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Zusammenfassung

In der vorliegenden Doktorarbeit werden zwei fundamentale Konzepte der héher dimension-
alen Algebra, die Kategorifizierung und Internalisierung, verfolgt. Von der geometrischen
Perspektive waren die bis jetzt allgemeinsten Torsoren mittels der Wirkungen von Kate-
gorien und Gruppoiden in der Dimension n = 1 definiert. In der Dimension n = 2 haben
Mauri and Tierney, und neulich Baez und Bartels von einem anderen Gesichtwinkel weniger
allgemeine 2-Torsoren mit einer 2-Strukturgruppe definiert. In der Sprache der simplizialen
Algebra haben Duskin und Glenn Wirkungen und Torsoren, die zur jeder Barrschen ex-
akten Kategorie £ intern sind, in einer beliebigen Dimension n definiert. Diese Wirkun-
gen sind simpliziale Abbildungen, die in Dimensionen m > n exakte Faserungen iiber
speziellen simplizialen Objekten, so genannten n-dimensionalen Kanschen Hypergroup-
poiden, sind. Die Korrespondenz zwischen der geometrischen und algebraischen Theorie in
der Dimension n = 1 ist durch die Grothendiecksche Konstruktion vom Nerv gegeben, da
das Grothendiecksche Nerv von einem Gruppoid genau ein 1-dimesionales Kansches Grup-
poid ist. Ein Hauptresultat ist, dass die Wirkungen von Gruppoiden und die Torsoren der
Gruppoide zu simplizialen Wirkungen und simplizialen Torsoren iiber den entsprechen-
den 1-dimesionalen Kanschen Gruppoid werden, nach dem die Grothendiecksche Nerv-
Konstruktion angewandt wird.

Das Hauptergebnis der vorliegenden Doktorarbeit ist eine Verallgemeinerung dieser Kor-
respondenz auf die Dimension n = 2. Dieses Resultat wurde durch die Einfhrung von zwei
neuen geometrischen und algebraischen Konzepten, Wirkungen von Bikategorien und 2-
Torsoren von Bigruppoiden, die eine Kategorifizierung und Internalisierung der Wirkungen
von Kategorien und Torsoren von Gruppoiden darstellen, erreicht. Wir liefern die Klassi-
fizierung von 2-Torsoren von Bigruppoiden mittels der zweiten nichtabelschen Kohomologie
mit Koeffizienten im Struktur-Bigruppoid. Die zweite nichtabelsche Kohomologie wird mit-
tels eines dritten neuen Konzepts, das in der Doktorarbeit eingefithrt wird und das eine
kleine 2-Faserung die einem internen Bigruppoid in der Kategorie £ entspricht, definiert.
Die Korrespondenz in der Dimension n = 2 ist durch die Nerv-Konstruktion fiir Bikat-
egorien und Bigruppoiden von Duskin gegeben, da diese genau ein 2-dimesionales Kan-
sches Gruppoid ergibt. Das letzte Hauptresultat der Doktorarbeit sagt, dass die Bigrup-
poidwirkungen und Bigruppoid-2-Torsoren zu simplizialen Wirkungen und simplizialen 2-
Torsoren iiber den entsprechenden 2-dimesionalen Kanschen Gruppoid werden, nach dem
die Duskinsche Nerv-Konstruktion angewandt wird.



The summary

In this thesis we follow two fundamental concepts from the higher dimensional algebra, the
categorification and the internalization. From the geometric point of view, so far the most
general torsors were defined in the dimension n = 1, by actions of categories and groupoids.
In the dimension n = 2, Mauri and Tierney, and more recently Baez and Bartels from the
different point of view, defined less general 2-torsors with the structure 2-group. Using
the language of simplicial algebra, Duskin and Glenn defined actions and torsors internal
to any Barr exact category &£, in an arbitrary dimension n. This actions are simplicial
maps which are exact fibrations in dimensions m > n, over special simplicial objects called
n-dimensional Kan hypergroupoids. The correspondence between the geometric and the
algebraic theory in the dimension n = 1 is given by the Grothendieck nerve construction,
since the Grothendieck nerve of a groupoid is precisely a 1-dimensional Kan hypergroupoid.
One of the main results is that groupoid actions and groupoid torsors become simplicial
actions and simplicial torsors over the corresponding 1-dimensional Kan hypergroupoids,
after the application of the Grothendieck nerve functor.

The main result of the thesis is a generalization of this correspondence to the dimension
n = 2. This result is achieved by introducing two new algebraic and geometric concepts,
actions of bicategories and bigroupoid 2-torsors, as a categorification and an internalization
of actions of categories and groupoid torsors. We provide the classification of bigroupoid
2-torsors by the second nonabelian cohomology with coefficients in the structure bigroupoid.
The second nonabelian cohomology is defined by means of the third new concept in the
thesis, a small 2-fibration corresponding to an internal bigroupoid in the category £. The
correspondence between the geometric and the algebraic theory in the dimension n = 2 is
given by the Duskin nerve construction for bicategories and bigroupoids since the Duskin
nerve of a bigroupoid is precisely a 2-dimensional Kan hypergroupoid. Finally, the main
results of the thesis is that bigroupoid actions and bigroupoid 2-torsors become simplicial
actions and simplicial 2-torsors over the corresponding 2-dimensional Kan hypergroupoids,
after the application of the Duskin nerve functor.



Acknowledgements

The saga which led to the completion of this thesis began early in 2000, when Prof. Julius
Wess, a great man and physicist, who unfortunately died last year, invited me to join
his group in the Department of Theoretical Physics at Ludwig-Maximilians-University in
Munich. In the following three years, I spent most of my time by reading fundamental
texts in mathematics and physics, trying to achieve some initial results in physics, but
my biggest discovery during that time was that deep inside, I was really a mathematician.
Together with this realization, which was the most important in my carrier, also came a
burden of guilt, amplified by the death of Prof. Wess, from whom I should have learn more.
During my time in Munich, I started to collaborate with my supervisor Prof. Branislav
Jurco, a physicist who recognized my wish to work in the foundations of mathematics.
This goal, hard as it is, become even harder after I needed to return from Munich to the
Rudjer Boskovic Institute in Zagreb, when my postgraduate fellowship expired in 2004.
My ideas about categories, topos theory and homotopy theory were naturally met with
skepticism by professors at the Theoretical Physics Department, due to the fact that I was
forced to start a research as a student, in the surrounding without any tradition in such
fields. Fortunately, Prof. Josip Trampeti¢, who comes from research area of noncommuta-
tive gauge field theories and related phenomenology, invited me to his project at Rudjer
Boskovic Institute ', and gave me complete freedom and support to work on my ideas.
One of the greatest sources of my inspiration at the Institute was, and still is, my dear
friend and colleague Zoran Skoda, who deepen my knowledge in many other areas of math-
ematics, which were not of my primer interest. We initiated together a bilateral project on
nonabelian cohomology and applications, with Prof. Schweigert as a principal investigator
from the German side 2, and I was lucky to meet my friend and collaborator Urs Schreiber,
with who I share many common interests and to who I thank for many great discussions.
I would like to express my gratitude specially to my supervisor Prof. Branislav Jurco,
who showed enormous patience which allowed me to develop ideas present in this thesis.
I would like to thank to my mother Slavica, who will probably be the happiest by the
fact that this record delay in the publication of a thesis has come to an end. I also thank
to my father Dusko, who developed the sense for reading and knowledge in my earliest age.
I thank to my brother Boris, and my best friends Mustafa Mehmedovié¢ and Sasa Mari¢,
for their encouragement in the hard times.
And the last but not least, this thesis would never be finished without constant support
by my dear wife Zrinka, who crowned our love by the birth of our two precious children,
Lovre and Hana.

'This thesis was in part supported by the Croatian Ministry of Science, Education and Sport, Project
No. 098-0982930-2990.

2The author acknowledge support from the project ” Applications of nonabelian cohomology to Geometry,
Algebra and Physics”, Fonds DAAD06-346

3The author acknowledge support from EU under the MRTN-CT-2006-035505 network programme.



CONTENTS 6

Contents

I Introduction 7
1 The introduction 8
II One-dimensional theory 23
2 Simplicial objects 24
3 Internal categories and internal groupoids 33
4 Nerves of categories 37
5 Actions of categories and groupoids 40
6 Small fibrations 49
IIT Two-dimensional theory 54
7 Bicategories 55
8 Nerves of bicategories 70
9 Internal bicategories 72
10 Pseudosimplicial categories 82
11 Small 2-fibrations 86
12 The second nonabelian cohomology 97
13 Actions of bicategories 105
14 Bigroupoid 2-torsors 115
15 Simplicial interpretation of bigroupoid 2-torsors 121

IV The bibliography and biographical data 128



Part 1
Introduction



1 THE INTRODUCTION 8

1 The introduction

One of the central themes of Grothendieck’s epic text [43], is the deep relation between
topos theory and homotopy theory, where he emphasized the importance of the sheaf
theoretical objects corresponding to higher categorical structures. His main motivation for
introduction of such categorical structures, as (weak) n-categories and (weak) n-groupoids,
was to provide algebraic models for homotopy n-types. Since a homotopy n-type X is a
topological space with trivial homotopy groups 7, (X) for k& > n, it can be conveniently
described by a simplicial set I1,,(X), called fundamental n-dimensional hypergroupoid of X .

Simplicial sets were introduced by Eilenberg and Zilber in 1950 [33], and soon after
that simplicial homotopy theory was developed by Kan [58], [59], [60], followed by the more
general homotopy theories associated to closed model categories, developed by Quillen in
1960’s [77]. A simplicial set X, is the presheaf

Xo: A% — Set

on the skeletal simplicial category A in which objects are given by finite nonempty ordinals
[n] = {0 < 1 < ... < n}, and morphisms are monotone maps between these. There are
certain incidence relations between canonical maps 9;: [n — 1] — [n] for 0 < i < n —1,
called coface maps, which are injective maps that omit ¢ in the image, and the maps
o;: [n] = [n—1] for 0 <i < n—1, called codegeneracy maps, which are surjective maps
which repeat ¢ in the image. This relations allows the description of the simplicial set X,
by the diagram

dq da2 #
X, X, X, Xs...
do do < do

in which elements of the set X,, are called n-simplices, and they satisfy simplicial identities

didj = dj_ldi (Z < ])
8i8j = 8j+18i (i <j)
dz‘Sj = Sj_ldz' (Z < ])
diSj = Sj+1di (Z > 5+ 1)
where maps d; := X (0;) and s; := X(0;) are images of coface and codegeneracy maps.

Simplicial sets are objects of the category SSet whose morphisms are simplicial maps, and
they are given by natural transformations between presheaves which define simplicial sets.
We have the Yoneda embedding

y: A — SSet (1.1)

which takes any ordinal [n] to the representable simplicial set A[n], whose m-simplices are
given by the set Alnl,, = Homsset([m], [n]) of singular m-simplices.
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The decisive step which brought together category theory and simplicial theory was
done by Grothendieck [41] in 1960’s, when he realized that to any small category C one
can associate a simplicial set NC, which he called the nerve of the category C, in analogy
to the construction of the nerve of the covering of a topological space. The set NC, of
n-simplices consists of all composable strings of n morphisms

-1
o L 1 i> o ...Tp-2 I Tn—1 I T

in the category C. Simplicial face operators d}': NC,, — NC,,_1 are given by projections for
extremals i = 0,7, and by composing out i morphism in a string for inner ones 0 < i < n.
The degeneracy operators are given by inserting identity morphism of i** indexed object.
Then the associativity and the identity law in the category C are encoded in the simplicial
identities between face and degeneracy operators on NC. This construction gives a fully
faithful functor

N: Cat — SSet (1.2)

from the category Cat of small categories to the category SSet of simplicial sets, so that
the fundamental definitions of the category theory are all inherent in simplicial sets.

The fact that the nerve functor is fully faithful is the reflection of the fact that the
skeletal category A of finite ordinals (non-empty totally ordered sets) and monotonic maps
between them, is a dense subcategory of the category Cat of small categories, or an adequate
subcategory in the sense of Isbell [46],[47]. More precisely, if we regard the category C as
an object the category Cat of small categories, then we can interpret the nerve NC of
the category C as the special case of the so called geometric nerve construction. Given a
functor from the skeletal category

1t A—E& (1.3)

to any category &, a geometric nerve NC' of an object C of the category & is the simplicial
set whose set of n-simplices is defined by NC,, := Homg(i[n],C). By this construction we
obtain the geometric nerve functor

N: & — SSet (1.4)

and if this functor is fully faithful then we say that the functor (1.3) is dense [62]. Conse-
quently, the skeletal category A is dense subcategory of the category Cat of small categories,
since

i: A — Cat (1.5)

the natural embedding of ordinals as non-empty totally ordered sets is dense. For any
functor
D:J—¢& (1.6)

from a small category J to a cocomplete category &£, the singular functor of the functor D

E(D,1): &€ — [T, Set] (1.7)
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sending an object E of £ to the presheaf £(D(—),E): J%? — Set, has a left adjoint
L: Set?” — & defined for each presheaf P: J° — Set by the colimit

L(P) =lim([, P 2> 7 L5 g) (1.8)

where 7p: f 7 P — J is a discrete fibration obtained from the Grothendieck construction
[42] applied to the presheaf P. Using this construction, the nerve functor for categories
may be seen as the singular functor of the functor (1.5) and it has a left adjoint

F:S8Set — Cat (1.9)

so called fundamental category functor, which is a part of the diagram of functors

R
Top=——"—"—"288Set

Iy

A

Cat

and for any simplicial set X,, the fundamental category F'X, is the quotient of the free
category generated by the 1-skeleton of X,, with respect to congruence relation given by
2-simplices. The other pair of adjoint functors in the above diagram is given by the singular
functor S: Top — SSet of the functor r: A — Top, which takes any ordinal [n] to the
so called topological standard n-simplex A" = {(t,...,t,) € R* Y ¢, = 1,¢; > 0}.
Again by the geometric nerve construction, n-simplices of the simplicial set S(X) are given
by the set Hompep(r[n], X) of singular n-simplices of the topological space X. Its left

adjoint is defined for any simplicial set X, by the colimit lim([, Xe¢ ——> A —— Top)

where [ A Xe is a simplex category of X,, constructed by the Grothendieck construction,
and we call it the geometric realization functor

R: §Set — Top. (1.10)

The geometric realization RX, of the simplicial set X, is first described by Milnor in [74],
as the topological space obtained from the coproduct [ [, ~, Xn x A", where X, is supplied
with the discrete topology, factored by the equivalence relation generated by identifications
(Xa(x),t) ~ (x,ra(t)), for any morphism a: [n] — [m] in A, and any x € X,;, and t € A™.
This construction is later generalized by Segal [80], to the geometric realization functor

S:8Top — Top (1.11)
from the category ST op whose objects are simplicial spaces, which are defined by presheaves
Xeo: AP — Top

with values in the category Top of topological spaces, where each X, is a topological space.
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There are several different ways to characterize those simplicial sets which arise as
nerves of categories, and the most of this (equivalent) ways rely on the Quillen closed
model structure on the category SSet of simplicial sets. Simplicial sets which are fibrant
objects for the closed model structure on SSet are called Kan complexes, and they are
characterized by certain horn filling conditions describing their exactness properties. This
conditions for a simplicial set X, explicitly use a simplicial kernel K, (X,) in dimension n

Kn(X.) = {(:L’o,:l)l, ey Ty Ty ,xn_l,:cn)]di(xj) = j_l(l'i),i < j} - XZ—_’—ll

which is interpreted as the set of all possible sequences of (n-1)-simplices which could
possibly be the boundary of any n-simplex. There exists a natural boundary map

On: Xn — Kn(Xo) (1.12)

which takes any n-simplex z € X, to the sequence 9, (z) = (do(x), d1(x),...,dp—1(x),dn(x))
of its (n-1)-faces. The set /\ﬁ(X.) of k-horns in dimension n

k
AN(Xe) = {(o, 21, -, Tpet, Tpr1, - 1, ) i) = djoa ()8 < jyiy j # K} C X7y

n

is the set of all possible sequences of (n-1)-simplices which could possibly be the boundary
of any n-simplex, except that we k*" face is missing. The k-horn map in dimension n

pfl(%)l Xp — /\]:L(X.) (1.13)

is defined by the composition of the boundary map (1.12), with the natural projection
@ (z): Ko(Xe) — /\’:L(X.), which just omits the &' (n-1)-simplex from the sequence.
Then we say that for X, the k** Kan condition in dimension n is satisfied (exactly) if the
k-horn map (1.13) is surjection (bijection). If Kan conditions are satisfied for all 0 < k < n
and for all n, then we say that X, is a weak Kan complex, and if Kan conditions are satisfied
for extremal horns as well 0 < k < n and for all n, then we say that X, is a Kan complez.

One of the above mentioned characterizations of nerves of categories, first observed
by Street, is that the simplicial set X, is the nerve of a category if and only if it is
a weak Kan complex in which the weak Kan conditions are satisfied exactly. Weak Kan
complexes were introduced by Boardman and Vogt [19] in their work on homotopy invariant
algebraic structures. These objects are fundamental in the recent work of Joyal [53], which
is so far the most advanced form of the interplay between the category theory and the
simplicial theory. He even used the name quasicategory, instead of the weak Kan complex,
in order to emphasize that “most concepts and results of category theory can be extended
to quasicategories”. Joyal introduced different closed model structure on SSet, called the
model structure for quasicategories, in which quasicategories are fibrant objects. In the
language of quasicategories, Lurie recently formulated his work on higher topoi in [69] in
which he also extended a considerable amount category theory to quasicategories.
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Similar characterization of nerves of groupoids leads to the fundamental simplicial ob-
jects introduced by Duskin in [30]. An n-dimensional Kan hypergroupoid, is a Kan complex
X, in which Kan conditions (1.13) are satisfied exactly for all m > n and 0 < k < m. Glenn
used the name n-dimensional hypergroupoid in [36] for any simplicial set in which Kan con-
ditions are satisfied exactly above dimension n, while Beke called them in [16] exact n-types,
in order to emphasize their homotopical meaning. These simplicial sets morally play the
role of nerves of weak n-groupoids, which is known to be valid for small n. Consequently,
a simplicial set X, is the nerve of a groupoid if and only if it is a 1-dimensional Kan
hypergroupoid, and similar characterization holds for nerves of bigroupoids.

Bigroupoids and bicategories, introduced by Bénabou [15] in 1967, are weakest possible
generalization of ordinary groupoids and categories, respectively, to the immediate next
level. In a bicategory (bigroupoid), Hom-sets become categories (groupoids) and the com-
position becomes functorial instead of functional. This changes properties of associativity
and identities which only hold up to coherent natural tsomorphisms. The coherence laws
which this natural isomorphisms satisfy, are the deep consequence of the process called
categorification, invented by Crane [26], [27], in which we find category theoretic analogs of
set theoretic concepts by replacing sets with categories, equations between elements of the
sets by isomorphisms between objects of the category, functions by functors and equations
between functions by natural isomorphisms between functors.

The categorification become an essential tool in many areas of modern mathematics.
By generalizing algebraic concepts from the classical set theory to the context of higher
category theory, Baez developed a program of higher dimensional algebra in an attempt
to unify quantum field theory with traditional algebraic topology. The algebraic concepts
which arose from this program include braided monoidal 2-categories [4], 2-Hilbert spaces
[5], 2-Tangles [7], 2-groups [8], and Lie 2-algebras [9]. Bartels developed a concept of a
principal 2-bundle with the structure 2-group [13] and Baez and Schreiber used this concept
in order to develop a higher gauge theory [10], [11] which describes the parallel transport
of strings using 2-connections on principal 2-bundles, as the categorification of the usual
gauge theory which describes the parallel transport of point particles using connections on
principal bundles. Vector 2-spaces arose as a categorification of vector spaces in the work
of Kapranov and Voevodsky [61], and they were used by Baas, Dundas and Rognes [2],
who defined vector 2-bundles in a search for a geometrically defined elliptic cohomology.
Later, Baas, Bokstedt and Kro used topological bicategories and vector 2-bundles [3] in
order to develop 2-categorical K-theory as the categorification of the usual K-theory.

Another essential tool which we use in the thesis is an internalization. This is a process
of generalizing concepts from the category Set of sets, which are described in terms of sets,
functions and commutative diagrams, to concepts in another category £ by describing them
in terms of objects, morphisms, and commutative diagrams in £. The internalization of the
particular algebraic or geometric structure in the category £ rely on exactness properties
of £ needed to describe corresponding commutative diagrams. Therefore, the choice of the
category &£ will depend on the algebraic or geometric structure one wants to describe.
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The most natural choice for an internalization and a categorification of algebraic and
geometric structures is a topos, which is according to Grothendieck, the ultimate gener-
alization of the concept of space. Topos theory has its origins in two separate lines of
mathematical development, sheaf theory and the categorical foundations of the set theory.

The sheaf theory was born in the work of Leray in 1945, and it become an essential tool
for a cohomology theory of non-simply connected spaces by providing an axiomatization
of "local coefficient system”, mostly within the context of algebraic topology. The usual
notion of a sheaf on a topological space X used the topology of open subsets of the space
X. But it was soon discovered by Grothendieck, that in the context of algebraic geometry,
the topological notion of sheaf was not entirely adequate. Motivated by the Galois theory
and Serre fibrations, he replaced the usual topology of topological spaces, by the more
general Grothendieck topology [1] of categories, and he invented a generalized notion of a
sheaf over a site, which is a category supplied with a Grothendieck topology. He defined
the Grothendieck topos as the collection of all sheaves over a fixed site, and these objects
were central in the development of étale cohomology, built up during the ”Seminaire de
Géometrie Algébrique du Bois Marie” held during 1963-1964 by Grothendieck with the
assistance of Artin, Giraud, Verdier and others at Institut des Hautes Etudes Scientifiques.

The second line of development of the topos theory can be traced to the Freyd-Mitchell
embedding theorem for abelian categories, which showed that there exist a set of elementary
axioms implying all the finitary exactness properties of module categories. But the true
development started with Lawvere’s pioneering paper [65], setting out a list of elementary
axioms which were sufficient to characterize the category Set of sets. Then he began to
investigate an idea that the two element set {true, false} in the category Set of sets can be
seen as an ”object of truth-values” in Set. In his subsequent paper [66], Lawvere observed
that a presence of an ”object of truth-values” ) in an arbitrary category &, reduces the
comprehension axiom (which essentially says that given a property, there is a set consisting
exactly of the elements having that property) to an elementary statement about adjoint
functors. Gray described analogous result [39] in the category Cat of small categories.

One of the most important results of the Seminaire de Géometrie Algébrique (SGA)
was the famous Giraud’s theorem, which characterized Grothendieck toposes purely by
exactness properties and size conditions of categories. This exactness properties says that
any Grothendieck topos is an exact category, that is a finitely complete category with
pullback stable coequalizers and effective equivalence relations. Exact categories were
defined by Barr [12] who used them as the basis of a non-additive embedding theorem,
which represents the first coming-together of the two lines of development of the topos
theory. Barr observed that Giraud’s theorem may be seen as tittle more then a special
case of his embedding theorem. One consequence of Barr’s embedding theorem is that for
any small exact category &, there is a family of left exact epimorphism preserving functors

F;: & — Set (1.14)

which are collectively faithful and collectively limit and epimorphism reflecting.
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By an additional stage of abstraction, Lawvere and Tierney began to investigate the
axiom of existence of truth value object 2 in any category, after Lawvere observed that
every Grothendieck topos has such an object, which was later called a subobject classifier.
In a finitely complete category £, a subobject classifier is a monomorphism true: 1 — €,
such that any monomorphism ¢: S — X is a pullback

[ true

X

Q

by the unique morphism ¢: X — €, called a classifying morphism of a subobject S.
Lawvere and Tierney proposed a concept of a magnificent simplicity, an elementary topos,
which is a finitely complete category &£ together with a subobject classifier 2 in &, in
which any object X of £ is exponential. An object X in a finitely complete category & is
exponential if the functor

Xx:E—E&

which takes any object Y in £ to the product X x Y, has a right adjoint.

We could have chosen any topos as a carrier for an internalization and a categorification
of algebraic and geometric structures which we describe in the thesis. Most of mathematical
structures are described in terms of axioms, operations and relations. A first order formula
¢(x1,...,xy,) is called geometric formula, if it is built up from atomic formulas by using
conjunction, disjunction and existential quantification. For any kind of a mathematical
structure, which can be described by geometric formulas, there exists a classifying topos,
which we will illustrate later on an example of a topos of presheves on a small category.
All hypotheses and desired conclusions in the thesis can be phrased in the language of sets,
membership, ordered tuples and projections, and unions and intersections, in the syntax of
geometric logic. By results of Joyal, Deligne and others, the theorems whose hypotheses and
conclusions can be phrased in finitary geometric logic, and even in a countable geometric
logic by results of Makkai and Reyes [72], stay valid in an arbitrary topos.

However, we decided to choose exact categories, and sometimes even more general
finitely complete categories, as an ambient for the description of our algebraic and geometric
structures. For any diagram in an exact category &£ involving finite limits and coequalizers
we can apply arbitrary limit and epimorphism preserving functor F': £ — Set which yields
a diagram in Set with the same limits and epimorphisms as the original diagram. Another
consequence of Barr’s embedding theorem (1.14), which we will use in the thesis, is that
any conclusion one may come to about the diagram in a category Set of sets must hold
also for an original diagram in an exact category €. Therefore, all proofs in the thesis will
be done in the category Set of sets, without loosing generality for exact categories.
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Let us now describe the content and the main results of the thesis which is divided
in two main parts. After the introduction, Part II is a recollection of the well known
one-dimensional theory of (internal) categories and their relation with (internal) simpli-
cial objects. On the other side, Part III describes a two-dimensional theory of (inter-
nal) bicategories and their relation with (internal) simplicial objects and pseudo simplicial
categories, obtained by the categorification and the internalization of the corresponding
one-dimensional theory.

In Chapter 2 we recall some basic simplicial methods which we will extensively use in
the thesis. Most of this material is standard and can be found in a classical book [73]
by May, or in a modern treatment in [37]. However, we also recall some more exotic
endofunctors on a category SSet of simplicial sets, such as the n-Coskeleton Cosk™ and
the shift functor or décalage Dec which can be find in [29]. Actions and n-torsors over n-
dimensional Kan hypergroupoids are defined by Glenn in [36] using simplicial maps which
we call exact fibrations. A simplicial map Ae: E¢ — B, is an exact fibration in dimension
n, if for all 0 < k < n, the diagrams

En >\7L Bn
Pr P
AE(&) — NE(B.)

are pullbacks. It is called an exact fibration if it is an exact fibration in all dimensions.
At the end of this chapter, we describe two crucial concepts from [36] which we will use
later in the thesis. An action of the n-dimensional hypergroupoid B, is given in Definition
2.13 as a simplicial map Ae: Ps — Bo which is an exact fibration for all m > n, and an
n-dimensional hypergroupoid n-torsor over X in £ is given in Definition 2.14 as a simplicial
map Ae: Pe — B, such that P, is augmented over X, aspherical and n — 1-coskeletal.
Chapter 3 is a review of internal categories and groupoids and Chapter 4 describe their
relation with internal simplicial objects via the nerve functor. In Chapter 5, Definition 5.1
recalls an action of an internal category C on an object E in a finitely complete category £

E Ch
@ E (1.15)
Co
given by an action morphism
Qg EXCO Cl — F (116)

satisfying the usual axioms for quasiassociativity, identity and equivariance of the action.
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In Theorem 5.1 we show how one associates to an action (1.15) an action category €<C,
and we give a proof in Proposition 5.1 that a naturally induced internal functor

P:£4C—C (1.17)

is a discrete fibration. At the end of this chapter, we describe two important results from
[36], whose categorified versions will be the main results of the thesis. When action (1.15)
is restricted to an action of the groupoid G, we provide a simplicial characterization of an
action (1.15) in Theorem 5.3 where we prove that the nerve of the canonical projection
functor (1.17) is a simplicial action of the 1-dimensional Kan hypergroupoid G which is
the nerve of G. Also, in Theorem 5.4 we state the result from [36], that the the action of
the groupoid G is principal, if the corresponding simplicial map is a simplicial 1-torsor, in
the sense of Glenn.

Chapter 6 recalls how a small fibration corresponding to an internal category is con-
structed in Theorem 6.1. Although this result is well known, its proof is hard to find in
the literature but it will provide a good basis for categorification methods developed later
in Chapter 11 in the construction of a small 2-fibration.

The two dimensional theory in Part III starts with a Chapter 7 where definitions of
a bicategory, their homomorphisms, pseudonatural transformations and modifications are
given as they were defined by Bénabou in his classical paper [15]. Then Chapter 8 describes
the Duskin nerve for bicategories as a geometric nerve defined by the singular functor of
the fully faithful embedding

i: A — Bicat (1.18)

of the skeletal simplicial category A into the category Bicat of bicategories and strictly
unital homomorphism of bicategories, constructed by Bénabou in [15]. This embedding
regards any ordinal [n] as the locally discrete 2-category, in the sense that Hom-categories
are discrete, so there exist only trivial 2-cells. We show that the Duskin nerve functor

Ny: Bicat — SSet (1.19)

is fully faithful in Theorem 8.1 based on the result that the geometric nerve provides a
fully faithful functor on the category 2 — Clat;,, of 2-categories and normal lax 2-functors
given in [17]. The sets of n-simplices of the nerve NoB of a bicategory B are defined by
Hompijcat(i[n], B), which were explicitly described by Duskin [32] in a geometric form.

In Chapter 9 we recall how internal bicategories were defined by Bénabou in [15] and
Chapter 10 shows how we can associate to any (internal) bicategory B a pseudosimplicial
category, which may be sees as a supercoherent nerve following Jardine [49]. Then in Chap-
ter 10 we introduce the first new concept in the thesis, a small 2-fibration corresponding
to an internal bicategory, and in Theorem 11.1 we state the more general result which
says that a small 2-fibration is an example of a fibration of bicategories, whose definition
is proposed by Hermida in [44].
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The first explicit definition of the second nonabelian cohomology with coefficients in a
bicategory B is given in Chapter 12, following a general approach described by Street in
[82]. We give an explicit description of the bicategory of 2-descent data in Theorem 12.1,
which Street calls a cohomology bicategory of X with values in a bicategory B. Then in
Definition 12.1 we define the second nonabelian cohomology H? (U, B) with coefficients in B

H2(U, B) = Desca(E(U, B)) (1.20)

as the bicategory of 2-descent data which corresponds to the cosimplicial bicategory (U, B)
naturally defined by a covering U of a topological space X, and a small 2-fibration corre-
sponding to B.

In Chapter 13, we introduce the second new concept of the thesis, action of a bicategory
in Definition 13.1 as a categorification of an action of a category. For an internal bicategory
B given by a bigraph in a finitely complete category £, and an internal category P

P By
t LS t1 S1
j2) B (1.21)
Ao to S0
By

together with the momentum functor A: P — By to a discrete category By of objects of
the bicategory B, an action functor

A:PXBO Bl—>73 (1.22)

is a categorification of an action (1.16) of the category. We introduce coherence laws
for this action, which express the fact that categories with an action of the bicategory B
are pseudoalgebras over a pseudomonad [45], [63], [67] naturally defined by B. We give a
description of an Eilenberg-Moore 2-category of actions of the bicategory B, without details
of the construction for corresponding pseudoalgebras over a pseudomonad. For each action
(1.21) of a bicategory B on a category P, we define the third new concept in the thesis,
an action bicategory P < B whose construction is given in Theorem 13.2. Then we see in
Proposition 13.1 that an action bicategory P < B comes with a canonical projection

A:PaB—B (1.23)

to the bicategory B, which is a strict homomorphism of bicategories.



1 THE INTRODUCTION 18

In Chapter 14 we define the fourth new concept in the thesis, and our main geometric
object - a bigroupoid 2-torsor. In Definition 14.2 we define a bigroupoid 2-torsor as a bundle
of groupoids 7: P — X over an object X in the category &£, for which the induced functor

(PTl,A)2PXBO B1 —>P><Xp (1.24)

for an action (1.21) is a strong equivalence of groupoids. This means that this functor
has a weak inverse, whose nontrivial component is given by the division functor, which we
define as a categorification of the usual divison map corresponding to a principal action of
a groupoid, which Moerdijk called in [75] a cocycle valued in a groupoid. These objects
extend the well known theory of Grothendieck in the dimension n = 1 since bigroupoid 2-
torsors are equivalent to bigroupoid principal 2-bundles defined by the condition that these
are precisely groupoids which are locally equivalent to the trivial bigroupoid principal
2-bundle given by the target functor of the structure bigroupoid. The division functor
can be thought of as a generator of the cohomology class of P in the second nonabelian
cohomology H?(X, B), and in Theorem 14.1 we prove a classification of bigroupoid 2-torsors
by means of cohomology classes in H2(U, B). Then in Theorem 14.2 we outline an inverse
construction of gluing of trivial B-torsors by 2-cocycles, which would ultimately provide a
full classification of 2-torsors by classes in H?(X, B) the second Cech nonabelian cohomology

H*(X,B) = limH*(U, B) (1.25)

where such colimit of cohomology bicategories H?(U, B) is taken over the cofiltered category
[Cov?] of Cech 2-covers, described by Beke in [15].

The first main result of the thesis is Theorem 15.1 in Chapter 15 which proves that
for an action (1.21) of an internal bigroupoid B on groupoid P, the simplicial map A, =
Ny(A): Q¢ — Be which arise as an application of a Duskin nerve for bicategories (1.22) on
a canonical homomorphism of bicategories (1.23) is a (simplicial) action of the bigroupoid
B on the groupoid P, i.e. it is an exact fibration for all n > 2.

The second main result of the thesis is Theorem 15.3 which proves that for any B-2-
torsor P over X, the simplicial map Ae = Na(A): Qo — B, is a Glenn’s 2-torsor, which is
an internal simplicial map Ae: P — B, in S(&), which is an exact fibration for all n > 2,
and where P, is augmented over X, aspherical and 1-coskeletal (P, ~ Cosk!(P,)).

We would like to emphasize why we think that these results and the theory of 2-torsors
developed in the thesis might be important.

Most of the classical cohomology theories have had associated with them some sort
of an intrinsic interpretation theory only in low dimensions. However, any such generally
satisfactory theory in high dimensions, which would provide such interpretation by intrinsic
cohomological classification, remained elusive for a long time. It is the intention of this
thesis to remedy this, by proposing a unified treatment of nonabelian cohomology theory,
using the theory of 2-torsors and their simplicial interpretation as the basis of the theory
of nonabelian higher torsors.
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Let U: & — B be a functor together with a left adjoint F': B — £ and an adjunction
F:B—=¢&:U (1.26)

given by the unit n: Idg — UF and the counit e: FU — Id¢ natural transformation
(satisfying coherence conditions described by two triangle identities). Then these data
may be used to produce an augmented simplicial object in £

€ d do %do
X X G(X) <d_OG2(X) dgcﬁm == G(X) (1.27)
1 5 < ds

which defines a standard G-resolution of the object X in £ as an object G%.(X) — X in
the category Saug(€) of internal augmented simplicial objects £. From the diagram (1.27)
we see that the n-simplices G*(X),, of the augmented simplicial object G*(X) are defined
by G*(X), = GoG...0G(X) = G"TY(X) for any n > —1 with G°(X) = X, and G = FU.
Then the n'" comonadic cohomology H, &(X,m) of X corresponding to an adjunction (1.26),
with coefficients in an abelian group 7 in € is defined as the n” cohomology

HA(X,7) = H"(XHomg(G*(X),n)) (1.28)

of the cochain complex XHompg(G®*(X), ) associated to the cosimplicial abelian group
Hompg(G*(X),r). This cosimplicial abelian group may be seen as the restriction of a
small 2-fibration Fyz(r): F¥2(n) — & (11.10) associated to the strict 2-groupoid ¥?(7)
whose nerve is given by an internal simplicial Eilenberg-MacLane object K(m,n) in S(€).

Now, by using main objects and results of the nonabelian cohomology theory, as it is
developed in the thesis in dimension n = 2, we extend the ”triple” or comonadic coho-
mology theory outlined in [28] and further developed in [29] by Duskin, for an equivalent
interpretation of (1.28). An abelian 2-cocycle in H"(XHompg(G*(X),))

a:GI(X)—T (1.29)

is identified with an object in the bicategory H2(G*(X), ¥2(7)) of 2-descent data (12.3),
represented by the same 2-cocycle. This correspondence allows us to introduce the n'*
nonabelian comonadic cohomology HJ (X, B) of an object X with coefficients in a weak
n-groupoid B in &£ by

HE(X, B) = Desc™(FBge(x)) (1.30)
a weak n-groupoid of n-descent data of a cosimplicial weak n-groupoid Homg(G*(X), FB).
This is just the restriction to the standard G-resolution G*(X) of the object X in &, of a

small n-fibration

Fg: FB — & (1.31)

associated to the weak n-groupoid B in £, which naturally generalize the small 2-fibration
(11.10), for an arbitrary n.
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The (generalization of the) correspondence between 2-torsors and corresponding 2-
cocycles from Theorem 14.1 may be seen as the part of the characteristic n-cocycle weak
n-functor

ZAL(X,B): TORS{}qC(X, B) — HX(X,B) (1.32)

from the weak n-groupoid TORSyq.(X, B) of n-torsors under the weak-n-groupoid B and
their quasicoherent weak n-functors, to the cohomology weak n-groupoid HM(X,B) [82]
admits a left weak-n-adjoint right inverse

S(X,B): HA(X, B) — TORS}, (X, B) (1.33)

which we will call the standard n-torsor weak-n-functor. The cohomology weak n-category
HZ (X, A) should be interpreted by the weak n-category

HE(X,B) ~ TORSy.(X, B) W1 (1.34)

of fractions, which in dimension n = 1 correspond to the Gabriel’s localization C)W™!] of
the category C (see [34]), and in dimension n = 2 to the bicategory B[W~!] of fractions of
a bicategory B introduced by Pronk in [76], with respect to the class W of quasicoherent
weak n-functors. It would follow then that the cohomology weak n-groupoid Hp(X, B)

Homg(X, B) n=0

HE(X,B) ~ { TORS|X.5) no 1 (1.35)

where Homg (X, B) is (the fiber over X of) the small n-fibration corresponding to a weak
n-category A, and TORS}[X, B] is the set mo(TORS; (X, B)) of n-equivalence classes of
the n-stack TORS}; (X, B) of n-torsors under 3.

A weak k-groupoid HE (X, A) for 0 < k < n is defined by the fiber over X of an
associated (n — k)-tuply weakly monoidal k-stack Assk_, (A) for a weak n-category A

LY(A)x ~ Homg (X, A) k=0
HE(X,A) = LF(A)x ~ AssF_ (A)x 0<k<n (1.36)
L"(A)x ~ TORS™:(X, A) k=n

where L: Fib, — St" is a left n-adjoint to an inclusion J: St" — F'ib, of n-stacks St"
into fibered weak n-categories F'ib,,.

For strict 2-groupoids, it is known that these are equivalent to crossed modules of
groupids. Therefore for any strict 2-groupoid G there exists an equivalence

H5(X,G) ~ TORSY(G)x (1.37)

where TORS'(G)x is the fiber over X of a gpd-stack TORS'(G) of 1-torsors under the
corresponding crossed module G of groupids. In the case of the strict 2-group G, objects
in the corresponding associated gr-stack are explicitly described by Jurco in [57], where he
called them crossed module G-bundles. Also, Jurc¢o described [57] objects in corresponding
associated 2-stack of G under the name crossed module bundle gerbes.
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To conclude the introduction, let us give a few words on some of the things which are
not contained in the thesis but they are naturally connected with its main results.
Although we mainly used methods of higher category theory or higher dimensional
algebra, there is a different approach to the theory of torsors, motivated by the homotopy
theory, which we didn’t use in the thesis. At the heart of this approach is the fact that the
classifying space functor
B: Cat — Top (1.38)

defined as the composition of the nerve functor (1.2) followed by the geometric realization
functor (1.10) is a fundamental construction of algebraic topology and algebraic K-theory.
Quillen defined in [78] higher algebraic K-theory by taking higher homotopy groups of the
classifying spaces of suitably defined categories. His construction raised interest in the
relation between categories and homotopy types of their classifying spaces since it became
apparent that classifying space functor (1.38) transports categorical coherence to homo-
topical coherence. Quillen’s work was followed by Thomason’s result in [83] who shown
that after an application of the other fundamental homotopy construction, the homotopy
colimit to the diagram of categories, the result has the homotopy type of the Grothendieck
construction applied to the diagram. Bullejos and Cegarra used these results as the basis
for their proof that geometric realizations of geometric nerves are classifying spaces for
(strict) 2-categories in [22] and (weak) monoidal categories in [23]. Such classifying spaces
are defined by the functor

B: Bicat — Top (1.39)

which is the composition of the Duskin nerve functor (1.19) for bicategories followed by
the geometric realization functor (1.10).

Consequently, the classifying space construction became the main source of homotopy
classification theorems for objects with a specified geometrical or topological structure.
The generalization of the Schreier theory of extensions of groups, done by Breen in [21],
Ulbrich in [84] or Blanco, Bullejos and Faro in [18] was used by Cegarra and Garzon in
[25] to obtain the cohomological classification of categorical torsors. Along these lines, it
would be natural to obtain the cohomological classification of topological bigroupoid 2-
torsors by extending the classical result which says that for any topological group G and
any C'W-complex X there exists a natural bijection

HY(X,G) ~ [X, BG] (1.40)

between the set [X, BG| of homotopy classes of maps from X to the classifying space BG
and the set H'(X,G) of isomorphism classes of G-torsors over X. The analog of (1.40)
would be a natural bijection

H*(X,B) ~ [X, BB (1.41)

between a set H?(X, B) of equivalence classes of B-torsors and a set [X, BB] of homotopy
classes of maps from X to the classifying space BB of a topological bigroupoid B.
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The systematic study of homotopy theory in an arbitrary Grothendieck topos £ was
initiated by Joyal and Tierney in [55] and [56] were they developed a theory of classifying
spaces for sheaves of simplicial groupoids, or more precisely, sheaves of groupoids enriched
in simplicial sets. This theory was based on their discovery in [54] of a Quillen closed model
structure on the category of internal categories Cat(€) and internal groupoids Gpd(€) in
a Grothendieck topos &.

Jardine shown in [52] that the Joyal-Tierney theory has an analogue for presheaves K
of groupoids enriched in simplicial sets. Earlier, he proved in [48] that for any sheaf of
groups G on a Grothendieck site C, the set H'(C,G) of isomorphism classes of G-torsors
is in bijective correspondence with the set of morphisms hogg)(*, BG@G) in the homotopy
category of the category S(&) of simplicial sheaves, where £ is a Grothendieck topos Sh(C).
Following this result, he proved that the set of morphisms hoS(CAop)(*, BK) in the local
homotopy category of simplicial presheaves is in bijective correspondence with the set of
path components of a category of K-torsors, where K-torsors are K-diagrams which have
trivial homotopy colimits.

In this context, the most general torsors for a presheaf of categories enriched in sim-
plicial sets is given by Jardine in [51], see also [50]. He also gave homotopy classification
results for A-torsors, in a wide variety of settings which includes motivic homotopy theory.
To relate these results to our classification of 2-torsors, one should first note that any strict
2-category C can be seen as a category C enriched in simplicial sets, by taking the nerve
of the category C; of morphisms as the simplicial set of morphisms of C. In this special
case, one could possibly relate Jardine’s results with the classification of strict 2-category
2-torsors. However, the main results in [51] is a bijection

mo(Torsy) ~ [, dBA]

which classify it the set mo(T'ors4) of isomorphism classes mo(Tors4) of torsors for a for
a presheaf A of categories enriched in simplicial sets. On the other side, our classification
takes into account higher dimensional information by means of it the bicategory H?(X, B)
which would correspond to Jardine’s set of of isomorphism classes of torsors after an ap-
plication of 7y functor.



Part 11
One-dimensional theory
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2 Simplicial objects

In this section we will review some standard notions from the theory of simplicial sets.
Most of the statements and proofs may be found in standard textbooks, such as [37] or
[73].

Definition 2.1. Skeletal simplicial category A consists of the following data:
e objects are finite nonempty ordinals [n] = {0 <1 < ... < n},

e morphisms are monotone maps f: [n] — [m], which for all i,j € [n] such that i < j,

satisfy f(i) < f(j).

We also call A the topologist’s simplicial category, and this is a full subcategory of the
algebraist’s simplicial category A, which has an additional object [—1] = (), given by a zero
ordinal, that is an empty set.

Skeletal simplicial category A may be also given by means of generators given by the
diagram

B 02 9
[0] 3 1] = 2] = 3]

and relations given by the maps 9;: [n — 1] — [n] for 0 < i < n — 1, called coface maps,
which are injective maps that omit ¢ in the image, and the maps o;: [n] — [n — 1] for
0 <1¢<n—1, called codegeneracy maps, which are surjective maps which repeat ¢ in the
image. These maps satisfy following cosimplicial identities:

ajﬁi = aﬁj,l (Z < ])

00 = 0041 (i <7)

O'jai = 81'0'3',1 (Z < ])
UjaiZid (i:j,i=j+1)
O'jai = 8i0'j+1 (Z > 7+ 1)

We will use the following factorization of monotone maps by means of cofaces and
codegeneracies.

Lemma 2.1. Any monotone map f: [m| — [n] has a unique factorization given by

_ an qn—1 n—s+1 _m—t m—2 __m—1
[=0.00"...00 PR e,

where 0 < iy <ig_1 < ... <11 <N, 0< <1 <...<j1<mandn=m—1t+s.

Proof. The proof follows directly from the injective-surjective factorization in Set and sim-
plicial identities. O



2 SIMPLICIAL OBJECTS 25

Definition 2.2. Simplicial object Xo in a category C is a functor X : A°? — C. This is
an object of the category S(C) whose morphisms are natural transformations, which we call
internal simplicial morphisms. In the case when the category C = Set is the category of
sets (in a fized Grothendieck universe), then we call Xo a simplicial set, and we denote the
corresponding category of simplicial sets by SSet.

Thus we can view a simplicial object X, in C as a diagram

dy da <L
X, X, Xo X;...
do do < do

in C, where we denoted just extremal face operators, and left the signature for inner face
operators, and degeneracies.
Then the following simplicial identities hold:

didj = dj_ldi (Z < ])

5i8j = 8j415i (i <j)

dz‘Sj = Sj_ldz' (Z < ])

dis; = id (i=ji=j+1)
diSj = Sj_:,_ldi (Z > 5+ 1)

where d; := X (0;) and s; := X (0;).

Definition 2.3. An augmented simplicial object Xo — X_1 in a category C is a func-
tor X: A? — C. This is an object of the category S,(C) whose morphisms are natural
transformations, which we call simplicial maps of augmented simplicial objects.

In order to define basic endofunctors on the category S(C), which we will use in the
thesis, we first need to describe the process of a truncation of internal simplicial objects.
For any natural number n, we have the full subcategory A,, of the simplicial category A,
whose objects are the first n + 1 ordinals. Then we have the following definition.

Definition 2.4. Let X, be a simplicial object in C. An n-truncated simplicial object tr,(X,)
in a category C is a functor Xi,: AyY — C given by the precomosition with an embedding
in: Ap — A. This is an object of the category S™(C), and we have an n-truncation functor

tr": S(C) — S™(C)

from the category Ss(C) of simplicial objects in C, to the category Ss™(C) of n-truncated
simplicial objects in C.

If C is a finitely complete category, an n-truncation functor ¢r": S(C) — S™(C) has a
right adjoint cosk™: S™(C) — S(C), and if C is a finitely cocomplete category, it has a left
adjoint sk™: S"(C) — S(C).
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The corresponding comonad Sk™ = sk™tr": SSet — SSet for C = Set is easy to
describe. For any simplicial set X,, its skeleton Sk™(X,) is a simplicial subset of X,,
which is identical to X, in all dimensions k < n, and has only degenerate simplices in all
higher dimensions.

The monad Cosk™ = cosk™tr™: S(C) — S(C) is described by the simplicial kernel.

Definition 2.5. The n'* simplicial kernel of the simplicial object X, is an object K, (X,)
in C, together with morphisms prj: K,(Xe) — X,—1 for j = 0,...,n, which is universal
with respect to relations d;prj = pr;j_1d;, for all 0 <1 < j < n.

Now, let we describe in more detail the monad Cosk™ = cosk™tr™: SSet — SSet in
the case C = Set, that is when we deal with simplicial sets.
The simplicial kernel of the simplicial set X, in dimension n is a set K,,(X,) defined by

Kn(X.) = {(l’o,.Tl, N TIRIR 17 RN 7xn—l,xn)|di($j) = j—1(33i),i < j} - Xgirll

so that we can interpret it as the set of all possible sequences of (n-1)-simplices which could
possibly be the boundary of any n-simplex. If x € X,, is an n-simplex in a simplicial set
X, its boundary 0, (x) is a sequence of its (n-1)-faces

On(z) = (do(x),d1(x), ..., dp—1(x),dn(x)).

Then, for the simplicial set X,, the simplicial set Cosk™(X,) is identical to X, in all
dimensions k < n, and the set of (n+1)-simplices of Cosk™(X,) is defined by

Cosk™(Xe)nt1 = Knt1(Xo)

while the face operators are given by the projections d; = pr;: Kp4+1(Xe) — X, for all
0 <i <n+1. All of the higher dimensional set of simplices of Cosk™(X,) are obtained
just by inductively iterating the simplicial kernels

Cosk™(Xe)nto = Knia(tr" 1 Cosk™(X,))

and so on.

From the universal property of the n® simplicial kernel K,,(X,), we have a canonical
morphism 6, = (do,d1,...,dn-1,dp): X5, — K,(X,), called the boundary of the object of
n-simplices, or briefly the nt"* boundary morphism.

The first nontrivial component of the unit n: Idss — Cosk™ of the adjunction is given
by (n + 1)"* boundary morphism

5n+1 = (d(), dl, ey dn, dn+1)2 Xn+1 — COSkn(X.)n_H = Kn+1(X.)

and we have following definitions.



2 SIMPLICIAL OBJECTS 27

Definition 2.6. We say that the simplicial object X4 in C is coskeletal in dimension n,
or n-coskeletal, if the unit n: Idsses — Cosk™ of the adjunction is a natural isomorphism.
Similarly, we say that the simplicial object Xo in C is skeletal in dimension n, or n-skeletal,
if the counit €: SK™ — Idgger of the adjunction is a natural isomorphism.

Definition 2.7. We say that the simplicial object Xo in C is aspherical in dimension n if
the n'" boundary morphism 6,: X,, — Kn(X,) is an epimorphism. If X, is aspherical in
all dimensions, then we say that it is aspherical.

In order to define Kan complexes later, we use another universal construction which
formally describe ‘hollow’ simplices, or simplices in which the k** face is missing.

Definition 2.8. The k-horn in dimension n of the simplicial object X4 is an object /\ﬁ(X.)
in C, together with morphisms p;: /\fL(X.) — X1 fori=0,...,n and i # k, which is
uniwersal with respect to relations d;p; = pj—1d;, for all0 <1 < j <n andi,j # k.

The set /\fL(X.) of k-horns in dimension n

k
AN = {(@0, 21, -, Tpet, Tt -+ T 1, )| i) = dja ()i < Gii,j # kY C Xpy

n

is the set of all possible sequences of (n-1)-simplices which could possibly be the boundary
of any n-simplex, except that we k" face is missing. Then for the simplicial set X,, the

k-horn map in dimension n
k

Ph(e): X — \(X2)

n

is defined by the composition of the boundary map 0,,: X,, — K, (X,), with the projection
() Kn(Xe) — /\fL(X.), and it just omits the k" (n-1)-simplex from the sequence.

If € X,, is an n-simplex, its k-horn pf () is defined by the image of the projection of
its boundary to the sequence of faces in which the k" face is omitted

(@) = (do(@),di(2), ..., d1 (@), diy1 (@), ., dp1 (@), dn ()
Let (20, @1,y Th—1,— Tha1y- - Tn—1,Tpn) € /\fl(X.) be a k-horn in dimension n. If
there exists an n-simplex x € X,, such that
pﬁ(‘/n) = (m07$17 e 7:Bk:—17 _7$k;+1a oo 71‘717171'77,)
then we say that n-simplex z is a filler of the horn.
Definition 2.9. Let X, be an simplicial object in the category C. We say that the k' Kan
condition in dimension n is satisfied for X, if the k-horn morphism

k
Ph(2): X, — A\(Xa)

n
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is an epimorphism. The condition is satisfied exactly if the above morphism is an isomor-
phism. If Kan conditions are satisfied for all 0 < k < n and for all n, then we say that X,
is a weak Kan complex. Finally, if Kan conditions are satisfied for extremal horns as well
0 <k <n and for all n, then we say that Xo is a Kan complez.

This condition can be stated entirely in the topos theoretic context by using the sieves

k
Al — Aln] — Aln]
in SSet, where A[n] is the standard n-simplex, which is just the simplicial set represented

by the ordinal [n]. The simplicial set A[n] is the boundary of the standard n-simplex which
is identical to standard n-simplex in all dimensions bellow n, and has only degenerate

simplices in higher dimensions. It is defined by the (n-1)-skeleton A[n] = Sk" 1(A[n]) of
the standard n-simplex. The simplicial set /\k[n] is the k-horn of the standard n-simplex,

which is identical to A[n] except that it is not generated by the simplex d: [n — 1] — [n].
Using the Yoneda lemma

Homggser(Aln], Xo) ~ Xp,
the n'" Kan condition says that for any simplicial map z: A"[n] — X., there exist a

simplicial map z: Aln] — X, such that the diagram

AMfn] — = X,

|

Aln]
comimutes.

Remark 2.1. The n'" Kan condition is equivalent to the injectivity of the simplicial set
X, with respect to monomorphisms N°[n] < Aln] for all 0 < k < n. In this terms,
Kan complex Xo is a simplicial set which is injective with respect to all monomorphisms

NFn] < Aln] for all 0 < k < n, and all n > 0.

Proposition 2.1. Fvery aspherical simplicial object Xo is a Kan simplicial object.

Proof. We will use the Barr embedding theorem and prove it in Set. Consider the diagram
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and a k-horn (xg,Z1,...,Tk—1, =, Thils.--sTn, Tnt1) € /\]ZH(X.). If there exists a filler
x € X,41 for which prH(m) = (20,21, Tk—1,—Tht1,---,Tn,Tnt1) then its k-face
di(x) = x, has a boundary uniquely determined by the simplices x; for i # k since

di(zp) = dr—1(x;) 0<i<k<n+1
Tk di(2is1) 0<k<i<n+1

and therefore (do(xy),d1(zk),...,dn—1(zk),dn(zr)) € K,(Xe). Since we supposed that
On: X5 — K,(X,) is an epimorphism, then such a simplex z; € X, really exists, and we
conclude that the morphism ¢, : K,11(Xs) — /\fl +1(X,) is also an epimorphism. But
this is true for all n, and it follows that p¥ ;: X, 11 — /\ﬁ +1(X,) is an epimorphism as a

composition of epimorphisms, and therefore X, is a Kan simplicial set. O

Remark 2.2. For any simplicial set Xo the simplicial kernel K1(Xs) in dimension 1 is
equal to the product K1(Xe) = Xo x Xo. For the augmented simplicial set Xo — X_1,
when we have K1(Xe) = Xo xx_, Xo. The set of k-horns is given by /\]f(X.) = Xo for
k= 0,1, and in each case maps p§: X1 — /\]f(X.) and qf : K1(X,) — /\lf(X.) are always
epitmorphisms.

Definition 2.10. A simplicial object Xo in C is said to be split if there exist a family of
morphisms Sp41: Xpn — Xpt1 for all n > 0, called the contraction for X, which satisfy
all the simplicial identities involving degeneracies. When a simplicial object is augmented
p: Xg — X_1 then the contraction includes also a morphism sq: X_1 — Xg such that

pso =tdx_, .

Remark 2.3. Any augmented split simplicial set Xq — X _1 may be seen as the simplicial
set Xo together with the homotopy equivalence de: Xo — K(X_1,0) to the constant simpli-
cial set K(X_1,0) which has X_1 at each dimension and the identity maps for faces and
degeneracies. This means that there exists a simplicial map se: K(X_1,0) — Xo such that
the composilions Sede >~ idx, and deSe = idK(X_l,o) are homotopic to respective identity
simplicial maps.

Proposition 2.2. Fvery augmented aspherical simplicial set Xo — X_1 is split.
Proof. The proof follows by induction. Let’s take any section sg: X_; — X and we assume

that we have the n'" contraction s,: X,,_1 — X,. Let ¢;(2): X, — Kn41(X,) be the it
degeneracy for the n'* simplicial kernel of X,, and we define ¢, 1(x): X, — Kn+1(X,) by

Gn+1(z) = (spdo(x), spdi(x), ..., Sndp_1(2), Spdy(x)).

Now let’s choose the splitting s: K,+1(Xe) — X,i1 of the (n 4+ 1)"* boundary map
On+1(x): Xpt1 — Kpi1(Xe), which is a surjection by assumption, such that s; = sg;
for all 0 <4 < n. Then the contraction s,+1: X;, — X,,4+1 defined by $,4+1 = sqn+1 satisfy
all the identities involving degeneracies since ¢n+1 = 0n+15Gn+1 = On+1Sn+1- ]
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An n-truncation functor has the extension to the augmented n-truncation functor
triv: Su(C) — S(C)

from the category S,(C) of augmented simplicial objects in C to the category S7(C) of
n-truncated augmented simplicial objects in C. Since C is finitely complete, it has a right
adjoint cosk]: S}(C) — S4(C), called the augmented n-coskeleton functor. If we regard any
augmented simplicial object X4 — X _1 in C as the ordinary simplicial object in the slice
category (C, X_1), then the augmented n-coskeleton functor becomes ordinary n-coskeleton
functor in the slice category (C, X_1).

Example 2.1. The category C may be identified with the category S;1(C) of -1-truncated
augmented simplicial objects in C, and the augmented -1-truncation functor tr;1: So(C) —
S, 1(C) assigns to any augmented simplicial object Xo — X_1 the object X 1 of C. Its
right adjoint is augmented -1-coskeleton functor cosk;': S;1(C) — S,(C) which assigns to

any object X in C the constant augmented simplicial object

id id id =
X X : X, X X...
id id T

denoted by K(X,0) — X.

Example 2.2. The category of morphisms CT of C may be identified with the category SO(C)
of O-truncated augmented simplicial objects in C, and the augmented O-truncation functor
tr%: 8.(C) — SY(C) assigns to any augmented simplicial object Xo — X_1 the morphism
d: Xo — X_1 of C. Its right adjoint is augmented 0-coskeleton functor coskl: S2(C) —
S.(C) which assigns to any morphism d: Xo — X_1 in C the simplicial kernel of the
morphism

pri2
d pri
Xo Xx_, Xo

pr2 pra3

X 1

Xo Xx_, Xo Xx_, Xo

denoted by cosk(Xg — X _1).

The corresponding monad and the comonad on the category S,(C) of augmented sim-
plicial objects in C are denoted by Cosky: So(C) — Su(C) and Sky: So(C) — S4(C) respec-
tively, in accordance with the case of nonaugmented simplicial objects in C.

Another important construction on simplicial objects is given by the so called shift
functor. For any simplicial object Xq in C), we restrict the corresponding functor X : A% —
C to the subcategory of A°? with the same objects, and with the same generators except for
the injections 0y, : [n—1] — [n]. If we renumber the objects in A, so that the ordinal [n—1]
becomes [n], we obtain a simplicial object in C, denoted by Dec(X,), which is augmented
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to the object Xq (or to the constant simplicial object Sk°(X,) in C) and is contractible with
respect to the simplicial map obtained from the family (s,),>0 of extremal degeneracies,
as is shown in the diagram

Xo Xo Xo Xo Sk (X,)
dOHSO d%“sg d%“sg dﬁ“sg DONSO
dy da -
Xy Xo X3 Xy Dec(X,) (2.1)
do do =<
S O OO S I
dq da -
Xo Xq Xo X3 Xe

where the simplicial map Sp: Sk°(X,) — Dec(X,) on the right side of the diagram is
defined by (So)n = (s0)™ = 5050 - - - S0, and the simplicial map Dy: Dec(X,) — Sk%(X,)
is defined by (Dg), = (dp)™ = dodp . . . do, for each level n. The other two simplicial maps
S1: Xe — Dec(X,) and Dy: Dec(X,) — Xo are defined by (S1), = s, and (D1), = dy
respectively.

The above construction extends to a functor

Dec: §(C) — S45(C)

from the category of simplicial objects in C, to the category Ss.s(C) of augmented split
simplicial objects in C. This functor has a left adjoint, given by the forgetful functor

U: Sa(C) — S(C)

which forgets the augmentation and a splitting. Thus, for any split augmented simplicial
object Aqg — A_; in Su(C), and any simplicial object X, in S(C), we have a natural
bijection

Oas,x.: Homs(c)(U(As), Xo) = Homs, (c)(As, Dec(X,))
which takes any simplicial map fo: U(As) — X, to its composite with the splitting

S0 S1 S2 53
A4 = Ap E Aq Ay As
> >l do > do >l do
\So\ - Lfo S J1s1 Lfl N J2s2 Lfg N J3s3
\\x d1 \\; da \\x ds =~

Xo X1 X5 X3
do do o

f3

as in the above diagram.
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In order to compare later our 2-torsors with Glenn’s simplicial 2-torsors we will recall
some basic definitions from [36].

Definition 2.11. A simplicial map Ae: Ee — Be is said to be an exact fibration in dimen-
sion n, if for all 0 < k < n, the diagrams

E,—2 B
AL(E) —— NE(B.)

are pullbacks. It is called an exact fibration if it is an exact fibration in all dimensions n.

Using the language of simplicial algebra, Glenn defined actions and n-torsors over n-
dimensional hypergroupoids. This objects morally play the role of the n-nerve of weak
n-groupoids, and we give their formal definition.

Definition 2.12. An n-dimensional Kan hypergroupoid is a Kan simplicial object Go in
E such that the canonical map G, — /\fn(G.) is an isomorphism for all m > n and
0<k<m.

Remark 2.4. The term n-dimensional hypergroupoid was introduced by Duskin [30], for
any simplicial object satisfying the above condition without being Kan simplicial object. One
of his motivational examples was the standard simplicial model for an Filenberg-MacLane
space K(A,n), for any abelian group object A in E. In [15], Beke used the term an exact
n-type to emphasize the meaning of these objects as algebraic models for homotopy n-types.

Definition 2.13. An action of the n-dimensional hypergroupoid is an internal simplicial
map Ne: Pe — Be in £ which is an exact fibration for all m > n.

Definition 2.14. An action Ae: Ps — Be is the n-dimensional hypergroupoid n-torsor
over X in £ if Py is augmented over X, aspherical and n-1-coskeletal (Py ~ Cosk™ 1 (P,)).
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3 Internal categories and internal groupoids

In this section we recall some basic notions from internal category theory, which are stan-
dard and can be find, for example, in a classical book by MacLane [70], or in a more modern
treatment in [71]. We will start by defining categories Cat(€) and Gpd(€) of internal cat-
egories and internal groupoids, respectively, in the category £ with finite limits. Although
we will not use any model-theoretic arguments, we describe the class of weak equivalence
which is a part of a closed model structure in categories Cat(€) and Gpd(E), discovered
by Joyal and Tierney in [54].

Definition 3.1. An internal category C in € consists of the following data:

two objects C1 and Cy called respectively the object of arrows and the object of objects,

two morphisms s,t: C1 — Cy called respectively the source morphism and the target
morphism,

e a morphism u: Cy — Cp called the unit morphism,

e a morphism m: Co — Cy from the object Co defined by the pullback

p2

Ca 1
p1 t
1 1

s

(which is in the discrete case when the category € is a category Set of sets, isomorphic
to the set C1 x¢, C1 :={(g, f) € C1 x C1: s(g) =t(f)}, and we denote m(g, ) = gf)

such that the following diagrams commute:

e left and right invariance law of the source and the target respectively:

pr1 pra
Cy Co Cy
m
t S
Cy

(in the case £ = Set for any (g, f) € C1x¢,Ch, this meanst(gf) = t(g),s(gf) = s(f))
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o left and right unit laws

(ut,z’dcl ) (id(;1 ,us)
1 C1 X¢, C1 1
m
ide, ide,
Cy

(in the case & = Set, for any f € C1, we have an identity w(t(f))f = f = fu(s(f))),

e the associativity law
mx1

Cs Cy
1xm m
Oy S

where an object Cs in £ is defined by the pullback

p23
C’3 CQ
P12 p1
C’Q P2 Cl

(in the case € = Set for any composable triple (h, g, f) € C1 x¢, C1 X¢, C1, i.e. any
triple which satisfy t(gs3) = s(g2),t(g2) = s(g1), we have the identity (hg)f = h(gf)).

Definition 3.2. An internal category G in & is an internal groupoid if there exists
e a morphism i: G1 — (GG1 called an inversion,
such that the following azxiom is satisfied:

e left and right inverse laws
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(i7idG1) (idGl 7i)

G1 G1 Xg, G1 G1 G1 Xa, G1
S m t m
G() ” Gl GO ) Gl

(in the case & = Set, for any g € C1, for which we denote g~* = i(g), the above two

diagrams give two identities g~'g = u(s(g)), 99! = u(t(g)), respectively).

Definition 3.3. Given two internal groupoids G and H in £, a homomorphism from
F: G — H, consists of the following morphisms:

e a morphism Fy: Gy — Hy,
e a morphism Fy: G1 — Hj,
such that the following axioms are satisfied:

o compatibility laws between the groupoid structures

P F Fo

G H,y Gy H, Go Hy
S S t t u u
Go o Hy Gy o Hy Gq 2 Hy
o functoriality law
FixF,
G1 xg, G1 ekt Hy xyg, Hy
m m
G ) H;

(in the case € = Set for any (g, f) € G1 Xg, G1, we have Fi(gf) = Fi(g)Fi(f)).
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Definition 3.4. An internal functor F: G — H in & is fully faithful if the diagram

G1 il H,

(t,s) (t,s)

G()XGO

Hy x H
FQXFQ 0 0

s a pullback, and it is essentially surjective if in the diagram where the square is a pullback

GO X Hy H; P H; s Hg

Go Fo Hy

the top composite spro: Go X g, Hi — Hy is an epimorphism in &.
If the functor F: G — H is both, fully faithful and essentially surjective, we call it an
essential equivalence or weak equivalence.

Definition 3.5. We say that two internal groupoids G and H in £ are Morita equivalent
if there exists a third groupoid KC and two weak equivalences as in the diagram

F F’

g K H

Definition 3.6. Let Fi, Fo: G — H be two homomorphisms of groupoids in £. A natural
transformation a: Fy = F5 is given by:

e a morphism a: Gy — Hy
such that the following axiom is satisfied:

e naturality law

(F2,as)

G1 Hy xp, Hy
(at,Fl) m
Hy xpgy H ——— H;

(in the case £ = Set, for any f: x — y in G1, we have a(y)F1(f) = Fa(f)a(x)).
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4 Nerves of categories

Any ordinal [n] = {0 < 1 < ... < n} may be seen as the category in which there exists a
(unique) morphism between ¢ and j if and only if ¢ < j and any monotonic map may be
seen as the functor between such categories. Thus we have a full embedding

1: A — Cat,
and the nerve of the category C is a simplicial set N(C)o defined via this embedding by

N(C)p := Homcat(i[n],C).

Thus the 0-simplices of N(C) are the objects of C and the n-simplices are given by com-
posable sequences of morphisms

te) i) T i> T ...Tp—2 fnot Tn—1 I Tn

in C. We will use the usual ”face opposite vertex” convention for simplices and for any
morphism f;: g — x1 in C, the source s(f1) is given by di(f1) = o and the target ¢(f1)
by do(f1) = z1. Then the face operators are defined by composing out i*” object

(fn7fn—17-'-7f37f2) 1=0
di(fn>fn71>-"7f2>f1): (fna"'7fi+1fi7"'af1) 0<i<n (41)
(fn—lafn—27"‘7f27f1) T=n
and the degeneracy operators are defined by
(fn7fn_17"'7f17id1’0) s=0
Si(fnvfnfla-"vf%fl): (f’na"'7fi+1>idziafia'-'>f1) 0<s<n (42)
(idz,,s s -5 f2, f1) s=n

expanding the i*" object by its identity morphism. Then it is easy to see that the simplicial
identities are either consequences of the construction or are equivalent to the associativity
and identity axioms for a category. For example, the associativity law is given by the
simplicial identity

didy = dyds

since for any three composable morphisms

Zo f1 1 f2 o f3 3

in C, we have an identity

didi(f3, f2, f1) = f3(faf1) = (f3.f2) f1 = dida(f3, fo, f1)
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and the left and right identity laws are given by simplicial identities
di1sg = id = di 81
since for any morphism f;: x9 — x1 we have an identity
diso(f1) = di(f1,idey) = frids, = fi = ida, f1 = di(ids,, [1) = d1s1(f1)

Since the Yoneda lemma applies also in this case, for any contravariant representable
functor denoted by A[n]: C°? — Set, we have

Homgget(Aln], N(C)s) ~ N(C)p,

and this allows us to interpret simplices of N(C)e in a more geometric way. The 0-simplices
are just described by vertices and 1-simplices are directed line segments

xoi>:c1

A typical 2-simplex Zo L 1 LN Z2 may be geometrically described by the triangle

Z2
X T
0 i 1

and a typical 3-simplex Zo L 1 L2 T2 fs T3 may be geometrically described by
the tetrahedron
z3
fafaf1 /3
x x
0 faf 2
faf2
fi fa
1

and in this way it is easy to read off faces of such geometric simplices using ”face opposite
vertex” convention. For example, the last triangle is clearly ds face of the above tetrahedron
since it lies opposite to the x3 vertex.
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The nerve construction is clearly functorial with respect to functors of categories and
we have a well known result.

Theorem 4.1. The nerve functor N': Cat — Ss is fully faithful.

Proof. The proof lies on the fact that the skeletal category of ordinal numbers A is an
adequate subcategory of the category of categories Cat (in the sense of Isbell) and it is an
elementary exercise. O

We have simplicial characterizations of nerves of categories and groupoids, which we
will only state, and the proof can be find in [32].

Theorem 4.2. Let X, be a simplicial set. Then the following is equivalent:

o X, is the nerve of the category

e X, is the weak Kan complex in which the weak Kan conditions are satisfied exactly
Theorem 4.3. Let X, be a simplicial set. Then the following is equivalent:

o X, is the nerve of the groupoid

e X, is a Kan complex in which the Kan conditions are satisfied exactly, that is X, is
a 1-dimensional Kan hypergroupoid in the terminology of Glenn in [36] (or an exact
1-type in the terminology of Beke in [15])
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5 Actions of categories and groupoids

When £ is a category Set of sets, we are accustomed to consider not only functors between
small categories, but also functors from a small category to a large one, like presheaves,
which are functors to Set itself. To internalize this concept, in this chapter we will describe
actions of categories and groupoids internal to some finitely complete category £. These
actions are also called internal presheaves and the first elementary characterization of
categories of actions £C for some internal category C in £ was given by Bunge in [24].
When € is an (elementary) topos, then EC is also a topos, called an internal presheaf topos.

Definition 5.1. Let £ be a finitely complete category and C an internal category in £. A
right action of the category C on an object E in £ consists of the following data:

e a morphism ag: E — Cy called a momentum of the action
e a morphism a: E xX¢c, C1 — E, called an action, whose domain is defined by the

pullback

E x¢c, Cq o C

E Co

«@Q

(in the case & = Set isomorphic to the set Ex¢,Cy := {(e,g) € C x E|t(g9) = ap(e)})
This data are such that the following diagrams commute:

e a momentum invariance

FE XC() Cl e Cl

E Co

@Q

(which in the case € = Set gives an identity ap(eg) = s(g), V(e,g) € E x¢, Ci
where we denoted eg := a(e, g))
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e a (quasi)associativity law

aXidCl

EXCO Cl XCo Cl EXCO Cl
idpXm a (53)
K XCO Cl a E

(which in the case € = Set for any (e, h,g) € E xXg, G1 Xg, G1 gives (eh)g = e(hg))

o a unit law

=—————F
(idg,a0) a (54)
E Xy C() dpxu E XCo Cl

(which in the discrete case & = Set, for any e € E' gives an identity iy, ) = e.)

Theorem 5.1. For an action of an internal category C on an object E in £, there exists
an action category E < C whose underlying graph consists of the following data:

e objects of E<C are given by an object E of the category &,
o morphisms of E<C are given by an object E x ¢, C1 in the pullback (5.1)
e source is an action a: E xc, C1 — E and target is a projection pri: E x¢, C1 — E

Proof. In terms of elements, any (e, g) in E X¢, C] is seen as an arrow

eg (e,9) .

and the target and source dy,d;: F1 — Ey are defined by the following two identities

do(e,g) =e
dy(e,g) = eg. (5-5)
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For any composable pair of morphisms in E X ¢, C1

eg,h e
egh(g’)eg (e,9) .

their composition is induced by a composition in the category C and is defined by

(e,9)(eg, h) := (e, gh)
The associativity and identity axioms for £ <C follows directly from those of C. 0

That internal presheaves or actions of internal categories are the right internalization
of preshaves follows from the well known equivalence

[P, Set] ~ DFibg (5.6)

between the category [£°P, Set] of presheaves on the category £ and the category DFibg
of discrete fibrations over £ (see [68] for example). The discrete fibration is a special case
of fibered categories (see [38]) introduced by Grothendieck in [42], and it is defined by the
functor

P:F-E£

which has the property that for any morphism f: F — E in £ and any object X in
F, such that F(X) = E, there exists a unique morphism f:Y — X in F, such that
F( f) = f. In order to give an internal characterization of equivalence (5.6) we use the
following definition.

Definition 5.2. An internal functor F: A — C in £ is a discrete fibration in &, if the
diagram
"

Ay 4
do do (57)
Ap o Co

1nwolving targets is a pullback.

Proposition 5.1. Let an internal category C acts on an object E in €. Then there exists
a canonical internal functor
P:E<C—C (5.8)

i € which is a discrete fibration.
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Proof. The components of an internal functor P: £ <C — C are given by the diagram

E x¢, Ch e Cq

pri a do dy

E

ag 0
and the fact that is a discrete fibration is equivalent to (5.1). O

The following theorem is an internal characterization of the equivalence (5.6) between
presheaves and discrete fibrations over £.

Theorem 5.2. Let C be an internal category in €. An internal functor F: A — C 1is
isomorphic to the functor (5.8) for some action of the category C if and only if it is a
discrete fibration. Therefore, there exists an equivalence

EC ~ DFib(€) (5.9)

between the category EC of internal presheaves in £ and the category DFib(E) of discrete
fibrations in .

Proof. If F': A — C is a discrete fibration, then A; is isomorphic to Ay x¢, C1 in a pullback

pr2
Ap X¢y C1 Cq

pri do

A

8 Co
by the unique isomorphism (do, F1): A1 — Ap X¢, C1 which, on the level of elements, sends
any morphism f: z — y in A to the pair (F1(f),y) in Ao X¢, Ci. Then we define an action
of the morphism f: x — y on an element y by yf := x. It easy follows that such action
is well defined. Conversely, any action of the category C on an object E gives a discrete
fibration by Proposition 5.1. O
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Now we will restrict our attention to actions of internal groupoids. For any action of
an internal groupoid G on an object E in £ the nerve of an action groupoid E <G is an
internal simplicial object F, in £ whose terms are given by objects

EO =F
E1 =F X Go G1
E2 =F X Gy Gl X Gy Gl

Ek :ZEXGO G1 XGy -+ XGo Gl

k times
In terms of elements, the set Ey of vertices is given by elements of E' and the set E x¢, C}
of 1-simplices is given by pairs (e, g) for which degeneracy operators are defined by
di(e,g) =e
’ 1
di(e. g) = eg. (5.10)
A composable pair (e, g), (eg, h) defines a 2-simplex (e, g, h) € E2 which we see as a triangle

e (e,9) eg

(e,9,h)
(e.0h) (eg,h)

egh
and face operators d?: FEs — Ej are given by

dg(e, g.h) = (e, 9)
di(e.g,h) = (e, gh) (5.11)

d3(e,g.h) = (eg, h).

Also we define for any 1-simplex (e, g) € E; degeneracy operators sy : Ey — Es, i = 0,1 by

1 .
so(e,g) = (6,97st(g))

_ 5.12
si(e,9) = (e, idyg), 9) o

which we respectively see as two triangles

(e,9) (esidy(g))

e<——————€g

(evids(g) g

(eg7ids(g)) (evg)

€9
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Let g = NP: Eq — G4 be the simplicial map defined as the nerve of the canonical
functor (5.8) from the nerve E, of an action groupoid &, to the nerve G4 of the groupoid G

d da -
Ey Er Es
do do <
iao lal iw
d1 da
Go G1 Go
do do

where ag: Ey — Gy is a momentum of the action, and maps «,,: E, — G,, are defined by

an(eagna"'7gl) = (g’m'--agl) (513)

for n > 1. It is an elementary consequence that this construction really defines a simplicial
map, by the fact that nerve is a functor. Nevertheless we will give a direct proof of this
fact to shed some light to simplicial techniques which we will use later.

Proposition 5.2. The map ae: Foe — Go is a simplicial map from the nerve of Eo the
action groupoid &€, to the nerve Go of of the groupoid G.

Proof. Let (e,g) € E1, which means that t(g) = ap(e). The first two simplicial identities
apd; = d;jaq for i = 0,1 are verified by evaluation on a general element (e, g) € E;

10 ey &)

5. 5.13
aodo(e, g) oL ag(e do(9) (1% doai (e, g)
10) 5.2)

5. . 5.13
aodi (e, g) "2 ap(eg) 2 di(g) P2 dyon(e, g)

where the first identity is equivalent to the definition of (the domain of) the action and
the second follows from the momentum invariance. The last identity in dimension n = 1
is a189 = sgag which is verified for any element e € Ey by

a1so(e) = ai(e,idyy(e)) = idag(e) = Soan(e).

In the dimension n = 2 identities a1d; = d;ae for i = 0,1,2 are verified by evaluation on
the general element (e, g,h) € Es

5.11 513) (4.1 5.13
ardo(e,g.h) "2 ar(e.g) "2 g do(g, 1) 2 doas(e, g, )
5.11 5.13 41 5.13
aidi(e, g, h) G40 ai(e, gh) (19 gh (L di(g,h) (19 dias(e, g, h)
5.13) . (4.1 5.13
( - ) h (:) d2(97 h) { = ) d2a2(eag7 h)

and two relations in dimension n = 2 involving degeneracy operators, ass; = s;ap for
i =0,1,2 are verified by evaluation on the general element (e, g) € Ey

5.11
a1d2(evga h) ( = ) Oél(eg, h’)

(5.12) . 5.13) . 5.13)
azsole,9) P27 as(e, g, idyy)) P2 (g,idy(g)) = s0(g) P2 soai (e, 9)
5.12 . 5.13 . 4.2 5.13
assi(e, g) "= az (e, idyg), 9) 29 (idy(g), 9) D 51(9) "2V s1an(e,9)

Clearly, the similar pattern repeats in all higher dimensions which concludes the proof. [
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Now, we will provide a simplicial characterization of groupoid actions.

Theorem 5.3. Let an internal groupoid G acts on an object EE in C. Then the simplicial
map e = NP: Eq — G, is an exact fibration for alln > 1.

Proof. Suppose that the groupoid G acts on a set . We first check conditions in dimension
n = 1, namely that the two squares

E; = G1 E; = G1
AL(E.) — N](G.) AL(Es) — \1(Go)

are pullbacks. Since the set of 0-horns and 1-horns of the simplicial set F, in dimension 1
is just AV(Ee) = E = AL(FE,) and the set of 0-horns and 1-horns of the simplicial set G4
is just A} (Es) = Go = A)(E.), two squares are just two pullbacks

Exg, G —22 >G4 E xg, 1 — >4
a s pri t
F o0 Go FE o0 Gy

given by the momentum invariance (5.2) and the definition (5.1) of a domain of an action,
respectively.

In the dimension n = 2, the object of 0-horns is /\g(E.) = (E xg, G1) X (E Xg, G1),
where the pullback is obtained by the map pri: E xXg, G1 — E, and similarly the object of
2-horns is \3(Ee) = (Exg,G1)x g(Exq,G1), where now we use the map a: Exg,G1 — E
to define the pullback. The object of 1-horns is Ay(Ee) = E xg, G1 X, G1, and diagrams

a2 a2 a2

Es

Go Es

Go Es

Go
@ % @ @ @ @

S(Be) — Aa(G.) 3(Ea) — N\3(Ga) 5(Es) — N\3(Ga)
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are pullbacks. For a general 2-simplex (e, g, h) € E»

(g:¢) ge

e
(h,g,e
(h& l(hae)

h(ge)
three maps ¢;: Fo — /\Z2 (F,), for i = 0, 1,2, are given by the three projections, pictured as

(e,9) (e,9)

e cqg e<——¢€g e<——¢€g
(e% 1(69#) 1(69,’1) (e%
egh egh egh

respectively, and three bottom maps between corresponding horns A4(Ee) and Ab(G.),
induced by the simplicial map ae: Fe — G, transform above horns into three diagrams

x Y x g Y a?<g—y
zZ zZ ya

respectively. These three horns have the unique filler (h, hg, g) € G2 by the invertibility of
arrows in the groupoid G, it follows that maps v;: Ey — /\ZQ(E.) X AL (Ga) Go, fori=10,1,2
defined by

V0(67gv h) = ((_7 (6, gh)’ (679))’ (gvgha h))

Vl(ea 9, h) = ((69, h)? ) (evg))7 (gagha h))

1/2(6, 9, h) = ((egv h)v (67 gh)’ _)’ (gvgh7 h))

are all isomorphisms, which is just equivalent to the quasiassociativity (eg)h = e(gh). O

Definition 5.3. Let G be an internal groupoid in the category C. A right G-bundle P over
an object X is defined by the following data:

o left G-object P along the momentum morphism ag: P — G,

e a G-invariant epimorphism w: P — X

PXG'O Gl % P
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We say that the G-bundle w: P — X is principal, or that it is a right G-torsor, if the
naturally induced morphism

(pri,a): P xg, G1 — P xx P
s an isomorphism.
Theorem 5.4. Let be G an internal groupoid in C which acts on an object E. Then the
nerve of the corresponding action groupoid is a simplicial map ae: Ee — G which is an

exact fibration for allmn > 1.

Proof. The proof is straightforward and it follows a similar pattern of the previous theorem.
O
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6 Small fibrations

Let C be an object of Cat(€). Thus C is given by the 3-truncation of the internal simplicial
object in &

dy d2 <L
Co Ch Cy Cs (6.1)
do do < do

and this data is equivalent to the barycentric division of the 3-simplex

Co

do

L

”

di
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where we keep in mind that internally objects are given by Cj, morphisms by C7, compos-
able pairs of morphisms by Cs and composable triples of morphisms by Cl.

The faces of the above 3-simplex are given by the barycentric subdivision of the 2-
simplex

Co
do do
Cl Cl
dy ‘k CQ % dy
o
Co 4 Co

in which the lower right square is a pullback (which represents C as an object of composable
pairs of morphisms). Also we have the pullback

d
C3 - Co
ds do
C,————Cy

in the interior of the 3-simplex, which represents (internally) composable triples of mor-
phisms.

We will construct the fibered category Fg: FC — & as follows. The objects of FC are
pairs (I,14), where I is an object in &£, and i: I — Cj is a morphism in €. For any two such
objects (I,7) and (J,j), a morphism in FC is given by a pair (a, f): (I,7) — (J,7), which
consists of the morphism a: I — J, and the morphism f: I — C] in &, such that d; f =1
and dyf = ja. For any two composable morphisms in FC

i) 1L (7.5 "L (k)

the composition is defined by (b, g)(a, f) := (ba, g o f) where the morphism go f: I — C
is defined by g o f := dyu, and u: I — C5 is the unique morphism given by the universal
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I

| \
| a

|

|

|

|

|

|

Y

property of the pullback

u J

CQ Cl

A

Ci ” Co

obtained from the factorization dyf = ja = d1ga. Thus we have the following result.

Theorem 6.1. The above construction defines a fibred category Fe: FC — £ which we call
the small fibration induced by C.

Proof. We need to show that the above composition is associative and unital. Let’s consider
composable triple of morphisms

~ (a,f) ~ (bg) (c,h)
(1,0) —=2 (J, 5) —2 (K, k) —> (L, 1)

in FC. We need to prove that [(¢, h)(b,g)](a, f) = (c,h)[(b,g)(a, f)]. The right hand side

is given by (¢, h)(ba,g o f) := (cba,h o (g o f)) where the second component is defined by
ho(go f):= djv and the morphism v: I — C5 is the unique one given by the universal

property of the pullback
1
|
I ba
|
|
|
|
|
|
y

v K
gof=diu K
Cy b o
do k
A
C Co

do
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obtained from the factorization dodi;u = kba = dihba. This is described by the diagram

Co

where objects and morphisms of the category FC are drawn as curved arrows, and the
3-simplex that is an element of N&; in the nerve of £ corresponding to the composable
triple

a b c

1 J K L

of morphisms in &, sits inside the barycentic division of the 3-simplex.
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On the other side, first composing (¢, h)(b,g) := (¢b,h o g) we have [(c, h)(b, 9)](a, f)
which is equal to (cb, (hog))(a, f) = (cba, (hog)o f), where hog := dit and (hog)o f := dyw

are morphisms obtained from two pullbacks
\

w J

J 1
I

\ |
I

I

t K \
I

|

I

\

|

|

|

|

|

|

| h dit=hog

|

Y

s oo s oo
A

- A

Ch ” Co Ch ” Co

whose diagonals are given by dyg = kb = d1hb and dof = ja = didita, respectively. Now,
we use the universal property of the pullback

I
|
| a
|
| \\
| z J
|

u | ¢

|
Y

Cs do Co

ds g
e A
(s % &

to obtain a unique morphism z: I — Cs from the factorization dyu = ga = data. But then
we have
div = did1z = didez = djw

which finally gives the associativity of composition.
The functor F': F — &£ is defined on objects by F(I,i) = I and on morphisms by
F(a, f) = a, and it is straightforward to prove that it is a fibration. O



Part III
Two-dimensional theory
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7 Bicategories

Bicategories were defined by Benabou [15], and from the modern perspective, we could call
them weak 2-categories. Instead of stating their original definition we will use Batanin’s
approach to weak n-categories given in [14]. In this approach a bicategory B, given by the
reflexive 2-graph

di dy
I —_—
B=(By<— By =— By)
d dg

is a 1-skeletal monoidal globular category, given by the diagram of categories and functors

Dy
N
By =——DBp

Dy

where the category By is the category of morphisms of the bicategory B and the category By
is the image D(By) of the discrete functor D: Set — Cat which just turns an object of £ into
a discrete internal category in £. Source functor Dy is defined by Dy :=d{: By — By and
Dy = d(l)d% = d(l)d(l): Bs — By, and a target functor Dy is defined by Dg := d(l): B; — Bpand
Dy = dgd% = dgd% : Bo — By, where we used the same notation for objects and morphisms
parts of the functor. Also, the unit functor I: By — Bj is defined by I := sg: By — By on
the level of objects, and I := s1: By — Bs on the level of morphisms, where sg: By — B;
and s1: By — By are section morphisms in the above 2-graph from left to right, which we
didn’t label to avoid too much indices.

In the lower definition of a bicategory we will denote the vertex B x,B; of the following

pullback of functors

Pro
Bl XBO Bl _— Bl

P?“1 DO

B

Dy Bo

by By := By xp, B1 and likewise B3 := By xp, B1 X, B1, and so on. Thus we will adopt
the following convention: for any functor P: £ — By, the first of the symbols

& XBO Bl and Bl XBO &

will denote the pullback of P and Dy, and the second one that of D; and P.
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Definition 7.1. A bicategory B consists of the following data:

e two categories, a discrete category By of objects, and a category By of morphisms of
the weak 2-category B,

e functors Dy, D1: By — By, called target and source functors, respectively, a functor
1: By — By, called unit functor, and a functor H: Bo — By, called the horizontal
composition functor,

e natural isomorphism

HxIdg

Bs ' B

Idg, xH Z, H
By m By
e natural isomorphisms
By
51 H SO
4 2,
By By By

where the functor Sy: By — Bs is defined by the composition

(Do,[dgl) I><[d51

B1 x5, Bo

1 Bi xg, B,
and the functor Sy: By — Bsy is defined by the composition

(Idgs, ,D1) Idg, xI

BO X By Bl

1 Bl X Bo Bl7

or more explicitly for any 1-morphism f:x — y in B (i.e. object in B1) we have

So(f) = (f,ix) and S1(f) = (iy, ),

such that following axioms are satisfied:
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e associativity 3-cocycle

HxlIdg,
By Bs
ldp,xH > Ids,
/ IdBIXH
Itfgl X v
(0%
HXIdBl
82 H
2,
Idlg1 xH
H
ldg, xH
%
B, - B,

which for any object (k,h, g, f) in By becomes the commutative pentagon

koh og
(ko(hog)) (koh)o
QL hog, f Qk,h,gof
hog koahjf ho go

of components of natural transformations
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e the commutative pyramid

\/

which for any object (g, f) in Bz becomes the triangle diagram

Ba

H

Qg iy, f

Remark 7.1. Note that in the above definition of the horizontal composition functor
H: By — By, for any diagram of 2-arrows (i.e. a morphism in a category Ba Xp, Ba)

(goiy) o

f1 fo
xmy/,@bz\
W W

h1 h2

z

by functoriality we immediately have a Godement interchange law

(2 09h1) (P2 0 ¢1) = (Y2th1) o (P201).
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Example 7.1. (Strict 2-categories) A weak 2-category in which associativity and left and
right identity natural isomorphisms are identities is called (strict) 2-category.

Example 7.2. (Monoidal categories) Monoidal category is a bicategory B in which By = 1
is terminal discrete category (or one point set). Strict monoidal category is a one object
strict 2-category.

Example 7.3. (Bicategory of spans) Let C be a cartesian category (that is a category with
pullbacks). First we make a choice of the pullback

q
UXy'U—>
p

h

N<——-—"—"-2C

U ——

9

for any such diagram x EA z & y in a category C. We construct the weak 2-category
Span(C) of spans in the category C. The objects of Span(C) are the same as objects of C.
For any two objects x,y in Span(C), a 1-morphism u: x - y is a span

a

and a 2-morphism a: z # w is given by the commutative diagram

u
/ X\
X a Yy

w

from which we easily see that vertical composition of 2-morphisms is given by the compo-
sition in C. Horizontal composition of composable 1-morphisms

NN
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is given by the pullback

and from here we have obvious horizontal identity i,: x - x
x
idg idg
x x

Example 7.4. (Bimodules) Let Bim denote the bicategory whose objects are rings with
identity. For any two rings A and B, Bim(A, B) will be a category of A — B bimodules
and their homomorphisms. Horizontal composition is given by the tensor product, and
associativity and identity constraints are the usual ones for the tensor product.

The following result is a typical example how new commutative diagrams arise from
the associativity coherence and left and right identity coherence.

Proposition 7.1. Let B be a bicategory. Then the diagrams

a’bzgf Qf’bm
o(foiy)

ozx

commute for any pair of 1-morphisms x N y—2~ 2z inB.

ZZOg
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Proof. For any triple of 1-morphisms = ! A , we consider the diagram
((hoiz)og)of
(prog)of Lot
(ho(izog))of————=(hog)of (hoiz)o(gof)
(hoXg)of
_— pro(gof)
Qh,iz,gof
ho(Agof) \\\\\\fjjiff
ho((izog)o —>h0a ; ho (i,o

in which two triangles (beside the bottom one) commute because of the triangle coherence
for identities, and two deformed squares commute by the naturality of associativity coher-
ence. Since all the terms are 2-isomorphisms, then the bottom triangle also commutes. By
taking h = i,, we obtain the identity

iz 0 (AgofQi, g.f) =120 (Ag0 f)
from which it follows that the back face of the cube

iz0(Agof)

izo ((iz0g)o f) o(gof)
Alizog)of Agoy
. Agof
(iz09)of : gof
120Q, g, f
izo)‘gof

Qiz,g,f izo(izo<gof))74>2zo(gof>

Aizo(gof) Agof

o (go f) —=! gof
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commutes. The top, bottom and right faces commute from the naturality of the left identity
coherence, and the right face commutes trivially. Since all edges are 2-isomorphisms we
conclude that the front face also commutes, which proves that the first triangle in lemma
commutes. Similarly, we prove the commutativity of the other triangle. O

Definition 7.2. A homomorphism F: B — B’ between bicategories consists of the following

data:

e a (discrete) functor Fy: By — B(), and a functor Fy

e natural transformations

By 2
" 4
B, = B

Bo

B

: By — By,
Fy 66
5

given by components g 5: F(g)oF(f) — F(gof) andn,: Z‘/F(x) — F(iy), respectively

(in which we omitted the subscripts on functor signs in order to avoid too much

indices),

such that following axioms are satisfied:
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e commutative cube

Bs

Idg, xH

B

63

Fy /
B
HxIdg, e H'xIdg
/
BQ s 82
Idg x H'
Exp !
. 2
2
B, H’
Z,
H ”
H
4
n
/
B1 2 By

which when evaluated at the object (h, g, f) in Bs becomes a commutative diagram

(F'(h) o F(g)) o F(f)

!
AR (h),F(g),F(f)

E(h) o (F(g) o F(f))

'U'h,gOF(f)

F(h)o'u,g’f

F(hog)o F(f)

F(h)o F(go f)

Hhog, f

HKh,gof

F((hog)of)

F(an,g,f)

F(ho(gof))
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e a commutative diagram

B

Py

Bo
So H
(%
3
IdBl n §,LL
/
B,
S5 H
7

64

B

Fy

B

which when evaluated at the object f in By becomes a commutative diagram

. F(f)ona
F(f)oz%(x) !

/
pF(f)J/

F(f) o F(iz)

Hfig

E(f)

e a commutative diagram

Fy

Bo
S1 H
()
2
nxIdg, Nz
B,
5 H'
1Y

F(foiy)
iF(Pf)
F(f)
B
I
B
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which when evaluated at the object f in By becomes a commutative diagram

Up(y) © F(f) e, F(iy) o F(f) Mt F(iyo f)
A%ml lmf)
F(f) F(f)

Remark 7.2. If both B and B’ are strict 2-categories then the coherence for composition

becomes

l"h,goF(f)F(

F(h)o F(g) o F(f) hog)o F(f)

F(h)opg, Hhog, f

F(h)o F(ge f) F(hogof)

and the coherence for identities become two commutative triangles

Mh,gof

F(f) o F(iz) Fiy)o F

(f)
F(f)ons [4f i nyoF(f) iy, f
/ \ E(f) / \ F(f)

F(f) E(f)

Definition 7.3. A (left) lax natural transformation o: F —= G is defined by the fol-
lowing data:

o a natural transformation og: Foy — G between (discrete) functors (which just amounts
to the family of morphisms o,: F(x) — G(x)),

e natural transformation
G1

B B,
F1 %1 0'8
B, B,

00%
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whose component at the object f: x — y in By is given by the square

F(x) . G(x)
F(f) %, G(f)
F(y) o G(y)

which is a 2-morphism o¢: G(f) o0, == 0,0 F(f),
such that the following axioms are satisfied:

e the following cube of functors and natural transformations

BQ BQ

|
|
|
| G
| F1><G1
|
IF2
|
|

Bo |
|
|
|

H |

|
|
|
N

B

I3
e
7
L/
/ / /
82 Bl Bl

commutes, which becomes a commutative diagram of natural transformations
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(G(9) 0 GUIY) 0 72 22907 G(g) o (G(1) 0 00) —22 G(g) 0 (0,0 F(1))
Hg 00 G 01,y F ()
Glgof) oo (Glg) o) o F(J)
Tgof 0goF(f)
0.0 F(go f) 520 (F(g) o F())) (0 0 F(9)) o F(J)

T=OHg f Yoz, F(9),F(f)

when it is evaluated at the object (g, f) in Ba,

e a commutative diagram

Y plfl
./ ox ox -/
iG(x) © O Oz O O Uy

ngooz 0'3;0175

G(iz) 0 0y

Tig Oz © F(Zx)
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Remark 7.3. If both B and B’ are strict 2-categories then the above coherence becomes

F(y)
F(f) F(9)
Yug s
Flx) F(gof)
Ty
9f, gg
G(y) .
G(f) G(9)
Ung's
G G
(=) Glgof) =)
which is equivalent to the commutative diagram
G(g)oo
G(g) 0 G(f) 00 : G(g) ooy 0 F(f)
Hg §O0z
G(go f)oos o040 (f)
Tgof
7.0 Flgo ) — 7.0 Flg) o (/)
0,0 a.f

The second coherence becomes the commutative diagram

Og

WZGOU:E Jzonf

G(Zx) 00, o Ox © F(Zx)
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Definition 7.4. A modification T': 0 — o’
e a 2-morphism Uy o, — ol for each object x in B

such that the following diagram

consists of the following data:

F(x) I O
\—/
F(f) G(f)
Yos
Py 4 Gl

which becomes a diagram

of

commutes.
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8 Nerves of bicategories

In this section, we describe the nerve construction for bicategories, first given by Duskin in
[32]. This construction is a natural outcome of various attempts to describe nerves of higher
dimensional categories and groupoids, whose origin is a conjecture on a characterization
of the nerve of strict n-category, in an unpublished work of Roberts. This conjecture was
published by Street in [81], and it was finally proved by Verity [85], who characterized
nerves of strict n-categories by means of special simplicial sets, which he called complicial
sets.

We will derive the construction of the Duskin nerve for bicategories from the standard
description of the geometric nerve (1.4). First we have a fully faithful functor

i: A — Bicat (8.1)

where Bicat is a category of bicategories and their homomorphisms, as it is given in [15], so
we consider each ordinal as a locally discrete 2-category. Thus the nerve of the bicategory
B is a simplicial set NoBe which is defined via the embedding (8.1) by

NoB,, := Hompicat(i[n], B). (8.2)
The 0-simplices of Na(B) are the objects of B and 1-simplices are directed line segments

fo1

Trg —— T1

which may be seen as homomorphisms f: [1] — B from the locally discrete bicategory [1]
to B. Face maps are defined by do(fo1) = 21 and di(fo1) = xo. If 2o is a O-cell of B then
we define the corresponding degenerate 1-simplex so(zg) by

idz
rg —— 2.

A typical 2-simplex is given by the triangle filled with a 2-morphism Bo12: fi2 © for = foo

Zo

z1

ﬁ%b12
f2

x2

where f;;: [1] — B is a homomorphism for which f;;(0) = z; and f;;(1) = x;. The face
operators are defined as usual by

f12 i=0
d;i(f12, fo2, for. Poiz) = § fo2 i=
Jo1 i=2
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while for a 1-cell xo o 21 the degeneracy operators are defined by

so(fo1) = Pfo
81(f01) = )‘f01

which are the two 2-simplices

id.
o &) o o fo1 1
//pfol %‘f(n p
fo1 idy
fo1 fo1 !
r1 r1

respectively, where the 1-morphisms py,, : fo10ids, — fo1 and Ay, : idy, o for — fo1 are the
components of the right and left identity natural isomorphisms in B. The general 3-simplex
is of the form

Bo2 %23
fo2 Lo
13
50§
f12

To
f

»
Bois

x3
fos
fo

z1

such that we have an identity

Bo23(Bo12 © f23)a0123 = Bo13(B123 © fo1)

where ag123: (fes 0 f12) o for = faz o (fi20 fo1), and this condition follows directly from the
coherence for the composition. Since this construction is given by the geometric nerve (8.2)
it follows immediately that the Duskin nerve is functorial with respect to homomorphisms
of bicategories, which leads us to the following result.

Theorem 8.1. The Duskin nerve functor No: Bicat — SSet is fully faithful.

Proof. An analogous proof that the geometric nerve provides a fully faithful functor on
the category 2 — Cat,, of 2-categories and normal lax 2-functors is given in [17]. Then
the statement of the theorem follows immediately for a category Bicat of bicategories and
normal homomorphisms. O
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9 Internal bicategories

When he introduced bicategories, Bénabou also internalized the notion, so that he gave
the definition of an internal category by a long list of diagrams. All the diagrams in this
chapter are borrowed from his paper [15] which was necessary in order to define later a
small 2-fibration corresponding to an internal bicategory. Throughout this section, & will
denote a finitely complete category.

Definition 9.1. A bigraph B in £ is the diagram of objects and morphisms in C

S1 S0

Bg?Bl 7f;)Bg (9.1)
1 0

such that two identities sos1 = sot1 and tosy = tot1 hold. If we have additionally two
morphisms
By <"~ B <" B,
such that soip = idp, = tolo and s1i1 = idp, = t1i1, we call a diagram B a reflexive
bigraph.
From the definition it follows that by composing structure morphisms we have only

two morphisms from By to By, for which we will sometimes abuse the notation and write
S0, tg: Ba — By. Thus we will have pullbacks

pri pri

pri
By xp, By By Bs x g, By By By xp, By By
pr2 S0 pr2 S0 pr2 S1
By By By By By By
to to t1

Definition 9.2. A composition on a bigraph B in £ consists of morphisms

hlt Bl X By BlﬂBl
hg: B2 X By Bg — B2 (92)
v Bg X By BQ—>BQ

such that the following diagrams commute:

pri pr2
By By xp, By By

By By By

t1 S1
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t1 Xty 51 X81
leBoBl BQXBOBQ%BIXBOBl
h1 ho h1
By By By

t1 S1

Definition 9.3. Let B be a bigraph in £ with a composition. An associator is a morphism

a: By xp, B1 X, B — Bs (9.3)
such that the diagram
By Xp, B1 e, By Xp, B1 X, B1 Mo X By Xp, B1
h1 a hi
B Bo B,

S1 t1

commautes.

Definition 9.4. Let B be a reflexive bigraph (9.1) with a composition (9.2). Left and right

identities are morphisms
A Bl — BQ

4
p: By — By (9-4)
such that the diagram
Bl (ioto,idBl) Bl XBO Bl (idBl ,6050) Bl
A h1 p
By o By pn By = By o By
commutes.

We use the above data in order to define internal categories.



9 INTERNAL BICATEGORIES 74

Definition 9.5. An internal bicategory B in £ is the reflexive bigraph (9.1) with a composi-
tion (9.2), associator (9.3) and left and right identities (9.4) satisfying following coherence
conditions:

i) associativity law for vertical composition

UXidB2
BQXBlB2XBlBQ BQXBlB2
tdpy X v (95)
By xp, By By

v

i) left and right identity laws for the vertical composition

(iltl,’idBQ) (idBQ,ilsl)
By By xp, By By

Bo

iii) (Godement) interchange law

(B2 X By B2) XByxp,B: (B2 X5, B2) a (B2 x B, B2) xp, (B2 xp, B2)
hax g, ha VX By
32 X B B2 - B2 3 B2 X By BQ
2
(9.7)

where T is the canonical morphism given by ((s1,t1), (so,t0)) — ((s1, S0), (t1,%0)), and
the morphism ha xXp, ha: (B2 xp, B2) X By x g B1 (B2 xp, B2) — Ba xp, By is the
unique one making the diagram

(B2 X By B2) XByxp, B, (B2 X, B2)" (Bg x B, B2) x (Ba xp, Ba)
hQXBth h2><h2
B2 X31 BQ( B2 X Bg

commutative, where the horizontal arrows are the canonical monomorphisms of pull-
backs into products.
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iv) compatibility of horizontal composition with vertical identities

hi

B1 x g, B1 By xp, By
11 X141 i1 (98)
By x B, B " By

For the next axiom, we consider a unique morphism p1: By Xp, By Xxp, By — By xp, Ba
obtained from the universal property of the pullback in the front face of the diagram

ho Xid32=D2

BQXBOBQXBOBQ BQXBOBQ
N
N
N1 ha
N
N
\i
d2=pr2
t1 Xt1 Xt1=do BQ XBl BQ BQ
t1 xXt1=doy
do=pr1
Bl X By Bl X By Bl— T>Bl X By Bl do=t1
2
Di=h
«
B2 Bl
di=s1

such that the diagram commutes, and a morphism pa: Ba Xp, By Xp, Ba — B2 X, B2



9 INTERNAL BICATEGORIES 76

obtained from the same universal property as in the diagram

X881 X81=
B2 X By BQ X By 24>g11 X By Bl X By Bl
N
N
NP2 o
N
N
A
. da=pra
tdpy, Xho=D1 By xp, Bs By
D1
do=pr1
By X Bo By — B X By B, do=t1
81 XS81
D1:h1
Di=hsy
By By
di1=s1

such that the diagram commutes. Then we can express the next axiom:

v) Naturality law for the associativity

»1
By xp, Bs xp, B By xp, B

2 v=dy (99)

B2 X By BQ BZ

v=d1

The next axiom, uses the morphism i;: By — By xXp, By obtained from the universal
property of the pullback in the diagram

By
A
da=prz
By
do=t1
By

d1=s1
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and the morphism 1]: By — Ba X g, By obtained from the universal property of the pullback

Do=toty

By By
2110
Do=pr1
By
D1=s0s1
B B
2 Do=tot1 1

This two morphisms generate a unique morphism v, : By — Ba X, By from the pullback

w/
By : By X, By
h AN
N wf' Di=ho
AN
AN
A
do—
t1 By xp, By 272 By
t1 Xt
do=pr1
B, - By X Bo By do=t1
toto
Di=hy
A
B B
2 - 1
From this data we have a new axiom:
vi); naturality of the left identity
¥
B2X3082X3032 BQXBle
by v=dy (9.10)
By xp, By By

v=dy
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There exists also a similar axiom vi), which says that the right identity is natural.
The next axiom, uses the morphism 01: By x g, By X, B1 X, B1 — B2 x B, B2 obtained
from the universal property of the pullback in the diagram

axiy
Bl X By Bl X By Bl ><3031*>Bg X By B2
AN

\
N 04 Di=hsy
N
\
\
N\
. , d2=pr2
tdp, xh1Xidg, =D2 BQ X By B2 L B2
t1 Xt
. (9.11)
Bl X Bo Bl X Bo Bli TBl X By Bl do=t1
2
Di=h;
«@
Bg Bl
d1=s1

such that the diagram commutes, and a morphism 62: By X p,B1Xp,B1xpB,B1 — BaXp, Ba
obtained from the same universal property as in the diagram

01
Bl XBoBl XBoBl XB031*>32 X B Bg

N
N
N Oy di=v
N
N
\i
da=prs
i1 X BQ X B B2 BQ
9.12
do=pr1 ( )
B2 X By B2 do=t1
Di=ha
Bs By
di1=s1

such that the diagram commutes.
We also use a morphism 03: By X, B1 X, B1 XB, B1 — B2 X, By obtained from the
same universal property as in the diagram
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idBl XidBl Xh1=D1

B1 xp, B1 xp, B1 —

vii) the associativity coherence law

79
D3
Bl XBO Bl XBO Bl XBO Bl>Bl XBO Bl XBO Bl
N
N
N O3 «
N
N
s
da=prs
By xp, By By
i1xh1=D .
do=pr1 nuxXhi=01 (9 13)
— B X B, By do=t1
Do
h1=D1
«
B B
2 - 1
such that the diagram commutes. Then we can express the next axiom:
02
B1 X By Bl X By Bl X By B14>B2 X By BQ
03 di=v (9.14)
By xp, By By

di=v
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From the commutativity of the exterior of the diagram

idBl ,ilso)X’idB
Bl XBoél Bl XBOBl XBOBl
AN
AN
N o «
N
AN
N
) d2=pr2
i1X By A By xp, Ba Bs
i1 xXh1=D
do=pr1 =
Bg X By B2 Ea— Bl X By Bl do=t1
S1X81
hi1=D
ho
Bs By
di1=s1
we have another axiom:
viii) the coherence for left and right identity
g
Bl X By B1 B2 X B B2
prOi1 di=v
Bg X B BQ B2
di=v

80

(9.15)

There exists a unique &c: By Xp, B1 XB, B1 — By such that dpae = div and dia = dpor.
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iz) invertibility of associativity

(a,®)

BQXBlBQ B1 XBOBI XBOBI B2X31B2

/ v
idp, X Byh1 h1XBgidp, h1 B,
\ i

By <, — B2 xp, B2 B2 xp, B2 —— B
(9.16)
There exists a unique morphism \: By — Ba such that doh = di X and di) = dp).
x); invertibility of the left identity

A
BQ X B B2 ) B B2 X By BQ

Bg (ioto,idBl) \ v (917)
i1

B B xp, By By

h1

Also there exists a similar axiom x), for the invertibility of the right identity.
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10 Pseudosimplicial categories

In this chapter, we use a supercoherence developed by Jardine in [50] which associates to
an internal bicategory B given by the diagram of categories and functors
Dy
B =—— By (10.1)
Dy

a pseudosimplicial category called the pseudosimplicial nerve or supercoherent nerve of B

Dy Do D
By B, By Bs... (10.2)
Dg Do < Do

Here, the category B is the category of morphisms of the bicategory B and the category By
is the image D(By) of the discrete functor D: & — Cat(€) which just turns an object of £
into a discrete internal category in £. Source functor D; is defined by Dy :=d}: By — By
and D := d(l)d% = d(l)d(l): By — By, and a target functor Dy is defined by Dy := d(l): B1 — By
and Dq := dgd% = dgd%: By — By, where we used the same notation for both components
of the functor, and we will constantly use this convention elsewhere. Also, the unit functor
So: By — By is defined by Sy := ig: By — Bj and Sy := igi1: By — Bs on the level of
objects and morphisms respectively, where ig: By — Bj and i;1: B; — By are unit sections.
The vertex of the following pullback of functors

Ba Do B
Do Dy (10.3)
B i Bo

is (isomorphic to) the category B; xpg, B1 whose objects and morphisms are horizontally
composable pairs of 1-morphisms and 2-morphisms respectively, with vertical composition.
We always use the following convention: for any functor F': C — By, the first of the symbols

CXBOBI Bl XBOC

will denote the pullback of F' and Dy, and the second one that of D; and F', so that two
projections in the above diagram are defined by Dy = Pry and Dy = Pro. The third
functor Dy : By — Bj from B is given by the horizontal composition H: By X, B1 — Bi.



10 PSEUDOSIMPLICIAL CATEGORIES 83

These three functors Dg, D1, Do: By — B satisfy the following three simplicial identities

DyD1 = DoDg
DDy = Dy D, (10.4)
DyDy = D1 Dy

with target and source functors Dy, D1: B1 — By, where the first and the second identity
is the compatibility of the horizontal composition with the target and source functors
respectively, and the third identity is given by the pullback (10.3).

Two degeneracy functors Sy, S1: B — Bs are defined respectively by two compositions

(DOJdBl) SQXIdBl
1 —>81 XBO BO—>81 XBO Bl

(Ids,,D1) Idg, xSo
By xp, By ———— By xp, B

B

so that for any 1-morphism f: x — y in B we have So(f) = (f,iz) and Si(f) = (iy, f).
The left identity A\: H(IT x Idp,) = Idg, and the right identity p: H(Idp, x IS) = Idg,
give two pseudosimplicial identities

A DlSl = Idlgl

o Dls() = IdBl (105)

which are described by the diagram

B B B,

The category Bs of horizontally composable triples of morphisms is defined by the pullback

Dy

83 82
D3 Do (10.6)
BQ Bl

Dy
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whose vertex is (isomorphic to) the category Bi xp, Bi xg, Bi, and the two functors
Dy, D3: B3 — Bj are defined by projections Pria, Prag: By xp,B1x5,B81 — B respectively.
The associativity coherence is a natural isomorphism «: H(H x Idp,) = H(Idp, x H) given
by the diagram

Do

83 82
Dy /a Dy (10.7)
Bs b By

in which two functors Dy, Dy: B3 — Bs are defined by H(Idg, xH), H(H xIdp,): B3 — B2
respectively. The associativity natural isomorphism give a pseudosimplicial isomorphism

a: D1Dy = D1D; (10.8)

which is the only nontrivial relation among face pseudosimplicial identities from Bs to Bj

D;Dj = D;_1D; (i <j,i#1) (10.9)

The sequence of categories By, By, Bo, Bs, . . . is a part of a diagram of categories and functors
Dy Do Ds

Bo B B, Bs... (10.10)
Do Do Do

in Cat(£), where we denoted just extremal face functors Dg, Dy,: &, — &,—1, while we
omitted degeneracy functors S;: &, — Ep41 for 0 < ¢ < n. These functors do not satisfy
simplicial identities on the nose, but they constitute the so called pseudosimplicial category.

Definition 10.1. A pseudosimplicial category Be is a pseudofunctor B: AP — Cat from
the skeletal simplicial category A to the 2-category Cat of small 2-categories.

The sequence (10.10) is the pseudosimplicial category B, called the pseudosimplicial
nerve of the bicategory B and is such that it satisfies pseudosimplicial identities

(o' DlD] = Djlei (Z < ])

o stj = Sj+15i (Z S j)

(0N DZS] = ijlDi (Z < j) (1011)
Oé:DZ'Sj=>[d (i:j,i:j+1)

o DZS] = Sj—lDi (Z > 7+ 1)

The only nontrivial simplicial natural isomorphisms in the pseudosimplicial nerve B, of the
bicategory B are provided with associativity and left and right identity isomorphisms, and
they satisfy coherence conditions appropriate for those in the definition of the bicategory.
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The sequence of categories (10.10) may be seen as a barycentric subdivision of the 4-simplex

in a similar way by which we have seen a sequence of objects (6.1) as a data for an
internal category C. This time, certain faces of the above 4-simplex will again be pullbacks
corresponding to categories (10.3) and (10.6) of horizontally composable morphisms, but
some other faces which do not commute correspond to an associativity coherence (10.7).



11 SMALL 2-FIBRATIONS 86

11 Small 2-fibrations

From an internal bicategory B, we will construct the fibered bicategory Fp: FB — &£ as
follows. The objects of FB are pairs (I,7), where I is an object in &£, and i: I — By is a
morphism in €. For any two such objects (I,4) and (J, j), a 1-morphism in FB is given by
a pair (a, f): (I,i) — (J,7), which consists of two morphisms a: I — J and f: [ — By in
&, such that Dy f =i and Dof = ja. A 2-morphism ¢: (a, f) = (d, f'): (I,i) — (J,7) in
FB is a morphism ¢: I — Bs in £ such that d1¢ = f and do¢ = f’. It is then necessary
that we have ja = ja’' since we have an identity

ja = Dof = Dodi1¢ = Dodo¢ = Do f' = ja'

Remark 11.1. The above definition of 1-morphisms is not entirely appropriate because
a general 1-morphism (a, f): (I,1) — (J,7) is fully determined by a triple (a, f,j), since
we cannot extract its 0-target (specially a morphism j: J — By) by the structure of € and
B, like we could for the 0-source, by defining so(a, f) = (s(f), sof). Similar remark holds
for 2-morphisms also. However, we will use an abbreviated form for morphisms in FB in
order to avoid to many labels.

For any two composable 1-morphisms in FB

N (a.f) . (bg)
(I7Z) - (Jv.j) - (K7k)
the composition is defined by (b, g) o (a, f) := (ba, go f) where the morphism go f: I — By
is defined by g o f := Di(ga, f)o, and (ga, f)o: I — By Xp, Bi is the unique morphism
given by the universal property of the pullback

I
|
| a
|
|
I(g9a,f)o J
|
i X
v
D
Bi xp, Bl —|——"— B,
Dy J
D,
By Do By

obtained from the factorization Dgf = ja = Diga, for which we have following identities

Do(ga, f)o = ga
Di(ga, flo=go f (11.1)
Ds(ga, f)o = f.
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Let’s consider composable triple of 1-morphisms

~ (a,f) ~ (bg) (c,h)
(1,0) —5 (J, 5) —2 (K, k) —> (L, 1)

The 1-morphism (c, h)[(b, g)(a, f)] is given by (¢, h)(ba,g o f) := (cba,h o (g o f)) where
ho(go f):= Di(hba,go f)o and the morphism (hba,go f)o: I — Bi xp, B; is the unique
one given by the universal property of the pullback

gof=D1(ga,f)o \
Y Do

Dy

obtained from the factorization DyD;i(ga, f)o (109 DyDy(ga, f)o (LD Doga = kba =
D1hba, such that we have following identities

Dq(hba, g o f)g = hba
Dy (hba, g o f)o = Di(hba, Di(ga, f)o)o =ho(go f) (11.2)
Ds(hba, g o f)o = Di(ga, flo=go f.

On the other side, On the other side, from (¢, h)(b,g) := (cb,h o g) we have an identity
[(c, h)(b,9)](a, f) = (cb,h o g)(a, f) = (cba,(hog)o [), where hog := Di(hb,g)o and
(hog)o f:=Di((hog)a,f)y are two 1-morphisms in FB obtained from two pullbacks

J I
[ |
| b | a
[ [
[ [
I (hb,g)o K I ((hog)(l,f)oj
[ [
g | x ¥ | Y\(hb,g)whog
[ [
¥ D y D
By xp, B — ’s By B1 xp, By — “> By
D2 k D2 .7
oA VA A
Bl B() Bl BO

D() DO
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whose diagonals are Dog = kb = D1hb and Dyf = ja = Diga = D1Dy(hb,g)oa (124
D1 D (hb, g)oa, respectively. From the first diagram we have the following identities

Dy(hb, g)o = hb
Di(hb,glo=hoyg (11.3)
Dy (hb,g)o =g

and from the second diagram we have the following identities

Do((hog)a, f)o=Di(hb,g)o =hog
Di((hog)a, flo = Di(Di(hb,g)oa, f) = (hog)o f (11.4)
Ds((hog)a, flo= .

The morphism (hba, ga, f)o: I — Bi1 X g, B1 X B, B1 is obtained from the following pullback

(garf)o

Do

and the factorization Di(ga, f)o = ga = Da(hb,g)oa, and it is a unique one for which
identities
DO(hba7 ga, f)O = (hba g)Oa
Ds(hba, ga, f)o = (ga, f)o

are satisfied. Then we use this morphism to define the corresponding component of an
associativity coherence 2-morphism oy g 5: [(c,h) o (b, g)] o (a, f) = (¢, h) o [(b,g) o (a, f)]

(11.5)

hg,f = a(hba, ga, f)o (11.6)
where a: By xp,B1xp,B1 — Ba is defined in (9.3). The morphism D; (hba, ga, f)o satisfies

DoDs(hba,ga, o "= DyDo(lba, ga. fo "= Do(hb, g)oa "= hba

109 11.5 11.1
Dy D (hba, ga, f)o (129 D1 D3(hba, ga, f)o (1L5) Di(ga, f)o (1L.1) gof
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and since from (11.2) we know that the morphism (hba, go f)o is the unique one satisfying
these identities, we conclude D (hba, ga, f)o = (hba, go f)o. The morphism Dy (hba, ga, f)o
satisfies following identities

10.9 11.5 11.3
DoDs(hba, ga, f)o (122 Dy Do(hba, ga, f)o (1L5) D1 (hb, g)oa L% 1o g
! 1

.9 11.5 11
DyDy(hba, ga, f)o " DyDs(hba, ga, flo "= Dy(ga, Flo "= £

and since from (11.4) we know that the morphism ((hog)a, f)o is the unique one satisfying
these identities, we conclude Ds(hba, ga, f)o = ((h o g)a, f)o. Therefore we have identities

Dl(hbaaga7 f)O = (hbaag © f)O (11 7)
DQ(thhQCL, f)O = ((hog)a7 f)U .

The horizontal composition of 2-morphisms in FB
(a.f) (b,9) (ba,gof)
(Li) Ao (Lg) W (KE) = (I,2) oo (K, k)

(a'.f") (0.9 (V'a’\g"of")

is defined by ¢ o ¢ := di1(¢a, ¢)o, where (a, p)o: I — Bz X, Ba is the unique morphism
obtained from the factorization Dg¢p = ja = Diva in the pullback

N

1
|
|
|
|
|
|
|
|

(Ya,0)0  J
¢ x
v
By xp, By — |- Po By
Dy J
Dy
By e By
satisfying the following identities
Do(ya, d)o = ya
Di(va,¢)o =10 ¢ (11.8)
Ds(ya, d)o = ¢
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The vertical composition of 2-morphisms in FB

(a,f) (a,f)

Jo
(I,1) ————=(J.j) = (Z,1) Jeo (J,5)
(a,f7)
3|53
(@) (@ ")

is given by the morphism {¢: I — By defined by ¢ = di(§, ¢)1 where the morphism
(&,6)1: I — By Xp, By is the unique one obtained from the factorization do¢ = f' = di&

1

in the above pullback satisfying the following identities

do(§,0)1 =¢
di(§, @)1 =& (11.9)
d2(£7 Qb)l = Cb

Remark 11.2. The statement of the following theorem, will use a notion of a fibration of
bicategories or fibred bicategory. Hermida defined a fibered 2-category in [44] as a strict
2-functor F: £ — B between strict 2-categories which has enough cartesian 1-cells and
2-cells, defined by universal properties which gemeralize those for cartesian morphisms in
usual fibrations of categories. Also he gave a slightly different characterization of fibered
2-categories in [45] where he proposed the definition of the fibred bicategory by means of
the bireflection of 2-categories and their homomorphisms into 2-categories and 2-functors.
Therefore, a homomorphism F: E — B between bicategories must be a 2-fibration if its
associated strict 2-functor F: € — B between strict 2-categories is such. We will use this
notion without going into details, which will be given elsewhere.
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Theorem 11.1. The above construction defines a fibred bicategory

Fp: FB— & (11.10)
which we call the small 2-fibration induced by B.
Proof. Let’s consider composable string of 1-morphisms

@) . (b
(1,4) (J,7)

First we will show that the horizontal composition is coherently associative, which means
that we have the following identity

Leh) _dy)

(K, k) — (L, 1) — (M, m).

(w0 apg )0 hog, f(Quhg © ) = Quh.gofQuohg,r.

The 1-morphism (d,u)[(c, h)(b,g)] is given by (d,u)(ch,h o g) i= (dcb,u o (h o g)) where
uo (hog):= Di(uch,hog)y and the morphism (ucb,ho g)o: I — By X p, Bj is the unique
one given by the universal property of the pullback

hog:Dl (hb,g)o \
\ Do

By xp, B — By
Do !
VA
B = B
(10.4)

obtained from the factorization DyD1(hb, g)o
such that the identities

DyDy(hb, g)o = Dohb = lcb = Dyuch,

Dy (uch, h o g)og = uch
D1 (ucb,h o g)g = Di(ucb, D1(hb,g)o)o =uo (hog) (11.11)
Dy(ucb, hog)o = Di(hb,glo=hoy

are satisfied. Also, from an identity (d,u) o (¢, h) := (dc,u o h) it follows
[(d,u) o (¢, h)] o (b,g) = (de,u o h)(b,g) = (dcb, (uoh)og)
where v o h := Dj(uc,h)p and (uo h)og = Di((uo h)b,g)o = D1(D1(uc,h)ob,g)o are

morphisms obtained from two pullbacks
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K J
\
\
\
\
\

N

(ue,h)o L ((uoh)b,g)oK
I |
h \ X 9 | \Kl(uc,h)ouoh
I |
v Do v Do
Bl X By B1 —_— Bl Bl X By Bl I Bl
Do ! Do k
VA A VA A
By Do By By Do By

where Doh = l¢ = Dyuc and Dog = kb = D1hb = Dy Da(uc, h)ob "= Dy D1 (ue, h)ob are

factorizations represented by two diagonals, respectively. Therefore, we have identities

Dy (uc, h)y = uc
Dl(uc, h)() =wuoh (11.12)
DQ(UC, h)O =h

from the first diagram and from the second diagram we have following identities

Do((u o) h)b, g)() = Dl(uc, h)o =uoh
Dl((u o h)b, g)o = Dl(Dl(UC, h)ob,g) = (u o h) cg (1113)
Da((uo h)b,g)o = g-

By an analogy with (11.5) we have a morphism (ucb, hb,g)o: J — By xp, B1 xXp, B1
obtained

Dy
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from a factorization Dgy(hb,g)o =" hb = =" Da(uc, h)ob, which is the unique one such
that
DO(“’Cba hbu g)U = (UC, h)Ob
DI(UCba hbag)ﬂ = (UCb’hog)O (1114)
DQ(qua hba g)O = ((’U, o h’)ba g)O
DS(UCba hbu g)D = (hbu g)O

We use a factorization Dg(hba, ga, f)o aLs) (hb, g)oa (1L14) Ds(uch, hb, g)pa in the pullback

|
|
|
|
| J
|
(hba,ga,f)o I (ucba,hba,g 7J\(ucb,hb,g)o
|
! D
B4 0 ‘B3
D4 (hb,g)o
/ /A
B3 BQ

to obtain a unique morphism (ucba, hba, ga, f)o: I — By which satisfies following identities

Do('LLCbCL, hbav ga, f)O - (UCb7 hb7 g)Oa

Da(ucba, hba, ga, f)o = (hba, ga, f)o. (11.15)
The morphism D1 (ucba, hba, ga, f)o: I — Bs satisfies following identities
DoDi (ucba, hba, ga, £)o =" DoDo(ucha, hba, ga, fo "= Do(uch, hb, g)oa =" (uc, h)ob
DsDi (ucha, hba, ga, f)o =" Dy Da(ucba, hba, ga, f)o "= Dy(hba, ga, o "= (hba,g o f)o

and by an analogy with (11.5), the morphism (ucba, hb, g o f)o: I — Bs is the unique one
satisfying these identities, we conclude

D1 (ucba, hba, ga, f)o = (ucba, hba, g o f)o. (11.16)

By a similar argument, from the uniqueness of the morphism (ucba, (ho g)a, f)o: I — Bs

we get an identity
Ds(ucba, hba, ga, f)o = (ucba, (h o g)a, f)o (11.17)

and from the uniqueness of the morphism ((u o h)ba, ga, f)o: I — Bs we get an identity

Ds(ucba, hba, ga, f)o = ((u o h)ba, ga, f)o. (11.18)
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From the definition (9.3) we have the following identities:

11.15

) aDg(ucba, hba, ga, f)o
(11.16)

=" aD;(ucba, hba, ga, f)o
Cuog.t = a(ucha, (h o g)a, fo =" aDsy(ucha, hba, ga, f)o
Quoh,g,f = a((u o h)ba, ga, f)o a aDs(ucba, hba, ga, f)o
apg,f = ahba, ga, f)o (1L15) aDy4(ucba, hba, ga, f)o

Qb g0 = o(uch, hb, g)oa (

Qy hgof = o(ucba, hba,go f)o

—

—_

18)
Also, from the definition (9.11) a morphism 6;: By xp, B1 XB, B1 XB, B1 — B2 X, B2

(O‘u,h,gavf)o

au,h,gof
I]=————= By X, By xg, B1 xg, B : Xp, B
(ucbabagaf)o - 00 B T T B PR T P
\
N6 Di=hs
N
N
AT
hog,f Qulh,gOJt )1 do=pro
\——>BQ XBl B2 BQ (11 19)
i1Xh1Xi1=D2 ’
do=t1 Xty
B, X By By X By By —|——B; X By By do=t1
Oy hog, f Dy
u,hog,
Di=h1
By By

di=s1

is the unique one such that two identities dofy = aDs and dof; = D1(a X i1) are satisfied.
The first identity implies

dob (UCbCL, hba, ga, f)O = aD2(UCba> hba, ga, f)(] (llil?) Oé(UCb(I, (h ° g)av f)O = Oy, hog, f

and we see that the morphism oy, pog, ¢ factors through 6, (ucba, hba, ga, f)o. But from the
universal property of the pullback at the front face of the diagram (11.19) we know that a
morphism (o, hog, £, Cuh,g © f)1: I — B X p, By is the unique one with this property, and
we conclude that

61 (UCbaJa hba, ga, f)O = (au,hog,fa Qy,h,g © f)l (1120)
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Definitions (9.12) and (9.13) of morphisms 02, 63: By X, B1 Xp, B1 X, Bi — B2 xp, B2

(Quoh,g, £+0u,h,g0f )1

%, hog, f (Qu,h,gOf)

g N1

do=pr1

((uoh)ba,ga,f)o

h,gofsQuoh,g f)() N

11 X171 ><h1=D1

uch,hb,go f)o do=pr1

> By Xp,

By

\
HBQ X By BQ

By

d2=pr2
B By
do=t1
B
di=s1 1
da=pra
Bo
11 Xh1=D1
— By X B, Bi do=t1
Do
hi1=D
By

d1=s1

(11.21)

(11.22)



11 SMALL 2-FIBRATIONS 96

in diagrams (11.21) and (11.22), provide by a similar argument the following two identities
62 (ucba, hba, ga, f)o = (w0 ang,f, Cuhog,f(Cuhg © f))1 (11.23)

03(ucba, hba, ga, f)o = (Ctu,h,gof; Quoh,g,f)1 (11.24)

so that (11.20), (11.23) and (11.24) together with the associativity coherence law (9.14)
imply

(11.23)
(u o O[hyg,f)[au:hofi,f(a“yh,g ° f)] = dl (u ° ah’g)f7 a“,ho.q,f(a%hﬂ o f))l =
11.23 9.14 11.24
(11.23) d102(ucba, hba, ga, f)o (014) d105(ucba, hba, ga, f)o (11.24) di(Qy b gofs Cuoh,g,f)1 =

= au7h7gofauoh7g’f

and we conclude that the horizontal composition is coherently associative. The coherence
for the left and right identity follows similar pattern and it is implied by an axiom (9.15).
O
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12 The second nonabelian cohomology

In this chapter we will give an explicit definition of the second nonabelian cohomology, fol-
lowing the general approach described by Street in [82]. The crucial step is the constructive
proof of the existence of the bicategory of 2-descent data, associated to any 3-truncated
cosimplicial bicategory

By 02 %
By B By B; (12.1)
o 8o %

in the category Bicats of bicategories and strict morphisms of bicategories. The category
Bicatg is an Eilenberg-Moore category of algebras over a monad Ky : 2—Graph — 2—Graph
on the category 2—Graph of 2-graphs. This monad was first explicitly described by Batanin
n [14], who called it an initial contractible monad with a system of compositions, inspired
by ideas from the homotopy theory. Since Ko preserves filtered colimits, its algebras are
models of a finite-limit theory, so that we can take models of bicategories in any finitely
complete category £.

Theorem 12.1. For any 3-truncated cosimplicial bicategory (12.1) Desca(B) consisting of
the following data:

e any object is a triple (z, f,p) where x is an object in By, f: Ox — Oyx is a 1-
morphism in By, and ¢: O1f = Opf o Oof is a 2-morphism in Ba

826033 = 80(911‘

N

(92(911‘ = 6181:c 4> 818033 = 60601’

such that for xg = 0305012, x1 = 03050px, o = 030100, x3 = 02010px the 3-simplex

T3

0101 f=0201 f 0100 f=0000 f

X0 €2

0202 f=0302 f 0300 f=0002 f

z1
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commutes. The pasting composite of the above 3-simplex is a commutative diagram

02 0o 00202 f
N

O f = 0201 f = 0200 f 0 0202 f = OpO1f 0 D202 f (0000 f © 0gOaf) 0 D202 f

019 ®80 g f,0002 f,0202 f

0100 f 0 0102f = 000 f © 0301 f 0000 f 0 (0300 f © 0302 f) = 0po f © (002 f © D202 f)

000p fod3¢

that represents a nonabelian 2-cocycle condition
QB0 f,0002 £,0202.f Q0§ © 0202 f) 029 = (Do f © D36)01¢. (12.2)

e any I-morphism (u,p): (x, f,¢) — (y,9,v) is a pair consisting of a 1-morphism
u: x — y in By, together with the 2-morphism in B

o1u

(911‘ 813/
f 2y g
60$ B0t 80y

such that the prism in the bicategory Bo
8280.%’ = (90811’
O2f Ao f
¢

82(91.%’ = (91811’ —_— | 8180.’13‘ = 80803?
0200u=0001u

o)) ,uﬂ §80 o

Oo01u=0101u 0100u=0p0pu
0200y = OpOry

AN

0901y = 0101y ————> 0100y = JpOpy
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commutes. This means that we have a commutative diagram

919 0 Dadhu = D1g 0 U ——F s 9 0yu 0 O f = Bpdou 0 D1 f ——22C . oo (Do f o Dof)
Yodadru 00001, 1,02 f
(Opg © O2g) © D201 u (0oOpu 0 D f) 0 o f
A9yg,899,0901u Oouoda f

dog © (D2g 0 0201u) v dog © (0200u 0 Do f) = Dog o (OpO1u © O f ) === (Jog © DpO1u) 0 Do f
®909,8001u,09 f

in the category of morphisms of the bicategory Ba.

e a 2-morphisms (: (u,p) = (v,v) is a 2-morphism (3: u = v in By, such that the
diagram

commutes. This diagram becomes in a 1-dimensional form a commutative diagram

00
goalug:ﬁ>goalv
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Proof. For any two composable 1-morphisms in Desca(B)

@, £,0) L (y, 9,9) 22 (w, h,€)

we define the composition by (v,v) o (u,p) = (v o u,vOu) where vOy is a 2-morphism
obtained by the pasting of the diagram

o1u o1v

oz 8ly ow
f 2y g Z, h
801: Fott 80y o0 (9()10

in the bicategory B;. This means that the 2-morphism vCu: ho d1(vou) = dy(vou)o f
is defined by the diagram

—1
Yh,810,01u vooiu

hodi(vou)=ho (01vodiu) ———— (ho01v) 0 Oyu ——= (yv 0 g) 0 D1u

C“Bov,g,alu

do(vou)o f=(dovodyu)o f<—====0dovo (douo f) e Oov o (g o D1u)
aaov,aou,f 0ve

so that we have an identity

1 ~1
vOp = ag, g0u (000 © p)agu.g.01u(V 0 1)y 5, 5,

The horizontal and vertical compositions of 2-morphisms in Desca(B) are inherited
from the bicategory By. So the associativity and left and right identity coherence are
also inherited from the bicategory By, and we will prove that for any three composable
1-morphisms in Desca(B)

(2, £,8) % (5, g, ) 2 (w, , €) 2 (2, k, 0)
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represented by the diagram

1o} 0 1o}
813: o 81y L 81w 1t 812’
! 2y, g ¥, h Z, k
80x Bou 80:(/ o0 8011) Bt 802

the component oy [(t,0) o (v,v)] o (u, ) = (t,0) o [(v,v) o (u, )] of the associativity
isomorphism satisfy
01 ((tov)ou)

N

8133 »U/alat,v,u 812’

~_ 7

01 (to(vou))

i}&lj(u[lu)

s 9o ((tov)ou) ~

N\
(9033 »U/aoat,v,u 802’

~_ 7

0o (to(vou))

which means that the following diagram in the category of morphisms of the bicategory B

koalat,v,u

kodi((tov)ou) kodi(to(vou))

(60v)Op 00(vOw)

80((1501))ou)ofﬁ@o(to(vou))of
commutes, so that we have an identity

(O0(vOp))(k o O1atp,u) = (Oottvu o f)((00v)Op)
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The proof of the commutativity of the above diagram follows from the sequence of identities

(00 D) (k 0 Bra ) L
(def.) _ _ (a.c.)
= aaolt,ao(vou)’f(aot © (VDN))aaot,h,al (vou) (Bodi(vou)) [O‘k;alt,al(vou) (ko Oéalt,aw,alu)} =
(a.c) _ _ _
= aaol,;ao(wu)j(aot © (VDH))aaot,h,al (vou) [(0o01(vo u))akoéﬁt,@w,@w](O‘k}@lt,alv © alu)ak,}%(tou),alu

-1 -1 -1 (a.c.)
... [(Oot o ahﬁlv,aw)aaoth’al(UOU)Ozaotoh,aw,alu]((9 0 d1v) o 61U)(O‘k,alt,81v o 81U)Oék,81(tov),81u =

(a.n.)
(a.n.)
(a.c.)

(a':.) s [(aot © a@owy«%u)a@ot,@ovogﬁlu]((80t © V) © 81“)(a80t,h,81v 0 alu)((g © 311)) ° alu) (Oﬁ;lalt,aw © 81u) T ( =

.. [(Oot o (v 0 O1w)) gyt hodyv,01u) (gt h,orw © O11)((6 0 O1v) 0 81u)(a,;181t73w o alu)a];gl (tov).oru =

S

a.:&) oo a@o(tov)vgiﬁu[(agolt,aovug © alu)(<80t © V) © 81“)(a80t,h,81'u © 81“)((0 °© 611)) © alu)(a’;,laltalv © alu)] U
(def) _ _ . :
= a@olt,ao(vou)7f(60t © aaolv,a()u:f)[(aot o (60U o 'u))a80t7801)79081u]O@O(tov)vgvalu((HDV) ° 81u)ak7§1 (tov), 1w —

(a
)

n) . o _ _ (a.c.)
= [aaolt,ao(vou),f(aot © %olv,aou,f ot 80v,80uo ] (D0(t © V) © )ty (10v), .6, ((0EV) © 81“)%,181 (tov),01u

(a.c.) _ — (def)
= (aaot,aov,aou o f)[aaol(tov)ﬁowf(a()(t ov)o M)aao(tov),g,c‘)lu((glj’/) © allL)Oékél (toy)ﬁlu)] =

(def)
=" (Goatwu o f)((00v)0p)
where each expression in the square brackets transforms by the associativity coherence (a.c.)
in the bicategory By or by the fact that the associativity is a natural isomorphism (a.n.).
The coherence for such associativity follows straight from the coherence for associativity
in the bicategory By. 0

Therefore, to any 3-truncated cosimplicial bicategory (12.1) we associate a bicategory
Desca(B) (12.3)

called the bicategory of 2-descent data associated to B. Any internal simplicial object
X: A% — & and any internal bicategory B in £, may be use to produce a cosimplicial
bicategory

E(X,B): A — Bicats (12.4)

by the composition
o H —,B
A X Egor ome (=5) Bicat
where Homg(—, B): £°P — Bicaty is a presheaf of bicategories, and we denote by Homg (Y, B)
the fiber of the small 2-fibration (11.10)

FB

lFB

&

over an object Y in £. These construction allows us to define the second nonabelian
cohomology of simplicial objects in £, with coefficients in an internal bicategory B.
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Definition 12.1. Let B be an internal bicategory in a finitely complete category in £, and
let X: A — & be a simplicial object in £. The cohomology bicategory H*(X,B) of the
simplicial object X with coefficient in a bicategory B is defined by

H?(X,B) = Descy(E(X, B)) (12.5)
the bicategory of 2-descent data of the cosimplicial bicategory E(X, B).

Example 12.1. The second Cech nonabelian cohomology H2(U, B) is defined with re-
spect to the covering U = {U;}icr of the topological space X. The epimorphism e =
(€iier: [ie; Ui — X, induced by the family of embeddings e;: Uq — X, gives a 3-
truncation of the simplicial resolution U,

do do do
Us Ui

ds d2

Us Uy = X

dy

where U() = ]_L-e[ Ui, U1 = Hi,je[ Uij, U2 = Hi,j,ke[ Uz’jk and U3 = Hi,j,k,le] U@'jkl (where
Uij denotes the double intersection U;; = U; N U; and so on).

This is just the 3-truncation of the nerve of the Cech groupoid associated to the covering
e: U — X, whose objects are given by the elements (i,x) of U, and for which there exists a
unique morphism (i,j,x): (j,x) — (i,z) for any element x € U;j. Thus, target and source
morphisms defines face operators d(l),d%: Uy — Uy which are given by the first and the
second projection, respectively. The 2-simplex (i, j,k, ) in Uy may be seen as the diagram

(J:k)

from which we see that the face operators d%, d3,d3: Uy — Uy are defined by
dy(i,j,k,x) = (i, j, @)
&3 (i, j, k,z) = (i, k, z)
d3(i, 4.k, x) = (j, k, )

and they are just three possible inclusions of triple intersections into double intersections.
The degeneracy operators s%, S%Z Ui — Uy are given by

sp(i, 7, @) = (i, 4, J, )
5%(Z”j’x) = (i,i,j,]})
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and these two degenerate 2-simplices may be seen as the two diagrams

(J:d,w)

(&)
(i,j.2)

i
respectively. The S-truncation of the simplicial resolution of the covering U = {U,;}icr
defines a cosimplicial bicategory

a1 02 L)
By B1 B Bs
do 3o % >

where each bicategory By, has objects given by the discrete category (B;)o defined by the
set Homg(Uy, By), and whose category of 1-morphisms and 2-morphisms is given by the
fiber of the small fibration FgU,, over the object U, in €. On the level of objects, coface
operators are defined by the precomposition 0'(f) = fd' for any object f: Up—1 — By of
the bicategory B,_1, so that these are the strict homomorphisms of bicategories.

Thus the 2-cocycle in the second Cech nonabelian cohomology is given by the triple
(x,f,¢), where x = (x;)ier is the family of morphisms xz;: U; — By together with the
family £ = (fij)ijer of morphisms fi;: U;j — By such that so fi; = xj and tofi; = ;. The
family ¢ = (Piji)ijrer is given by morphisms ¢iji: Uijr — Bo which satisfy s1¢iji = fir
and t1¢;51 = fij o fjr and we can view it as the 2-simplex

Tk
commutes, which means that we have an identity
(fij © Gjm)bii = ijrr(Dijn © frr) Pin (12.6)

for the Cech nonabelian 2-cocycle (x;, fij, Giji) with values in the bicategory B.
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13 Actions of bicategories

In this section, we will introduce actions of bicategories. It will be clear from the definition
that such actions are categorification of actions of categories.

Definition 13.1. A right action of a bicategory B is quintuple (C, A\, A, k, 1) given by:

e a category C and a functor A: C — By to the discrete category of objects By of the
bicategory B, called the momentum functor,

o a functor A: Cxp,B1 — C, called the action functor, and we usually write A(p, f) =
p < f, for any object (p, f) in C xp, B1, and A(a,¢) = a < ¢ for any morphism
(av(b): (pa f) - (q7g) n C XBO Bl;

e a natural isomorphism

AX[dBl
CXBOBl XB()Bl CXB()Bl
IchDl /H A
X
C Bo Bl A C

whose components are denoted by kp rq: (p<f)<g — p<(fog) for any object (p, f, g)
i C X By Bl X Bo Bl

e a natural isomorphism

C X By Bl

(Ide,IN) A

Je
C C

whose components are denoted by vy: p<ipgy — p for each object p in C

such that following axioms are satisfied:
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e cquivariance of the action

B ——p =By

which means that for any object (p, f) in C xp, B1, we have A(p< f) = Di(f), and
for any morphism (a,¢): (p, f) — (q,9) in C xp, Bi, we have Al(a<¢) = Di(¢),

o for any object (p, f,g,h) in C xp, B1 xp, B1 x5, Bi the following diagram

(paf)ag)<

(paf)<

(goh)
“pfog\ /goh
o(goh))

fo g o h ]2
commutes,

o for any object (p, f) in C xp, B1 following diagrams

P ag(p)f Bpifrisg (£)
P<”Ao *>p<1 ZAO(p (paf) <1zSO )y —=Dpd fozs0

N %f Lpdfdzsx %

commute.
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Remark 13.1. Note the fact that A: C xp, Bi — C is a functor, immediately implies an
interchange law

(bay)(a<d) = (ba) <(¥9)

Definition 13.2. Let w: C — M be a bundle of categories over an object M in £. A
(fiberwise) right action of a bicategory B on a bundle of categories m: C — M is given by
the action of the bicategory B on a category C for which the diagram

C X By Bl C
Prqy s
B M

™

commute. We call a bundle w: C — M, a B-2-bundle over M.

Definition 13.3. Let (C, A, A, k,1) and (D, A’,Q, k', ) be two B-categories. A B-equivariant
functor is a pair (F,0): (C,A, A, k,1) — (D, A", Q,k',\/) consisting of

e a functor F': C — D

e a natural transformations 6: A’ o (F x Idg,) = F o A

FxIdg,
C X By Bl D X Bo Bl
A 2, Al
C 7 D
such that following conditions are satisfied:
e QoF=A
C £ D
A Q

By
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o the diagram

F><[d51 ><Id51

CXBoBl ><3061 DX3081 ><3081

IdexH
7 IdpxH
FXIdBl
C x5, B1 D x5, B A'xIdg,
Z, Z, Z,
FxIdg,
A C X Bo Bl D X Bo Bl
A/

A

Z, .

C D

F
commutes, which means that we have an identity of natural transformations
(For)[@o(AxIdg)][A o(0xIdg,)]=[00(Idecx H)|[x'o(F x Idg, x Idg,)]
when evaluated at object (p, f,g) in C xg, B1 X, B1, becomes a commutative diagram

(F(p)af)<g 2% F(paf)ag—22% F((pa f)<g)

!
RF®).f.9 F(kp,f,9)

F(p)a(feog) F(pa(fog))

0p,fog

in the category D.
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o the diagram

C X By Bl D X Bo Bl
(Ide,IN) (Idp,IQ) ~
/ g
C————t1—- L =D ’ U/L’ A’
U L A
\ % \
c - D

commutes, which means that we have identity of natural transformations
(L/ o) IdF)IdF = (F o L)[9 o (Idc,IA)]Id(FJA)
when evaluated at object p in C, becomes a commutative diagram

Op.in(p)

F(p) <ipgp) F(p<ing))

Yr(p) Flwp)

F(p)

in the category D.

Definition 13.4. A B-equivariant natural transformation 7: (F,0) = (G, () between B-
covariant functors (F,0),(G,(): (C,A, ®,a,1) — (D, V,Q, 8, k) is a natural transformation
T7: F = G such that diagram

FxlIdg,
CXBO By U/TXIdBlDXBO By
Gxldg,
Al Y (13.1)
\\é/_/
F
C 4 D
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commutes, which means that we have a following identity
C[A o (7 x Idg,)] = (10 A)f

that becomes a commutative diagram

Op,
F(p)<f—=F(paf)
Tp<f Tpaf

G(p) <1fﬁG(p<1f)

in the category D, when evaluated at object p in C.

The above construction gives rise to the 2-category in an obvious way, so we have a
following theorem.

Theorem 13.1. The class of B-categories, B equivariant functors and their natural trans-
formations form a 2-category.

Proof. The vertical and horizontal composition in a 2-category is induced from the com-
position in Cat. 0

Let B be a bicategory and P a category together with a momentum functor A: P — By

P By
t S t1 S1
Fo By (13.2)
Ao to S0
By

and let B acts on P via an action functor
A: P xp, By =P (13.3)

which satisfies coherence axioms from Definition 13.1. Such actions allows us to introduce
a fundamental objects which we will use later.
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Theorem 13.2. For any action (13.2) of the bicategory B on the category P, there exists
an action bicategory P < B consisting of the following data:

o Objects of P < B are given by objects Py of the category P

e a I-morphism is a pair (¥, h): ¢ — p which we draw as an arrow

(4,h)

q——Dp

where h: Ao(q) — Ao(p) is a 1-morphism in the bicategory B, and v¥: ¢ — p<h is a
morphism in the category P, thus it is an element of P;.

e o 2-morphism ~y: (¢, h) = (&,1)

(&)

18 a 2-morphism ~v: h = | in Bs, such that the diagram of morphisms in P

q—>p<h
Py

p<l
commutes.

Proof. We define the composition for any two composable 1-morphisms

(v,h)

, (¢,9) q P

by (¢, h) o (¢,9) = (Y op,hog): 1 — p, where p o ¢: r — p<(hog) is a morphism in P,
defined by the composition

r ¢ q<g %9 (pdh)dgMpQ(hog)

and we will show that this composition is a coherently associative. For any three compos-
able 1-morphisms

5 (,f) , (¢,9) q (¥,h) P
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first we have a morphism ((¢) o ¢) o ¢, (h o g) o f), where the first term is a composite of

s raf T pa(ho ) < S pa((hog) o f)

Also we have the composition (¢ o (¢ o ¢),h o (go f)), and the first term is given by a
composite

s 2% ga(go N pan a(go ) pa(ho(go f))

and the component of the associativity a4 r: (hog)of — ho(go f), defines a 2-morphism
((pog)op, (hog)of)
s {ongs P
(Po(pop),ho(gof))

which we see from the commutativity of the diagram

s raf 2 (pa(hog) af s pa((hog)o )
id’qf T”p,h,gqf
(q<1g)<fM>((p<lh)<lg)<lf P, g,f
i”p,h,g J{”mh,g,f
quq(gof)W(pqh)d(gof)qu(ho(gof))

that follows from the definition of the horizontal composition, the naturality and the co-
herence for quasiassociativity of the action. The horizontal composition of 2-morphisms

(9.9) (¥,h)
T {m q {p D
(0,k) (&0
is given by the horizontal composition in By
(Yod,hog)
r {jpom D

(£00iok)
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since we have a commutative diagram

Pg Kp,h,g

(pah)ag——"—=p<(hoyg)

r ¢ a9
x % k\ (p<ip)<g
)
&<k

q<k (p<]l) <g (pap)<m pd(por)
(pal)<k (pdl)dkTpQ(lok‘)

which follows from the interchange law and the naturality of the coherence for the quasi-
associativity of the action. The vertical composition of 2-morphisms in P < B is similarly
induced from the one in B. The coherence of the horizontal composition in P < B is imme-
diately given by the coherence of the horizontal composition in B. ]

Proposition 13.1. There exists a canonical projection
A:PaB—B (13.4)

which is a strict homomorphism of bicategories.

Proof. A homomorphism A: P <B — B is defined by (the component of) the momentum
functor Ag(p) = Ao(p), for any object p in P < B. For any 1-morphism (¢, h) it is defined
by A1(¢, h) = h, and for any 2-morphism ~: (1, h) = (&£,1) in P < B, it is given simply by
As(y) = . Then we have a following identity

A((,h) 0 (9,9)) =AY od,hog) =hog=A,h)oA,g)
which means that this homomorphism is strict (it preserves a composition strictly). ]

Example 13.1. The right action of a bicategory B on itself is given by a diagram

By By

to S0
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where a momentum functor is given by the source S: By — By and an action functor is
given by a horizontal composition H: By xg, B — Bi. Any object of an action bicategory
B < B is an element of By, which which is a 1-morphism

f

r—-Y.

A 1-morphism from an object f to an object f' is a pair (¢,q): f — f' as in the diagram

where v: g = h is a 2-morphism in B such that identity ¢ = (f' o )¢ holds. We will
denote an action bicategory B1 <B by TB, and we call it a tangent bicategory because the
2-bundle

T:TB — By (13.5)

(which associates to all above diagrams an object y) is a generalization of a tangent 2-bundle
introduced by Roberts and Schreiber in [79] in the case of strict 2-categories. This example
of an action bicategory plays a crucial role in understanding of universal 2-bundles. We
will later in Example 15.1 relate the construction of a tangent 2-bundle with a décalage
construction (2.1) introduced in Chapter 2.
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14 Bigroupoid 2-torsors

Definition 14.1. A right action of a bigroupoid B on a groupoid P is given by the action
of the underlying bicategory B on a category P given as previously by (P, B, A, A, a, ).

Definition 14.2. Let B be an internal bigroupoid in €, and m: P — X a right B-2-bundle
of groupoids over X in £. We say that (P,m, A, A, X) is a right B-principal-2-bundle (or
a right B-torsor) over X if the following conditions are satisfied:

e the projection morphism my: Py — X is an epimorphism,
e the action morphism Ay: Py — Bg is an epimorphism,
e the induced internal functor

(PTl,A)IPXBO Bl—>PXX7) (14.1)

is a (strong) equivalence of internal groupoids over P (where both groupoids are seen
as objects over P by the first projection functor).

Example 14.1. (The trivial 2-torsor) The trivial 2-torsor is given by the triple (B1,T, S, H, By)
where the momentum is given by the source functor S: By — By, and the action is given
by the horizontal composition H: By xp, B1 — Bi.

Example 14.2. For any B-2-torsor (P,m,A, A, X) over X, and any morphism f: M —
By, we have a pullback B-2-torsor over M, defined by the quadruple (f*(P),Pri, A o
P'I”Q, f*(A)7X)

Since we assumed that the functor (14.1) is an equivalence, we choose its weak inverse
(Pr1,D): Pxx P — P xp, B1

together with natural isomorphisms

(Pri,p): Idpx g B, = (Pr1, D)o (Pry, A), (Pry,v): (Pr1,A) o (Pri,D) = Idpx . p.

The second component of the above weak inverse is (what we call) the division functor
D:PxxP— B (14.2)

and its value on any object (p,q) € P xx P is a l-morphism D(p, q) of B which we denote
P q: Xo(q) — Ao(p)

and for any morphism (v, 9): (p,q) — (r,s) in P x x P we have a 2-morphism D(~, ) of B

v ptq = rTs.
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The component of the natural isomorphism v: Ao(Pry, D) = Prs between the two functors
from P x x P to P, indexed by an object (p,q) in P x x P is given by an isomorphism

Vpq: PAD q — q.

The component of the natural isomorphism p: Pry = Do(Pry, A) between the two functors
from P x p, Bi to P indexed by an object (p, f) in P x g, B; is given by an isomorphism

tp,r: 0 — D (paf).

When the category £ is the category Top of topological spaces, we use local sections
0;: Uy — Py of the map my: Py — X over some covering U = (U;);cs of the base space X.
We use the division functor to define morphisms g;; = o7 0;: U;; — B1, and the morphisms

fij: 05 — 0i<gij
are defined by the inverse of the component Voioj' 0i< o;0; — o0j. The following diagram

fir

log % 05 49k
fij<95k
fir (05 < gi5) < gji
Kijk
i < ik i o< (g © 95t)

defines a morphism in ¥ € Hompyx p (0 < gik, 05 < (gi5 © ;1)) by the composition

firt Fik fi599;5k Kijk
0; 1 Giky —= O ——> 05 1Gjk —> (O'i<lgz‘j> qgjk*)Uiq(gij Ogjk)

and since the set Hompy p(0; < gik, 0 < (945 © gjx)) is an image of the induced functor
(Pry, ®) which defines a bijective correspondence with the set Hompx 5,81 (0, gik), (04, gijo
gjk)) the inverse image of 1) defines sections B;i: gir — gij0g;k in Ba, such that the diagram
becomes the identity

(0: < Biji) fi = Kijk(fij Qgjk) fik-
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Theorem 14.1. Any B-2-torsor m: P — X gives rise to the Cech 2-cocycle in H*(U,B)
for some covering U = (U;)ier of the base space X.

Proof. Let’s take local sections o;: U; — Py of the map my: Py — X over some covering
U = (U;)ier of the base space X. We define local sections 7;: U; — By as objects of the
small 2-fibration FB over the fiber U; by 7, = Ago;. Then consider the following cube

fr
o] Ok <Gkl

I
I

' (05 <A gjk) < gri

Kj, 7k, Kl
| 325k,
: / (fi399,% )9k fik<gkl

0 <A gjt 105 < (gik 0 grt) (03 <99i5) A gjk) < gh

|
114931 1<(g5k0
flj 95 fz]| (ng gkl) HAP—

|
(03 2gij) < gji (75 <1 9i5) < (gjk © gr) 05 < Gik) < Gl

90::)8,
(049945 )<Bjk1 : (0498351 )49y
| Ki,ik,kl
\

0<Bjk1

Kiijk, k19Kl (

0Bkt
0i<git — — 4 — = = —(0; <2(gi5 © gjk)) AGri— 0 < (gir < g1)
_ -
Ki,ijjl -7 Ki,ij,jkl “i,inwkogkz)
0iBiji
- ;< ((gij © gjk) © gri)

-
-
-
~ 105 ik, kl
~
A

o; <(gi; < gj1) i <(gij © (gjk © k1))

7i<(gij0Bjk1)

in which the top, left and back faces are the defining diagrams for nonabelian cocycles. The
top right part of the right face consists of one such diagram acted by g}, and the top left
and bottom right part of the right face are two instances of naturality of the action, while
the bottom left part of the right face as well as bottom part of the front face is the coherence
for an action. The top part of the front face is the commutativity of an action obtained by
factoring in two (equal) ways the morphism f;; <Bjr: 0 <991 — (05<99i5)<(gjk © grr). Since
these five faces of the cube in which all arrows are invertible commute, it follows that the
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sixth (bottom) face

0; < gil 70 i < (Gik © i)
03(Bijkogrt)
71981 ;< ((9ij © gjk) © gr1)
0440 ik ki
i < (gij © gj1) oratonoio O (9ij © (gjk © gr1))

also commutes. Since the functor (Pri, A): P xp,B1 — P xx P is fully faithful, the inverse
image of the diagonal 2-morphism from ¢;<g; to 0;<(gsj 0 (gjx 0 gr)) in the above diagram,
consists of the single 2-morphism between g; and (g;; o (g;x © gri)) which gives the identity

(9i5 © Bjr) Bijt = ijri(Biji © gr1) Bkt
for the nonabelian 2-cocycle (g;;, Bi;x) with values in the bigroupoid B. O

Now we describe the gluing construction which is inverse to the construction from the
previous theorem.

Theorem 14.2. For any 2-cocycle (7, gij, Biji) in H2(U, B), there erists a B-2-torsor
m: P — X over X together with an equivalence

¢: 7 (B1) —=Plu
over U.

Proof. We take the 2-cocycle (74, gij, Biji) in H2(U, B), with respect to some covering U =
{Ui}ier of X, and a 2-truncation of the simplicial resolution U,

do dO
UXXU

d2 dl

UXXUXXU U X

of the epimorphism e = (e;)icr: U = [[;c; Ui — X, induced by a family of embeddings
e;: Uy — X. This is just the nerve of the Cech groupoid associated to the covering
e: U — X, whose objects are given by the elements (i,x) of U, and unique morphisms

(i,4,2): (j,x) — (i,x) between any two elements in the same fiber. Thus, target and
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source morphisms dy,d;: U xx U — U are given by the first and the second projection,
respectively.

The construction of the 2-torsor P is given by the pseudocolimit of the pseudosimplicial
category over the simplicial resolution U, of the covering 7: U — X

Do Do .
Ro Ri1 Ro P
D, Dy
lm im lpo in
do do .
Us Ui Uy X
da 41

where Ug =U, Uy =U xXx U, Us =U xx U xx U, and each groupoid R,, is a pullback

Tn

Rn By
Pn Do (143)
U, Bo

™n

of the trivial right B-torsor Dy: By — By by the unique morphism 7, = 7d": U, — By
and the morphism d": U,, — Uy is defined by d" = d,dp,_1...d; for n > 1, and d° = idy.

Explicitly, on the level of objects, the category Ry is given by the pullback 7*(Bp) of
the trivial B-2-torsor T': By — By. Object of the category Ry are triples (i,z, f) where
7i(z) = to(f), and any morphism is given by a triple (i,z,¢): (i,z, f) — (i,z, f’) where
¢: f = f'is a 2-morphism in Bsg, such that 7;(z) = T(¢). The composition in Ry is
inherited from the vertical composition of 2-morphisms in B, and the functor pg: Ro — U
is given by the projection on the first two factors.

The category p1: R1 — U xx U over U x x U is defined by the pullback R = (7d1)*(B1).
Objects of the category R are quadruples (i, j,x,g) where oj(z) = to(g), and any mor-
phism is given by a quadruple (4, j, x,¢): (i,7,2,9) — (4,,%,g") where 1): g = ¢ is again
a 2-morphism in Bo, such that o;(x) = T'(1).

The category po: Re — U xx U xx U over U xx U xx U is defined by the pullback
R = (7rdady)*(B1), so its objects and morphisms are given by quintuples as above.

The first two face functors Dy, D1: R1 — Ry are defined for any 1-simplex (4,7, z, g)
in Ry by

psean={ GrHT0 T 119

on the level of objects and similarly on the level of morphisms.
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The next three face functors Dy, D1, Do: Ro — Ry are defined by

D;(i,j,k,xz,h) =< (i,k,x,h) 1=1 (14.5)
(j, k,x, h) i=2

on the level of objects and similarly on the level of morphisms.
The following simplicial identities of functors hold on the nose

D1Dy(i,j, k,x,h) = D1(i,k,x,h) = (k,z,h) = D1(j, k,z,h) = D1Ds(i, j, k,x,h)
DODZ(ivjvkvxvh) = DO(j7 k?,l‘,h) = (],.I,gjk(CE)h) = DO(la]afEagjk(:L‘)h) = DlDO(i)jykamah)

The nontrivial simplicial identity is given by a natural isomorphism 3: DyoDg = DgD1,
whose component indexed by an object (4, j, k, x, h) of R is given by a morphism (i, z, Z;,};)
from the object DoDy(i,j,k,x, h) = Do(i, j, , gjr(x)h) = (i, x, gij(x)gjr(x)h) to the object
DoDq (3,4, k,x,h) = Dy(i, k,z,h) = (i, z, gi(z)h).

We construct the category P as a pseudocolimit of the pseudosimplicial category R.
It is given by a version of the Grothendieck construction, and it goes as follows.

The objects of P are given by the union of objects of R,. We describe morphisms
in P by means of a particular example. A morphism (m,¢): (i,z, f) — (i,], k,x,g) from
an object (i,z, f) in Ry to an object (i,7, k,x,g) in Ry is given by a pair of morphisms,
where m: [0] — [2] is a monotonic map in A, whose canonical factorization in A is given
by m = 616p (so that we have U(m)(3, j,k,z) = (¢,z) in Uy). Then the second component
of the above pair is given by a morphism ¢: (i,z, f) — R(m)(i, 4, k,z,9) = (i,z, gix(z)g)
in Ry. For another morphism (n,): (i,7,k,x,9) — (i,4,k,l,x,h), where n = 61: [2] — [3]
and ©: (i,7,k,x,9) — R(n)(i,j,k,l,z,h) = (i, 7, k, x, gri(x)h), the composition is defined
by a pair (nm,v o ¢): (i,z, f) — (i,7,k,l,x,h), where the morphism ) o ¢: (i,z, f) —
(i,k,l,z, h) is defined by the composition

(i 2, f) == R(m) (i, j, by 7, ) 2R ()R (1) (7, 5, ey 1, 2, B) —m R () i, , ks 1, a2, )

where the last isomorphism is obtained from the component of the natural isomorphism
ﬁ: DogDgy = DyD;.

The projection 7: P — X is explicitly described by m(i,7,2,h) = = on the level of
objects. Also we have a momentum functor A\: P — By, defined by mo(i, j, z, h) = so(h),
and the action functor is naturally defined by the horizontal composition

(i,j,x,h)<g = (i,j,z,hog). (14.6)

It follows that the functor m: P — M is a B-2-torsor over X, with respect to an action
(14.6). O
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15 Simplicial interpretation of bigroupoid 2-torsors

Let we describe the simplicial set P, arising by an application of the Duskin nerve functor
Ny: Bicat — SSet

to an action bicategory P < B. The set of O-simplices is Py and any 1-simplex is an arrow

p; (mijsfij) i
and face operators are defined by d§ (75, fij) = pi and d} (m;j, fij) = p;, while the degeneracy
is defined by s}(pi) = (tp;,1p,;) and it is given by the arrow

(Lpi ﬂ'pi)
Pi ———D;
where the morphism vy, : p; — p;<iy(p,) is an identity coherence of the action. A 2-simplex
in P, is of the form
(ko)

Pk ————DPj

%@'jk

(mik, fir) (o fid)
bi
where the diagram

ﬂijoﬂjk

Pk —>p; < (fij o fik)
p<Bijk

pi < fik
of morphisms in P commutes, and the morphism m;; o mi: pr — p; < (fij o fjx) is the

composite of

Tk i 5k Ki jk
P —">p; < fiw —— (pi 9 fi5) < fjk —=>pi 2 (fij © fik)

of morphisms in P. Face operators are defined by

43 (Bijk) = (Wi, fik)
a3 (Bijk) = (mik, fir)
d3(Bijk) = (75, fi)
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and the degeneracy operators are given by

sg)(mj, fij) = py,;
Sl(ﬂ'iﬁfij) = )\fij

which are the two 2-simplices

(ij :ipj)

by

(mij,fiz)

bi

122

respectively, where the 1-morphisms py, @ fij 0 iy, — fij and Ay, @ ip, o fi; — fij are the

components of the right and left identity natural isomorphisms in B.
A general 3-simplex is of the form

Dbi

(farmar) (fij mij)

/BZ‘} Kjk
» (fi1,m51) p;

(fik>mik)
%kl /3]'5

(frtsmht) (fir>mjk)

Pk

where we have an identity
Birt (Bijk © frr) = cijraBii(Bjrt © fij)

which is just a nonabelian 2-cocycle condition.
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Example 15.1. Let By be Duskin nerve for a bicategory B. The tangent bicategory TB
from Example 13.1. is action bicategory for the right action of B on itself and a décalage
construction (2.1) from Chapter 2 becomes the diagram of simplicial sets

By By By By SKO(B,)
dOT l dgwsg dg”sg dgwsg n s,
di do -
Bl BQ B3 B4 Dec(B.)
do do <~
SOTldl S1 Tldz 52Tld3 33Tld4 S1 TlDl
dq da -
By B By Bs B,
do do

in which D1: Dec(B,s) — B, is a simplicial map which is the Duskin nerve of the canonical
projection A: TB — B and Dy: Dec(Bo) — Be is a simplicial map which is the Duskin
nerve of the tangent 2-bundle T: TB — By

Theorem 15.1. Let the bigroupoid B acts on a groupoid P. Then the Duskin nerve of the
canonical projection (13.4) is a simplicial map Ae = N2(A): Ps — Be which is a simplicial
action of the Duskin nerve Bo on the bigroupoid B, i.e. it is an exact fibration for all
n > 2.

Proof. We need to show that for any n > 2 and for any k such that 0 < k < n, the diagram

p,—2 B,
Pr Pr
No(Pa) ——= NL(B.)

iS a pullback. A k-horn ((fij7 7T2'j), ceey (ijkfl, 7Tj,k71>a (fk,k+17 7Tk,k+1)a ceey (fn—l,na Wn—l,n)) n
/\fl(P.) is given by the n-tuple of 1-morphisms in AgP, and its image by A5: /\12“(73.) —
A5(P.) is a k-horn in A¥(B.), given by the n-tuple (fij, .., fj—1, frkits - fo1m) Of 1-
morphisms in B. For example, in the case n = 2, any filler of a 1-horn (fi;, —, fjx) in
N5 (Ba), is the 2-simplex

Lk
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in By. A 2-simplex in P, is a lifting of the previous 2-simplex if it is of the form

(k> Fik)

Pk ————Dj

/ﬂijk

(k> fir) (rig: fia)
bi

where the diagram
g OTI'j]C

Pk —>p; <(fij o fir)
P<Bijk

pi < fik
of morphisms in P commutes, and the morphism 7;; o 7ji: pr — p; < (fij o fjx) is the
composite of
Pk 5 pj fjk% (pi < fij) A i —2% pi 2 (fij o fir)
so we see that a pair ((fij, 7ij); — (fik Tik)s Bijk) in Ay (Pe) X AL (8,) B2 uniquely determines

above 2-simplex in Po. Since P is a groupoid, any pair consisting of a k-horn in /\g”(lg,)7 for
k = 0,2, and a 2-simplex in By which covers the k-horn, uniquely determines a 2-simplex
in Po, and thus provides a canonical isomorphism P, ~ /\S(P.) X Nk (Ba) B>. Since both
simplicial objects are 2-coskeletal, the assertion follows for all n > 2. O

Observe that even in the case when we just have an action of the bicategory B on
the category P, the above condition for an exact fibration is still satisfied for inner horns
0 < k < n. Thus it is sensible to introduce weakened concept of an exact fibration.

Definition 15.1. A simplicial map Ae: E¢ — Be is a weak exact fibration in dimension n
if diagrams

E,— .B,
AL(E) — NE(B.)

are pullbacks for all 0 < k < n. We call it a weak exact fibration if it is a weak eract
fibration in all dimensions.
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With respect to this definition we generalize the simplicial actions of n-dimensional
hypergroupoids to the case of weak n-dimensional Kan complexes. First we give their
formal definition.

Definition 15.2. A weak n-dimensional Kan hypergroupoid G in £ is a weak Kan complex
such that the canonical map G, — /\’;,L(G.) is an isomorphism for allm >mn and 0 < k <
m.

Now we generalize actions with respect to this simplicial objects.

Definition 15.3. An action of the n-dimensional Kan complex is an internal simplicial
map Ne: Pe — Bo in £ which is a weak exact fibration for all m > n.

This concept provides a following simplicial characterization of an action of the bicat-
egory B on the category P.

Theorem 15.2. Let the bicategory B acts on a category P. Then the simplicial map
Ae = No(A): Py — B, is a simplicial action of the Duskin nerve Be of the bicategory B,
i.e. it is a weak exact fibration for all n > 2.

In the case of the bigroupoid B, the Duskin nerve functor is a 2-dimensional hyper-
groupoid Be = N3(B) and let Py = Na(AgP) be the Duskin nerve of an action bigroupoid
associated to the action of the bigroupoid B on the groupoid P. Glenn introduced in [36]
a simplicial definition of an n-dimensional hypergroupoid n-torsor in &.

Definition 15.4. An action Ae: Ps — Be is the n-dimensional hypergroupoid n-torsor
over X in € if Ps is augmented over X, aspherical and n-1-coskeletal (Py =~ Cosk™ 1(P,)).

In the case of the bigroupoid B, the above definition reduces to the following definition.

Definition 15.5. A bigroupoid Be 2-torsor over an object X in £ is an internal simplicial
map Ne: Po — Be in S(E), which is an ezxact fibration for all n > 2, and where P, is
augmented over X, aspherical and 1-coskeletal (Py ~ Cosk'(P,)).

Thus in the case when an action of B on P is principal, we have the following result.

Theorem 15.3. Let P be a B-2-torsor over X. Then simplicial map Ae = N2(A): Pe — Be
18 a Duskin-Glenn 2-torsor.

Proof. The simplicial complex P, is augmented over X because the action of B is fiberwise,
since for any 1-simplex (f;;,mi;): pj — p; in Py, where m;;: p; — p; < f;; we have

modo(fij, mij) = mo(pi) = mo(pi < fij) = mi(mij) = mo(ps) = mod1(fij, mij)-
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The simplicial complex P, is obviously aspherical and we prove now that it is also 1-
coskeletal. A general 2-simplex in Cosk!(P.)2 is a triple ((fij, mij), (fiks Tik)s (ks Tjk))
which we see as the triangle

(k> Fik)

Pk ————DPj

(7ik> fike) (i, fi5)

bi

from which we have morphisms 7;; o w1 : pr — p;i < (fij © fjx) and T2 pr — pi < fir in P.
Now we use the fact that the induced functor

(PT‘l,.A)i’PX30814>P XXp

is a (strong) equivalence of internal groupoids over P, and therefore fully faithful. Specially,
for the two objects (ps, fijo fjx) and (ps, fir.) of P x g, B, this equivalence induces a bijection

Hompy g 8,((pis fij © fi), (pis fik)) = Homps «p((pi, pi < (fij © fir)): (Pi, pi < fir))

and therefore for a morphism (idp,, 7 o (5 © wjk)_l): (pispi < (fij © fik)) — (Pispi < fik))

(mijom;,) ™t

k<——pi < (fij o fik)

pi < fik
there exists a unique 2-morphism 3;;;: fij o fjx — fir in B, such that the diagram

7'(',']'07ij

Pk —>p; < (fij © fir)
P<Bijk

pi < fik



15 SIMPLICIAL INTERPRETATION OF BIGROUPOID 2-TORSORS 127

commutes, and this uniquely determines a 2-simplex

(k> fik)

Pk ————Pj

(mik> fir)

bi

in Py, which proves that we have a bijection Py ~ Cosk!(P,)2. From here it follows
immediately that Py ~ Cosk!(P,). ]
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Part IV
The bibliography and biographical data
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