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Abstract

The method of creating ultra-relativistic electron beams from wakefields of relativistically in-
tense ultra-short laser pulses, which plow through dilute plasma environments, may announce
a revolution in particle-accelerator engineering. By harnessing the extreme electric-potential
gradients along the propagation direction of these wakes, this technology permits the genera-
tion of GeV-energy electrons on just a centimeter-scale. Thus, it fuels the quest for a drastic
miniaturization of accelerator components compared to conventional radio-frequency cavities,
and at the same time raises hopes to substantially reduce costs for future machines. Hence,
if this technology could be advanced to reach technical maturity, it would benefit the spread
of these particle sources for applications in hospitals and mid-scale research facilities with pro-
found implications on the fields of medicine, biology, chemistry, physics and material sciences.
State-of-the-art wakefield-driven electron sources almost match and sometimes even outper-
form their traditional counterparts with respect to certain beam parameters such as contained
charge, transverse emittance, energy, or pulse duration, whereas they lag behind in other areas,
such as repetition rate, longitudinal emittance, and most notably in shot-to-shot reproducibil-
ity. This inconstancy manifests itself in fluctuations of all crucial pulse parameters and may
be attributed to a nonlinear dependence of the acceleration mechanism on small variations in
laser and plasma conditions. Since this arguably comprises the major obstacle for a deployment
of laser-driven electron bursts in real-world applications, the stabilization of the acceleration
process marks a primary goal on many research agendas.
The work at hand addresses the reproducibility issue by utilizing a steady-state-flow gas cell
to host the laser-plasma-interaction medium, hence reducing plasma fluctuations, and thus for
the first time demonstrates high-quality electron pulses of unprecedented simultaneous shot-to-
shot stability in key parameters such as energy, charge, divergence and beam pointing. These
stable ultra-fast electron packages have proven to be of high quality by being suited for the
routine synthesis of XUV-radiation from a table-top undulator structure. En route to these
results, studies of laser guiding and laser-wakefield acceleration in capillary discharge wave-
guides allowed for the creation of high-energy electron beams with relativistic gamma-factors
exceeding one thousand. These achievements not only provide the basis for an ongoing system-
atic investigation of laser-wakefield acceleration by means of methods relying on meaningful
statistics facilitated by stable electron conditions, such as the investigation of the influence of
laser intensity-front tilt on the acceleration process, but also might enable first applications in
the near future.
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Introduction

Ultra-relativistic particle beams have developed into an essential tool currently penetrating
many facets of the forefront of natural science. In this thriving field of activity, monoenergetic
electron bursts at particle energies in excess of a GeV allow for the generation of coherent
X-ray pulses, which are useful in medical applications, where they enable unprecedented high-
resolution phase-contrast tomography, a sophisticated technology for human tissue diagnostics
[Bonse and Hart 1965; Momose et al. 1996]. Such X-ray pulses can likewise be applied
to facilitate the structural analysis of complex molecules and proteins of interest in biology
and chemistry [Solem 1986; Henderson 1995], which with the advent of ultra-bright and
ultra-fast free-electron-laser sources [Kondratenko and Saldin 1979] may open up the pos-
sibility of time-resolved single-shot single-molecule imaging [Neutze et al. 2000; Chapman
et al. 2006]. In return, this technique will considerably advance pharmacology and medicine.
Healthcare also benefits from the deployment of relativistic heavy-ion beams, which are starting
to profoundly impact cancer therapy [Eickhoff et al. 2003]. These particle beams therefore
possess direct influence on our everyday lives through a diversity of applied medical research.
However, in addition to a plethora of implications on practical scientific aspects, they also grant
insight into fundamental principles of nature. With the commissioning of the large hadron col-
lider, particles at TeV energies could trigger a revision of one of the basic building blocks of
contemporary physics, namely the standard model of particle theory [Weinberg 1967]. Thus,
they might help to initiate a revolution of our view on the most elementary events that led to
the creation of the universe as we experience it today [Randall 2002; Achenbach 2008].
Conventional sources providing these beams are based on resonantly excited radio-frequency
cavities (see e.g. Humphries [1999]) and therefore are limited by material breakdown to accel-
erating electric-field strengths of no more than ∼ 100 MVm−1. Given that the aforementioned
applications rely on high energy particles in the multi-hundred MeV to TeV range, the size of
and hence the necessary budget for high-end accelerators including the required infrastructure
needs to become enormous1. For these reasons, clearly, a novel approach in technology is de-
sired, which allows for increased acceleration gradients in order to shrink the dimensions and
the required investments for the next generation TeV-particle source. This at the same time
would facilitate a more widespread distribution of current state-of-the-art multi-GeV machines.
A promising route for the formation of ultra-strong particle-accelerating fields utilizes electric

1The planned International Linear Collider (ILC), for example, would need to extend over tens of kilometers
in order to enable the collision of two TeV electron bursts, driving its costs beyond the 10 billion € barrier.
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potential gradients arising in large-amplitude plasma waves. Such waves can be excited by
relativistic particle beams [Chen et al. 1985] or intense laser pulses [Tajima and Dawson
1979]. Hence, these processes are called beam-driven plasma wakefield acceleration (PWFA)
and laser wakefield acceleration (LWFA), respectively. The latter scheme is of particular inter-
est, since it permits the efficient creation of ultra-short and ultra-relativistic electron bunches
from a setup fitting on a table-top, which is possible nowadays owing to the rapid evolution
of laser technology in the past decades. This development was catalyzed by the invention of
chirped-pulse amplification [Strickland and Mourou 1985], which fast-tracked the progress
made in the race towards ever more powerful light flashes compressed to time scales as short as
a few light-oscillation cycles. These ultra-intense bursts may be used to create extreme states
of matter by exerting Gbar pressures, setting up environments heated to MeV temperatures
and providing electric-field strengths exceeding those that bind inner-shell electrons to atomic
cores. Hence, modern tera- to petawatt laser facilities represent tools which access plasma
physics over a wide range of parameters and consequently over a manifold of different physical
domains. This includes the fields of fast ignition in inertial confinement fusion [Nuckolls et al.
1972; Tabak et al. 1994] and laboratory astrophysics [Kane et al. 1997], requiring exceptional
energy densities. Also, modern short-pulse laser systems drive secondary light sources emitting
X-rays (see e.g. Daido [2002] and Dromey et al. [2006]) or VUV-beams possibly suitable for
attoscience2 [Nomura et al. 2008]. In addition, high-intensity laser-plasma interaction allows
for the provision of compact particle sources releasing fusion neutrons [Ditmire et al. 1999;
Taylor et al. 2007], beamed ions [Maksimchuk et al. 2000; Snavely et al. 2000], or, as
mentioned before, ultra-relativistic electron bunches.
The vision of Tajima and Dawson [1979] prepared the development of such laser-driven elec-
tron beams, which harness gigantic electric-field strengths that may only be realized in a plasma
setting. In laser wakefield acceleration, an intense light pulse in a dilute plasma expels electrons
from its axis of propagation by its ponderomotive force and thereby creates a plasma wake with
one or more electron voids trailing the electro-magnetic driver. Inside such a cavity, longitu-
dinal field-strengths of considerably more than 10 GVm−1 are created. If the intensity of the
driving laser-pulse is high enough, then the plasma wave may break and inject electrons into
the wakefield troughs, which in this case are violently accelerated capitalizing on the prevailing
colossal electric fields. However, it took more than ten years before laser technology had be-
come mature enough for a first successful demonstration of wakefield acceleration of externally
injected 1.5 MeV electrons [Clayton et al. 1993]. This result in combination with further ad-
vances in laser engineering for the generation of shorter pulse durations (∼ 1 ps) and increased
powers (> 1 TW) acted as the starting point of a number of ensuing experimental campaigns
in the mid-1990s. These showed the feasibility of accelerating laser-self-injected electrons in
the self-modulated laser wakefield acceleration (SM-LWFA) regime3 achieving energies well be-

2For details confer Paul et al. [2001], Hentschel et al. [2001], Drescher et al. [2001], and e.g.Uiberacker
et al. [2007] or Cavalieri et al. [2007].

3SeeModena et al. [1995], Ting et al. [1996], Umstadter et al. [1996b],Gordon et al. [1998] and Leemans
et al. [2002].
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yond 100 MeV over an effective acceleration distance of only a millimeter. Nevertheless, the
obtained electron spectra were thermal in nature with an energy spread on the order of 100 %
and therefore not comparable to the specifications reached at conventional accelerators.
At about the same time, an exponential increase in available computing power, a refinement
of numerical algorithms and a reduction of the effective laser-plasma-interaction volume facil-
itated by the availability of laser pulses with ever shorter pulse durations enabled fully three-
dimensional simulations of LWFA with the help of particle-in-cell (PIC) codes4. These codes
illuminated wakefield physics in detail and predicted the existence of a continuously broken-
wave scheme, dubbed bubble regime [Pukhov and Meyer-ter-Vehn 1998], which would
allow for the acceleration of laser-driven quasi-monoenergetic electron distributions, but re-
quired laser pulses of longitudinal extent of less than half the characteristic plasma wavelength.
When powerful light bursts approaching this limit became accessible with durations of . 50 fs,
first measurements reported on improved acceleration gradients of ∼ 200 GVm−1 [Malka et al.
2002] and demonstrated electron beams with a normalized emittance of ∼ 1 mm·mrad [Frit-
zler et al. 2004], which is comparable to the emittances from the best photocathode sources.
Just a few months later, the intended breakthrough result was prominently published by three
independent groups. Geddes et al. [2004], Mangles et al. [2004] and Faure et al. [2004]
obtained well collimated electron beams with quasi-monoenergetic distributions of a few per-
cent energy spread around ∼ 100 MeV containing ∼ 100 pC of charge. For the first time, laser
accelerated electrons constituted a true beam with key attributes comparable to those of estab-
lished sources, but generated on only a few millimeters of acceleration distance. Subsequently,
progress came fast-paced5, which was associated with LWFA electron-bunch parameters rapidly
approaching those generated from conventional machines. This endeavor spawned some high-
light results, such as surpassing the GeV-energy frontier by channeling of wake-driving laser
pulses [Leemans et al. 2006], or the controlled injection of electrons into the wake bucket by
counterpropagating laser beams [Faure et al. 2006]. Furthermore, the shot-to-shot beam re-
producibility improved tremendously through careful control of various laser-pulse parameters
[Mangles et al. 2007; Nakamura et al. 2007; Hafz et al. 2008], the implementation of new
injection schemes [Faure et al. 2006; Geddes et al. 2008], and most notably by use of steady-
state-flow gas cells [Osterhoff et al. 2008] as developed in this work.
Currently, these high-quality laser-driven electron bunches are on the verge of entering the
realm of applications. Based upon this approach, an intriguing prospect represents the genera-
tion of undulator radiation and ultimately the construction of a free-electron laser (FEL) on a
table-top scale [Grüner et al. 2007]. Albeit never measured, the duration of laser-accelerated
electron bunches is expected to be on the order of a few femtoseconds, corresponding to currents
in the several 10 kA range. Such charge flux would allow for greatly reduced undulator sizes by

4Information about three-dimensional PIC simulations can be found in numerous publications, e.g.
in Pukhov [1999], Lee et al. [2000], Nieter and Cary [2004] or Geissler et al. [2006].

5Only two years after the observation of first quasi-monoenergetic spectral features, researchers from more
than twenty laboratories around the world had reproduced such ultra-relativistic electron beams. Among these
are Miura et al. [2005], Hafz et al. [2006], Hidding et al. [2006], Hosokai et al. [2006] and Hsieh et al. [2006].
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a factor of ∼ 10 and thus renders possible a miniaturization of the FEL concept. As an initial
step, recent experiments have observed undulator light in the visible to near-infrared range
[Schlenvoigt et al. 2008] and, employing the stable all-optical electron source described in
this thesis, detected radiation with photon energies in excess of 100 eV [Fuchs et al. 2009].
All in all, laser wakefield acceleration remains among the hot topics in modern accelerator and
laser-plasma science. Its prospects are captivating, their realization a formidable challenge.
This dissertation reports on advances in this exciting field, and for doing so in a structured
way, it is divided into the following parts:

Chapter I – Details the theory of wakefield acceleration and accompanying effects oc-
curring in high-intensity laser-plasma interaction in order to facilitate the
understanding of the results discussed in the following chapters.

Chapter II – Presents pulse properties and architecture of the ATLAS laser system,
which was rebuilt partially in the framework of this study to provide suf-
ficient intensities for the execution of LWFA experiments.

Chapter III – Reports on the mode-quality maintaining, efficient propagation of relativis-
tically intense ATLAS beams through a capillary discharge waveguide over
distances longer than eight times their Rayleigh length.

Chapter IV – Reviews experiments employing the aforementioned channeled light bursts
to drive strong wakefields along the capillary waveguide, which then break,
inject electrons and accelerate them to several hundred MeV of energy.
Moreover, well collimated electron bunches with the smallest divergences
published to-date have been observed. However, the attributes of all these
beams are found to suffer from significant shot-to-shot instabilities.
Affiliated publication: Karsch et al. [2007].

Chapter V – Introduces the stabilization of laser-driven electron bunches by reduction
of plasma fluctuations through the operation of the capillary channel in a
steady-state-flow gas-cell mode, resulting in unprecedented beam stability.
Affiliated publications: Osterhoff et al. [2008, 2009].

Chapter VI – Discusses the excitation of electron-betatron oscillations inside a wakefield
structure by means of controlling the laser pulse angular chirp on the basis
of experimental measurements and PIC calculations.
Affiliated publication: Popp et al. [2009].

Chapter VII – Outlines future developments in the field of laser wakefield acceleration
and addresses a possible application with the consideration of LWFA-fed
table-top undulator-radiation sources and free-electron lasers.
Affiliated publication: Fuchs et al. [2009].

The affiliated papers quoted above either form the backbone of this work [Karsch et al. 2007;
Osterhoff et al. 2008, 2009] or are a direct result of it [Popp et al. 2009; Fuchs et al. 2009].
For a better overview, a comprehensive list of the author’s publications can be found on p. 146.



Chapter I

Theoretical foundations

Intense laser pulses propagating through plasma allow for the acceleration of electrons to ultra-
relativistic energies. This chapter provides the theoretical foundations, explains the mechanism
of laser wakefield acceleration (LWFA) and details other physical effects involved in this process,
e.g. laser self-focusing. All this is accomplished on the basis of an analytic model. The limits of
such an analytical approach are discussed in section I.IV.V and a more complete description by
means of numerical calculations will be introduced subsequently. From these considerations the
demands for wakefield acceleration towards laser- and plasma-parameter space are derived and
summarized (section I.V), which therefore motivate the choice of conditions for the electron-
acceleration experiments and simulations discussed in the following parts of this work.

I.I Attributes of light

Light is an electro-magnetic wave. It is fully characterized by its electric and magnetic fields ~E
and ~B, which vary in space ~x and time t. These fields can be expressed by a vector potential
~A and a scalar potential Φ (e.g. Jackson [1975] or Zinth and Körner [1998]):

~E = − ∂

∂t
~A−∇Φ

~B = ∇× ~A
(1.1.1)

These potentials must fulfill the corresponding wave equations that can be derived from the
Maxwell equations using the Lorenz gauge:

1
c2
∂2 ~A

∂t2
−∇2 ~A = µ0 ~J

1
c2
∂2Φ
∂t2
−∇2Φ = ρ

ε0

(1.1.2)

Here and in the following, c denotes the vacuum speed of light, ε0 refers to the electric permit-
tivity of free space and µ0 is the vacuum magnetic permeability. These quantities are related
to each other through c = (ε0µ0)−1/2. Moreover, ρ represents a charge density and ~J describes
an electric current density. It is immediately clear that a solution of (1.1.2) propagates with c
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in the absence of any charge distribution and flux. Such a solution can be given as:

~A (~x, t) = ~A0 cos
(
ωt− ~k~x+ φ

)
(1.1.3)

This expression describes a plane wave with its amplitude and polarization determined by ~A0. ~k
is called the wave vector and defines the wave propagation direction, ω = 2πcλ−1 is the angular
frequency of the wave and λ the wavelength. φ represents an absolute phase offset. With the
above mentioned lack of charge and current, the vector-potential solution also fulfills the wave
equation for Φ, since they are coupled by the employed gauge. Hence, it is possible to obtain
simple expressions for the electric and magnetic fields by taking into account (1.1.1) and (1.1.3):

~E (~x, t) = ~E0 sin
(
ωt− ~k~x+ φ

)
~B (~x, t) = ~B0 sin

(
ωt− ~k~x+ φ

) (1.1.4)

The electric and magnetic field amplitudes are related to the vector potential amplitude by
| ~E0| = c| ~B0| = ω| ~A0|. From (1.1.1) and the Maxwell equations it further follows that ~E ‖ ~A,
~E ⊥ ~B and ~k ⊥ ~B. ~E ⊥ ~k is true here, but is not valid in the more general case of optical
anisotropy. Combining (1.1.2) with (1.1.3) yields the dispersion relation for light in vacuum:

|~k|2 = ω2

c2 (1.1.5)

An important feature of electro-magnetic waves is their ability to transport energy with their
energy flux density given by the Poynting vector (e.g. Poynting [1920]):

~S = ε0c
2
(
~E × ~B

)
(1.1.6)

An expression for the corresponding intensity I may be found by temporal averaging over one
oscillation period of the fields in (1.1.6) and making use of the fact that ~E ⊥ ~B:

I =
〈
|~S|
〉

= ε0c
〈
| ~E|2

〉
(1.1.7)

This intensity can also be expressed as I = EL (ALτL)−1. EL represents the energy transported
by a light wave within a time window τL through a cross-section AL. Today’s ultra-high intensity
laser systems achieve energy flux densities at focus of 1018 W cm−2 or more1. According to
(1.1.7), the electric field strength within the focal volume of such laser pulses can be estimated
to surpass 2 · 1012 V m−1. These field strengths are significantly larger than the fields that tie
an electron to the core inside a hydrogen atom (∼ 5 · 1011 V m−1).
Electro-magnetic waves exchange energy and interact with their environment only in discrete
quantities of measure Eph [Planck 1901; Einstein 1905b], the so called quanta or photons:

Eph = ~ω (1.1.8)
1Currently, the published record stands at ∼ 2 · 1022 W cm−2 [Yanovsky et al. 2008].
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~ is the reduced Planck constant. The photon energies in the visible light spectrum can be
evaluated from relation (1.1.8) to range from 1.5 eV at λ = 800 nm to 3.1 eV at λ = 400 nm.
Modern laser technology allows for the storage of several joules of energy within a few tens
of femtoseconds and thus reaches peak powers P = ELτ

−1
L well beyond 100 TW. Hence, the

number of photons in such a light burst around 800 nm wavelength is on the order of 1019.
Moreover, each photon carries a quantized momentum ~pph [Einstein 1909]:

~pph = ~~k (1.1.9)

As a consequence, photons can be assigned a relativistic mass mph = ~pphc
−1 = Ephc

−2, meaning
they obey gravity [Einstein 1905a, 1911, 1915]. This is true, although light quanta feature no
rest mass for they travel with c. Photon momentum has yet another important implication:
light momentum transfer results in radiation pressure PL = Ic−1. For high intensity laser beams
with I ≥ 1018 W cm−2, PL is substantial and exceeds 300 Mbar.

I.II Relativistic laser-matter-interaction

Very intense light pulses exhibit extreme electric fields (| ~E0| ≥ 2 · 1012 V m−1), exert extreme
pressures (PL ≥ 300 Mbar) and carry extreme powers (P ≥ 100 TW) as shown in section I.I.
The interaction of such kind of radiation with matter therefore proceeds under extraordinary
conditions. The influence of these electro-magnetic waves on isolated electrons (section I.II.I)
as well as on single atoms and ions (section I.II.II) will be investigated in the following.

I.II.I Electron motion in an electro-magnetic field

The equation of motion for a free electron of charge e and mass me in an oscillating light field
of the form (1.1.4) albeit with temporally and spatially changing field envelopes ~E0 (~x, t) and
~B0 (~x, t) can be compiled under consideration of the Lorentz force [Maxwell 1861]:

me
d

dt
(γ~v) = −e

(
~E + ~v × ~B

)
(1.2.1)

~v represents the electron velocity. The corresponding relativistic factors are γ = (1 − β2)−1/2

and β = |~v|c−1. For sub-relativistic speeds (~v � c) the ~v × ~B component is negligible since
| ~B| = | ~E|c−1 (cf. section I.I). In this case γ ≈ 1 and (1.2.1) reduces to me

d~v
dt

= −e ~E from which
the electron quiver velocity can easily be found by integrating over time:

~v (~x, t) = − e

me

∫
~E0 (~x, t) · sin

(
ωt− ~k~x+ φ

)
dt+ ~v0 (1.2.2)

Here, the integration constant ~v0 describes the initial electron velocity, which will be set to zero
for the sake of simplicity. The electron quiver energy is defined as Eq = 1

2me|~v|2. Averaging over
one oscillation period of Eq yields an expression for the ponderomotive potential UP. Generally,
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this can only be done in the slowly varying envelope approximation, meaning the envelope of the
electric field ~E0 (~x, t) must change insignificantly on the time scale of an electric field oscillation
and therefore can be regarded as constant over one field cycle. That leads to:

UP = 〈Eq〉 = e2

4meω2 | ~E0|2 ≈ 9.33 · 10−6 Iλ2 in eV (1.2.3)

The ponderomotive potential UP results in a force ~FP = −~∇UP directed along the intensity
gradient of a laser-pulse envelope perpendicular to the laser propagation direction and hence
pushes electrons towards regions of lower energy flux density, e.g. for Gaussian shaped beams
out of focus. This statement and eq. (1.2.3) are valid for light pulses that are not strong enough
to accelerate electrons to relativistic speeds and which do not feature substantial intensity
modulations on the time scale of an electric field oscillation. A more rigorous derivation of the
ponderomotive force in the case of relativistic field amplitudes has been accomplished by Bauer
et al. [1995], Startsev and McKinstrie [1997], and Quesnel and Mora [1998]. However,
the resulting expressions are complex and do not considerably further the understanding of the
concept of ponderomotive pressure in this context. Hence they are not explicitly given here.
A convenient way to assess the relative strength of an electro-magnetic pulse and therefore to
determine the importance of relativistic effects in the interaction of a light wave with matter
is provided by the normalized vector potential (e.g. Gibbon [2005]):

a0 = e| ~A|
mec

≈ 8.5 · 10−6
√
Iλ (1.2.4)

a0 equals unity when the kinetic energy gain of an electron in half a light wave cycle is compara-
ble to its rest mass energy Erest = mec

2. Thus a0 = 1 marks the transition from sub-relativistic
kinetics (a0 � 1) to the relativistic regime (a0 & 1). Todays ultra-intense laser systems readily
cross this threshold, which is reached at:

Irel = 2π2ε0m
2
ec

5

e2λ2 ≈ 1.37 · 106 λ−2 in W cm−2

For such intensities the ~v × ~B term in (1.2.1) cannot be neglected anymore. It will result in an
additional electro-magnetic-force component pointing into the direction of laser propagation ~k.
Unlike in the non-relativistic case this entails an electron ejection from high intensity regions
under an angle Θ against ~k of decisively less than 90°. This Θ may be determined by comparing
the momentum components parallel p‖ and perpendicular p⊥ to ~k of an electron initially at
rest, which is done by investigating its kinetic energy boost ∆Ekin after being expelled from
the interaction zone:

∆Ekin = Etot − Erest = (γ − 1)mec
2

with Etot = γmec
2 identifying the total relativistic electron energy. The energy gain ∆Ekin

is extracted from the radiation field by photon momentum transfer of N light quanta (see
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equation 1.1.9). It follows from conservation of parallel momentum and by application of the
dispersion relation for electro-magnetic waves in vacuum (1.1.5):

p‖ = N~|~k| = (γ − 1)mec

Next, a correlation between p‖ and p⊥ can be derived by inserting the laser-field potentials
(1.1.1) into the Lorentz force equation (1.2.1). Under consideration of the Lorenz gauge an
integration of the longitudinal and transverse force components yields (for additional details
see e.g. Bardsley et al. [1989] or Gibbon [2005]):

p‖ = p2
⊥

2mec

Consequently, the emission angle Θ is given by:

tan Θ = p⊥
p‖

=
√

2
γ − 1

Moore et al. [1995] and Meyerhofer [1997] verified this result in experiments and simula-
tions. When Θ is sufficiently small, an ultra-relativistic electron can be captured within the
laser field and travel almost parallel with the accelerating pulse over long distances and by this
in theory reach energies in excess of 1 GeV [Wang et al. 2001]. Numerous other laser-driven
electron-acceleration schemes in vacuum have been proposed such as the beat-wave scheme
[Esarey et al. 1995], tailored laser focii [Stupakov and Zolotorev 2001] or the deployment
of additional static magnetic fields [Katsouleas and Dawson 1983; Chernikov et al. 1992].
Hence it can be summarized that the acceleration of electrons by light waves in vacuum is
possible with a net energy gain2. This does not contradict the Lawson-Woodward Theorem
[Woodward 1947; Lawson 1979] which states that an isolated electron cannot experience a
net energy gain by interacting with an electro-magnetic field when obeying certain restrictions:

- a - The interaction region is infinite.

- b - No boundaries are present.

- c - The electron is highly relativistic along the acceleration path.
2 This is principally not only true for electrons but for all charged particles including ions of mass mi and

charge Zie. As may be shown in an equivalent fashion to the derivation of equations (1.2.1) and (1.2.2) with
the help of (1.2.4), accelerating an ion to sub-relativistic velocities vi scales with:

vi

c
= 1

2Zi
me

mi
a0

Therefore, the speed of an ion and also its displacement from the stationary position is smaller by a factor of
mem

−1
i < 5.5 · 10−4 compared to an electron inside the same laser field due to its higher inertia. This implies

that the minimum intensity that is needed to accelerate ions to relativistic intensities scales with m2
em
−2
i , which

sets a lower intensity threshold of ∼ 1024 W cm−2 at λ = 800 nm for the most mobile ions available, ionized
hydrogen. Such strong laser pulses do not exist up to date. Hence all ion movement on the time scale of a
laser-field oscillation can be neglected in the following parts of this work and all ions will be regarded as part
of an immobile background.
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- d - No static electric or magnetic fields are present.

- e - Non-linear effects can be neglected.

As a result, one or more of these requirements must be violated for net electron acceleration to
occur. It is immediately clear that restriction - a - cannot be fulfilled under realistic conditions
since every interaction region is limited to the laser spot size. In a plasma most constrictions
above do not apply. This leads to the existence of efficient ways of electron acceleration in such
a medium, e.g. wakefield acceleration (see section I.IV.I) or direct laser acceleration in analogy
to an inverse free-electron laser [Pukhov and Meyer-ter-Vehn 1998; Pukhov et al. 1999].

I.II.II Atomic ionization mechanisms

Owing to the extreme field and energy-density properties of high intensity laser beams (confer
section I.I) they constitute ideal tools for the purpose of atomic ionization and hence plasma
production. In a simplified way plasma can be described as a medium of ionized matter in which
one or more free electrons are present (for a thorough definition see section I.III.III). This section
will investigate the different interaction regimes of intense light waves with single atoms and
ions leading to ionization. Whether multi-photon mechanisms or strong-field effects dominate
in such an interaction process is determined by the ratio of atomic ionization potential IP to
the ponderomotive potential of the electromagnetic field UP and is expressed by the Keldysh
parameter [Keldysh 1965; Perelomov et al. 1966]:

γK =
√

IP

2UP

Here, two cases must be distinguised: when γK > 1, then the electric field of a light wave does
not alter the inner-atomic electric fields significantly. Therefore the incident electro-magnetic
wave can be considered as a small perturbation to the Coulomb potential to which the bound
electrons are exposed. Hence this regime can be treated quantum mechanically by perturbation
theory (see multi-photon ionization below). For γK � 1, the propagating light fields may not
be regarded as small perturbations anymore. The inner-atomic fields are distorted in a way
that bound electron states tunnel out of the deformed potential well (see tunnel ionization) or
escape over the modified Coulomb barrier (see barrier-suppression ionization). The meaning of
the Keldysh-parameter picture becomes a little vague for many-electron systems, in which the
two γK-regimes are not separable as easily anymore [Lambropoulos 1985].

Multi-photon ionization

Light with an intensity not sufficient to significantly modify the electric field of an atomic nu-
cleus may ionize matter by multi-photon processes. During multi-photon ionization an electron
in state |i〉 must absorb N photons each with an energy Eph in order to overcome its ionization
potential IP and enter into an unbound state |f〉, so that IP ≤ NEph holds true (confer figure
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Figure 1.2.1 – Multi-photon ionization is a process in which an electron bound to an
atomic core absorbs N photons of frequency ω such that it overcomes
its ionization potential IP ≤ N~ω and therefore shifts from state |i〉
to a free state |f〉 into the continuum.

1.2.1). The probability for this mechanism to occur depends on the photon density or intensity
I to the power of N . The corresponding ionization rate Γi→f can be derived through perturba-
tion theory by including N -th order photon dipole transitions [Mainfray and Manus 1991]
and is given by:

Γi→f = σ
(N)
i→f I

N

The cross-section σ(N)
i→f is defined according to Fermi’s golden rule [Dirac 1927; Fermi 1950]:

σ
(N)
i→f = 2π (2παω)N gN (ω)

·

∣∣∣∣∣∣
∑
lN−1

∑
lN−2

· · ·
∑
l1

〈f |H ′|lN−1〉 〈lN−1|H ′|lN−2〉 · · · 〈l1|H ′|i〉
[ωi→lN−1 − ω(N − 1)][ωi→lN−2 − ω(N − 2)] · · · [ωi→l1 − ω]

∣∣∣∣∣∣
2

All intermediate states |lj〉 with (j ∈ N) ∧ (1 ≤ j < N) must be included in the sum. The
frequency corresponding to a certain dipole transition can be obtained as ωa→b = ~−1(Eb−Ea)
with Ea and Eb being the binding energies of state |a〉 and |b〉, respectively. α is the atomic
fine structure constant, H ′ denotes a perturbed Hamiltonian describing the quantum mechan-
ical system and gN (ω) represents the frequency dependent density of states, i.e. the number of
available quantum mechanical states at each energy level.
Historically, first measurements of multi-photon-ionization generated free electrons were re-
ported by Voronov and Delone [1965] and Agostini et al. [1968]. In the experimental part
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of this work, which is discussed in chapters III, IV and V, multi-photon ionization plays just
a peripheral role. Here, the Keldysh parameter decreases below 1 for laser intensities above
1.1 · 1014 W cm−2. Since the average energy flux density in the presented experiments is on the
order of 1018 W cm−2, this type of multi-photon processes can be made responsible only for
ionization events in the spatial and temporal low-intensity wings of the light wave, which may
nevertheless become critical in the case of an insufficient laser contrast (confer chapter II).

Tunnel ionization

When γK drops significantly below unity, the modification to the electric field of an atom
induced by an approaching electro-magnetic wave cannot by considered a small perturbation
anymore. Therefore the mathematical description discussed in the previous subsection breaks
down. The incoming light wave alters the atomic potential in a way that bound electron states
may tunnel through the now finite thickness Coulomb barrier (see figure 1.2.2). This interaction
is still a multi-photon process, but can be treated quasi-classically with the help of the so called
WKB-approximation [Wentzel 1926; Kramers 1926; Brillouin 1926] which simplifies the
description of the tunneling event. Ammosov, Delone, andKrainov [1986] have developed a
tunnel-ionization-model (the ADK-model) introducing the cycle-averaged tunneling rate ΓADK,
which is valid for complex atoms as well as multiply charged ions:

ΓADK = C2
n∗l∗flm

√
2|IP|e−Σ [πΣ]−

1
2 [3Σ]2n

∗−|m|−1 (1.2.5)

with C2
n∗l∗ = 22n∗

n∗Γ (n∗ + l∗ + 1) Γ (n∗ − l∗)

flm = (2l + 1) (l + |m|)!
2|m||m|! (l − |m|)!

Σ = 2 (2|IP|)
3
2

3| ~E0|

The effective principal and azimuthal quantum numbers are given by n∗ = Z(2|IP|)−1 and
l∗ = n∗ − 1, respectively. l represents the default azimuthal and m the magnetic quantum
number, Z denotes the charge state of the atom. Equation (1.2.5) is given in atomic units
and includes the Gamma function Γ. The validity of this expression has been experimentally
confirmed byAuguste et al. [1992] over an intensity range spanning five orders of magnitude up
to ∼ 1018 W cm−2. The ADK-model will fail at even higher photon densities when approaching
the relativistic threshold a0 ≈ 1 since it does not include magnetic-field effects, which then
start to kick in. This part of parameter space has not been explored thoroughly yet and is part
of ongoing experimental and theoretical [Milosevic et al. 2002] research.

Barrier suppression ionization

Once the electric field strength of a light wave is strong enough to not just deform an atomic
potential barrier, but to suppress it completely below a given bound electron state, the electron
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(a) Unaffected atomic binding potential
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Figure 1.2.2 – Tunnel ionization describes the process during which a bound elec-
tron may tunnel through a deformed atomic potential barrier. This
ionization mechanism is prohibited in an undisturbed potential well
due to its infinite Coulomb wall thickness (a). However, if a strong
electric field is present (e.g. a very intense laser), the atomic binding
potential can be significantly altered in such a way that the tunneling
probability becomes finite (b).
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(a) Noble gas ions

Ion IP (eV) IBSI (W cm−2)
He+ 24.59 1.4 ·1015

He 2+ 54.42 8.8 ·1015

Ne+ 21.6 8.6 ·1014

Ne 2+ 40.96 2.8 ·1015

Ne 7+ 207.3 1.5 ·1017

Ar 8+ 143.5 2.6 ·1016

Xe+ 12.13 8.6 ·1013

Xe 8+ 105.9 7.8 ·1015

(b) Miscellaneous ions

Ion IP (eV) IBSI (W cm−2)
H+ 13.61 1.4 ·1014

C+ 11.2 6.4 ·1013

C 4+ 64.5 4.3 ·1015

N 5+ 97.9 1.5 ·1016

O 6+ 138.1 4.0 ·1016

Table 1.2.1 – Barrier suppression intensities IBSI and ionization potentials IP for
noble gas ions (a) and miscellaneous other ions (b) treatable by (1.2.6).

escapes and the atom is left ionized. This mechanism is called barrier suppression ionization
(BSI). Strictly speaking BSI represents nothing else than a special case of tunnel ionization with
a potential barrier lowered below IP, therefore the ADK-model (1.2.5) still applies. In addition,
a simple classical estimate of the barrier-suppression threshold in intensity can be obtained by
analyzing the electric potential V for an electron in the vicinity of a central charge Ze under
the presence of an external electric field ~E changing linearly with radius r:

V (r) = − Ze2

4πε0r
− e| ~E|r

The temporal variation of ~E must be small on the time scale of electron dynamics in the given
potential well. Then an expression for the radius rmax where V (rmax) has a local maximum,
i.e. where the barrier peak is located, can be derived by solving dV (r)(dr)−1 = 0 for r = rmax:

rmax =
√√√√ Ze

4πε0| ~E|

The light intensity IBSI corresponding to a minimum | ~E| necessary to suppress a barrier below
the ionization threshold IP is thus given by evaluating V (rmax) = IP and obeying (1.1.7):

IBSI ≥
I4

Pπ
2cε30

2Z2e6 & 4.00 · 109 I
4
P
Z2 in W cm−2 with [IP] = eV (1.2.6)

This estimate yields good results for a number of ions. It works particularly well for noble-
gas-like shell configurations (verified by Augst et al. [1989] and Auguste et al. [1992]). An
in-depth analysis of tunnel-ionization mechanisms and the interaction of laser pulses with single
atoms in general can be found in Delone and Krainov [1994]. Barrier suppression ionization
constitutes the predominant process generating plasma from diatomic hydrogen in the experi-
ments described in chapter V. The employed light intensities there exceed 1018 W cm−2, whereas
the IBSI-threshold for hydrogen is four orders of magnitude less than that (cf. tab. 1.2.1).
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I.III Attributes of plasma

The ionization of matter as discussed previously entails the presence of unbound electrons in
a volume filled with positively charged atomic trunks. Under certain conditions, which will be
defined below, this mixture of electrons and ions is called a plasma. The properties of plasma are
unique and therefore plasma is sometimes referred to as one of the five states of matter (besides
Bose-Einstein-condensate, solid, liquid and gas). Inside such a medium diverse collective effects
between the electrically interacting species can occur, which will be investigated in the following
and which ultimately allow for electron acceleration in laser-driven plasma wakefields.

I.III.I Debye length and characteristic spatial scales

Plasmas typically feature the property of quasi-neutrality3, meaning they appear electrically
neutral on length scales larger than the Debye length λD over which contrarily charged particles
of different species start to shield each other (e.g. Goldston and Rutherford [1998]):

λD =

√√√√ε0kB

e2

(
ne

Te
+

∑
ion sorts

Zini

Ti

)−1

(1.3.1)

Here, kB is Boltzmann’s constant, ne and Te are the electron density and temperature, respec-
tively. Correspondingly, ni denotes the density of an ion species, Ti specifies its temperature
and Zi represents the charge state. This equation requires the particles in each population to
reside in thermal equilibrium. However, thermal balance between particles of differing species is
no precondition for the expression to be valid. Such a multi-temperature scenario may appear
on short time scales in weakly-coupled systems (see below) of two or more particle sorts with
different temperatures, e.g. as encountered in plasmas for wakefield acceleration, in which the
electron thermal energies significantly exceed the ion thermal energies Te � Ti.
The Debye length is directly connected to another important quantity, the plasma parameter:

Λ = 4π
3 nxλ

3
D ∝ n−

1/2
x

which represents the number of particles of species x and of density nx located within a sphere
of radius λD (e.g. Fitzpatrick [2006]). In the case of Λ� 1, the plasma is called strongly cou-
pled. This entails the Debye volume being sparsely populated, the kinetics of charged particles
being dominated by one another’s electrostatic influence and thus, individual scattering events
being responsible for the particle motion. Strictly, such a system cannot be defined a plasma
anymore due to its lack of collective behavior. These media are cold and dense in contrast to
systems with Λ� 1, which are hot and dilute. Those plasmas are termed weakly coupled, since
the Debye volume is densely populated and individual scattering events are rare compared to
collective interactions. Owing to the fact that laser generated plasmas in LWFA environments

3An example of a non-neutral plasma is a beam of charged particles.
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are usually weakly coupled, the following description focuses on the latter regime and neglects
the complicated strongly coupled case without loosing its validity.

I.III.II Plasma frequencies and characteristic time scales

On scale lengths smaller than λD there is no electric screening effect and hence, an infinitesimal
displacement δ~x of a slab of plasma electrons against an ion background will result in a restoring
force of the form ~Fres = −qdis ~Eres = mdisδ̈~x with the total displaced charge qdis = −eneAdis|δ~x|
and the total displaced mass mdis = meneAdis|δ~x|. Adis characterizes the area over which the
displacement δ~x is executed. From Gauss’ Law follows | ~Eres| = ε−1

0 σ with σ = −ene|δ~x| being
the plasma slab surface charge density. This yields an equation of motion of the following form:

d2

dt2
|δ~x|+ e2ne

meε0
|δ~x| = 0

As can easily be seen, this expression describes a harmonic oscillation with the frequency:

ωp,e =
√
e2ne

meε0
(1.3.2)

The electron plasma frequency ωp,e is the basic angular oscillation frequency of so called plasma
or Langmuir waves and defines a time scale τe on which collective electron effects in a plasma
take place. Analogously, plasma frequencies for each ion population set the corresponding time
scales τi of ion dynamics and can be defined as ωp,i = [(Zie)2 ni (miε0)−1]1/2. mi is the charac-
teristic ion mass for a certain species. In the following chapters, the name plasma frequency
ωp will be used to exclusively address the electron frequency ωp ≡ ωp,e. This is justified since
the ion motion in the experimental part of this work is negligible in amplitude (sec. I.II.I) and
does not occur on time scales of the investigated processes τiτ

−1
e ∼ ωp,eω

−1
p,i > 42 [Adams 1979].

Moreover, a similar reasoning allows for the Debye length (1.3.1) to be redefined and written as
λD = [ε0kBTe (e2ne)−1]1/2 by considering the ions to form an immobile charged background.
The aforementioned plasma waves obey the dispersion relation by Bohm and Gross [1949]:

ω2
L = ω2

p + 3kBTe

me
|~kL|2 (1.3.3)

~kL is the Langmuir wave vector. This will be important for discussing the interaction of charged
particles with propagating plasma waves. Energy may be transfered from these particles to the
wave and vice versa by means of Landau damping (e.g. Chen [1984]), which can be exploited to
generate relativistic electron beams in a process called wakefield acceleration (cf. sec. I.IV.V).

I.III.III Definition of plasma

In a nutshell, the following conditions must be fulfilled for ionized matter to be considered a
plasma and for plasma physics to apply to the description of a given physical system:



18 Stable, ultra-relativistic electron beams by laser-wakefield acceleration

- a - Spatial quasi-neutrality. The Debye screening length λD must be small compared to
the physical dimensions of the plasma volume and of the studied processes.

- b - Temporal quasi-neutrality. The plasma frequency ωp must be larger than a charac-
teristic frequency describing the time scale of the processes under investigation, such
that charges can be shielded rapidly.

- c - Ideal plasma conditions. Collective electrostatic interactions must dominate over bi-
nary particle collisions inside an ideal plasma. Thus, a plasma only rigorously obeys
text-book plasma physics for Λ� 1.

I.IV Laser propagation in underdense plasma

Intense laser pulses traveling through underdense (ωp < ω) plasma give rise to a number of
unique phenomena such as relativistic self-focusing, temporal self-modulation effects and wake-
field generation. The latter process permits the acceleration of electrons to relativistic energies
with a corresponding γ > 103, which is a key result of this work (chap. IV). Therefore it is
absolutely mandatory to understand the mechanism of LWFA in great detail. In the following
sections an in-depth derivation of the fully relativistic one-dimensional plasma wakefield the-
ory will be given and discussed. In addition, those laser propagation effects which are most
important in the context of the experimental observations presented later will be examined,
i.e. relativistic self-focusing (sec. I.IV.III) and laser guiding in plasma channels (sec. I.IV.IV).

I.IV.I Excitation of large-amplitude Langmuir waves

A high-intensity laser pulse can efficiently excite large-amplitude Langmuir waves by its pon-
deromotive force. The propagation of such plasma oscillations in a cold, collisionless environ-
ment was first described in a nonlinear theory by Akhiezer and Polovin [1956], which has
analytical solutions for a large set of initial and boundary conditions (cf. Decoster [1978] and
Noble [1985]). However, this theory does not take into account the wave generation process it-
self, e.g. by an electro-magnetic burst. Indeed, the latter may easily be appended to this model
in the limit of a0 � 1 [Gorbunov and Kirsanov 1987; Sprangle et al. 1988]4. Nevertheless,
a completely new ansatz was necessary to develop a fully nonlinear description for arbitrary

4 This automatically leads to an expression for the dispersion relation of non-relativistic light waves (a0 � 1)
in cold, collisionless plasma (see Kruer [2003] or Gibbon [2005]):

ω2 = ω2
p + c2|~k|2

From this equation the non-relativistic refractive index η of cold plasma can be determined as:

η = c

vφ
=
√

1−
(ωp

ω

)2
(1.4.1)

with vφ = ω|~k|−1 being the phase velocity of an electro-magnetic wave.
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laser amplitudes with a0 ≥ 1. Several groups have been successful in this undertaking5, albeit
at first under the constraint of a light-wave group velocity vg fixed to c. Subsequently, this con-
striction could be removed6. The resulting generalized theory of relativistic Langmuir waves
supporting an arbitrary a0 and an arbitraty vg will be derived and discussed below.

General conventions and basic assumptions

Henceforth, the indices x, y and z will identify the spatial components of the corresponding
vector quantities. Furthermore, collisions and thermal plasma effects will be neglected. This is
valid since the characteristic collision-time in a weakly-coupled environment is far longer than a
typical laser-pulse duration that can be used for this type of experiment. The neglect of thermal
effects is justified due to the thermal energy of the plasma electrons being considerably smaller
than their average quiver energy inside the laser field. In order to further simplify the problem,
the electro-magnetic wake-driver is assumed to be a linearly polarized plane wave propagating
through plasma along the x-direction. Hence, the light wave comprises only the electric field
Ey and the magnetic field Bz and can be written as a vector potential ~A = ŷAy (x− vgt) with
ŷ being the unit vector in y-direction.

A closed set of fundamental equations

In the following, a set of equations will be determined, which describes the physical system
under investigation and combines arbitrary-amplitude electro-magnetic wave propagation with
the appropriate plasma response. These relations are listed below and for the sake of sim-
plicity will be rewritten in normalized coordinates with the normalized laser-vector potential
a0 = eAy(mec)−1, the normalized scalar-field potential φ0 = eΦ(mc2)−1 and the normalized
electron velocities βx = vxc

−1 and βy = vyc
−1.

Transverse momentum equation. The time-derivative of the transverse electron momen-
tum py is found by making use of the total derivative operator for functions f(x, y1, y2, . . . , yj):

df

dx
= ∂f

∂x
+
∑

j

(
∂f

∂yj

dyj

dx

)

and applying it to the Lorentz equation while considering eqs. (1.1.1):

dpy

dt
= −e (Ey − vxBz)

= e

(
∂Ay

∂t
+ vx

∂Ay

∂x

)
= e

dAy

dt

(1.4.2)

5 For further details see Tsytovich et al. [1989], Berezhiani and Murusidze [1990], Bulanov et al.
[1990] and Sprangle et al. [1990].

6 For in depth derivations see Dalla and Lontano [1993], Esarey et al. [1997b], Kingham and Bell
[1997] and Mori [1997].
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In this one-dimensional description the scalar field potential Φ does not vary in transverse
direction with respect to the x-axis, hence (∂Φ)(∂y)−1 = 0 does not appear in the expression
above. Consequently, the temporal integration of (1.4.2) gives a relation for py assuming a
negligible initial transverse drift:

py = eAy (1.4.3)

In normalized measures, this corresponds to:

γβy = a0 (1.4.4)

Longitudinal momentum equation. The Lorentz equation for the longitudinal electron-
momentum component in laser propagation direction px yields:

dpx

dt
= −e (Ex + vyBz)

Similar to eq. (1.4.2), the electric and magnetic fields can be expressed also in this case by scalar
and vector potentials with Ex = −(∂Φ)(∂x)−1 and Bz = (∂Ay)(∂x)−1, respectively. Here it is
assumed that Ax = 0, which will be justified retroactively with the application of the Coulomb
gauge later in the derivation. The longitudinal Lorentz equation can be further transformed
by making use of (1.4.3) and by substituting the quantities Ay, Φ and vx with their normalized
counterparts:

d

dt
(γβx) = c

(
∂φ0

∂x
− 1

2γ
∂a2

0
∂x

)
(1.4.5)

Continuity equation. The total charge contained inside the fluid-like plasma medium is
preserved as long as ionization and recombination do not play a role. Hence a continuity
equation can be introduced:

∂ne

∂t
+ c

∂

∂x
(neβx) = 0 (1.4.6)

Electro-magnetic wave equation. The propagating electro-magnetic modes may be for-
malized by expressing the electric and magnetic fields through potentials (1.1.1) as done before,
which then are combined with Ampere’s law under consideration of the Coulomb gauge ∇ ~A = 0
(compare to eqs. 1.1.2):

1
c2
∂2Ay

∂t2
−∇2Ay = −µ0enevy

Here, the vector identity ∇×
(
∇× ~A

)
= ∇

(
∇ ~A

)
−∇2 ~A was used and, as noted above, Ax and

(∂Φ)(∂y)−1 equal zero. This expression can be rewritten in normalized units when considering
eq. (1.4.3) and the definition of the plasma frequency ωp in the unperturbed system:

∂2a0

∂t2
− c2∂

2a0

∂y2 = −ω2
p
n0a0

γ
(1.4.7)

with the electron density normalized to the initial electron background density n0 = ne(Zni)−1.
Poisson’s equation. Local charge separation sets up electric potentials, which can be ob-
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tained from Poisson’s equation:

∇2Φ = − e

ε0
(Zni − ne)

In normalized units this transmutes into:

∂2φ0

∂x2 =
ω2

p

c2 (n0 − 1) (1.4.8)

The relativistic γ-factor. γ can be expressed more conveniently by substituting eq. (1.4.4)
for the transverse velocity:

γ = 1√
1− β2

x − β2
y

=

√
1 + a2

0√
1− β2

x

(1.4.9)

Then, the light amplitude a0 constitutes the only influence on the electron velocity βy normal
to the longitudinal component βx, which is governed by both the wake potential and the laser
vector potential. Therefore, it is common to split γ into an a0-dependent transverse factor and
a longitudinal part:

γ = γ⊥γ‖ with


γ⊥ =

(
1 + a2

0

)1/2

γ‖ =
(
1− β2

x

)−1/2

Coordinate transformation into a co-moving frame

The just presented expressions for the longitudinal momentum (1.4.5), electron density conti-
nuity (1.4.6), the electro-magnetic modes (1.4.7), the potentials originating from local charge
separation (1.4.8) and the factor γ (1.4.9) constitute a closed set of equations coupling electro-
magnetic and plasma waves. For further progress it is convenient to apply a coordinate trans-
formation of the form τ = t and ξ = x − vgt to these relations, which converts them into a
frame co-moving with the light wave at its group velocity vg. Then the spatial and temporal
derivatives become:

∂

∂x
= ∂

∂ξ
and ∂

∂t
= ∂

∂τ
− vg

∂

∂ξ

As may be seen, the transformation is of the Eulerian type and not Lorentz invariant. A Lorentz
transformation would be applicable as well, but leads to more complicated formulas and entails
a reinterpretation of the results in the laboratory frame [McKinstrie and DuBois 1988].
Now, the identity (1.4.9) can be solved for ∂a2

0(∂ξ)−1:

∂a2
0

∂ξ
= 2γ

(
∂γ

∂ξ
− γβx

∂βx

∂ξ
− β2

x
∂γ

∂ξ

)
(1.4.10)

This will soon turn out to be useful for applying the transformation on the longitudinal mo-
mentum equation. In the new coordinate system eq. (1.4.5) yields:

d

dt
(γβx) =

(
∂

∂τ
− vg

∂

∂ξ
+ cβx

∂

∂ξ

)
(γβx) = c

(
∂φ0

∂ξ
− 1

2γ
∂a2

0
∂ξ

)
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Together with expression (1.4.10) and the definition of the normalized group velocity βg = vgc
−1,

it follows for the partial time derivative of the longitudinal momentum:

1
c

∂

∂τ
(γβx) = ∂φ0

∂ξ
− ∂γ

∂ξ
+ γβx

∂βx

∂ξ
+ β2

x
∂γ

∂ξ
+ βg

∂

∂ξ
(γβx)− βx

∂

∂ξ
(γβx)

= ∂

∂ξ
[φ0 − γ (1− βgβx)] (1.4.11)

In an analogous fashion the continuity equation may be shifted into the co-propagating system:

1
c

∂n0

∂τ
= ∂

∂ξ
[n0 (βg − βx)] (1.4.12)

The transformation of Poisson’s equation is trivial and gives:

∂2φ0

∂ξ2 =
ω2

p

c2 (n0 − 1)

The now following steps do not demand to apply the coordinate conversion to the electro-
magnetic-wave equation as well. Instead, an expression for the normalized local electron density
n0 must be compiled, which only depends on known initial conditions. Such a relation can be
found by introducing an additional constraint and is required in order to arrive at a solution
for this set of partial differential equations in a frame co-moving with the excited wakefield.

The quasi-static approximation (QSA)

A helpful simplification in general for the study of interactions between short-pulse lasers and
plasma is the quasi-static approximation [Esarey et al. 1997b]. The QSA assumes, that the
laser pulse envelope does not evolve significantly on the time scale it takes the light wave
to pass a plasma electron. This means τL � τE with the laser pulse duration τL and the
characteristic spatial laser evolution time τE, which is on the order of the diffraction time zRc

−1

with zR representing the Rayleigh length (see definition in section I.IV.III). Thus, the laser
field can be regarded as static in the co-moving frame for plasma interactions with respect to
τ . Therefore ∂(∂τ)−1 vanishes in those fluid equations that determine the plasma response to
the fields, which are the longitudinal momentum equation (1.4.11) and the continuity equation
(1.4.12). However, inside the electro-magnetic wave equation ∂(∂τ)−1 has to be retained. As a
consequence, (1.4.11) and (1.4.12) may be integrated over dξ:

φ0 − γ (1− βgβx) = C ′ (1.4.13)
n0 (βg − βx) = C ′′ (1.4.14)

C ′ and C ′′ are constants and are determined by the boundary conditions for ξ →∞:

lim
ξ→∞

n0 = lim
ξ→∞

γ = 1 and lim
ξ→∞

βx = lim
ξ→∞

φ0 = 0
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From this, it follows that C ′ = −1 and C ′′ = βg. Now, (1.4.13) and (1.4.14) become:

φ0 = γ (1− βgβx)− 1 (1.4.15)

n0 = βg

βg − βx
(1.4.16)

Owing to the fixed electro-magnetic fields on the fluid timescale, the wakefield quantities can
be given independently of the laser evolution only depending on the normalized amplitude a0.
The square of (1.4.15) yields after utilizing (1.4.9) and introducing γg = (1− βg)−1/2:

γ = γ2
g (1 + φ0) (1− βgψ) with ψ =

√√√√1− 1 + a2
0

γ2
g (1 + φ0)2

This explicit expression for γ allows to solve (1.4.15) for βx:

βx = βg − ψ
1− βgψ

(1.4.17)

That result may be used to eliminate βx from (1.4.16) to obtain the sought-after expression:

n0 = γ2
gβg

(
1
ψ
− βg

)
(1.4.18)

Numerical solution and discussion of the results

Finally, this leads to a set of differential equations, which details the temporal and spatial
evolution of electron density and electric potentials in a laser-driven plasma wake. The total
scalar potential is determined by Poisson’s equation (1.4.8), which can be written as:

∂2φ0

∂ξ2 =
ω2

p

c2 (n0 − 1)

=
ω2

p

c2 γ
2
g

 βg (1 + φ0)2√
(1 + φ0)2 − 1+a2

0
γ2

g

− 1


(1.4.19)

This is a nonlinear ordinary differential equation and can be solved numerically. When applying
the QSA for the case of βg → 1, (1.4.19) transforms into:

∂2φ0

∂ξ2 =
ω2

p

2c2

[
1 + a2

0

(1 + φ0)2 − 1
]

(1.4.20)

Once φ0 is determined, βx and n0 are easily calculated with the help of (1.4.17) and (1.4.18).
An example of a relativistic laser-driven plasma wake is depicted in figure 1.4.1. There, the
wakefield quantities φ0, n0 and the normalized longitudinal electric field e0 = −cω−1

p ∂φ0(∂ξ)−1

display typical behavior for the relativistic regime such as spiked electron-density maxima at
the local minima of the electric potential and almost linear electric fields trailing those spikes.
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Figure 1.4.1 – The properties of a wakefield generated by a Gaussian shaped laser
pulse of relativistic intensity are shown. The laser envelope has the
form a2

0(ξ) = ã2
0 exp[−(ξ − ξ0)2(4 ln 2)−1L−2] with ã0 = 2 being the

peak laser amplitude, L = cτL = 0.15λp referring to the spatial pulse
length measured full width at half maximum (FWHM) and τL being
the FWHM pulse duration. All spatial scales are normalized to the
non-relativistic plasma wavelength λp = 2πcω−1

p . The laser pulse
center was chosen to be situated at ξ0 = 4λp. Since only its envelope
is taken into account (by using the QSA), the effects of the individual
field cycles are not reflected in the depicted properties.

Scaling laws for the maxima of φ0, e0 and p0 = px(mec)−1 have been derived by Berezhiani
and Murusidze [1990] in the case of the laser group velocity approaching the speed of light:

φ0,max ∝ a2
0 and e0,max ∝

a2
0√

a2
0 + 1

and p0,max ∝
1 + 1

2a
2
0

1 + a−2
0

(1.4.21)

The efficiency of the wake-generation process itself strongly depends on the ratio of laser-pulse
length L over plasma wavelength λp. Figure 1.4.2 shows the maximum absolute value of e0

normalized to its corresponding scaling factor for several different laser amplitudes against L.
The electric field is obtained at a distance far away from the driving light wave, where the field
of the wake is not altered by the electric field of the laser, which otherwise would yield false
results in the case of small amplitude oscillations. The data is produced from the numerical
solution of (1.4.20) for a laser pulse of the same shape as used in the calculations to figure 1.4.1.
As may be seen, for a0 . 1 there exists a resonant pulse duration Lres at which the wakefield
is driven most efficiently. Lres depends on the laser pulse shape, e.g. in the case of a Gaussian
pulse Lresλ

−1
p ≈ 0.14, for a box-shaped envelope Lresλ

−1
p = 0.5 [Gibbon 2005].

This situation changes when a0 becomes significantly larger than 1. Then the resonance effect
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Figure 1.4.2 – Normalized peak field strength e0 of a wake depending on the laser
pulse length L and the maximum of the normalized amplitude a0. In
this example the laser envelope is described by a Gaussian function
as given in the caption to figure 1.4.1.
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Figure 1.4.3 – The scale lengths of longitudinal plasma oscillations deviate for rel-
ativistic intensities from the non-relativistic plasma wavelength λp.
These calculations again assume a Gaussian pulse (see figure 1.4.1).
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starts to show an amplitude dependence, which results in the peak moving towards shorter
pulse durations for increasing a0, but also benefits longer laser pulses due to the more gently
decreasing slope. It needs to be mentioned here, that the employed relativistic model does
not include the effect of wave-breaking, which sets an upper limit to the electric field inside a
plasma wave. This will be discussed in section I.IV.II.
The increase of a0 beyond unity has other interesting consequences. In the non-relativistic
limit the plasma-wave period length equals λp. However, figure 1.4.3 indicates that for rela-
tivistic intensities the scale-length of the periodicity grows. This can be attributed to a change
in plasma frequency ωp due to an increase of electron inertia when accelerated to relativistic
speeds. Moreover, in two- or three- dimensional geometry7 laser pulses do possess transverse
pulse envelopes and therefore may excite plasma waves with varying frequencies across their
profiles. This can lead to a reduced wave-breaking threshold on the propagation axis (for details
see Bulanov et al. [1997]) and to self-focusing, which will be investigated in sec. I.IV.III.
Another important effect appearing in multi-dimensional space is a result of the radial wakefield
properties, from which the direction of the total electric-field vector inside the wake structure
can be determined as focusing (radially) and simultaneously accelerating (longitudinally) within
−1 < ξλ−1

p < −3
4 of each wake period. Hence, the radial field distribution counteracts the

Coulomb repulsion, allowing for the acceleration of dense electron bunches over long distances.
This can be derived from the Panofsky-Wenzel theorem [Panofsky and Wenzel 1956]. That
focusing effect is further enhanced by the laser group velocity dependence on the plasma re-
fractive index (see equation 1.4.27 in section I.IV.III), which leads to a focusing horseshoe-like
wakefield pattern (confer Esarey et al. [1996]).

I.IV.II Wave-breaking and electron injection

A fundamental question of wakefield excitation concerns the maximum possible amplitude of
longitudinal plasma oscillations. Is there an upper limit? This is crucial to the design and
feasibility of laser driven particle accelerators. The maximization of the electric field in laser
propagation direction Ex = e0mecωpe

−1 is desirable, since it provides the accelerating force in
LWFA. Akhiezer and Polovin [1956] derived from the cold plasma equations:

e0 (τ ′) = ±
√

2 [γm − γ (τ ′)]

This expression is given in a retarded frame with τ ′ = t− xv−1
p and vp being the plasma-wave

phase velocity. If a laser pulse acts as the wakefield driver, then vp = vg. γm refers to the
relativistic factor associated with the maximum wave oscillation velocity, i.e. the maximum
plasma-particle velocity corresponding to γ. This number cannot exceed γp = (1−β2

p)−1/2 with
βp = vpc

−1. If it did, then neighboring electric charge sheets could cross each other, which
would result in a density singularity. This is one possible definition of wave-breaking according

7 The 1D nonlinear wakefield theory presented in the previous paragraphs can be generalized to three spatial
dimensions [Esarey et al. 1997b]. In 2D however, analytical solutions do not exist [Esarey et al. 1996].



I.IV Laser propagation in underdense plasma 27

vp

γp
γp
γp

γp

e 0
,m

a
x

0

2

4

6

8

10

12

14

10-4 0.001 0.01 0.1 110-510-6

Figure 1.4.4 – Wave-breaking thresholds depending on the normalized plasma tem-
perature µ for various relativistic factors γp associated with differ-
ent plasma-wave phase velocities vp. Here, each relativistic solution
(blue) is exclusively plotted within its interval of validity. The black
curve at the bottom displays the non-relativistic approximation.

to Dawson and Oberman [1962]. Moreover, e0 will have an extremum for the minimum
γ = 1, yielding in the broken-wave limit:

e0,max =
√

2 (γp − 1)

For non-relativistic phase velocities follows γp − 1 ≈ β2
p/2, giving the cold wave-breaking limit:

e0,max = βp or Ex,max = meωpvp

e
(1.4.22)

Thermal effects reduce this threshold inside plasma with a non-zero electron temperature (con-
fer figure 1.4.4). This is due to two reasons. First, a non-negligible plasma pressure reduces
the amplitude of localized electron density spikes, which set up the electric fields. Second,
those thermal electrons, which are co-propagating with the plasma wave, may be trapped into
the wave-bucket more easily at lower amplitudes in comparison to a cold plasma. According to
Esarey and Pilloff [1995] wave-breaking can be defined as the process of background plasma
electron trapping owing to a sufficiently large wave amplitude. The meaning of electron injec-
tion or trapping will be discussed below. Coffey [1971] considered these thermal processes
and used the Bohm-Gross dispersion relation (1.3.3) to introduce the so called waterbag-model
of a thermal electron distribution, from which he deduced the wave-breaking limit for a non-
relativistic plasma of electron temperature Te with µ = 3kBTe(mev

2
p)−1:

e0,max = βp

(
1− µ

3 −
8
3

4
√
µ+ 2√µ

) 1
2
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Figure 1.4.5 – The plot at the top shows the electric field e0 and the electron den-
sity (n0− 1) in a wakefield generated by a short laser pulse in a fully
ionized hydrogen plasma (same conditions as in figure 1.4.1 but with
βg = 0.99). Below, the corresponding phase space of electron mo-
mentum p0 versus ξλ−1

p can be seen. A selection of possible electron
orbits, i.e. states of equal sums of potential and kinetic electron en-
ergies, is depicted by colored lines (cases 1 to 5). Some of these lines
are closed (case 3), which indicates trajectories of electrons trapped
inside the wakefield. These and the so called runaway trajectories
(case 4) are the only orbits on which particles can effectively be ac-
celerated by the longitudinal wake forces. The different phase-space
areas are separated by the so-called separatrix (white solid lines).

Katsouleas andMori [1988] generalized the waterbag-model to include relativistic momenta:

e0,max = 1
4
√
µ

[
ln
(
2√γp 4

√
µ
)] 1

2 for γp �
1

2√µ ln
(
2√γp 4

√
µ
)

All these relativistic and non-relativistic wave-breaking thresholds are summarized in figure
1.4.4 showing solutions for their respective regions of validity for a selection of different γp

spanning several orders of magnitude in normalized thermal plasma energy µ. From this,
characteristic wave-breaking field strengths can be estimated to range from several hundred to
several thousand GVm−1 for conditions found in the experimental part of this work. These
fields are a minimum of three orders of magnitude larger than electric fields which are regularly
employed in conventional radio-frequency particle accelerators, and thus allow for a reduction
of the acceleration distance for a given particle energy by the same amount. The question,
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which remains to be answered, is how particles can be injected into the wakefield structure in
order to be efficiently accelerated. This can be seen from figure 1.4.5. It illustrates the electron-
momentum phase space versus location inside a relativistic, laser-driven wakefield. The data
for this plot is generated by defining the Hamiltonian of the system according to Esirkepov
et al. [2006], which yields a motion integral of the form:

h (ξ, p0) =
√

1 + p2
0 + a2

0 (ξ)− φ0 (ξ)− βpp0 = h0

h0 is a constant, representing the sum of potential and kinetic energy for a single electron.
Segments of equal h0 are indicated by equal colors in figure 1.4.5 and constitute possible electron
orbits {ξ(τ), p0(τ)}. Some of these trajectories are selectively marked by colored dashed lines,
which exemplary display five different types of allowed electron paths. These cases (1 to 5) are
separated from each other by so called separatrices (white solid lines). Case 1 symbolizes the
orbits of low-momentum electrons forming the wake itself and the plasma background, which
are too slow to be captured and sustainably accelerated. In the here shown co-moving frame of
reference they travel to the left. Also electrons with very large initial momenta do not efficiently
interact with the wakefield (case 2). They are too energetic to be trapped and slowly overtake
the wake structure towards the right. However, if the wakefield is intended to be used as an
energy booster in a staged acceleration scheme, i.e. if preaccelerated electrons from an external
source should be injected, then care must be taken to use tailored wake properties matched to
the respective electron phase-space distribution. The next class of orbits (case 3) identifies truly
trapped and confined trajectories. Electrons populating these basins of equal energy may travel
along with the wakefield and can effectively gain a maximum amount of momentum (see below).
Nevertheless, these are not the only orbits that lead to substantial kinetic energy gain. Case 4
represents an ensemble of runaway paths, which forces electrons to asymptotically overtake the
laser field and enables the formation of monoenergetic high-momentum distributions similar to
case 3. The exclusive occurrence of this special kind of orbit in the first wake trough originates
from the modified and lowered electrostatic potential barrier at the position of the light pulse
(cf. fig. 1.4.1), which does not allow to decelerate this class of electrons below βg. Hence,
class 4 electrons can be considered as being reflected by the wake potentials, whereas electrons
reflected by the laser ponderomotive potential are combined in class 5.
Owing to the fact that a laser pulse driving a wake as shown in the top part of figure 1.4.5
forms an electron density distribution as displayed there, electron injection by wave-breaking
will occur at the positions of highest charge density right at the rear sides of each wake period.
An electron, which receives an initial momentum kick bigger than ps(ξ) = βpγp(1 + a2

0(ξ))1/2

corresponding to γ > γp will be trapped [Esirkepov et al. 2006] and then accelerated by
the electric field along its trajectory to the respective momentum predetermined by h0. The
momentum gain is highest at position ξt for an electron injected at ξs, where also injection
is most likely. This distance relates to the electron-dephasing length (cf. sec. I.IV.V). The
necessary momentum kick can be transmitted by various mechanisms. Wave-breaking has been
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mentioned, which may occur as a longitudinal [Bulanov et al. 1991] or in polydimensional
space as a transverse effect [Bulanov et al. 1997]. Also the beat-wave pattern of two interfering
laser pulses (see Esarey et al. [1997a] and others8) or Raman backscattering [Esarey et al.
1999] can be utilized. Finally, electrons could be conventionally preaccelerated, then captured
into the wakefield and boosted to very high energies [Jaroszynski et al. 2006].

I.IV.III Self-modulation effects

A mandatory condition for electron self-injection to occur by means of wave-breaking is a
sufficiently high laser amplitude a0. Indeed, even today’s ultra-short multi-terawatt laser sys-
tems often cannot provide the wave-breaking intensities necessary for desirable plasma-density
regimes at the very instant of first laser-plasma interaction. Therefore most LWFA experiments
performed to date have relied to some extent on nonlinear laser-pulse self-modulation effects
to increase a0 up to a value which allows for self-trapping. In order to understand the physical
processes that lead to an increased intensity by laser-pulse evolution in plasma, it is helpful to
investigate how the plasma refractive index η depends on electron density ne and on a0.
This topic has been touched peripherally in section I.IV.I leading to an expression for the non-
relativistic index of refraction (1.4.1). Kaw and Dawson [1970] showed that in the relativistic
case the dispersion relation for light in plasma can be written as:

ω2 = ω̃2
p + c2|~k|2 with ω̃2

p =
ω2

p

γ
(1.4.23)

From this expression it becomes clear, why non-relativistic light pulses cannot propagate inside
a plasma with a frequency ωp > ω, which is called an overdense plasma. In this case |~k| is a
complex number leading to reflection or attenuation of the electro-magnetic waves. In physical
terms, the plasma electrons are able to shield fields, which are oscillating at a smaller frequency
than the plasma frequency9. For ωp < ω the plasma is referred to as underdense. For a given
laser wavelength the threshold frequency and density connected by (1.3.2) are called the critical
plasma frequency ωp,crit and the critical plasma density ne,crit, respectively. In the case of light
centered around λ = 800 nm as provided by the ATLAS laser facility (see chap. II), the critical
density is reached for ne,crit ≈ 1.7 · 1021 cm−3, which is more than two orders of magnitude
above the density at which the experiments leading to this work were conducted.
Furthermore, equation (1.4.23) is useful to relate γp to the light field amplitude. The relativistic
laser group velocity vg = c(1−ω̃2

pω
−2)1/2 equals the plasma wave phase velocity vp and therefore:

γp = 1√
1− v2

g
c2

= ω

ωp
γ

8 A variety of different laser-interference-assisted injection schemes have been proposed [Umstadter et al.
1996a; Moore et al. 1999; Schroeder et al. 1999; Fubiani et al. 2004].

9 A consequence of the γ-dependence of ω̃p is relativisticially induced transparency. This means a laser pulse
may propagate through plasma with ωp > ω if its light amplitude is large enough to wiggle the plasma electrons
violently, so that their γ becomes high enough to lead to ω̃p < ω.
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During the interaction with the laser pulse, the relativistic factor γ of a plasma electron may
be expressed only by its perpendicular component γ⊥ = (1 + a2

0)1/2, due to the fact that
γ‖ � γ⊥ within an electro-magnetic field envelope with a0 less than unity. Then a Taylor-
expansion results in γ ≈ 1 + a2

0/2, leading to γp ≈ ωω−1
p (1 + a2

0/2). From this, the cold relativistic
wave-breaking limit is estimated to be reached at 1.2 TVm−1 under conditions found in the
experiments described in chapters IV to VI with ne = 7 · 1018 cm−3, λ = 800 nm and a0 = 0.9.
This injection threshold is almost an order of magnitude above the maximum longitudinal
wakefield amplitude generated with the mentioned laser parameters. Also thermal effects cannot
be responsible for such a drastic reduction of the wave-breaking limited, for which plasma
temperatures in excess of µ ≈ 0.4 or kBTe ≈ 70 keV would be required. Since ultra-relativistic
electrons have been observed from such laser pulses, it is a strong indication that a0 must
have been boosted prior to the injection and acceleration process and/or that a different,
e.g. transverse wave-breaking mechanism occurred (see Bulanov et al. [1997]). An increase in
a0 can be attributed to laser self-modulation effects, which will be discussed now.
These processes may depend on the radial beam profile. Hence, in the following a laser pulse
with a cylindrically symmetric transverse Gaussian intensity distribution will be considered:

I (r, z) = I0

(
w0

w (z)

)2

e
− r2
w2(z) with w (z) = w0

√
1 +

(
z

zR

)2
(1.4.24)

I0 represents the maximum intensity at the beam waist of radius w0, w(z) denotes the beam
radius along the propagation axis z, and r describes the radial coordinate. The beam radius is
determined by Gaussian optics with the Rayleigh range zR = πw2

0λ
−1 describing the propagation

distance from the waist to a point, where the beam cross-section doubles and thus the intensity
halves. b = 2zR is the confocal parameter. For such a pulse the refractive index varies along r
and z [Mori 1997]:

η (r, z) =

√√√√1−
(
ωp

ω

)2 n′e (r, z)
neγ (r, z)

The altered electron density n′e and γ now are both functions of the spatial dimensions. Given
that ne changes only little with r and z and a0 is small as discussed, then η may be expressed
in the following way using the density perturbation δne = n′e − ne:

η (r, z) = 1− 1
2

(
ωp

ω

)2
(

1 + δne (r, z)
ne

− 〈a
2
0 (r, z)〉

2

)
(1.4.25)

As a result both the laser phase velocity vφ and group velocity vg will vary accordingly (see
also Decker and Mori [1994] and Mori [1997]):

vφ (r, z) = c

[
1 + 1

2

(
ωp

ω

)2
(

1 + δne (r, z)
ne

− 〈a
2
0 (r, z)〉

2

)]
(1.4.26)

vg (r, z) = c

[
1− 1

2

(
ωp

ω

)2
(

1 + δne (r, z)
ne

− 〈a
2
0 (r, z)〉

4

)]
(1.4.27)
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Changes in vg and vφ in longitudinal direction will lead to self-bunching of the laser pulse and
photon acceleration, respectively [Wilks et al. 1989]. Also, this dependence entails an energy
redistribution within the electro-magnetic-field envelope by Raman scattering. A transverse
vg gradient will cause a deformation of the wakefield cross-section into a horseshoe-like shape
and will thus enhance the electron beam focusing forces leading to a more stable confinement
of the electron bunch [Esarey et al. 1996]. The transverse vφ-dependence drives self-focusing
[Barnes et al. 1987; Sun et al. 1987; Abramyan et al. 1992]. This effect arises from two
mechanisms that have a ponderomotive origin (varying δne(r)) and a relativistic dependence
(variations in a0(r) and therefore in electron inertia). Both of which will be investigated next.

Ponderomotive self-focusing

The longitudinal electron-momentum equation (1.4.5) is generalizable to also include transverse
momentum components:

1
c

d

dt
(γ~v) = c

(
∇φ0 −

1
2γ∇a

2
0

)

Here, the electron velocity ~v can be regarded as slowly varying in comparison with the laser
amplitude a0, therefore the left-hand side of this expression may be neglected. This is a rea-
sonable assumption since the investigated variation in electron density is a consequence of the
ponderomotive expulsion of electrons from areas of high intensity. Hence, the overall electron
drift can be attributed to a laser-pulse-envelope effect. In this case, the equation simplifies to:

∇φ0 = 1
2γ∇a

2
0 = ∇γ with γ =

√
1 + a2

0 and γ ≈ γ⊥ � γ‖

The transverse plasma response and the change in electron density will then be described by
(1.4.8) with ∇⊥ referring to the gradient perpendicular to the laser propagation direction:

n0 = 1 +
(
c

ωp

)2

∇2
⊥γ

Averaged over an oscillation of a2
0(r) and considering the envelope defined in (1.4.24), this yields:

n0 (r) = 1 +
(
c

ωp

)2 1
2
√

1 + 〈a2
0 (r)〉

[(
∇2
⊥〈a2

0 (r)〉
)
− 1

2 (1 + 〈a2
0 (r)〉)

(
∇⊥〈a2

0 (r)〉
)2
]

= 1 +
(
c

ωp

)2
ã2

0e
− r

2
w2

2w2
√

1 + 1
2 ã

2
0e
− r2
w2

2r2

w2

1− 1
2− ã2

0e
− r2
w2

− 1


Hence, the density change on axis at r = 0 can be written as:

n0 (0) = 1−
(
c

ωp

)2
ã2

0

2w2
√

1 + 1
2 ã

2
0

(1.4.28)
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Taking into account the expression for vφ (1.4.26), the ponderomotive repulsion of electrons
from areas of high intensity leads to a decrease in laser phase velocity on propagation axis and
thus to a phase-front curvature resulting in focusing of the electro-magnetic wave. A phase-
front normal offset from the central axis at distance w is tilted with respect to the propagation
direction at center by an angle Ξ ≈ (vφ,1 − vφ,2)w−1t for small Ξ. Here, the index 1 identifies
the phase velocity at w, whereas 2 indicates vφ on the central axis. Thus, the rate of change in
w and its second time-derivative due to ponderomotive effects (subscript p) are given by:

∂w

∂t

∣∣∣∣∣
p
≈ −cΞ = −ctvφ,1 − vφ,2

w
and ∂2w

∂t2

∣∣∣∣∣
p

= −cvφ,1 − vφ,2
w

(1.4.29)

The calculated density variation together with (1.4.26) now causes the beam to collapse:

∂2w

∂t2

∣∣∣∣∣
p

= 1
2

(
ωp

ω

)2 c2

w
(n0 − 1) (1.4.30)

That process is counteracted by self-diffraction of the Gaussian pulse envelope (subscript d).
This effect is included in w(z) of eq. (1.4.24) and can be rewritten using the diffraction time
τR = zRc

−1. Then expressions for w|d and its second time derivative appear as follows:

w|d = w0

√
1 +

(
t

τR

)2
and ∂2w

∂t2

∣∣∣∣∣
d

= c2λ2

w3
0π

2

[
3
(
w

w0

)−5
− 2

(
w

w0

)−3
]

(1.4.31)

In order to obtain an estimate of n0 for which ponderomotive self-focusing actually contracts
the beam to a waist size smaller than w0, equations (1.4.30) and (1.4.31) are compared and a
threshold at which these two processes balance each other is identified. Near the focus follows:

∂2w

∂t2

∣∣∣∣∣
p+d

= c2λ2

w3
0π

2

[
1 + 1

8
w2

0
c2 (n0 − 1)ω2

p

[
1−

(
ωp

ω

)2
]]

(1.4.32)

Beam size reduction sets in when the term in the outer square brackets becomes negative for:

n0,PSF < 1− 8 c
2

w2
0

1
ω2

p

[
1−

(
ωp

ω

)2
]−1

In case of typical experimental parameters (ωp = 1.49 · 1014 s−1, w0 = 20 µm, λ = 800 nm and
a0 = 0.9), this yields n0,PSF < 0.92. From (1.4.28) the maximum density change on propagation
axis is estimated to be n0 ≈ 0.97. Hence, the self-focusing effect caused by the ponderomotive
expulsion of electrons alone is too weak to result in an enhanced laser intensity at focus, but
nevertheless leads to an elongation of the distance over which the beam stays tightly confined.

Relativistic self-focusing

In the following, an evaluation of the self-focusing effect due to the relativistic increase of
electron inertia (subscript r) generated by strong accelerating electric fields inside the laser
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focus is presented [Litvak 1970; Max et al. 1974; Sprangle et al. 1987]. In this case, the
phase-velocity difference (vφ,1 − vφ,2) arising between two different positions along the laser
phase-front in analogy to ansatz (1.4.29) is stemming from a contribution of the a0-dependent
part of (1.4.26). This yields:

∂2w

∂t2

∣∣∣∣∣
r

= −1
8
c2

w

ω2
p

ω
a2

0

Comparing to the defocusing originating from diffraction in analogy to (1.4.32) results in:

∂2w
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2
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32
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with the relativistic self-focusing threshold:

a2
0,RSF > 32 c

2

w2
0

1
ω2

p

[
1−

(
ωp

ω

)2
]−1

(1.4.33)

For the above mentioned experimental parameters it is required that a0 > 0.57, which is
easily fulfilled. Thus relativistic self-focusing can be expected to play an important role in
the interpretation of the results presented in chapters IV and V. Also, it is important to
note that this threshold (1.4.33) depends on the product of the laser parameters a2

0w
2
0, which

is proportional to the laser power P . Therefore this condition can be expressed as a power
threshold defining the critical power Pc for which the condition PP−1

c > 1 marks the onset of
relativistic self-focusing with [Sprangle et al. 1987]:

Pc ≈ 17
(
ω

ωp

)2

in GW (1.4.34)

Historically, the first experimental demonstration of a laser beam which self-focused and self-
guided over several zR has been conducted by Borghesi et al. [1997].
As a side note, another mechanism affecting the total focusing behavior can be identified
as ionization defocusing, which may occur inside a partially ionized plasma. An increased
laser intensity on propagation axis will cause an increased ionization probability at the center
of the pulse envelope and hence will raise the local electron density, enhancing diffraction.
This may be unavoidable in plasmas consisting of atoms of high atomic number, but is of
almost no concern in the case of the employed hydrogen plasma with an ionization threshold
of IBSI ≈ 1.4 · 1014 Wcm−2. Ionization induced diffraction for H2 could only play a role several
zR before focus, but there the gas density is insignificantly low (confer chapter V).

I.IV.IV Laser guiding in preformed plasma-density structures

As has been mentioned before, changes in the transverse profile of the index of refraction may
not only be exploited to increase the laser intensity beyond the electron-injection threshold, but
may also be utilized to guide the laser beam over distances longer than several Rayleigh lengths
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at relativistic intensities. In this way, the distance over which the laser pulse can drive and
support the wakefield and effectively accelerate electrons can be extended allowing for higher
electron energies (confer section I.IV.V). Besides self-guiding which is made possible through
the aforementioned self-focusing effects, electro-magnetic waves can alternatively be guided by
preformed density modulations inside the plasma medium (see chapter III). This externally
imposed guiding structure is advantageous compared to relativistic self-guiding effects, since it
is independent of the laser intensity and still works efficiently for resonant LWFA conditions in
contrast to self-channeling [Sprangle et al. 1992].
A parabolic density variation perpendicular to the laser propagation direction of the form
δne(r) = ∆ner

2r−2
0 is suitable for confining a transverse Gaussian intensity envelope as defined

in (1.4.24) over distances several times the length of zR [Sprangle et al. 1992; Durfee III
and Milchberg 1993]. ∆ne is the electron density variation at radius r0. At sub-critical
laser powers P � Pc and sub-relativistic intensities a0 � 1 the index of refraction is in good
approximation given by (compare to 1.4.25):

η (r) = 1− 1
2

(
ωp

ω

)2
[
1 + ∆ne

ne

(
r

r0

)2
]

This expression can be evaluated with the help of the paraxial wave equation to describe the
evolution of the Gaussian laser beam with spot radius w(z) [Esarey et al. 1994]:

d2R

dz2 = 1
z2

RR
3

(
1− ∆ne

∆nc
R4
)

where R = wr−1
0 . Given that the density variation ∆ne equals the critical channel depth ∆nc,

a Gaussian laser pulse with w0 = r0 will be guided. The critical channel depth is defined as
[Sprangle and Esarey 1992; Sprangle et al. 1992]:

∆nc = 1
πrer2

0
≈ 1.13 · 108 1

r2
0

in cm−3

with the classical electron radius represented by re = e2(4πε0mec
2). If ∆ne 6= ∆nc, then

the laser spot size will oscillate along z around its matched value, which can be obtained
from R4 = ∆nc∆n−1

e [Esarey et al. 1996]. All this is valid for a sufficiently broad channel,
such that the electro-magnetic wave is not influenced by the boundary conditions. These
parabolic channels10 not only support Gaussian beams but a whole family of modes describable
by Laguerre polynomials [Unger 1977]. Although laser focii may usually be approximated very
well by a Gaussian distribution, these higher order modes play an important role and may be
excited inside a plasma waveguide when the dimensions of the guiding structure and the laser
far-field are not well matched [Durfee III et al. 1994]. In the extreme case of the channel size
being smaller than the laser mode, no guiding occurs. If the guiding formation is only slightly

10 Alternatives to parabolic density gradients are under consideration as well, of which hollow channels seem
to be the most promising [Chiou et al. 1995].
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bigger than the waist, laser-energy leakage will decrease the efficiency. In the experiments
presented later, the channel-diameter to spot-size ratio is ∼ 10, resulting in negligible leakage
confirmed by detected guiding efficiencies of more than 90 % (see chap. III).

I.IV.V Laser wakefield acceleration scaling laws and limits

As discussed before, plasma wakes sustain electric fields which allow for the acceleration of
electrons to ultra-relativistic energies. In this context, some questions remain to be answered:
What are the limitations of LWFA and how do they scale with laser and plasma parameters?
Which electron energies can be expected? How does a laser-plasma-electron accelerator have
to be designed in order to achieve the desired results? Answers to these issues may be found by
investigating those effects which are responsible for the termination of the acceleration process,
e.g. laser-energy depletion, electron dephasing, laser diffraction, and laser-plasma instabilities.

Laser energy depletion

A laser pulse continuously transfers energy to the plasma while driving a wake. The distance
over which its total energy is depleted is called laser-depletion length Led [Ting et al. 1990;
Bulanov et al. 1992; Teychenné et al. 1994]. This length can be found by demanding that
the energy stored inside the wake along Led equals the energy contained within an electro-
magnetic field of resonant wakefield-excitation length Lres. Thus, E2

xLed ' | ~E0|2Lres must
be fulfilled. Ex denotes the longitudinal electric-field strength, | ~E0| is the laser electric-field
amplitude. According to Esarey et al. [1996], this is true for:

Led '
(
ω

ωp

)2

λp ·

a
−2
0 for a0 . 1
a0 (3π)−1 for a0 � 1

(1.4.35)

For laser amplitudes a0 . 1, the wakefield-energy-coupling efficiency grows with a2
0 (cf. potential

energy φ0,max in eqs. 1.4.21), hence Led decreases. Exactly the opposite holds for a0 � 1. The
coupling efficiency decreases with a0 → ∞, since then Ex ∝ a0 (cf. electric field e0,max in
eqs. 1.4.21) and Lres ∝ a0 [Ting et al. 1990]. This yields an estimate of Led = 3.1 mm for typical
conditions found in the experiments outlined in chapter V (ne = 7 · 1018 cm−3, a0 = 0.9 and
λ = 800 nm). However, this must only be regarded as a coarse approximation. It is important
to bear in mind that (1.4.35) is strictly valid only for a resonant laser-pulse examined in a one-
dimensional geometry. For longer pulses, Led lengthens by the distance the pulse propagates to
self-modulate (cf. sec. I.IV.III). This process again is counteracted, because not the full initial
laser energy will be captured in the self-shortened pulse. Also, Led may be enlarged for a set of
given laser parameters by decreasing the plasma density, since Led ∝ n−3/2

e . Another possibility
to overcome the energy depletion limitation is to employ a staged acceleration concept, in which
several wakefields driven by several lasers accelerate the same electron bunch subsequently. Such
a setup is technically quite demanding and has not been demonstrated, yet (cf. sec. VII.III).
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Electron dephasing

An inherent limitation of LWFA is electron dephasing. The captured and accelerated electrons
travel at a velocity approaching c. However, the laser and therefore the wakefields propagate
at vg < c (see eq. 1.4.27). Hence, the electrons will slowly start to overtake the light wave, leave
the accelerating electric field gradient and run into a decelerating field region. The maximum
distance the electrons can travel inside the wake while being accelerated is called dephasing
length Ld [Leemans et al. 1996; Volfbeyn et al. 1999]. For a small a0 . 1 this distance can
be estimated by:

∆vLd

c
= λp

2 ⇒ Ld =
λ3

p

λ2 ∝ n
− 3

2e

Here, the velocity difference ∆v is expressed through c− vg. A more rigorous derivation, which
is also valid at relativistic intensities, yields [Esarey et al. 1996]:

Ld '
(
ω

ωp

)2

λp ·

1 for a0 . 1
2a2

0π
−1 for a0 � 1

As can be seen, Ld ∝ n−3/2
e implies again that a decrease in electron-plasma density will increase

the distance over which electrons can be accelerated. Ultimately, this will also allow for higher
electron energies (see next page). The behavior for a0 � 1 can be understood, when considering
the effective plasma-wavelength increase for such laser intensities, which based on larger electron
inertias becomes a function of a0. For the experimental parameters given above, the dephasing
length is calculated to be Ld ≈ 3.9 mm, being quite similar to the energy-depletion length.

Laser diffraction

Diffraction of a laser beam constitutes another mechanism which sets an upper limit to the
scalability of LWFA. In order to increase the electron energies to higher values, it is desirable
to decrease the plasma density and therefore increase the acceleration distances. This implies
that the wake-driving laser field has to maintain an intensity high enough to excite a significant
wakefield over the full acceleration length. That is technically only feasible for distances on
the millimeter to centimeter scale. Once the necessary acceleration length becomes longer than
the achievable confocal laser parameter b, the laser pulse needs to be confined and guided
by either self-guiding (section I.IV.III) or by preformed electron density gradients within the
plasma medium (section I.IV.IV). In the experiments presented in chapter IV both effects are
exploited. Without any guiding the beam would diffract after b = 4.15 mm in the used setup.

Laser-plasma instabilities

Laser-plasma instabilities can limit the performance of wakefield accelerators by degrading the
acceleration conditions11. Stimulated Raman scattering (SRS) for example may result in the

11This statement is true for laser-pulse durations near wakefield resonance. In the case of long laser pulses
with cτL � λp laser-plasma instabilities are actually imperative and desired (cf. Hidding et al. [2006]). They
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transport of energy out of the wake region [Antonsen and Mora 1992; Kruer 2003]. SRS
describes a set of resonant three- and four-wave-mixing processes, during which a light field of
frequency ω and wave vector ~k interacts with or decays into an electron-plasma wave (ωp, ~kp)
and while doing so excites Stokes (ω−ωp, ~k−~kp) and anti-Stokes components (ω+ωp, ~k+~kp).
Other instabilities grow due to locally differing electron densities and are all combined under
the keyword self-modulation effects: The high plasma density in front of a wake-driving laser
pulse, which results from the ponderomotive particle push, causes an increased diffraction of
the leading edge of the laser and slowly erodes the pulse from the front. Accordingly, a laser
pulse with a duration that is longer than the plasma wavelength λp will suffer from varying ne

along its longitudinal envelope causing the beam to locally diffract at the front of each wakefield
bucket. This effect will also lead to periodic laser beam diameter modulations. In addition,
a non-symmetric pulse profile forces local electron density changes in transverse direction and
will cause the laser-beam-intensity centroid to oscillate. This mechanism is called laser hosing
[Shvets and Wurtele 1994; Sprangle et al. 1994].

Maximum electron-energy gain

Taking these LWFA limitations into account, the maximum energy gainWe of an electron inside
the wake can be evaluated. When assuming that injected electrons experience acceleration over
the whole dephasing length, their final energy in the cold wave-breaking limit (1.4.22) will be:

Wc = eExLd = meωpvpLd ∝
1
ne

Accordingly, this is for the relativistic wave-breaking threshold [Esarey and Pilloff 1995]:

Wr =
(
4γ3

p − 3γp
)
mec

2

Even for a weakly relativistic laser pulse as used in the experimental part of this work (a0 ≈ 0.9),
a maximum energy gain of Wc ≈ 990 MeV over an acceleration distance of Ld ≈ 3.9 mm seems
possible. This of course is just a rough estimate, since the theoretical framework utilized here
is essentially one dimensional and hence incomplete.

Limits of an analytical theory

In general, laboratory physics must be evaluated in all three spatial dimensions to include all
important physical aspects in a proper manner. Hence, the 1D theory described in this chap-
ter provides only a basic understanding of the main mechanisms involved in laser-wakefield
acceleration. Moreover, even a more realistic description, i.e. a generalized non-linear three-
dimensional LWFA fluid theory [Esarey et al. 1997b], breaks down as soon as wave-breaking,

can temporally modulate the electro-magnetic wave to fulfill the plasma wave resonance condition in multiple
wave buckets and excite an initial small-amplitude plasma oscillation by stimulated Raman scattering, which
then can grow. Electron acceleration in this regime is referred to as self-modulated laser wakefield acceleration.
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trapping, and subsequent particle acceleration become important, since those processes are of
kinetic nature and cannot be completely described in a multi-dimensional analytical framework.
Such a description requires numerical simulations. Particle-in-cell (PIC) codes have proven to
be a powerful tool, which self-consistently describe LWFA in one, two or three dimensions (for
more details on the working principle of PIC codes, see chapter VI). Among the first to employ
this method in 2D were Forslund et al. [1985] and Mori et al. [1988] with the WAVE code.
Later, more efficient simulations allowed for in-depth descriptions of particular mechanisms
such as self-focusing and wave-breaking and their coaction [Bulanov et al. 1995]. The ever
increasing computing power in the following years allowed for the simulation of laser-plasma
systems in 3D during the mid-1990’s. At that time, pioneering work was done by Pukhov
and Meyer-ter-Vehn [1996] and Tzeng et al. [1996], which created the knowledge that
laser-wakefield acceleration is not limited to sub-wave-breaking intensities. For the 3D case
Pukhov and Meyer-ter-Vehn [2002] discovered the existence of a new scheme of wakefield
acceleration in the broken-wave regime, in which electrons are trapped by transverse injection
into a solitary electron void traveling behind the driving laser pulse. This regime is commonly
referred to as bubble acceleration. In order to provide deeper insight into this process and to
identify those physical features, which are not captured in the analytic model discussed earlier,
a tangible example of a particle-in-cell simulation will be reviewed in the following.
Figure 1.4.6 shows a typical, fully three-dimensional simulated time series of an electron-density
distribution in a laser-driven-wakefield environment approaching the bubble regime, which was
calculated using the PIC code OSIRIS [Lee et al. 2000]. Starting in (a), the laser pulse (on
the right) has just crossed the vacuum-plasma boundary and is about to propagate further into
the plasma slab. While doing so, it drives a strong plasma wake. This wakefield is distinctly
displayed in subfigure (b). It is excited by means of the laser-ponderomotive force, which
pushes electrons aside and creates an almost empty electron void trailing the electro-magnetic
wave. Now, the displaced electrons are violently pulled back to the central axis by the re-
sulting space-charge potentials, which create intense return currents along the outer ion-cavity
surfaces. These electron streams clash right behind each wake trough and set up regions of
immense negative charge density, which in time step (b) is not high enough yet to initialize
electron trapping. Another feature observable here is a starting collapse of the tertiary wake
bucket. In a pure bubble-acceleration scheme only the wakefield period at the rear side of the
driving light pulse survives and can be harnessed for electron acceleration. The shape of such
a solitary cavity is almost round when not loaded with electrons. It then resembles a bubble
and hence is responsible for the name of the effect. Part (c) depicts the wakefield in a slightly
advanced development stage. It may be seen that now also the second wakefield trough shows
signs of decay owing to the fact that the laser pulse drives a stronger wake. This is possible
due to self-focusing and self-compression of the beam, raising its intensity. A little later (d),
the secondary trough has nearly vanished and first wave-breaking and electron injection into
the primary wake can be witnessed. Contrary to the longitudinal wave-breaking theory in 1D
(cf. section I.IV.II), the trapping process observed here is of transverse nature. It is fueled by
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high-transverse momentum electrons from the generated return currents [Bulanov et al. 1997]
and has a notably reduced threshold, allowing for injection of electrons at moderate electric-
field strength below 100 GV·m−1. This loading process continues until the space-charge field
set up by the trapped electrons is high enough to significantly suppress the electric potential
at the back of the bubble. That mechanism is called beam-loading. Subsequently, the injected
particles are accelerated to speeds close to the speed of light caused by strong fields inside the
ion cavity. Thereby, they become faster than the group velocity of the driver beam. However,
this entails a weakening of the influence of the trapped electron space-charge field at the injec-
tion center, since the distance between the ultra-fast electron bunch and the bubble backside
increases, which allows for the injection to restart (e). Moreover, some trapping inside the
second decayed wake bucket occurs, but only leads to a few electrons with mediocre energies
(cf. fig. 1.4.7 below). In addition, growing electron-stem fields induce an elongation of the for-
merly round bubble shape and over time cause significant deformations (f). Finally, the laser
pulse reaches the plasma-vacuum interface, releasing the electron bunch into free space (g).
The evolution of the electron momentum in forward direction is of particular interest in this
context. Figure 1.4.7 maps a time series of the longitudinal-momentum phase space along the
laser-propagation axis x1. In (a), which corresponds to the charge-density profile given in figure
1.4.6a, the instantaneous longitudinal response of electrons to the laser field (high-frequency
structure at the right) and to the excited Langmuir wave (low-frequency structure at the center)
are illustrated. Here, the light wave causes electron-forward acceleration due to its magnetic-
field component and due to longitudinal electric fields arising from the focused Gaussian-mode
profile. This picture changes notably when electrons are trapped into a wake trough (compare
to fig. 1.4.6d). Part (b) and the following time steps give an impression of the particle-energy
evolution after injection. Wave-breaking at the rear sides of the primary and secondary buckets
allow electrons to surf the longitudinal wakes for energy gains with γ > 50. In this specific
example the electron-energy distribution is consistent with a plateau background in the energy-
resolved number spectrum (fig. 1.4.8). After further acceleration (c), the bubble content (first
bucket) reaches γ ≥ 200 with a pronounced quasi-monoenergetic feature (cf. fig. 1.4.8), whereas
the electrons in the collapsing secondary trough have not evolved significantly. The occurrence
of the spike in the electron spectrum originates from the fact that the bulk of the trapped
electrons are reaching the top of their x1p1-phase-space trajectory (compare to fig. 1.4.5), cor-
responding to their dephasing point. Thus, phase-space compression starts to set in, producing
the spectral peak (fig. 1.4.8). The quality, e.g. energy spread of such a feature may be improved
by controlling the time interval, during which electrons can spill into the cavity. This can be
realized by either counterpropagating laser-pulse schemes [Faure et al. 2006; Rechatin 2008],
or modulations in the plasma density [Brantov et al. 2008; Geddes et al. 2008]. Moreover,
the observed monoenergetic feature constitutes no steady state. Its deterioration sets in, when
the electron bunch propagates just a little further (figs. 1.4.7d and 1.4.8).
In recent years, simulations of this type have allowed to analyze the complex behavior of the
bubble scenario in a systematic way, which led to the refinement of scaling laws valid under
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Figure 1.4.7 – Time series of longitudinal momentum space in laser propagation
direction extracted from the same simulation as shown in figure 1.4.6.

relativistic (a0 ≥ 1) [Lu et al. 2007] and ultra-relativistic (a0 � 1) conditions [Gordienko
and Pukhov 2005]. Even today, this field is still thriving and subject to continuous develop-
ment. Indeed, that evolution of particle-in-cell codes and algorithms is a prerequisite for making
efficient use of novel computing platforms, such as those building on IBM’s cell-processor tech-
nology12. This is important, since the treatment of laser-plasma interactions through PIC
calculations is essentially limited by hardware constraints, e. g. the available processor power
and memory size. Another limitation stems from an inherently finite computation accuracy.
Small numerical errors may add up over time and cause numerical heating of the modeled
system, which entails a violation of energy conservation. In a wakefield-simulation setting, this
particular mechanism may manifest itself in an overestimated amount of trapped charge.

12For details see http://www.research.ibm.com/cell/ or http://www.lanl.gov/roadrunner/.

http://www.research.ibm.com/cell/
http://www.lanl.gov/roadrunner/
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Figure 1.4.8 – LWFA time series of an electron-energy spectrum for the same set of
simulation parameters as given in the caption to figure 1.4.6. Here,
Q≥50 denotes the amount of charge contained within each spectral
distribution above an energy of 50 MeV.
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I.V Experimental consequences and conclusions

The theoretical relations and models presented in this chapter help to establish several guide-
lines for the experimental conditions necessary to accelerate electrons by laser-driven plasma
wakes. Therefore, they motivate the choice of experimental parameters in the following chap-
ters. First, to reach highest possible electron energies, the electron plasma density needs to
be decreased to a value which allows for equal dephasing and laser-guiding distances. Second,
since wave-breaking will be responsible for electron injection into the wakefield, the achievable
laser intensity at focus limits ne to a lower threshold, which might exceed the value desirable
for optimum electron dephasing. Third, in the case of no additional optical guiding of the
intense laser beam, the confocal laser parameter b should be chosen to approximately equal
or to slightly exceed Ld and Led. In the case of optical guiding, this constraint is relaxed, so
that Ld ≈ Led, whereas w0 must be matched to the guiding mode of the employed waveguide.
In the following chapters, these demands will be connected to quantitative measures resulting
from the available laser-pulse parameters during the experiments.



Chapter II

The ATLAS high-field laser facility

Relativistic light intensities are a prerequisite for self-injected laser wakefield acceleration of
electrons in an underdense plasma (confer chapter I). Nowadays, these very high energy flux
densities can be readily achieved with femtosecond-duration, multi-terawatt laser bursts focused
to spot sizes of micrometer scale, which are produced by a machine fitting on a table-top.
The electron-acceleration results presented in this thesis (see chapters IV and V) are rendered
possible by utilizing such a high-intensity laser, namely the upgraded ATLAS1 high-field system
at the Max-Planck-Institut für Quantenoptik. This device was set up partially in the framework
of this dissertation. Therefore the layout, properties and specifications of ATLAS will be
discussed in detail in section II.III. The preceding paragraphs give an overview about the
bandwidth demands for short laser pulses (sec. II.I) and the consequences this entails for pulse
amplification (sec. II.II).

II.I Bandwidth limit and pulse duration

Laser pulses with durations in the femtosecond-domain require large bandwidths in frequency
space. This can be understood for instance when investigating a plane electro-magnetic wave
of central frequency ω0 with a Gaussian-shaped temporal envelope. In the following deriva-
tions, cubic and higher-order phase terms are neglected for the sake of simplicity. Under these
conditions, such a light wave may mathematically be described by:

E (t) = E0e
−at2ei(ω0t+φ(t)) with φ (t) = bt2 +O(t3) (2.1.1)

= E0e
−(a−ib)t2eiω0t

This corresponds to a temporal envelope profile in energy flux density of:

I (t) ∝ |E (t)|2 ∝ e−2at2

where a represents a measure for the pulse duration and is related to the FWHM length in
laser intensity ∆τ = (2a−1 ln 2)1/2. The parameter b defines the amount of quadratic phase.

1 ATLAS is an acronym for Advanced Titanium:sapphire LASer.
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The imaginary part of (2.1.1) describes the total phase φtot of the electric-field. Therefore an
expression for the instantaneous frequency ωi(t) can be given as:

ωi (t) = dφtot

dt
= ω0 + 2bt

Thus, the quadratic phase term in time corresponds to a linear time dependence of the instan-
taneous frequency of the pulse, called linear chirp. The frequency spectrum of the sample pulse
Ẽ(ω) may be calculated by applying a Fourier transform to E(t):

Ẽ (ω) = 1√
2π

∞∫
−∞

E0e
−(a−ib)t2+iω0te−iωtdt

= E0√
2 (a− ib)

e−
(ω−ω0)2
4(a−ib) ∝ e

− 1
4

a
a2+b2

(ω−ω0)2−i 1
4

b
a2+b2

(ω−ω0)2

which yields a power spectrum of the form

Ĩ (ω) ∝ |Ẽ (ω)|2 ∝ e
− 1

2
a

a2+b2
(ω−ω0)2

∝ e−4 ln(2)(ω−ω0
∆ω )2

∆ω refers to the full width at half maximum spectral range span through which the correspond-
ing frequency width ∆ν can be expressed as:

∆ν = ∆ω
2π =

√
2 ln 2
π

√√√√√a
1 +

(
b

a

)2


Hence, for a given pulse duration the presence of chirp leads to an increase in spectral bandwidth
as compared to an unchirped pulse. Accordingly, chirp entails an elongation of the temporal
profile for a fixed spectral bandwidth. On this account, it is possible to define a time-bandwidth-
product (TBP) as a measure of phase distortions. For the investigated Gaussian pulse it reads:

∆τ∆ν = 2 ln 2
π

√√√√1 +
(
b

a

)2

≈ 0.441

√√√√1 +
(
b

a

)2

(2.1.2)

Therefore, the TBP of a Gaussian approaches its minimum ∆τ∆ν → 0.441 for b→ 0. Then the
laser pulse is called transform limited, which physically means all spectral components have the
same phase resulting in the shortest possible pulse duration for a given spectral shape. Time-
bandwidth-products for a selection of commonly used temporal profiles can be found in table
2.1.1. From these it may be estimated that the synthesis of 40 fs FWHM duration laser pulses
of Gaussian shape requires a minimum FWHM bandwidth in wavelength of ∼ 23.5 nm, which
is close to ATLAS parameters as will be discussed later. In general Heisenberg’s uncertainty
principle demands for arbitrarily formed envelopes that ∆ωRMS∆tRMS ≥ 1/2 [Siegman 1986],
with both the duration and the bandwidth given in root mean square (RMS) values2.

2 The FWHM factor of ∼ 0.441 in (2.1.2) changes to 1/2 exactly when RMS conventions are applied instead.
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Field Intensity profile Intensity profile Minimum TBP Duration ∆τ
envelope in time t in frequency ω (FWHM) (FWHM)

Gaussian ∝ exp
[
−2

(
t
τGa

)2
]
∝ exp

[
−1

2 (τGaω)2
]

0.441 1.177 τGa

Lorentzian ∝
[
1 +

(
t
τLo

)2
]−2

∝ exp (−2τLo|ω|) 0.142 1.287 τLo

Hyperbolic
secant ∝ sech2

(
t
τSe

)
∝ sech2

(
π
2 τSeω

)
0.315 1.763 τSe

Rectangular ∝ H
(
τRe
2 − |t|

)
∝ sinc2 (τReω) 0.443 τRe

Table 2.1.1 – Full width at half maximum time-bandwidth-products and pulse du-
rations for selected temporal laser-pulse envelopes. H denotes the
Heavyside step function. Numbers are taken from Krausz [2006].

II.II The concept of chirped-pulse amplification

Short and broadband laser pulses can readily be generated at nJ to µJ levels, e.g. in Tita-
nium:sapphire oscillators (confer Brabec and Krausz [2000]). However, further direct ampli-
fication of these light bursts poses two significant problems. First, the intensity of an amplified
short pulse can easily surpass the damage threshold of reflective and transmissive optics and
thus can lead to destruction of the laser components. Second, the amplified laser pulse itself
may degrade in quality. At high intensities the polarization response of any optically trans-
parent medium shows a dependency on powers of the electric field larger unity and becomes
essentially nonlinear. This also entails an intensity dependence of the index of refraction η,
which can be written in lowest order approximation as:

η = η0 + η2I

Here, η0 is the refractive index in its commonly used form and η2 is a factor that determines the
linear intensity-related contribution (for a selection of values for η0 and η2 see table 2.2.1). This

Medium η0 η2 (W−1cm2) Data from
Sapphire 1.8 2.9 ·10−16 Weber [1995]
Silicon 3.4 2.7 ·10−14 Bloembergen et al. [1969]
Fused silica 1.47 3.2 ·10−16 Weber [1995]
SF-59 1.953 3.3 ·10−15 Weber [1995]
BK-7 1.52 3.4 ·10−16 Weber [1995]
Air 1.0003 5.0 ·10−19 Pennington et al. [1989]
Vacuum 1.0 1.0 ·10−34 Euler and Kockel [1935]

Table 2.2.1 – The refractive index η0 and the intensity-dependent factor η2 of media
often utilized in laser setups. A more extensive selection can be found
in Weber [1995] and Boyd [2003]. The quoted numbers are valid for
laser wavelengths specified in the given reference.
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intensity dependence may cause temporal phase distortions via self-phase modulation (SPM)
and also may introduce spatial distortions of the laser pulse phase and intensity fronts, which
can result in self-focusing (SF) or filamentation. The severity of these undesirable effects can
be estimated with the help of the B-integral:

B = 2π
λ

L∫
0

η2Idx (2.2.1)

The integration has to be executed along the laser beam path of total length L and take into
account the nonlinear media-specific indices of refraction. Then B represents the amount of
accumulated wave-front distortions owing to η2 and is normalized to the laser wavelength λ.
In order to ensure a good beam quality, the B-integral must be kept significantly below unity.
Realistically, this limits the maximum intensity to which a laser-pulse can be directly amplified
inside an active amplifier medium to ∼ 1 GW·cm−2 [Mourou et al. 2006].
An increase in laser beam diameter and therefore a decrease in intensity during amplification
is no feasible solution to this problem either. The reason is again twofold: First, this would
require ever bigger optics throughout the whole laser chain, which would become very expensive
and thus is economically unfavorable. But more importantly, the energy extraction efficiency
of a laser beam inside an excited amplification material strongly depends on the seed laser
input-energy fluence level Fseed [Siegman 1986], which means Fseed must be maintained high
while I should be low. Hence, the only possibility to boost light pulses in energy beyond the
energy flux density threshold is to increase their pulse duration.
A milestone invention allowing for temporal stretching, subsequent amplification and reliable
recompression of a broadband laser pulse at TW to PW peak powers is the chirped-pulse
amplification (CPA) technique devised by Strickland and Mourou [1985] (see figure 2.2.1).
In CPA in its most common form a short electro-magnetic pulse is sent through a grating-
based stretcher which introduces positive group delay dispersion (GDD) [Martínez 1987],
thus chirps the pulse and elongates it by a factor usually on the order of 103 to 105. Temporal
stretching is accomplished by guiding different frequency components along different paths
inside the stretcher resulting in runtime differences and GDD, which can be characterized by a
stretcher-specific frequency-dependent phase shift:

φ (ω) = φ0 + φ1 (ω − ω0) + φ2 (ω − ω0)2 + φ3 (ω − ω0)3 + . . . with φn = 1
n!
dnφ

dωn

∣∣∣∣∣
ω0

φ0 corresponds to an overall frequency independent shift of the carrier-envelope phase, whereas
φ1 describes a time-delay of the whole laser-pulse. Neither of these processes contributes to
an increase in pulse duration unlike phase orders of n ≥ 2. The function φ(ω) is usually quite
complex and depends on the exact stretcher setup. For this reason it is important to utilize
a matched stretcher-compressor pair such that the phase induced by the stretcher φStr can
be compensated for as closely as possible by the phase shift originating from the compressor
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Stretcher CompressorAmplifier

Input pulse Chirped pulse
chirped pulse
Amplified Amplified

output pulse

Figure 2.2.1 – In a chirped-pulse amplification (CPA) scheme, a short laser pulse
is stretched in time to reduce its intensity during an ensuing am-
plification process. This elongation is introduced inside a stretcher,
which strongly disperses the broad bandwidth pulse. The temporal
frequency separation will be undone in a matching compressor setup
after amplification. CPA allows for the generation of ultra-short
(∼ 20 fs) and ultra-powerful (∼ 200 TW) laser bursts.

φComp ≈ −φStr. The matched configuration to the Martínez-stretcher (confer previous para-
graph) is the Treacy-compressor [Treacy 1969]. Both are employed in the ATLAS laser system
(confer figures 2.3.8a and 2.3.8b). If material dispersion in the laser chain could be neglected,
then a perfect recompression of the stretched laser beam and compensation of all phase orders
φn would be possible [Pessot et al. 1987]. In reality the phase φMat introduced by trans-
missive or reflective optics and even air is non-negligible and thus recompression by means of
matched stretcher-compressor pairs remains imperfect, since now φStr +φComp +φMat ≈ 0 must
be fulfilled. For the above mentioned Martínez-Treacy setup3 this is only exactly possible for
φn with n ≤ 3. However, the residual higher-order phase errors are typically small and pulse
durations of ∆τ & 40 fs FWHM are achievable without applying more sophisticated phase
correction devices such as acousto-optic modulators [Tournois 1997] or chirped multilayer
dielectric mirrors [Szipőcs et al. 1994].

II.III ATLAS layout and laser pulse properties

ATLAS, the ultra-high-intensity laser system at the Max-Planck-Institut für Quantenoptik,
provides light bursts of more than 20 TW peak power and generates focused intensities ex-
ceeding the relativistic threshold. These features prove to be essential for the success of the
experiments detailed in this dissertation. ATLAS employs a CPA-scheme (confer section II.II)
making it possible to harness the broad amplification bandwidth of titanium-doped sapphire
crystals and consequently to synthesize laser pulses as short as ∼ 40 fs FWHM containing ∼ 1 J
of energy. The basic layout of this machine is depicted in figure 2.3.1.

3 A number of matched stretcher-compressor arrangements with different dispersion properties have been
demonstrated as well [Lemoff and Barty 1993; Tournois 1993; White et al. 1993; Cheriaux et al. 1996].
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Figure 2.3.1 – The ATLAS CPA-laser system with its titanium:sapphire oscillator,
four amplifiers and matched stretcher-compressor pair operates at
10 Hz repetition rate and delivers ∼ 1 J of energy in ∼ 40 fs FWHM
light bursts (25 TW peak power).

Initially, ultra-short light flashes are created inside the cavity of a modified version of a commer-
cially available Femtolasers Rainbow oscillator (see figure 2.3.2). The active Ti:Al2O3 medium in
the resonator is pumped by a Coherent Verdi V6 diode-driven Nd:YVO4 solid-state continuous-
wave (cw) laser emitting ∼ 3.5 W of frequency-doubled light at a central wavelength of 532 nm
(confer table 2.3.1). Pulsed broadband operation of this oscillator is started by passive Kerr-lens
mode-locking (see Spence et al. [1991], Piché and Salin [1993], or Herrmann [1994]). As a
consequence laser pulses are leaving the cavity at a repetition rate of 70 MHz with > 200 mW
average beam power. A careful intra-cavity group delay dispersion management, which takes
advantage of the dispersion properties of tailored dielectric chirped mirrors and Suprasil wedges,
allows for the generation of light pulses spanning a broad wavelength spectrum (see figure 2.3.3)
potentially compressible to a few femtoseconds duration. Moreover, these ultra-broadband
pulses permit the stabilization of their carrier-envelope phase by means of difference frequency
generation [Fuji et al. 2005]. The optics required for this purpose are by-passed in the current
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Figure 2.3.2 – Cavity layout of the ultra-broadband oscillator. The components #1
to #6 denote dielectric-chirped mirrors of differing designs.
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Figure 2.3.3 – Oscillator spectrum in linear representation and on logarithmic scale
(inset). The red signal represents the level of background noise.

configuration, but can easily be reimplemented for future use.
After leaving the resonator, the generated pulse train propagates through a Faraday isolator,
then is spatially filtered and afterwards guided to a first amplification stage. Like all following
amplifier units, this multi-pass is based on titanium:sapphire as the active medium. Incom-
ing laser pulses traverse this crystal on nine successive passes in a triangular shape (see figure
2.3.5). The amplification medium is pumped by a frequency doubled, Q-switched Continuum
Minilite Nd:YAG laser with 25 mJ stored in each pulse of several nanoseconds duration arriv-
ing at 10 Hz repetition rate (table 2.3.1). The repetition rate mismatch between the seed and
the pump system entails that only one in seven million oscillator pulses is amplified to the
maximum extent (confer figure 2.3.4a) and as a consequence contains ∼ 2 µJ of energy. These
particular pulses will be extracted downstream in the laser chain and only they will receive a
further energy boost in the following. This amplifier is referred to as a preamplifier, given that
the amplification process occurs prior to a CPA-specific temporal elongation. Its purpose is
to supply the next amplification stage, a regenerative amplifier (figure 2.3.6a), with an ener-
getic seed, since regenerative amplifiers are prone to deterioration of the amplified spontaneous
emission (ASE) contrast on a nanosecond scale when seeded at insufficient levels. The ASE
contrast is defined as the ratio of the instantaneous intensity in an ASE pedestal to the laser
peak intensity. This property proves to be of crucial importance for solid-density experiments,
for which an inadequately high ASE intensity can cause ionization of the target, create a pre-
plasma, and therefore significantly alter any interaction dynamics.
The effect of preamplification on the laser contrast at the ATLAS output has been investigated
and is shown in figure 2.3.4 as a function of the preamplifier amplification factor fA. Subfigure
(a) visualizes the 70 MHz pulse train behind the amplifier and gives a definition of fA. The
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Figure 2.3.4 – (a) The amplification of a part of the oscillator pulse train prior to
stretching allows for a high energy-fluence seeding of the regenerative
amplifier, resulting in an improved laser contrast at the end of the
laser chain. In this example a small amplification factor fA of five is
chosen for better clarity. However, larger fA can improve the ASE
contrast significantly as shown in (c). (b) This has been diagnosed
comparing the traces of a saturated and an unsaturated PIN-diode
at the ATLAS output.
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Figure 2.3.5 – Scheme of the preamplifier, which boosts pulse energy to the micro-
joule level, thus providing a sufficient seed fluence for the regenerative
amplifier to efficiently suppress amplified spontaneous emission.

quality of contrast was estimated be utilizing two PIN-diodes of equal properties, one observing
a strongly attenuated laser signal that causes no saturation and hence yields a measure of the
total contained energy. The other diode detects a stronger signal and heavily saturates when
the main laser pulse arrives, but allows for the quantification of the amount of energy dumped
onto its surface by prepulses and ASE background (b). Consequently, a comparison of the time
scales during which these energies are impinging yields a ratio of intensities and thus gives an
estimate of the nanosecond contrast. For maximum fA this contrast approaches 10−8, which
agrees with an alternative measurement using a third-order autocorrelation technique (confer
figure 2.3.10). An upper limit is imposed to the discussed preamplification scheme and the
achievable amplification factor fA by accumulated phase distortions of the amplified pulses. As
discussed, the B-integral must be kept significantly below unity (see eq. 2.2.1). Therefore fA is
set to ∼ 2000 in daily operation. However, this constraint does not limit the performance of
ATLAS, since a significant further suppression of ASE is not expected from a further increase
in preamplification strength owing to the convergent behavior displayed in figure 2.3.4c.
In a next step, the seed light is sent into a Martínez-stretcher configuration as described in
section II.II (also confer figure 2.3.8a), in which the pulses become positively chirped and as a
result are stretched in time to a duration of ∼ 350 ps. The beam then passes through a second
Faraday isolator, which protects the components upstream from damage by back reflections.

Active Rep. rate Duration Pump energy Wavelength Pump
medium (Hz) (ns) or power (nm) for

Coherent Verdi V6 Nd:YVO4 cw – ∼ 3.5 W 532 Oscillator
Continuum Minilite II Nd:YAG 10 3-5 25 mJ 532 Preamplifier
Continuum Surelite I Nd:YAG 10 4-6 100 mJ 532 Regen. amp.
Continuum Powerlite Nd:YAG 10 5-7 2× 850 mJ 532 Multipass I
Continuum Macholite Nd:YAG 10 5-7 2× 1.7 J 532 Multipass II

Table 2.3.1 – Overview of pump-laser specifications for all ATLAS amplifier stages.
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(a) Regenerative amplifier

Incoming pulses
(1 µJ at 10 Hz, 80 nm bandwidth, Ø 2 mm)

Pump beam
(Continuum Surelite)

Ti:sapphire crystal (7 mm long)

Output pulses
(18 mJ, 32 nm bandwidth)

Pockels cell

Thin film polarizer Thin film polarizer

Concave mirror (r = 15 m)

Convex mirror (r = -20 m)

(b) First multi-pass amplifier

Integrating mirror

Front View Top View

Spherical
Metal

Substrate

Glass Hexagons

Ti:sapphire
Crystal

Incoming pulses
(8 mJ, Ø 9 mm)

Pump beam
(Continuum Powerlite 2)

Pump beam
(Continuum Powerlite 1)

Ti:sapphire crystal
(4 passes, 18 mm long) O

utp
ut p

ulses
(500 m

J)

Front view Top view

Spherical
metal substrate Glass hexagons

Ti:sapphire
crystal

(c) Second multi-pass amplifier

Incoming pulses
(500 mJ, Ø 12 mm)

2 pump beams
(Continuum Macholite)

Ti:sapphire crystal
(3 passes, 30 mm long)

700 µm pinhole

700 µm pinhole

Integrating mirror
Integrating mirror

Vacuum spatial filter

Vacuum spatial filter

O
utp

ut p
ulses

(1.7 J)

Figure 2.3.6 – Overview of the three final amplifier configurations.
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Figure 2.3.7 – Normalized laser spectra measured after the regenerative amplifier
stage and after the first and second multi-pass amplifier.

Next, a Pockels cell reduces the beam repetition rate from the oscillator generated frequency at
70 MHz down to 10 Hz by filtering the pulses that have seen maximum gain in the preamplifier.
Now, the stretched electro-magnetic waves can safely be amplified in the final three amplifi-
cation stages, consisting of a regenerative amplifier (figure 2.3.6a), a four-pass bow-tie setup
(figure 2.3.6b), and the final three-pass configuration (figure 2.3.6c). The corresponding pump
laser specifications may be found in table 2.3.1. The regenerative amplifier is composed of a
cavity encompassing a Ti:sapph crystal and a Pockels cell, which in combination with two thin
film polarizers may couple light in and out of the resonator. The timing of this switch is ad-
justed in such a way that a laser pulse after being guided into the cavity executes 12 round-trips
before being sent out again. During this time the pulse energy increases from a sub-µJ-level
to about 18 mJ. Besides enforcing gain, the cavity also fulfills the function of a spatial filter.
Only laser light that is matched to the eigenmode of the resonator will be amplified. Thus
a spatially smooth beam escapes from this setup. Before being injected into the first booster
amplifier, the pulses propagate through two Pockels cells, of which one has a fast rise-time of
∼ 200 ps and which hence reduces prepulses and the ASE level by several orders of magnitude
outside of its rise-time window. Both, the fast and the slow Pockels cell together are particu-
larly useful to get rid of unwanted light leakage leaving the regenerative cavity on a nanosecond
scale at a frequency defined by its round-trip time. Subsequently, the first of the following two
multi-pass amplifiers increases the pulse energy to ∼ 500 mJ, the second boosts it to ∼ 1.7 J.
This final amplifier can also be by-passed. Both units utilize integrating mirrors to average out
spatial intensity distortions of the pump beams by decomposing their profiles into hexagonal
sections and overlapping them inside the active medium. This greatly decouples the quality of
the seed beam profile from the pump profiles. Moreover, the second booster amplifier is fully
relay-imaged and helps to keep the seed profile clean by spatial filtering after every passage



56 Stable, ultra-relativistic electron beams by laser-wakefield acceleration
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Figure 2.3.8 – The CPA-dispersion-management system implemented in ATLAS
consists of a positive-chirp stretcher (a) (for the sake of symmetry
and comprehensibility depicted with lenses in lieu of the actual re-
flective optics) and its matched negative-chirp counterpart (b).

through the Ti:Al2O3-crystal. On its way along those three main amplifiers, the laser-beam
diameter is enlarged from about one millimeter initially to approximately 12 mm in the final
amplifier section in order to stay below the damage threshold of optics and coatings and to keep
the B-integral at an acceptable level. The amplified light spectra after each stage are displayed
in figure 2.3.7. Just a small fraction of the initial oscillator bandwidth (confer figure 2.3.3)
is actually seeding the amplifier units. Owing to the bandwidth supported by the employed
dielectric optics and the spectral transmission constraints of the stretcher, an approximately
box-shaped spectrum of ∼ 80 nm at full width around a central wavelength of 790 nm enters the
cavity of the regenerative amplifier. Then, gain narrowing and spectral red-shift towards the
maximum of the titanium:sapphire gain curve at 795 nm [Moulton 1986] can be observed in
the ensuing amplification process, which leads to a final bandwidth of 21.1 nm FWHM centered
around 800 nm, corresponding to a Fourier-limited pulse length of 39.8 fs FWHM.
The fully amplified pulses of 350 ps duration are subsequently expanded to 70 mm in diameter
and guided into a vacuum tank hosting the compressor setup (see figure 2.3.8b). Its two-grating
configuration is matched to the aforementioned stretcher (figure 2.3.8a) and reverses the in-
troduced positive chirp to a large extent. This has been been confirmed by reconstruction of
the spectral and temporal intensity and phase employing a simplified frequency-resolved op-
tical gating (FROG) technique [Kane and Trebino 1993], which is called GRENOUILLE4

[O’Shea et al. 2001]. The results can be seen in figure 2.3.9. Here, a pulse duration of 43.8 fs
FWHM and a FWHM bandwidth of 24.3 nm were retrieved with a FROG error of 0.007 and
an RMS TBP of 0.76. The deviation from the theoretical TBP minimum of 0.5 can be ex-
plained by phase contributions from dispersion orders n ≥ 4, which cannot be compensated for
in the presented setup5. This investigation on a femtosecond scale is complemented by high

4The utilized device was a commercial Swamp Optics GRENOUILLE 8-20. For details on its principle of
operation see http://www.swampoptics.com/ on the world wide web.

5An acousto-optic modulator is implemented in the most recent ATLAS version. It is situated right at the
stretcher exit and can introduce almost arbitrary spectral phase components. This allows for a correction of
higher-order phase terms and is used to compress ATLAS pulses to sub-35 fs FWHM duration. However, this

http://www.swampoptics.com/
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Figure 2.3.9 – (a) GRENOUILLE measurement of the (b) temporal and (c) spectral
intensity and phase at the ATLAS output.

dynamic range third-order autocorrelation measurements [Luan et al. 1993] to determine the
pulse shape and contrast on a picosecond time scale (see figure 2.3.10). As may be seen, the
ATLAS contrast reaches the 10−8 level at −4 ps, which is a remarkable result for such a system
without using advanced pulse-cleaning techniques such as cross-phase modulation [Jullien
et al. 2005], saturable absorbers [Itatani et al. 1998; Nantel et al. 1998], or plasma mirrors
(e.g. Thaury et al. [2007]). The single prepulse visible in the examined time interval at −12 ps
(at an intensity of 10−6 relative to the pulse peak intensity) likely comprises a ghost image
of the stronger postpulse at +12 ps. However, owing to a rather poor sampling resolution of
100 fs, a definite conclusion cannot be drawn from their relative intensities.
In order to ensure a negligible amount of angular chirp, the output pulses have been charac-
terized by inverted field autocorrelation [Pretzler et al. 2000]. An angular chirp will result
in a tilt of the intensity front and cause temporal and transverse spatial pulse broadening at
focus and thus will reduce the overall intensity. Such a chirp can be introduced by non-parallel
grating surfaces in the compressor alignment. In addition to a tilt of the intensity-pulse front,
local distortions of the phase front may occur, e.g. from uneven optics surfaces, thermal lensing
in media with a temperature gradient (amplifier crystals), or from B-integral issues. To correct

device has not been present during acquisition of the data presented in this work.
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Figure 2.3.10 – Scanning third-order autocorrelation measurement of the picosec-
ond contrast after compression for ATLAS utilizing one (red curve)
or both (blue curve) multi-pass booster amplifiers.

for this effect, a deformable mirror is implemented in the optical path pre-compression. A
closed-loop system processing signals from a Shack-Hartmann wavefront sensor [Hartmann
1900; Shack and Platt 1971] controls 33 piezo-actuators behind the flexible surface of the
mirror, which allows to generate a smooth phase front and maintain a good focusability of the
beam (confer section III.II and figure 3.3.3).
After compression an ATLAS pulse contains about 1 J of energy corresponding to a compressor
transmission efficiency of > 60 %6. The energy reproducibility has been analyzed by comparing
shot-to-shot signal fluctuations from a PIN-diode and found to be as low as 2 % RMS. Even for
a beam diameter of 70 mm, this combination of short-pulse duration and amplitude requires
the laser transport to the experimental chamber to occur under vacuum to prevent problems
arising from a non-linear intensity dependence of the refractive index in air (see table 2.2.1).

II.IV Concluding remarks

The high-power (> 20 TW), short-pulse (∼ 40 fs) ATLAS beam is well characterized in terms
of temporal structure, reproducibility, phase- and intensity-front distortions. Its demonstrated
specifications allow for the application of these pulses in experiments, which rely on relativistic
intensities such as self-injected laser wakefield acceleration (see chapters IV and V), or which
require light bursts with a well defined, high-quality temporal contrast as is needed for laser-
plasma interaction studies at overcritical density, e.g. high-harmonic generation on surfaces
[Hörlein et al. 2008; Nomura et al. 2008] or ion acceleration [Henig et al. 2009].

6Transmission efficiencies as high as 72 % have been measured after UV-cleaning the compressor gratings.



Chapter III

Propagation of relativistic laser pulses
through a capillary discharge waveguide

The guiding of intense laser pulses over distances significantly longer than determined by their
confocal parameter is a key requirement for a successful realization of laser wakefield acceler-
ation with the goal to access peak electron energies We as high as possible. As discussed in
section I.IV, the scaling of electron energy with plasma density (We ∝ n−1

e ) in a weakly relativis-
tic regime (a0 ≈ 1) dictates the use of an ne as small as feasible. However, these dilute plasmas
must feature an electron density still high enough to allow for self-injection. In such a scenario,
the necessary electron acceleration distance to reach maximum momentum is expected to be far
longer than the potential interaction distance over which unguided multi-terawatt laser pulses
can maintain a sufficient energy flux density before they diffract.
To counteract diffraction, different techniques have been developed that allow for the confine-
ment of relativistic beams over adequate distances. Self-focusing (see section I.IV.III) may be
utilized, but is hard to control due to its nonlinear nature. Pre-shaped freely expanding plasma
channels with shock-driven density discontinuities that grant waveguide properties have been
proposed [Sprangle et al. 1992; Durfee III and Milchberg 1993] and demonstrated to
work well, but demand complex experimental setups with up to three powerful laser beams
[Geddes et al. 2004]. A similar idea incorporating a less complicated electrical igniter scheme
was suggested, but has not been employed for electron acceleration, yet [Lopes et al. 2003].
Furthermore, narrow (≤ 100 µm diameter) waveguide tubes have been shown to support direct
guiding of intense beams but lack durability [Dorchies et al. 1999]. Also, gas-filled capillar-
ies can be deployed for guiding in various ways. When ignited with excessively high currents
(& 5 kA), a Z-pinch effect causes a magneto-hydrodynamic channel implosion during which a
transverse parabolic density-profile is generated, which facilitates laser channeling [Hosokai
et al. 2000]. This process lasts for just a few tens of nanoseconds. Therefore this device is
referred to as a fast capillary discharge waveguide. At lower currents wall-ablative polypropy-
lene capillaries may generate a parabolic density profile [Kaganovich et al. 1999]. However,
the lifetime of these structures is limited to a couple of hundred shots. The method of choice
enabling guiding in the experiments presented here, is a slow capillary discharge waveguide
[Spence and Hooker 2000]. Its working principle will be introduced in the following. Sub-
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sequently, its incorporation into the experimental setup for the realization of laser guiding and
electron acceleration is illustrated. This setup is reviewed with an emphasis on the employed
light diagnostics (section III.II; for electron-diagnostic specifications see section IV.I). Finally,
the obtained guiding results will be analyzed (section III.III), preparing the execution and
interpretation of the laser-wakefield-acceleration experiments presented in chapter IV.

III.I The slow capillary discharge waveguide

The employed slow capillary discharge waveguide consists of two rectangular sapphire slabs,
each with a laser-machined half-cylindrical groove in its top or bottom surface, respectively
(see figures 3.1.1a). These grooves are contacted together to form a 250 µm diameter channel
of 15 mm length. In addition, one of the sapphire plates features a pair of 600 µm wide trenches
leading to the central slot and acting as gas inlets. Hydrogen molecules (H2) are streaming
from the capillary Perspex housing gas reservoir (figure 3.1.1b) through those supply lines into
the central capillary, where they set up a homogeneous gas distribution as detailed in section
V.II at backing pressures ranging from about 50 to 600 mbar. This pressure can be controlled
with the help of a hydrogen regulator and is diagnosed by a Leybold-Heraeus membrane gauge.
The gas flow may be switched on and off using an electrically triggered solenoid valve. During
the experiments described here and in the next chapter, this gas switch opens for more than
200 ms in order to ensure that a homogeneous steady-state gas distribution has developed be-
fore plasma is generated inside the interaction volume (confer section V.II).
The dissociation and ionization of hydrogen molecules is initiated by the breakdown of a 20 to
30 kV electric potential. This discharge occurs between two copper electrodes along the gas-filled
channel. Figure 3.1.2 depicts a diagram of the electronic circuit responsible for ignition. Its
mode of operation is as follows. A 2.7 nF capacitor1 is charged to a maximum of 30 kV with the
help of a Glassman DC power supply. Then, it contains up to 1.2 J of energy. The applied dif-
ference in electric potential and hence stored energy may be relayed to the capillary-waveguide
electrodes by triggering a Perkin Elmer HY-3005 deuterium thyratron2. This high-voltage
switch has a particularly fast current rise-rate of 1011 A·s−1 and hence allows for immediate
connection of the charged capacitor to the gas-filled channel. The impressed voltage easily
exceeds the breakdown threshold for the gaseous medium and consequently, the discharge fires.
After an initial spark, free electrons are accelerated quickly and drive an avalanche-ionization
process, which creates a strong current of several hundred Ampères lasting for a few hundred
nanoseconds (confer figure 3.3.1a). This current heats the plasma column rapidly. A major
part of the energy initially stored in the capacitor is dedicated to drive that heating process,
since just about 11 mJ are necessary to ionize the complete channel filling at ne = 7 · 1018 cm−3.
The subsequent cooling of electrons and ionized hydrogen nuclei at the sapphire walls causes

1In addition to the main capacitor, the coaxial cables, the capillary electrodes and other parts of the circuit
do possess small amounts of capacitance. However, in a first order approximation this extra contribution can
be neglected as it is estimated to increase the total capacitance by less than 300 pF.

2See http://catalog.rell.com/rellecom/Images/Objects/9500/9438.PDF for details.

http://catalog.rell.com/rellecom/Images/Objects/9500/9438.PDF
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of the Perspex enclosure with high voltage connections and gas port.
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a radial energy transport, which results in an increased electron density off-axis. After several
tens of nanoseconds, this plasma distribution develops a parabolic transverse profile, which is
ideal for guiding of Gaussian laser modes (confer section I.IV.IV).
The formation and temporal evolution of those plasma channels has been investigated in detail
both theoretically [Bobrova et al. 2001; Broks et al. 2005, 2007] and experimentally [Gon-
salves et al. 2007; Marx 2008]. A characterization of the radial electron density profile as a
function of time was performed for waveguides similar to those employed in this study using an
interferometric technique (for details see Marx [2008])3. A measurement of the longitudinally
averaged electron density is shown in figure 3.1.3. As may be seen, a parabolic plasma density
profile forms after ∼ 100 ns of current flow, resulting from the aforementioned interplay of ohmic
heating and wall cooling. The guiding structure remains quasi-stationary for another ∼ 150 ns
before it decays. This matches well to results obtained from an investigation of laser-beam
guiding in such a channel (cf. section III.III). Owing to those rather long characteristic times
on a hundred nanosecond scale this kind of setup is called a slow capillary discharge waveguide.

III.II Experimental setup and laser diagnostics

The integration of the capillary waveguide into the general experimental configuration is illus-
trated in figure 3.2.1. This setup can be divided by function into four substructures: a laser
beam preparation stage, the central laser-plasma interaction environment, and two separate
diagnostics setups, one for the transmitted laser pulses, and another one for the generated
electron beams. All of these are detailed in this section with the exception of the electron
diagnostics. They will be discussed in the context of laser wakefield acceleration in preformed
channels (section IV.I).

Preparation and characterization of high-intensity laser pulses

During the course of this study, the ATLAS facility (confer chapter II) delivered well charac-
terized, ultra-short laser pulses with powers exceeding 20 TW into the experimental chamber
via a vacuum transport system. Those light pulses were temporally analyzed close to the in-
teraction volume by GRENOUILLE (see section II.III), which retrieved durations as short as
40 fs FWHM. For this measurement, a part of the beam was sent into the spectral-phase-and-
intensity detector through a thin 3 mm quartz window and through 0.5 m of air. Calculations
taking into account the well known dispersion properties of these materials suggest that their
impact on pulse duration was small, causing an elongation of 3 fs FWHM at most. The average
energy contained in each light pulse was determined with the help of a calibrated calorimeter
(not shown in the setup scheme) to be 850 mJ right before entering the waveguide, correspond-

3The investigated capillaries featured a square-channel cross section in order to allow for straightforward
interferometric measurements with phase-front aberrations as small as possible originating from a curvature of
the inner sapphire walls. The differing wall shape, however, should only marginally influence the electron-density
distribution and waveguide properties compared to capillaries with circular profiles [Broks et al. 2007].
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ing to a beamline transport efficiency of ∼ 85 %. Shot-to-shot fluctuations in pulse energy have
been detected by imaging laser leakage through an off-axis parabolic mirror onto a Thorlabs
PDA36A PIN-diode. This revealed typical RMS energy stabilities on a 2 to 3 % level. The
frontside of that dielectric off-axis parabola directed and focused the incoming light pulses in
an f/22 geometry into the capillary entrance, situated at a distance of f = 1.54 m. Direction and
position of the laser beam at focus were defined by centering the laser near-field on an align-
ment cross-hair at the parabola rear side, and by fixing the far-field to a predefined focal spot
location. That position could be observed for an attenuated beam on a stationary 8-bit CCD
camera with microscope objective, onto which the laser pulses were relayed by a quartz wedge
attached to a motorized flip-mount with excellent reproducibility in space. Also, this camera
provided a coarse estimate of the focal quality. For a high-resolution, high-dynamic range far-
field characterization, the capillary discharge waveguide had to be removed and replaced by a
12-bit DataRay WinCamD beam-profile analyzer equipped with a 20× magnification micro-
scope objective. This yielded a FWHM beam diameter of 23 µm, a FWHM encircled energy
fraction of 61 %, and thus a Strehl ratio of 0.73 (see image at the left in figure 3.3.3). Shot-to-
shot beam pointing variations were found to be small and were on the order of the focal spot
radius. The spatial calibration of the profiler imaging system was carried out by introducing
a cardboard grating with a lattice constant of g = 100 m−1 into the laser near-field. From the
diffration pattern appearing at focus, it was possible to deduce the magnification, since the
distance z between two neighboring diffraction spots is given by z ≈ λfg for small diffraction
angles. In the end, after the previously described laser beam alignment was performed care-
fully, and the entrance of the empty sapphire capillary resided close to the position of the focal
spot, and the channel tip and tilt was roughly aligned, light could scatter through the capillary
tube and could be detected on the optical diagnostics table (the procedure for the capillary fine
alignment is given in a later paragraph).

Investigation of transmitted light-pulse properties

Light passing through the sapphire channel was picked off by an uncoated BK7 wedge under
45° approximately 80 mm behind the capillary exit. This wedge featured a 5 mm radius hole at
the beam center in order to allow for an eventually accelerated electron beam to traverse undis-
turbed. Next, the attenuated photon flux was diverted onto a spot close to the edge of a 250 mm
diameter, 1.2 m focal length on-axis parabola for collimation. In this way, the propagation axes
of the incoming and the outbound beam crossed under an angle of ∼ 5° such that these beams
could be separated easily. Further downstream the laser pulses bounced off the pick-off wedge
for a second time, thus became less intense (by a factor of 10 for each s-polarized reflection)
and were subsequently steered out of the vacuum chamber, through a thin window onto an
optics table. There, the light beam was focused by a 1 m focal distance plano-convex achromat,
split into several parts and then distributed to different diagnostics. An 8-bit camera moni-
tored the beam near-field and was activated primarily during the coarse capillary waveguide
prealignment process (see next paragraph). In addition, the sapphire channel exit was imaged
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by the mentioned relay optics and a microscope objective (20×) onto the CCD of a 12-bit PCO
Pixelfly QE camera in order to characterize the quality of the guided laser modes. Furthermore,
a fiber-coupled Ocean Optics HR2000 spectrograph recorded the corresponding laser spectra.
While doing so, it was most important to ensure that no self-phase modulation of the beam
had occurred during propagation through the lens and window in order to allow for a measure-
ment of an unaltered signal. Retroactively, this justifies the need of a strong beam attenuation
induced by the double-reflection from the pick-off wedge prior to any passage through material.
In another diagnostics branch, a large-area (13 mm2) PIN-diode identical to the one charac-
terizing the capillary input signal (confer preceding paragraph) accommodated the whole laser
spot and therefore allowed for identification of the capillary throughput efficiency. This was
rendered possible by cross-calibrating those two diodes after removing the waveguide (≡ 100 %
transmission) and taking reference measurements for various input energies. With these diag-
nostics on-hand, an optimization of the capillary alignment and discharge timing was performed
before actual guiding experiments could take place under optimum conditions.

Fine alignment and triggering of the capillary discharge waveguide

The capillary-waveguide housing was mounted on three translation stages allowing for move-
ment in all directions, and additionally rested on a rotation stage and a goniometer, which
enabled a rotation of the assembly around the channel entrance point. Translation, tip and
tilt were optimized by maximizing the laser throughput intensity4 and symmetry observed on
the 8-bit camera for coarse alignment purposes and on the 12-bit camera for finer control. For
this operation to be successful, it was helpful in a preliminary step to iteratively optimize the
throughput by adjusting the rotation stage and goniometer, and to symmetrize the imaged
pattern at the capillary exit via translation perpendicular to the laser propagation direction.
The capillary entrance location along the beam propagation z-axis was adjusted in advance by
overlapping the goniometer rotation point with the laser focus as accurately as possible. One
method to achieve this demanded fixing a ∼ 100 µm diameter pinhole on top of the rotation axis
close to the pivot point, back lighting it, and imaging it, e.g. with the DataRay beam analyzer
setup. After dismounting the pinhole, the translation stages were moved into a position from
where the analyzer camera exactly imaged the laser focus. Then the capillary in its predefined
location relative to the alignment stages was close to the optimum position for coupling the
light into the waveguide structure. However, based on the obtained results a further fine-tuning
in z-direction might have been necessary in some cases to achieve an enhanced guiding and also
electron-acceleration performance. If needed, this was done while executing the adjustments
detailed in the following and on the fly while performing the actual experiments.
Up to this point, the spatial capillary alignment often turned out to be insufficient to allow
for effective laser transport through the channel. To reach a higher level of accuracy, the ad-

4While performing alignment procedures, it turned out to be of uttermost importance to reduce the utilized
laser intensity at the sapphire-channel walls to a level well below 1 · 1013 Wcm−2. Higher energy flux densities
caused ablation, which led to cracks in the sapphire frame and to clogging of the central pipe.
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justment procedure was pursued again, but this time in parallel with the discharge creating a
plasma density gradient suitable for light guiding. As a prerequisite, the sapphire plates were
continuously flooded with hydrogen at 100 mbar filling pressure and the discharge circuit was
triggered to cause a voltage breakdown inside the channel every two seconds. Since the laser
was firing at 10 Hz repetition rate, every other second an image of a beam affected by the
generated plasma column was read out by the cameras. These signals were noticeably different
from the unguided transmission mode of operation. Then, the timing delay between the laser
and the discharge trigger needed to be scanned in ∼ 10 ns steps until a pinching of the pulses
was observable with a confined beam radius equivalent to the matched spot size of the wave-
guide. These contracted spots had to reside in the center of the transmission signal obtained
without the discharge being fired, otherwise translation and rotation had to be fine-adjusted as
explained before. Once that symmetry condition was fulfilled, the spatial settings allowed for
efficient light transport. The optimum timing was found by fine-scanning the delay between
laser and discharge trigger as will be shown in the subsequent section.
The trigger system used in the experiments to be discussed worked as follows. A manually
initiated trigger opened the solenoid valve, which then caused the sapphire structure to be
filled with hydrogen gas for a defined time of ∼ 250 ms. Moreover, a delayed trigger was au-
tomatically sent to the laser system after ∼ 150 ms during the filling procedure. This timing
difference of 100 ms between the laser firing and the valve closing was necessary, since ATLAS
is synchronized to a 10 Hz clock, which resulted in a 100 ms full width (FW) uncertainty of the
laser-pulse arrival time at the interaction volume. Then, the discharge unit was activated by
a trigger signal dispatched from the ATLAS laser system, which arrived with an uncertainty
of � 1 ns approximately 360 µs before the incoming laser beam. An additive time delay could
be introduced, which allowed to vary the onset of the high-voltage breakdown relative to this
trigger pulse. The same signal also armed the diagnostics and the fully automatized data ac-
quisition system. The absolute timing between the laser pulse arriving at the capillary entrance
and the initiation of the discharge had been established before with an additional photo diode
(not shown in figure 3.2.1) capturing the laser signal at focus and comparing the recorded trace
to the timing of the discharge current curve. That curve was registered with a Rogowski coil
embracing one feed cable connected to a high-voltage electrode. By this means, it was possible
to determine the absolute arrival time difference to an accuracy of less than 1 ns after consider-
ing the group velocity of electric signals through the utilized coaxial cables. This measurement
also unveiled an inherent shot-to-shot jitter of 4 ns FW exhibited by the discharge circuit with
the laser pulses used as timing reference.

III.III Guiding of relativistic laser pulses

On the basis of experimental results obtained from the setup introduced in the preceding sec-
tions, the physical effects that may manifest during guiding of relativistic laser pulses in a
parabolic plasma channel will be discussed below in a qualitative picture.
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Figure 3.3.1 – (a) The waveguide transmission efficiency T and the discharge cur-
rent as functions of the timing delay between the onset of the high-
voltage breakdown and the arriving laser pulse. (b) Mode quality
at the output of the channel in false-colors pertaining to regions 1
to 5. Each image is normalized to its maximum. The color-scale is
equivalent to the one used in figure 3.3.3.

Figure 3.3.1a displays the transmitted energy fraction T deduced from the ratio of signal
strengths of the input and throughput PIN-diodes as a function of the delay between the
detected onset of the discharge current and the laser-arrival time at the capillary entrance with
full-intensity laser shots (a0 ≈ 0.9). This curve possesses characteristic guiding features, from
which five distinct regions may be identified, which are always present in the data regardless of
the filling pressure (between 50 and 600 mbar). However, for differing pressure settings, the ex-
act timescales covered by these regions and the obtained transmission values vary. The shape
of this transmission chart is affected by a complex interplay of the evolution of the guiding
channel, relativistic intensity propagation effects and energy transfer into an excited plasma
wakefield. The data for the depicted guiding-efficiency curve was recorded at a pressure of
100 mbar, which corresponds to a mean electron plasma density of ne ≈ 5 · 1018 cm−3 assuming
complete ionization. Owing to that rather low density, very little energy is transfered from the
laser pulse to the plasma and only a small wakefield is excited. This is suggested by the very
efficient energy transport through the channel of more than 90 % at peak (in region 3) and
by the fact that no clear alteration of the laser spectrum could be observed, which would be
expected due to photon acceleration and a longitudinally varying index of refraction in a wake
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Figure 3.3.2 – Characteristic laser spectra under electron acceleration conditions for
different laser-discharge time delays corresponding to the numbered
regions defined in figure 3.3.1. The spectrum of the incident beam is
shown for comparison, with the dashed red lines indicating its center
and full width. Note that the curves for regions 1, 2, 4 and 5 are
magnified by a factor of five.

structure. Hence figure 3.3.1a demonstrates a very clean guiding behavior with the correspond-
ing guided laser profiles given in figure 3.3.1b. As a result of a small wakefield amplitude, no
electron trapping and acceleration could be observed under these conditions.
Indeed, for settings which allow for laser electron acceleration in a wakefield, two curve at-
tributes will change in a typical fashion. First T drops significantly due to the fact that laser
energy is transfered to the wake and to a substantial number of relativistic electrons, and sec-
ond the transmitted laser spectra will broaden in a characteristic way. Figure 3.3.2 presents
light spectra belonging to laser beams transmitted through the waveguide in the different re-
gions indicated in figure 3.3.1a, albeit obtained under an increased average plasma density of
ne ≈ 1 · 1019 cm−3 allowing for self-injected electron acceleration. The important features con-
tained in plots 3.3.1 and 3.3.2 will be studied in the next paragraphs.
Moreover, an interpretation of the different guiding regions must include relativistic self-focusing
effects as has been estimated in section I.IV.III. The critical power for self-focusing (1.4.34) with
ATLAS is exceeded in uniform plasma densities above 1.9 · 1018 cm−3, which is always the case
in the investigated parameter range. In addition, density channels of parabolic shape, which
are present for certain discharge timings, have been identified to reduce this power threshold
and enable self-focusing at even lower electron concentrations [Brandi et al. 1993].
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Figure 3.3.3 – Comparison of input mode and guided mode quality. The charts
visualize the encircled energy fraction as a function of radius around
the beam center. The energy ratio contained within the Fourier-
limited radius of the input pulse is denoted by dashed lines in both
diagrams. Comparing this value to the theoretical maximum yields
the Strehl ratio, which is essentially conserved in this example.

Before the voltage breakdown is initialized, the laser pulse traverses a uniform gas volume,
and dissociates and ionizes hydrogen molecules on its leading edge (region 1). Already at av-
erage plasma densities a little above 5 · 1018 cm−3 its intensity quickly becomes sufficient to
drive a strong wakefield and enable electron trapping (confer chapter V). That is supported
by the broadened throughput spectrum, which has been identified as an indicator of a laser
driven wakefield interaction before [Faure et al. 2005; Rowlands-Rees et al. 2008]. In this
regime, the light transmission does not exceed 50 % since a transverse density gradient does
not exist and hence guiding in preformed plasma structures cannot occur. Self-guiding is likely
to confine the strong electro-magnetic waves over distances longer than their confocal range
of b ≈ 3.6 mm but not along the whole capillary length of 15 mm. Therefore the laser beam
self-diffracts when still inside the channel. That can be inferred from the transmitted mode
structure. In region 2, nanoseconds after the breakdown has been triggered, the capillary out-
put signal becomes strongly distorted and the transmission drops to almost zero. Owing to
considerable plasma-density non-uniformities originating from an inhomogeneous high-voltage
sparking and thus an asymmetric energy deposition and plasma generation in the beginning,
clean laser pulse propagation is not possible. This state lasts for ∼ 30 ns and is refered to as
ionization phase in the nonlocal thermal equilibrium model by Broks et al. [2005]. That stage
is followed by an expeditious rise in transmission efficiency T . During the formation phase (until
∼ 60 ns) plasma cooling on the walls becomes important and a guiding channel starts to form.
Once the channel formation is complete, the guiding phase begins (region 3), during which the
transmitted laser energy reaches a plateau of T > 85 % over a period of ∼ 100 ns (compare to
the quasi-stationary plasma density cross-section in figure 3.1.3). The guided-mode profile is
found to be of high-quality, similar to the input profile (confer figure 3.3.3) and relates to the
matched spot size of the parabolic density gradient. Such a correlation explains the growth in
transmitted spot diameter from region 3 to 4, which is linked to the evolution of the density
gradient. An evolved plasma channel also entails a reduction of naxis, the electron density on
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laser propagation axis. The impact of this mechanism can be estimated with an empiric formula
found by Gonsalves et al. [2007] yielding naxis ≈ 2.3 · 1018 cm−3 at the transmission plateau.
Despite of the fact that the parabolic-channel shape lowers the effective relativistic self-focusing
threshold, this drop in on-axis density seems to prevail and in total reduces the influence of
relativistic self-focusing effects, preventing the laser pulse from reaching intensities sufficient for
wave-breaking. Indeed, no electron acceleration could be observed in region 3. Nevertheless,
the spectral shape of the transmitted beam at 1 · 1019 cm−3 average density, corresponding to
naxis ≈ 4.6 · 1018 cm−3 shows some broadening, but not as striking as it appears at later times.
This may be interpreted as a sign of only a weak wake excitation.
Subsequently, the temporal evolution of the guiding channel leads to a decrease in the trans-
mitted laser energy for times later than 150 ns (region 4). Channeled electron acceleration has
only been observed in this regime, and only for plasma densities above naxis = 3.2 · 1018 cm−3.
This is accompanied by a significant spectral broadening and blue shift. Such a blue shift might
originate from hydrogen recombination and reoccurring ionization in the leading edge of the
light pulse [Rae and Burnett 1992]. Since this spectral ionization-shift and electron acceler-
ation occur coincidently, ionization is suspected to play an important role for electron injection
[Rowlands-Rees et al. 2008]. Alternatively or additionally, the variation of the transverse
density profile over time might allow for stronger spatial self-compression of the laser pulse
and therefore may sanction wave-breaking and electron trapping. Also, a longitudinal density
gradient could play a prominent role [Bulanov et al. 1998; Suk et al. 2001; Hemker et al.
2002; Geddes et al. 2008]. This question needs to be answered in a future study. At late times
(region 5), when the discharge current decreases and ohmic heating decays, the aforementioned
ionization processes extensively shift the transmitted light spectrum to shorter wavelengths and
T declines strongly. Guiding cannot take place any longer.
In conclusion, the channeling of laser pulses with relativistic intensities (a0 ≈ 0.9) over dis-
tances eight times longer than their Rayleigh range has been demonstrated5. The confinement
of these high energy flux density beams in a plasma will allow for the creation and support of
a laser-driven wakefield over the full channel length, and thus should enable the acceleration of
electrons to energies not accessible without such guiding structures. This will be investigated
in the following chapter.

5Experiments utilizing a sapphire capillary of 33 mm length yielded similar transmission efficiencies of more
than 90 % and allowed for laser guiding over 17 times the Rayleigh range. However, no electron acceleration
could be observed from these waveguides. Therefore, those results are not discussed in this thesis.



Chapter IV

Acceleration of electrons
in a laser guiding plasma channel

The total energy of high-momentum quasi-monoenergetic electron beams generated by means of
laser-wakefield processes has been shown to scale inversly proportional with the plasma electron
density when the accelerating fields can be sustained over the full electron dephasing length
(cf. sect. I.IV.V). Therefore, an efficient electron acceleration scheme requires the confinement
of the wake driving light pulse over a similar distance. This distance is usually considerably
longer than the laser beam confocal length, which in turn is given by the focusing geometry
necessary to reach ultra-high intensities. A promising route to prevent such a relativistic
electro-magnetic pulse from diffracting, is to apply external guiding structures, as introduced
in chapter III. Here, the channeling of laser pulses with a0 ≈ 0.9 has been experimentally
demonstrated over eight times their Rayleigh range with transmission efficiencies of > 90 % by
employing a slow capillary discharge waveguide. Such a device allows for the spatial extention of
intense laser-plasma interaction in laser propagation direction and thus enables unprecedented
electron energies from LWFA [Leemans et al. 2006; Karsch et al. 2007]. The high-energy
beams generated from the experimental setup introduced in chapter III will be presented and
analyzed (sect. IV.II) following a discussion of the utilized electron diagnostics (sect. IV.I).

IV.I Electron diagnostics

A characterization of the accelerated electron bunches was conducted using two different tech-
niques. The beam pointing and divergence was assessed with the help of a scintillating phosphor
screen situated directly at the entrance of a permanent dipole magnet (S1 in figure 3.2.1). This
screen could be retracted from the electron-beam path in order to allow for an undisturbed
electron bunch propagation into the magnetic dipole field, which dispersed electrons of differ-
ent energies and sent them onto a second charge-calibrated phosphorescence film (S2). In this
way, the spectral charge distribution could be detected, as well as transverse beam pointing
and divergence variations with energy that might have resulted from asymmetric wakefield
excitations (confer chapter VI). Both of these diagnostics will be detailed next.
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Beam pointing and divergence monitor (screen S1)

Scintillating screen S1 consists of a green-emitting converter film (type CAWO OG 16), which
radiates at 545 nm when illuminated with X-rays or fast electrons. The number of released
photons is expected to be proportional to the amount of deposited energy, which can safely
be assumed to be almost constant for electrons with γ & 10 and to grow linearly with the
number of impinging equienergetic particles [Glinec et al. 2006]. However, for such a detector
saturation effects will emerge above a certain current-density threshold. Therefore, it would
be of great interest and benefit in the future to check the assumptions stated above at a
conventional particle source with tunable energy and current1. The scintillator is composed of
a rare earth phosphor powder (Gd2O2S:Tb) jacketed in a urethane binder. Hence, its resolution
and sensitivity are determined by the size of the embedded phosphor pellets, with the lower
spatial resolution limit being specified as ∼ 200 µm for this screen type. During the experiment,
a 12-bit CCD camera (Point Grey Research Scorpion, 1600 × 1200 pixels) with objective lens
read out the phosphorescence image through a 545 nm interference filter. This imaging system
was capable of capturing ∼ 150 µm small structures, which were inherently spatially calibrated
by a centimeter scale drawn on the phosphor-screen surface in both imaging dimensions. For
practical reasons, it turned out to be important to screen the scintillator film from most of the
light transmitted through the capillary discharge waveguide, owing to the large number of laser
photons (∼ 1019) compared to the band-pass filter extinction ratio of < 10−4 and due to the
fact that a non-negligible part of the laser spectrum shifted to 545 nm while interacting with the
plasma. Therefore, a thin (< 500 µm) cardboard beam-stop was introduced into the laser-pulse
path when then electron-beam pointing and divergence monitor was observed. This beam-stop
was situated close to the phosphor screen to prevent significant scattering-induced smearing,
which deteriorates the electron-pulse profile. In addition, stray light was carefully masked.
The complete assembly consisting of S1 and the cardboard screen could be moved out of the
electron-beam path in order to allow for an unobstructed propagation into the spectrometer
and as a result enabled a clean spectral decomposition of the accelerated particle pulses.

Electron spectrometer and charge readout (screen S2)

For this purpose, the electron bunches were energetically dispersed in a magnetic dipole field
of strength2 Bdm ≈ 425 mT and length ldm ≈ 37 cm (fig. 4.1.1). Consequently, electrons of
differing energies hit a scintillating screen S2 (of same type as S1) at predetermined energy-

1A recent calibration of the employed CAWO OG 16 film did not reveal any emission saturation at 40 MeV
electron energy for incident charge fluxes of up to 65 pC·mm−2 impinging during a time window far shorter than
the phosphorescence half-life (& 100 µs). Owing to the fact that the following measurements do not cross this
threshold, saturation is of no concern. These results emanate from experiments performed at the conventional
electron source ELBE (Forschungszentrum Dresden-Rossendorf) after completion of the work at hand.

2A sophisticated recalibration of the electron spectrometer performed after completion of this thesis revealed
a slightly higher average magnetic-field strength of 458 mT, which is an increase of +8 % compared to the
here given value of Bdm. Consequently, it implies that the electron energies stated throughout this work are
systematically underestimated by approximately 8 %. This is also supported by detection of the electron-energy
dependent XUV-undulator-radiation spectrum as reported in Fuchs et al. [2009].
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dependent distancesD(γ), such that an energy-resolved electron distribution could be measured
by recording the scintillator emission, which was accomplished by utilizing a lead-shielded 12-
bit CCD camera (PCO Pixelfly QE) equipped with an objective lens. Owing to geometrical
restrictions, only energies exceeding ∼ 100 MeV were captured. This assembly was shielded
from laser photons by a 2 mm thin aluminum sheet fixed at the rear side of S2. Also, scattered
laser and room light was screened by enclosing the complete observation setup. A millimeter
scale attached alongside the phosphorescence screen provided an absolute spatial calibration.
The well-defined3 position-energy dependence at the metal-film interface was reconstructed
from the mapped field distribution of the permanent magnet utilizing three-dimensional single-
particle-tracking simulations. This analysis is accompanied by an analytical description of that
system, which has been developed in order to estimate the impact of electron beam divergence
and pointing instabilities on the detected signal. It will be introduced in the following.
After traveling through the dipole magnet (see figure 4.1.1), the path deviation D of a single
electron, which is detected on a screen tilted by an angle α around a pivot point at distance
linf behind the spectrometer, can be written as (for a detailed derivation see appendix A):

D (γ) = 1
cosα

lz (γ) ∂H (γ)
∂lsp

∣∣∣∣∣
ldm

+ H (γ)|ldm

 (4.1.1)

While the electron moves inside the magnetic field, lsp denotes the distance from the par-
ticle position to the magnet-entrance plane, whereas lz is the equivalent electron-to-exit-plane
distance after having crossed the magnetic-field boundary at the spectrometer rear side:

lz (γ) =
linf − tan (α) H (γ)|ldm

1 + tan (α) ∂H(γ)
∂lsp

∣∣∣
ldm

The electron path deviation H inside the magnet, measured normal to a reference trajectory
of an infinitely energetic electron with negligible pointing variation δ, is given by:

H (γ) = γmec

eBdm

√
1− γ−2

[
cos

(
arcsin

[
eBdm

γmec

lsp√
1− γ−2 − sin δ

]
− 2δ

)
− cos δ

]
+ lfd tan δ

This equation contains the free-drift length lfd defined as the distance from the source of a
perfectly pointed (δ = 0) reference electron to the spectrometer entrance. That parameter
in combination with angle δ allows for the interpretation of pointing induced effects in the
recorded electron spectra. Although the presented model assumes a homogeneous magnetic
field filling the 1.5 cm wide gap between the spectrometer poles, it does generate a remarkably
good match to the numerically tracked solution (confer figure 4.1.2).
Based on these results, it is now possible to quantitatively discuss the consequences of electron-
beam divergence and pointing variations into the spectrometer aperture. Figure 4.1.3 shows the
range of possible deviations D(γ) for shot-to-shot pointing fluctuations of δ = ±8.3 mrad (a)

3Strictly, this is only true, if electron-beam divergence and pointing errors are neglected.
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Figure 4.1.1 – Design of the permanent dipole magnet spectrometer and resulting
electron paths. The colored numbers constitute the electron energy
in MeV corresponding to an equivalently colored trajectory. All un-
specified plotted variables are defined in section IV.I.

Relativistic factor γ

E
le
ct

ro
n

p
at

h
d
ev

ia
ti
on
D

(m
m

)

0 500 1000 1500 2000
0

100

200

300

400

500
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(a) δ = ±8.3 mrad (Chapter IV)
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(b) δ = ±1.4 mrad (Chapter V)
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Figure 4.1.3 – The impact of pointing variations and divergence on measured elec-
tron spectra for the two spectrometer configurations as deployed
in chapters IV and V with (a) Bdm = 0.40 mT, lfd = 1.1 m,
linf = 397 mm, α = 34.17° and (b) Bdm = 0.40 mT, lfd = 1.1 m,
linf = 465 mm, α = 0°, respectively.

and δ = ±1.4 mrad (b), which coincides with the measured RMS pointing fluctuations given in
sections IV.II and V.III, respectively. From these plots, it is evident that beam divergence leads
to a smearing of monoenergetic features and therefore results in artificial spectral broadening,
while pointing fluctuations will cause a virtual spectral shift. Hence, it is principally desirable to
have knowledge of divergence angle and pointing direction for each accelerated electron bunch
in order to allow for a valid interpretation of its energy spectrum. However, in the current form
of the experimental setup such data is impossible to obtain simultaneously. Low-angle scatter-
ing caused by phosphor monitor S1 and its cardboard light-shield inhibits the detection of a
clean energy distribution and of position and divergence information at the same time, since
the utilized screens are obstructing the electron beam path. Indeed, this issue is significant for
unstable high-energy electron beams (confer figure 4.1.3a and section IV.II), whereas an elec-
tron beam of excellent stability enables meaningful statistics and thus consecutive collection of
pointing and energy data. Thereby the implications of this problem are substantially reduced
in the latter case (see figure 4.1.3b and chapter V). Nevertheless, methods do exist that would
eliminate this issue completely, such as the detection of coherent or incoherent optical transi-
tion radiation [Wartski et al. 1973] from thin foils generated at the spectrometer entrance or
localization by means of non-invasive beam position monitors [Shafer 1990].
Besides shot-to-shot variations in electron beam properties, an additional source of error, which
leads to uncertainties in the energy spectrum, represents the degree of accuracy to which the
spectrometer transfer function and hence the magnetic field is known. The spatial field dis-
tribution also affects transverse focusing properties of the magnet, which must be taken into
account for the analysis of divergence data measured on S2. These focusing forces have been
investigated with the abovementioned particle-tracking simulations and are found to be of little
importance in the described setup.
Furthermore, screen S2 was charge-calibrated by attaching a photostimulable phosphor detec-
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tor, also called image plate, to its backside and irradiating the sandwiched package with a
single broadband electron pulse. The signal emitted from S2 could then be compared to the
calibrated metastable image-plate trace [Tanaka et al. 2005]. After six iterations, it was found
that on average 95 electrons ' 1.52 · 10−17 C of charge resulted in a single count from the CCD
chip. Using this calibration factor, the CCD images could be converted into absolute electron
spectra. In a first step, background subtraction was performed and the images were integrated
over a specified region of interest along lines of equal deviation D(γ). Then, every data point
was normalized to the width of its corresponding electron-energy interval. Finally, absolute
energy coordinates were assigned, yielding electron spectra as can be seen, e.g. in fig. 4.2.2.

IV.II Generation of ultra-relativistic electron beams

ATLAS laser pulses (see chapter II) were focused into a capillary discharge waveguide to
relativistic intensities as described in section III.II in order to accelerate electrons to ultra-
relativistic momenta on a centimeter scale. The underlying physical process, namely laser
wakefield acceleration, responsible for the generation of the required electric field strengths of
more than 10 GVm−1 has been analyzed in detail in section I.IV. There, it was shown that wake-
fields in a plasma are driven efficiently only when the longitudinal dimension L of the driving
laser pulse is close to a resonant length Lres that depends on plasma density ne. ATLAS pulse
durations of ∼ 40 fs FWHM correspond to L ≈ 12 µm, which would require ne � 1018 cm−3.
However, the used light pulses are not intense enough to cause electron injection at such low
densities. Also, an intensity increase by means of stronger focusing cannot be easily achieved,
since the focus size must stay matched to the waveguide mode. Therefore, the presented exper-
iments were conducted at ne & 3.2 · 1018 cm−3 on laser propagation axis, above which electron
trapping and acceleration was observed. This fact does not contradict the laser-pulse-length-
resonance requirement stated above. In the past, a number of studies have demonstrated LWFA
in the blow-out or bubble regime [Pukhov and Meyer-ter-Vehn 2002] with a larger LL−1

res

mismatch (e.g. Hidding et al. [2006]). This is made possible by nonlinear effects arising from
relativistic laser-plasma interaction, which are self-focusing (see section I.IV.III) and laser self-
compression in a wakefield [Faure et al. 2005]. These mechanisms have been confirmed by PIC
simulations [Bulanov et al. 1995; Tsung et al. 2004] and are expected to play an essential role
in the presented investigation. Indeed, numerical simulations with the fully three-dimensional
particle-in-cell code ILLUMINATION [Geissler et al. 2006] suggest that self-focusing and
self-compression are fundamental to bubble formation and particle trapping in the ATLAS pa-
rameter regime with the chosen electron densities. These simulations also identify transverse
wave-breaking to be the dominant electron injection process [Bulanov et al. 1997].
Before discussing the properties of the accelerated beams, it has to be noted that the conducted
LWFA experiments dictated to operate the ATLAS laser at its maximum specifications. A clear
indication for this is shown in figure 4.2.1, in which the accelerated charge above 100 MeV en-
ergy is investigated as a function of the laser pulse duration. The pulse duration was altered by



78 Stable, ultra-relativistic electron beams by laser-wakefield acceleration

42

48

54

5

15

25

35

14.20 14.22 14.3014.24 14.26 14.2814.18 14.32
Grating separation detuning (mm)

C
h
ar

ge
(p

C
)

P
u
ls
e

d
u
ra

ti
on

(f
s)

Figure 4.2.1 – The mean accelerated charge above 100 MeV energy and the laser
pulse duration as a function of the grating separation detuning in
the laser stretcher at an on-axis plasma density of 5 · 1018 cm−3.

detuning the grating separation in the ATLAS stretcher, resulting in a chirped and stretched
laser pulse on target. An increase in FWHM pulse length, and hence a drop in intensity of 20 %
diminishes the number of relativistic electrons by an order of magnitude. At even lower inten-
sities, no electron acceleration could be detected at all with on-axis plasma densities of up to
1.4 · 1019 cm−3. This leads to the conclusion that these channeled experiments were performed
at the threshold of accessing the LWFA acceleration regime, which might be part of the reason
for the mediocre reproducibility found and detailed below.
The generated electron beams exhibit unique characteristics. Figure 4.2.2 presents five elec-
tron bunches with predominantly quasi-monoenergetic features ranging from 207 to 366 MeV
with an energy spread of typically ≤ 20 %. All shots were taken during the same data run at
naxis ≈ 5 · 1018 cm−3. False-color images of the phosphor screen S2 are depicted in the insets,
which clearly show the tight spatial confinement transverse to the energy-dispersion direction.
Sometimes, multiple peaks could be recorded (see figure 4.2.2e). Their appearance probability
seems to be closely linked to plasma density, since an increase in ne entails intensified temporal
and transverse spatial break-up and filamentation of the driving laser beam, and therefore may
lead to the creation of several loaded wakebuckets. Another peculiarity of this measuremment
is the large shot-to-shot variation in charge ranging from 6.3 to 31.5 pC for those five examples.
These fluctuations are also salient on the energy scale, as may be seen in figures 4.2.3 and
4.2.4 with peak position variations of ∼ 30 % RMS. The first chart displays a series of CAWO
screen images (S2) containing every produced electron bunch from the investigated data set
(compare to figure 5.3.3). The latter illustration presents that data on equally scaled charge
and energy axes allowing for an easier comparison. In this example, 36 out of a total of 52
laser pulses entering the plasma channel led to electron trapping and acceleration (69 %) with
a mean accelerated charge of 20± 15 pC. Data records obtained on other days feature trapping
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Figure 4.2.2 – Five quasi-monoenergetic electron beams accelerated at a density of
naxis ≈ 5 · 1018 cm−3 (a)-(e). The insets display false-color images of
scintillating screen S2, from which the shown spectra were extracted.
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Figure 4.2.4 – Electron spectra originating from the data set shown in figure 4.2.3
on equally scaled charge and energy axes.
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Figure 4.2.5 – Temporal evolution of the discharge current through the plasma col-
umn (black). Current spikes are smoothed by inducing preionization
with a laser pulse arriving prior to breakdown ignition (red).

probabilities of up to 90 %, but suffer from similar reproducibility issues.
This instable behavior may appear due to two basic reasons: shot-to-shot variations in plasma
parameters and fluctuations in laser-pulse characteristics. The nonlinear dependence of self-
modulation effects on these attributes as well as a nonlinear wakefield excitation could pre-
sumably cause even small shot-to-shot irregularities in these parameters to have a considerable
effect. However, from the reproducible experimental results of electron acceleration in a steady-
state-flow gas cell (chapter V) it can be inferred that variations of the laser pulse intensity profile
in the presented study will probably not have resulted in electron-beam fluctuations of such
magnitude. Nevertheless, laser beam pointing variations might affect LWFA in plasma channels
significantly more than it would alter wakefield acceleration in a gas cell, since the coupling
of the electro-magnetic mode into the guiding density-gradient is sensitive to alignment on a
few-micrometer scale length. The repeatability of the high-voltage breakdown for plasma gen-
eration and heating poses another relevant source of instability. The discharge control circuit
exhibits an inherent time jitter of ∼ 4 ns FW. This jitter covers almost the same scale as the
time window in laser-to-discharge-onset delay, over which satisfactory electron acceleration can
be observed (10 to 20 ns). Moreover, an unclean sparking from anode to cathode might lead
to shot-to-shot changes in the plasma channel initialization and evolution, and hence could
cause electron beam fluctuations. Figure 4.2.5 presents the discharge-current curve over time
(black). Its development is characterized by strong and rapid fluctuations potentially linked to
the mentioned sparking irregularities. These current spikes are smoothed out when a preion-
ized plasma column is generated prior to the capacitor discharge (red curve). In the presented
case, the wake-driving laser pulse was mistimed to arrive before the voltage breakdown fired.
Therefore, the impact of this measure on acceleration stability could not be tested. Ideally,
an additional synchronized laser beam would take over the preionization function, utilizing
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Figure 4.2.6 – (a) Characteristic trace of an electron bunch on phosphor screen S1
at naxis ≈ 6.7 · 1018 cm−3. The lineouts through the peak indicate
a divergence of 2.0 mrad. (b) The sum of 28 electron beam signals
as shown in (a) as a measure for shot-to-shot pointing fluctuations.
Small circles flag each electron-beam maximum. A cross in the back-
ground originates from pen markings on the screen.

short-wavelengths to take advantage of efficient multi-photon ionization of the gas medium (see
section I.II.II). Whether this approach entails an electron beam stabilization has to be clarified
in the future. Furthermore, LWFA in a plasma environment with reduced electron density
could lead to more stable operation, which will be discussed in more detail in chapter V. It has
to be remarked, that this would require an upgrade in ATLAS laser power or the application of
alternative electron injection schemes (confer e.g. Faure et al. [2006] or Geddes et al. [2008]),
since the current laser power would then be insufficent to drive wave-breaking in a comparable
experimental geometry.
During the calibration of the magnetic spectrometer it was found that for multi-hundred MeV
electrons, fluctuations in electron bunch pointing would substantially enlarge the error bars on
the energy scale. The quality of beam pointing stability and divergence in this experiment has
been examined by observation of the scintillation signal emitted off screen S1. An imprint of
a single electron bunch at naxis ≈ 6.7 · 1018 cm−3 can be seen in figure 4.2.6a. Its divergence is
found to be 2.0 mrad FWHM in a beam shape appearing as a central peak surrounded by a
low intensity halo. From the excellent confinement of high-energy features at screen S2 (confer
figure 4.2.2), it may be reasoned that the intense central peak on S1 comprises exactly these
ultra-relativistic electrons, whereas the halo most likely consists of low-energy particles, X-
rays, transition radiation [Ginzburg 1996] and a few scattered fast electrons (confer appendix
B). Averaged over the whole set of 28 shots, a mean divergence of 2.0 ± 1.0 mrad is detected.
The sum of these 28 signals is displayed in figure 4.2.6b. An analysis of the peak position
of each individual electron bunch reveals a shot-to-shot pointing variation of 8.3 mrad RMS,
corresponding to the spectrometer calibration curve shown in figure 4.1.3a. Also, the pointing
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Figure 4.2.7 – False-color images of screen S2 show tightly confined electron beams
in transverse direction. Profiles along lineouts (a) and (b) display
FWHM divergences of only ∼ 500 µrad and ∼ 300 µrad, respectively.
Plasma densities were determined to be naxis ≈ 8.4 · 1018 cm−3 (a)
and naxis ≈ 8.2 · 1018 cm−3 (b) during acquisition.

of each electron beam was directly compared with the pointing of the associated wake-driving
laser shot, but no correlation could be found. This has been investigated by imaging the far-
field of a weak transmission of the laser signal onto a 12-bit CCD camera after leaking through
the last mirror substrate before the final focusing parabola.
Two examples of the most tightly confined electron beams encountered in an LWFA experiment
to date are given in figure 4.2.7. They exhibit a FWHM divergence along the indicated lineouts
at positions (a) and (b) of ∼ 500 µrad and ∼ 300 µrad, respectively. Both of these shots contain
just a few pC of charge, which suggests that negligible space-charge effects might have allowed
for such collimation.
Finally, the recorded phosphorescence screen images of dispersed electron beams, accelerated
to energies possibly exceeding 500 MeV can be seen in figure 4.2.8. Even features extending
close to one gigaelectronvolt may be identified. However, during the calibration of the em-
ployed electron spectrometer it was found that electrons with as little as 300 MeV of energy
can create a signal at path deviations D corresponding to 1 GeV when the here determined
pointing fluctuations of 8.3 mrad RMS are considered. Hence the uncertainty in the measured
spectra is high and consequently they must be taken with care. In addition, these extremely
energetic features were recorded at an on-axis plasma density of naxis ≈ 1.0 · 1019 cm−3, which
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Figure 4.2.8 – Dispersed electron bunches exhibiting features at energies of seem-
ingly more than 500 MeV at a plasma density of ne ≈ 1.0 · 1019 cm−3

on screen S2. However, the significance of these results is question-
able owing to an inappropriate spectrometer (confer section IV.I).

is a significantly higher electron density than was used for the acceleration of 200 to 400 MeV
electron beams as depicted in figure 4.2.2 with naxis ≈ 5.0 · 1018 cm−3. Theory would imply
that given the laser-wakfield interaction extends over a range of at least 5.2 mm, which con-
stitutes the dephasing length for the low-density regime and is reasonable considering the fact
that a guiding channel is used, then the maximum achievable beam energy We should decrease
with naxis. This contradicts the presented experimental findings. Indeed, what has been diag-
nosed during experimentation are increased fluctuations in beam parameters, such as energy,
charge and pointing stability with an increasing plasma density4. Thus the authenticity of the
GeV-scale electron signals may be viewed as disputable.

IV.III Summary and conclusion

Laser wakefield acceleration of electrons has been demonstrated to allow for the generation of
quasi-monoenergetic beams of several 100 MeV containing ∼ 10 pC of charge by employing a
capillary discharge waveguide to extend laser-plasma interaction distances. The achieved elec-
tron momenta exceed those that can be realized in a scenario without guiding for similar laser
parameters (see next chapter). Additionally, electron beam divergences down to a few 100 µrad
have been measured, which are the smallest reported on from a laser-electron-accelerator ex-
periment to date [Karsch et al. 2007]. However, the generated electron bunches suffer from
considerable fluctuations in bunch energy, charge and pointing, which calls for a stabilization
of these properties before those beams can be used for applications, such as the generation of
XUV-undulator radiation [Fuchs et al. 2009] or, after significant improvements in the amount
of accelerated charge and a reduction of the energy-spread, in the production of table-top
free-electron-laser radiation [Grüner et al. 2007] (see also section VII.I).

4This is also true for the results obtained in a steady-state-flow gas-cell (confer chapter V).



Chapter V

Acceleration of stable electron beams
from steady-state-flow gas cells

The fluctuations observed in all major attributes of laser-driven, quasi-monoenergetic electron
beams from capillary discharge waveguides (see chap. IV) bring about severe complications for
the further use of these electron bursts in actual applications. In this matter, it has been pos-
sible to identify the primary source of those shot-to-shot instabilities to originate from plasma
irregularities created by variations in the electronic discharge breakdown itself. Therefore, the
deployment of the afore utilized sapphire channels in a steady-state-flow gas-cell mode without
the prior generation of a guiding plasma column allows for the creation of a highly repro-
ducible gas-density profile and thus a particularly stable interaction environment, resulting in
laser-accelerated low-divergence electron beams of unprecedented simultaneous shot-to-shot re-
producibility in all key features [Osterhoff et al. 2008]. Laser-wakefield acceleration in gas
cells of this type provides a simple and reliable source of relativistic electrons with well defined
properties, which have been demonstrated to allow for applications such as the production of
XUV-undulator radiation [Fuchs et al. 2009]. Moreover, this degree of stability enables exper-
iments that require reproducibility and depend on meaningful statistics, e.g. the investigation
of the influence of laser pulse-front tilt on LWFA [Popp et al. 2009] or electron source imaging
with miniature quadrupole lenses for improved beam control [Weingartner 2008].

V.I Context and motivation of the study

In section I.IV.I it was found that the ponderomotive force of a laser pulse traveling through
underdense plasma can excite a plasma wave with longitudinal electric fields larger than
10 GV·m−1. These fields may be utilized to accelerate electrons to ultra-relativistic energies on
a centimeter-scale. For this process to occur, the electrons need to acquire an initial momentum
to be injected into the generated wakefield structure. As discussed in section I.IV.II, this can
be facilitated by the laser pulse itself when its intensity reaches the injection threshold, which
depends on the electron plasma density ne. That mechanism is most efficient when the longitu-
dinal laser size L = cτL with pulse duration τL is comparable to its transverse dimensions and
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approximately equal to the resonant wakefield excitation length Lres. However, even a laser
pulse that initially does not satisfy these conditions can potentially be matched to these con-
straints by self-compression [Wilks et al. 1989; Faure et al. 2005] and relativistic self-focusing
[Barnes et al. 1987; Sun et al. 1987], with the latter taking place above a critical laser power
Pc (see equation 1.4.34). Owing to a non-linear dependence on the laser and plasma param-
eters, both of these pulse-shaping effects may cause significant fluctuations in the resulting
electron-beam properties due to small shot-to-shot variations in laser and plasma conditions.
Most LWFA experiments published to date have relied to some extent on such a non-linear
laser-pulse evolution prior to the acceleration process and at the same time demonstrated only
limited stability (exceptions are the studies by Faure et al. [2006] and Schmid et al. [2008]).
Nevertheless, laser wakefield acceleration must not be regarded as an unstable process per se.
Hence, for delivering high-quality and stable electron bunches that allow for applications, it is
preferable to choose laser and plasma conditions that permit direct access to efficient wakefield
excitation and electron injection without relying on the aforementioned non-linearities, or, if
the latter is not feasible, to minimize fluctuations of the laser and plasma parameters and thus
reduce the consequences of non-linear pulse-shaping mechanisms.
Lately, a number of studies have been dedicated to improve control over electron beam repro-
ducibility. Stabilizing the bunch energy has been demonstrated in a complex two-beam setup
[Faure et al. 2006]. Other groups have analyzed the laser and plasma-parameter space in order
to optimize acceleration conditions [Hosokai et al. 2003; Leemans et al. 2006;Mangles et al.
2007; Nakamura et al. 2007]. In this chapter the generation of high-quality laser-accelerated
electron beams of unprecedented simultaneous stability in energy, charge, divergence and point-
ing direction is reported. The presented experiment is based on the same simple setup as utilized
in chapter IV with the crucial difference of using the gas-filled capillary target in a stable mode,
which abstains from external preionization, and thereby minimizes shot-to-shot plasma fluctu-
ations and consequently improves electron bunch shot-to-shot reproducibility. In contrast to
previous work employing such a design [Leemans et al. 2006; Karsch et al. 2007], the target
gas is ionized by the wake-driving laser pulse and not by an electrical discharge circuit.

V.II Steady-state-flow gas-cell properties

and experimental setup

The utilized gas-cell construction occurs in analog fashion to the capillary waveguide assembly
described in section III.I. This kind of gas vessel is found to be long-lived in steady-state-
flow mode, since erosion of the inner walls by the laser has no detectable influence on the
generated electron beams1. This is also supported by the fact that experiments with new and

1 This statement is based on acceleration results obtained with a single gas cell that was in use over a period
of nine months, which corresponds to several thousand laser shots. During this time the channel widened
inhomogeneously to a diameter larger than 400 µm without affecting the properties of the accelerated electron
beams in a significant way. No degradation in performance was observed until the inner capillary profile
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Figure 5.2.1 – Cross section of a steady-state-flow gas cell with two gas inlets. The
magnified part shows color-coded gas-flow velocities in a steady-state
regime from a FLUENT simulation at 130 mbar filling pressure.

homogeneously shaped cells of various diameters ranging from 200 to 300 µm yielded similar
results, suggesting that unlike in the previous chapters and unlike in Nakamura et al. [2007]
the waveguide properties of these structures do not play a prominent role here. Figure 5.2.1
shows the cell cross section.
During the experiment, the channel is filled with hydrogen passing through a valve and two
gas slots at backing pressures of up to 490 mbar. Simulations were carried out [Marx 2008] to
determine the resulting gas flow using the 2D coupled-implicit-solver version of the FLUENT
code, which numerically solves the Navier-Stokes equations and in this particular case uses the
κ-ε-model to account for turbulence [Zierep and Bühler 1991].
The gas cell investigated in this work reduces target density fluctuations threefold compared to
conventional supersonic gas jets. First, negligible gas flow occurs within the central interaction
volume. The magnified section in figure 5.2.1 displays the steady-state flow velocities along the
whole channel for a typical backing pressure of 130 mbar. An almost perfectly homogeneous and
stationary gas distribution develops between the inlets covering 80 % of the channel length (see
figure 5.2.2). In addition, the residual flow at the cell exits and supply slots is only marginally
turbulent and the mass specific turbulent kinetic energy κ is low. Second, no supersonic shock
fronts propagate through the medium, a phenomenon which may occur in high-Mach gas jets.
Finally, the valve opening process has no influence on the actual density distribution inside
the channel since the time it takes the valve to open (∼ a few ms) is two orders of magnitude
smaller than the cell filling time in pulsed operation (∼ 200 ms) and is irrelevant in continuous-
flow mode. A scan of the filling time revealed that a destabilization of the electron-acceleration

approached the diameter of the gas inlets (600 µm). At the end of the cell lifetime, chunks of sapphire broke off
the walls and cluttered the central channel rendering it unusable.
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Figure 5.2.2 – Steady-state gas-pressure profile (solid line) and the mass specific
turbulent kinetic energy κ (dashed line) along the central channel
axis derived from the FLUENT simulation shown in figure 5.2.1.

conditions is only noticable for valve opening times of less than ∼ 50 ms. Therefore initial
fluctuations equilibrate before the arrival of the laser pulse and a steady-state, laminar gas flow
arises resulting in a reproducible, homogeneous gas distribution.
The driver laser in this experiment was the ATLAS Ti:sapphire-system (see chapter II). It
delivered 20 TW, 850 mJ, 42 fs FWHM pulses on target at a central wavelength of λ ≈ 800 nm.
The configurations, devices and techniques used to determine the specifications of the incoming
laser pulses, to characterize the light transmitted through the gas cell and to evaluate the
attributes of the accelerated electron bunches have already been described in detail in sections
III.II and IV.I. A scheme of the full setup is depicted in figure 3.2.1. Again, an f/22 focusing
geometry was employed. This allowed to radially confine the laser pulse at focus into a spot
with a diameter of 23 µm FWHM and a Strehl ratio of larger 0.7 resulting in an average vacuum
FWHM focal intensity of 1.7 · 1018 W·cm−2 and a normalized laser vector potential of a0 ≈ 0.9.
The electron beams generated from this setup have been investigated in terms of charge, energy,
pointing direction and divergence. The remarkable shot-to-shot stability of these parameters
allowed for systematic studies with good statistics, which will be presented in the following.

V.III Experimental results and interpretation

Figure 5.3.1 displays the negative charge Q of accelerated particles with energies ≥ 100 MeV
measured at screen S2 as a function of ne. The electron density is deduced from the hydrogen
fill pressure assuming complete ionization within the laser focus. Electrons are injected into the
wake at densities above ∼ 4 · 1018 cm−3 facilitated by laser self-modulation effects (see remarks
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on PIC-simulations at the end of this section). At n′e ≈ 7.3 · 1018 cm−3 a maximum amount
of charge Q′ ≈ 32 pC is detected with shot-to-shot fluctuations as low as 16 % RMS. Figure
5.3.2 shows the corresponding high cut-off energies vs. ne from the same data set. It may be
recognized that in analogy to figure 5.3.1 this measurement features its energy maximum and
its highest reproducibility also exactly at n′e.
The data on either side of this maximum can be interpreted as follows: For densities ne < n′e

an increase towards n′e in charge, energy and stability is observed. In this regime the distance
d over which injected electrons are accelerated in the wakefield is governed by the focusing
geometry of the laser modified by relativistic self-focusing and energy depletion effects, and not
by the electron dephasing length Ld > d. The laser energy depletion length Led ∝ n−1

e (ac-
cording to Lu et al. [2007]) decreases with density as fast as the critical self-focusing threshold
Pc ∝ n−1

e . Therefore the distance over which the self-focusing effect can be maintained does
not depend on density. At ne < n′e this results in an almost constant acceleration distance d.
Since the longitudinal electric field of the wake Ex is proportional to √ne, the electron energy
We ∝ Exd increases accordingly, as does the number of electrons above 100 MeV owing to a
more efficient wave-breaking with higher density, boosting the amount of accelerated charge.
This was confirmed by fitting functions of the form f(ne) = a · nbx

e to the rising slopes of the
data presented in figures 5.3.1 and 5.3.2 with the index x ∈ {Q,E} denoting the matched values
for the respective scan. bE ≈ 0.64 ± 0.12 can be assigned to the electron-density vs. cut-off-
energy plot, which supports the interpretation above and is close to the theoretical expectation
of bE,th = 1/2. Furthermore, a least-square fit to the rising slope of the charge-against-density
distribution yields bQ ≈ 5.56 ± 0.46 and thus shows a rapid increase of ultra-relativistic elec-
trons with plasma density. This identifies the dominant effect responsible for the sudden change
in charge as an enhanced injection probability with increasing ne. A simple model2 rules out
this increase to originate from accelerating an increasing number of particles, which were less
energetic at lower ne, to detectable energies of > 100 MeV.
With ne approaching n′e the dephasing length converges to d with Ld ≈ 4 mm, representing the
longest distance over which electrons are accelerated and setting a lower limit on the length
over which the laser pulse is self-guided and confined to high intensities. This constitutes
the transition to a dephasing-limited regime for densities ne > n′e, in which the dephasing
length Ld becomes smaller than the distance over that the wakefield can be driven and hence
We ∝ ExLd ∝ n−1

e . Thus the high energy cut-off (see figure 5.3.2) and the charge above

2In a simple picture, the spectral shape of the accelerated electron bunches may be regarded as a box of
constant height with the number of electrons per energy interval given by N ′ (confer figure 5.3.3b). This box
can be observed in energy space between a lower hard limit of We,l ≈ 100 MeV and an upper boundary given
by the high-energy cut-off We,u depending on ne. Hence, the total contained charge can be expressed as:

Qbox = (We,u −We,l) ·N ′

According to Tzoufras et al. [2007] the number of electrons Ñ , which can possibly be trapped into a wakefield
trough before injection discontinues, scales as Ñ ∝ n−1/2

e , which consequently leads to N ′ ∝ n−1/2
e . The scaling

of We,u depends on the regime under investigation. For ne < n′e, We,u ∝ n
1/2
e is true and thus Qbox should be

about constant. For ne > n′e this changes to We,u ∝ n−1
e resulting in Qbox ∝ n−

3/2
e .
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100 MeV (see figure 5.3.1) both decrease with higher density.
Indeed, these statements are supported by the results obtained from functions g(ne) = c · ndx

e

adapted to fit the down-slope of the investigated parameter scans. They show that the decreas-
ing cut-off energy with electron density is reproduced almost exactly according to linear theory
(dE,th = −1) with dE ≈ −0.95± 0.18. Also dQ ≈ −2.17± 0.31 scales in a comparable fashion to
the behavior predicted for the charge2. This indicates that alongside dephasing, a reduction of
the beam-loading threshold with increasing plasma density diminishes Q. The decreased sta-
bility for ne > n′e can be ascribed to a growing deviation from the LWFA resonance condition
with L > Lres mentioned before, leading to filamentation and temporal laser break-up.
The onset of the filamentation processes can be observed in some of the energy-resolved electron
beams obtained at n′e (confer figure 5.3.3a). False-color images of screen S2 show the dispersed
bunches accelerated by 40 consecutive laser shots. It may be seen that every shot led to electron
acceleration. The electron spectra in this regime exhibit a plateau background of 22 ± 5 pC
with a quasi-monoenergetic peak containing 10± 4 pC of charge at 198± 12 MeV appearing in
80 % of the cases (figure 5.3.3b). These features are stable in energy with a standard deviation
of 6 % for the electron peak and 3 % for the high-energy cut-off at 217 ± 6 MeV. The energy
spread of the peak ∆Ep · E−1

p amounts to 8.2 % FWHM with ∆Ep ≈ 16.3 MeV.
At a decreased density of ne ≈ 6.8 · 1018 cm−3 the plateau vanishes and only the quasi-monoener-
getic part remains (figure 5.3.3c). This comes at the expense of a reduced peak charge (7±3 pC),
reduced electron energy (122± 3 MeV) and a reduced injection probability (71 %), which indi-
cates that the laser pulses are only just above the injection threshold. Nevertheless, the average
FWHM energy spread ∆Ep ≈ 16.2 MeV remains almost unchanged. This implies that the en-
ergy spread might originate from the trapping and early acceleration processes. Remarkably,
the peak energy stability improves to 2.5 % RMS, which is the best shot-to-shot reproducibi-
lity in an LWFA experiment achieved and published to date. The remaining variations in the
acceleration process can be attributed to residual gas fluctuations, shot-to-shot jitter in laser
energy (2.0 % RMS)3 and pulse duration, but also to electron pointing deviations into the dipole
magnet introducing an uncertainty, which will be investigated in the following.
The accumulated signal of 74 electron bunches and the locations of their maxima on S1 are pre-
sented in figure 5.3.4a. Here, the beam pointing within the spectrometer deflection plane varies
by 1.4 mrad RMS. For a fixed electron energy this fluctuation translates into apparent energy
fluctuations on screen S2 with standard deviations of 1.7 % at 122 MeV (ne ≈ 6.8 · 1018 cm−3)
and 3.1 % at 198 MeV (n′e ≈ 7.3 · 1018 cm−3). This can be estimated with the help of (4.1.1).
Therefore, the real energy stability might have been significantly more favorable than stated
above. However, owing to low-angle scattering introduced by screen S1, the pointing and energy
spectrum of an electron beam could not be measured simultaneously. Analyzing every shot from
figure 5.3.4a individually yields a distribution of the electron bunch divergences. Figure 5.3.4b
shows such a single electron beam imprint (divergence of 1.6 mrad FWHM). The average value

3Although the electron-energy fluctuations should be related to the laser-energy jitter, a measurable shot-to-
shot correlation between the two could not be found. This is supported by the corresponding sample correlation
coefficient [Bronštein et al. 1999] determined to be r ≈ 0.11 for the data set at ne ≈ 7.3 · 1018 cm−3.
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(a) Summed signal of 74 electron beams
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(b) Single electron beam signal
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Figure 5.3.4 – Phosphorescence screen images at the dipole spectrometer entrance
(S1). (a) Summed signal of 74 electron beams (in false-color) and the
peak positions of the individual shots (dots) at ne ≈ 7.8 · 1018 cm−3.
RMS shot-to-shot pointing fluctuations under these conditions are
1.4 mrad (y-axis) and 2.2 mrad (x-axis). (b) False-color signal of
a single electron beam with a FWHM divergence of 1.6 mrad. The
crosses in the background originate from pen markings on the screen.
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CDW SGC
Injection probability ∼ 90 % → 100 %

Electron energies (MeV) ∼ 300 ∼ 200
Energy fluctuations (RMS) 30 % 2.5 %

Energy spread (RMS) > 5 % > 2 %
Charge in peak (pC) ∼ 10 ∼ 10

Charge fluctuations (RMS) 75 % 16 %
Divergence (mrad RMS) 0.9 0.9

Pointing stability (mrad RMS) 8.3 1.4

Table 5.3.1 – A comparison of the properties of laser wakefield accelerated electrons
for either a capillary discharge waveguide (CDW; confer chapter IV)
or a steady-state-flow gas cell (SGC) being used as a target.

of all 74 shots is 2.1 ± 0.5 mrad FWHM. Assuming a transverse Gaussian beam profile4 this
corresponds to 0.9 mrad RMS. This divergence is smaller by almost a factor of two compared
to other studies (e.g. Leemans et al. [2006]), and originates predominantly from collective
electron dynamics, trapping and intra-bunch Coulomb repulsion, whereas the contribution of
scattering off background particles is negligible. This will be shown in appendix B.
3D-simulations of the laser-plasma interaction have been performed with the particle-in-cell
code ILLUMINATION [Geissler et al. 2006] to determine the role of pulse-shaping effects
under the prevailing experimental conditions. The results suggest that electron trapping in
the laser wake occurs only after the laser pulse has undergone significant self-focusing and
-compression. This is supported by the fact that relativistic electrons were solely detected in
the experiment for laser powers well above Pc, which is exceeded for ne > 2 · 1018 cm−3 with
ATLAS parameters. Therefore, the dramatic improvement in stability over the work presented
in chapter IV and in Karsch et al. [2007] (for a quantitative comparison confer table 5.3.1)
can be attributed to the modified gas target only. As was demonstrated in chapter III, the pre-
shaping of the transverse and longitudinal electron-density profiles by means of an electrical
breakdown and subsequent plasma cooling [Spence and Hooker 2000] allowed for guiding of
the laser light over several Rayleigh lengths. This facilitated longer acceleration distances and
higher electron energies, but introduced significant shot-to-shot density-profile variations. The
elimination of these fluctuations led to reproducible plasma conditions and electron beams in
this study.

V.IV Summary and conclusion

In conclusion, electron bunches from LWFA were generated showing excellent stability by uti-
lizing a hydrogen cell as the laser-plasma interaction volume. The virtue of this experiment lies

4The actual spatial distribution of the electron bunches cannot directly be obtained from the measured beam
signal on S1 since betatron radiation and scatterd low-energy electrons generate a halo around the central peak
and therefore mask the profile in the wings.
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in the improvement and simultaneous shot-to-shot stability of electron beam key parameters
(divergence, pointing direction, charge and energy). Such beam stability is of crucial impor-
tance to the success of laser-driven electron sources for applications such as the generation
of undulator radiation [Fuchs et al. 2009; Schlenvoigt et al. 2008] or free-electron lasers
[Grüner et al. 2007]. Further, this concept has the benefit of simplicity compared to other
setups (e.g. Faure et al. [2006]) and unlike gas jets or capillary discharge waveguides can easily
be scaled to very high repetition rates exceeding 1 kHz by employing continuous gas-flow.



Chapter VI

Electron-betatron-motion excitation by
angularly chirped laser pulses

Since the early days of laser-wakefield acceleration, scientists have fostered the idea of utilizing
the betatron motion of electrons inside a wakefield trough as an intense source for coherent
photons with energies reaching into the X-ray band [Whittum et al. 1990]. However, this
endeavor has proven to be a difficult task, given that until recently no handle existed for
the systematic manipulation and coordination of electron-betatron orbits. In this chapter the
influence of an angularly chirped and pulse-front tilted laser beam on LWFA will be investigated
through numerical simulations, which suggest that such kind of electro-magnetic waves might
provide the sought-after control over betatron trajectories. Therefore, a quick explanation of
particle-in-cell codes will be given first (section VI.I), which is followed by an introduction
into the physics of betatron motion and radiation (section VI.II), before the consequences of
angular chirp in a laser field on wakefield generation will be discussed (section VI.III). This
chapter is completed by the computational analysis of electron trapping and acceleration in
such a scenario, which is also supported by preliminary experimental evidence (section VI.IV).

VI.I Basics of particle-in-cell calculations

Laser-driven wakefield generation, wave-breaking and electron acceleration in a tenuous plasma
can generally not be treated by analytic theory owing to a highly nonlinear electron motion
at relativistic intensities and the complicated interplay between high intensity laser pulses and
large amplitude plasma wakes (as discussed in chapter I). Therefore, only numerical simulations
provide means for virtually full-featured and instructive theoretical investigations.
In the case of kinetic particle calculations for laser wakefield acceleration, particle-in-cell (PIC)
codes1 have proven to be powerful tools, which helped to advance the field tremendously (see
e.g. Pukhov and Meyer-ter-Vehn [2002]). PIC codes describe the laser-plasma-interaction
environment in close approximation to the actual system. In a real plasma, many individual
particles interact with each other by self-consistently generated electro-magnetic fields. In PIC

1For further details see Hockney and Eastwood [1981]; Dawson [1983]; Birdsall and Langdon [1991];
Villasenor and Buneman [1992].
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Figure 6.1.1 – A simple particle-in-cell algorithm calculation cycle.

simulations, these fields are discretized on a multi-dimensional spatial grid, whereas particles
move continuously. Furthermore, the number of particles is significantly reduced compared to
an actual plasma by merging 103 to 105 physical particles of the same species into one macropar-
ticle, which features the same charge-to-mass ratio. Those macroparticles may be viewed as
finite-sized clouds of an ensemble of real particles at similar speed. Such a macroparticle ap-
proach is mandatory to reduce the requirements for computational power, since simulation time
scales approximately proportional with the number of simulated particles Np. This simplified
PIC picture is intuitive, leads to an applicable description of LWFA physics, and by today’s
standards represents the most complete manner of accessing wakefield acceleration in theory.
The working principle of PIC codes may briefly be summarized in the following way (also see
figure 6.1.1). Starting from initial (macro)particle distributions and currents, and from discrete,
initial conditions representing the state of the electro-magnetic fields on the grid, Maxwell’s
equations are solved. Thus, the field grid is modified and subsequently acts on the particles.
Consequently each particle is moved inside the simulation volume according to the calculated
solution of its equation of motion driven by the electro-magnetic grid potentials. The generated
particle streams represent currents and set up new charge-density distributions. This again re-
quires the solution of Maxwell’s equations and initiates the next calculation cycle.
In that process, the duration of the discrete time-step δτC, for which the particle motion
and field propagation is calculated, can usually not be chosen arbitrarily. It must obey the
Courant-Friedrichs-Lewy condition [Courant et al. 1928], which couples spatial and temporal
resolution and takes care of physically correct dispersion effects in laser propagation direction.
This coupling of the discretization of space and time has an important consequence. Informa-
tion only needs to be exchanged between neighboring grid cells, which makes PIC simulations
perfectly suitable for large-scale parallelization without causing substantial data flow [Decyk
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1995]. For more in-depth information about particle-in-cell formalisms, techniques and back-
ground knowledge refer to e.g. Pukhov [2003].
Nowadays, PIC calculations are extensively used in laser-plasma physics. Examples of sophisti-
cated codes are VLPL [Pukhov 1999], VORPAL [Nieter and Cary 2004], ILLUMINATION
[Geissler et al. 2006] and OSIRIS [Lee et al. 2000]. The latter tool is utilized in section
VI.IV to trace back energy-dependent pointing variations in a laser-wakefield accelerated elec-
tron beam to originate from betatron oscillations induced by angularly chirped laser pulses.

VI.II Formation of electron-betatron oscillations

Electron-betatron oscillations may emerge due to the radial restoring forces acting inside the
electron void behind a wake-driving laser pulse (confer Panofsky-Wenzel theorem in section
I.IV.I). In such a scenario, transversely injected relativistic electrons feature transverse momenta
when initially trapped into the wave bucket, and subsequently oscillate around the on-axis
potential minimum of that channel for as long as the wake structure stays intact [Whittum
et al. 1990]. Their oscillation frequency ωβ = ckβ for small radial-excursion amplitudes rβ � k−1

β

is given by [Esarey et al. 2002]:
ωβ = ωp√

2γ
As a result, these continuously oscillating electrons emit synchrotron radiation of wavelength:

λX '
λβ

2γ2Nβ

(
1 +

K2
β

2

)
(6.2.1)

Here, Nβ denotes the harmonic number. As may be seen, this expression describes a wavelength
scaling equivalent to that of undulator radiation (cf. sec. VII.I), and consequently there exists a
plasma-wiggler strength parameter Kβ = γkβrβ, which in analogy to the undulator parameter
K determines the appearance of betatron radiation for harmonics larger than unity for Kβ → 1
[Esarey et al. 2002;Kiselev et al. 2004]. Such an emission has been experimentally confirmed
for photon energies in the keV-range [Rousse et al. 2004]. Moreover this radiation source
has been proposed for the construction of an ion-channel X-ray laser (ICL) [Whittum et al.
1990] with an operation principle similar to that of a SASE-FEL [Kondratenko and Saldin
1979; Bonifacio et al. 1984]. Unfortunately, the concept of a SASE-ICL is hard to realize,
since unlike in a SASE-FEL, for which K does not depend on electron beam parameters, Kβ

is a function of both γ and rβ. Owing to the predominantly transverse injection mechanism
occurring after bubble formation, and thus strongly varying transverse momenta for the injected
electrons and therefore differing rβ, each electron will experience a different Kβ, which places
serious constraints on the realizability of the ICL concept. However, a narrow energy-spread
electron bunch, which is trapped at an off-axis position inside the wakefield bucket, may allow to
overcome this issue [Esarey et al. 2002]. PIC simulations showing the feasibility of an off-axis
injection by means of controlling the laser pulse angular chirp are reported in sec. VI.IV.
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VI.III Asymmetric wakefield excitation by

angularly chirped laser pulses

An angular chirp Ca = dϕ/dλ, i.e. a variation in the propagation direction of all spectral laser
components (cf. fig. 6.3.1a), may easily emerge in short-pulse CPA-systems from a non-parallel
alignment of grating surfaces in stretcher or compressor units [Pretzler et al. 2000]. Different
wavelengths λ traveling along different paths under angles ∆ϕ(λ) with respect to the direction of
the central laser frequency λc set up slightly tilted, wavelength-dependent virtual phase fronts.
It is of importance to note that in contrast to these virtual phase fronts, the actual laser phase
fronts remain unchanged in comparison with a similar but unchirped electro-magnetic wave.
Therefore, the introduction of angular chirp does not change the effective beam propagation
direction. However, it causes a spectral phase shift in its transverse dimension x:

∆φ (λ, x) ≈ 2π
λ

∆ϕ (λ) (x− x0)

This leads to an x-dependent linear phase chirp of:

dφ (λ, x)
dλ

∣∣∣∣∣
λ=λc

= 2π
λc
Ca (x− x0)

Such phase chirp corresponds to a perpendicular group delay with ωc = 2πc/λc:

∆tg (x) = dφ (ω, x)
dω

∣∣∣∣∣
ω=ωc

= 2π
ωc
Ca (x− x0)

Hence, the laser intensity front is tilted with respect to its phase fronts by (see figure 6.3.1b):

αI ≈ λcCa

A laser-pulse-front tilt (PFT) of a similar type can also arise from a combination of spatial
and temporal chirp without demanding an angular-chirp component [Akturk et al. 2004].
Therefore, the following discussion will focus on temporally compressed light pulses, for which
PFT may exclusively develop from a spectrally varying propagation direction. Locally, this tilt
of the intensity front barely affects pulse duration, which is the reason why small tilts are rather
hard to detect in the laser near-field2. However, they can have significant impact on the laser
intensity at focus. Indeed, when an angularly chirped beam is focused down and approaches
the far-field, the situation decisively changes (cf. fig. 6.3.2). For such a scenario, αI grows along
the axis of beam propagation until the laser pulse enters its Rayleigh range. There, its spectral
components become spatially separated by ∆x(λ) = fCa(λ− λc), i.e. spatially chirped, which
drives two distinct mechanisms that again reduce αI and at the same time lower the maximum

2Among the most sensitive techniques for angular chirp diagnosis are spectrally-resolved inverted field auto-
correlation [Varjú et al. 2002] and GRENOUILLE [Akturk et al. 2003].
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Figure 6.3.1 – Different spectral laser components traveling under different angles
∆ϕ(λ) with respect to the propagation direction of the central laser
wavelength λc are associated with virtual phase fronts, which set up
position-dependent spectral phase shifts ∆φ(x) (a). These shifts cre-
ate a perpendicular group delay and cause a tilt of the laser intensity
front relative to the laser phase fronts (b).

Figure 6.3.2 – Intensity-front tilts of angularly chirped laser pulses display a rapid
evolutionary behavior near focus. When approaching the Rayleigh
range zR, the absolute value of αI is maximized, just before collapsing
to zero at the focal position z0. After passage through focus, the tilt
flips and its direction becomes inverted.
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Figure 6.3.3 – Asymmetric wakefield excited by an angularly chirped laser pulse.
The charge density, and longitudinal (E1) and transverse (E2)
electric-field components are shown just before wave-breaking.

achievable intensity as compared to a similar but unchirped pulse. Here, f denotes the focal
length of the employed focusing setup. First, this spectral separation process produces an
elliptically shaped spot profile near focus with an elongated axis within the plane of PFT.
Second, local spectral decomposition leads to bandwidth narrowing and hence an extended
pulse duration, which in addition also varies along x. These two effects cause the intensity-
front tilt to rapidly decrease, to disappear right at focus and to flip after crossing the focal
plane. Moreover, each of these processes entails a decrease in total intensity, which is given by
approximately the same factor of I in the special case of Gaussian pulse envelopes in space and
time with a FWHM wavelength bandwidth of ∆λ and a small angular chirp3 (for a derivation
see Pretzler et al. [2000]):

I =

√√√√1 +
(
fCa∆λ
w0
√

2 ln 2

)2

Thus, the total intensity drop at focus due to an angular chirp in the near-field scales as ∼ I2.
For the experimental results presented in the next section I2 can be expected to not exceed 1.1
with f = 1.54 m, ∆λ ≈ 25 nm, w0 = 23 µm and Ca < 0.1 µrad·nm−1.
The application of such intensity-front-tilted light pulses in laser wakefield acceleration brings
about some interesting consequences. This has been investigated by numerical simulations using
the particle-in-cell code OSIRIS in a phase-space configuration of two spatial and three momen-
tum dimensions. Figure 6.3.3 displays a simulated wakefield just before wave-breaking with the
generated charge-density distribution, and longitudinal (E1) and transverse (E2) electric-field
components induced by a τL = 40 fs FWHM, a0 = 2 laser pulse focused over f = 1.54 m to
a waist size of w0 = 22 µm into a plasma of ne = 7 · 1018 cm−3 average density. When ini-
tialized at focus with the focal plane situated just before the vacuum-plasma boundary, the

3More precisely, the condition |2πfCa| � |∆x∆λ−1| must be fulfilled [Gu et al. 2004; Popp et al. 2009].
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light wave does not excite a strong wake from the very beginning owing to a mismatch of pulse
duration and plasma wavelength. For this reason, laser-pulse self-compression and focusing
are necessary to help forming a high-amplitude wake, which is almost ready to break after the
electro-magnetic wave has traveled along a distance of roughly 500 µm. Over this propagation
length the strongly angularly chirped (Ca ≈ 0.2 µrad·nm−1) and hence at focus spectrally de-
composed beam develops an intensity-front tilt. As may be seen, this tilt drives an asymmetric
wakefield, leading to strong distortions of the electron density before and behind every wake
period and to asymmetric electric fields inside the electron voids. Such a scenario differs from
LWFA with angularly unchirped laser beams in two ways. First, the asymmetry in electron
density and thus the refractive-index gradient at the position of the laser beam forces the com-
plete system of laser pulse trailed by the wake to deviate from its original propagation direction.
This provides a handle for a systematic manipulation of the pointing of an accelerated electron
beam and is discussed in detail in Popp et al. [2009]. The second effect alters the way electrons
are trapped and accelerated within the wake and is investigated next.

VI.IV The phenomenology of induced

collective electron-betatron orbits

In order to discuss the implications of electron injection with angularly chirped laser pulses
in a proper manner it is not sufficient to employ the two-dimensional simulation geometry in
space, which was used in section VI.III, since electron trapping in 2D varies notably from wave-
breaking processes observed in a full-featured three-dimensional numerical calculation (whereas
pulse-front tilt is a purely two-dimensional effect). Therefore, 3D simulations have been con-
ducted allowing to include all important physical aspects. However, such computations demand
a lot of power, which is the reason why a new set of simulation parameters needed to be cho-
sen in order to allow for these calculations to finish within a day on 128 processors of an IBM
Power6 super-computer4. In this context, the ratio of laser pulse duration to plasma wavelength
has been reduced. This enables the use of smaller simulation box sizes and hence eases hard-
ware requirements. In summary, the altered parameters are a0 = 3, ne = 1.7 · 1019 cm−3, and
τL = 17 fs. Although these quantities are different from the specifications of the experiments
presented later in this section, they will nevertheless allow for a valid qualitative interpretation
of a modified electron trapping behavior in an asymmetric wake structure.
Figure 6.4.1a visualizes a time series of these simulation results showing the wake generated
by an angularly chirped light pulse of Ca = 0.017 µrad·nm−1 beginning with the time of in-
cipient electron trapping (leftmost window T = 88.61 w−1

p ) and ending shortly before release
of these electrons into vacuum (rightmost window T = 238.85 w−1

p ). Owing to an asymmet-
ric electric-field distribution (see section VI.III) the electron injection center is shifted off the
central wakefield axis. Hence, all injected electrons are forced onto an oscillating trajectory

4For details see http://www.rzg.mpg.de/computing/hardware/Power6/about-the-system.

http://www.rzg.mpg.de/computing/hardware/Power6/about-the-system


104 Stable, ultra-relativistic electron beams by laser-wakefield acceleration

(a) Ca = 0.017 µrad·nm−1

C
h
arge

d
en
sity

�
e
ω
2p/
c
2 

40

30

20

10

0
1101051009590 260255250245240

100.00

10.00

1.00

0.10

0.01
190185180175170150145140135

x1 (c/ωp)

x
2
(c
/
ω
p
)

T = 88.61 (1/ωp) T = 130.99 (1/ωp) T = 169.51 (1/ωp) T = 238.85 (1/ωp)

(b) Ca = 0

x
2
(c
/
ω
p
)

T = 238.85 (1/ωp)

x1 (c/ωp)

40

30

20

10

0

100.00

10.00

1.00

0.10

0.01

C
h
arge

d
en
sity

�
e
ω
2p/
c
2 

260255250245240

Figure 6.4.1 – Three-dimensional particle-in-cell simulation of an angularly chirped
laser pulse, which drives a wakefield through a plasma. Along its
way, electrons are trapped off-axis and subsequently accelerated until
the vacuum boundary is reached (a). The time series depicts the
electron-bunch dynamics inside the wake bucket and shows collective
electron-betatron oscillations. Subfigure (b) displays the final time
step of a simulation result for the same parameter set as used in (a),
but without angular chirp. No collective oscillations can be observed.
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with amplitude rβ and wavelength λβ around the transverse potential minimum of the wake
bucket. These oscillations have not been observed without an angular-chirp component (figure
6.4.1b). Moreover, a longitudinally bunched electron-stem structure is created. This behavior
may also be seen for bubble stems in the case of Ca = 0 (cf. section I.IV.V), but in this case
originates from a combination of longitudinal and transverse bunch motion. Trapped electrons
induce localized beam loading at the rear side of the void and thus cause a local suppression of
the electric field, which counteracts wave-breaking at the very position of the injection center.
When these inhibiting electrons transversely oscillate away from the injection point while being
longitudinally accelerated, the electric field can regenerate and again permit trapping. This
should alter the electron-stem bunching frequency as compared to a symmetrically driven wake.
The amplitude and wavelength of the described collective oscillations can be extracted from
the simulations to be rβ ≈ 1.3 µm and λβ ≈ 100 µm, respectively. In conjunction with the
observed electron energies corresponding to a relativistic γ in the range between 150 and 250
(cf. fig. 6.4.2), the first harmonic wavelength spectrum of the emitted betatron radiation is
estimated with (6.2.1) to be situated around 170 nm. Owing to the strong link between the
electron energy and K2

β ∝ γ2 the total bandwidth of the generated betatron spectrum is only
weakly influenced by γ itself, which cancels in the dominating K2

β-term, but is rather governed
by variations in rβ and by Kβ > 10, which causes broadband spectral emission [Wille 1996].
Admittedly, these are purely theoretical considerations, since no betatron-radiation spectrum
can be extracted from the performed numerical calculations. This would require simulations
with a tenfold higher resolution in x1-direction, and since time and space are coupled via the
Courant condition (see section VI.I), that would also demand a time-step decrease of similar
magnitude, hence increasing computation time by a factor of ∼ 100.
Furthermore, the wiggling motion seen in the charge-density plots (figure 6.4.1a) gives rise to
asymmetric and rippled structures in p1p2-electron-phase space (figure 6.4.3a), which do not
appear when a laser with an untilted intensity front is applied (figure 6.4.3b). Also evident is
a global shift of the transverse electron momentum away from p2 = 0 corresponding to a net
deviation of the electron bunch from the initial axis of laser propagation [Popp et al. 2009].
In order to qualitatively verify these theoretical findings, laser-wakefield acceleration experi-
ments have been performed in the same setup as detailed in chapter V with nearly identical laser
and plasma parameters (a0 ≈ 0.9, τL ≈ 42 fs FWHM, λc ≈ 800 nm, and ne ≈ 8.7 · 1018 cm−3).
Additionally, an angular chirp was introduced into the beam by detuning the parallel alignment
of the compressor gratings while maintaining the laser pulse duration. This chirp was char-
acterized by means of inverted field autocorrelation (IFA) for the images of phosphorescence
screen S2 shown as parts (a) and (b) of figure 6.4.4 (Ca ≤ 0.007 µrad·nm−1 in both cases),
and for (c) by spectrally resolved IFA with Ca ≈ 0.027 µrad·nm−1 (for details on the different
IFA versions see Varjú et al. [2002]). Figure 6.4.4 can be regarded as a p1p2-plot, since the
measured electron energy We ∝ γ is essentially proportional to longitudinal momentum for
ultra-relativistic speeds owing to p1 � p2 and p1 ∝ γβx with βx ≈ 1. In transverse direction
the detected electron-path deviation x depends mainly on the transverse electron velocity and
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Figure 6.4.2 – Phase space (x1p1) after the bubble electrons have crossed the
plasma-vacuum boundary. A tilted (a) or untilted (b) laser intensity
front provides LWFA conditions that result in comparable longitudi-
nal momentum distributions. (b) features marginally higher particle
energies due to a slightly higher intensity at focus (cf. sec. VI.III).
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Figure 6.4.3 – Electron-phase-space diagrams (p1p2) for two different time steps in
the case of a laser pulse with (a) and without (b) angular chirp.
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Figure 6.4.4 – Experimental evidence of induced electron-betatron oscillations de-
tected on phosphor screen S2. Here, laser pulses with angular chirps
of Ca ≤ 0.007 µrad·nm−1 (a and b) and Ca ≈ 0.027 µrad·nm−1 (c)
have been used to drive asymmetric LWFA processes.

hence is in good approximation a direct function of p2. As may be seen, qualitative agreement
is found between the rippled structures appearing in the simulated and the measured equivalent
of p1p2-phase space for Ca 6= 0. If these detected corrugated formations indeed originate from
collective betatron oscillations of an LWFA electron stem5, then it should be possible to record
a scan of characteristic angular-chirp dependent betatron-photon spectra in a future study.
In addition to that and in agreement with the above presented simulations, a global electron
bunch deviation from the initial laser propagation axis could be experimentally observed. It is
analyzed in Popp et al. [2009].

VI.V Concluding remarks

The possibility of an off-axis electron injection into a laser wakefield by means of controlling the
laser-beam angular chirp has been demonstrated in full-featured three-dimensional particle-in-
cell simulations. Moreover, experimental evidence suggests the feasibility of this approach in
experiments, although a proof in the form of an angular-chirp susceptible betatron-radiation
spectrum remains to be found. Thinking further ahead, this mechanism might open the door
for the construction of an ion-channel laser [Whittum et al. 1990]. If off-axis injection could
be combined with a control over the time window during which electron-trapping occurs, which
has been demonstrated by Faure et al. [2006] and Rechatin [2008], in such a way that a very
localized and monoenergetic bunch is accelerated along a well-determined oscillating trajectory
in resonance with its own emitted betatron radiation, then micro-bunching and possibly lasing
might be observable [Esarey et al. 2002].

5Glinec et al. [2008] suggest another, but certainly less likely explanation.



Chapter VII

Concluding thoughts on future
applications and developments

Electron pulses from state-of-the-art laser-wakefield accelerators have demonstrated quasi-
monoenergetic energy distributions reaching up to a GeV with energy spreads of considerably
less than 10 % FWHM [Leemans et al. 2006; Karsch et al. 2007; Hafz et al. 2008]. These
beams typically contain on the order of 108 to 109 electrons concentrated into a momentum
phase-space of low transverse-emittance (∼ 1 mm·mrad) [Fritzler et al. 2004]. The electron-
pulse length has been inferred from theory and particle-in-cell simulations to be a fraction
of the corresponding plasma wavelength, therefore electron bursts are assumed to last for an
ultra-short time (∼ 10 fs) [Pukhov and Meyer-ter-Vehn 2002], and hence create currents
of > 10 kA. Over the last years, stability issues arising from the nonlinear nature of self-injected
LWFA and laser-plasma fluctuations have become more and more manageable through modi-
fied injection schemes [Faure et al. 2005; Geddes et al. 2008] and, as a result of the work at
hand, reproducible targets [Osterhoff et al. 2008]. Also, tailoring these relativistic electron
aggregations in peak energy [Faure et al. 2005], energy spread [Rechatin 2008] and pointing
direction [Popp et al. 2009] is rendered possible nowadays within certain limits. Such progres-
sion in technology and understanding, in addition to the improvement of laser-driven electron
beams in quality and availability as disclosed in this dissertation, will eventually lead to their
regular deployment in applications, if that enormous evolutionary pace can be sustained.
Some prospective and eagerly anticipated developments will be outlined in the following sec-
tions on the basis of four different examples, which by no means constitute an extensive list of
open scientific questions and challenges that need to be tackled in the field of LWFA.

VII.I Laser-driven undulator-radiation sources

and table-top free-electron lasers

Two of the signature applications envisioned for such beams is driving undulator-radiation
sources and free-electron lasers. Typical linear undulators consist of magnetic-dipole structures
in nU periodic arrangements of length λU (confer e.g. Wille [1996], Onuki and Elleaume
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[2003], or Attwood [2007]). Electrons propagating within the central undulator plane per-
pendicular to the undulator magnetic field will start to perform individual wiggling motions of
resonant spatial periodicity λU, which correspond to figure-eight motions in a co-moving frame
of reference. Owing to these figure-eight trajectories and the relativistic electron momenta, the
perpendicularly accelerated charges send out photons in a forward cone of angle ΘU ∝ γ−1 at
a wavelength λR and its harmonics. This is described by the undulator-resonance condition:

λR = λU

2NUγ2

(
1 + K2

2 + γ2Θ2
U

)

In this expression, NU denotes the harmonic number. K = eλUB̃(2πmec)−1 represents the so
called wiggler or undulator parameter, where B̃ is the maximum magnetic field strength within
the plane of electron propagation. For K = 1, these electrons travel exactly within the opening
angle of their respective radiation fields, which thus can act back on each emitting electron with
high efficiency. However, since an ensemble of electrons will initially be randomly distributed
in the undulator field, the electrons do not share the same phase. Hence, the described radia-
tion process is incoherent and the number of radiated photons Nph grows proportional to the
number of wiggling electrons Ne.
In contrast, in a free-electron laser configuration Nph ∝ N2

e holds true. Here, the radiation
mechanism becomes coherent, since all electrons radiate with similar phase. This can be pic-
tured intuitively, when considering the aforementioned coupling of the radiation field to the
electrons, which will cause a spatial oscillation of electron energies (photon emission results
in energy loss, absorption in energy gain). The changed energy distribution corresponds to a
spatially oscillating velocity distribution, which after some specific propagation distance will
evolve into a spatial electron density variation of characteristic length λU. That process is
called microbunching. Now, these microbunches emit photons in phase, leading to coherent
superposition of radiation and thus in return to amplified bunching and hence amplified radi-
ation. If the described mechanism starts from background noise, it is called self-amplification
of spontaneous emission (SASE). What makes LWFA-driven FELs particularly interesting is
their potentially reduced size by a factor on the order of 10 compared to conventionally driven
sources (usually tens of meters long), owing to a favorable scaling of the distance over which
the emitted photon flux saturates with electron-beam current.
Indeed, such an all-optically driven free-electron laser has not been build, yet. This is due
to the fact that the onset of FEL operation depends critically on the quality of the utilized
electron bunches, namely on beam current, on tight spatial confinement and on transverse and
longitudinal emittances. The latter is particularly problematic and dictates a local beam-energy
spread of less than the Pierce parameter ρ [Bonifacio et al. 1984], which for LWFA-FELs is
typically on the order of 0.1 % (also confer section VII.II). Once such strict electron-pulse spec-
ifications can be met, a laser-driven FEL promises to constitute a unique photon source, which
may yield ∼ 60 GW of peak power at a wavelength of 0.25 nm in a 4 fs duration flash (confer
Grüner et al. [2007]). Nevertheless, laser-accelerated electron beams have been successfully
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used to generate undulator radiation in the visible to near-infrared range [Schlenvoigt et al.
2008] and, just recently, at wavelengths below 10 nm [Fuchs et al. 2009], the latter employing
the stable electron source described in chapter V of this dissertation.

VII.II Controlled injection for low energy spread

electron-beam generation

As discussed in section VII.I, an electron-pulse energy spread of considerably less than 1 % is
key to allow for LWFA-driven FEL operation. Hence, a reduction of the longitudinal emittance
of laser-accelerated electron bunches is a high priority goal on various research agendas. Cur-
rently, three main strategies exist that may lead to a solution of this issue. de Loos et al.
[2006] are pursuing the idea of feeding pre-accelerated narrow energy spread 6 MeV-electrons
created by a conventional radio-frequency photoinjector into a laser-plasma wakefield. A main
problem of this approach arises from the rather long initial electron-pulse duration of ∼ 100 fs,
which is limited by RF-technology and Coulomb repulsion. That kind of spatially dispersed
charge distribution captured into a wakefield structure will experience varying accelerating field
strengths at different positions along the bunch. Therefore it will be difficult to maintain ex-
cellent longitudinal emittance. Such an external-injection technique may prove succesful only
in an experimental configuration, in which the original electron-bunch length is considerably
shorter than the plasma-oscillation wavelength. In addition, the synchronization of the wake-
driving light burst to the RF-cavity timing has proven problematic on a femtosecond-time scale.
Hence, only laser-triggered injection methods might yield applicable answers. In general, mi-
nimizing the time-window during which electron trapping occurs, entails a reduction in energy
spread, since for short trapping periods every injected particle may be accelerated over a similar
distance with a similar electric field profile. Moreover, if the maximum acceleration distance,
which ends at the electron-dephasing point in momentum-phase space, is slightly exceeded,
then an accompanying minimization of the bunch-energy spread can be achieved by longitudi-
nal momentum compression (confer figure 1.4.5). As a matter of course, such a scheme requires
exact control over the trapping process, which may be acquired by employing a two-laser beam
setup [Faure et al. 2005]. Varying the intensity and focal position of the injection pulse allows
for altering the trapping-time window and the acceleration length, respectively. Preliminary
experiments have demonstrated the feasibility of this method yielding RMS spreads of 1 %
around ∼ 200 MeV of electron energy [Rechatin 2008]. A different way to manage electron
injection with high accuracy represents controlled Langmuir wave-breaking at steep plasma-
density gradients [Bulanov et al. 1998; Suk et al. 2001; Hemker et al. 2002]. Recently,
Geddes et al. [2008] have adopted this technique and created stable, low longitudinal momen-
tum spread (∼ 170 keV/c) electron bunches, albeit at sub-MeV/c average momenta. Further
acceleration of these beams in a second energy-spread maintaining LWFA-stage of lower density
may allow for driving a free-electron laser in an all-optical scheme in the future.
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VII.III Staged accelerator concepts

The scalability of laser-driven wakefields to support electron-beam energies beyond the 10 GeV
frontier [Katsouleas 2006] potentially permits their application in an advanced particle-
collider concept. Indeed, the construction of such a machine is an ambitious task, which requires
an implementation of acceleration units working in series and thus motivates the research to-
wards the realization of staging. Modern petawatt-class laser facilities are expected to enable
LWFA in a single stage to access electron energies of several GeV [Lu et al. 2007]. However,
a single laser system allowing for peak energies that may compete with today’s modern parti-
cle colliders would have to feature light-peak powers several orders of magnitude higher than
currently available. Therefore, tens of optically synchronized petawatt-laser beams could drive
tens of successive wakefield-acceleration units, each one operating with longitudinal electric
fields in excess of 10 GVm−1. Such an assembly would enable the creation of TeV-class electron
pulses in a machine of some hundred meters length, which compared with conventional collider
technology constitutes a reduction in accelerator size and costs by a factor of ∼ 100.
Nevertheless, peak-particle energy does not represent the only challenge for an application of
laser-accelerated electrons in high-energy physics. A principal attribute governing collider-
design considerations is the event rate for the physical process of interest. This event rate is
proportional to the beam luminosity L, given by (see e.g. Musiol et al. [1988]):

L =
frepN

2
part

4πσxσy

Here, frep is the bunch repetition rate and Npart the number of particles contained in each
bunch, σx and σy describe the spot size at the collision point in transverse dimensions. It is no
exaggeration to state that the requirements for a next-generation particle collider allowing for
measurable access to novel particle physics are immense regardless of the acceleration technique
used, e.g. electron collisions at 250 GeV demand that L ≈ 1034 cm−2s−1, which calls for particle
beams focusable to nanometer-size spots [Katsouleas 2006]. Hence, laser-driven colliders at
the forefront of particle physics will remain a visionary concept for the next decades.

VII.IV Temporal electron-bunch characterization

A unique feature of laser-accelerated electron pulses is their ultra-short nature. While particle-
in-cell codes and theoretical considerations have predicted bunch durations of just a few fem-
toseconds [Pukhov and Meyer-ter-Vehn 2002; Geissler et al. 2006], an experimental
proof is still missing. Indeed, this property is of vital interest for the feasibility of the all-
optically-driven FEL concept (sec. VII.I) and accounts for the potential of applying this source
of coherent radiation e.g. for time-resolved single molecular imaging [Neutze et al. 2000].
According to simulations, the few-cycle laser sources planned or operated at MPQ such as
the upcoming Petawatt Field Syntheziser (PFS) [Karsch et al. 2008] or the LWS-10 system
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[Tavella et al. 2006] are able to create these very short electron bursts when focused into
high plasma-density environments of ne > 1019 cm−3. The detection of their duration however
is difficult. Electro-optic sampling, a default technique often used at conventional particle ac-
celerators, is limited to pulse durations well above 50 fs FWHM and therefore unsuitable [van
Tilborg et al. 2006]. An applicable alternative is the spectroscopy of the coherent cut-off
region of infrared to terahertz transition radiation, which is emitted when electrons pass a re-
fractive index boundary [Jackson 1975]. The radiated photon spectrum from such a process
is directly related to electron-bunch shape and duration [van Tilborg et al. 2004; Delsim-
Hashemi 2008]. However, this correlation is not unique, with the consequence that a retrieval
of pulse duration must assume a model for the electro-magnetic phase of different radiation
components, since the measured spectrum does not contain phase information, and hence can-
not deliver a fail-safe bunch-length proof. Several other ideas exists, which promise to provide
unambiguous results but are more complicated to realize, such as the exploitation of the laser-
assisted Auger-decay effect [Schins et al. 1994], attosecond streaking [Reckenthaeler et al.
2008], inverse free-electron laser electron-bunch slicing [Sears et al. 2005, 2008] or the optical
replica syntheziser [Angelova et al. 2008]. Nevertheless, the true duration of laser-wakefield
accelerated electron pulses lacks confirmation and thus remains their last major undetermined
property.



Appendix A

An analytical dipole-spectrometer model

The path deviation experienced by a single electron when propagating through a magnetic field
of strength ~Bdm and longitudinal dimension ldm in a configuration as depicted in figure 4.1.1,
is governed by the Lorentz force ~FL. The corresponding equation of motion can be written as:

γme
d2~r

dt2
= −e

(
d~r

dt
× ~Bdm

)
(A.1)

Here, γ is the relativistic factor associated with the electron and ~r describes its position vector.
Without loss of generality, the magnetic field is chosen to point into x-direction, whereas the
electron travels within the y-z-plane. Then (A.1) transforms into:

γme
d2

dt2

y
z

 = eBdm
d

dt

−z
y

 (A.2)

Since d
dt
~r ⊥ ~FL, the time derivative of (A.2) is given by:

γme
d3

dt3

y
z

 = eBdm
d2

dt2

−z
y

 (A.3)

Combining (A.2) with (A.3) allows for the decoupling of coordinates y and z:

d3

dt3

y
z

 = −ω2
ce
d

dt

y
z


with ωce = eBdm(γme)−1 being the relativistic electron cyclotron frequency. A solution to this
set of differential equations has the form:

y = C1

ωce
sin (ωcet)−

C2

ωce
cos (ωcet) + C3

z = D1

ωce
sin (ωcet)−

D2

ωce
cos (ωcet) +D3

(A.4)
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Cχ and Dχ with χ ∈ {1, 2, 3} are integration constants to be determined. Inserting (A.4) into
(A.2) yields the relations C1 = D2 and C2 = −D1. The remaining coefficients depend on the
electron’s position and velocity, when entering the magnetic field, and are derived as follows. In
order to treat electron-pointing variations appropriately, additional parameters are introduced:
lfd defines the shortest free-drift distance from a point-like electron source to the magnet and δ
accounts for angular fluctuations in electron emission. Then, the initial conditions are:

y (0) = lfd tan δ z (0) = 0
dy

dt
(0) = c

√
1− 1

γ2 sin δ dz

dt
(0) = c

√
1− 1

γ2 cos δ

From these connections, Cχ and Dχ may be expressed as:

C1 = c

√
1− 1

γ2 sin δ C2 = −c
√

1− 1
γ2 cos δ C3 = lfd tan δ − c

ωce

√
1− 1

γ2 cos δ

D1 = c

√
1− 1

γ2 cos δ D2 = c

√
1− 1

γ2 sin δ D3 = c

ωce

√
1− 1

γ2 sin δ

As a result, y(t) and z(t) are obtained as:

y (t) = c

ωce

√
1− 1

γ2 [cos (ωcet− δ)− cos δ] + lfd tan δ

z (t) = c

ωce

√
1− 1

γ2 [sin (ωcet+ δ) + sin δ]

In a next step, the electron path deviation H inside the magnet, measured normal to a reference
trajectory of an infinitely energetic electron with δ = 0 must be determined as a function of γ.
Therefore, the time tsp is found, which an electron takes to travel a distance of length lsp in z:

z (tsp) = lsp

⇒ tsp = 1
ωce

arcsin
ωce

c

lsp√
1− 1

γ2

− sin δ
− δ



⇒ H (γ) = y(tsp) = c

ωce

√
1− 1

γ2

cos
arcsin

ωce

c

lsp√
1− 1

γ2

− sin δ
− 2δ

− cos δ
+ lfd tan δ

This completes the description of the electron trajectory inside the spectrometer magnet. In the
end, an expression is sought to be composed, which describes the deviation D as measured on a
screen tilted by an angle α around a pivot point located at distance linf behind the spectrometer
exit plane. First, the equivalent of path deviation H(γ) behind the magnet is written as:

D′ (γ) = ∂H (γ)
∂lsp

∣∣∣∣∣
ldm

lz (γ) + H (γ)|ldm



A. An analytical dipole-spectrometer model 115

In this equation lz denotes the distance from the electron position to the spectrometer exit
plane. D′ must intersect with the detection screen given through:

D′′ = 1
tanα [linf − lz (γ)]

By demanding D′ = D′′, the cut set yields:

lz (γ) =
linf − tan (α) H (γ)|ldm

1 + tan (α) ∂H(γ)
∂lsp

∣∣∣
ldm

Finally this results in the desired function:

D (γ) = D′ (γ)
cosα = 1

cosα

lz (γ) ∂H (γ)
∂lsp

∣∣∣∣∣
ldm

+ H (γ)|ldm





Appendix B

Electron-beam scattering off
plasma particles and gas molecules

The scattering probabilities for electrons contained in an ultra-relativistic bunch with plasma
particles and gas molecules while traveling through a capillary and an evacuated target chamber
is of interest for evaluating the significance of their contribution towards the measured electron
beam divergences. An analysis of this issue can be simplified by separating the problem into
two scenarios. The first case: an electron scattering event occurs inside plasma during the
acceleration phase or after the laser pulse has deteriorated and is not sufficiently intense anymore
to drive a wakefield, but still retains enough energy flux density to ionize the gas completely.
The second case: an electron scattering event occurs inside the vacuum chamber with a residual
background gas atom. These possibilities will be investigated in the following.
In general, the probability W of detecting a scattered particle within an infinitesimal range of
deflection angles dΘ can be written as:

W (dΘ) = dN (dΘ)
N

Here dN describes the differential number of scattered particles as a function of dΘ from a
set of N initially incident particles. In the following derivation, it must be ensured that the
probability for scattering to happen is small such that a single particle does not experience
multiple-scattering events. Then, it is valid to define:

dN = Nasdσ

= Nas
dσ

dΩ
dΩ
dΘdΘ

The differential cross-section dσ(dΩ)−1 depends on the type of scattering event. It describes
the probability to detect a scattered particle per solid angle Ω. This angle is related to the
deflection angle Θ by Ω = 2π (1− cos Θ). Moreover, the scatter-center area density as may
be expressed as the product of scatter-center volume density ns and propagation distance ls
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through the medium. Therefore, W can be rewritten:

W = nsls
dσ

dΩ
dΩ
dΘdΘ

Hence, the integrated probability Wout of finding a scattered particle outside a cone of opening
angle Θmin is:

Wout (Θmin) =
2π∫

Θmin

nsls
dσ

dΩ
dΩ
dΘdΘ (B.1)

The type of scattering reaction defines the differential cross-section to use. While propagating
through plasma inside the gas cell, the relativistic electrons potentially scatter off free elec-
trons (Møller-scattering) or ionized hydrogen cores (Mott-scattering). For Mott-scattering the
differential cross-section is given by (e.g. Musiol et al. [1988]):

dσ

dΩ

∣∣∣∣∣
Mott

= dσ

dΩ

∣∣∣∣∣
Rutherford

(
1− β2 sin2 Θ

2

)
= (Ze2)2

(4πε0)2 4E2
tot sin4 Θ

2
·
(

1− β2 sin2 Θ
2

)
(B.2)

Mott-scattering comprises the effects of Rutherford-scattering (see e.g. Meschede [2006]) and
delivers similar results for small deflection angles Θ. In addition the differential Mott cross-
section contains a factor that describes magnetic spin interaction, which becomes important
for relativistic electrons (β → 1) and large scattering angles.
The differential cross-section for Møller-scattering can be expressed as [Musiol et al. 1988]:

dσ

dΩ

∣∣∣∣∣
Møller

=
(
re

2

)2
(
mec

|~pcms|

)2 (3 + cos2 Θ)2

sin4 Θ (B.3)

with the classical electron radius:

re = 1
4πε0

e2

mec2 ≈ 2.818 · 10−15 m

Here, the electron momentum ~pcms is defined in a center of mass coordinate system and in good
approximation can be written as |~pcms| ≈ γβmec, since the momenta of the interacting species
(ultra-relativistic electrons and plasma electrons) differ by orders of magnitude.
Under typical conditions, e.g. for a steady-state-flow gas cell experiment (confer chapter V)
with Z = 1, β ≈ 1 and γ = 400, equations (B.2) and (B.3) yield differential cross-sections that
may be used to integrate expression (B.1). From the analysis of figure 5.3.2 it is known that the
electron acceleration process inside the gas cell happens over a distance of d ≈ 4 mm in an ini-
tially electron-free cavity or bubble. During this phase only electron-ion scattering needs to be
taken into account. In addition, there remains a residual propagation distance of a maximum of
∼ 10 mm through quasi-neutral hydrogen plasma at a density of ns = ne = nH+ ≈ 5 · 1018 cm−3.
Along this path, the hydrogen atoms within the capillary can be expected to be fully ionized,
since the utilized laser pulse is intense enough that even when filling the complete channel
diameter of ∼ 250 µm, its electric fields are still more than two orders of magnitude above the
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BSI-ionization threshold for hydrogen (confer to table 1.2.1).
The lower resolution limit of the CAWO OG 16 phosphorescence screen1 at position S1 fixes
Θmin to 100 µrad. As a result the probability to detect an electron outside a cone with a scat-
tering angle of Θmin is Wout,Mott(100 µrad) ≈ 4.3 · 10−3 for Mott-scattering (with ls = 14 mm).
The same parameter set determines the chance to observe significant contributions from Møller-
scattering to be Wout,Møller(100 µrad) ≈ 3.1 · 10−3 (with ls = 10 mm). Hence, the total intra-
gas-cell scattering probability amounts to ∼ 7.4 · 10−3, meaning that only about 0.7 % of the
accelerated particles undergo a noticable trajectory deviation due to the discussed effects.
Additionally, there exists a finite probability for each particle out of the ensemble of relativis-
tic electrons to scatter off a residual hydrogen molecule along its path through the vacuum
chamber. This has been investigated using the GEANT 4 toolkit2, which can simulate the
passage of relativistic particles through matter. All electrons were initialized to propagate as
a perfectly monoenergetic (γ = 400) and pencil-like beam over a distance of ls = 2 m through
a gaseous hydrogen medium of 10−2 mbar pressure. This leads to an upper estimate of the
scattering probability, since the real pressure distribution inside the vacuum chamber drops
monotonically along ls from 10−2 mbar measured close to the gas cell to ∼ 10−4 mbar behind
the electron spectrometer. The obtained simulation results suggest that just one in about 106

particles produces a detectable scattering event.
In general, it may be stated that the divergences, which are presented in this work, do not orig-
inate from particle scattering events, but rather must be attributed to the transverse electron
trapping mechanism, to collective electron dynamics inside the wakefield and to a lesser degree
to intra-bunch Coulomb repulsion. The latter is known from extensive space-charge studies
with the particle tracking tool GPT [Becker 2007].

1See http://www.cawo.com/pages/framesets/fs_po_so.htm on the world wide web.
2See http://geant4.web.cern.ch/geant4/ on the world wide web.

http://www.cawo.com/pages/framesets/fs_po_so.htm
http://geant4.web.cern.ch/geant4/


Appendix C

List of fundamental constants

The natural constants used throughout this work are listed in the following according to their
order of appearance in the document. All values below are given in SI-units, which is also true
for every other variable and quantity specified in this thesis, unless stated otherwise.

c 2.998 · 108 m/s Speed of light in vacuum
ε0 8.854 · 10−12 As/(Vm) Electric permittivity of free space
µ0 1.257 · 10−7 Vs/(Am) Magnetic permeability of free space
~ 1.055 · 10−34 Js Reduced Planck constant
e 1.602 · 10−19 As Absolute charge of an electron

me 9.109 · 10−31 kg Electron rest mass
α 7.297 · 10−3 Fine-structure constant
kB 1.381 · 10−23 J/K Boltzmann constant
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