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ABSTRACT

Many galaxies, including our own, harbor supermassivekblaales with masses of order
105 — 10° M, in their centers. Some of these galaxies fall into the categbactive galaxies
with high outputs of energy from their centers, while somkagic nuclei appear quiet. It
is believed today that the activity in a galactic nucleusiitssfrom infalling gas onto the
black hole via a sub-parsec scale accretion disk. Undegiinesircumstances accretion disks
feeding the central black holes might deviate from planamgetry and become warped.
This modification to the shape of the disk has consequencémwrthe accretion process
takes place and might also effect other phenomena relateddiear activity in galaxies.
Quiet galaxies also harbor warped disks in their centersitadt somewhat larger distances
to the black hole, and might be populated by stars as obs&madhe center of our Galaxy.
Therefore the study of warped nuclear disks not only givésrimation on the accretion
process but also poses constraints on the physical conslitiat lead to the formation of
stars in the close vicinity of black holes, which is a highgbdted topic in astrophysics.

In this thesis we investigated self-gravitating warpedsliaround supermassive black
holes. We showed that there exist equilibrium solutionssiorh disks where the disk pre-
cesses as a single unit. We derived a scaling relationmglétie normalized precession fre-
guency of the disk to the disk-to-black hole mass fractiomisTelation makes the warp
model applicable to various systems where the disk’s geNity is non-negligible. We
analyzed the stability of the obtained equilibrium soloiand found that highly inclined,
steadily precessing stable disk configurations are passibl

In a related but separate study, we applied our self-gtavitavarped disk model to the
clockwise rotating warped stellar disk at the Galactic @eniVe argued that a past accretion
disk at the Galactic Center might have been warped due tatradipressure or due to the spin
of the central black hole, and that star formation might haken place after disk warping.
We simulated the time evolution of the warped stellar disk/érious parameters, and showed
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that disks for which the disk-to-black hole mass ratio ede®@e)01 break into two separately
precessing pieces, while the ones with less mass precdssuviireaking up. We also made
a comparison of our models with the observations, and satwatiman-breaking light disk
model agrees well with the observations of the clockwiskestdisk.



ZUSAMMENFASSUNG

Viele Galaxien, einschlief3lich unserer eigenen, behgdresupermassereiche Schwarze
Locher mit Massen0°® — 10°M,, in ihren Zentren. Manche dieser Galaxien bezeichnet man
als aktive Galaxien, weil sie viel Energie aus ihnrem Zentausstossen, andere Kerne bleiben
inaktiv. Man ist heute der Ansicht, dass einstromende N&taber die Bildung einer Akkre-
tionsscheibe auf sub-pc Skalen, fur die Aktivitat vevamtlich ist. Unter bestimmten Bedin-
gungen konnen sich die Akkretionsscheiben, die die Scewatocher futtern, krimmen
(engl. warp). Diesé\nderung in der Geometrie der Akkretionsscheibe hat Fofgenen
Akkretionsprozess und moglicherweise auch Auswirkureygandere Phanomene, die mit
der nuklearen Aktivitat von Galaxien in Zusammenhangestelnaktive Galaxien beherber-
gen auch gekrimmte Scheiben in ihren Zentren, obgleictwasegrofReren Abstanden vom
schwarzen Loch, die auf ahnliche Weise von Sternen bevidkerden, wie im Zentrum der
Milchstral3e. Deshalb liefert das Studium von gekrimmigmeshen nicht nur Informationen
Uber die Akkretionprozesse, sondern es erlaubt auch gigkdlischen Bedingungen einzu-
grenzen unter denen sich Sterne in der Nahe von Schwaozdrelny bilden — ein gegenwartig
stark diskutiertes Thema in der Astrophysik.

In dieser Arbeit haben wir selbst-gravitierende gekrim®theiben um supermassere-
iche Schwarze Locher studiert. Wir haben gezeigt, dasseshgewichtslosungen fur solche
Scheiben gibt, bei denen die Scheibe als Ganzes prazeWerhaben eine Skalenrelation
zwischen der normierten Prazessionsfrequenz der Schethéem Massenanteil der Scheibe
am schwarzen Loch abgeleitet. Diese Relation erlaubt es\dap-Modell auf verschiedene
Systeme anzuwenden, in denen die Eigengravitation deil&cheht vernachlassigt werden
kann. Ferner haben wir die Stabilitat der Gleichgewi@#shgen analysiert und festgestellt,
dass stark geneigte, stetig prazedierende, stabilel@ati@nfigurationen moglich sind.

In einer ahnlichen, aber separaten Studie, haben wir Whseell von selbst-gravitierenden,
gekriimmten Scheiben auf die im Uhrzeigersinn rotieremeldase Scheibe im galaktischen
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Zentrum angewendet. Wir haben dargelegt, dass Strahlwngsdder der Drehimpuls des
zentralen schwarzen Lochs eine frihere Akkretionscherbgalaktischen Zentrum hatte
krummen konnen und dass sich Sterne nach diesem Prozéss konnten. Simulationen
zur zeitlichen Entwicklung von gekrummten stellaren Siole fur verschiedene Parameter
haben gezeigt, dass Scheiben, die mehi.akb der Masse des Schwarzen Lochs besitzen, in
zwel separat prazedierende Teile aufbrechen, wahreneilSmn mit weniger Masse als Ein-
heit prazedieren, ohne aufzubrechen. Wir haben unser Muod@&eobachtungen verglichen
und gesehen, dass eine massearme Scheibe, die nicht yfgutmit den Beobachtungen
der im Uhrzeigersinn rotierenden stellaren Scheibe bsienmt.



OzZET

Kendi gokadamiz da dahil olmak izere pek cok gokadararkezindel0¢ — 10° M, kutleli
karadelikler bulunmaktadir. Bu gokadalardan bir kismrkeelerinden salinan yuksek enerji
nedeniyle aktif gdkadalar grubuna girerken bazilari iseékilde bir aktivite gostermemek-
tedir. Bugunkt bilgilerimiz gokada merkezlerindekitiakenin, parsek alti olcekli kitle
aktarim disklerinden karadeligin Gizerine dusen gazkaynakligini gostermektedir. Bahsi
gecen kutle aktarim diskleri bazi kosullar altinda ldiizsel geometriden saparak egrilik
kazanabilmektedir. Diskin yapisinda olusan bu deglsikaddenin karadelik Gizerine nasil
aktarilacagini etkilerken, galaksi merkezindeki néklaktivite ile iliskilendirilebilecek diger
surecleri de etkilemesi beklenmektedir. Aktif olmayabkgda merkezlerinde de benzer
egrilikli disklerin varlig1 gozlemlerle tespit edilrsiir. Bu diskler merkezi karadeliklere kitle
aktarim disklerine gore goreceli olarak daha uzaktamuy kendi gokadamizin merkezinde
oldugu gibi Gizerlerinde yildizlar gruplari bulundurimbéktedirler. Bu nedenlerle, egrilikli
diskler hakkinda yapilan ¢alismalar sadece supeekithradeliklerin ne sekilde beslendigi
hakkinda bilgi vermekle kalmayip, karadeliklerin cok yakomsulugunda yildiz olusumu
gibi ilging astrofizik problemlerin ¢ozimunde de rglrmmaktadir.

Bu tez calismasinda super kutleli karadelikler etdééiki 6z cekimsel egrilikli diskleri
inceledik. Bu disklerin tek bir frekansta presesyon hatigkagpacagi denge durumlarinin bu-
lundugunu gosterdik. Boyle bir denge durumu icin, l@ferans frekansa normalize edilmis
presesyon frekansinin disk kutlesinin karadelige dgitle oranina bagliligini gosteren bir
olcekleme iliskisi ¢ikardik. Bu olgekleme iliskieplersel olmayan kuvvetin 6z cekimden
kaynaklandigi cogu sisteme uygulanabilmektedir. Baludenge durumlarinin kararhgini da
inceleyerek, cok yiuksek egrilik derecelerine sahipakladisklerin var olabilecegini goster-
dik.

Ana hatlariyla yukarida bahsedilen ¢calismaya benzeyger tir calismamizda egrilikli
disk modelini gokada merkezinde gozlenen egriliklidyzl diskine uyguladik. Sozi gecen
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diskin gokada merkezinde eskiden bulunan ve i1sinim bag@ da karadeligin donmesi
sayesinde egrilik kazanmis bir kiitle aktarim diskiderirelesmis olabilecegini iddia ettik.
Bugiin gozlenen yildizlarin, disk egriligini kazantak sonra olutsugunu savunarak, diskin
zaman evrimini inceledik. Pek ¢ok disk parametresi ighkrar ettigimiz sayisal benzetim-
lerde kutlesi karadeligin kutlesinin.001 katindan fazla olan disklerin ikiye bolundugun,
kutlesi bu degerden az olan disklerin ise bolinmedeamderine devam ettiklerini gordik.
Modellerimizi gozlemlerle karsilastirarak, gozlemkn iyi agiklayan modellerin dusuk kutleli,
ve bolunme gostermeyen disklere ait oldugunu saptadik.



CHAPTER 1

INTRODUCTION

1.1 Nuclei of Galaxies

The central few ten parsecs of a galaxy is usually termedsasiitleus. It is believed today
that most galactic nuclei, including our own, host supesivasblack holes (SMBHSs) with
masses of order0°M/, to 10°M,, (Kormendy & Richstong1995 Magorrian et al. 1998
Genzel et a].200Q Ghez et al.2005 Gillessen et a).2009.

From the point of view of energetics, galactic nuclei may tmuged in two main classes;
the active galactic nuclei (AGN) with typical energy eneagpputs of> 10® L, and the qui-
escent nuclei possessing small luminosities. In the ctitnetierstanding, activity in galactic
nuclei is attributed to the accretion of material onto theesmassive black hole at the center.
'What the is actual mechanism responsible for feeding theldholes?’; ’is there a duty cycle
between the AGN and quiescent modes of galactic nuclei@y 'tho the active galaxies effect
their small and large scale environments?’ are debatediqnesn modern astrophysical re-
search, and merit detailed investigation. In the followsegtions, we will briefly summarize
the current status of research focused on galactic nuclei.

In order to be able to judge the importance of various prastaking place close to the
central black hole, one has to consider the length and tiaes@t which these processes
occur. Using the convention®ly = M,,/108My, 1, = r/1 pc, o100 = 0,/100 km/s,

Ng = N,/10%, andts = 7,/10® yr, for the mass of the central black hole, distance from it,
velocity dispersion, the number of surrounding stars, dngieal time, these scales can be
summarized as follows\|lexander 2006 Merritt, 2000:

The size of the event horizon (Schwarzschild radius) for a-mmating black hole is

1



2 CHAPTER 1. INTRODUCTION

defined as:

. QGMbh

— =3 x 10" M; cm, (1.1)

Ts
C

where( is the gravitational constant/,,, is the mass of the black hole ands the speed of
light. This is the smallest length scale for a givéfy,, since the escape velocity would have
to be greater thanfor a smaller radius.

When a gravitationally bound object (call it a star) appteacthe black hole, the com-
petition between its self-gravity and the pull of the bladtehdetermines an other important
scale related to the massive object; the tidal radius. Ftaransth a radius of-,, and mass
m, the tidal radius is given by:

Mo\ /3 Mo 13
re=r, ( ”h) =~ 3.95 x 10" My (—Q) cm. (1.2)
n R

A star approaching to a black hole closer than this radiusrisdpart.

Within a sphere of influence of radiug;, the dynamics of the region is dominated by the
black hole. The radius of influence is defined as:

GMbh ~

22 1.33 x 10%° Moy cm, (1.3)

Tinf =
O

whereo, is the 1D velocity dispersion of the stars far from the blaoleh This definition is
not always unique since, depends on the radius for most density distributions. Ortbeof
alternative definitions of; is:

M*(T’ S Tinf) = 2Mbh (14)

M, being the total mass in stars insidg .

For a star orbiting the black hole, the dynamical time sceie\flar orbital period), is

defined as:
3

G My,

T, = 27 =~ 9390 M, /%32 yr. (1.5)

While the object orbits the black hole, there might be entensnbetween it and the
other orbiting stars. The time scale on which such encosrdause evolution towards a
Maxwellian velocity distribution is called the relaxatidime scale. For a homogeneous
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system of/N, stars it is given byBinney & Tremaine1987):

N,

81117*NTMb = 8.45 x 10" Ngr2? Mg /% yr (1.6)

Trelax -

in terms of the dynamical time.

When the relaxation time by encounters with other stars astehthan the age of the
system, the orbits of the stars can be significantly altetethd their lifetimes. It is often
assumed that the encounters are uncorrelated, i.e. a gmndbhave a memory of its past
encounter. If the potential in which the orbit evolves is pately that of the central point
mass, the orbit of a star experiences precession. The tiale et this precessiony,, is
typically much longer than the orbital time scale, so thatentemain almost unchanged for
timest < 7,. In this case it is more plausible to consider the gravitationteractions be-
tween a system of massive wires, to represent the time ae@rstgllar orbits, rather than
individual stars. Since the radial and the azimuthal freqgies in a Keplerian potential are
in resonance, the assumption of uncorrelated encounteosrgeinvalid since the wires feel
eachother’s torques during the long precession time. Alghdor a large number of stars
the sum of the torques will sum to zero, due to statisticaltdiations there will be an ex-
cess torque in an unknown direction resulting in exchangmamentum. This process,
termed resonant relaxation, results in a re-distributibthe orbits around the black hole
(Rauch & Tremaingl996 Gurkan & Hopman2007). The time scale for resonant relaxation
is given by Hopman & Alexander2006:

Aggr [ My, \* T2
Trr ~ —& < b") ob _ 882 x 10° Ny 'tgry yr (1.7)
N, My Tp
whereAgg IS @ numerical constant of order unity.
Tables (.1) and (.2) compare these scales for the nuclear environments of trectiza
Center, and the well studied Seyferts NGC4258, NGC1068Carmihus.

1.1.1 The Center of the Galaxy

The center of the Milky Way Galaxy is the closest galacticlaus to us at a distance of about
8 kpc (Genzel et a].200Q Eisenhauer et gl2003 2005. Given this proximity, observations
of the Galactic Center (GC) are rich in details, and they g®information on the processes
that might be common to many galactic nuclei. The dust in tkk df the Galaxy, where
the Sun is also located, prevents observation of the GC atabptavelengths. Most studies
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Object Mbh(107 Mg) rs(AU) 7(AU)  rie(pe)  ox(km/s)

Galactic Center 0.4 0.08 0.7 1.1 125
NGC4258 3.9 0.8 1.6 6 167
NGC1068 1.0 0.2 1 1.4 177
Circinus 0.17 0.03 0.6 0.3 167

Table 1.1: Comparison of the relevant length scales for #ledecumented objects: Galactic
Center, and the Seyfert objects NGC4258, NGC1068, andmDsciThe mass of the Galactic
Center black hole, SgrA*, is adopted frohnippe et al.(2009. Rest of the masses, and the
assumed stellar velocity dispersions are from from Tablef{Milosavljevic & Loeb(2004.

Object r(pe) Tom(yr) Traax(107yr) Trr(107yr)

Galactic Center 0.06 690 0.62 0.22
NGC4258 0.16 962 0.9 40
NGC1068 0.6 1.310% 12.5 538

Circinus 0.11 2627 2.4 0.6

Table 1.2: Comparison of the relevant time scales for theatbjlisted in Table1(1). The
listed distances are the inner edges of the maser disksgeeerel.3) for the Seyfert nuclei,
and the inner edge of the clockwise rotating stellar disk @ectionl.1.]) for the Galactic
Center. The orbital times are calculated at these radii.tfi®calculation of the relaxation
and resonant relaxation time scal®s,= 10° is assumed. For the latter, coefficiehir = 1,
andr, = 10%yr is adopted.

therefore are conducted at either lower (X-apdor higher (mm-and IR) wavelengths.

At the very center, a supermassive black hole resides witassmf~ 4 x 10° M, and
its location coincides with the radio source SgrBajick & Brown, 1974 Eckart & Genzel
1996 Genzel et a].200Q Trippe et al, 2008. SgrA* is surrounded by a cluster of old stars,
as well as a system of young stars some of which are arrangaddiek Krabbe et al.
1995 Levin & Beloborodoy 2003 Genzel et al.2003 Lu et al, 2006 Paumard et /2006
Schodel et a).2007 Bartko et al, 2009 Lu et al, 2009, and by ionized and molecular gas
(Guesten et gl.1987 Jackson et a1.1993 Morris, 1993. The following subsections sum-
marize the current status of the GC research in terms of twsstituents.
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Stellar Content

A unique opportunity provided by the Galactic Center is itestars can individually be ob-
served. This section summarizes the current knowledgeeostéiiar content of the Galaxy’s
nuclear environment.

At distances smaller than 1” to SgrA* the so-called S-steedeund (” ~ 0.04 pc at the
distance of GC). Their orbits are consistent with beingregait, and the probability distribu-
tion of their orbital eccentricities obeysge) ~ ¢*6 (Gillessen et a]2009. Since the high an-
gular resolution observations of the GC region started abtlee members of this cluster, S2,
has completed one orbit around SgrA*, in approximately 1&ryelts orbit fits well to being
Keplerian and yields an enclosed massg of 10°M, (Schodel et a).2002 Gillessen et aJ.
2009. Like the other members of the cluster, itis a B-type dtautins et al, 2008. B stars
are massive, short lived stars, which suggests that thest Inare been an episode of star
formation near SgrA* a few million years ago. In order for alemular cloud near a SMBH
to fragment into stars, its self-gravity should overconmetitial field of the black hole. This
requirement for star formation poses a constraint on thenmuim cloud densities, of order
neie ~ 10%m=3 (Morris, 1993, if the S-stars are to be believed as fragments of such a
collapse. However, the situation is such that not only tineirmparsec of the Galaxy is devoid
of molecular gasJackson et al1993, but also the molecular densities reached even at a few
parsecs distance from SgrA* are of ordex 103 °cm 2 (Guesten et al1987. This is the
so-called paradox of youth for GC S-sta@&hez et al.2003 Gillessen et a).2009.

The other group of stars, which also suffers from the youttagiex, are observed at
distances of- 0.04—0.5 pc from SgrA*. Their spectra are dominated by He-l emissioed,
and they are consistent with being Wolf-Rayet st&sr{zel et al.2003 Bartko et al, 2009.
Unlike the S-stars, the orbits of the He-I stars are not ramigoriented Bartko et al, 2009.

Of the nearly 90 observed stars, 40 populate a disk which semkd to rotate clockwise
(CW) on the plane of skylevin & Beloborodoy 2003 Genzel et al.2003 Paumard et al.
2006 Lu et al, 2006 Bartko et al, 2009. Of the rest, 19 stars seem to populate a second
disk highly inclined to the CW diskGenzel et al.2003 Paumard et 812006 Bartko et al,
2009. This second disk is seen to rotate counter clockwise (COWjhe sky (but also
seelLu et al. (2006 2009). Although the youth issue is less severe for the He-l sttes
formation is still prohibited at such distances. There hagen several attempts to explain
the existence of young stars in the GC. The two main scen&atding the problem are:

Infalling Cluster ScenarioGerhard(2001) considered a cluster of stars, which form at
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a distance of a few 10 parsecs from SgrA*. Due to dynamicatiém between the newly
formed cluster, and the background (nuclear) stars, tretarlisinks inwards to the position
of the observed young stars while loosing its low mass mestihetidal stripping until finally

it dissolves. There have been many numerical follow-up$isf $cenario. The aim of the
simulations was to define the plausible parameter range fachwthe cluster reaches the
central parsec in a few million years without dissolving daehe tidal field of the black
hole. Paumard et al(2009 argue that the infall time for the cluster exceeds theiiifetof
the observed stars if the cluster is initially not extranadily dense. Cluster cores with the
required high stellar densities can be maintained in thegoree of an intermediate mass black
hole (IMBH) at the cluster centeHansen & Milosavljevic2003. Simulations performed
by Gurkan & Rasio(2005 suggest that IMBHs might result from collisions of starsidg
their infall to the center. Recentluijii et al. (2007 reported that when the stars stripped
from the cluster are included in the tidal friction desdopt the inspiral timescale decreases.

One outcome of the infalling cluster scenario is that, wHendluster is on its way to
the central parsec, it should leave trails of stars at artanice. However the published data
contain no stars beyortd5 pc (Paumard et 12006 Bartko et al, 2009 Lu et al, 2009.

In-situ Formation in an Accretion Disklin this picture, a molecular cloud is captured
by SgA* and forms a gravitationally unstable accretion dis&vin & Beloborodoy 2003
Milosavljevit & Loeb 2004 Nayakshin & Cuadra&2005 Nayakshin et a)2007). Stars form
at the location where they are observed today. Althouglcatpnolecular cloud densities in
the vicinity of SMBHSs are not sufficient to overcome the tiflald of the hole, theoretical
estimates suggest that the fragmentation conditions ateaterally on the accretion disks
which become self-gravitating beyond a few tenth of parg@tykhalov & Syunyaey198Q
Gammie 200 Goodman2003.

Several numerical simulations have been performed aintimgpdeling the fragmentation
of a nuclear/accretion disk for parameters relevant to thla&ic Center. These simulations
were run either by: priori assuming a gravitationally unstable accretion disk alyead
place Nayakshin et aJ.2006 Alexander et al.2008, or by trying to account also for the
formation of the disk itselfBonnell & Rice 2008. Mapelli et al.(2008 simulated the infall
of a turbulent cloud from a distance of a few 10 parsecs. Thewnd that at around ~
5 — 6 x 10° yr most of the cloud material is depleted, and forms starse disk extends
radially betweer).06 to 0.5 parsecs which is close to the observed range, but they do not
see a second disk forming. In order to circumvent this lagttpdVardle & Yusef-Zadeh
(2008 built up a scenario where they considered the passage aird giolecular cloud
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(GMC) past SgrA*. Since a typical-size GMC would engulf th€ @hile passing it there
might be cancellation of angular momentum due to interaatfmpposite sides of the cloud,
and the authors argue qualitatively that this might be a wagrming two inclined stellar
disks. Making use of a similar ide&lobbs & Nayakshin2009 simulated the collision of
two GMCs with sizes of one to a few parsecs at the outer edgeeotentral parsec. Their
simulations can produce the formation of two inclined stanfing disks/rings, however the
authors note that their results depend largely only thelrabnditions regarding the location
where the collision takes place, and the cooling presomgir star formation.

Today it looks like for suitably chosen parameters a staniog disk at the GC can be
simulated. On the other hand, apart from the problem of yoamhother issue still to be
addressed is their orbital distribution. It is reasonablexpect that a planar accretion disk
leaves behind a planar distribution of stars when it fragseWhile the clockwise rotating
40 stars seem to lie on a well defined disk, the counter claxkvwatating 19 stars have orbits
which are highly inclined to the formeP&umard et 3l2006 Bartko et al, 2009. Moreover
there is an evidence of a warp in the CW disk with an amplitudgbout60° (Bartko et al,
2009. A recent publication by.u et al. (2009 points out that even though the stars might
have formed in-situ, their current orbital distributionggiests a more sophisticated origin
than a simple thin accretion disk. Simulations performedinadra et al(2008 are in line
with this idea showing that once the stars form on a thin, ¢@d, accretion disk it is not
possible to perturb these stars to high inclinations.

An other stellar population at the GC is the dynamically xet evolved, old stars with
ages of several Gyr. Their orbits are isotropically disttdal, and their spectra are dominated
by CO absorption linesTfippe et al, 2008. Theoretical models of galactic nuclei predict
existence of density cups around SMBHs. Depending on thergs#ons, such as the stellar
mass diversity of the nuclear cluster, or the age of theasteluster in comparison to the
relaxation time scale, models predict the cusps to be ptaves-with indices between 3 /2,
and—5/2 (Schodel et a).2007). In this respect, observations of the GC old stellar pajmria
provide an interesting test of the cusp theories. ObsemsittyGenzel et al(2003 indicate
the existence of a cusp with an exponent of 1.3-1.4 betwedb@."2.

Gaseous Content

We have seen in the previous subsection that the presente gbting stars in the close
vicinity of SgA* is a debated issue. In order to better untird the star formation process,
it is useful to have a knowledge on the gaseous content oetlienn. We will summarize the
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results regarding such observations and models in thigestiba.

The observations carried out by & Claussen1983 revealed a structure of ionized gas
in the inner 1.5 of the GC. The ionized gas is broken into sd\ams, which in projection
look like a spiral, hence the name minispiral. The brightdsthese arms are the North-
ern Arm, The Eastern Arm, and The Western Arc, and they lieifiereént planes which
might have arisen due to tidal stretching of the gas stremmvéile falling into the center
(Vollmer & Duschl 2000.

The minispiral is surrounded by a disk-like structure oftn@luand molecular gas called
the circumnuclear disk (CND). It was discoveredBscklin et al.(1982 in the FIR contin-
uum of dust. These authors found that the dust density dezsea the central pc, and that
the minimum of dust emission is located at the position 0A3giThe emission peaks have
a double-lobed structure at a radiuslof pc from the center, which is the inner edge of the
CND. Genzel et al(1985 observed the GC in FIR Cand O fine structure lines and con-
firmed the existence of a neutral gas ringl6fpc diameter with a mass of sevetal' M.
The CND is inclined by~ 69° to the line-of-sight(LOS) and- 20° to the plane of the
Galaxy. Between the inner and outer edges, the CND condiseeral clumps which have
sizes0.1 — 0.5 pc (Genzel et a].1985 Gatley et al. 1986. This clumpy nature lets the UV
radiation from the central star cluster penetrate into ibk dnd heat the clumps. The CND
rotates around the center with a velocity-ofl00km /s corresponding to an enclosed mass of
~ 4.6 x 10% M, at the inner edge of the disk, and its plane is wargad¢Kson et 3/1993.
The CND has also been observed through line transitiod$tof (Coil & Ho, 1999 200Q
McGary et al, 200]). The aim of these observations was to investigate the lplesslations
between the CND and the GMCs near the Galactic Center. Atjagtea distance of 10 pc
from SgrA*, the 20 km/s cloud (M-0.13.008) appears to be iiegdhe CND through the
'southern streamer’. The other GMC, the 50 km/s cloud (M28007), seems to be related
to the 20 km/s cloud where these clouds are connected by aulateidge.

On the basis of sticky particle calculatiorganderg1998 modeled the CND as disrup-
tion of a gas cloud on a low angular momentum orbit. Movinghe potential of a central
mass ofM,;, = 2.5 x 10° M, plus a spherically symmetric stellar distribution the cldalls
into the Galactic Center. The infall of the cloud could haee due to a collision of two
oppositely moving clouds. After two or three orbital timés; 5 x 10° yr at a distance of
3.5 pc from the center), the cloud settles into an asymmetricwith a central cavity. One
interesting aspect of the simulation is that the highly gbied and intersecting orbits form
strong shocks at the intersection points with velocitigghlenough to overcome the Roche
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limit for star formation, and provide a possible mechanismthe formation of young stars
at the Galactic Center. Following this woMglimer & Duschl(2001ab, 2002 constructed
analytic models to explain the dynamics of the CND. In theadels, gas of severab?* M,
falls into the Galactic Center from distances smaller th@pd. An important parameter in
their models is the UV radiation field from the central stetttuster which determines the
radius of the infalling clouds. At a critical distance frometcenter, the clouds with high
enough densities to overcome the tidal effects either gsdlaor fragment into clumps. This
critical radius is found to be- 2 pc, which is the value for the inner edge of the CND pro-
posed by several observations. Taking also into accourgffbets of rotation and magnetic
field stabilizes the clouds against gravity. Contrary toghevious works, they found that the
CND disk is a longer lived structure with a lifetime 0" yr. Coker et al(2003 performed
3D hydrodynamical simulations in order to explain the fotioa of the CND from multiple
self-gravitating infalling clouds. They took into accouhé potential of a central point mass
of 2.6 x 10° M, plus an extended stellar distribution. As the clouds oredfit trajectories
fall into the center, they collide and form the clumpy stiret Small mass clouds are dis-
rupted before reaching the inner edge of the disk, wheretar@ss clouds loose their outer
parts by tidal stripping. The result emerging from their giations is that, a single cloud is
not sufficient to maintain the current structure of the CND, dollisions of multiple clouds
is necessary, and in order for the CND to be a stable strydturas to be continuously fed
by the GMCs nearby.

1.1.2 Nearby Galactic Nuclei

Thanks to the recent advances in astronomical instrumentais now possible to observe
the nuclei of nearby galaxies at high resolution. The nualegions of galaxies host various
structures each of which contribute to the total potentigdhe nucleus. Nuclear star clus-
ters, stellar, gas and dust rings, are the most prominethirésaat relatively large scales of
about a few hundred down to a few ten parséZarfllo et al, 1998 Schinnerer et al2006
Boker et al, 2008 Hicks et al, 2009. At smaller scales, in the very vicinity of the SMBHS,
our knowledge is mostly restricted to that obtained fronotk&ical models and simulations,
apart for a handful of objects. Most of the effort in obsegvgalactic nuclei is directed to-
wards determining the masses of the central black holeswérethought to reside in most,
if not all, galactic nuclei, and linking the nuclear phenarado the large scale evolution of
galaxies. In this subsection we will summarize the curréatus of research of nearby nuclei
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in the light of the recent observational results.

From the point of view of stellar kinematics, the most wellewed result that emerged
in the last decade is the discovery of an empirical cor@tebetween the mass of the central
black hole and the stellar velocity dispersion of the hotgéuthe so-called/,;, — o, relation
(Ferrarese & Merritt200Q Gebhardt et al200Q Tremaine et a).20032).

Ferrarese & For@2005 give:

Mbh
108 M,

o 4.68+0.43
. ) (1.8)

=(1.66 +£0.24) | ————
( ) (QOOkm/s

This relation is of importance not only in the studies of gétanuclei, but also in studies ad-
dressing the galaxy evolution as a whole since its slopenalization, scatter and evolution
constrains models considering mergers of galaxies whethaught to lead to the formation
of the SMBHSs themselves.

The motion of gas in galactic nuclei can also be used to daterimiack hole masses,
as well as to study phenomena related to nuclear activityalaxges. Probably the most
robust determination of black hole masses is provided bykbservations of maser sources
in the pc/sub-pc vicinity of the black holes. Most of the alveel masers trace the orbital
motion of the underlying accretions disks, hence are ugghbes of the nuclear dynamics
(in the nucleus of Circinus, some of the observed spots @aceutflow Greenhill et al.
2003). Moreover, the conditions required for maser activitg, itemperature, density etc.,
give constraints on the physical conditions in the masintspa the accretion disks.

Maser emission from galactic nuclei is preferentially detd when the disk is observed
edge-on. The spots lying in the LOS to the observer appeaeaytstemic velocityys,s, of
the galaxy in the spectrum while the spots along the dianpstgyendicular to the LOS are
observed at,, + /G M,,/r for receding, (-) sign, and approaching, (+) sign, partshef t
disk (Kondratkq 2007).

NGC4258 is the first galaxy with a maser detection from itsee{Claussen et 311984).
The VLBI imaging of the maser spots provided the first firm ewvide of an underlying disk
structure Miyoshi et al, 1995. The disk extends radially between 0.13-0.26 pc, and &shib
a warp in its shapeHerrnstein et aJ.1996. Figure (L.1) shows the locations of the ob-
served masers superimposed on a warped disk, togethethaitHitted rotation curve (from
Herrnstein et al(1999). The Keplerian rotation curve traced by the masers insgieentral
black hole mass df.9 x 107 M. Moreover, after assuming a suitable disk model, the proper
motions and the LOS accelerations of the maser spots prawdey precise measurement of
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Figure 1.1: Warped nuclear disk of NGC 4258. The upper pamais the best fit to the
observed maser spots shown by the triangles. The lower pantieé VLBA total power
spectrum. The inset shows the maser data superposed onexigepbtation profile. Taken
from Herrnstein et al(1999.

the distance to the galax¥) = 7.2 £+ 0.3 Mpc.

Another well monitored nearby nucleus with a maser detaedtiom the center is that of
the Circinus galaxyGardner & WhiteoaK1982 identified H,O masers from the center of
Circinus. LaterGreenhill et al (2003 showed that the maser spots trace a warped nuclear
disk betweerd.11 — 0.4 pc. Between~ 0.11 — 1 pc a number of more spots are identified
which trace a wide-angle outflow from the center. The supfoorthe existence of a warped
disk comes from:1) the S-shape formed by the maser sp@isthe highest red and blue-
shifted emission bracketing the systemic velodijythe antisymmetric distribution of the red
and the blue shifted features along the S-shape with a wgldetlining as~ b=%% where
b is the position along the major axis of the distributiore(tmpact parameter), ang the
orientation of the inner disk being roughly perpendiculathe axis of the observed radio
lobes. When the innermost red and blue-shifted spots atereskto share a common orbit
(with observed velocity, and radius), the mass containedimthe innermost radius can be
calculated to bé.7 £+ x10°M,,. The rotation curve delineated by the masers is very close to
Keplerian. If one assumes that the steepening of the ratatiose due to disk warping (both
in position and inclination angles) is compensated by tlfecebdf the disk mass, an upper
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limit can be set for the disk mass &&; < 4 x 10°M...

Maser emission is detected also from the center of NGC10&&har nearby nucleus.
The masers in this object trace a disk with an inner edge6at pc and an outer edge at
1.11 pc (Greenhill & Gwinn 1997. The enclosed mass within 0.65 pcris1.7 x 107 M,
(Greenhill & Gwinn 1997).

The examples of maser nuclei we have listed so far share thenoo property that their
disks are warped. The discussion of the cause of the warpsdlear disks is deferred
to section 1.3.1) where we will summarize the warping mechanisms for nuctksks in
general. Before moving on to the next section, we should tiwetoday, more than 70
galaxies are known with maser emission detected from ttegiters, and for 27 of these,
there is good evidence for a disk origin (Water Maser Cosgoroject; WMCP (2009).
Future observations will give us more detailed informatorthe geometry of their disks.

1.1.3 Active Galactic Nuclei

The innermost central regions of some galaxies output largeunts of energy, typically
L > 10%L.. These objects are classified as active galactic nuclei (AGNe cause of
activity is believed to be the accretion of material onto eck hole at the center. In this
section we list some main properties of AGN.

Properties common to most AGN are: high luminosities, \mlitg on time-scales of
days to years, and ability to produce highly collimated (@esdhunter2007).

Local AGN are divided into two main classes depending orr thyglical spectra. Seyfert
1 type spectra are dominated by broad{000 km/s) and narrow £ 1000 km/s) emission
lines. Seyfert 2's on the other hand produce only narrowsline

At high redshifts, quasars are the more luminous counteypé6eyferts. Radio loudness
is also a criteria in defining AGN types. The class of radiceoty includes radio loud quasars,
Blazars, and Faranoff Riley objects of type 1 and 2.

The maser nucleus NGC1068 briefly mentioned in the previeciss has particular im-
portance in AGN studies. Although it is classified as a Se@aucleusAntonucci & Miller
(1985 observed a broad component in the polarized emission ftemucleus. They sug-
gested that Seyfert 2 nuclei contain hidden broad line reg(BLRs) obscured by a dense
dusty torus surrounding the black hole. This idea was thislodsinification of AGN classes.
The unification theories try to group AGN depending on thppearance to the observer. In
the very center, the SMBH is fed by the accretion disk. Theetmn disk is surrounded by
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some toroidal material of dust and gas (torus). When thergbsg LOS passes through the

toroidal structure, BLRs can not be observed, hence theens@ppears as that of a Seyfert
2 galaxy. AGN viewed directly from above avoiding the obstgimedia appear as Seyfert 1

nuclei. Figure {.2) depicts schematically the AGN classes when viewed frofemdint lines

of sight.
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Figure 1.2: Classification of AGN according to viewing dtiea (schematic). Taken from
Zier & Biermann(2002.

1.2 Accretion Disks

In the previous sections, we have briefly discussed theestui nearby galactic nuclei based
on their observations. In this section we describe the basidheory of accretion onto
compact central objects (black holes hereafter) basedeoertliightening reviews bigringle
(1981); Papaloizou & Lin(1995; Lodato(2008, and on the dedicated book Byank et al.
(2002.

First consider a spherically symmetric steady flow towahdsdenter. Equilibrium for a
flow element consisting of electrons and protons is definett slat, the outward directed
radiative force resulting from the Thomson scattering etebns is balanced by the inward
directed gravitational force acting on the electron- pngbdtasma. Neglecting the relatively
small mass of the electrons in comparison to the protons anevdite Frank et al. 2002):
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GMbhmp . O’TL
72 4rr2e

(1.9)

Here,m, is the proton mass, ang, is the Thomson cross section. This relation sets the
Eddington luminosity limitL.qq for the flow, which has the value:

Ledd = 47TGMbhmpC/O'T
> 1.3 x 10°(My, /M) erg s~ (1.10)

The Eddington luminosity can be converted into a mass dooredte, Myqq, Via:
LEdd = € MEddCQ, (111)

wheree is the radiative efficiency.

Now consider the flow confined to an axisymmetric disk in ddfgial rotation around
the black hole. In this case neighboring fluid elements garea viscous stress when they
pass each other [see figuteJ)].

G(r +Ar ) . G(r)

o e

Ve

r +Ar r

Figure 1.3: Schematic representation of the motion of a #ldinent in an accretion disk
under viscous torques.

The viscous torque exerted by the outer ring of gas on thecadfanner ring of gas is
given by:
G(r) = QWVng%r(:). (1.12)
Here, X is the surface density of the disk at locationv is the viscosity coefficient, and
Q(r) is the angular velocity. The motion of a fluid element on itsibaround the black hole

under the effects of viscous torques can be described bydleaity components: the orbital
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motion, which can often be taken as Keplerian, has the wgtoci
vy = 1rQ(r), (1.13)

with Q(r) = \/GM,,/r3. The second component of the velocity of the disk element can
be predicted from equatiorl (12 which implies that for a rotation law where the angular
velocity decreases with increasing radius, the inner mditise disk lose angular momentum
leading to spiraling of disk material towards the black haeith velocity v,., while being fed

by the outer parts. The temporal evolution of the disk aggnom this flow is studied by
considering the local conservation equations for massdaoetinuity equation), and angular
momentum. The former is written as:

— + ——(rXv,) =0. (1.14)
"
The equation for the angular momentum conservation follivas considering the net

viscous torque on the disk element, and is given by:

0 1 0
(320 - =
8t(r )+r87’

1 oG

Yu,r30) = — —.
(B8 2w Or

(1.15)
The drift velocityv, can be obtained from the above equations, and for Kepleviation

itis given by:
3 0

CSJ/ror

From equationX.16) we see that it is crucial to know the magnitude of viscosity study

(VEVT). (1.16)

Uy =

the accretion process. However, although the consequeheesous evolution of accretion
disks have been studied widelyyfiden-Bell & Pringle 1974 Papaloizou & Pringle1983
Pringle 1992 Shafee et al.2008 its origin remains debated. In recent years, the magneto-
rotational instability (MRI) has been suggested as theeafiturbulenceBalbus & Hawley
1991). Consider the two neighboring elements, A and B with> rz. When the disk is
weakly magnetized, there is a magnetic tension betweeswe #lements. In a differentially
rotating disk, wheré), < 5, the motion of element A is accelerated by element B, while
element B is retarded by A. In time, the separation betweemd\E increases, hence the
tension between them. This process goes until the disk ésfiie MR instability*.

1As an alternative to MRI, gravitational instabilities inlfsgravitating disks as the driving mechanism of
mass flow is starting to gain favor due to numerical convecggmoblems faced by many MRI simulations. See
Lodato & Rice(2004 2009 and references therein.
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In studying accretion disks one usually makes use of thedatam-prescription intro-
duced byShakura & Syunyae{1973. The viscosity is written as:

v=acH, (2.17)

wherec;, is the local sound speed, atflis the disk scale length. In this representation, all
the unknowns of the accretion process, i.e. by which meshaitiis driven, is collected in
the parametesr. Adopting parameters relevant to galactic nudiegnk et al (2002 give an
estimate of the viscosity as:

M 30 Mbh —1/4 T 3/4
_ 18 4/5 6/5 2.1

wheref = 1 — (6G My, /rc®)'/2. The time scale by which the disk material is transported
onto the black hole, the viscous time scale, is givertay~ 27?/v. Assuming a constant
surface density profile, and constant viscosity throughdikk, and using equation4.(l6),
and (.18 the drift velocity of accreting material, and the viscoimsé can be estimated to
bewv, = —562 cm/s, andv,;, = 5 x 107 yr respectively at a distance of= 0.1 pc, for typical
parameters ol = 108M,, M = 10%gem 2, ando = 0.1.

1.3 Warps in Astrophysics

In the previous sections, we presented a brief overview laiogia nuclei. Both in discussing
the Galactic Centerl(1.1), and the nearby nuclelL (1.2, we encountered examples of nu-
clear disks with non-planar geometries. In the remainingspaf this introduction, we will
summarize the studies of warps in astrophysics to give a cwmrglete outlook to the main
theme of this thesis.

Warped disks where the inclination of the disk with resped preferred plane changes
with radius have been known to astronomers since decadesearly studies of warps were
dedicated to explain the observed bending of the outer pagslaxies. Observations showed
that although the warps manifest themselves mostly in théajirs of galaxies, warped
stellar disks are also not rareaf der Kruit 1979 Innanen et a).1982 Reshetnikov et al.
2002. At a first glance, this suggests gravity as the cause of #rp vgince it influences both
the gaseous and the stellar components in a galaxy.

Hunter & Toomre(1969 studied the case of a self-gravitating, isolated, thitk,dighere
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the warp was represented by linear bending waves. They shthaé such a disk does not
permit any long-lasting modes when realistically smoaligesl density profiles are consid-
ered. Interaction of the galaxy with a nearby object as aeafishe warp was considered
by many authors until observations showed that many warp&kigs lacked companions,
or the companions were not massive enough. Later, as thermedor dark matter halos
around galaxies became stronger, modelers developedrgseimawhich the disk assumes
the shape of a normal mode in the potential of a flattened dadkBparke 1984 Kuijken,
1991). However, subsequent work showed that these modes areedaguickly when the
internal dynamical response of the halo is taken into adc@ialson & Tremaing1995
Binney et al, 1998. Today, it seems most plausible that galactic warps réutt interac-
tions and from accretion of material with misaligned anguementum Jiang & Binney
1999.

Increasing spatial resolution of observations has pral&gdence that warps are not only
common in galactic disks, but appear also in other astrapalysontexts at much smaller
scales. One of the best studied examples of such a warpedsdsskrounding the neu-
tron star Her X-1. Besides an orbital period of 1.7 days, armmllaation period of 1.24
seconds, it shows on-and-off states with a periodicity oflags Tananbaum et gl1972
Giacconi et al. 1973 Gerend & Boynton1979. This long periodicity in the X-ray light
curve of Her X-1 is best explained by the existence of a wagulbing the central star as the
disk precessedNijers & Pringle 1999.

Yet an other class of objects where warps are pronounceti@raitlear disks surround-
ing the SMBHs of galactic nuclei. Examples of such disks Haeen presented in sections
(2.1.1), and @.1.2 in the discussions of the GC, and nearby nuclei. We summé#re theo-
retical models of warped nuclear disks in the following sett

1.3.1 Warped Nuclear/Accretion Disks

Nuclear disks in galaxies are subject to various torquesarenvironments they are embed-
ded in. Under certain circumstances, an initially planakanight become unstable against
warping due to these torques.

The theoretical studies of nuclear warped disks focus ain ¥igeous evolution in order
to connect to the process of accretion. In this case, thetieggagoverning the flat accretion
disks have to be modified. For planar disks, consideringiaasgtal symmetry, viscosity as
parameterized by arises due to the — ¢ stress between the disk elements. In a warped
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disk, there is also a component of stress inithe z direction which tries to damp the warp.
Papaloizou & Pringl€1983 proposed am-like description for such disks. They found that
in the small tilt regime, the radial/), and vertical ;) coefficients of viscosity obey:

12 1

— = 1.19

141 202 ( )

Ogilvie (1999 considered the nonlinear corrections to the above approde showed
that for small amplitude warps:
vy 1 4(1+7a%)

= 1.2
v 202 4+4+a (1.20)

and he also gave higher order correction terms for high aog@iwarps. For highly inclined
warps, the ratio of the two viscosities become close to |&gproni et al.20063.

Pringle (1992 devised a set of equations describing the viscous evolatiovarped ac-
cretion disks. In a warped geometry, the drift velocity e by:

(0/0r) (11 2r3(dY/dr)) — %I/QZT’?’Q|81/6T|2
rX(9/0r)(r2Q) '

Uy =

(1.21)

Herel is the unit vector at location in the disk. When inserted into the mass conservation
equation, and assuming Keplerian rotation one arrives at:
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or

V227"2

ot ror

r ror

oy §Q |:T1/2§<V12T1/2):| I }Q

2] . (1.22)

This equation describes the viscous evolution of the sarflnsity of a warped disk. Simi-
larly, the evolution of angular momentuh, of the disk elements under viscous torques can
be written as:

oL 39 [r1/2 0 ) 10 al* 3
oL _ 29| r7 o /2 19 2|9 3
ot ror [ 3 ar('“zr )L} * r Or [(VQT 0 2" L
19 (10 ol
v 12 (551/2“14@). (1.23)

In equations 1.22, and (.23, the terms involving the coefficient; arise due to the
radial drift of the disk material towards the black hole. @a bther hand, the terms involving
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the coefficient, are related to the motion of the disk elements in the vertaaiction. In

the case of flat disks whekd/0r = 0, the only non-vanishing terms in equatioris22,

and (.23 are the terms involving;, and the equations reduce to the equations described
in section (.2). We see that the surface density evolution of a warped diglends on

the amplitude of the warp only to second order, i.e. for sraaiplitude warps for which
|01/0r|* can be neglected, the evolution is similar to that of a flak.didowever, the local
angular momentum has a contribution given by the disk tétnefor small amplitude warps.

In the case of high amplitude warps, where the second ordmatiees of the unit vector can
not be neglected, both the surface density, and the anguaremtum evolve differently in
comparison to a flat disk.

Equations 1.22 and (.23 assume that the disk evolves only the under the effects of
the viscous torques. If one wants to account for other ptessiloques acting on the disk,
i.e. from a central radiation source, from a spinning blaalehor from the disk self-gravity,

a term responsible for these torques has to be added to eqai23, and the evolution
equations have to be solved self-consistently to accounh&desired physics.

1.3.2 Warping Mechanisms for Nuclear/Accretion Disks

In the following, we summarize the most favorable warpinghamisms discussed so far in
the literature.

Bardeen-Petterson Effect: An accretion disk close enough to a rotating black hole is
subject to relativistic frame dragging if its angular moren is misaligned with that of the
black hole Lense & Thirring 1918. Frame dragging causes a differential precession of the
disk with a rate given by{umar & Pringle 1985:

L 2G Jn

¢ = (1.24)

2 3’
where.J,, = aG M,,?/c is the angular momentum of the black hole, anig the black hole
spin parameter taking values between 0 (for non-rotatiagkbholes), and 1 (for maximally
rotating black holes). Internal (viscous) torques try igrakthe disk angular momenturfy
with the black hole angular momentum. As we have seen, tltawsstime scale increases
with radius, hence the inner parts of the disk are forcedigmatith the black hole on time
scales much shorter than those for the outer parts. Consiyube disk develops a shape
which forr < Rgp Is aligned with the black hole, i.e. is flat, and for> Rgp its angular
momentum direction changes gradually from radius to raditlss is called the Bardeen-
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Petterson effecBardeen & Pettersqi975. The critical radius for Bardeen-Petterson warp-
ing, assuming that the radial and vertical viscosities gueak can be written as:

6aG> M2, Ye

Rup =
BP CL

(1.25)
In the limit where the misalignment of angular momenta ofdtsk and the black hole is

small,Scheuer & Feile(1996 calculated analytically the rate at which they becomenaidy

Assuming that the disk viscosity is constant throughoutlisk, they showed that the align-

31 [ acMyy, 1/2
() (1.26)

Natarajan & Armitage(1999 generalized this analytic solution to more strongly warpe

ment timescale is given by:

disks, considering a power-law radial dependence of vscmefficients/;, andv,. Their
simulations showed that for black holes with masses of or@&r\/.,, and accretion rates
close to the Eddington limit, the alignment time scale isrtsfio< 10°) yr. King et al.(2005
showed that for systems satisfying the conditforr 7 /2, and.J,; < 2Jy,, the disk and the
hole counter align fot < t.;, and eventually align when > t,;;, whered is the mutual
inclination between/,;, andJy,.

Caproni et al(2006g applied the Bardeen-Petterson effect to the inferred addisk of
NGC1068. They found that the Bardeen-Petterson radiusi®object is betweeh0—> and
10~ pc, which is well below the observed radius of the maser sfdts authors conducted a
similar analysis to study the warped disk of NGC4258, anadathat also for this galaxy, the
warp radius lies below the inner radius of the maser didpfoni et al.2007). Martin (2009
considered the same object allowing a more realistic ser@nsity profile, and concluded
that although the observations can be fit well, to reach algtetate the disk must be very
long-lived.

Radiation Driven Warping: The effect of a central radiation source on the dynamics
of a non-planar disk is known since the 197@=tterson1977. When a warped disk is
exposed to radiation from a central source, or from its ownennportions, itis notilluminated
isotropically. If itis also optically thick, the emissioageived at each position and re-radiated
perpendicular to the local disk plane induces a torque oulitlie and the warp is modified.
(Pringle 1996 showed that perturbations to planar disks can cause i@didtiven warping
when:

L > 121X (r)vye. (1.27)
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Definingn = v, /11, and assuming the disk is in steady state, equalic@y|can be expressed
as a critical radius in terms of the Schwarzschild radRréngle 1996:

LS (2\@”7> , (1.28)

Ts €

Assuminge ~ 1072, n ~ 1, and a black hole mass ®6®1/., equation {.28 implies that
the disk becomes warped beyond> 0.1 pc. Maloney et al.(1996 studied the stable and
unstable modes of radiatively excited linear warps. They&d that the inferred warps in
NGC4258, Her-X1, and SS 433 might be explained by this mashaas long as the radiative
efficiency is high, buCaproni et al(2006g analyzing several AGN disks find that these are
stable against radiation warpinBringle(1997 considered the evolution of radiation driven
warps with high amplitudes. Taking into account the sedesiwing of the disk, he showed
that characteristic time scale for a disk orbiting08/, black hole ist ~ 2 x 10°a~!.

Magnetically Driven Warps. When an accretion disk rotates around a magnetic star, the
inner portions of the disk are subject to torques resultmgifthe interaction between the
horizontal magnetic field of the star and induced electritanus on the surface of the disk.
The warping and precession arising from such interactioas fivst studied by.ai (1999.

In the linear regime, magnetic torque was modeled as anratt@rque acting on the disk.
Pfeiffer & Lai (2009 carried this scenario to the nonlinear regime, and fouad iagneti-
cally driven disks can develop highly inclined, steadilgqessing warped configuratiohsi
(2003 suggested a new mechanism, where the magnetic field waxteob@ to the disk,
but produced by outflows/jets, hence the scenario mightapgly to AGN disks.

Gravity Driven Warps. A disk under the gravitational influence of its self-graatyd/or
that of an other nearby object exists in a variety of astrepiaf systems. For such disks, the
guadrupole moment of the nearby object, when present, exadifferential precession of
the disk, while self-gravity usually acts to prevent diéfetial precession of its elements, such
that the disk shape stays intact. Warps generated by gianighinteractions are studied in
detail in numerous works on galactic diskéupter & Toomre 1969 Toomre 1983 Sparke
1986 Arnaboldi & Sparke 1994 Kuijken, 1997, and in the context of rings around planets
(Borderies et a).1983 Goldreich & Tremaingl1979. On the nuclear/accretion disk scales,
Papaloizou et al(1998 studied the evolution of a thin self-gravitating viscouskd with
application to NGC4258. They found that when the densityevenossing time is much
smaller than the dynamical time scale, the disk precesgahyti They concluded that the
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warp in the maser disk of NGC4258 might have been excited bgaypcompanion having
a mass comparable to or higher than that of the maser diskir Muoelel also suggests a
small twist (i.e. varying line-of-nodes) due to viscosityayakshin(2005 considered the
case of a light non-self-gravitating disk perturbed by asnesring. He modeled the disk as
a collection of many rings. Employing the gravitationakjoes in the linear regime, he found
that the rate of precession induced by the interaction ofrtags with radiir andr; is:

. 3M 3

b — _4Mb1h cosﬁ:—ng for r < 7y, (1.29)
and u )

. 3

b — _4Mb1h COSB%Q for r > ry. (1.30)

Here, M, is the mass of the ring, anélis the mutual inclination between the rings. Already
in this linear regimeNayakshin(2005 argued that very high inclination are possible for
nuclear disks in galaxies, and revisiting the ide@bfnney(1989, he suggested that such
warps might be an ingredient in AGN unification theories. Tin@ortance of self-gravity
can readily be seen from equatiods29, and (L.30. When it is absent, the rings making up
the disk precess differentially, tending to destroy th& disucture. Numerical simulations
dedicated to Galactic Center stellar disks discussed imose.1.1) showed that, it is pos-
sible to constrain the masses of the disks in the warped deskasio. The model disks with
M, > 0.005M,, lead to too much warping of the disk, i.8.in equations 1.29-(1.30), and
do not explain the data.

1.4 Outline of the Thesis

This thesis is organized as follows:

In Chapter2, a nonlinear model for steadily precessing, self-gravitatvarped disks
around nuclear black holes is introduced. The model corsitiee disk as a collection of
circular rings inclined with respect to eachother, and Whace in mutual gravitational in-
teraction. Starting from the steady state equations ofanpt scaling relation is derived
relating the global precession frequency of the disk to tis& thass in proportion to the
black hole mass. Steadily precessing equilibrium solsteme evaluated for 2, 3, and many
ring systems for various disk surface density profiles, nii@ssions, radial extents, and pre-
cession frequencies. The linear theory of self-gravitptimrped disks is revisited in order
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to highlight the major differences resulting from both apgarhes. Using perturbation theory,
the stability of the non-linear warps is studied, and chdd¥eintegration of the equations of
motion for a few examples.

Chapter3 proposes a new scenario for the formation mutually inclimedped disks
around nuclear black holes in application to the Galactinot®@e Assuming a radiation or
Bardeen-Petterson warping origin, the time evolution afped stellar disks with parameters
relevant to the Galactic Center is followed. A qualitativerparison of the simulations to
the observations is presented at the end of the chapter.

In Chapter4, the outcomes of this thesis are summarized, and an outqmiesented.






CHAPTER 2

SELF-GRAVITATING WARPED DISKS
AROUND
SUPERMASSIVEBLACK HOLES ™

Abstract

We consider warped equilibrium configurations for stelladagaseous disks in the Ke-
plerian force-field of a supermassive black hole, assuntiag the self-gravity of the disk
provides the only acting torques. Modeling the disk as aeotitbn of concentric circular
rings, and computing the torques in the non-linear regime, shiow that stable, strongly
warped precessing equilibria are possible. These solstexist for a wide range of disk-to-
black hole mass ratiod/,/M,;, can span large warp angles of up 6~ 120°, have inner
and outer boundaries, and extend over a radial range of acfaof typically two to four.
These equilibrium configurations obey a scaling relatioohsthat in good approximation
gz%/Q o< My/ My, where¢ is the (retrograde) precession frequency dhds a characteristic
orbital frequency in the disk. Stability was determinechgdinear perturbation theory and,
in a few cases, confirmed by numerical integration of the #gna of motion. Most of the
precessing equilibria are found to be stable, but some astabbie. The main result of this
study is that highly warped disks near black holes can pefsislong times without any
persistent forcing other than by their self-gravity. Thesgible relevance of this to galactic
nuclei is briefly discussed.

*Part of this chapter has been accepted for publication in WM8Rand is in press. Only in sectioR.4)
there are some additional results not included in the subdwtork.
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2.1 Introduction

The increasing power and spatial resolution of modern e@bsens has provided evidence
that warps are not unique to galactic disks, but appear alsouch smaller scales. These
include nuclear and accretion disks surrounding supelimeabtack holes in galactic nuclei
(nuclear disks hereafter). The pioneering example is theemdisk of NGC4258. The high
velocity masers mapped bliyoshi et al. (1995 are best explained by the existence of a
mildly warped disk extending from 0.13 to 0.26 gdernstein et a).1996. The nearby
Seyfert galaxies NGC1068 and Circinus also harbor warpskisdn their centers, again
traced by the maser emissio@reenhill et al.2003 Gallimore et al.2004. Of the~ 100
massive young stars in the center of our Galaxy about hatf fowell-defined, warped disk,
and some of the others are on a counter-rotating structurehwhay be a dissolving disk
(Genzel et al.2003 Paumard et al2006 Lu et al, 2009 Bartko et al, 2009.

Nuclear disks can develop a warped shape through severdlamiems. Very close
to the center, the dragging of inertial frames by a rotatitagk hole (ense & Thirring
1918 causes precession of a planar disk, if it is inclined to tlaag perpendicular to the
black hole’s spin. Internal viscous torques try to align diek angular momentum with the
black hole angular momentum. Beyond a transition radiusdibk does not feel the effect
of the black hole and remains at its initial inclination, ¥hinside this radius the align-
ment proceeds. Hence the disk becomes warpedHtrdeen & Petterso(l979 effect].
Natarajan & Armitagg1999 showed that for black holes with masses of ortl#r M., and
accretion rates close to the Eddington limit the alignmametscale is shortt < 10%yr).
Application of this effect to the warped disks of NGC4258 af@C1068 shows that the
alignment radius lies well inside the observed positionthefmaser spots, and models can
be constructed that fit the observed warps rather v@ap¢oni et al.2007 Martin, 2008.

When a warped disk is exposed to radiation from a centralcggwr from its own in-
ner portions, it is not illuminated isotropically. If it ids® optically thick, the emission re-
ceived at each position and re-radiated perpendicularttotdal disk plane induces a torque
on the disk, and the warp is modifieBdtterson1977. Perturbations to planar disks can
therefore cause radiation driven warpirigrifgle 1996. Assuming a radiative efficiency
e ~ 1072, and a black hole mass @f® M., an initially flat disk is prone to warping be-
yondr > 0.1 pc, when the vertical and radial viscosity coefficients anemparablePringle
1997. Maloney et al.(1999 studied the stable and unstable modes of radiatively excit
linear warps and found that the warp in NGC4258 may be ex@thlny this mechanism only
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if the radiative efficiency is high.

Warps generated by gravitational interactions have beasiigated mainly in the galac-
tic context. Hunter & Toomre(1969 studied the linear bending waves of a self-gravitating,
isolated, thin disk. They showed that such a disk permitg-lasting bending modes only
when its surface density near the outer radius is truncaifftiently fast, but not when
realistic smooth edges are considered. This suggestedgdtitsns with nearby companion
galaxies as a likely cause of warp excitation. Later, as th@eace for dark matter halos
around galaxies became stronger, modelers developedrgseimawhich the disk assumes
the shape of a normal mode in the potential of a flattened dalck(Bparke 1984 Kuijken,
1991). However, subsequent work showed that these modes areedaguickly when the
internal dynamical response of the halo is taken into adc{Malson & Tremaing1995
Binney et al, 1998. Today, it seems most plausible that galactic warps réutt interac-
tions and from accretion of material with misaligned anguementum Jiang & Binney
1999.

On nuclear disk scaleBapaloizou et a[1998 studied in linear theory the evolution of a
thin self-gravitating viscous disk interacting with a m&esobject orbiting the central mass,
with application to NGC4258. They concluded that the warthenmaser disk of NGC4258
might have been excited by a binary companion with a mass amabfe to or higher than that
of the maser disk. Their model also suggests a small twest (iarying line-of-nodes) due
to viscosity. Nayakshin(2005 considered the case of a non-self-gravitating disk pleetir
by a massive ring. Employing the gravitational torques mlthear regime, he evaluated the
precession induced by the ring on the disk elements. Wheselfigravity of the disk is not
taken into account, the rings precess differentially, Whends to destroy the disk structure.

Can models of warped nuclear disks be generalized to therolh-linear regime? And
assuming that the observed warps in galactic nuclei have &egted by one of the mech-
anisms discussed above, can the disk self-gravity maitiainvarp even after the exciting
torque has ceased to exist? As a first step towards answémsg guestions, the goal of
the present paper is to investigate the possibility of skeadecessing, stable, non-linearly
warped self-gravitating disks in the (Keplerian) gravdaal potential of a massive black
hole. In the following sections, we use a simple circularitoring model to find stable
warped equilibria for systems with 2, 3, and many rings, assg that the self-gravity of the
rings provides the only acting torques.
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2.2 Steadily Precessing Warped Disks and Their Scaling Re-

lation

2.2.1 Cold Disk Model and Equations of Motion

We consider a cold disk in which stars or gas are assumed te mowvery nearly circular
orbits. Following similar analysis of galactic warps (eTjomre 1983, Sparke 1984, Kuijken
1991) we model such a disk as a collection of concentric @raings. The orbital motion
in the disk is maintained by the central black hole, and tiifegsavity of the disk causes the
rings to precess around the total angular momentum dirediach ring may represent a set
of stars or gas elements uniformly spread around their leirarbit. Moreover, when the
precession frequency arising from the self-gravity of tisé @ small compared to the orbital
frequency of motion, the orbital parameters of single sthenge only slowly and so one can
average over the orbital motion. In this case, also the fexegted by a single star or mass
element on the rest of the disk can be replaced by the forceodai€ing of material spread
over the orbit Goldreich 1966.

Any of the rings is characterized by its mass radiusr;, inclination angle); with respect
to the reference plane, and azimuthal anglevhere the line-of-nodes cuts this plane. Later
we will identify the reference plane as the plane perpendido the total angular momentum
vector. The Lagrangiag; of ring: is given by Goldstein et al.2002):
L, = m;rf (2 + §?sin?6;) + %7412(1/1 + ¢; cos ;)
— V(ri, 0i, ). (2.1)

The first two terms in equatio2 (1) represent the kinetic energy of the motiBnV (r;, 0;, ¢;)
represents the gravitational potential energy, the Lagesms.; = T;—V;, and the energy of
aringisk; = T;+ V; . v is the position of a point on the ring, measured from the adiogn
node; 0, ¢, ¢)) are Euler angles. The angular momentum of the motion aloeging

Dy = mirfﬁ(ri) = mzrf(w + gzél- cos 0;) (2.2)

is conserved sinc€; does not depend on the coordinateThe other momenta are thg,,
the angular momentum around thedirection, andpy,, the angular momentum around the



2.2. STEADILY PRECESSING SELF-GRAVITATING WARPED DISKS 29

line of nodes. The equations of motion are:

2
mirl- .
miriz [ .9
Doy = Tgbl sin” 6; + py, cos b; (2.4)
pg. = UL (biQ sin 92 COS ‘9@ — ¢2p¢ sin (9@ — M (25&)
‘ 2 ! 00,
8V(7’Z,92,<Z>Z) (p¢ —pw COSGZ')(pw. _p¢’ COSGZ')
_ _ 9\ i g : 2.5b
00 mgr? sin® 0; ( )
. av Ti79i7 7
Po; = _—( D6, (b) (2.6)
and the Hamiltonian is:
2 1P — Dy, €08 6;)?
o= B0y LB o e SOy g g (2.7)

m;r; sin? 6,

2.2.2 Components ol/(r, 6, ¢), and Evaluation of the Torques

The gravitational potential energy;(r, 0, ¢), has two components. One arises due to the
central black hole, and is simply

Gm; My,

Ty

Vo = — (2.8)

at the position of the ring. The other component is the pakterm V,, arising from the
interaction of the ring under consideration with all othieilgs. We follow the description
of Arnaboldi & Sparke(1994), using the derivation oBinney & Tremaine(1987) (Section
2.6.2), to evaluate the torque arising from the ring interactions
The gravitational potential due to a circular ring of massand radius-; in the (z, 7)
plane is
(3, §.7) = _2Gm, K(k)\/(1— k2/2)7 2.9)

V(s

where iR
2 T
— . 2.10
b (r2 41?4+ 2Rr;) (2.10)
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Here K (k) is the complete elliptic integral of the first kind, artlis the cylindrical radius
R* = 7%+ ¢?, so thatkR? = r* — 2. A second ring of radius; at an angley;; to the first ring
follows a curvez = r; sin oy sin vy, wherey runs betweer) and2r. The mutual potential
energy is

Gm;m; 2
‘/Z‘j(Oéz‘j) - _m/(] K(k’)\/ 1-— k2/2 d?/} (211)
? J

wherem; is the mass of the second ring, ahdlepends om;/r;, sin c;; and+. The angle
a;; between the two rings is given by

cos a;j = cos §; cos 6; + sin 6; sin 0; cos(¢p; — ¢,), (2.12)

which reduces teos «;; = cos(6; — 0;) when the line-of-nodes are alignegt} (= ¢,). The
torque between the two rings j) is

Vi Gmym;r;r;sin 2q;;
doi; <r3j+ 5?)3/2 = Lyl rifry), (2.13a)
4 [PTEk) (1 - k?/2)
L, = — K
Y 2 Jo [ (1—k2) (k)
_ L2 3/2 -2
><(1 k*/2) sin? v da) (2.13b)

k2 \/1 — sin? Qi sin? 1/1.

We use the numerical program éfnaboldi & Sparke(1994 for evaluating the integrals
in this expression. The torques with respect to the an@e®;) follow from multiplying
equation2.139 by dc;; /06, or Oc;; / 0¢;. In the following, we will writeV,, ; = Z#Z_ V;; for
the potential energy of ringdue to the other rings, so that tistalpotential energy becomes
V(ri,0;, ¢i) = Vin(ri) + Vi For further reference we also defing; = —oV;;/06;, and
Mg ,; = —0V,,,;/00; for the total gravitational torque on rinigaround its line-of-nodes.
Figure 2.1 shows the torque between two rings with radii in the raties ../, as
a function of their mutual inclination.. The maximum of the torque occurs at very small
angles, as noted previously by Kuijken (1991) who gives figr@ximationa,,,, ~ 1.2|v —
1]. Only for @ < aax €an the mutual torque be approximated as a linear function ®hus
solutionsd(r) for the warp shape in linear theory can be scaled by a constatltiplicative
factor only so long as the local gradieit/dr < 1.2/r. Otherwise the local self-gravity
torques of the disk are no longer able to maintain the line@oity warp shape, the non-linear
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Figure 2.1: The mutual torque between two neighboring cotmicerings, whose radii,;
andr;, are in the ratio’ as specified on the plot. The linear regime is limited to tlfisoithe
peak amplitude in these curves.

equations must be used, and the shape of the warp must change.

2.2.3 Steadily Precessing Equilibria

A configuration of inclined rings precessing as a rigid bodynwonstant) will in the follow-
ing be denoted as a steadily precessing equilibrium, ottibguim for short. In earlier works
by Hunter & Toomre(1969; Sparke(1984), and Sparke & Casertan(198§ it was found
that the eigenfrequencies of linear m=1 warp modes arepreal. Papaloizou et a(1998
showed that this is a consequence of the self-adjointnesseadperator in the tilt equation
when there are no viscous or non-conservative forces. Treeeijenvectors are also real and
thus the warp has a straight line-of-nodes and no spitalitythe light of these linear theory
results our effort will also be to find equilibria where alethings have the same azimugh
The condition that all rings maintain constant inclinatién= 0, implies alsopy = 0, and
for a given precession rate the simultaneous solution of this equation for each of thgsr
determines the inclination angles, i.e. the equilibriurapghcorresponding to this value of
$. We note that for) = 0 equations 2.5 admit a trivial tilt solutiond; = const. but will

1The line-of-nodes for a set of orbits is here defined as theruoi points where all inclined orbitg{+ 0)
with respect to the reference plane intersect this plane.
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assume) # 0 in what follows.
From equations2.59 and @.23 we can solve for the precession rate of ring
Q,
cos 6,

02 2 oV

+ ;
cos?0;  myr?cosb;sinf; “— 00,
j

¢i = +

(2.14)

whend; # 0. HereQ; = \/GM,y,/r? is the angular velocity of particles on the ring around
the black hole, and the terdn’; 9V;;/00; is the torque on ring caused by all other rings
The precession rate can therefore be fast or slow, corrégmppto the plus and minus signs in
this expression. When the interaction potentiglincreases away from the plafie= 0, the
second term in the square root is positive, so that the slewgssion is retrograde (< 0).
In the remainder of this paper we focus on such slow retragpsecession.

The components of angular momentum along the origing), z) axes for a single ring

read:
sin ¢; (py, — Pg,; cos b;)

lmi = Py, COS ¢i + sin - ) (215)
o8 bulpy, — P, co80,

b = posin g, — 0P Do cosh) (2.16)

L. = ps.. (2.17)

Let us assume that we have found a precessing equilibrium $aving equations3(21-
3.24), with py, = 0, pg, = 0, andp,, = const., ¢ = const., ¢; = ¢. Inserting equation(59
and @.22 into the expression fak,,, simplifying and summing over all rings gives the total

sin ¢ 0
zgg—;zm—— J ;6—@%—0 (2.18)

angular momentum

which sums to zero because for each pair of rings with intenagotentialV;; the torques
are equal and opposite. Similarly, the tdtal= 0. Thus the total angular momentum of such
a precessing equilibrium configuration is parallel to thaxis. By construction, the angular
momentum of the precession alone is also along:ta&is, i.e., the disk precesses around
the total angular momentum vector axis.

For a uniformly precessing configuration, additional ifsignay be obtained by moving
to a coordinate system which rotates around the angular mimeaxis with the disk’s
precession frequenay (Kuijken 1991). In this reference frame the shape of the gssing
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disk is stationary, but the particles in the different risgi§ spin about their rings’ symmetry
axes. If the particles in ringrotate with velocity)(r; )r; in the positive sense, they experience
a Coriolis force in the rotating system which, integrate@rathe ring, results in a Coriolis
torque on ring along thepy-axis (line-of-nodes), given by

Mc,; = —mier(ri)gisin 0;. (2.19)

For0 < 0 < «/2 and negative) this torque is along the positive-axis, i.e., is trying

to retard the ring relative to the rotating frame. Becauser#irograde precession speeds
are small, we can neglect the centrifugal force terms. Ig thse, a stationary precessing
configuration is obtained when the forward gravity torques the retarding Coriolis torque
balance in the rotating frame.

2.2.4 2-Ring and 3-Ring Cases

The argument just described suggests that there shouldsésaslily precessing 2-ring con-
figurations in which one ring is tilted above the plahe 0 and a second ring is tilted below
this plane. Both rings are pulled towar@ls- 0 by the gravitational force from the other ring.
The resulting gravity torques cause the angular momentwutorseof the two rings to precess
in the same sense, and are balanced by the Coriolis torqties precessing frame. To find
such configurations we need to soj¥e= 0 using eq. 2.59 for both rings simultaneously.
Assumingg < €2, we can neglect terms of ordé?; then using eq.3.23 the equation for
the inner ring at; becomes

Vi

sinfy ~ — JmarQ(ry)¢ (2.20)
06,
and the ratio of the two equations is
sin 0/ sin 0y ~ —mayr3Q(ry) /myriQ(ry), (2.21)

wherem;y, my are the two ring masses,, r, their radii, 61, 6, their inclinations, and/,
the interaction potential. Given the ring masses and radita, say, we can determine from
these equation4,, the interaction potential, and thus finally the precessia¢ required
for steady precession.

Using the expression ir2(133 for the torque between the rings, equati@®(Q) can be
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Figure 2.2: Relative inclination of two rings precessingdther around a central makg,,,

as a function of the square root of the ratio of their radiie Tombined mass of the two rings

is 0.5% of the central mass, approximately as in the Galactic cerftbe different curves

are for various values of the precession frequency of therimg system, in units of the
Keplerian frequency at;.

cast into a more useful form:

gi) _ sin2a Ip(a,v) Vi my
0 sin 6, (14 v2)3/2 My,’

(2.22)

where the angle = 6, — 0y, v = ro /11, p = my/mq, andl;, denotes the integral expression
of equation 2.13h.

Figure 2.2 shows the differenc@, — 6, between the inclination angles of the two rings
versus the square root of the ratio of their radji/r, for different precession frequencies,
expressed in units of the Keplerian frequencyatThe combined mass of the two rings is
chosen to b@.5% of the central mass, approximately as inferred for the systetwo stellar
rings in the Galactic centeGGenzel et a].2003. 0, — 6, increases with decreasing precession
speed when the mass ratio is fixed. E2@) shows that the same precessing equilibrium
configuration can be obtained by changingx M, = m; + m, and leaving all other pa-
rameters unchanged. More massive rings must precessftastiee same inclinations. Thus
the sequence of curves in Fi@.2 can also be interpreted as a sequence of fixed precession
frequency but with mass ratib/, /M, increasing from bottom right to upper left.

Next consider three rings. In this case, each of the ringsgsses in the potential of
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Figure 2.3: 3D view of a 3-ring system. The middle ring liessd to the equator, while the
others are distributed almost symmetrically around it.

the other two rings, and the reference frame is defined bydh&mon plane of precession
perpendicular to the total angular momentum vector. Agaifeq. 2.53] should be zero at
equilibrium for each of the rings. We can sum these threeteans

3

> mir? . :
Zﬁei = Z (#QZ)Q sin 6; cos 0; — ¢py, sin 02)

=1
3
DY %‘gﬂ _o. (2.23)

=1 j#i

TheV;; terms cancel sincgV;; /06, = —0V;;/06,. The remaining terms can be rewritten as

3
b (;mzrf sin 6; l—Q(ri) + %Q‘ﬁcos 04) =0, (2.24)

making use of eq.3.23. This shows that, apart from the no-precession soluticteadily
precessing equilibrium is possible only when at least onthefrings lies on the opposite
side of the equator with respect to the others, i.e.,thas 0. Likewise the two rings of a
precessing two-ring system must lie on opposite sides oédjuator. Figur.3shows as an
example the 3D view of a 3-ring system with mass = 0.05M,,, and¢ = —0.0021(r3).
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Figure 2.4: Inclination of a disk of constant surface dsnait different radii. The model
consists of 35 rings precessing at a rate ef —10~2 units, so that)/Q(r..s) = —0.0021 on
its middle (reference) ring. Each curve corresponds tofaréifit\/,/M,, mass fraction. The
warp becomes more pronounced when the disk mass is incretisedmallest and highest
masses correspond to the limits for stability (see Se@i@ry).

2.2.5 Approximation of A Disk With n-Rings

We now consider a disk represented as a collectionaafncentric rings. To find a precessing
equilibrium, we solvep, = 0 (eqgs.2.59 for all rings simultaneously, summing over the
torques from all other rings (eg2.139. These are: equations for n+1 unknowns, the n
inclinations®; and ¢, which we solve keeping fixed (Arnaboldi & Sparke 19942. Figure
2.4shows a sequence of equilibria obtained for a constantcidansity disk consisting of
35 rings. On each curve, the extent of the disk. Ar = rq,, — 71,) is fixed at2.2 units, and
the precession rate lﬁﬁ/Q(rref) = —0.0021 whereQ)(r.) is the circular frequency on the
middle (reference) ring. The disk mass fractibfy /M, varies from0.16% to 21%. As the
mass of the disk increases, the degree of warping increasemtcally so that the Coriolis
torques can keep the balance of the gravity torques. The bhape of the disk is similar to
that of the system of three rings in F@.3. The middle rings lie closest to the equator, while
the inner and outer rings are almost symmetrically distetaround it.

Obviously, the larger the number of rings the better the @gpration to a continuous
disk. Figure2.5shows the convergence of the total torques (upper panel)pfahe inclina-

Note that this does not work in linear theory because thatiselution can be scaled arbitrarily, i.e., one
of thed; can be eliminated.
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Figure 2.5: Convergence of the total torques (upper paaed) jnclinations (lower panel), for
the innermost (solid lines) and outermost rings (dot-ddsines), when the number of rings
to represent the disk is increased but the extent and theoh#ss disk are kept fixed.

tion angles obtained in steadily precessing equilibriusw@r panel), for the innermost and
outermost rings, when the number of rings to represent thleidiincreased but the extent
and the mass of the disk are kept fixed. One sees that quite bemwhrings are needed
before the torques converge. The inclination of the outdrianer rings have approximately
converged when 2 30.

2.2.6 Scaling the Solutions

Now we go back to the equilibria themselves, in particulathi® question of their scaling
properties. When the torque on ringrom all other rings is decomposed as

- 8‘/;] . 6‘/13 aOéZ‘j
Mai==2 5ot = —zj:aaij 0 (2.25)

the mass- and radius-dependent part is the first derivatiieer.h.s. The second factor in
each term of this sum depends from equati2ri® only on the two sets of angles, ¢;,
8;, ¢;. For equilibria with a common precessing line-of-nodes,= (6; — 6;), so the deriva-
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Figure 2.6: Top: Values-D;/2A; (eq.2.28 for a system ob rings with the parameters
described in the text. The absolute value of the precesgieedsincreases along the curves
from top to bottom. Bottom: Parameter scaling of this syséecording to eq.4.28. This
figure shows a zoom into the region where the orientation efithring predicted by the
scaling deviates from the orientation in the original 5 rmgdel (shown as the solid line).
Dots show when the black hole mass is increased by a factoraofl4he ring mass is in-
creased by a factor of 2, the dotted-dashed line shows wiegiadhius is increased by a factor
of 4 and ring mass by a factor of 8, and the long dashed line sidven the scaling is done
by increasing the precession rate by a factor of 2 while esirey again the ring mass by a
factor of 2.
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tive is always unity. For the potential derivative terms, wge equation.139 and express
all ring masses and radii in terms of the mass and radius diegerece ring, i.e., we write
Wi = m;/Myes, Vi = Ti/Trer, @nd similar forj. Then .25 takes the form:

M, uz,ujyzyj sin ozzj I
7nref V + V

(g, vi, vj) (2.26)

-~

where we denote the expression over the brade; A2. For each precessing equilibrium disk
configuration as in Fig2.4 D; is a constant, and the torques on all rings scale as’ ; /7.

If we now go back to equatior2(14), insert equation.26), and normalize the precession
rate with the circular frequency at the reference radiys, = (G M, /r3;)/?, we find

¢; 1 v; cos b; Myef
- 14+ /1 D, . 2.27
Qet ) /2 cos b; - pisind; My, (2.21)

For negative) and after a Taylor expansion of the term in the square rogrompiate for

slow retrograde precession, equati@r2{) becomes

'z' Dz re Dz re
% o _ = Mhref i Ihrel. (2.28)
Qe 2;% sin 0; Mon 2A; My,

A precessing equilibrium is one for which all rings precegthe same common frequency,
é; = ¢. Equation 2.28 thus shows that for a fixed precessing disk mass configuréitie,
fixed ring masses, radii, and inclinations, hence fixed2A;), the precession raté scales
proportional to the Keplerian frequency at some refereadaus in the disk and proportional
to the disk-to-black hole mass ratio. Vice versa, equaa2g can be interpreted as a scaling
relation which says that a precessing equilibrium solutemains unchanged in shagg)(
under changes of the disk mass, disk radius, black hole raadgrecession rate, provided
the ratio(¢/Qe) /(My/Myy) is held constant.

Figure2.6 depicts the values of D, /2 A, for a system ob rings. The radii of the rings
are calculated such that = <! x r, withi = 1,2,.n, k = 1.07, r;, = 5.75, and
n = 5, so if the third ring is the reference ring; = 3. The ring masses are assumed
to all have the same valué,5516, sou; = 1, the black hole has a mass of 51.16, and
M/ My, = 0.054. On each curve in Fi2.6, the precession rate increases with steps of
—5x 1075 (Ag/Q(rs) = —1.18 x 10~*) starting from a value of-1 x 10~ (i.e.,$/Q(rs) =
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—2.4 x 107%) at the top. We checked the accuracy of the scaling and of algulations
by computing— D, /2 A; values for different parameter pairs of the system that lshgiwe
the same-D,/2A; according to equation2(28. We overlay the results for the first ring
and precession speedQ(r;) = —0.0021, in the lower panel of Fig2.6, zooming into the
parameter region-2.3 < D;/2A; < —1.9 where the different curves deviate from each
other the most. In the worst case, due to the scaling of tlgeradii, the deviations of thé’s
from their values for the original 5 ring system are stilldésan1°. Changes in radii cause
the largest deviations from the scaling relation becaugketvay in which they enter in the
quantity D, (equation2.27). The scaling results for the other rings are similar.

2.2.7 Stability

In this section we investigate the stability of the preaagsequilibrium solutions found
above. Hunter & Toomre(1969 proved that isolated thin self-gravitating disks are k&ab
to allm = 1 warp perturbations and this carries over to disks embedudsgherical or oblate
potentials (e.gSparke & Casertand988. We show here that the non-linearly warped pre-
cessing disks can be both stable and unstable to generdikengerturbations. We describe
small perturbations of the precessing disk solutions bylittearized equations of motion
around equilibrium:

n, = Thipy,,
8p9 ‘
Ap; = aﬁ:ée'A0i+%Ap¢i,
2 2y, 2 .
g@ a";i Z g@ ai;al - gegg; A6
2
D A @29

HereT; andV,, ; are the kinetic and potential energy terms in the Hamiltoiia?) for ring
i, respectively, and the partial derivatives are evaluatedeaequilibrium solutiorn(d;, ¢; =
const., pp, =0, py, = 0). The kinetic terms in equatior2 29 can be found in the Appendix
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Figure 2.7: Change of the shape of a solution near the lowblesboundary of Fig2.4with
the number of rings used to represent the disk. The diskackthole mass ratio, precession
speed, and number of rings are given on the plot. The leti€rafd “s” in parentheses
following the number of rings stand for unstable and stabletens respectively.

B. These linear equations have solutions of the fetf\f,, . . . etc., where\ = \z £ i)z,
with its real and imaginary parts. The (constant) coeffisesf the A terms in equation
(2.29 form a matrix H which carries the information on stability/hen the real parts of the
eigenvalues of the matrix H\zx = 0, the imaginary parts of the eigenvalugs,,, constitute
a rotation matrix through which the solutions oscillateusr® the precessing equilibrium
with frequencies\z,,,, and the equilibrium is said to be stable. Whepn < 0, the solutions
spiral towards the unperturbed equilibrium positionsdieg to asymptotic stability of the
equilibrium. If, however, any of the eigenvalues have a eoozeal parthr > 0, the system
moves away from equilibrium exponentially, and is unstable

For determining the stability of any of our precessingng solutions, we compute the
4n x 4n stability matrix 4, using the equilibriunté;, ¢; = const., pg, =0, ps, =0). We then
evaluate the eigenvalues of the matrix H, using routine BI2& the Numerical Algorithms
Group (NAG). This routine is suitable for computing eigelmeés and optionally eigenvectors
of real matrices.

First, we briefly discuss one example for the convergencleelinear stability results. In
Section2.2.5we had already discussed the convergence of the gravightiorques, and of
the inclination angles obtained for the precessing equuiib solutions, as a function of the
number of rings used to represent the disk (seeZhy. Figure2.7 shows how the shape of a
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Figure 2.8: 35-ring-disks with constait,;/M,, = 0.05 but different sizes. The curves
from left to right show warped disk solutions for which thegcradius-,. is shifted to ever
higher values while correspondinglyis decreased to kem fixed. The innermost and
outermost ring inclinations are identical for all disks,eapected from the scaling relation,
and all rescaled disks are found to be stable.

solution near the lower stable boundary of RAgd and its stability changes with the number
of rings used to represent the disk. The transition fromabistto stable occurs at a disk
mass fraction of\/,/M,, = 0.0018,0.0013,0.0011, 0.0011 for n = 15, 25,45, 75 rings. This
shows that the transition has approximately converged whent5.

Next, we consider the issue of scaling. We have already $esriite equilibrium solu-
tions can be scaled in radius, mass, and precession spamdiagcto the approximate (but
accurate) scaling relatior228: the angled); for all rings in the disk remain unchanged
if the precession speed expressed in units of the angulgudrey scales linearly with the
disk-to-black hole mass fraction. Figu2e8 shows disks with\/,;/M,;, = 0.05 consisting
of equal mass rings with constant ratios of all ring radiatele to each other. Keeping the
ratio /72, constant, we have moved the midpoints of these disks tousradii. All these
configurations are stable, and actually represent a simiaped disk (i.e. innermost and
outermost inclinations being the same) at different dis¢arfrom the black hole.

Figure2.9illustrates the stability properties for these disks whHemdisk mass and pre-
cession speed are changed simultaneously. The boundétles stable solutions obtained
for a fixed disk mass configuration, i.e., a configuration wahstant ratios of all ring masses
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Figure 2.9: Schematic representation of stable warpedstikkions in theM /M, versus
d)/Q plane. The two inclined dashed lines enclose the stabl®emeghe upper (lower)
dashed line corresponds to the maximum (minimum) stableegston frequency at fixed
disk-to-black hole mass ratio. This diagram is for diskswtiite same surface density profile
and inner and outer boundarigs, ro,t.

and radii relative to each other, are shown by the two dashed In the figure. All stable

solutions lie between the two lines. These dashed linesesa®ynstraight, indicating that the
minimum and maximund)/Qref solutions at different mass fractions can be essentiadliesc

to eachother - if the same (scaled) equilibrium solution thasstability boundary for all mass
ratios, the lines would reflect the scaling relation of @327 resp. eq.2.28 precisely.

Figure2.9shows that for each ratio of disk mass to black hole massg ikexr minimum
and maximum stable precession sp&#@, and vice-versa. (see Fig.4and Sectior2.3.1
below). The minimum (maximum) stable mass for giveff) is stable for all precession
speeds lower (higher) than the origim'a/IQ, until the other boundary curve is reached. For
other disk mass configurations, the range of stable mass iatid the corresponding bound-
ary lines change, but the qualitative behavior remains dinges
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Figure 2.10: Inclination of a disk of 35 rings at differendiiefor M,;/M,, = 0.0016. On
each curve the precession frequericigas a different value, given on the figure in terms of
the orbital frequency at the position of the middle ring. Tipper and lower curves show the
boundaries of stable solutions. See Sec8d¢h7and Fig.2.9.

2.3 Steadily Precessing, Non-linearly Warped Keplerian
Disks: Results

2.3.1 Warp Shapes and Warp Angles of Stable Precessing Disks

We have already seen in the discussion of three-ring andghsiystems in Sectio®.2 that
self-gravitating precessing disks in a Keplerian potért#gn be strongly warped. In fact,
some of the disks shown in Fi@.4 are so strongly warped that they would obscure the
central black hole from most lines-of-sight.

In this section we discuss these results in more detail.rE@0shows the warped stable
equilibrium solutions obtained for a sequence of disks wahying precession frequency.
These disks have constant surface density between fixed amueouter radii, and a total
disk-to-black hole mass ratio df/; = 0.0016M,,. The solutions shown in Fig2.10are
all linearly stable, according to the analysis describe8antion2.2.7. Outside the range of
models bounded by the upper and lower curves one can fincefugtiuilibria, but these are
unstable.

By construction, these disks have a fixed line-of-nodeslatédli, and their shapes are
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Figure 2.11: Variation with disk-to-black hole mass ratfdhe inclinations of the outermost
(f > 0) and innermostd < 0) rings of a 35-ring warped disk with,, /r;, = 1.44, for two
different values of the precession frequency. The figurevshmow the warping increases
with increasing disk mass fraction and with decreasinggssion speed, and also illustrates
the scaling relation of equatio2.28. Up to numerical errors, the minimum and maximum
values off are the same on all two curves.

given in terms of the inclination angkerelative to the plane defined by the total angular
momentum vector. In all cases there is a middle section afiglewhich lies approximately
in this plane, whereas the inner and outer parts warp away finis plane in opposite direc-
tions. For the most strongly warped stable solution in BigOthe inner warp is by~ 180°
and the outer warp by 120°. This is obtained for the lowest stable pattern speed, inracc
dance with the balance between gravitational and Coriolgues [see Fig2.1and equation
(2.19]: the torques are weakest for the large inclinations. Tais be seen already in the
two-ring problem [see equation®.20 and @.22)]. The least strongly warped disk solution
in this example has inner and outer warp&5 — 30°.

The variation of the maximum inner and outer warp angles Witk mass fraction is
shown in Figure2.11for fixed precession frequency and radial extent of the disle curves
with # > 0 represent the outermost ring inclinations, and those fvithO show the innermost
ring inclinations for different precession speeds. As weetalready seen in Fig2.4, 2.1Q
these inclinations increase with increasing disk massitna@and with decreasing precession
speed. Fig2.11also illustrates the scaling relation of equati@r2@. Up to numerical errors,
the different curves can be scaled on top of each other.
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Some three-dimensional illustrations of warped disks ftioismifamily are shown in Figure
2.12 From top to bottom, these plots shows warped disks witheeing amplitude of the
warp, such that the disk in the bottom panel of Rd.2completely encloses the central black

hole.

M_d / M_bh = 0.0018 M_d / M_bh = 0.005

M_d / M_bh = 0.2

Figure 2.12: Three-dimensional views of several 15-ringkslisimilar to those shown in
Fig. 2.4, with mass ratios given on the plots. The degree of warpiogeases with the disk
mass fraction until (for disk mass fraction greater thapercent) the central black hole is
completely hidden behind the warped disk.
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2.4 Comparison with Linear Theory Solutions

Previous work on warped and twisted disks around black H@eoften made use of the lin-
ear approximation, in which the inclination angles of alitpaf the warped disk are assumed
to be small. Itis therefore interesting to briefly considwer linear limit of our analysis above.

For small warping angles,;;, the self-gravity torques simplify considerably. Becatrse
leading term in equation2(133 is alreadyO(c;;), only theO(1) part of thel;; terms in
this equation need to be included, while the next ordr;;), can be neglected. Thus in
computing/;; thek? term for ring;j in equation 2.10 can be approximated as:

2 4T’Z'T’j

S )2 )2 (2.30)
and thel;; term can be integrated to give
1 [ Bki) (1= k3,/2) (1—k2/2)
R . — K(kij)| ——2——. (2.31)
ij )
T 1-— k:fj k:fj
The mutual torque on ringfrom ring j becomes, to first order in;;,
a‘/; . 8VU 80@-]» - 2Gmimjrirj[ijozij 80@-]» (232)

692 n aOéZ‘j 8@ - (T’i +T’j)3/2 8@ '

For a precessing equilibrium when = ¢,, o,;; = 6; — 0;, the equation,, = 0 becomes to
0(9):

, Lo T2 : " 2Gmymyrir; L (0; — 0,)
Do, = =0 = pubi = Y 02 +;]2;3/2 L~ = 0. (2.33)

j=1

Equation 2.33 is a quadratic eigenvalue problem for the precession &egies with the
following form:

Q) = (MM 4+ XC + K)z = 0. (2.34)

In order to solve equations lik& 34, one first makes a linearization. This can be done
by substituting: = Az, in which case equatior2(34 becomes\Mu + \C' + Kz = 0, and
can be written as the generalized eigenvalue problem (GESdur & Meerberger2001):
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Here, | is then x n unitary matrix,n being the number of rings, and the matrices M, C

ul — Mzl B 0 I
Kz —Cu—XMu | | =K —-C

and K follow from equationZ.33. As can be seen from the matrix equati@3), the
transformation doubles the size of the original matrix. Theeigenvalues correspond to the
precession frequencies, and their associated eigens&tqﬁ@i] give the shape of the warp.

We use the NAG routine FO2BJF to find the eigenvalues and eagéors of equation
(2.35.

The2n eigenvalues constitute two distinct families in the fremgyespectrum of the disk;
the fast prograde, and the slow retrograde frequentiesiter & Toomre 1969. In fig-
ure .13 we show the full spectrum of precession frequencies fors& df 35 rings with
Mg/ My, = 0.005, andr,,/m, = 1.44. The frequencies are normalized to the orbital fre-
guency at the position of the reference (middle) ring. Thehed line separates the prograde
and retrograde families.

Mg / My, = 0.005
25 oo,
5L oooooooOOO
© L o °
a 15
=
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Figure 2.13: Full spectrum of precession frequencies faslk with M, /M,, = 0.005, and
Tout/Tin = 1.44. The precession frequencies are normalized to the orbégLiEncy at the
position of the reference (middle) ring. The dashed lineasses the prograde and retrograde
families.

To our interest are the disks precessing retrograde witheatgo the direction of the
orbital motion. FigureZ.14) shows a zoom into this region of the spectrum.
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Figure 2.14: Normalized retrograde precession frequsrsneted in decreasing order for a
disk consisting of 35 rings wittV/; /M, = 0.005, andr,,; /i, = 1.44. First few frequencies
are shown with different symbols. They correspondite- 0 (triangle),N = 1 (filled circle),

N = 2 (star), andV = 3 (square) modes of the disk.

When sorted in decreasing order, the first retrograde freggushown by the triangle
symbol has a value of zero, and its associated eigenvegimsents a rigid tilt of the whole
disk by a constant angle, i.8; = constant. This is the so-called rigid tilt mode of the disk.
The next eigenvalue corresponds to the warp shapes we hsoresded so far, where the disk
has one radial node, i.&/ = 1 (Hunter & Toomre 1969 Sparke 1984 Sparke & Casertano
1988. This is shown with the filled circle in figure2(14), while the star and the square
symbols correspond to th®¥ = 2, and N = 3 modes respectively. In figur€.(05 we
show these mode shapes for the same disk parameters. Inlliheirig, we restrict our
discussion to linear warp shapes of the kiNd= 1. In Figure2.16 we show the modified
tilt mode in linear theory of a disk witdZ,;/M,, = 0.005, r;, = 5 andry,, = 7.2 for 40
rings. This is obtained by solving equatich33 and is shown with the dashed line. We note
that in linear theory the warp shape can be arbitrarily scakelong as the local gradient of
the tilt satisfiesif/dR < 1.2/ R (see Section.2.2; if this condition is violated, the linear
approximation to the self-gravity torques breaks down.réfuee in Fig.2.16the linear mode
is scaled to its maximum possible amplitude such that theition is everywhere satisfied.
As mentioned above, the precession frequency of this moithe iBrst nontrivial eigenvalue
in the retrograde family, and here it has a vaIUé)dflref = —0.0103 when normalized to the
rotation frequency of the reference ring. For this freqyen® then solve equatior2 (69 to
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Figure 2.15: Different mode shapes for a disk of 35 rings witl/M,, = 0.005, and
Touw/Tm = 1.44. The N = 0 mode shown by with the triangle symbol is a simple tilt of
the disk where all the rings have are at the same inclinatdén= 1 mode shown with the
filled circle contains a single node in the radial directibtigher order shapes are depicted
with the star and the square symbols for= 2, and N = 3 respectively.

obtain the nonlinear warp shape shown by the solid line imf€ig.16 The larger curvature
of the non-linear warp near the inner and outer boundarigbeotlisk, with respect to the
scaled linear mode, shows that the linear approximatiomestienates the torques in these
parts of the disk.

However, the main difference between linear modes and imeasl warps is that, for
a given mass distribution of the disk (surface density pepfihner and outer boundaries),
the precession frequency and shape of the modified tilt mod@ear theory is uniquely
determined, whereas non-linear equilibrium warp soliamay exist for a range of pre-
cession frequencies and warp shapes or, e.g., for extensles] dhay not exist at all. For
the case shown in Fi@.16 non-linear warped equilibria are found for precessioquen-
cies in the ranga%/Qref = —8.87 x 107 — —1.16 x 1072 and are stable in the range
¢/Qer = —9.24 x 107° — —9.63 x 1073, The particular non-linear warp shape obtained for
the frequency of the linear mode and shown in Rig6is unstable.

Alternatively, the warp shape may be parameterized by tblenation of the outermost
ring, say,d,. Linear theory warps can in the previous example be corsidealid up to
0,, ~ 10°, and have all the same precession frequency. Non-linegr mades are found in
the ranged,, = 19.1° — 130°, and are stable in the rangg = 20.9° — 129°. They are



2.4. COMPARISON WITH LINEAR THEORY SOLUTIONS 51

20
15 f
10 |

210 F .
@/ Qpef = -0.0103

inclination (degrees)
o

-15 )

non-linear
20 F linear -
_25 I I I I I

5 55 6 6.5 7

radius

Figure 2.16: Warp shapes for a disk with,/M,, = 0.005 as obtained in the linear (dashed
line), and nonlinear (solid line) torques regimes, for tame precession speed. The linear
mode is scaled to the maximal amplitude for which the lingggraximation to the grav-
itational torques can be used. The non-linear disk shapeterrined for the precession
frequency given by the eigenvalue of the linear mode,; it istalle. Stable non-linear warps
for this mass configuration have lower precession speedaranaiore strongly warped than
the solution shown.

disjunct ind,, from the linear modes, and their precession speed decre@begs, according
to the balance of gravitational and Coriolis torques.

2.4.1 Dependence on Surface Density Profile and Radial Exten

The warped disks presented in Figs4, 2.11 have constant surface density. For compar-
ison, Figure2.17 shows the warping of an exponential disk, with surface densir) =
Yoexp(—r/ry) whereX, denotes the central density angis the scale length, chosen to
be 2.5 units in this example. The other parameters (relatingeradii, precession speed) are
identical to those used in Fi@.4. The basic warp shapes are similar as for constant sur-
face density, but the maximum outer warp angles are sligatlyer. The range of stable
disk masses is also comparable to that for the constantceudansity disk (for the same
precession speed); see the curves showing the boundastbdity in Figs.2.4, 2.17.

Because the condition for a warped equilibrium is that theidle and gravitational
torques balance, clearly not only the mass fraction and m&ssbution, but also the ra-
dial extent of the disk must be important for determiningwaep shape and its stability. To
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Figure 2.17: Inclination of a 35-ring-disk at different riaas in Figure2.4, but for an expo-
nential surface density profile with scale length= 2.5. The precession speed is identical
to that in Fig.2.4. The upper and lower curves correspond to the limiting matsss for disk
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Figure 2.18: Stable warped equilibria for 35-ring-diskghaconstant surface density but
varying radial extent, and withh/; = 0.01M,,. The solid and dashed lines demarcate the
boundaries of the region of stable solutions.
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Figure 2.19: Maximum radial extent of stable warped diskiléria r,, /7, as a function of
disk-to-black hole mass ratio. The dashed line represkatssult for a disk of 15 rings with
constant surface density, the solid line is for an expoaédisk with scale-length, = 5.2,
and the dot-dashed line is for an exponential disk with stelgthr; = 2.5. The inset shows
results obtained for the constant surface density disks\wistead approximated by 45 rings,
near the mass ratio with maximury),; /7;,. Typical ratios are . /ri, =2-4.

investigate this we compiled a set of precessing equiliwiih varying radius scaling factor
k, as follows (see also Secti@2.5. After fixing the radius of the middle ring of the disk,
rmid, W€ determine the remaining ring radii such that

j=i—" nodd ,
1=1,2,...,n (2.36)
j=1—% n even

wheren is the number of rings. For illustration, we consider a fgnaif disk models with
the same disk-to-black hole mass fractilp = 0.01/,;,, each with its own constant surface
density given by\/,; andx. All disks are made of. = 35 rings, and the middle ring radius is
set tor,,;g = 6 units.

Figure 2.18 shows precessing equilibria for such disks for differentThe upper and
lower curves show the two disk shapes that bound the stabdgeraf solutions in terms of
the k-factor. In the case where the rings have minimum possilgars¢gion from each other,
the inner ring has a radius of = 5.7 units, and the outer ring hag = 6.3 units. On the
other hand, for the most extended stable disk in this famjly- 3.9, andr,, = 9.1. When
the extent of the disk is increased, a slight decrease in #iping is observed in Fi2.18
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This is due to the fact that the torque from a ring of constaag$decreases with distance to
the ring, cf. equation.133.

Figure2.19shows the radial extent of the disk,; /;, for which stable warped equilibria
can be found, for different surface density profiles and asnatfon of disk-to-black hole
mass ratio. The most important result of these calculaistist stable non-linear warps can
be maintained only for disks with inner and outer boundaf@swhich /i, ~ 2-4. This
is reminiscent of the result dlunter & Toomre(1969 that in linear theory only truncated
disks permit long-lasting bending modes.

2.4.2 Time-Evolution of Ring Systems

In this section we consider the explicit time-evolution iracessing system of self-gravitating
rings in a massive black hole potential. By integrating tipgegions of motion, equation3.@1)-
(3.29), starting from initial conditions corresponding to onetloé precessing disk solutions
found earlier, we can check the stability of this solutioredily and compare with the linear
stability analysis.

In these integrations, we use disks of 20 equal mass ringsllggpaced in radius. The
ratio of the outermost ring radius to that of the innermosgns 1.44. The initial ¢; are
obtained from precessing equilibrium solutions; all rifgse the same line-of-nodes, i.e.,
the same initial;. The equilibrium precession speed is givenb{,.; = —0.0021.

In the following figures, symbols starting from the outerct@r show the variation of
inclination 6 with ring radius, where the ring radii are shown as distarica® the center
of the plot, with scale shown on the lower right. The symbadstang from the inner circle
show how the azimuthal angle changes with the ring radius; for this part of the plot, the
ring radii are scaled down to the half of their values to maeefigure more easily readable.
The elapsed time of the integration is shown on top of the éguin terms of the number of
orbital periods at the position of the outermost ring/heregi)/Qn = —0.0027.

Figure2.20shows the time evolution of a disk of 20 rings witly, = 0.05M,,;,. The disk
stays in equilibrium forl2 orbital periods, consistent with its linear stability. &g 2.21
shows the evolution of disk of 20 rings withl; = 0.1M,;,. This disk precesses as a unit
for 8 orbital periods, but then it starts to break into panence the disk is unstable, as also
predicted by linear stability analysis.

To strengthen the agreement between linear stability amel évolution results, we inte-
grate two of these ring systems for longer. Figuze&?and2.23show the time evolution of
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Figure 2.20: Time-evolution of a disk of 20 rings with totaagsN/; = 0.05M,;,. The disk
is stable.
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Figure 2.21: Time evolution of a disk of 20 rings with total $sd/; = 0.1M;;,. The disk
precesses as a unit for nearly 8 orbital periods, but thearitssto break up, so is unstable.
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Figure 2.22: Time-evolution of a disk of 15 rings with massction M,;/M,;, = 0.005. The
disk is followed for50 orbital periods and is stable.

two disks with masse&/, = 0.005M,;, and M, = 0.02M,;,, with 15 logarithmically spaced
rings according to equatio2 (36, over 50 orbital periods. In both cases the disks are stable
as expected from the linear stability analysis.

2.5 Discussion

2.5.1 Theoretical Issues

In this work we have considered warped disks around blackshiolr which the only acting
force is gravity and the disk is approximated as a nestedeseguof circular rings. We have
focussed on non-linearly warped, steadily precessing cisiigurations, contrary to most
previous work in which small amplitude warps were consideodten of a transient nature.
We have found that stable, steadily precessing, highly @ddisks can be constructed, albeit
only over a limited radial range, such that the typical rafithe outer to the inner boundary
radius is~ 2-4.

In one illustrative case, we have compared with a linearrthe@arped disk. For a given
disk mass configuration, the precession frequency of tleafjrmodified tilt mode is given
as an eigenvalue, and the shape can be scaled up to the alaplihere the validity of the
linear approximation to the gravitational torques breatsml The corresponding non-linear
warp with the same precession frequency is unstable. Stalpldinear warps for the same
mass configuration exist for a disjunct range of precesgieeds which are all slower than
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Figure 2.23: Time-evolution of a disk of 15 rings with massction of M, /M,, = 0.02. The
evolution is followed for50 orbital periods and the disk is stable.

that of the linear mode. Their warp angles increase withabesing precession speed, and the
non-linear solutions are more strongly warped than thalimeode at the maximum scaling.

These warped disks obey a scaling relation in the sensei}ihéy can be scaled to an
arbitrary radius-, provided the precession speed is scaled to the circulguémcy(r), and
(i) they can be scaled in mass, provided the ratio of préocadsequency td2(r) keeps in
line with the ratio of disk mass to black hole mass.

In constructing these solutions, we have neglected thegoaokd potential generated
by the surrounding nuclear star cluster, whose quadrupl@eno will often be important
on scales ofv 0.1 pc. Figure2.24shows steadily precessing warped disk inclinations for
one case including the background potential. For the paesehosen, the solutions are
qualitatively similar to those discussed earlier.

Stability was tested with respect to perturbations of thg parameters, that is, the orbits
of gas and stars were assumed to remain circular. We did westigate instabilities by
which the disk would become eccentric or lop-sided. Ansmgethe question whether such
instabilities are relevant for the warped disks considére@ requires different techniques
and must remain for future work (see, e.fpuma 2002.

Neglecting gas pressure and viscosity for our warped disKisas is justified if the disks
are cold and the viscous time-scale is much longer than theepsion time-scalePringle
(1992 has devised a system of equations for the evolution of thiasai density and local
angular momentum vector of a non-linearly warped, viscask.dA logical next step is
to add the gravitational torques to these equations ang shedevolution of viscous, self-
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Figure 2.24: Inclination of a disk of constant surface digre different radii, under the self-
gravity torques and the quadrupole torques of a surroursdargluster. This is parameterized
by the ration M., /M,, wheren measures the flattening of the potential (equation (Hpzfrke
1986 and M., /M, is the ratio of the mass of the star cluster to the mass of e diside
the outermost ring radius.

gravitating, non-linearly warped disks; this is work in gress.

2.5.2 Origin of Warped Disks

An important question is whether, and if so how, the warpedear disks we have consid-
ered can be set up in nature. Infall of gas clouds on inclimbitohas been discussed in
the context of observations of the Galactic center (see sentton) as a possible model for
generating a warped disk in the central pardd¢chbs & Nayakshin2009. If the potential

of the nuclear star cluster is important, accretion of gas arnplane inclined relative to its
principal plane may lead to a warped disk. The combined queode moment of the gas
disk itself and of the background cluster potential wouldssathe orbits to precess and the
disk to become warped. In both cases, the accreting gaseatesiah with misaligned an-
gular momenta will not directly end up in a warped disk witlk tight density structure for
steady state precession. However, the disk may settle ini@rp mode if the energy asso-
ciated with the transient response can be transported ailgviy bending wavesTéomre
1983 Hofner & Sparke 1994, or in the case of gaseous disks, if it can be dissipated (see
discussion irPapaloizou et al1998); this remains to be investigated.
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Caproni et al(20060 discuss four warping mechanisms for extragalactic aiceretisks:
tidal, irradiative, magnetic, and Bardeen-Petterson. pfamar disk has become warped by
the radiation pressure instability discussedRstterson1977); Pringle (1996 or through
magnetic instabilitiesl@i, 2003, the gravitational torques might start to dominate onee th
source of the initial warping disappears. Highly warpedslisave been reported before by
Pringle(1997) in the context of the radiation pressure instability. Weéhdone some simple
time evolution calculations to show that initially highlyanwped disks often do not dissolve
through self-gravity precession; the torques then causblivay but not break-up of the disk.
The role of self-gravity in such models would be to ensurelding term persistence of the
warp. Future work along the lines discussed at the end ofagteslibsection may be able to
clarify whether this is feasible.

2.5.3 Warped Disks in Galactic Nuclei

Warped disks around central black holes have been infenmedigh observations of water
maser emission in several nearby active galaxies such as M&58, NGC 1068, and the
Circinus galaxy. The maser disks in these galaxies extedidllya between(0.16 — 0.28

pc (Herrnstein et a).1999, 0.65 — 0.11 pc (Greenhill & Gwinn 1997, and0.11 — 0.4 pc
(Greenhill et al. 2003, respectively. The most widely studied of these masersdiskn
NGC 4258, where from the near-Keplerian rotation curve ef tigh-velocity masers the
black hole mass is deduced toh8& x 107M, and the dynamical upper limit to the mass of
the disk is< 1050, (Herrnstein et a).2005. Stationary, power-law accretion disk models
constrained by theory and observations have mass fractioris- 10~3 of the central black
hole, in which case the gravitational and viscous torquescamparable Gaproni et al.
2007 Martin, 2009. Several explanations have been suggested for the oldsem in
the disk Caproni et al.2006h. In one model the warp is caused by a binary companion
orbiting outside the diskRapaloizou et al.1998; this would need a mass comparable to
that of the disk. A second possibility is radiation presduoen the central sourcePfingle
1996 Maloney et al, 1996, butCaproni et al(20060 analyzing several AGN disks find that
these are stable against radiation warping. The most fdw@xplanation for the warp is the
Bardeen-Petterson effec@dproni et al.2007 Martin, 2008 but to reach a steady state the
disk must be very long-lived. Gravitational torques havdasdeen mostly neglected; our
results suggest that it may be worthwhile to consider madelsding both the gravity from
the disk and possibly the quadrupole moment of the stellgp.cu
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In the Galactic center, NIR observations have identified ongossibly two disks of
young stars at a distance©f0.04 to 0.4 pc from the central black hole SgrAGenzel et al.
2003 Paumard et al2006 Lu et al, 2009 Bartko et al,2009. These stellar disks are highly
inclined both with respect to the Galactic plane, and wiipezt to each other. The total mass
in the disks, as inferred from stellar number counts, isadd* M., (Paumard et al20086.
This is a non-negligible fraction of the mass of SgrA¥,,, ~ 4 x 10° M., (Genzel et al.
200Q Ghez et al.2005. The recent analysis ®&artko et al(2009 shows that the clockwise
rotating disk is warped, with angular momentum directioewshg over~ 60° from the
inner to the outer stars. We consider the precession of theadalisk in the Galactic center
elsewhere.

Warped disks could also have important implications forthiécation of AGN Phinney
1989. The unification theories rely on the obscuration along esdimes-of-sight of the ra-
diation from the central source by intervening matter. \&lilis obscuring matter is usually
depicted as a doughnut-like torus, an alternative pogyislithat it could have the shape of
a flared or warped disk. The highly warped solutions disaisg®ve in principle provide
the geometry to obscure the central engine from most lifiessght. The obscuring medium
required for these unification scenarios must be clunNsnkova et al.2002, perhaps sug-
gesting fragmentation of the dis&podman2003. Nayakshin(2005 studied the evolution
of a highly inclined warped disk, where he showed that thk idideed can conceal the central
object for most of its lifetime. In the nonlinear regime, wead disks can obscure a significant
part of the solid angle of the source (see Figufin Section3.4above). RecentlyVu et al.
(2008 showed that because the outer parts of a warped disk regéarger fraction of the
central emission, the line ratios of the reprocessed Batimession lines can be successfully
predicted by a warped disk model.

2.6 Summary and Conclusions

In this paper we have investigated non-linearly warped s@ditions around black holes for
which the only acting force is gravity. We used a simple madl&hich the disk is approxi-
mated as a nested sequence of circular rings. We have shatnith these approximations
stable, steadily precessing, highly warped disks can bstagied.

These disks have a common line-of-nodes for all rings. Ircadles there is a middle
section of the disk which lies approximately in this planéeneas the inner and outer parts
warp away from this plane in opposite directions. The wamglesof these solutions can be



62 CHAPTER 2. SELF-GRAVITATING NUCLEAR WARPED DISKS

very large, up to~ +120°, but they extend only over a limited radial range, such that t
typical ratio of the outer to the inner boundary radius-if-4. Such precessing equilibria
exist for a wide range of disk-to-black hole mass ratidg/M,,;,, including quite massive
disks.

The stability of these precessing disks was determinedyusiear perturbation theory
and, in a few cases, confirmed by numerical integration oéth&ations of motion. We found
that over most of the parameter range investigated, theepsaty equilibria are stable, but
some are unstable.

These disks obey a scaling relation: they can be scaled iwaaybradii , provided the
precession speed is scaled to the circular frequél{ey, and they can be scaled in mass,
provided the ratio of precession frequency1¢-) is changed, in good approximation, pro-
portionally to the ratio of disk mass to black hole mass.

The main result of this study is that persistent forcing & tlisk other than by its own
self-gravity is not necessarily required for maintainingpa-linearly warped disk in a Keple-
rian potential. Further work combining self-gravity witagyphysics etc. will show whether
these self-gravitating warped disk solutions help to usi@derd the observed warped disks in
galactic nuclei.



CHAPTER 3

ON THE ORIGIN OF WARPED STELLAR
DISKS AT THE GALACTIC CENTER

The Galactic Center hosts population of young stars whidbitdggrA* on clockwise and
counter clockwise orbits on the plane of the sky. The clakwibits form a well defined
disk, and a secondary disk of the counter clockwise starssis ldecoming pronounced in
some of the recent observations. While the formation okstathe close proximity of the
massive black hole is already problematic, their orbitahfiguration makes the situation
even more bizarre.

We present a possible warped disk origin scenario for théses,swhich assumes an
initially flat accretion disk becoming warped due to a cehtediation source via Pringle
instability, or due to a spinning black hole via BardeentBeton effect. The young stars
form after the disk becomes warped. The warped disk of dtarsevolves in the combined
potential of the black hole, and the disk self-gravity. Wavsthat the disks with a mass ratio
M/ M,, > 0.001 break into two pieces, while below this this limit they remiaitact. Com-
parison of our models with the observations suggest thattméiguration of the clockwise
disk can be explained by a non-breaking disk, and that thetesuotating disk probably has
a different origin.

3.1 Introduction

The center of our Galaxy hosts a supermassive black hole f§MBgrA*, with a mass of
3.9540.06 x 10¢ M, (Genzel et al.200Q Ghez et al.2005 Trippe et al, 2008 Gillessen et a.

63
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2009. SgrA* is surrounded by a cluster of ol&¢hodel et a).2007 Trippe et al, 2008, as
well as a group of young starkiiabbe et al.1995 Genzel et a].2003 Levin & Beloborodoy
2003 Paumard et al2006 Lu et al, 2006 2009 Bartko et al, 2009.

Of the nearly 90 young stars observed at distanre@s05 pc to~ 0.5 pc, 40 populate a
disk (Genzel et a].2003 Levin & Beloborodoy 2003 Paumard et 412006 Lu et al, 2006
2009 Bartko et al, 2009 which is observed to rotate clockwise (CW) on the plane gf 6K
the rest, 19 stars seem to populate an other disk highlynextlio the CW diskGenzel et al.
2003 Paumard et al.2006 Bartko et al, 2009. This second disk is seen to rotate counter
clockwise (CCW) on the sky (but also ska et al. (2006). Ages of these young stars are
consistent with being a few Myr, suggesting that there ha&s lzestar formation episode in
the Galactic Center (GC) a few million years ago.

In order for a molecular cloud near a SMBH to fragment intosstiis self-gravity should
overcome the tidal field of the black hole. This requirementstar formation poses a con-
straint on the minimum cloud densities, which are orders afjnitude higher than the ob-
served cloud densities near the GC. However theoreticahats suggest that the fragmen-
tation conditions are met naturally on the accretion diskgtvbecome self-gravitating be-
yond a few tenth of parse&¢lykhalov & Syunyaey198Q Gammie 200L Goodman2003.
Therefore several numerical simulations have been peddaming at modeling the in-situ
fragmentation of a nuclear/accretion disk for parametelsvant to the GC. The simula-
tions were run either assumingpriori a gravitationally unstable accretion disk already in
place (Nayakshin et a).2006 Alexander et a].2008, or trying to account also for the for-
mation of the disk itself through infall of molecular clouit$o the vicinity of the black hole
(Bonnell & Rice 2008 Mapelli et al, 2008 Hobbs & Nayakshin2009.

Today it looks like a star forming disk at the GC can be sinedaglbeit perhaps for a
somewhat fine-tuned parameter range. On the other hand,fegarthe problem of youth,
another issue still to be addressed is the distribution efiticlinations of the stars. It is
reasonable to expect that a planar accretion disk leavasdatplanar distribution of stars
when it fragments, but the recent data publishe®bastko et al.(2009 provide evidence for
a warp in the CW disk with an amplitude of aba@f (Bartko et al, 2009. Lu et al. (2009
point out that even though the stars might have formed in-gieir current orbital distribution
suggests a more sophisticated origin than a simple thirtoardisk. Simulations performed
by Cuadra et al(2008 are in line with this idea showing that once the stars fornamold
accretion disk it is not possible to perturb these starsaahigh inclinations at which they
are observed.
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Warped disks, although monitored only through maser eonsBiom gas disks, ex-
ist on similar scales in other nearby galactic nuclei suciN&C4258 Herrnstein et a).
1996, NGC1068 Greenhill & Gwinn 1997, and Circinus Greenhill et al. 2003. An ini-
tially planar accretion disk could become warped when tedjby a spinning black hole
(Bardeen & Pettersori975 Armitage & Natarajan1999 Lodato & Pringle 2007 Martin,
2008, or when exposed to radiation from a central souRettersonl1977 Pringle 1996
1997. Milosavljevit & Loeb (2004 pointed out that the maser nuclei, and the Galactic Cen-
ter might represent different epochs of a cycle during teithe of a typical spiral galaxy.

In this chapter, we develop an alternative scenario for tmméation of a star-forming,
warped disk at the Galactic Center. According to this sdeparflat accretion disk forms
around SgrA*, extending out to the location of the youngsstalvserved today. During a
supposed period of active accretion, the disk is illumiddtg the central source, or torqued
by a spinning black hole, and becomes warped due to the Brimgfiability or the Bardeen-
Petterson effect, respectively. When the AGN activity sidss the disk cools and forms
stars. Afterwards, the stellar disk evolves in the gramtedl field of the black hole, and its
own self-gravity. We investigate under which conditionis #cenario could work, and show
that with a low mass such as inferred today the remnant wastadldr disk survives for the
life-time of the observed young stars, but with significamtigher mass it often breaks into
two coherent pieces.

In Section3.2 we work out the conditions for which the disk would become pear
due to the mechanisms mentioned above, and then fragmenstents. In Sectio3.3 we
describe our model and the numerical scheme for studyinguhsequent time evolution of
the warped stellar disk. The results of our calculationdigian are presented in Secti@,
and in Sectior8.5we compare these models with the observations. The restits@hapter
are discussed in Secti@6, and finally in Sectior8.7 we list our conclusions.

Before moving on, we list in Tabl8.1 some parameters of the Galactic Center and the
above mentioned disks. Throughout this chapter, we williagsa mass af/;,;, = 4x 10°M,
for SgrA*, r;,, = 0.06 pc, andr,; = 0.4 pc for the inner and outer edges of the disk whenever
needed.

3.2 Warping the Galactic Center Disk

In this section, we discuss a plausible scenario of how adligioung stars in the Galactic
Center might have acquired its warped shape. For now we amlyider a single disk, refer-
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Parameter Value References

My, ~4x10°M,  Trippe et al(2008; Gillessen et al(2009
L/Leqq ~ 102 ergs™?  Narayan(2002; Baganoff et al(2003

Tin 0.06 pc Paumard et al2006; Bartko et al.(2009
Tout 0.4 pc Paumard et al2006; Bartko et al.(2009
P ~ 690 yr

P ~ 1.19 x 10* yr

Malow <1x10*M, Nayakshin(2005

My|lcow <5x10*M,  Nayakshin(2005

Table 3.1: Parameters of the nuclear region of the Galaxyoéide stellar disksr;,, and
rout are the innermost and outermost radii of the stellar dis#d,Jlap, andP,,; are the corre-
sponding orbital periods respectively.

ring to the clockwise rotating disk whose warped shape isrid®=d inBartko et al.(2009.
We start with the assumption that an accretion disk builddegiing to an active phase of
sub-Eddington accretion onto the Galactic Center black.h@le then investigate two pos-
sible mechanisms: radiation pressure instabilRgtterson1977 Pringle 1996 1997 and
Bardeen Petterson effe@4rdeen & Pettersqri975 for warping the accretion disk, which
have both been extensively discussed in the context of tteemndisks in nearby Seyfert
galaxies Maloney et al.1996 Scheuer & Feilerl996 Pringle 1997 Armitage & Natarajan
1999 Lodato & Pringle 2007 Martin, 2008. We further assume that after some time the ac-
cretion and energy production is reduced, following whielwarped disk can cool and form
stars. Thereafter the stellar disk is only subject to gyapitecessing under the influence of
the gravitational torques from the disk itself.

In Section3.2.1, we constrain the surface density of the disk prior to fragtaton from
the observed number density of young stars. In the folloveigsections8.2.2and3.2.3
we consider in turn warping by the radiation pressure instyaland the Bardeen-Petterson
effect. In Sectior8.2.4 we compare the radiation, viscous, and gravitationaluescpn the
disk, and in Sectio3.2.5we consider fragmentation and star formation.

3.2.1 Surface Density of the Disk Prior to Fragmentation

The warping mechanisms we will shortly be considering irtisas 3.2.2 and @.2.3 are
generally studied within the framework of viscous, steathte accretion disks. As such they
make use of a number of parameters which from the obsenrgatitie stellar disks can not
be tested or constrained. For these, we will mostly refeh&danonical values for AGN
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disks when needed. Still, there is one parameter, the sudiesity of the supposed gaseous
disk which may be determined by the observations. To do so aikemse of the stellar
number counts on the Galactic Center (GC) disks. The totalb®u of starsV, in a stellar
population can be calculated by writing:
M2
N.= [ &M)dM, (3.1)

M1
where{ (M) is the initial mass function, IMF, anti/; and/, are the lowest and highest stel-
lar masses assumed to exist in this population. The IMF deschow the mass is distributed
in stars in a newly born population. For a given IMF, the totalss in stars)/,, is calculated
from:

M2

M, = ME(M)dM. (3.2)

M1
Paumard et al(2006 deduce from the K-band luminosity function of the obsereadly
type stars an IMREE(M) = &M% for the GC disks. TheBartko et al.(2009 sample
includes 40 stars in the clockwise (CW) disk, and 19 starbencounter clockwise (CCW)
disk. Using equations3(1) and 3.2), and assuming a lower mass end 8f.,, and an upper
mass end of20M,, the current total stellar mass in the disks can be found td/Heyw +
M|lcew = Mg ~ 4000M,, whereM|cw, andM;|cow are the masses of the CW and CCW
rotating disks respectively. The total stellar mass i@rioday is a fraction of the mass of
the original gaseous disk since presumably not all the gasamverted to stars. Assuming a
star formation efficiencysr the total mass of the seed disk can be calculated. Sincedlzd ra
extent of the disks is observationally constrained, thissr@an be converted into a surface
density> of the proposed gas disk. The observations of the stellks disggest that the mass
density decreases nearly B8% (Paumard et 312006 Bartko et al, 2009, so we write for
the massV/,; and surface density, of the gaseous disk:

My = 4000p4000€ 5 Mo, (3.3)
wheregisg = (M,/4000M,) and forS,(r) = o172 we find:
Mg -1 8
20_1 = 3.356 X 104M4000€SP}E = 7.013#4000651;1‘@. (34)

with 7 = r/0.1pc. In Figure3.1 we show for two star formation efficiencies the surface
density of the disk obtained as described above. The sakddssumes;r: = 0.01, and the



68 CHAPTER 3. WARPED STELLAR DISKS AT THE GALACTIC CENTER

dotted line assumesy = 1.
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Figure 3.1: Surface density of the supposed GC gaseousdlisitar formation efficiencies
of 0.01 (solid line), andl (dotted line).

3.2.2 Radiation Driven Warping and the Galactic Center Disk

Radiation warping of accretion disks is studied in detailnbgny authorsRringle 1996
Maloney et al. 1996 Pringle 1997 Ogilvie & Dubus 2001). When an optically thick is
exposed to central radiation, and it re-emits the absomr@dent photons parallel to the disk
local normal, an inward directed force is experienced byhesade of the disk. If the disk
is slightly distorted, a net torque is induced which resinta modification of the warp, and
precession of the disk around the total angular momentuection. Whether the disk will
acquire a pronounced warp or not, depends on the compebigitveen the net torque, and
the component of the stress in the- z direction in cylindrical symmetry, present in warped
disks. The latter forces the disk to settle onto a plane onlignmaent time-scale. The
alignment time scale at distancérom the black hole is associated with the z stress, and
can be written as,, = 2r?/1,, wherev, is the vertical viscosity coefficient. The condition
that the warp growth time scalg,.,,, be smaller than the viscous time sca]g is written as

(Pringle 1997%):
1275r3Q¢ - 2r?

3.5
< (35)
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where, L is the luminosity of the central source, c is the dpddight, and« is the Shakura-
Sunyaev parameteBhakura & Syunyaei973. Equation 8.5 assumes an accretion disk
which is in steady state. For such disks, the luminosity efdlsk L is related to the radia-
tive efficiencye = L/Mc?, whereM is the mass accretion given By = 37X, and,

is the radial viscosity coefficient. In order to evaluate Weaping criterion given in3.5)
one has to estimate the magnitude of the vertical viscosityrevious studies of linear hy-
drodynamic warps and magnetized shearing box simulatibasavetion disks showed that
n, = /v = 1/2a* (Papaloizou & Pringle1983 Ogilvie, 1999 Torkelsson et al.2000.
Lodato & Pringle(2007) find with SPH simulations of small and large-amplitude veattpat
the vertical viscosity saturates for smalkuch that), < 3.5a. Using these, the warp damp-
ing time scale becomes:

272 ( a ) 2_7"2 9 105 24000

t, =2~ (L r 3.6
? 3.5/ 1 GSFneddy (3.6)

wheren.qq = L/Le.q- Equation3.5can now be rearranged to give the radiation warping
critical radius:

2n% 2GM
2 2 2

crit
wherev.i; ~ 0.32 (Pringlg 1997). One way to obtain a stronger torque is if the irradiation of
the disk is driving an outflownchandl & Meyer1994. In this case, the torque is determined
by the outflow momentum or pressure at the sonic point, whedbasicallyec L, but also
depends on the detailed disk structure in a complicated Wag.enhancement of the torque

could be significant, as the ratio of momentum to energy faigdas may be much larger than

Rrad > (37)

e ¢

for photons. Although a gross over simplification, we mayapaeterize this by an additional
(not constant) multiplicative factar,;,q on the radiation torque, so that the warping criterion

become:
22 2GM

2 27172
’ycrite F wind

Riaq > =0.1x 10%a 2,2, pc (3.8)

W

62
where for the numerical value we have usgd; ~ 0.32, ¢ = 0.1¢p; andn, ~ 3.5/«
(Lodato & Pringle 2007). Thus warping the disk in the radial range of the Galactiot€e
(0.06-0.4pc) requirea ~ 0.3, or o ~ 0.1 and radiatively efficient accretion by a rotating
black hole or modest enhancement of the torque by a disk wind.
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3.2.3 Bardeen Petterson Effect and the Galactic Center Stal Disk

In this section, we show under which conditions the GalaCeater disk might have been
warped due to Bardeen Petterson effect.

An accretion disk forming around a rotating (Kerr) blackdnalight initially have a total
angular momentum misaligned with that of the black hole.emportions of the disk close
to the black hole experience general relativistic frameydirag which causes a differential
precession, the so-called Lense-Thirring precesdiemge & Thirring 1918. As we have
seen in the previous section, the viscous time scale inesamish radius, hence the inner parts
of the disk are forced to align with the black hole on time esahuch shorter than those for
the outer parts. Consequently, the disk develops a shaphidrr < Rgp is aligned with
the black hole, i.e. is flat, and for> Rgp its angular momentum direction changes gradually
from radius to radiusBardeen & Pettersqri979. Like the radiation pressure warping, the
Bardeen Petterson effect also is a competition betweerettieal viscous time scale, and the
precession time scald(mitage & Natarajan1999. The precession induced by the Bardeen
Petterson effect is given b¥Kgmar & Pringle 1985:

2
b = 2ac (GMbh) ig, (3.9)
T

c2

whereq is the black hole spin parameter which can take values betwaed1 for stationary,
and maximally rotating black holes respectively. The pset time scalegp = 27r/gz3 is:

7T63T3

=— . A
TBP aGQMth (3.10)

The critical radius, where the vertical viscous time scajeads the precession time scale is
then obtained writing:

(3.11)

aG2MZ, Uy - T3y
Using the steady state relations introduced in the pre\season equation3(11) becomes:

6aG2 M2, eS(R
Ryp — 090G MuyeX(Fsr) (3.12)
nycL

In order to estimate the Bardeen Petterson radius for thex®@@ged to solve equatio8.12
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for Rgp. Writing X(Rgp) = Xo/7~2 we obtain:

Rpp = 8.9 x 1074 (W)w pe. (3.13)
Nedd €SF

This estimate shows that the Bardeen Petterson radiusddé@is quite small, i.e. much
below the inner edge of the observed disks. We should rerhiicthie alignment time scale
t,, for the assumed surface density profile is independent aisadnd is short. This means
that the disk can be warped out to large distances since®gtlandt,, depend on the disk
parameters only weakly.

The angular momentum of the diskraits o< 27X rdr/GMy,r o< r~/2dr and varies only
slowly with r. The ratio of the disk to black hole angular momenta can tleusstimated as:

Mg/ GM, 1 My /2
Jo M G2 ld _ 2 2d 20 gegtat, (3.14)
th CLGMbh/C a Mbh Ts

wherery; ~ 0.1pc. This suggests that by the time the disk is significantly wdrptr; ~
0.1pc, the black hole spin should be significantly aligned: thgratient time-scale found
by Lodato & Pringle (2006 under similar circumstances is 0.3t,, ~ 0.3(3.5/a)t,, ~
a~'t,,. These arguments suggests that if the Galactic Center disKivst warped through
the Bardeen-Petterson effect, and then fragmented to foenolbserved surface density of
young stars, the star formation efficiency had to be high,< 1, to prevent the disk from
dominating the angular momentum, and< 0.1 to give the disk time to warp before it is
accreted and will align the black hole spin.

3.2.4 Comparison of Gravitational, Viscous and Radiation drques

In section 8.2.2 we have discussed the conditions for radiation warping.il&\#quation
(3.5 has to be satisfied for warping, it is also useful to complaeenmhagnitude of radiation
and gravitational torques acting on the disk.

The magnitude of the radiation torque on a ring of radiwsgith radial widthdr can be
approximated as{gilvie & Dubus 2001):

L
2nrdrTy ~ —rdr, (3.15)
6cr

thusTr = 2r%Q/tr (more details on the radiation torque can be found in Appe@ili On
the other hand the viscous torque on the ring, which triesatothe warp in the case of
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Figure 3.2: Normalized gravitational torque for the GaaCenter disk when the warp spans
arange of-12° — 8°ininclination.

radiation pressure warping, and which sets up the warpeslitgietistribution in the Bardeen-
Petterson mechanism, is given by:

Sr*2mrdr 1, LQrdr

rrdrT,, — _
Trare, 212 /vy 3ec?

(3.16)

The gravitational torque of the disk on the same ring can beragned by integrating

over the disk:
GMy%(r)2mrdr

r

27rdrT oy ~ J, (3.17)

whereJ = Ty, /(Gm;My/r;) is a dimensionless integral dependingrghn,, r/7s:

I /7"2 27’ dr' S (r") r2r!

0
T e s (20) 0,/ 5 (3.18)

and wherei(r,r’) is the angle between the normals of the two rings and’, 6 is the
inclination of the ring at-, s005/06 = O(1) [see eq. 2.14in Chapter2], and (3, r/r’) is

the integral in equatior2(13H in the same chapter. We show in Fig® the values of the
J-terms at different distances from the black hole when #wgwpans a range ef12° — 8°

in inclination. For larger warps, the gravitational torque weaker. Also if we include the
part of the disk outsidé,, r..:] the productV/,.J decreases as the torques are dominated by
the nearby parts of the disk. Using the surface density prabibve, the ratio of the radiation
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and gravity torques is:

T; L 2 2
L= r = 193 eddSse T (3.19)
Torav  6cr 20GMaepX(r)J Hiooo
and the ratio of the viscous torque to the gravitationalderis:
T,/ uLQ . 2 23/2
2 _ 1 ! —11.9-dSe T (3.20)
Torav 3ec? 2rGMgepX(r)J Hiooo®€0.1

We see from Figur@.2 that the J-terms for the Galactic Center disk surface depsdfile
are typically O(0.1). Thus at = 0.1 pc 1t > Ty if esp < 1, but not ifegp < 1. For

a high central luminosity).qq and/or high star formationss; the viscous torque on the disk
dominates over its self-gravity. We have also seen for tee oathe Bardeen Petterson effect
thatesp < 1. This shows that it is justified to neglect the effects of th@vgational torques
on the evolution of the disk in its active phase.

3.2.5 The Warped Stellar Disk After Fragmentation

In sections 8.2.2 and @3.2.3 we have seen that for a range of assumed accretion disk pa-
rameters, the disk at the Galactic Center could have beguedan the accretion phase. The
evolution of the disk is likely to be governed by the viscousauliation torques during this
phase.

We now assume that after some time the disk has become wahgedctive phase of
the Galactic Center ends. Singgq and the accretion rate will then be highly reduced the
disk will receive much smaller energy input and it is reasd@do assume that it can now
cool rapidly. If the cooling time is short, fragmentationdastar formation can occur an a
dynamical time scaleGammie 2001). The gas content of the disk could then be converted
into stars with efficiencysr and the rest of the gas will be lost.

Subsequently, the now stellar disk would evolve purely gaéionally. We have seen in
Chaptel2 that the rate of the precession induced by the self-gravityeodisk depends on the
disk-to-black mass ratio approximately @s= C(#)QM,/M,,, SO we expect more massive
disks for the otherwise set of identical parameters prefesssr.
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3.3 Warp Model for the Galactic Center Disk

In the previous sections we have argued that for a range afheters, a flat disk around
SgrA* could become warped before forming stars, after wihighdisk evolves gravitation-
ally. In this section, we will introduce the model we havedis®to follow the time evolution
of the warped stellar disk.

3.3.1 The Equations of Motion

As in Chapter 2), we model a warped disk as a collection of concentric cactihgs which
are tilted with respect to each other, and which are are mitgtaonal interaction with each
other. They are characterized by their massgsand radiir;. The fast orbital motion around
the SMBH of mass\/,, is thereby time-averaged. The geometry of the rings is de:fiyethe
Euler angles, 0, ¢). For a system of rings, the equations of motion for any of the rings

are given by:
P
Pe, = mg’ 0;, (3.21)
mﬂ“? )
Doy = TQZ)Z sin® 0; + py, cos b;, (3.22)
2. . oV
Do, = bk ¢ sin 0; cos 0; — iy, sinb; — —, (3.23)
‘ 2 ' 00;
aV;
iy = ———. 3.24
Ps; 96 ( )

Herep,, = m;r?Q; is the orbital angular momentum; andé; are the rates of precession
and nutation caused by the torqugs/00; andoV; /0¢; respectively wher# is the potential
energy of ring: in the field of the other rings.

The numerical approach we use to study the time evolutiohefisk is similar to the
one presented in Chapt2r There, we integrated the equations of motion for the rirfgs a
evaluating the steadily precessing equilibria for the giparameters to test the stability of
those configurations. For parameters relevant to the GCwadesko not find such steadily
precessing equilibria. Here we adopt as the initial warpsbathe disk configurations which
are likely to be imposed by the warping mechanisms discusst previous sections.
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Figure 3.3: Approximate initial warp shape as imposed byatazh instability. Adopted from
Pringle(1997.

3.3.2 Numerical Setup and Initial Conditions

In the simulations we have performed, we distribute thegiaqually in radius between
rm = 0.06 pc, andr,,; = 0.4 pc. The initial conditions, i.e. the inclination, and azitmu
of the rings are chosen to mimic a radiation or Bardeen Rettawvarping.

For the radial structure of a radiation warped disk, we adoptapproximate nonlinear
warp shape obtained yringle (1997 which we show in Figureg.3. Keeping the shape
of the warp similar to those presented Bgingle (1997, we scale its amplitude to simulate
disks with various degrees of warping. These nonlinear 8hgpes are such that the inner
rings share a common plane in inclination, then beyond aisadin the disk the inclination
changes gradually. The outer parts of the disk are agaimnapivhich comes about because
of the assumption that the disk becomes optically thick thateon and warping does not
proceed there.

The initial conditions for the Bardeen Petterson effectaat@pted froniodato & Pringle
(2007 such that:

—0.5 forr < rq,
0; = q0.5sin(C(0) forr <r <y, (3.25)
0.5 forr > ry,

d)i:ou
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Figure 3.4: Approximate initial warp shape as imposed bydBan Petterson effect (adopted
from Lodato & Pringle(2007).

whereC'(0) = w(r —ro)/(re — r1), 7o = (r1 + r2)/2, and we set; = 0.1 pc, andr, = 0.35
pc. Figure3.4 shows the inclination of the disk at different radii for tharBleen Petterson
initial conditions.

We consider two cases for the surface density one of whichnstant with radius, and
the second one decreased as’. Table 8.2 summarizes the parameters of the runs that we
will discuss in the next section.

3.4 Results

In this section we show examples of simulations following time evolution of the remnant
stellar disk in which the disk mass takes different fractiarf the black hole mass around
which it rotates.

We first consider the evolution of a light disk with/y /A, = 0.001, and a surface
density profile decreasing agr?. This is our model M1. The adopted disk mass implies the
assumption that the star formation efficiency wgs= 1. We choose an initial warp shape
which mimics a radiation pressure origin. At the start of $iraulation, i.e. at = 0, the
disk spans a range af,,., = 58° in inclination, and the azimuthal angles form a spiral.
The disk is initially given a constant precession frequeidg followed the evolution of this
system for 1000 orbital periods. In FiguBes we show the 3-dimensional shape of the disk
at various stages of the simulation. We see immediatelydihato the long precession time
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Model  Mgy/M,y, p shape|;  Abfpax
ML  1x10° 1/ R 58°
M2 1x1073 1/7’2 R 218°
M3 1 x 1073 const. R 110°
M4 1x 1073 const. R 110°
M5 3x103 1/72 BP 58
M6 6x103 1/72 BP 58
M7 1x 1072 1/7’2 BP 5H&°
M8 1x102 1/ BP  58°

Table 3.2: Parameters of the simulations performed. Thecfilemn is the name associated
with the simulation. The second column is the disk mass esgakin terms of the black hole
mass, and the third column is the surface density profile avherst. stands for constant.
The fourth column is the assumed initial shape of the warpe dlbbreviation®, BP stand
for radiation warping and, Bardeen-Petterson warpingaetsgely. The fifth column is the
magnitude of the initial inclination of the warp such ti®,,,... = |0, — Gou|-

scale induced by the self-gravity torques, the disk doedrange its appearance noticeable.
The initially adopted inclinations also do not vary in timend although they can not be
treated as the equilibrium solutions presented in Chdptigrey remain constant.

In order to see whether initially more inclined warps extébdifferent behavior, we next
consider a disk which has an inclination&b,,,.. = 218° in our model M2. It is also for a
disk with a mass fraction of/; /M, = 0.001, and a surface density profilgr2. In Figure
3.6 we show the 3d views of the disk at different times. Althoulgé initial warp shape is
noticeably different from the previous example, the evoluof the disk proceeds in a similar
way to the previous example in that the appearance of theels&ins almost unaltered. This
comparison leads to the conclusion that for a mass tatié the initial inclination of the disk
does not affect its evolution in the pure self-gravity regim

The next thing we would like to investigate is the possibfeatfof a change of distribution
of mass in the disk. We therefore adopt a constant surfacgtggmofile for the same total
mass in model M3. This model is followed for 1000 orbital pels. We see in Figur&.7 that
the result is similar to M1 in that the disk doesn’t exhibitaineable change in its shape. The
rings precess slowly under the mutual gravity torques whigr inclinations do not deviate
from their initial values.

The last example we would to discuss for the same mass fradiifers from previous
one in that initially, the azimuthal angles of the rings faarspiral line of nodes. We there-
fore aim at exploring whether the gravity torques in suchseaaill destroy the coherence
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Figure 3.5: 3d views of the M1 disk at different stages of usletion. The disk has a mass
of My/My, = 0.001, and al/r? surface density profile. The initially imposed warp has an
amplitude ofAf,,., = 58°.
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100 orbital periods

initial configuration
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Figure 3.6: 3d views of the M2 disk at different stages of usletion. The disk has a mass

, and al/r* surface density profile. The initially imposed warp has an

0.001
amplitude ofAfd,,,., = 218°.

of Md/Mbh
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Figure 3.7: 3d views of the M3 disk at different stages of usletion. The disk has a mass
of M,/M,, = 0.001, and a constant surface density profile. The initially inggbs/arp has
an amplitude ofAd,,,,, = 110°.



3.4. RESULTS 81

of the disk. This initial warp shape is accounted for in tinegtiintegration such that the term
OV (ayj)/0¢;; is not zero at the start of the run. The evolution of the disképicted in
Figure 3.8 We observe in this case again that the disk doesn’t show stamtial amount
of variation in its shape. Examples discussed so far shoiwdgardless of the initial warp
shape, and surface density profile, the disks for the addptatimass remain almost un-
altered during their evolution. As we have seen in Chaptehe precession frequency of
self gravitating warped disks depends on the mass of theidlipkoportion the black hole
mass. For the same warp shape, more massive disks predessda®ne might expect see
to changes in the disk structure much faster for such diskacklin the following, we discuss
a few examples where more massive warped disks have beademus

In model M5, we consider a disk with a mass fraction\éf/M,;,, = 0.003. The initial
warp shape is such that it spans a rangé\éf,., = 58° in inclination, and the azimuthal
angles form a spiral. These initial conditions are chosenitoic a Bardeen Petterson warp-
ing origin although the shape of the warp is similar to thamiodel M1. The steps of the
evolution are show in Figur@.9. Compared to the lower mass examples, the evolution of this
disk is becoming more apparent. At the end of the simulatlmnflattening of both the inner
and outer parts of the disk can be observed.

Yet a higher disk mass is adopted in M6 whérg/M,, = 0.006. Initially, the disk is
given a differential precession rate. The evolutionarpstre shown in Figurg.10 We see
in this example that as the disk evolves, the middle rings giaseparate from each other in
inclination giving the disk a "broken” shape. In Fig8el1we show how the inclination of
the rings change in time. Any vertical cut along the curvesesponds to the ring inclina-
tions at that particular time. The negative inclinations af the inner rings, while the outer
rings are at positive inclinations. At the end of the simiolatat about x 10° yr, the outer
parts of the disk form a disk-like structure with a warp of ab25°, while the inner parts
cluster more closely to each other leaving behind a warpgldwlith an amplitude ot 10°.
The separation between the two increases slowly in time aaches30° at the end of the
simulation.

Simulations so far discussed shows that the main paramatérotling the evolution of
the disk is its mass. Although slight changes in the evoharg steps can be expected for
varying initial conditions, the behavior is similar in afldse models. To strengthen this idea,
we next discuss the highest mass models we have in our siondat

M7 is the time evolution of a disk with a mass fraction&df;/M,, = 0.01. The initial
warp shape and surface density profile imposed to the moelsimilar to M6. The evolution
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Figure 3.8: 3d views of the M4 disk at different stages of usletion. The disk has a mass
of M,;/M,, = 0.001, and a constant surface density profile. The initially imggbs/arp has
an amplitude ofAd,,,,, = 110°.
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Figure 3.9: 3d views of the M5 disk at different stages of usletion. The disk has a mass
of My/My, = 0.003, and al/r? surface density profile. The initially imposed warp has an
amplitude ofAf,,.x =~ 58°.
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Figure 3.10: 3d views of the M6 disk at different stages oéitslution. The disk has a mass
of My/My, = 0.006, and al/r? surface density profile. The initially imposed warp has an
amplitude of~ 58°.



3.4. RESULTS 85

40

30 |

20
10 f
O L

-10

inclination (degrees)

20

_ 3 O E:::

_40 L L L L L L L L L L L
0 05 1 15 2 25 3 35 4 45 5 55 6
time (105 yr)

Figure 3.11: The change of ring inclinations in time for miodé.

of the disk is followed for 5800 orbital periods. Figuel2shows the evolution in steps of
1000 orbital periods. We see that at already 1000 orbitab@eythe disk can be recognized
as two disks broken out of a single one.

In the literature simulations aiming to explain the orbitahfiguration of the GC stellar
disks often start with initial conditions such that there afready two mutually inclined
disks/rings in placeNayakshin et a).2006 Lockmann & Baumgard2009. The evolution
of these disks is then followed depending on the ingrediehthie model, and it is often
found that differential precession destroys the coherendee two disks in about a million
years. In these simulations, self-gravity of the disk is tiyoseglected, or accounted for in the
simplified linear torques regime. To compare our modelséqitevious studies, we evolved
our model M7 for nearl\3.5 x 10° yr. The comparison to previous studies becomes more
relevant after our single disk breaks into two disks, i.derat000 orbital periods. We see
that even though the initial precessing disk breaks intopigoes, the broken disks continue
precessing without further deformation. Fig@.@3shows for this model the evolution of the
ring inclinations. After about x 10° yr, the rings are arranged such that inner and outer ones
form two relatively flat disks. The inner disk at negativelinations has on average a warp
with about10°, while the outer one is warped by only a few degrees. The rhirtanation
between the two disk is abotis° at the end of the simulation. In FiguB14we show how
the azimuthal angles evolve for the same model. Again theathi for each ring corresponds
to vertical cuts through the plots.

The last example we discuss is again for a disk with a massdreof M,;/M,;, = 0.01.
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Figure 3.12: 3d views of the M7 disk at different stages oéitslution. The disk has a mass
of My/M,, = 0.01, and al/r* surface density profile. The initially imposed warp has an
amplitude ofAf,,., = 58°.
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Figure 3.13: The change of ring inclinations in time for miodé&.

This is our model M8. In comparison to M7, the disk is inityadiiven a differential precession
frequency. We aim to explore whether for massive disks tfitgal condition would lead to

a dissolving disk structure. In FiguB15we show the evolutionary steps in warp shape for
this model. In comparison to model M7, model M8 shows onlyy géight difference in the
shape of the outer disk after 5000 orbital periods. The alitk of M8 is warped by a few
degrees more than that of M7, but apart from this differetioe evolution of both disks is
very similar. Hence we can conclude that also for massivesdree initial conditions prior to
self-gravitating evolution does not change the overalbvéir.

Simulations we have presented suggest that an initiallp&asingle disk of stars at the
Galactic Center is prone to breaking into two pieces if thesid the disk exceeds001 M,y,.
The time when the disk can be recognized as two separatedkplends on the total mass of
the disk. Since the disk determines the global precesseguéncy of the disk, we can expect
to see a correlation between the mutual inclination of tlekén disks and the precession
frequency, and hence precession time scale for a given midEigure3.16we see indeed
that there is such a correlation. The points in the plot gpmoed to maximum separation
angles of the models we have discussed at different stagbe evolution. The precession
time scale shown on the horizontal axis is calculated asviai for each model the mean
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Figure 3.14: Time evolution of azimuth for model M7.

precession time scale is calculated at the end of the runthath

2 2mn

¢mean Z ¢Z

(3.26)

Tprec =

where ¢, are the precession frequencies of the rings attained atrtieofthe particular
integration. In determining the maximum separation betwe broken disks, we read in
the difference in inclinations where the separation starte points lying at the bottom left
corner are those of the small mass models, where the hoaizanainch of points to the right
correspond to high mass models. We see that when the grexdyds are low, i.e. for small
mass, the maximum separation in the broken disk increasearly in precession time, until
about 35 precessions. For models corresponding to higleeegsion rates, the separation
angle saturates at about 45 degrees, and the two brokenatiskisue precessing without
further deformation with their own mean rates.

3.5 Comparison With the Observations

In this section, we would like to make a comparison of our temelution models and the
observations of the Galactic Center disks. In doing so, Wandastly make use of the results
of Bartko et al.(2009.

After application of proper selection criteriBartko et al.(2009 sample includes a to-
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Figure 3.15: 3d views of the M8 disk at different stages oéitslution. The disk has a mass
of My/M,, = 0.01, and al/r? surface density profile. The initially imposed warp has an
amplitude ofAf,,., = 58°.
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Figure 3.16: Maximum separation of the disk versus mearggsgan time at the end of each
run.

tal of 90 stars on clockwise and counterclockwise rotatirgte. Out of these 90, 27 are
new identifications, and the rest have reduced proper maneertainties. These stars have
measured:, y, andz space positions (with coordinate being the less well defined), and the
respective space velocities, v,, andv..

The number density of stars in the disks,,(r), scales ad/r* (Bartko et al, 2009
Paumard et 8l2006. Herer is the 3-dimensional distance to SgrA*, corresponding & th
radiusr of our rings. The total number of stars on a ring is tBenArX,.(r). If we assume
that the total number of stars in the diskNs we can write:

> 2w ArS,,(r) = N, (3.27)
1

wheren is the number of rings making up the disk. We wiitg (r) = 3, /r%. The normal-
izationYg, i.e the number of stars on the innermost ring, is then obthby writing:

QWATZTL:!
—T

Figure3.17shows the expected number of stars on each ring wher 1000 for a disk of

Zo (3.28)

25 rings.
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Figure 3.17: Radial distribution of 1000 stars on a disk ¢xiimgy of 25 rings.

The coordinates of a star on a ring is given by:

r = cos¢cosy — coslsin@siny,
y = sin¢cosy + cost cospsin,
z = sinfsin. (3.29)

Here,d is the inclination of the ring to the plane perpendiculah®total angular momentum
direction, ¢ is the azimuthal angle, andis the position of the star on its ring. We distribute
the stars randomly ig on the rings. Figur&.18shows, for four of our models, the random
distribution of a total of 1000 stars on the disks. The modetsaVI5 (top left), M6 (top right),
M7 (bottom left), and M4 (bottom right). Model M7 is depictat!’5000 orbital periods of its
evolution where the other models are shown at their 100Qadnériods stage.

As can be seen from FiguB18the model M5, for a disk of mas¥,; /M, = 0.001, pre-
cesses as a single disk without deformation. Its initiattposed warping angle is conserved
through its evolution. The model disk M6 is a slightly moressige one with\M,;/M,,, =
0.006, and it has already started to break. The model disk M7 is drileeomost massive
examples we considered in our simulations havidg/ My, = 0.01, and after 5000 orbital
periods, it settled down to a well-defined two-disk systenmaly, M4 is again for a light
non-breaking disk with\/;/M,,, = 0.001, but with an initial warp amplitude much higher
than that of M5.
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Figure 3.18: Random distribution of stars on model disks k9 (eft), M6 (top right), M7
(bottom left), and M4 (bottom right).

In order to construct the phase space distributions of thes gtopulating the disks, we
write the components of the stellar velocities:

Vp = r(ésin@sinwsinqﬁ—zl}sind}cowb—d)simbcosw—écos@cowbsinw,
— 4 cosfsin ¢ cos )
v, = 7(¢p cos ¢ cos ) — ¢ cos Bsin ¢ sin 1) + 1) cos O cos ¢ cos P
— 95in95in1/1cos¢—d}sind}sinqb),
v, = r(@sine cosd +)sinbcosi). (3.30)



3.5. COMPARISON WITH THE OBSERVATIONS 93

Since we know the values of) (0, ¢, ¢, 6) from our time integration, and we dice the
coordinate, we can construct the phase space distributgtars at each instant of time using
equations3.29 and 3.30 .

A comparison of the models to the observed disks can be maderbgaring the projec-
tions of the angular momentum directions of the two. In tHeWng we show examples of
such comparisons.

The first set of comparisons considers the cylindrical equad projections of the models.
Figures3.19and 3.20show for models M4 and M7 respectively the projections ofgky
distributions of the average density of the reconstructeglilar momenta obtained with the
Bartko et al.(2009 analysis. The x-axes are tlieangles, and the y-axes are the values of
cosf in these plots. The color peak points to the angular momenmtiwection of the CW
disk, and the black circle shows the position of the obsedrski on the plots. We see that
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Figure 3.19: Sky map for model M4. Provided by Hendrik Bartko

model M4 produces a small amplitude warp compared to the dathmodel M7 produces
a too little twist. Hence we can say that these models areikely/Ito explain the orbital
configuration of the observed disks.

Another useful way of comparing the models is to construetdbmponents of angular
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Figure 3.20: Sky map for model M7. Provided by Hendrik Bartko

momenta and see how they change with projected radius. Ereshown in figure8.21,
and 3.22for models M5, and M6, respectively. The figures on the lefrespond to the
change of the disk inclination with projected distance fribva center, while the figures on
the right show the degree of the twist, i.e. varying linerofdes. The blue points represent the
data, while the red ones represent the models. We see a goemhagnt between our model
M5 and the observations of the CW disk in that the inclinatbanges gradually between
the inner and the outer edges of the disk, and that the ardplafithe warp is successfully
produced.

In our simulations we saw that the initially imposed globedcee of warping is preserved
during the disk evolution. Even if massive disks break imo pieces with large separation
angles, the difference in inclination between the innetrand outermost radii remain almost
unchanged. The observational analysis presentdghitko et al.(2009 can discriminate
between the broken and unbroken disks as can be seen froefttpkots in figures3.21and
3.22 Since the radial change of the inclination of the obsenislisdis a smooth one, we
can conclude that the massive, breaking disks can be exthadee representative of the
observations.
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Figure 3.21: Local angular momentum direction for model M%e x-axis is the average
projected distance from the center in arcseconds, and #gxsyis the inclination (left), and
the twist (right) of the disk. The figure is provided by HerkdBiartko.
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Figure 3.22: Local angular momentum direction for model M@e x-axis is the average
projected distance from the center in arcseconds, and &xesyis the inclination (left), and
the twist (right) of the disk. The figure is provided by HerkdBiartko.

On the other hand, none of our breaking disk configuratioad e an extra counter-
rotating disk when projected onto the plane of the sky. Sutis@ete structure would appear
at negativeros ¢ values in figure8.19and3.20[see Figure 10 oBartko et al.(2009]. Thus
we can can say that the CWW disk observed at the GC probablg Héferent origin than
the CW one.

3.6 Discussion

In this chapter we have proposed a new scenario for the fawmaf inclined stellar disks
at the Galactic Center. We assumed the past existence ofcastian disk around SgA*
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and we showed that the disk might have been warped by radiptessure or by Bardeen
Petterson effect. For the parameters making the warpindhamesms plausible, we carried
out simulations following the warped stellar disk in timgitay into account the effects of the
disk self-gravity.

In our simulations, we used a simple circular ring model vehee neglected the possible
effects of the orbital eccentricities. In a recent publmaMadigan et al(2009 have shown
that an initially eccentric disk embedded in a stellar cuspuad a massive black hole is
subject to an instability with a growth time scale of aboutracgession time. Neglecting
the effects of the disk self-gravity they simulated ecderdisks with parameters relevant to
the GC environment. Their results suggest that the instyabiécomes inefficient for disks
which are inclined by more thar 10°. Still, it is reasonable to expect that if the torques
from the disk self-gravity are included in such calculaiptne eccentricity evolution of the
disk proceeds in a different way, especially for the higlkamass fractions.

To be able to scan a large set of parameters, A&,/ My, Oinit; Ginis, gz'sinit, €sp, We In-
tegrated our model disks up to 1000 orbital periods, whickhisrter than the age of the
system. For the non-breaking disks, we saw that the evolutes slow, and even integrat-
ing the system for longer would not lead to a substantiakdiiice where the disk would
continue precessing as a single disk. Only in a few casesemierobserved a very pro-
nounced breaking up of a disk, we followed the time evolutbthe disks longer. Recently,
Lockmann & Baumgard{2009 addressed the issue of interaction of two mutually incine
disks in application to the Galactic Center. Their simalas start with two already split up
disks in place, and the gravitational interaction of the thgks are followed for 5 Myr.
They find that after~ 5 Myr the outer disk gets disrupted due to differential precas
Our simulations show that even for very high disk mass foa&tiof orde0.01M,;,, the disk
would need at least a million year to break into two separatiesd Hence, the simulations
considering already in-place two disks should be integutett earlier times, otherwise the
integration times will exceed the inferred age of the system

3.7 Conclusions

In this chapter we have proposed a new scenario for the favmat the warped stellar disks
of stars at the Galactic Center. Our scenario differs froavipus works in that star formation
is considered to take place after disk warping. Assuminglat@n warping, or Bardeen-
Petterson warping origin, we carried out simulations of-gedvitating warped disks.
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We have simulated disks with different surface density f@sfiinitial inclinations, and
azimuthal structure. The initial conditions imposed byatignt warping mechanisms seem
not to play a significant role in our simulations. We shoultentowever that self-consistent
modeling of the warping processes and thereafter star tavmaould be required to justify
this result fully. This calls for accounting for the self gity torques in the standard viscous
warped disk evolution equations.

We saw that the evolution of the disk is mainly controlled g tisk mass. We observed
that the disks with\/,/M,, > 0.001 break into two pieces each of which can be characterized
as mildly warped precessing disks. The time scale by whishifeak up occurs decreases
with increasing disk mass. The degree of mutual separatmeases linearly with precession
time until about 35 precession times, and then it stays eohst around5°.

The comparison of the models with the observations of theial Center disks show
that the clockwise rotating disk can be explained by a sipgéeessing disk, with a mass
fraction of order0.001My,.






CHAPTERA4

SUMMARY AND OUTLOOK

The increasing power of astronomical observations hasgedwevidence for the existence of
warped disks in the parsec scale vicinity of nuclear bladk$iorhese disks are often traced
by maser emission, or for the unique case of the GalacticeCdny individual stellar orbits.
Many theories have been suggested as the cause of warpsl@amndisks. Among them,
radiation instability Pringle 1996, and the Bardeen-Petterson Efféd8afdeen & Pettersgn
1975 are the most well studied ones. Other possible warping argsis include gravita-
tional interaction of a disk with a companion objeBPapaloizou et a1.1998, or with sur-
rounding starsBregman & Alexander2009.

The above mentioned works either neglect the self-gravithe disk, or make use of
the simplified linearized torques. However, both the oletgons of the maser nuclei, and
the Galactic Center suggest that nuclear disks might be asimeaas~ 10% of the black
hole, and might be highly warped. Therefore, the key aspeati®thesis has been to model
nonlinearly warped self-gravitating disks around masbiaek holes in galactic centers. In
the following we will summarize the major outcomes of thi£R$tudy, and will give a brief
outlook.

4.1 Summary

4.1.1 Self-Gravitating Nuclear Warped Disks

In Chapter 2) an equilibrium model was developed for steadily precesgarely self-
gravitating warped disks around supermassive black hdles.major advance of the model
is the consideration of the non-linear self-gravity torsjaeting on the disk elements.

99
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Using the steady state equations of motion, a scaling oelatias derived relating the
global precession frequency (normalized to a referenadiootal frequency) to the disk mass
fraction. Hence, a change in distance to the central hold/oathe disk mass might be
compensated to lead to the same equilibrium warp shape vieeprécession frequency is
properly scaled. The relation derived is simple, and canppdied to a variety of systems
where the dominant non-Keplerian force is the disk selfayaThe accuracy of the scaling
relation was tested for different combinations of the disdss) radial extent, and precession
frequency, and it was found that the model is accurate 16.

Equilibrium configurations of low-to-high mass disks wemsmnputed assuming various
surface density profiles, radial extents, and precesseguéncies. It was found that the de-
gree of warping increases with increasing disk mass draaibtiwhen the other parameters
are kept unaltered. A striking result emerging from thesematations is that for a range of
reasonable parameters highly warped equilibrium conftgamaiwhere the disk obscures the
central object completely might be constructed.

In order to make a comparison to the previous studies andgtdight the differences,
the linear theory of self-gravitating warped disks has besisited. The main predictions
of the linear theory is reproduced, and used as an initiabgder nonlinear calculations.
It is shown that apart from differences in the equilibriunagés, the main distinction is
the allowed range of parameters for equilibria. In lineaotty, a disk with a certain mass
profile, and radial extent can support only a sin@gle n) = (1, 1) mode with a prescribed
precession frequency, and a corresponding fixed (but dealabrp shape. On the other hand
in the non-linear regime, the same disk can have varying slaapes for varying precession
frequencies.

Stability of such highly warped steadily precessing disks wtudied using perturbation
theory, and for a few cases was checked by time integratitmeafquations of motion. It was
found that stable equilibria exist only for a limited randerg,/r;, ratios, typically2 — 4.
For disks with radial extents in this range, the mass fractay stable equilibria can have
values betweern 1072 — 107, where the actual limits depend on the details of the model.

4.1.2 The Galactic Center Stellar Disks

In Chapter B) a new scenario for the formation mutually inclined warpeskslwas presented.
It was assumed that the observed warp in the stellar disleddtiactic Center was excited by
either radiation pressure, or by Bardeen-Petterson Hffore star formation took place. For
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each of these warping mechanisms, the relevant radial aredcales have been computed
to test their plausibility. 1t was shown that for the radbatiinstability to be viable, the past
luminosity of the Galactic Center region had be orders of mtage higher than its current
value.

Adopting initial values imposed by these mechanisms, tme tevolution of a warped
self-gravitating disk of stars was followed. Various madeave been compiled which differ
from each other in the assumed origin, i.e. initial warp ghdptal disk mass and surface
density profile. It was found that the time evolution of theldis very much sensitive to the
disk mass, but not to the assumed initial conditions.

An interesting outcome of these calculations is that diskh wmass fractions> 0.001
splitinto two separate disks which precess with their owammates, while disks with smaller
mass fractions precess without a change in their initiatigosed warping angles.

The splitting of the disk just mentioned occurs on a timeesediich depends on the disk
mass. Since more massive disks precess with faster ratdésisks are the ones which break
up at earlier times of their evolution. It is found that thgee of mutual separation between
the two disks increases linearly by time until about 35 psemms, and after that it saturates
at about0°.

A comparison of these models to the observations of the Gal@enter disks was made.
It was found that the clockwise rotating disk can be expldibg a single precessing disk,
with a mass fraction of ordér.001M,,.

4.2 Outlook

There are several possible improvements to the self-gitavit warped nuclear disk models
discussed in this thesis. In the following | mention soméief, and list some of the possible
applications.

4.2.1 Theoretical Improvements

e Self-Gravitating Viscous Warped Disks

The study of warps in the nuclear disks often makes use oftémelard accretion disk
formalism as briefly discussed in the introduction of thisdils. This comes about be-
cause the warps are believed to be excited as a result of aetiom between the

vertical viscosity in the disk, and the outward net forcingedo an external source.
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The viscous evolution of the disk is mostly studied basedhanldcal conservation

equations as put in a suitable form Byingle (1992. In this scheme various warp-
ing mechanisms are accounted for by inserting the releeagués to the momentum
conservation equation. Addition of the self-gravity toeguo the momentum equa-
tion would be a very natural extension of the pure self-gyaniodel presented here.
Preliminary calculations where the solution of the contyequation is obtained for

viscous self-gravitating warped disks suggest that matgresting outcomes can be
expected with this improvement.

Self-consistent Modeling of Warping Mechanisms and Stem&tion

In chapter B) studying the time evolution of the warped stellar disk & @alactic
Center, approximate initial conditions were adopted mgkise of the existing results
in the literature. In doing so, it was assumed that selfityyguovides the dominant
torques. It would be interesting to extend the models suahddasing of the radiation
torques is computed in a self-consistent way. This wouldireghe viscous evolution
equations to be implemented in the time integration schéfffeen done so, the inter-
play between warping and star formation in galaxy centensbheastudied in a more
reliable manner.

4.2.2 Possible Applications

¢ Interaction of the Galactic Center Disk with the CircumrardDisk (CND)

In a recent publicatiorSubr et al (2008 have proposed the interaction of the Galac-
tic Center stellar disks with the surrounding CND as the eafghe observed orbital
distribution of stars. While the CND and the stellar diskséhaomparable, and non-
negligible mass, self-gravity of the disks were neglect@diery straightforward ap-
plication of the models presented in chap®rdould be to implement a massive disk
inclined to the stellar disk and account for the effects ef@ND.

Application To Maser Nuclei - The Case of Circinus

One of the best examples of a warped nuclear disk lies in thiecef Circinus Galaxy
(Greenhill et al.2003. The maser activity observed in the disk constrains thespas
surface density, of the disk to assume a large value with gerdpmit of ~ 0.2M,.
The degree of warping in the disk reaches to abou30°. With these parameters,
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Circinus maser disk would be a good candidate to apply othgsavitating nonlinear
warp model.






APPENDIX A

COMPONENTS OFANGULAR MOMENTUM

FOR RING ¢

In this section we give the derivation for the components ragjudar momentum for ring

i in the (z,y, z) axes (equations2(19, (2.16, and @.17). The components of angular

momentum, |, in the space axis are written via the transfaongGoldstein et al.2002):

= Alw .

Here! is the inertia tensor written as:

mr?/2 0 0
I = 0  mr?/2 0

0 0 mr?

Ais a(3 x 3) transformation matrix with elements:

aj1 = C€oscos ¢ — coslsinpsiniy,
a1 = —sint cos @ — cosfsin ¢ cos,
a3 = sinfsin g,

as1 = c€ossin g + cos b cos P siny,
a9 = —sinesing + cosf cos ¢ cos,
a3 = —sinfcos o,
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az = sinysinb,
aza = cosysind,
azgg = cosf (A.3)

andw’ is the angular velocity with respect to body axis, and arétemias:

w; = ¢sinfsine + 6 cos (A.4)
w; = ¢sinfcosty — Osiny (A.5)
w; = ¢cosh 41 (A.6)

Combining these, the components of the angular momentuendimgle ring are obtained as:

sin ¢(py — pg cos 0)

l, = pocoso+ -
sin 0

, (A.7)

o8 ¢(py — py cos )
sin ¢

ly = ppsin¢ — , (A.8)



APPENDIX B

ELEMENTS OF THESTABILITY MATRIX

In section 2.2.7), stability of steadily precessing equilibria was studiesthg perturbation
theory. The explicit forms of the kinetic terms entering sit@bility matrix are written as:

O*T, 2
— = B.1
pg,  mr? (8.1
0T, _ 2(pg, — cos Oipy,) (8.2)
00;0py, (m;r? sin 62) '
O*T,; 2
L = B.3
a5, mr? sin® 6, (B-3)
OPT;  2(pg, — Py, €08 0;)(py, cos® b; + 2pg, cos? O; — dpy, cos 0; + pg,) (B.4)

2 2
00: mr; sin® 0;
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APPENDIX C

CALCULATION OF THE RADIATION
TORQUE

In Chapter3, the radiation torque acting on the supposed Galactic Cgareous disk was
compared to the gravitational torque. Here, we give a mot&ldd calculation of the radia-
tion torque.

The torque on a ring due to radiation pressure is written. as 2xTrrdr, whereTr is
the radiation torque density given gilvie & Dubus(2001):

ol

o (C.1)

L
Tr = —me(wm X

where, f(|¢|) is a term which limits the effectiveness of the radiatiomgta for highly in-
clined warps, and it has the Taylor series:

3, 15, 175

=1—-—= — = — 8). .2
f(z) 3% T e T 100 +O(z°) (C.2)

lis the unit vector and in our notation written as:
l, =sinfsing, [, = —sinfcos¢ [, = cosb. (C.3)
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The radial derivatives of the unit vectbthen have the components:

ol, .,00 0]
o = cos 0 sin qﬁa + sin 6 cos qba (C.49)
oL, a0 . .00
a5 = — cos 0 cos gb% + sin 6 sin gba (C.5)
al, .00
E = —8in 05 (C6)
In this case:
ol [ 00 . .00
1 x n = _COS gba — cos 0 sin # sin gba} €x + (C.7)

cos 0 sin f cos gb? + sin gb?] €, +
T T

- 96
) 0 AZ
_sm —&J €,

and its magnitude to be cast into equati@nlj is:

- %2‘2 @2
_\/((%) sin 0+<8T> . (C.8)

ol
'IXE







APPENDIXD

CONSTANTS

Physical Constant

Gravitational constant G=667x10%cm?*s?g!
Thomson cross section o7 = (87/3)(e?/m.c*)? (cm?)
Speed of light c=298x 10" cms™!
Proton mass m, = 1.673 x 107 g

Astrophysical Unit

Astronomical unit AU = 1.496 x 10" cm
Parsec pc =3.09 x 10'® cm
Solar mass Mg =199 x 103 g
Solar radius Re = 6.96 x 1019 cm
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APPENDIX E

ABBREVIATIONS AND SYMBOLS

Abbrevation Meaning

AGN Active Galactic Nucleus
BLR Broad Line Region
CCWwW Counter clockwise

CWwW Clockwise

GC Galactic Center

LONs Line of Nodes

LOS Line of Sight

NGC New General Catalogue
SMBH Supermassive Black Hole
Symbol

Liaq Eddington Luminosity
Mg Solar mass

Reo Solar radius

pc parsec
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