv2)
+ATVius + ATVastn — A Vaptiy + ATV (—ug + vy — ugvg) — AT A52us0s — AT AS us
+ATAYuy — ATAS Uy + ATAS (—tqvg + ug (—1 4 20y)) + 1115 2usve — 17 T3 2uzv9

+T1T7 2usve — TYTH 2usve — STTY 2usvs — SYTY 2uzvy + P11 2usve + PP 2us0s0)
+HNT(P)ysNT(P) (= (V' Vaius) = ViVaytin — Vi Vit + ViV3' (—uz + vg — ugvy)

— ALV 2uaTy 4 A% Viug + ALV + ALV + ALV (—tqvs + us (—1 4 205))

— APV 2uqty — ATVaius — ATVastuy — AYVaytn + ATVE (ug + ve — uyve — 2usvs)
+ATAS ug + ATAY Uy + ATAS Uy + ATAS (ug — Gyve) — 17T 2ugvy — 17 T3 2ugvy
—T1T72usve — TYTH 2usve + SYT1 2usve — ST 2uzvy — PPT 2usve + PPTY2usv0)]}
+0(a?) (3.96)

Al’Il13 .

e 167T2fB /Dv/ Du

1
{41@2@1}%1}%
[NT(PY)NT(P) (= (V'Vy'va) + V' Va'tn + VIV (un — Ba) + A3Vi'vs + A3V
+ASVY (g + ve) + AVV'uq + ATV ve + ATVE' (=g — vg) — AT Abug + AT AS Ty
+AVAY (U — vg) — TV Ty 2 — TP T2 + TP T2 (uy — vg) — TV T4 2
—TUTY2 + TUT2 (uy — 0s) + STV (2 — 2uy + 203) + PUTY2 (—iy — v2))
FNT (P N*(P) (ViVa've = VPV + VIVS! (T + ) — AVi'oy — A3V
FALVY (uy — By) — AV — AVPus + ATV (@ — vs) + AVAYuy — AV ALT,
FAVAY (—y — vy) — TVTE2 + TPTS2 + TVTE2 (uy — Ty) — TVT2 + TITL2
+T7T2 (uy — Do) + SPTY (2 — 2uy + 2v9) + PITY2 (—uy — v9))]}
+ O(a?) (3.97)

Al’Il14 .

e 167T2fB /Dv/ Du

{_4u1u20§vg

[NT(PY)NT(P) (Vi'Vy (ur — wrvr — 01) + VIV (ug — wius) — Vi'Vajus + Vi Vijug
+Vi VS uzvy + ASV (ug — ugvy — 01) — AV tug — A Vitus + Ay Viius

+ ALV (=g — ug) 0y — ATV3'ugus + ATV (ug — uyvg — 1) — AT Vaiug + ATV us
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— AV (=g — ug) Uy + AYAS (ug — ugvy — 01) + ATAY (ug — uqus) + AT A us
—ATAS uy — AV ASusty + TVT5) 2us + TV 15 2ug + 17154 (2 — 2uy) + 1715 2usty
+TV T 2us + TV Ty 2us + TV Ty (2 — 2uy) + 1117 2usv; — SYTY2 (g + ug) 0y

+PyT2 (aq + ug) 07)

+NT(P)ysN*(P) (Vi'Vy (ur — ugoy — 1) + Vi'Vy' (g — wyun) + Vi Vajug + Vi Vajug
VIV (—ty — ug) vy + ASVY (ug — uqvy — 01) — A5V Ugus + A5 Vitug + Ay Viug

— A5V ugty — AV uqug + AYVY (ug — uqvg — 01) — AYVajus — ATV ug + AV V3 ugty
+ATAS (up — ugvy — 01) + ATAS (ug — ugug) — ATAS us — A7 AS us — AVAS (41 + ug) U
T 2uy + TUTY 2us + TVTY (2 — 2uy) — TRTY2usT) — TVTY 2us + TV 2us
+T7Ty (2 — 2uy) — 1117 2ugvy + SYTY2 (ay + ug) vy — PYTV2 (g + ug) 1))}
+0O(a?) (3.98)

Am15 .
M
ia§167r2f3—4/7)v/7)u
my,

1

(N (PY)NT(P) (VP'V5'2uzvs — Vi"Vayos + ViV (U1 — g + v2) — V"V (uz + o)
FVEVaS (T — ug + v2) — Vi*Vivaus + VIV (uf + ug (=1 + 2ug) — ualia) — Al Vi'vs
FAZ VY (Us — 02) + AR VY (U — ug — v2) + AR VY (U3 — D2) — A5V i"va03

+ASVY (—u% — 2uyug — uj + Us) + AYVst (W1 — ug — va) + Af V3 v,

+ AV (g — ug — ) + AL Vg (U3 — 02) + AYVE (0] + up (=1 + 2us) — usils)

+ ATV v + AT AS2usvg + AT A ve + ATAY, (—us — vg) + ATAS, (U — ug + v9)

— AV AY, (ug + v2) + AY Avavs + AVAY (—uf — 2uqus — uj + )

—SyTY4 (u% +uy (=14 2ug) — ugﬂg) + PTY4 (u% +uy (=1 4 2us) — ugﬂg))
FNF(P)ysNT(P) (Vi Viyiog + VPV5L (T3 — Ta) 4 Vi*Vay (g — Tg) + V'V (13 — T)
+V Vivavs + VP Vs (—uf — 2ugus — uj + U3) — AV 2ugvs + A3 Vv,

+AS VY (U — ug + v2) + ALV (U1 — ug + v2) + A5V (U1 — ug + v2) + A5V 00u3
FASVY (uf + uy (=14 2ug) — uslla) — AYV3"2ugvs + AVV5: (—us — ) — ALV vs

— A3 (ug + v2) + ALV3) (—ug — v2) + ATV3' (—uf — 2uqug — uj + G3) — A7V3vav;
—ATAS g + ATAY, (U — ug — v9) + AV AL, (U — ug — v9) + AT AL, (U — ug — vg)

— Al Avous + AT AY (u% +uy (=14 2us) — ugﬂg) — S{Tv4 (u% +up (=14 2us) — ugﬂg)
+PITYA (uf + wy (=1 4 2up) — uslin))) }
+0(a?) (3.99)
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Am16 .

{16! 167T2fB /DU/DU

1
{4u%u§vgv§63
[NF(P)NT(P) (Vi'Vy 2ugvs + ViVaytin — V' Vajus + Vi'Vaytin — Vi'Vastin — V' V3 usls
—Vi'V3'ugus — A5 Vi + A5 ViPug — A5, Vit + A5 Vi + A5V usts — A5V ugus
—AVVyjug + AT Vo uy — ATVosuy + AYVhuy + ATV ugus — ATV usvs + AT A52uqvs
—AVAS Uy + AT A us — AT Ay + AT ANt + AT ASugts + Ay Ajusvg + ST T 4usts
—PT 4usvs)
FNT (P N*(P) (ViVayan + Vi Vajug + ViVaytn + Vi Vastin — ViV3'ugty — V' Vi'ugus
+ AV 2uquy — A5 Vg — AS Vi ug — A5V — AV n + AV ugts — ALV usvs
+ ATV 2ugvs + AV Vaius + AT Vy uy + AT Vst
FAVYRTL 4+ AV ugus — AUV usDs — AVAS T — AV AS s — AVAL T — AV AL T,
+ A} Afugvs + A] Augvg — STTV Ausvs + Py T 4usvs)]}
+0O(a?) (3.100)

3.3.4 Feynman diagrams Af

The abelian diagrams without gluon coupling to fermion lines of incoming partons are
displayed in Fig. B8l The leading power of the folded expressions can be written as
follows:

Afl :
e 167T2fB / Dv/ Du
1 _
{—ﬁ [NT(P)NT(P) (ViVy'2t vy — Vi*Vyivs + VEVii o1 — VitViytn — Vi'Vy'ug
dujusvivs

+VIVE (ug — ugvy — 01) — Ay Vitug + A5 V0 — A5, Vi, — ASVi'us + A5V 0y
—AYVRo + APV ve + ATV 01 + ATV (ug — wgvy — )

+ATVY (0 — ve) + ATAY2u, 0y + AT ASve — ATAS 01 + ATAS, 01 + ATAS (01 — v)
+AJ A vy + 11Ty, 2vs — 1715 20 v3 + 17T, 203 — T 17 20105 + STT2 (=2 + vy) vg
—PyT{2 (=2 + v1) v3)

HNT(P)ysNT(P) (ViVayos + ViIVion + V'Vt + V'V (01 — va) + V30
+ASVY2 (uy — uyvy — 07) + A9 Vioe + A5 VP01 + AR V0 + ASVYY (01 — vg)
+ASVY (ug —wgvy — o) + ATVS2 (ug — wqvy — 07) — ATV 01 — AT Vv — ATVt
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+ ATV a0y — AYVy g — ATAY v — ATAY 07 — AT A5, 01 — AV A%us

+ATAS (uy — wgvy — 0y) — 1715, 203 + 1115 20103 — 11Ty 205 + 11 T7 20103
—STTY2(=2+ v1) vg + PYTY2 (=2 + v1) v3)]}

+ O(a?) (3.101)

AfQ :

e 167T2fB /Dv/ Du

1
{4U1U§U%U3
[NF(P)NT(P) (=V{V5' 201 + V'V (—1) + V' Vay + V' Vi + ViV,
FVIVE (U — up) — AR VY + AQ VY + A VY — AgVioy + ASVY (4 — ug)
—AyVyy + AYVy — AYVyy — AV5'ug + AYV5'0 — AT A 20, + AV Ay,
—AJ Ay — ATAS, — ATASD, — A Ajus + STV dus — PPTY 4usg)
FNT(P)ysNT(P) (ViViy + VEVay + VP Vi + VIV G + VIV (T — ug) — A31,"20,
FARVY + AV + AR VY — ASVi'0 4+ ASVY (n — ug) — AYVY" 20, — ATV
—AYVy — AjVyy — AYV5'us + AYVy'0, — ATAy — AVAY, — ATAY, — AYAgo — AjAgus
+S1TY dus — PiTY 4ug)] }
+0(a?) (3.102)

Afg :
e 167T2fB /Dv/ Du

{_4u2u2u3vlv2vg

[NF(P)NT(P) (Vi'Vy2ua0) — Vi'Vay Oy — V"Vt + ViVt — V' V5T

+VIVE (ug — ugvy — 07) + A5, Vi'0y + A% V"o — AR VP01 + ASVi“D10g

+ASVY (ug — ugvy — 0y) — AYVy 01 + ATVas01 — ATVaaoy + AT Vit ugvy — ATV 0105

+A] A 2901 + AT AL 0 + AV AL, 0 — AT AL, 0y + AT AST10s + A AYuaty — 11Ty, 203

+17T5 2003 — TVT) 203 + TV T7 20103 — SYTV2 (=2 + vy) vs + P2 (=2 + vy) v3)

+NT(P)ysNT(P) (= (V'Vyt1) = V'Vt — ViVt — Vi'V'010

+VIVE (ug — uguy — 01) + ASVY2 (ug — uguy — 1) + As Vi'0y + A5, V%0, + A5V 0y

+ AV 01vg + ASVY (ug — ugvy — 01) + ATVR'2 (ug — uguy — 0y) — A7V 01 — AT Vos0y
— APV + AVVi g, — ATV 0 0s + ATAS 0y + AL AL, 01 + AT A5, 01 + AT A0 05
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107
+A11}Agﬂ21_)1 + TluT21}12U3 — TluTgQ’UlUg + TluTIl2’U3 — TfLT;QUlUg + SfoLQ (—2 + ’01) V3
—PUTV2 (=24 vi) v3)] }

+0O(a?) (3.103)
Af4 :

{16! 167r2fB /Dv/ Du

{4u2 (u2 +uy (-1 + 2u2) — Uglia) D1V3U3

[NF(P)NT(P) (= (V'Vy'20109) — Vi Viiu — VPViion + Vi*Viahon — Vi Vastn + V' Vv

+V V5301 — Ag Vi'vg + Ag Vo — A Vi'on + Agp V0 + AsVi vy — A3V 30,

— ATV vy + AT Vo vg — ATVosty + ATV vy + ATVi usty — ATV ve — AT AL20,09
LAV AY vy + AVAL B — ATAL D)+ AT AL — AV ALy — AU ALty — SUTY Aty

+ PP Augvy)

FNT(P)ysNT(P) (Vi'Vajva + VIVai01 + ViVt + V' Vaptn — Vi'Vy'vy — VIV3' 30y
— AV 20109 + AY Vi'vg — A5 V0 — AR, Vo, — AS, V701 — ASViue + ASV gty

— ATV, 20109 + ATV 101 — ATV v + ATV 01 + AT Voo — ATV5' usvy + AT V5 vy
LAV AY vy — AVAY B — AVAL D — AVAL D, + AV ALy + AU AVt — VT Atist)

+ P Ty dustn)]}

+0O(a?) (3.104)
Af5 :

e 167T2fB /Dv/ Du

{ 4u§ﬂ2u3v203 U3

[NF(P)NT(P) (V'Vy 2uatiz + Vi*Vyy (—ug + 01 — ) + V" Vay (—ug + 01 — v2)
HV V3 (g — v3) + VIV (0F + 01 (=1 + 209) — 020) — Vi V3'usliz + Ay V" (ug — v3)
F ALV (ug — vs) + A VY (—ug + 0y — v2) + AV (=] — 20100 — 03 + T3)

— A5V ustig + ATV (—ug + 01 — va) + ATVos (ug — v3) + ATVo) (—ug + 01 — vg)

+ AV ustis + AYVY (v 4 v1 (—1 + 202) — vala) + AVAY2uslis + AYAY, (us
+AYAY, (up — v3) + AV AY, (—us + 01 — va) + AVAY (—v] — 20100 — 05 + T3)
+ A Afustis — SYT 4 (0] + v1 (=1 4 209) — va02) 4+ PYT14 (v] 4 v1 (=1 + 205) — va72) )
HNT(P)ysN*(P) (Vi'Vay (—uz + 01— v2) + Vi"Vay (—ug + 01 — vp)

— Ug)
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VI Vs (—uz + 00— va) + V'V (0] + 01 (=1 + 20) — vaa) — ViV uatia — A3V 2usily
FAL V" (ug — v3) + A5 V)" (ug — v3) + A VY (ug — vg) + AFVY (—0f — 20102 — v3 + Ts)
— AV ustis — ATVY"2uztiy + ATVy) (—uz + 01 — v2) + ATVY) (—uz + U1 — v2)

F ALV (—ug + U1 — v2) + A Viustis + ATVY (v 4 v1 (=1 + 2v2) — va72)

FALAY, (us — v3) + AV AY, (us — v3) + AJAY, (up — vs) + ATAL (=] — 20100 — V3 + U3)
+ AV Afuatis + S{T4 (v + vy (=1 4 2v2) — vaTs)

—PUT4 (0F + 01 (=1 4 205) — v202)) | }

+0(af) (3.105)

Af(; :

{16! 167T2fB /DU/DU

{_ 4ﬂ1u20%02

[NT(PYNT(P) (=ViVy'oy + ViVa'ug + ViV 0y — ViIVitug — A5V 0y — A5V uy

— AV — ASVPug — ATV ug — ATV 0 + ATV5 e + ATVE'0, — AT A + AT ASus
—ATAS0 + AV ASug + TV T2 + TV 1502 + 11Ty (2 — 2uy ) — TP T3 2uy + 17T, 2
+17T)52 + 1V TY (2 —2v9) — TYT 2uy — SYTY 200 — SYTY 2us + PYTY (2 —2vq)

+ P Ty 2u,)

FNT(P)ysNT(P) (=Vi'Vyon + Vi Va'ug + VIVED — ViVitug — ASV0r — A3V ug
ALV — AUy — AV s — AVED 4 ATy + AVVED, — AVALD, + A Alus
CAVAYD, + AV AV — TUTI2 + TVTS2 — TVTY20, — TVT 2uy — TVTH2

FTUTS2 — TVT20, — TVT 2us + SUTY (2 — 201) — SUT 2us — PUTY25, + PETV2us)])
+0(a?) (3.106)

Af7 :

{16! 167T2fB /DU/DU

1
{412%71217%1)%
[NT(PYNT(P) (=V{Vy 010y + ViEV3' a0y — ViViivg + ViV v + VIV (= wyvy — )
ALV (vy — 010) + AVVP By — AL Vs 4 AUV 0y + AV + AVV a0y
+ATVY (vg — vyvg) + ATVava + ATVE (uy — ugvy — 01) — APV v — AT AS0 109
AT AL Ty + AV AL vy — AV ALy + AV AN By — TVTY 205 — TVT 20, — TVTS20:
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+T1T5 200 + TYT32 (uy — wyvy — 0y) — 11T 200 — TYT)1 20, — 1115520, 4+ 1117 20,
+T7T22 (uy — ugvy — 0y) + SYT 209 + SYTY 20401 — PYTY 20y

+PITY2 (up — uqvg — 1))

AN (P N*(P) (ViVE (vg = vrvg) + VIV (un — waoy — 01) + Vi Vajve — Vi*V3'oy
+VIVitu 0, — ASV' o vg + ASVY (ug — uqgvy — 0y) + A Vitvg — AV vy

+ASVY (ug —wgvy — 01) + AVVS (ug — ugvy — 07) — AY VY000 — ATV ve + ATV 4,0y
+ ATV vy + ATAY (va — v1va) + ATAS (ug — gy — 0y) — ATAS 09 + AT ASus

+ATAS (uy — ugvy — 07) + 1715, 200 — TVT5 201 + 1115, (2 — 2vy) — 1115 209
+T7T52 (uy — wyvy — 01) + 11T 209 — TYT20, + 11T (2 — 201 ) — 1117 209
+TVT72 (uy — uyvy — vy) — SYT1 20 + STV 20401 + PYTY 20,

+PITY2 (ug — ugvy — 7))}

+0(a?) (3.107)

Afg :
e 167T2fB /Dv/ Du

{_4u1ugvlvg

[NT(P)NT(P) (Vi'V3'2 (ur — wivy — 0y) = ViVay i + Vi Vijug + ViVt + Vi'V3 0y
FWIVE (U — up) — A Vi'un + A5 Vug + A Viur + AV (w1 — wivy — 01)

+AGVY (U1 — uz) — AYVyius + AYVy iy — AVaptn — AYV5'us + AYVy 10y

+ATAS2 (uy —ugvy — 01) + AT A ay — ATAS us — AT A uq + ATAS (ug — wgvg — 07)
— AT Afus — TY Ty 2us + TV T3 2uyug — TYT) 2us + 17 T7 2uug — SYTY2 (—2 + uy) ug
FPIT2 (=2 + ) ug)

+NT(P)ysNT(P) (Vi Vaytin + Vi Vijus + VIVt + ViV ity + VIVS! (G — us)
+ASVE2 (ug — ugvy — 01) + Ag Vilag + A Viiue + AR VP + AV (ug — ugvy — q)
FAZVY (U — ug) + ATV3'2 (ur — wyoy — 01) — A7Vyjus — AYVoitn — AjVyst

— AV Vg + ATV a0 — AT A uy — ATAS ue — ATAS,uq + ATAL (uy — ugvg — o)

A Ay — TUT 2us + TP T 2unus — TUTE 2us + TETE2ugus — SUTV2 (—2 + uy) us
+PPTY2 (=2 + up) ug)]}

+0O(a?) (3.108)

Afg :

{16! 167T2fB /DU/DU
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1
{4u%U3vlv§
[NF(P)NT(P) (VPV5' (2 = 2un) + ViV (=1) + VIV + Vi Vs (—1) = ViV
—VPVsa — Ay V' + AV — A Vit — AsVi'os + AsVi'un — AjVy
+ATV + ATV, — AVVitay + ATV (0 — va) + ATAS (2 — 2uy) + ATAY, — ATAS,
+ATAY, + ATAS (0; — vg) + AT ASuy — STT ' 4vs + PUT4vs)
FNT(P)ysNT(P) (ViVay + VIV + ViV + VIV (01 — va) + VIVt — A3V 20
FAZVY + ALV + ARV + AV (01 — v2) — A5V — AYVy"2u, — A7V
—AyVo — Af Vo + AYVs'uy — AYVi'vs — Aj Ay — ATA;, — AT A3
— Al Ajvs — ATAYuy + ST 4vy — PP TV 4vs)]}

+0(a?) (3.109)
Afl(] .
ia?16m° fB / Dv/ Du

1 \/ uysv = VYU UY/v ~
{_W [NT(P)NT(P) (Vi'Vy'2 (ur — wivy — ) + VI Vyjan — V' Vaytia

+VP Vst + VIV u v + VIV ugug — Ay Vit + AS Vitay — Ay, Vit + A5V a1 0g
— AV uyug + AV + ATV — ATVaiuy + ATV agug + ATV (ug — uqgvg — 0s)
+ATAS2 (ug — ugvy — 0o) — ATAS Uy + AT ANty — AT A uy + ATAL (1 — ugve — 02)
—ATASu us + TVTy 2us — TP T3 2uyug + 17Ty 2us — TV T 2uqus + SYTY2 (—2 4 wy) ug
—PPTY2 (=2 + uy) us)
HNF (P NT(P) (= (V'Vait) — V' Vaytiy — Vi Vaytiy
+VIVE (un — ugvg — D) — VPV uqus + ASVM2 (ug — uqvg — g) + A5 ViV
+ A5 V' uy + A VP Uy + AV (uy — ugvg — g) + AV U us + ATV 2 (ug — uqgvg — 0g)
—ATVyiuy — AYVasty — AT Vs — AVV3'uyus + ATV a0 + ATAS 4y + AT A1y
+ATASuy + AT ASU 09 + AT AU us + TV Ty 2us — TV T3 2ugus + TVT) 2us — TV TH 2uqug
FSITY2 (=2 + uy) ug — PITY2 (=2 4 u) us)]}
+0O(a?) (3.110)

Afll :
e 167T2fB /Dv/ Du

{4@1U%U3’02 (Ul + v (—1 + 2’02) - ’021_)2)
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[NT(PYNF(P) (VP V3 2uyus + ViV tn 4 Vi Vaiug + ViVt — Vi Vistn — ViVt 0
—WVi'V5'uy — Ay Vi'un + A Vi'ug — AR, Vit + A5y V't + AgVy'uats — AgVy uy
—ATVyiug + AT Vot — A7 Vst + ATVt + ATV5'ug — ATV U405 + AT A5 205 us
—AVAY iy — AVAY uy — AV ALy + AVAL Iy 4+ AV AYU s + AY Alug

+ 57T 4y v3 — PPTY'41,03)

+NFT(P)ysN*(P) (VEVE iy + VP Vitug + ViV + ViV — ViV os

—Vi'Vstug — A3V 2Uyug — Ay Vi'tn + A5 Vilup — A Vi — A Vi'in + AgVy'ua v

— AUV uy — AV tqus — ANV ug + AVVE G + AVVEG + AV 4+ AVVus

— ANV — AVAG Uy — AVAY Uy — AVAL T, — AVAY Gy + AV AL + A Alug

— STV 41,05 + PTY'4u,03)]}

+ O(a?) (3.111)

Aflg .
e 167T2fB /Dv/ Du

{4U2U3U3'U2'U2U3

[NT(PYNT(P) (= (V'Vy 20505) + V'Vt (g — T2) + Vi Vi (161 — ug — )

+VVas (ag — va) + V"V vete + VIV (—ul — 2uyuy — us + U3) + A5 VY (ag — ug — vg)
+ AV (g — Ua) + AS, VY (g — ug — ve) + A5V 090

FASVY (0] + wr (=1 4 2us) — ualin) + AYVS} (U3 — 02) + AYVas (U — Ua)

+ATV, (U — ug — vg) + ATVS (—ul Quyuy — ui + U3) ALV vty — AV A52097s
+ATAS, (U — uy — va) + ATAY, (ug — Ue) + ATAY, (Ug — ug — ve) — AT AS0909

FATAY (uf + up (=1 + 2ug) — uslla) + S{T74 (uf + wr (=1 + 2un) — ualin)

—PUTY4 (uf + wp (=1 4 2up) — usliy))

FNT(P)ysNT(P) (ViVai (i — ug — v2) + Vi Vay (T — g — va) + V'V () — ug — v2)
—ViVPuals + VPV (uf + g (=1 4 2ug) — ualin) — ASV," 20005 + A VY (g — 02)
+AL VY (s — Uo) + AR VY (s — 02) — AV 0900 + AV (—uf — 2uqus — uj + U3)
—ATVy 20909 + ATV (Uy — ug — vo) + AYVas (1 — ug — vg) + ATV, (U — ug — v9)
FAVE (U] + wr (=1 4 2us) — ualin) + AYVivals + AVAY, (U — 0a) + AL AY, (U3 — U2)
+AYAY, (U3 — Vo) + AV ASvaty + AJAY (—ui — 2uqus — uj + Us)

+S1TYA (Ui + wr (=1 4 2us) — uatin) — PPTY4A (uf + ug (—1 + 2uz) — usillz) )] }

+ O(a?) (3.112)
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Aflg .

{16! 167T2fB /DU/DU

{_ 4u2uyv 03
[NT(P)NT(P) (=VVg'vs + ViVt + Vi*Vivg — VPVSan + A3Vios + A5V
AV, + ARV + ATV + AV — ATV — AVV v, — AV A, + AVAYT,

— AV ALy + AVAY G — TYTR2 — TVTH2 + TiT 20 — TV T2 — TVTY2
FTPTY(—2) + Ti T3 205 — TYTE200 + YT 205 + SYTY (2 — 2u1) — PYTY 20,
—PTY21,4)
HNT(P)ysNT(P) (ViVy vy — VIVy'ty = ViVyos + VIVl — A3Vi'vs — A3V
— ALV, — AUV — ATV — ANV + AUV + AVV s 4 AV A, — AYAST,
AU Ay — AT AT + TYTH (<2) + Ty T2 — TETY 20, — TYTH200 — Ty T)2
FTITY2 — TVTY 20, — TVTH200, — SYTV205 + SVTY (2 — 2uy) + PYTY 20, — PPTY2i0 )]}
+ O(a?) (3.113)

Af14 :

{16! 167T2fB /DU/DU

1
{412%71%17%1)2
[NT(P)NT(P) (Vi'Vy (ur — wrvy — 0n) + VIV (ug — wrus) + Vi Vjug + ViV a0,
VPV + AV (ug — ugvy — 01) — A5V Uus + A5 ViPus + A5V (ug — uyvy — )
— A5V us — ATV ugug + ATVY (ug — ugvy — 01) — A7 Vjue + ATV ug + ATV U104
+ATAY (ug — ugvy — 1) + ATAY (u2 — ugug) — AVAS ug + ATAS (uy — ugvy — )
AV Ay + TUTE (2 — 2uy) + TP 2up + TPT (2 — 2uy) + THTY20, 0, — TV 2us
FTETY (2 — 2uy) + TVTE 2ug + TVTS (2 — 2u1) + TVTR 20,5, — TPT 2us
+S7T2 (uy — ugvy — 01) — ST 2ug + PUT 20101 + PP 2us)
HNT(P)ysNT(P) (ViVy (ur — wrvr — 0n) + VEVy' (g — wrus) + Vi Vaiug + Vi'V3 00y
—VIVitug + ASV (ug — ugvy — 0) — A5V uug + A5 Vius + ASVY (ug — ugvy — 0q)
— AV uy — ATV g us + ATV (uy — uyvy — 0y) — AT Viug + AV Viiug + ALV 0,0,
+ATAY (uy — ugvy — 01) + ATAS (ug — ugug) — A7 A5 us + ATAS (ug — ugvy — 07)
+AVAfug — 1715 2y + 1Y T3 2us + TV T4 (2 — 2uy) + 17152 (ug — ugvy — y)
—TPT52us — TV T 2y + TYVT) 2us + T7 T35 (2 — 2uy) + TV 172 (uy — wgvy — 0q)
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+0(a)) (3.114)

3.3.5 Regularization of the decay amplitude

The regularization of 7;,,  is not as straightforward as for the case of the form factor,
since the involved integrals are not suitable to be solved analytically in an automatized
fashion. Automatization is necessary, because the integrand is either too complicated or too
long for manual computation (an expanded form would involve 37216, 53958, 3453 terms,
respectively). Unfortunately the powerful apparatus to perform and simplify integrals of
higher order corrections in the perturbative expansion cannot be applied (directly) in this
case, since the present integrals are not dimensionally regulated. Some of the features can
still be maintained, at the cost of a tremendous complication.

In order to tackle the explicit integration we apply the ideas of sector decomposition
[125], which are formulated for IR-divergent integrals over Feynman parameters of the type

1

N ulN—(L+1)D/2

l

and regulated by the dimension, i.e. D =4 — 2¢. By construction the functions F; and U
are homogeneous. Since the divergences in our case stem from soft quarks, the integrands
share the feature that divergences stem from small momentum components of at least
one quark. Sector decomposition ensures that subsequently introduced parameters let the
integrand diverge only for small values. In our case the regularization is provided by a
cut-off and the integrands are fractions of not necessarily homogeneous polynomials, which
makes it necessary to modify the procedure. Below we regard N momentum components.
The following modifications make it possible to disentangle overlapping divergences for a
cut-off procedure as defined in (3.53):

e The fraction of polynomials in the momentum components w4, . .., uy is made homo-
geneous by the repeated multiplication of terms with lower degree by u; + - -+ + uy.

e The primary sectors are generated by

N

1 N 1
/dNu: Z/dNu I 0w=u; =), (3.116)
€ =17

j=1,j#

1 >b
=0 The following substitution,

where 0 (a > b) = {O b
,a

uj — {uluﬂ JAL (3.117)
U ) =1
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changes the lower integration boundary of the inner integrals to £/u; and the upper
boundary from u; to 1.

e As a next step, the order of integration needs to be changed so that the integral
over wu; is integrated first. The integration boundaries depend on u; and need to be
changed appropriately. For integration boundaries that contain products of a special
form this can be brought into a closed form, see (A.13]). An eventual fractional term
that is introduced in the integrand needs to be factored out.

e The integration over the d-distribution only has non-zero contributions for a part of
the integration region. Therefore the integration over u; gets replaced by a #-function:

1 1
/dul ) (ul — m) — 0 (gb(ul, U, E) < m) . (3.118)

where ¢(u;;,€) is the lower boundary condition for variable w; and f(u; ;) is a
fraction of polynomials with rational powers of the arguments. The condition that
involves a sum is translated into modified integration boundaries at the end of the
process by solving the system of inequalities for each integration variable.

e From here the iterative process starts by finding r variables, uq,,...,uq,, that let
numerator or denominator vanish, when they vanish. r sectors are generated by

f[e (1>u,, >0) = Z H 0 (tay > Uq, > 0) (3.119)

Jj=1 k=1 j=1,j#k
In this step no change is needed.

e Before carrying out the substitution, the order of the integrals needs to be changed,
so that the integral over u,, is carried out after the integrals over u,;, j # k. If
necessary, the upper integration boundary is changed to 1 by substitution, which
makes subsequent changes of integration orders easier. After that we need to apply

the substitution
(67 Qg bl . l
Uay, — {“ wlay o 7 (3.120)

Ugy, g =1

also to the integration limits. The last step and this step are iterated as long as
variables that meet the criteria of the last step, can be found.

e The condition of step 4 needs to be translated into appropriate integration bound-
aries, by solving the system of inequalities for the integration variables for each
variable.

The above process is implemented in Mathematica. In order to solve the system of inequal-
ities in the last step the implementation relies on the Mathematica function Reduce, which
heavily depends on the order and form of input for a successful solution of the system
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of inequalities. It is not clear from the beginning, which form of input needs to be sup-
plied. Therefore 4 processes are started in parallel that follow different solution algorithms.
This part of the process can fail for complicated expressions, as occur in the result of the
calculation for the form factors and especially the decay amplitude.

As an example for a typical integral that needs to be regulated we pick

/dul/dUQ/dU;), /dU1/d’U2/d’U3 1—U1—U2—U3)5(1—’U1—’U2—’U3)

u3vd (u? + uy (ug (209 + v3) + U3) + (U2 + ug) vg (ug (v2 + v3) + u3))

(3.121)

We follow the first 4 steps of the above description separately for each variable set, wu;
and v;. Then we apply the following parts of the description for the remaining 4 variables
together. The result is a sum of integrals that manifestly do not contain overlapping
divergences. In the above example we obtain 158 integrals. For illustration we provide one
of these integrals:

/dUQ / dU3 / d’U2 / dUg ;8)

(ugt1)e (va+1)e

ug—uUge€ V9 —VUg€

1/ [(1 + UuU3U2 + UQ) (1 + V3V + 'Ug)
((1 + V3V + 122) 2 + (1 + U3) u%vg (U3122 + U3vV2V3 + Uus + (%) + ’Ug'Ug)
“+Usg (1 + v3vUy + 'Ug) (Ug (1 + Vo (Ug + 2)) + Vs (2 + ’Ug)))] (3122)

The integration region of these integrals is limited by construction to the cube ¢ < z; < 1
in the integration variables x;. In principle the integration boundaries can be the fraction
of any polynomial with rational exponents. The method also produces integrals for finite
g, a < € < b, which do not contribute in the limit ¢ — 0.

From this point the original method of sector decomposition suggests to Taylor-expand
the finite part of the integrand in the integration variables up to the degree of the divergence
and to integrate the divergent part explicitly. The finite part of the integral is typically too
complex to be solved analytically and needs to be integrated numerically. The numerical
precision of these integrations tends to be rather poor. Therefore we propose to partially
integrate the expression for each variable, starting from the innermost, v3 in the upper
case, up to the degree of divergence in the innermost variable. The divergence of wvs is
then encoded in vy and €. The other partial integrations can be carried out in a similar
manner. Typically stem functions can be found for all integrands. Before carrying out
the final integration we can extract the divergent behavior by a Laurent expansion of the
integrand in €. The coefficients of this expansion consist of finite integrals that can be
Taylor-expanded with the help of Leibniz rule. The remaining integrations are free of ¢
and can be integrated numerically or, if possible, analytically. It remains for future work
to carry out the regularization of the complete amplitude.
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Chapter 4

Conclusions

The path to understand most aspects of the CKM matrix necessarily leads to the field of
B-decays, which is a very active field of experimental and theoretical physics. With the
start of the LHC a new era in B-physics opens and three new experiments will enhance the
precision in By decays significantly and have excellent opportunities to measure Bs-decays,
which are prominent candidates to signal New Physics.

In this thesis we present a study of B decays to selected mesonic and baryonic final
states. The first part contains an examination of B-decays to longitudinal vector mesons,
B — V. Vi, based on first principles and a systematic expansion in powers of Agep/my:

o We give explicit formulas for the complete set of AS = 0 and AS = 1 decay ampli-
tudes of B — V. Vi at NLO in QCD factorization. Estimates of power corrections
from weak annihilation are included to study the sensitivity to effects of this kind in
phenomenological applications. The set of decays considered comprises 17 AS = 0
and 17 AS = 1 channels, including 2 and 4 pure annihilation modes, respectively.

e The agreement with the available measured branching ratios of By, B~ decays into
p—i-p—, pOPO’ P w, K*OK*O, K*Opo’ K*_p+, K*—p07 f(*op—7 K*O(b’ K*_¢ and K*Ow is
very good, within current uncertainties and with the central values used for B — V,
form factors. This also holds, if the error of annihilation modes is neglected. The de-
viation of p~p” is below 1 0. We note that QCD factorization works well in particular
for the penguin modes and for the three pp channels and their characteristic hierar-
chy of branching fractions. Our hadronic input is based on the available literature.
No tuning of parameters has been done to improve the fit with data.

e Long distance electromagnetic penguin effects are taken into account and found to
be small.

e The deviation from ideal mixing in the w-¢ system is found to have a small effect
on most decay modes that have these particles in the final state. The impact is very
large for B~ — p~¢.
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e We use mixing-induced CP violation in By — p} p;, measured by S,, to extract the
parameters of the unitarity triangle. Together with sin 23 the current measurements
of S, imply (2.146])

v=(72.8+6.1)° (4.1)

where the error is dominated by S,. This analysis benefits from the small penguin-
to-tree ratio for vector modes r, = 0.038 £ 0.024 (2.138)), which leads to a residual
theory uncertainty in v of +3°.

e We propose a method to relate the penguin contribution in By — pjp; to the
decay By — K;°K;° based on the V-spin subgroup of flavour SU(3). This makes it
possible to constrain the uncertainties due to penguin power corrections, especially
from annihilation topologies, and provides us with a check on the penguin-to-tree
ratio calculated in QCD fatorization. The absolute value determined by the V-spin
method, r, = 0.050 £ 0.015, is consistent with the calculation in QCD factorization.
The resulting angle

~v = (74.5+5.3)° (4.2)

has a residual theory error of £2°.

e We point out that within the standard model sin 2 and the CP violation parameter
S, in B — pfp; determine to

|Vip| = (3.49 £0.16) - 1073 (4.3)

where the error is at present still entirely dominated by sin 2/5. Hadronic uncertain-
ties enter only at second order in S, and the penguin parameter r, and are below
2%. Possible New Physics affecting the By — By mixing phase can be constrained
by comparing the above value of |V,;| with direct determinations from exclusive or
inclusive b — ulv decays.

e In future measurements B, — ¢¢ will provide tests for New Physics. We present a
bound on S, and Cy, which will further improve when more data are available.

The second part of this thesis is devoted to a QCD factorization study with baryonic
final states, in particular B, — pp.

e The nucleon projector at twist 4 is determined and perpendicular distribution am-
plitudes are related to the light cone distribution amplitudes.

e The spacelike proton vector and axial vector form factor are calculated at subleading
power in Agep/my. The convolution integrals are regularized by a cut-off regulator.
We find that the vector u-form factor diverges linearly and the d-vector form factor
double logarithmically. The axial vector form factor turns out to be calculable at
subleading power in Agcp/me. In particular both flavour conserving form factors,
u and d, vanish. Several checks are taken to exclude calculation errors: the Ward
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identity was recovered explicitly, the amplitudes for the timelike form factors were
calculated and related by crossing symmetry to the spacelike form factors and the
perpendicular components canceled explicitly.

e We developed a computer program for Mathematica that can treat large expres-
sions with Dirac matrices. This opens the possibility to independently check large
expressions with Dirac matrices against results from FORM.

e The class of annihilation diagrams is analyzed for the decay B, — pp. The order of
contributing diagrams is estimated and the leading hard contribution is calculated
at the level of integrals.

e We outline a modified procedure of sector decomposition for the regularization of
large expressions and discuss its technical shortfalls.

In the mesonic decays QCD factorization proves to be a valuable tool to extract CKM
parameters. The rich phenomenology can be exploited in numerous ways and delivers
competitive results. The study in baryonic decays from first principles is the first step
towards the subleading power. It reveals exciting results that can reduce uncertainties in
hadronic physics substantially.



Appendix A

Exclusive Decays with Baryons

A.1 Spinor properties

If not mentioned otherwise the following definitions are used in chapter Bl We use the
spinor representation of [126]:

u*(p) = (”p'w), vs(p)=< ‘p'0§_8>,

VP a&’ —p-ol® (A1)

& =(&M,¢Wl), £ =—io” (&7,

together with the Weyl representation of the Dirac algebra. With the choice of the charge
conjugation matrix C' = —iy?4?, this leads to the spinor identities

w(p) =C @ @), vp)=C@p) (A.2)

Other obvious identities are:
i w\ T i v
CC=-1, () =Cy0, (e—awws ) = _CeimS™C, (A.3)

where S# = L[y# ~4”]. Therefore C,g is invariant under Lorentz transformations.
The following relations can be useful in the simplification of Dirac structures in the
case of an incoming and outgoing proton:

- M

N, (PN} (P)+ NF(P')y"N, (P) = 2@ (P'+ P)" NF(P')N;(P)
N, (PN (P) = NS (P)y"N, (P) = —2% (P'— P)" NS (P")N,F(P)
N, (P")y*ysN, (P) + N (P)y"ysN, (P) = —2% (P = P)" N (P")ysN, (P)

N, (P95 NS (P) = NS (PN, (P) = 2% (P'+ P)* NF(P)ysNF(P), (A4)
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where Q? = —(P' — P)? and terms of O ((M/Q)?) were neglected. The corresponding
formula for an outgoing proton with momentum P’ and an outgoing antiproton with mo-
mentum P can be obtained by replacing Q* — s, P'+P — —(P'—P), —(P'—P) — P'+P,
N (P) = NS (P).

A.2 Proton light cone projector

A.2.1 Expansion on the light cone

The following expressions are listed for reference from [99]. With the definitions (B3],
B4), B5) and (B:6]) the 3-particle Fock state projector on the light cone (ay,as, as are
real numbers) for a proton p with momentum P is given by

(0l ug, (ar2)u(az2)d5 (a32) [p(P)) =
1
:1 SlMCaﬁ (’}/5]\[)7 + SgMzcaﬁ (¢’75N),Y + P M (’)/50)0{5 N7 + P2M2 (’)/50)0{5 (;éN)A/

+ WV (PC)QB (vsN),, + VoM (PC)QB (#715N)., + VsM (7.C) .5 (V15 N).,

+V,M? (#C) s (5N).,, + Vs M? (VuC) 5 (10" 25 N)., + Ve M? (#C) o5 (#15N),,

+A (P%C)ag Ny + AsM (PVSC)QB (#N),, + AsM (7,75C) .5 (V*N),

+ AM? (175C) 5 Ny + AsM? (7,750) 05 (107 2, N )+ AsM? (£75C) o (N,

F T3 (PYi0,C), s (¥2N), + o (2 Pic,, )., (1),

+ M (0, C) 5 (0" N), + TaM (PY0,,C) 5 (67 2,75N),,

+ TM? (2i0,,C) oy (5N, + TsM? (2" PYi0,,0) .4 (#7sN),

+ T7 M? (0w C) s (0" #15N) +TeM? (270w C) 05 (" 215N )., | (A.5)

where the notation described below (3.28) has been used.
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The twist expansion is then given by
(0le*ug, (a1 2)up (as2)d5 (az2) [p(P)) =

1
:Z SlMCaB (75N+),\{ -+ S2MCQ6 (75]\[_)“{ -+ PlM (fysc)aﬁ N;‘ + P2M (750)0{5 N,\{_
M
_I— Vi (po)aﬁ (75N+)’Y + ‘/2 (po)aﬁ (,}/5N—)’y + ‘/37 (’yJ—C)OCB (VLVSN—‘F)’Y
2 2
= (#C)5 (15N7),

M
L (0)0s (5N), + Vi
M
+ A (}Y)%C)aﬁ NI+ A, (¢75C)a6 N+ A37 (72750 ) 08 (’YLNJF)W

M . M
+V217(MC)QB (v sV )V+V}’2p

2
> (¢V5C)aﬁ N’Y_

M 1 Ar— M? M
 Aug (1950)as (VI N7), - Asg = (#15C) 0 Ny + Ao
+ T (iULpC)ag (le’VSN-F)ﬁ/ + 15 (iaipc)ag ('VJ_”Y5N_),Y

M Mo '
+ T3ﬁ (Zapzc)ag (’75N+),Y + T4ﬁ (ZUZPC)aB (75N )ﬁ{

2 . L N M2
. (ZULzC)ag (”Y 5V )ﬁ/ + 16 %

. L _
+T5 o . (i01.0)5 (v 15N )AY

M 11’ M L1 -
‘I‘T’?? (UJ_J_/C)QB (U 75N+),Y+T87 (UJ-l/C)aB (O' ’)/5N )’y , (A6)

where the notation described below (3.25]) has been used.

In the following we list the conformal expansion of distribution amplitudes. The leading
terms are:

Vi, p) = 12021295 [@3(p) + ¢ (1) (1 — 3x3)]
Ar(@i, p) = 12021 2205(72 — 1)d3 (1)

Ta(on, 1) = 120032505 | 300 + 5 (65 — 6F) (1)1 = 325) (A7)

The subleading terms are:

Va(wi, ) =24w12s [¢4(1) + 65 (1) (1 — 5a3)]

(@i, p) =24a122(22 — 21) ¢4 (1)
To(wi, p1) =24m122 [€] (1) + & () (1 — 5a3)]
Va(y, 1) =1225 () (0) (1 — 23) + ¥y () (27 + 23 — 23(1 — 23)) + ¢f (1) (1 — 23 — 10z125)]
Az, p) =12x3(22 — 1) [(¥9 (1) + ¥F (1) + ¥y (p)(1 — 223)]
Ty(wi, 1)

i, ) =623 [(€] + 04 + ) () (1 — 23) + (£ + ¢4 — oy ) () (27 + x5 — 23(1 — z3))
+(&F + of + i) () (1 — 25 — 10212,)]
Ty (i, ) =623 [(—E€7 4+ ¢4 + ) (1) (1 — 23) + (=& + d5 — 1) (1) (2] + 23 — w3(1 — 23))

)
H=E + o8 + D ()1 — 23 — 102122)]

N =
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St (i, ) =6as(wy — 21) (€] + 04 + ) + & +0F + ) (1) + (&4 + ¢5 — ¥y ) (1) (1 — 2x3)]

Py (i, p1) =63(x0 — 1) [(6) — ¢ — ¥4 + &5 — o — ) () + (& — o1 +91) (1) (1 — 2z3)]
(A.8)

A.2.2 Decomposition of twist 4

In the following all suitable terms, that transform as a Dirac spinor and are invariant under
parity transformation are written up for the matrix element (0]e“*u;(213)u;(z23)dx(0)|p(P)).
The resulting structure is in the form (I'y)as ® (I'2),. PN(P) = MN(P) is used to reduce
the number of dependent terms. The terms are written up in the form I'y ® T3, T3, .. ..
Brackets [A, B, .. .| are used to denote the insertion of exactly one of A, B, ....

C ® 75N7 [félga ¢23]75N7 Gzlgzngz/)/VNa Ezlg[zgg,P]/u/ijNv EzggPpyo-'uVNa
WO ® [213;“ 29345 Pu]%Na [213u, 22345 Pu]ﬁlg%N, [213;“ 2235 Pp]ﬁgg%Na VY5V,
€pz1zz2s PV, 6/%1322313[?';13’ 77923]N’ EuZ13[Z23,P]V7VN’ €pzasrY’ IV,

plz13,223]
€uz13223P0 213203 N, €pz13[203,P]p0 N,

[#13,223] po P
N, €ulz13,203,Plpo 0 N, €213203Pp0 ;va

Gﬂzzsppap
a’C ® leu[223u, Pu]%N, Z23uPV75N7 Z13u [223u> Pu]fflﬂsN, Z13u [223u> Pu];@gsz,
Z23,upz/ [félgv ¢23]75N7 [Z13z/7 293v Pl/]fyﬂfyf)Nv
euuzlg[zzg,P} N, e/u/zngNa euuzlg[zzg,P]¢13N7 epyzlg[zgg,PHéggNa
Eu213223P7VN7 EMV223P[¢137 7‘é23]N7 EMV[Z137223,P]070N7 6/11/213[223,13](721:’)223]\77
€223 PO 213205 1V 6W[Z137223,P]p0p[2137Z23}N> €uvpa0”" N,
EAL'2132'2:’)1D0-1/[2137223]]Vv Eu213[223,P]P0puN7 Euzzsppapqu
V50 @ 213, 2230, PulN, (2130, 2030, Pul 1Ny [2130, 2230, Pul#9s N, N,

[Z13“, 223 PM] 0213223 N7 Uu[213,223}N7
Guzlg[zgg,P]V7V75N7 6;1,223P1/7V75N7 6#213223P75N7

C ® N, [;513, %23]]\[7 Oi3zasNs  €x15205P07 V5N, (A.9)

where the notation €p,,, = P%€4,,, is used. The following identities for the convention
€23 = —1 are helpful in the determination of independent terms:

i
VA =g = g+ g i e, oM = — S0,

Yy Pl =i Py (A.10)

Square brackets for indices denote the total antisymmetric part of the corresponding ten-
Sor.
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A.3 Proton form factor

For reference we provide the explicit integral representation of the proton form factor at
subleading power:

(p(P")|ur"ulp(P))|nLp =
o o (Ne+ 1P M " "
=ad167 L g (P + PN (P) +(P)/Du/Dv

{— _ levl —————— [(—vs (((v2 — 4) v2 + 2) v} — (Bva — 4) (305 — 1) v}
_l’_

16wl ududuiuivivivivsvs

(va (s (v2 (v2 4 12) — 18) + 2) + 2) vf + vs (4v5 — Ua) Vovy + 20505) uj
+ ((v2 ((v2 — 8) va +9) — 4) v} + (v2 (va (va (202 — 1) 4+ 13) — 22) + 12) v}
+ (vg (Vg (v (—vaDy — 14) + 11) + 13) — 12) v? + (va (va (vo (Svg — 5) — 16) + 8) + 4) Ty}
+vy (g (Jva — 4) — 4) Davy + 40353) uj + ((v2 (9 — 4vs) v2 — 8) +2) v7
+ (202 (vg ((11 — 4vy) vg — 13) +10) — 6) v}
+ (v2 (v2 (v2 (=403 + 220y — 29) +17) — 13) +6) v§ — (9vy — 17v5 + 4vy + 2) Vo0
—Uy (81}3 —4vy — 3) vavy — 21)%17;’) Uy — 201020317%175173) u®
+ (—2v3 (((v2 — 4) v2 + 2) v] — (3vy — 4) (305 — 1) v}
+ (v2 (va (V2 (v2 + 12) — 18) + 2) + 2) v} + vy (403 — T2) Tovy + 20373 ) uy

— ((v2 (8v3 + va — 22) 4 14) v} + (va (v (4vs (4vy — 21) + 55) + 53) — 42) v}
+ (v2 (v2 (v2 (8v3 — 84wy + 231) — 163) — 33) + 42) v}
— (vg (Vg (v (vg + 56) — 107) + 19) + 14) Vyv? — vy (vg (2205 — 9) — 7) V3v; — 141}202) u;
+ ((v2 (v2 (Tva + 13) — 26) + 16) v} + (v2 (va (v2 (14vy — 55) + 2) + 67) — 48) v}
+ (vg (va (Vg (vg (Tvg — 55) 4 135) — 82) — 43) + 48) v?
— (v3 (vg (V3 (13vy + 15) — 67) + 27) + 16) D02
—vy (Vg (2605 — 15) — 13) Dyvy — 16v303) u3 + ((v (va (Yv2 — 22) +20) — 6) v}
+ (v2 (Vg (v (18vy — 53) + 67) — 52) + 18) v}
+ (v2 (v ((v2 — 3) va (Yvy — 26) — 51) + 36) — 18) v?
+ (vg (Vg (Vg (2205 — 45) + 6) + 10) + 6) Tov?
—4wy (5vg + 2) Dyvy + 603D ) us + 6v1v203070303) Ut
+ (((6 — w2 ((u2 — 3) us (Bua — 9) + 5)) v} + (ua (u2 (ua (—uslis — 14) + 11) + 13) — 12) v}

+ (ua (u2 (w2 (—4u3 + 22us — 29) 4 17) — 13) +6) v1 + 2us ((us — 5) us + 3) U3) v5
— (2 (ua ((uz — 3) ua (Buz — 9) + 5) — 6) v

+ (ua (u2 (u2 (8u3 — 84uy + 231) — 163) — 33) + 42) v}

+ (ug (ug (ug ((55 — Tug) ug — 135) + 82) + 43) — 48) v?

+ (us (u2 (51 — (u2 — 3) ug (Yus — 26)) — 36) + 18) vy + 6us ((us — 5) uz + 3) U3) vy
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((6 —v1 ((v1 = 3) vy (Bvy — 9) +5)) uj
(v1 (1 (v (—8uf + 84vy — 231) + 163) + 33) — 42) uj

(v1 (01 (v1 (33 (vy — 7) vy + 476) — 289) — 55) + 84) uj

(v1 (v1 (vy ((163 — 27vy) vy — 289) + 162) + 36) — 66) u3

(v1 (01 (v1 ((33 = Buy) vy — 55) + 36) — 26) + 18) uy + 6v ((v1 — 5) vy + 3) ) v;
— ((ua (ug (ug (—uglia — 14) +11) +13) — 12) vy

(ug (ug (ug (8 (ug — 7) ug + 121) — 71) — 30) + 36) v}

(ug (ug (ug (107 — 19uy) uy — 168) + 91) + 6) — 30) v?

(u2 (us (us (3uz — 19) + 36) — 35) 4+ 10) + 6) v1 + 2us ((uz — 5) ug + 3) 43) v1v;

—v1 ((u2 (u2 (u2 (4uj — 22us +29) — 17) + 13) — 6) v}
— (ug — 2) up (— (ug — 6) ugliy — 5) vy + 6v; + ug ((ug — 4) (ug — 2) up — 7) Ua) V705
—2us ((uz — 5) uz + 3) viu30y) uf — (((v1 ((v1 — 8) vy +9) — 4) uy
+ (v1 (v1 vy +5) — 17) +12) uj + ((16 — 19v1) v] — 10) uj
+ ((v1 = 2)v1 (Bur — 2) 4+ 2) ug + 20107) v5 + (2 (u2 (un (us (uz + 8) — 19) + 3) + 2) v}

(s (us (us (us + 56) — 107) + 19) + 14) o3

+ (ug (ug (ug (13uy + 15) — 67) + 27) + 16) v] — (ug (ug (ug (22uy — 45) + 6) 4 10) + 6) vy
—6us (2 (up — 2) us + 1) U2) v + ((v1 (v1 (v1 (=017 — 14) + 11) + 13) — 12) uj
+ (v1 (vy (01 (8 (v — T) vy +121) — 71) — 30) + 36) uj
+ (o1 (v (01 (107 = 1901) 01 — 168) + 91) + 6) — 30) u2
+ (v1 (v1 (01 (v1 (Bvy — 19) + 36) — 35) + 10) + 6) us + 2v1 ((v1 — 5) vy + 3) 07) V5
+0; ((v1 (v1 (v1 (Bur — 5) — 16) + 8) +4) uy — (vy (v1 (5uy (v + 4) — 51) + 19) + 12) uj
+ (v1 (v1 ((51 — 16vy) v — 40) + 16) + 10) u3 + (vy (v1 (v1 (Svy — 19) + 16) — 8) — 2) uy
—2v1 (2 (v1 — 2) vy + 1) B1) v + 0107 ((v1 (v — 4) — 4) uy + ((11 — 17v1) vy + 9) ul
—6 (vy + 1) u3 + (41}% — 2u1 + 2) Uy — 21}1171) vy — 2us (2 (ug — 2) ug + 1) v%ﬂgﬂi’) Uou?
—us (((va (v2 (4vg — 9) + 8) — 2) 0] + (20 (va (v (4vy — 11) + 13) — 10) + 6) v}
+ (Ug (Ug (’Ug (421% — 22v9 + 29) — 17) + 13) — 6) vi)’ + (91);l — 171);’ + 4y + 2) @gvf
+vy (8v3 — dvy — 3) Tavr + 20505) us — (((v2 — 2) vy — 2) v}
+ (vg (v2 (v2 (29 — 9) + 15) — 12) + 6) v} + ((v2 — 2) va (— (vy — 6) Va¥y — 5) — 6) v}
+ ((v2 ((15 — 4va) v2 — 17) + 4) v3 + 2) v} + 20973 (—2090 — 1) vy + 20505) uy
102 ((v2 = 3) vF + (v3 +2) v1 + (2 — 3vs) v2) V3D1Ta) Usus + 2u501V2V3UV; Uy T3

Vivy

 SuluRuduudv 020, 0303
=2 (v1 — 2) 1 (4v1 — 5) v2 + 4vy — vy (Bur — 4) Ty) v3u3 — 2 (20105 + (v1 (401 — 7) + 1) V3

— (’Ul (2U1 - 5) + 1) V1Uy — 'Ul@l) V1V2Ug — 2'[111)21)3@1@2 (@3 — 2)) Ui’

[(— (v (To1 = 8) +3) v} + (v1 (v1 (Tvr — 30) +26) — 7) v}
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+ (=2 ((v1 (2001 — 27) + 10) v3 + (v1 (2007 — 78v; + 71) — 19) v}
+ (v1 (71 — 271)1) v — 50) -+ 9) Vo — U1 (101)1 9) ’(_11) Ugug —+ ((3 (34 - 25U1) V1 — 38) ’U;l
+ (01 (25 (19 — 6vy) vy — 417) + 114) v3 + (vy (553 — 2501 (v (30, — 19) + 34)) — 114) 02

vy (v1 (6201 — 199) + 175) — 40) v + (v; (v (v1 (31vy — 199) + 362) — 237) + 44) v3

vy (Tvy (6v; — 19) + 104) — 16) vyv9 + 4oy (3vy — 4) @f) U + 6V1V2V301 09 (U3 — 2)) uf
2 ((v1 (2001 — 27) + 10) v3 + (v1 (2007 — 78v; + 71) — 19) v3

vy ((T1 — 27v1) vy — 50) + 9) vy — vy (101}1 —9) 0y) vauy + ((v1 (161v; — 220) + 83) vj

+ (v1 (vy (161vy — 626) + 574) — 157) v3 + 2 (vy ((287 — 110vy) vy — 202) + 37) vy

—vy (83vy — 74) 01) vguj + ((v1 (171vy — 242) + 93) vy

+ (v1 (vy (342v; — 1079) + 965) — 272) v3

+ (v1 (vy (vy (171vy — 1079) + 1922) — 1257) + 265) v3

+ (v1 (v1 (24201 — 723) + 534) — 86) T1v2 + v1 (930 — 86) T} ) U3

+ (((76 — 51vy) v1 — 27) vy + (82 — 3vy (vg (34vy — 109) + 101)) v3

+ (3v1 (vy ((109 — 17v1) vy — 198) + 133) — 83) v3

— (v1 (vy (7601 — 227) + 172) — 28) Tyvg — vy (2701 — 28) T7) uy

—6v1020301 2 (U3 — 2)) uf — Uo (— ((v1 (Tor = 8) 4+ 3) v5 + (v1 (v (Tvg — 30) + 26) — 7) v3

—2 (v1 — 2) 1 (4v1 — 5) v2 + 4vy — vy (Bug — 4) T1) vauy + ((—68vF + 94v; — 35) v;

+2 (01 ((215 — 68vy) vy — 190) 4 52) v3 + (21 (vy ((215 — 34v;) vy — 384) + 250)

—103) v3 — 2 (v (v1 (47vy — 143) 4+ 107) — 17) Byvs — vy (3501 — 34) 07) uj

+ ((v1 (103vy — 148) + 58) vy + (v (v1 (206v; — 649) + 585) — 168) v

+ (v1 (v1 (v1 (103v; — 649) + 1154) — 757) + 162) v3

+ (v1 (1 (148v; — 437) + 320) — 52) Tyvs + 207 (2901 — 26) ¥7) uj

+ (((40 — 23vy) vg — 18) vy + (vy (149 — 46v1) vy — 153) + 52) vj

+ (v1 (v1 ((149 — 23v1) vy — 274) + 197) — 50) v3 — (v (v1 (40v; — 113) + 84) — 16) B1v,

—2v1 (9v; — 8) 17%) Uy — 201UV301 Uy (U3 — 2)) u?

—uy ((—4v101u3 + ((34 — 23v1) v — 12) up + v — vy + 3) v3

+ (=2 (v1 (401 — 9) + 1) Dyu3 + (v1 ((147 — 46v1) v — 135) + 36) us

— (v1 (201 = 5) + 8) 11) v5 + (=2 (v1 (v1 (201 — 11) 4+ 13) — 2) D123

+ (v1 (v1 ((147 — 23v;) vy — 266) + 177) — 36) ug — ((v1 — 4) (vy — 2) vy — 7) V1) V3

+01 (=22 (v1 — 3)v1 + 1) Bruj + (vr (101 — 3dvy) v — 76) + 12) uy

+up (v1 (o1 —9) + 6) — 2) vg — vy (=301 + 2us (ug + 6v; — 6) + 2) 17%) uju,

+2U§U10203ﬂ§@1@2 (@3 - 2)}

(-

(v1 (

(v1 (2

— (1 (3vy (34vy — 105) + 238) — 38) Byv2 + 38u107) uj + ((vy (3loy — 42) + 12) v;
(v1 (

(v1 (

(-

(

n
n
n
n
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4u%ﬂ%u%ﬂ?u£w%vgv2v§ [(((u2 (Bug — 8) +4) vy — 3u2) vy + ((21}1 (5v; — 8) + 5) u3
+((29 — 16v1) v1 — 11) up + v (8v1 — 15) 4+ 6) v3 + (((v1 — 2) vy (5v1 — 6) — 2) uj
+ (v1 (8uy — 21) 4+ 5) Dyug — (v1 (v — 11) + 3) 1) vo
—v1 (—2ug — 3villg + 3) Uy ) V102u’ + ((—ﬂg (3 — 2uy)?
+ (s (u2 (Bup — 27) 4 29) — 12) v + (uz ((44 — 13us) uz — 50) + 21) vy) vy
+ ((v1 (v1 (1601 — 51) + 48) — 11) u3 + 2 (v ((86 — 27vy) vy — 82) + 22) uj
—2 (v (2901 — 67) + 30) Dyuy + 3 (v1 (8vy — 19) +9) 7y) v
+ ((v1 (v1 (v1 (8vg — B1) +92) — 60) + 10) uj
+ (v1 (v1 ((172 = 27wv;) v1 — 310) + 206) — 40) u3
— (v1 (v1 (2901 — 163) 4 199) — 57) Brug + 3 (vy (v1 (4o — 23) +29) — 9) 1) v3
+0; (= (v1 (1301 — 22) + 3) Byu3 + 2 (v (—2207 + 60v; — 43) + 6) u3
—2 (vy (2501 —47) + 9) vyug + 3 (7 (vy — 2) vy + 3) V1) Vo
—v1lia ((ug — 3) up (dvy — 3) — 901) 1) uy + (((u2 (u2 (ua (8us — 31) + 45) — 33)
+12) v + uy (ug (49 — 13uz) uy — 71) + 55) vy — 21v;
+ (uz — 2) ug (4u3 — 6us + 11) +9) vy + ((v1 (v1 (160 — 51) 4 48) — 11) uj
+2 (v1 ((98 = 31v1) vy — 90) + 19) uj + (v1 (90v] — 286wy + 265) — 63) uj
+ (v1 (66v; — 151) + 63) Tyus — 3 (v1 (Svy — 19) +9) 7y) v
+ ((v1 (v1 (v1 (801 — B1) 4 92) — 60) + 10) w3 + (v1 (v1 ((196 — 31v1) vy — 350) + 223)
—34)ul + (vy (v1 (vy (45v; — 286) + 514) — 333) + 57) u3
+ (v1 (v1 (3301 — 184) + 222) — 60) Dyus — 3 (v (v1 (dvy — 23) +29) — 9) 1) v3
+0; (= (v1 (1301 — 22) + 3) yuj + (v1 (4901 — 82) + 10) Byuj
+ (v1 (vy (T1vg — 194) + 139) — 17) u3 + (vy (5501 — 104) + 19) Dy,
—3(7(vy —2)vy + 3)01) va — v1 (=901 + ug (13v1 + us (—10v; + us (dvy — 3) +7)
—10) +9) 4207) u — (((ua (u2 (ua (5ug — 22) +23) — 7) + 4) v7
g (g (4 (9 — 2ug) ug — 35) + 9) vy — Toy + ug (Bug — 1) ((ug — 4) ug +2) + 3) v,
+ (= (2v1 = 1) (5or — &) yuy + (v ((141 — 44v;) vy — 135) + 36) u
+ (v1 (vy (46v; — 145) + 130) — 27) u3 + (v; (14v; — 29) + 5) Dyuy
— (vy (8 — 19) +9) 1) v3 + ((v1 (Buy — 21) + 7) v7us + (vy (v (141 — 22v1) v — 256)
+171) — 33) u + (v1 (v1 (v (23v; — 145) 4 258) — 162) + 24) u3
+ (v1 (vy (T — 36) + 38) — 4) Dyug — (v1 (vy (dvy — 23) +29) — 9) 1) v3
+0; ((v1 (v1 (8vg — 21) + 14) — 2) uj + (10 — 9vy (vy (401 — 11) + 8)) uj
— (5vy (Tvg — 12) + 7) Bu3 + (v1 (901 — 16) + 1) Brug — (7 (v1 — 2) vy + 3) 01) v
oy (—2uj + 10uj — Tud + ug + (us (3ug — 1) ((uz — 4) up + 2) + 3) v1 — 3) 07) Uouj
—upli5010a ((—v2 + us (Bugus — 6us — 13va +9) + 2) v7 + (2 (u2 (8uz — 13) — 1) v}
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+ (47 = 29us) uzvs + 5vs + ug (11ug — 17) — 4) v — ((ua2 (8up — 13) — 1) v}
+ (34 — 21ug) ugvg + 4vy + us (bug — 8) — 2) vovy

+vy (=209 + Uy (6vauy — Suy — vy + 8) + 2) Vo) Uy + UGV T Ty ((42;2 —3) v}
+ (4 (v2 — 2) v + 3) v1 + 3v202)]

AP A} 3
— — — 30y — 4) + 2
TR, ) (0w [ Br =+ 2w

+ (v1 (v (Bvy — 16) + 11) — 4) uj + (v1 (11 — 4v1) v — 8) + 2) us + 20177 v3

— (2 (ua (Bug — 4) + 2) v} + ((uz — 8) ug (4uy — 3) — 10) v}

+ (us ((22 — Yua) ug — 18) + 6) vy + 6usliy) v1v;

+ ((v1 = 2) (v1 (v (4v1 = 9) +9) = 3) uj + (vy (v1 ((v1 — 11) 1 (Bvy — 8) — T1) + 39)
—12)u3 + (v1 (v1 (v1 (—4 (v — 8) vy — 65) + 55) — 25) + 6) uy

+2v; ((v1 = 5) vy + 3) 07) v — ((ua (ua (Bug — 16) + 11) — 4) v}

+ (ug (10uy — 31) g + 12) v + (ug (ug (17ug — 30) + 24) — 10) v?

+ (s ((16 — 11ug) up — 8) + 2) vy + 2us@i3) B1v5 — 10y (— (dvr — 3) Vrus

+ (12 = 11vy) v — 4) uj + (1 — 8v101) us + 20101 ) v2 — 2usviUZVT) U]

— s (2 ((v1 (3v1 —4) +2) v3 — (v (4v1 — 9) + 6) V103

+ (v1 — 2) (v1 (v1 (4o — 9) +9) — 3)vs — (v1 (v1 (v1 (3vy — 10) + 17) — 11) + 2) vyv3
+up (4o — 3) Djva — 20707) ui + (((v1 — 8) vy (4vy — 3) — 10) v3

— (v1 (807 — 760y + 43) — 30) vy + (201 — 3) (v1 (v1 (v1 (201 — 39) + 31) — 21)
+10) v3 + (vy (v1 (Tvy (5vg — 12) + 51) — 33) + 10) 9103 + vy (v1 (24v; — 25) + 9) Div,
+100757) w3 + ((v1 (22 = 9v1) v1 — 18) + 6) v5 + (v; (vy (18vy — 43) + 40) — 18) yv)
+ (v1 (1 (v1 ((61 — 9uy) vy — 122) + 117) — 66) + 18) v

— (v1 (v1 (v1 (2201 — 61) + 56) — 24) + 6) B1v5 + 201 (91 — 2) Tve — 6VTTY) ua

—6v102030; 0503 ) ut + (((u2 — 2) (u2 (uz (dus — 9) +9) — 3) vy

4 (ug (ug ((ug — 11) ug (Bug — 8) — 71) 4 39) — 12) v + (ug (ug (ug (—4 (ug — 8) uy — 65)
+55) — 25) + 6) v1 + 2us ((up — 5) us + 3) U3) v;

— (2 (u2 — 2) (uz2 (u2 (4us — 9) + 9) — 3) vy

+ (2ug — 3) (ug (ug (ug (2uy — 39) + 31) — 21) + 10) v}

+ (s (u2 (uz ((61 — Jup) us — 122) + 117) — 66) + 18) vy + 6us ((us — 5) uz + 3) 43) V105

+ (v — 2) (v (vl (4vy —9) +9) — 3) ud + (v1 (v1 (v1 (4 (v — 23) vy + 213) — 189)

+125) — 42) uj + (v1 (v1 (v1 (213 — 17v1) v — 440) + 367) — 241) + 84) uj
+ (v1 (v1 (01 (27 (v — T) vy + 367) — 346) + 218) — 66) u3
+ (v1 (v1 (01 ((125 = 21vy) vy — 241) + 218) — 98) + 18) up + 6vy ((v1 — 5) vy + 3) 07) v3

— ((u2 (ug ((ug — 11) ug (3uy — 8) — 71) + 39) — 12) v}
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+ (ug (ug (ug (2 (52 — Buy) up — 213) + 181) — 110) + 36) v}

+ (ug (ug (ug (17 (uy — 5) uy + 154) — 165) + 108) — 30) v}

+ (ug (ug (ug (—11 (ug — 5) ug — 96) + 85) — 38) + 6) vy + 2us ((ug — 5) us + 3) ﬂg) U3
—v1 ((uz (u2 (2up — 11) (up (2us — 5) + 5) + 25) — 6) v

+ (us (us (un ((39 — Tug) ug — 76) + 73) — 34) + 6) v — us (3 (up — 2) *us — 5) Uz) Tivs
—2us ((ug — 5) ug + 3) v%ugvi’) u?

— (((v1 (v1 (Bvy = 16) + 11) — 4) uy + (vy (1001 — 31) Ty + 12) u3

+ (v1 (v1 (170; — 30) 4 24) — 10) w3 + (v1 ((16 — 11vy) v — 8) + 2) ug + 2v107) v;
— (2 (u2 (u2 (ug (Bup — 10) + 17) — 11) + 2) v
+ (ug (ug (7 (12 — 5ug) ug — 51) + 33) — 10) v}
+ (ug (ug (ug (22uy — 61) + 56) — 24) + 6) vg + 6us (uz (=2 (uy — 3) uy — 5) + 1)) 005
+ ((v1 (v1 ((v1 — 11) vy (Bvy — 8) — 71) 4 39) — 12) uj
+ (v1 (v (v1 (2 (52 — 5vy) vy — 213) + 181) — 110) + 36) ug
+ (v1 (vy (vy (17 (vy = 5) vy + 154) — 165) + 108) — 30) u3
+ (v1 (1 (v1 (=11 (v — B5) vy — 96) + 85) — 38) 4+ 6) ua + 20y ((v1 — 5) vy + 3) U;) v3
+01 ((v1 (v1 (01 (1601 — 41)+30)—16)+4)u2
+ (v1 (vy ((104 — 41vy) vy — T7) 4+ 41) — 12) u2

+ (vy (v (07 (300, — 77) + 88) — 44) + 10) >

+ (v1 (v1 ((41 — 16vy) v — 44) + 16) — 2) uy — 201 (2 (v1 — 2) vy + 1) 0y) V3

+v1 ((ug (us (us (11ug — 31) + 24) — 8) + 2) v}

+ (g (ug ((35 — 12ug) uy — 38) + 14) — 2) vy + uy (ug (ug (duy — 9) +8) — 2)) vivy

—2us (2 (up — 2) ug + 1) 07020} Uouf — ustiy (((v1 (v1 (dvy — 11) + 8) — 2) v}

—2((3 = 2v1) *v1 — 3) Byvs + (v1 (01 (201 — 11) (v (201 — 5) +5) + 25) — 6) v)

+ (v1 (1 (01 (11vg — 31) + 24) — 8) + 2) D105 + v107 (1 — 8101 v2 + 2070} uj

+ ((v1 (12 = Tvy) v — 8) + 2) 05 + (v; (v1 (14vy — 25) + 22) — 6) By,

+ (v1 (v1 (v ((39 — Twy) vy — T6) 4+ 73) — 34) + 6) v — (vy (v (v1 (120 — 35) + 38)

—14) + 2) vyv5 — 2v; (407 — 6v1 + 1) Tivy — 2070} us

—v109 (30901 — V1 — Vg + 2) U3V VaU3) Uy + 2U§’U1’U2U3TL§’@%@§@3]
8u%ﬂ%u§ﬂ%ﬁ§£iﬁ%vﬂ%v§ (ur = u2) (1 = v2) [(((01 (Bor = 8) + 3) v

+ (v — 3) (3 (vy — 2) vy + 2)v3 + (dvy (201 — 3) + 3) Dyvy + 31}117%) u3

—2 (—vy +v1 (v (2u1 4+ 20y — 1) — 1) + 1) V1Daug — 20102030, 0) U

—(2((1 = v1 (201 + 3)) V3 + (v1 (20101 + 3) + 1) v3 + (30 — 5) Brva + (v1 + 3) T7) w3

+ ((12 = vy (5vy + 8)) v5 — (v1 (v1 (Bvy 4+ 17) — 63) + 40) v3 + (v1 (8vy — 55) + 44) T1vy
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+4 (37)1 4) ) — 6’011)21)3’(_]1’02) Ua2U (( ((7 4UQ> Uo + 3) — 13) + 6) Ul

—2 (ug (uz (ug (Bug + 8) — 25) 4+ 8) + 3) U1 + U (uQ (us (2ug + 23) — 55) + 27)) v3
((un (us (7 — 4ug) ug + 3) — 13) 4+ 6) v}
(
2
(2(

+ o+

g (U (u2 (4uy — 71) + 121) — 25) — 18)v?

+2 (ug (ug (3ug (ug +23) — 149) + 61) + 6) vy + 2ug (ug ((ug — 44) uy + 88) — 41)) v3
4 (2 (uz (ug (ug (3ug + 8) — 25) + 8) + 3) vi — 2 (ug (ug (61uy — 124) + 53) + 3) vy
+ug (83 — ug (2ug — 17) (5ug — 11))) v1vg + ug (6ug ((ug — 7) ug + 11)

+us (ug (2us + 23) — 55) vy + 27v; — 28) 07) u}

— (((v1 (Bur = 8) +3) uy + (2 (v1 — 5) vy + 13) uj + (v (v1 + 8) — 42) uj

+ (18 — vy (Tvg 4 12)) up — 20101) v + ((v1 — 3) (3 (v1 — 2) v1 + 2) uj

+ (v1 (2 (vg — 18) vy + 77) — 48) u3 + (v (5vy (v + 17) —221) + 128) u3

— (v1 (v1 (Tvg +19) = 79) + 52) ug — 2 (vg — 2) v10y) V3

+ (2 (ua (us (u2 (dus + 5) — 20) + 6) + 1) v — (us (u2 (uz (12uz + 67) — 181) + 67)
+2) v1 + ug (ug (Bug (ug + 19) — 130) 4 50)) D1ve + us (2 (97 — 8)

+up (—4201 + up ((Bus + 13) vy — 22) + 44)) 07) tou}

Fug (=2 (—vs + v1 (v2 (2v1 + 202 — 1) — 1) + 1) B109u3 + ((v1 (v + 10) — 12) v}

+ (v1 (v (3vy + 19) — 59) + 36) v3 — (v1 — 4) (1001 — 9) vy + 1207) us

+ (3v1 + 3 (v1 + 1) v — 2) v301T2) Uty + 2u501V203U501 Do

_ 4u§a§ugu£§ i?;} oz () (0 =) (20 + (v By +6) = 3) 03
+ ((us (Buz — 4) +2) v + (15 — Tua) upvy — 8vy + us (Sup — 11) + 6) vy

— (—2uy — 3,1y + 3) UgD ) Uy Vou’ — (((vl (8, — 17) + 8) v

+ (2v1 — 3) (4 (v1 — 3)v1 + 7)v3 + (v1 (17w — 33) + 18) Byws + (8v1 — 5) 07 ) uj

— ((11vy — 18) w3 — 11 (vy — 3) Tyvg + 3 (6vy — 5) 1) V1Vauz

—3 (2uav1 — 3y — 3vy + 3) V301 Ty) Ugu] + (((vl (8v; — 17) + 8) v

(201 — 3) (4 (v1 — 3) v1 + T) v3 + (v1 (17vy — 33) + 18) Dyvy + (8v1 — 5) 07 ) us

(((69 — 29v1) v1 — 38) v3 + (v1 (151 — 29v;) vy — 228) + 104) v3

— (31 (23v1 — 53) 4 94) Byvy — 2 (19v; — 14) 07) uj + ((v1 (390 — 101) + 61) v3

+ (v1 (1 (39v; — 229) + 364) — 173) v3 + (v1 (101v; — 263) + 163) D10,

+ (61vy — 51) 07) uj — (—400] + TTvy + 5 (5vy — 8) v3 — (2501 — 77) vao¥y — 37) V1 Taus
—3 (2uau1 — 3v; — 3vy + 3) V3T Ty) US — ((—3171113 + vy (Bvy — T) vy + Bug + (5 — 3v1) 1y
—2) 0102us + ((8 (5 — 2uv1) v1 — 23) v + (v1 (89 — 16vy) v1 — 138) + 64) v3

— (40v7 — 98v; + 59) Byvs — (2301 — 18) 07) uj + (—38v] + Tlvy + (23v; — 38) v3

— (2301 — T1) va0y — 33) By Vauj — (—2007 + 390y + (13vy — 20) v3 — 13 (v1 — 3) Va7

_l_
_l_
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—19) U1 0puy — (20901 — 3v; — 3vy + 3) V301D Ugu?
—us ((v1 + uz (—9v1 + up (4vy — 6) + 15) — 4) v3

— (Bvy + ug (—9v; + ug (4dvy — 11) 4 29) — 8) Dyv9 + (ug (—15v1 + ug (6vy — 5) + 14)
—401) 1) Us01 Doy + uj (—3vg + vy (2v2 — 3) + 3) v3UYV1 Vo]
_ 4u2ﬂ2u§ﬂ§;§)1%17%1)§17§ (607 = 901 +4) 2 (0, 3oy = 7)1y~ 2)

(v1 (14 — 1) vy — 10) + 2) ug + 20y (1 — 20101)) vy
(2 (31 (v1 (2v1 — 5) +4) —4) u3 + (8 — 201 (3 (v1 — B) vy + 17) ) uj

(v1 (v1 ((32 — 9vy) vy — 31) + 18) — 4) ug + 2v; (v1 (2 (v1 — 3) vy +3) — 1)) v
((Bur (2(v1 = 3) (11 —2) vy = 5) +4)uj — 4 (1 — vy (vg (5vy — 11) + 5) ) uj

+ (2v1 — 1) (v1 (01 (Tog — 12) +4) — 2) us + 2 (3 — 2v1) v7) v3

+02 (ug (10v; 4 uy (—14v; + 3uy (3v; — 5) + 20) — 8) — 2v1) Vo

+2usv7 (1 — 2ustiz) 07 ) uy + ((2 (3ua (uz (2us — 5) + 4) — 4) v}

+2 (4 — ug (3 (ug — 5) ug + 17) 1) v7 + (ug (ug (32 — Juy) up — 31) + 18) — 4) vy

+2us (up (2 (s — 3) uz +3) — 1)) vy + 2 ((3v1 (v1 (201 — 5) +4) — 4) uj

42 (vy (v1 (v1 (Bvy — 22) + 36) — 21) + 6) us + (vy (v1 (3 (24 — 5v1) vy — 97) + 37) 6) us
+ (vy (vy (6v1 (201 — 7) +37) — 15) + 2) ug + 201 (v1 (=2 (vy —3)v1 —3) + 1)) v
—l—((3v1(2(vl—3)(1}1—2)1}1—5)—1—4)u2 4 (vy (v1 (9 (vy — 4) vy + 38) — 13) + 3) us
+ (v1 (201 (1 (3201 — 97) + 88) — 43) + 6) u3 — 2 (vy (vq (vy (17vy — 37) +22) — 6) + 1) uy
+4v} (201 — 3)) v3 + v (4v1 + us (—18v; + us (31v1 + up (—32v1 + 3us (3vy — 5) + 52)
—43) 4 12)) D102 + 2us (u2 (2 (up — 3) ug + 3) — 1) v707) uf + ((2 (3 — 2us) uj

+ (3ug (2 (ug — 3) (ug — 2) ug — 5) +4) V¥ 4+ (2ug — 1) (ug (ug (Tugy — 12) +4) — 2) vy
—4v7 (1 — up (up (5ug — 11) +5) Ua)) v3 + ((Bua (2 (up — 3) (us — 2) up — 5) + 4) v}
—4 (ug (ug (9 (ug — 4) ug + 38) — 13) + 3) v3 + (ug (2usg (ug (32uy — 97) + 88) — 43) + 6) v?
—2 (ug (ug (up (1Tug — 37) 4 22) — 6) + 1) vy + 4u3 (2uz — 3)) v3

+ (—4(1 — vy (vg (5og — 11) + 5) B1) ug + (v1 (201 (01 (3201 — 97) + 88) — 43) + 6) uj
—8v; (201 (v1 (dvy — 11) +9) — 3)uz + vy (5vg — 2) (vy (dvg — 7) + 2) uy

+2 (3 = 201) v}) v3 — v} (2v1 + ua (—8vy + uz (4 (51 — 6)

+us (—31v1 + 2uy (Tvy — 10) +43)) + 4)) Doz — 2u3 (2uz — 3) vi0;) uj
+uj (v (5 (4 — 3v) v — 8) + ua (v (v1 (901 — 14) + 10) — 2)) v}

+ (v1 (g (( 2 — 1501) vy — 43) + 12) + uy (vy (v1 (vg (901 — 32) +31) — 18) +4)) v
+ (v (5vy — 2) (v1 (4vy — 7) 4+ 2) + ug (v1 (v1 ((31 — 14wy) vy — 20) + 8) — 2)) v3
—20f (—4v; 4 ug (5v; — 4) + 2) Dyvy — QuQUf@f) Ul

N
N
N
N

—2u301v2035 ((1 — 20902) v] — 20501 + 03]
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4u§aguga€ﬁl@gmgvg [((3 (662 — 9uz + 4) 0 + 2 (17 — 14uz) ugwy
—14v; + 3ug (dus — 5) + 6) v3 + (2 (v1 (v1 (9vy — 32) + 31) — 10) uj
+ (v (9 (10 — 3v1) vy — 68) + 21) ug + 4 (—vy (3v1 — 7) 0y — 2)) v3
+2 ((v1 ((31 = Ldwy) vy — 20) 4+ 4) u3 + (v1 (17 (01 — 2) vy + 16) — 3) ua
Hv1 (=7 (v1 — 2) vy — 6) + 1) vy — vy (6v1 + ug (—15v; + 4uy (3v; — 2) + 6) — 2) 1) uj
+ ((6 (3uz (uz (2us — 5) +4) — 4) v3 4+ 4 (uz (4 (8 — Bu) ug — 23) + 7) v
+3 (u2 (ug (6us — 17) + 13) — 4)) v} + (6 (Bua (us (2up — 5) +4) — 4) v3
+2 (ug (163 — 66uz) ug — 123) + 40) v3 + ug (ug (114uy — 295) + 193) vy — 560y
+us (5 (17 — 6ug) up — 57) + 16) v; + (4 (u2 (4 (8 — Buz) us — 23) + 7) vj
+ (ug (ug (114uy — 295) + 193) — 56) v5 — 4 (uy — 2) (ug (18uy — 11) + 3) vy
+2 (ug (ug (6ug — 17) +9) — 2)) vy — v9 (—12v9 + us (3909
+uy (6ug — 17) (3vy — 2) — 18) + 4) ) u?
+ ((3(3uz (2 (ug — 3) (uz — 2) ug — 5) + 4) v3 + 2us (29 — 2uy (us (Tuz — 32) + 38)) vy
—14vy + 3uy (us (ug (4ug — 17) +20) — 8) + 6) v?
+ (3 (3ua (2 (u2 — 3) (up — 2) up — 5) + 4) v3 — 2 (us (us (us (32us — 163) + 196)
—78) + 20) v2 + uy (ug (ug (62uy — 295) + 352) — 125) vy + 280,
Hug (36 — Suy (ug (dug — 17) + 20)) — 8) v + (—2 (ug (2uy (ug (Tug — 32) + 38)
—29) + 7) 3 + (ug (ug (ug (62uy — 295) + 352) — 125) + 28) v2
—4 (ug (ug (ug (10ug — 47) +56) — 17) + 3) vy + 2ug (ug (ug (dug — 17) + 20) — 6) + 2) vy
vy (6vy + Uy (—24vy + ug (ug (dug — 17) + 20) (3vg — 2) + 12) — 2) ¥y u}
5 ((v1 (4501 — B8) + ua ((34 — 2Tv1) vy — 15) + 24) v5 + (v1 (3vy (15vy — 52) + 125)
+y (v1 (9(10 — 3vy) vy — 68) + 21) — 36) v2 + (vy ((125 — 58v;) v, — 68)
+ug (201 (17 (v1 — 2) vy + 16) — 6) + 12) v9 + 3v1 (—8vy + ug (v — 2) +4) v1) Usuy
—2u3 ((vg (6vy — 7) +3) 02 4+ ((4 — Tvg) vy — 1) vy + vy (3vy — 1)) vgﬂg}
Ty
du2utuiudusv 03090503
+3uy (4us — 5) 4+ 6) v + (2 (v1 (v1 (9v1 — 32) + 31) — 10) u3
+ (v1 (9(10 — 3v1) vy — 68) + 21) ugy + 4 (—vy (3vy — 7) 0y — 2)) v3
+2 ((v1 ((31 = 14vy) vy — 20) + 4) uj + (v1 (17 (v1 — 2) vy + 16) — 3) uy
Hv1 (=7 (v1 — 2) vy — 6) + 1) vy — vy (6v1 + ug (—15v; + 4uy (3v; — 2) + 6) — 2) 1) uj
+ ((6 (3uz (uz (2us — 5) +4) — 4) v3 4+ 4 (u2 (4 (8 — Buz) ug — 23) + 7) vy
+3 (u2 (ug (6us — 17) + 13) — 4)) v} + (6 (Bua (us (2up — 5) +4) — 4) v3
+2 (ug ((163 — 66ug) ug — 123) + 40) v3 + ugy (ug (114uy — 295) + 193) vy
—560s + s (5 (17 — 6us) uz — 57) + 16) v7 + (4 (ua (4 (8 — 3uz) up — 23) 4+ 7) vj

u

[((3 (6u3 — us +4) v} +2(17 — 14us) usvy — 140y
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+ (ug (ug (114uy — 295) + 193) — 56) v5 — 4 (ug — 2) (ug (18uy — 11) + 3) vy
+2 (ug (ug (6ug — 17) +9) — 2)) vy — v9 (—12v9 + ug (39vy + ug (6usy — 17) (3vy — 2)
—18) +4) ) ui + ((3 (3ua (2 (u2 — 3) (uz — 2) up — 5) + 4) v3
+2us (29 — 2us (ug (Tug — 32) + 38)) vy — 14wy
+3us (us (us (dus — 17) +20) — 8) +6) vf + (3 (3uz (2 (u2 — 3) (uz — 2) ug — 5) + 4) vj
—2 (ug (ug (ug (32ug — 163) + 196) — 78) + 20) v3
+ug (ug (ug (62uy — 295) + 352) — 125) vy + 28v,
+uy (36 — Sug (ug (dug — 17) 4+ 20)) — 8) v + (=2 (ug (2ug (ug (Tuy — 32) + 38) — 29)
+7) v + (uy (ug (up (62uy — 295) + 352) — 125) + 28) v3 — 4 (ug (ug (ug (10uy — 47)
+56) — 17) + 3) vg + 2us (ug (ug (dus — 17) + 20) — 6) + 2) vy
—vy (6vy + g (—24vy + uy (uy (dug — 17) + 20) (3vg — 2) + 12) — 2) ¥y) u}
—uj ((v1 (4501 — 58) + up ((34 — 27v1) vy — 15) 4 24) v + (v (3vy (15v; — 52) 4 125)
+ug (v1 (9 (10 — 3v1) vy — 68) + 21) — 36) v3 + (v; ((125 — 58vy) vy — 68)
+ug (201 (17 (v1 — 2) vy + 16) — 6) + 12) v9 + 3v1 (—8vy + ug (v — 2) +4) v1) Usuy
—2u3 ((vg (6va — 7) +3) v} + ((4 — Tva) va — 1) v1 + v2 (3vs — 1)) vs3]
+(u; <> vy)} + O(a?) (A.11)
The (anti-)symmetric part under the exchange of indices 1 <+ 2 has been integrated to 0

according to the symmetry (antisymmetry) of the distribution amplitudes Fj(z1, x2, z3) in
T1 < x5. The result for the d form factor reads:

(p(P")|dy"d|p(P))|nLp =

(Ne+12M —
g PN P) (P )/Du/Dv
{ VEVE — [uif (Ug (ug (201 = 1) — v1) (ug — 01)

—v%vl (ug (21 — 1) — vy) (ug — 01) + v}vs (ug (2 (ug — 2) vy — 3uy +5) — 1) — uw%ﬂﬂl)
—uluQ ( (ug (2v1 — 1) —vy) (ug — 1) — v%@l (us (2v1 — 1) — vy1) (ug — 1)

+070s (u2 (2 (ug — 2) v — 3ug + 5) — Uy) — upvylaDy )

+uduy (’Ul ( Ty + (2ug — 3) V3 — duyvy + 5212) — 2Ty ( Uy + (2ug — 3) V3 — duyvy + 51)2)

+'U2u2v2 + 'UQ’Ul (—4U2U2 + 5UQ + 5’112 — 6)) + U2U1U2U2’U1@2T)3:|

— a?167?

Vitvy 5 . )
1 —3)—v; —
4020201 Uy TaTaTs [m (U3 4+ ug (V1 + v2 + 1)) 4+ uits (us (U3 ) — v — vg)
_ugﬂzﬂg + Uy (u2 (uzvl + (u2 + 2) Vg + Uy + 20; — 3) — bu; — bug + 1)}
‘/1“‘/:31) . . \
220, 0oy Tl [— (Tus — 4) ultis + 4u3ts + (5us — 4) uf + us (ug (5us — 11) + 5) uy |
Ay

2 - 2 3
— v — Vo) (Ut (ug (V109 (1 — 20107) + 501 + (201 — 1) v
4u%u§v%v§ﬂ3@1@2@§( 1= v2) [u (a2 (vren 101) + 070+ (20— 1wy
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+ (U1 (31)1 - 2) + 1) U%) + U1U2’1_11172’(_J3) + UolUq (UQ (Uﬂ]g (1 — 21)1171) + ’U%’(_Jl + (2’01 - 1) US

-+ (Ul (31)1 — 2) -+ 1) U%) — U1U2’(_111_)21_)3) -+ U§U1U21_111_121_)3:|

AW 2 2
T Gorusiyey (117 2 ) (0= v)
A 2 2
QU%U%’Uﬂ)QTLg@g (U1 Uty + uz) (Ul U2)
AUVU B
4U1U2U%;%53’51@2@§ (Ul B U2) [US (Ug + <u1 +ug + 1) Ul)
+’U§ (U% (ﬂg + 2) + 4’011_13 — Uy — Ug) “+ V1V2 (’U% (ﬂg + 1) + 4’011_13 - 3@3) - ’U%ﬂg’[]l}
AUVU -
B 4u1u2v2lv23171172172 (01 — ) [~4v3T5 + (4 — 5vz) v} — 2 (va (40 — 5) + 2) vf
172 3
+v2 (—5 (’Ug — 2) Vg — 6) ’Ul]
Ty Yy i )
a uBudvP 3 Usy Uy [ul (2u2U1U2U3 t U (_Ulvl + 2 -2)n+1)v;
1%2%1%2

+ (—41}% + 6v; — 1) 1)2) + vivg (U3 — 21}11)2)) + Uy (ug (—01@1 +(2(vy —2)vy + 1) v2
+ (—41}% + 6v; — 1) 1)2) + 2ugvivy (—2vv1 + 3vy + vy — 4) + vivg (2uev; — vy — ’Ug))

+U2V1 V2 (U1 (21)2 - 1) — ’02) ﬂQ]

Ty ) 7
_ -3 -2 -3 _ _9 9 oo 1
uiu3v1 Uil Uty Uy (w1 (=3 (u2 = 2) ugty = 3vy (V1 — (uz = 2) uzty) + 201 + 205 — 1)
—us (=202 + v1 (Bvg — 2) + 1) s + uf (Bua (—v1vs — v3) + 3vavy — 201 — 205 + 1)]
TyTy ] _
_ -3 —2 -3 _ _9 9 o — 1
UTUZVL V2T U U1 Uy [ur (=3 (u2 = 2) ua®1 — 3vz (v1 — (uz — 2) u2l) + 201 + 202 — 1)
—uy (=209 + vy (Bvg — 2) + 1) us + u% (3uy (—v1v9 — v3) + 3vpvy — 201 — 20y + 1)}

STTY

e S S 2 2 B
Uu3V1 v Ti3Us (ul + uz) (01 = 2)
AT,
UTUZV1 V3T (ul + u2) (01 = v2)
AVAY
T A0 02T (u1 — ug) (V1 — Vo) [UrugVy + Usvavy + urvs (U + v1)]
3U3
g | 2
oz (1~ 2) (01 = 02) [0y + o (05 + 1) + w55
AvAY
T R, T 2 2 _
du2udv vy tidvs (U1 — ug) (2ur + u2) (U + 2ug) (V1 — v2)
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A.4 Integration boundaries in sector decomposition

In the implementation of sector decomposition with finite integration boundaries it is
necessary to change the order of integrations. The following rules apply for r > 0:

;

1 1 1 1

) ) %fdt i dxf(a:,a%t)jtfdtfdxf(x,t), if b<a"
ar /v blar  a

/dx / dt f(x,t) =

1 1
a  bfar [dt [ dx f(z,¢), if b>a’
SN (O

¢ 1 1 1 1
bfdt [ daxt'rf(trabt) + [dt fda f(z,t), if b<1
a” a/tl/T b a

dz [ dt f(z,t) =

@\H
T
3 —
—
—

[dt [ dz YT e (VYT 4 1) if b>1
(b) (b)
(A.13)



Bibliography

[1] C. N. Yang and R. L. Mills, Phys. Rev. 96 (1954) 191.
[2] M. Gell-Mann, Phys. Lett. 8 (1964) 214.

[3] G. Zweig, In *Lichtenberg, D. B. ( Ed.), Rosen, S. P. ( Ed.): Developments In The
Quark Theory Of Hadrons, Vol. 1*, 22-101 and CERN Geneva - TH. 401 (REC.JAN.
64) 24p.

[4] F. Englert and R. Brout, Phys. Rev. Lett. 13 (1964) 321.

[5] P. W. Higgs, Phys. Lett. 12 (1964) 132.

[6] P. W. Higgs, Phys. Rev. Lett. 13 (1964) 508.

[7] P. W. Higgs, Phys. Rev. 145 (1966) 1156.

[8] S. L. Glashow, Nucl. Phys. 22 (1961) 579.

[9] S. L. Glashow, J. lliopoulos and L. Maiani, Phys. Rev. D 2 (1970) 1285.
[10] A. Salam and J. C. Ward, Phys. Lett. 13 (1964) 168.
[11] S. Weinberg, Phys. Rev. Lett. 19 (1967) 1264.

[12] A. Salam, In the Proceedings of 8th Nobel Symposium, Lerum, Sweden, 19-25 May
1968, pp 367-377.

[13] D. J. Gross and F. Wilczek, Phys. Rev. Lett. 30 (1973) 1343.

[14] H. D. Politzer, Phys. Rev. Lett. 30 (1973) 1346.

[15] S. Weinberg, Phys. Rev. Lett. 31 (1973) 494.

[16] D. J. Gross and F. Wilczek, Phys. Rev. D 8 (1973) 3633.

[17] H. Fritzsch, M. Gell-Mann and H. Leutwyler, Phys. Lett. B 47 (1973) 365.

[18] M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49 (1973) 652.



BIBLIOGRAPHY 137

[19] Y. Fukuda et al. [Super-Kamiokande Collaboration], Phys. Rev. Lett. 81 (1998) 1562
[arXiv:hep-ex/9807003].

[20] A. D. Sakharov, Pisma Zh. Eksp. Teor. Fiz. 5 (1967) 32 [JETP Lett. 5 (1967) 24]
[Sov. Phys. Usp. 34 (1991) 392] [Usp. Fiz. Nauk 161 (1991) 61].

[21] A. D. Dolgov, Phys. Rept. 222 (1992) 309.

[22] G. W. Bennett et al. [Muon g-2 Collaboration|, Phys. Rev. Lett. 92 (2004) 161802
[arXiv:hep-ex/0401008].

[23] B. L. Roberts, Chin. Phys. C 34 (2010) 741 [arXiv:1001.2898 [hep-ex]].

[24] M. Davier, A. Hoecker, B. Malaescu, C. Z. Yuan and Z. Zhang, Eur. Phys. J. C 66
(2010) 1 [arXiv:0908.4300 [hep-ph]].

[25] A. Dedes, H. K. Dreiner and U. Nierste, Phys. Rev. Lett. 87 (2001) 251804 [arXiv:hep-
ph/0108037].

[26] J. Charles et al. [CKMfitter Group], Eur. Phys. J. C 41 (2005) 1 [arXiv:hep-
ph/0406184].

[27] M. Ciuchini et al., JHEP 0107 (2001) 013 [arXiv:hep-ph/0012308].

[28] M. Beneke, G. Buchalla, M. Neubert and C. T. Sachrajda, Phys. Rev. Lett. 83 (1999)
1914 [arXiv:hep-ph/9905312].

[29] M. Beneke, G. Buchalla, M. Neubert and C. T. Sachrajda, Nucl. Phys. B 591 (2000)
313 [arXiv:hep-ph/0006124].

[30] M. Beneke, G. Buchalla, M. Neubert and C. T. Sachrajda, Nucl. Phys. B 606 (2001)
245 [arXiv:hep-ph/0104110].

[31] A. L Sanda and A. Yamada, Phys. Rev. Lett. 75 (1995) 2807 [arXiv:hep-ph/9507283].
[32] Z. Ligeti and M. B. Wise, Phys. Rev. D 53 (1996) 4937 [arXiv:hep-ph/9512225].
[33] G. Bell and V. Pilipp, Phys. Rev. D 80 (2009) 054024 [arXiv:0907.1016 [hep-ph]].

[34] M. Bartsch, M. Beylich, G. Buchalla and D. N. Gao, JHEP 0911 (2009) 011
[arXiv:0909.1512 [hep-ph]].

[35] M. Beneke, G. Buchalla, M. Neubert and C. T. Sachrajda, Eur. Phys. J. C 61 (2009)
439 [arXiv:0902.4446 [hep-ph]].

[36] M. Bartsch, G. Buchalla and C. Kraus, arXiv:0810.0249 [hep-ph].

[37] M. Beneke and M. Neubert, Nucl. Phys. B 675 (2003) 333 [arXiv:hep-ph/0308039].



138 BIBLIOGRAPHY

[38] M. Beneke, J. Rohrer and D. Yang, Nucl. Phys. B 774 (2007) 64 [arXiv:hep-
ph/0612290).

[39] L. Wolfenstein, Phys. Rev. Lett. 51 (1983) 1945.

[40] A. J. Buras, M. E. Lautenbacher and G. Ostermaier, Phys. Rev. D 50 (1994) 3433
[arXiv:hep-ph/9403384].

[41] C. W. Bauer, S. Fleming and M. E. Luke, Phys. Rev. D 63 (2000) 014006 [arXiv:hep-
ph/0005275).

[42] C. W. Bauer, S. Fleming, D. Pirjol and I. W. Stewart, Phys. Rev. D 63 (2001) 114020
[arXiv:hep-ph/0011336].

[43] G. Buchalla and A. S. Safir, Eur. Phys. J. C 45 (2006) 109 [arXiv:hep-ph/0406016].
[44] X.d. Ji, J. P. Ma and F. Yuan, Nucl. Phys. B 652 (2003) 383 [arXiv:hep-ph/0210430].

[45] A. V. Belitsky, X. d. Ji and F. Yuan, Phys. Rev. Lett. 91 (2003) 092003 [arXiv:hep-
ph/0212351].

[46] A. K. Leibovich, Z. Ligeti, I. W. Stewart and M. B. Wise, Phys. Lett. B 586 (2004)
337 [arXiv:hep-ph/0312319)].

[47] P. Ball, V. M. Braun and E. Gardi, Phys. Lett. B 665 (2008) 197 [arXiv:0804.2424
[hep-ph]].

[48] A. Khodjamirian, T. Mannel, M. Melcher and B. Melic, Phys. Rev. D 72 (2005)
094012 [arXiv:hep-ph/0509049].

[49] G. Buchalla, A. J. Buras and M. E. Lautenbacher, Rev. Mod. Phys. 68 (1996) 1125
[arXiv:hep-ph/9512380).

[50] A. J. Buras, arXiv:hep-ph/9806471.

[51] J. Charles, A. Le Yaouanc, L. Oliver, O. Pene and J. C. Raynal, Phys. Rev. D 60
(1999) 014001 [arXiv:hep-ph/9812358|.

[52] V. M. Braun, G. P. Korchemsky and D. Mueller, Prog. Part. Nucl. Phys. 51 (2003)
311 [arXiv:hep-ph/0306057].

[53] P. Ball, V. M. Braun, Y. Koike and K. Tanaka, Nucl. Phys. B 529 (1998) 323
[arXiv:hep-ph/9802299].

[54] P. Ball and M. Lazar, Phys. Lett. B 515 (2001) 131 [arXiv:hep-ph/0103080].

[55] E. Barberio et al. [Heavy Flavor Averaging Group (HFAG) Collaboration],
arXiv:0704.3575 [hep-ex].



BIBLIOGRAPHY 139

[56] C. C. Chiang et al. [Belle collaboration|, Phys. Rev. D 81 (2010) 071101
[arXiv:1001.4595 [hep-ex]].

[57] W. M. Yao et al. [Particle Data Group|, J. Phys. G 33 (2006) 1.
[58] K. Nakamura et al. [Particle Data Group], J. Phys. G 37 (2010) 075021.
[59] M. Bona et al. [UTfit Collaboration|, JHEP 0507 (2005) 028 [arXiv:hep-ph/0501199].

[60] P. Ball, G. W. Jones and R. Zwicky, Phys. Rev. D 75 (2007) 054004 [arXiv:hep-
ph/0612081].

[61] P. Ball and R. Zwicky, Phys. Rev. D 71 (2005) 014029 [arXiv:hep-ph/0412079].
[62] M. Artuso et al., Eur. Phys. J. C 57 (2008) 309 [arXiv:0801.1833 [hep-ph]].
[63] P. Ball and G. W. Jones, JHEP 0703 (2007) 069 [arXiv:hep-ph/0702100].

[64] B. Aubert et al. [BaBar Collaboration], Phys. Rev. Lett. 102 (2009) 141802
[arXiv:0901.3522 [hep-ex]]|.

[65] G. Buchalla, arXiv:0809.0532 [hep-ph)].
[66] M. Gronau and J. L. Rosner, Phys. Lett. B 666 (2008) 185 [arXiv:0806.3584 [hep-ph]].

[67] B. Aubert et al. [Babar Collaboration], Phys. Rev. D 76 (2007) 052007
[arXiv:0705.2157 [hep-ex]]|.

[68] A. Somov et al. [Belle Collaboration|, Phys. Rev. D 76 (2007) 011104 [arXiv:hep-
ex,/0702009).

[69] G. Buchalla and A. S. Safir, Phys. Rev. Lett. 93 (2004) 021801 [arXiv:hep-
ph/0310218].

[70] A. L. Kagan, Phys. Lett. B 601 (2004) 151 [arXiv:hep-ph/0405134].
[71] K. Senyo [on behalf of the Belle collaboration], arXiv:1006.1745 [hep-ex].

[72] P. del Amo Sanchez et al. [BABAR Collaboration], Phys. Rev. D 82 (2010) 072004
[arXiv:1007.0504 [hep-ex]]|.

[73] F. J. Botella and J. P. Silva, Phys. Rev. D 70 (2004) 096007 [arXiv:hep-ph/0312337].
[74] L. Lavoura, Eur. Phys. J. C 40 (2005) 187 [arXiv:hep-ph/0402181].

[75] C. Greub, M. Neubert and B. D. Pecjak, Eur. Phys. J. C 65 (2010) 501
[arXiv:0909.1609 [hep-ph]].

[76] C. Bourrely, I. Caprini and L. Lellouch, Phys. Rev. D 79 (2009) 013008 [Erratum-ibid.
D 82 (2010) 099902] [arXiv:0807.2722 [hep-ph]].



140 BIBLIOGRAPHY

[77] P. Ball, Phys. Lett. B 644 (2007) 38 [arXiv:hep-ph/0611108].

[78] G. Duplancic, A. Khodjamirian, T. Mannel, B. Melic and N. Offen, JHEP 0804 (2008)
014 [arXiv:0801.1796 [hep-ph]].

[79] V. Lubicz and C. Tarantino, Nuovo Cim. B 123 (2008) 674 [arXiv:0807.4605 [hep-lat]].

[80] Y. Grossman, Y. Nir and M. P. Worah, Phys. Lett. B 407 (1997) 307 [arXiv:hep-
ph/9704287].

[81] R. Fleischer, G. Isidori and J. Matias, JHEP 0305 (2003) 053 [arXiv:hep-ph/0302229].

[82] B. Aubert et al. [BABAR Collaboration|, Phys. Rev. Lett. 99 (2007) 231802
[arXiv:0708.1544 [hep-ex]]|.

[83] M. Beneke, M. Gronau, J. Rohrer and M. Spranger, Phys. Lett. B 638 (2006) 68
[arXiv:hep-ph/0604005].

[84] S. W. Bosch and G. Buchalla, JHEP 0501 (2005) 035 [arXiv:hep-ph/0408231].

[85] M. Beneke, T. Feldmann and D. Seidel, Eur. Phys. J. C 41 (2005) 173 [arXiv:hep-
ph,/0412400)].

[86] M. Beneke and S. Jager, Nucl. Phys. B 768 (2007) 51 [arXiv:hep-ph/0610322].
[87] P. Ball and R. Zwicky, Phys. Rev. D 71 (2005) 014015 [arXiv:hep-ph/0406232].
[88] B. Aubert et al. [BABAR Collaboration], arXiv:0807.4226 [hep-ex].

[89] H. Ishino et al. [Belle Collaboration|, Phys. Rev. Lett. 98 (2007) 211801 [arXiv:hep-
ex,/0608035].

[90] D. Tonelli [CDF Collaboration], PoS BEAUTY2009 (2009) 002 [arXiv:1001.0868
[hep-ex]].

[91] M. Dorigo [CDF and DO Collaboration], arXiv:1005.2564 [hep-ex].
[92] S. Amato, B. Souza de Paula, J. McCarron, F. Muheim and Y. Xie,
(93] M. C. N. Cheng, arXiv:0807.3099 [hep-th].

94] H. Y. N. Cheng and K. C. N. Yang, Phys. Lett. B 511 (2001) 40 [arXiv:hep-
ph/0104090].

95] Y. D. N. Yang, R. M. N. Wang and G. R. N. Lu, Phys. Rev. D 72 (2005) 015009
[arXiv:hep-ph/0411211].

[96] P. K. Das and K. C. Yang, Phys. Rev. D 71 (2005) 094002 [arXiv:hep-ph/0412313].



BIBLIOGRAPHY 141

[97] C. S. Huang, P. Ko, X. H. Wu and Y. D. Yang, Phys. Rev. D 73 (2006) 034026
[arXiv:hep-ph/0511129].

98] F. Kruger and L. M. Sehgal, Phys. Lett. B 380 (1996) 199 [arXiv:hep-ph/9603237].

[99] V. Braun, R. J. Fries, N. Mahnke and E. Stein, Nucl. Phys. B 589 (2000) 381 [Erratum-
ibid. B 607 (2001) 433] [arXiv:hep-ph/0007279)].

[100] V. M. Braun, A. Lenz, N. Mahnke and E. Stein, Phys. Rev. D 65 (2002) 074011
[arXiv:hep-ph/0112085].

[101] V. L. Chernyak and I. R. Zhitnitsky, Nucl. Phys. B 246 (1984) 52.

[102] J. A. M. Vermaseren, arXiv:math-ph/0010025.

[103] J. Kublbeck, H. Eck and R. Mertig, Nucl. Phys. Proc. Suppl. 29A (1992) 204.
[104] M. Jamin and M. E. Lautenbacher, Comput. Phys. Commun. 74 (1993) 265.

[105] G. P. Lepage and S. J. Brodsky, Phys. Rev. Lett. 43 (1979) 545 [Erratum-ibid. 43
(1979) 1625].

[106] G. P. Lepage and S. J. Brodsky, Phys. Rev. D 22 (1980) 2157.
[107] V. L. Chernyak and A. R. Zhitnitsky, Phys. Rept. 112 (1984) 173.
[108] P. E. Bosted, Phys. Rev. C 51 (1995) 409.

[109] V. L. Chernyak and I. R. Zhitnitsky, Nucl. Phys. B 345 (1990) 137.

[110] V. M. Braun, A. Lenz and M. Wittmann, Phys. Rev. D 73 (2006) 094019 [arXiv:hep-
ph/0604050).

[111] S. J. Brodsky, G. P. Lepage and S. A. A. Zaidi, Phys. Rev. D 23 (1981) 1152.
[112] N. Isgur and C. H. Llewellyn Smith, Nucl. Phys. B 317 (1989) 526.

[113] R. Jakob, P. Kroll, M. Schurmann and W. Schweiger, Z. Phys. A 347 (1993) 109
[arXiv:hep-ph/9310227].

[114] M. Anselmino, E. Predazzi, S. Ekelin, S. Fredriksson and D. B. Lichtenberg, Rev.
Mod. Phys. 65 (1993) 1199.

[115] S. Furuichi, H. Ishikawa and K. Watanabe, Phys. Rev. C 81 (2010) 045209
[arXiv:0809.3334 [hep-ph]].

[116] C. R. Ji, A. F. Sill and R. M. Lombard, Phys. Rev. D 36 (1987) 165.
[117] M. Gari and N. G. Stefanis, Phys. Lett. B 175 (1986) 462.



142 BIBLIOGRAPHY

[118] T. C. Brooks and L. J. Dixon, Phys. Rev. D 62 (2000) 114021 [arXiv:hep-
ph/0004143).

[119] R. Thomson, A. Pang and C. -R. Ji, Phys. Rev. D 73 (2006) 054023 [arXiv:hep-
ph/0602164].

[120] N. G. Stefanis, private communication.
[121] T. Sachs and P. Sturm, arXiv:1111.0463 [hep-ph].

[122] V. M. Braun, S. E. Derkachov, G. P. Korchemsky and A. N. Manashov, Nucl. Phys.
B 553 (1999) 355 [arXiv:hep-ph/9902375)].

[123] C. E. Carlson and J. L. Poor, Phys. Rev. D 34 (1986) 1478.

[124] N. G. Stefanis, Eur. Phys. J. direct C 7 (1999) 1 [arXiv:hep-ph/9911375].

[125] T. Binoth and G. Heinrich, Nucl. Phys. B 585 (2000) 741 [arXiv:hep-ph/0004013].
[126] M. E. Peskin and D. V. Schroeder, Reading, USA: Addison-Wesley (1995) 842 p



Acknowledgements

In the end I would like to thank all who supported me during my time as Ph.D. student.
First and foremost I would like to thank my adviser Prof. Dr. Gerhard Buchalla who is
an outstanding teacher and devoted physicist. I clearly could see that in many fruitful
discussions that I highly value. In particular I would like to thank him for the continuous
encouragement, guidance and positive mindset.

I also would like to thank Prof. Dr. Thomas Mannel for the financial support and the
continuous encouragement during my work. I am certainly also thankful for advice and
stimulating discussions.

I am grateful to Dr. Guido Bell and Dr. Volker Pilipp for many fruitful and stimulating
discussions. I thank Dr. Tobias Huber for discussions related to extractions of divergences.

Many thanks for proofreading parts of my thesis go to Gerhard, Dr. Bjérn Lange and
my wife Dr. Marisa Pamplona-Bartsch.

I am also deeply indebted to her for her patience, encouragement and unconditional
support. My parents also deserve many thanks for their support and advice.

This work was supported by the DFG Graduiertenkolleg GK 1054, the DFG Cluster of
excellence ‘Origin and Structure of the Universe’, and BMBF PANDA 06519192.



	Zusammenfassung
	Abstract
	Introduction
	Exclusive Mesonic B-Decays
	Preliminaries
	QCD factorization in BVLVL decays
	Results for the parameters ai
	V1LV2L decay amplitudes
	Weak annihilation amplitudes

	Experimental results and input parameters
	Phenomenological analysis
	BVLVL branching fractions
	Direct CP violation in BVLVL
	Sensitivity to - mixing
	Unitarity triangle from CP violation in Bd+L-L
	Extracting r from B-*0L-L
	Extracting r from Bd*0L K*0L
	Unitarity triangle from Bd+- and Bd0 K0
	CP violation in BsLL

	Comparison with the literature
	Long-distance electromagnetic penguins
	Coefficients ai, bi

	Exclusive Baryonic Bs Decays
	Preliminaries
	Nucleon distribution amplitudes
	Computer assisted calculation

	Proton form factor
	Vector form factor
	Axial vector form factor

	Evaluation of decay amplitude
	Outline of factorization scheme
	Feynman diagrams Ai
	Feynman diagrams Am
	Feynman diagrams Af
	Regularization of the decay amplitude


	Conclusions
	Exclusive Decays with Baryons
	Spinor properties
	Proton light cone projector
	Expansion on the light cone
	Decomposition of twist 4

	Proton form factor
	Integration boundaries in sector decomposition

	Acknowledgements

