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Zusammenfassung

Das Modell von Brown und Ravenhall wird in der Quantenphysik und Quan-
tenchemie verwendet, um relativistische Mehrteilchensysteme, insbesondere
Atome und Molekiile, zu beschreiben. In dieser Dissertation untersuchen wir
einige mathematischen Eigenschaften dieses Modells. Wir zeigen, dass unter
sehr allgemeinen Annahmen {iber die Wechselwirkungspotentiale das wesent-
liche Spektrum von Mehrteilchen—-Brown—Ravenhall-Operatoren die rechte
Halbachse ist, deren Fiihrungspunkt durch die minimale Energie bei Zerle-
gung des Systems in zwei Teilsysteme (Cluster) bestimmt ist. Dieses Resultat,
das man oft in der Mehrteilchentheorie der HVZ-Satz nennt, ist von fun-
damentaler Bedeutung in der Spektralanalyse von Mehrteilchen—-Hamilton—
Operatoren mit abfallenden Potentialen.

Nehmen wir jetzt an, dass die Teilchen des Systems einander abstoflen,
aber durch ein dufleres Potential gebunden sind, das am Unendlichen abfillt.
Dann beweisen wir den exponentiellen Abfall der Eigenfunktionen zu Eigen-
werten unterhalb des wesentlichen Spektrums.

Falls einige Teilchen des Systems identisch sind, verlangen die Gesetze der
Quantemechanik oft eine Reduktion des Operators auf den Unterraum der
Funktionen, die geméf einer irreduziblen Darstellung der Permutationsgrup-
pe identischer Teilchen transformiert werden. Andererseits sind die Wechsel-
wirkungen oft invariant gegen Drehungen und Spiegelungen. Wir beweisen,
dass sowohl der HVZ—-Satz als auch der exponentielle Abfall der Eigenfunk-
tionen fiir die Operatoren gelten, die auf irreduzible Darstellungen der oben
genannten Gruppen reduziert sind.

Unsere Ergebnisse sind potentiell wichtig fiir die weitere Untersuchung
des Spektrums von Brown—Ravenhall-Operatoren und deren Streutheorie.



Abstract

The Brown-Ravenhall model is used in quantum physics and chemistry to
describe relativistic multiparticle systems, particularly atoms and molecules.
In this dissertation we analyse some general properties of this model on the
mathematically rigorous level. We show that under very general assumptions
on the interaction potentials the essential spectrum of multiparticle Brown—
Ravenhall operators is the right semiaxis starting from the minimal energy
possible for the decompositions of the system into two clusters. This result,
usually called HVZ theorem, is the fundamental starting point in the spectral
analysis of multiparticle Hamiltonians with decaying potentials.

Suppose now that the particles constituting the system repel each other
but are confined by an external field decaying at infinity. In this situation
we prove that the eigenfunctions corresponding to the eigenvalues below the
essential spectrum decay exponentially.

If some particles of the system are identical, the laws of quantum mechan-
ics often require to reduce the operator to the subspace of functions which
transform according to some irreducible representation of the group of per-
mutation of identical particles. On the other hand, the interactions are often
invariant under some rotations and reflections. We prove that both the HVZ
theorem and the exponential decay of eigenfunctions hold true for operators
reduced to the irreducible representations of the above groups.

Our results are potentially important in further studies of the spectrum
and in the scattering theory of Brown—Ravenhall operators.
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0.1 Notation and Units

0.1 Notation and Units

1. Throughout the text we use the conventional units h = ¢ = 1.

denote all auxiliary constants whose exact numeric values are not important
by C, sometimes with indices. We often explicitly indicate in brackets the

parameters on which such auxiliary constants can depend.

2.  We use the following notation:

Symbol

Meaning

euclidean norm for numbers, vectors or matrices;
commutator of operators A and B, AB — BA;
arbitrary C'-regular domain in R¥, k € N with
bounded boundary;

space of k times continuously differentiable func-
tions on §2;

space of square integrable d—dimensional vector
valued functions on 2;

Sobolev space W#2(2, C%) (see e. g. [1]);

inner product and norm in Ly(R3?, C*") with d be-
ing the dimension of the underliyng configuration
space, if not otherwise specified by a subscript;
indicator function of the set €2;

spectrum of a selfadjoint operator A;

sesquilinear form of a selfadjoint operator A;
unitary Fourier transform;

ball in R? of radius R > 0 centered at the origin.
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Part 1
Introduction

1.1 Brown—Ravenhall Operators

It is well known that the eigenvalues of the one—particle Coulomb—Dirac op-
erator are in better accordance with spectroscopic data then the eigenvalues
of the Schrodinger operator. However, due to the presence of the negative
continuum of positronic states the multiparticle Coulomb—Dirac operators
have no eigenvalues and their essential spectrum is the whole real line. Cou-
pling with the quantized electromagnetic field does not correct this situation
[25]. This is why in the modern physics and chemistry literature the Dirac
operator is often projected onto some subspace where it appears to be semi-
bounded from below and allows for a spectral analysis along the same lines as
for Schrodinger operators. Such models find their applications in numerical
studies of heavy elements and cosmology, where relativistic effects cannot be
ignored.

We now give a formal definition of multiparticle Brown-Ravenhall opera-
tors. In the Hilbert space Lo(R3, C*) the Dirac operator describing a particle
of mass m > 0 is given by

D,, = —ia-V + m,

where a = (a1,a3,a3) and 3 are the 4 x 4 Dirac matrices [26]. The
form domain of D,, is the Sobolev space H'/?(R3 C*) and its spectrum is
(—o0, —m] U [m, 4+00). Let A,, be the orthogonal projector onto the positive
spectral subspace of D,,:

1 —ia-V

A, = g e VA m (1.1.1)

2 2V—-A+m?
We consider a finite system of N particles with positive masses m,, n =
1,...,N. To simplify the notation we write D,, and A, for D,, and A,,,,

N .
respectively. Let §y := @ A, Ly(R3?, C*) be the Hilbert space with the inner
n=1

. N N .
product induced by the one on ® Ly(R?, C*) = Ly(R3Y C*"). In this space
n=1
the N-particle Brown-Ravenhall operator is formally given by

N

Hy :AN(Z(DH+VH)+§:Unj)AN, (1.1.2)

n=1 n<j



1.1 Brown—Ravenhall Operators 3

with .
N
AN = A, = A,. 1.1.

Here the indices n and j indicate the particle on whose coordinates the
corresponding operator acts.

In V,, and U,; are the operators of multiplication by the potential
energy of interactions of the particles of the system with an external field
and between themselves, respectively.

In most applications to atomic and molecular physics Brown—Ravenhall
operators are considered in the Born-Oppenheimer approximation. Then V,
is the potential energy of the n'* particle in the electrostatic field of static
nuclei

K
Zk

L

V., =e,

where e, is the electric charge of the particle, and z;, and rj are the charges
and positions of the nuclei. The interaction between the particles is given by
the Coulomb potential energy
Unj = ﬂ.
% — X

In this dissertation we will consider a more general situation, where the in-
teraction potentials are not necessarily Coulombic and can be matrix—valued.
This, for example, allows to include the magnetic vector—potential into V,
(in the same manner as it is usually done for Dirac operators, see e. g. [26],
Section 4.2) and thus study the system in external magnetic field.

We assume that V,, are the operators of multiplication by measurable

hermitian 4 x 4 matrix valued functions V,(x,), n = 1,..., N, and U,; are
given by the operators of multiplication by a measurable hermitian 16 x 16
matrix valued function U,;(x, —x;), n < j = 1,..., N. More explicitly, if

s; € {1,2,3,4} denotes the spinor index of the 4t particle, then

(Vo) (X1, 813+« 5 Xy S - - - 5 XN5 SN)

= SV (K, 15X B X, ),
Sn

and
(Unj ) (X1, 815 -3 Xny Sn - -3 X5, 843+ - 5 XN, SN)

= Z Ui;sj’s"sj(xn — X;)(X1, 813+ -5 Xy Sp - -5 Xy 855 XN, SN)-

Sn,Sj
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In the Brown-Ravenhall model every particle is confined to the
positive spectral subspace of the corresponding free Dirac operator. A discus-
sion concerning other possible choices of the subspaces to which the particles
can be constrained, which corresponds to the replacement of A" by some
different projectors, can be found in [25]. The benefit of Brown-Ravenhall
operators is that the potentials describing the interactions between the parti-
cles of the system are treated in the same way as the external field potential,
which is a physically reasonable assumption. On the other hand, the numeric
values obtained for the eigenvalues of Brown-Ravenhall operators are not in
perfect correspondence with spectroscopic data, which often motivates the
choice of other models.

We now review some mathematically rigorous results about Brown-Ra-
venhall operators. In all these previous studies systems of identical electrons
were considered in the Born-Oppenheimer approximation.

The mathematical study of the Brown-Ravenhall operators started with
the article of Evans, Perry, and Siedentop [9]. These authors proved that the
one—electron atomic Hamiltonian is semibounded from below if and only if
the nuclear charge does not exceed 2o~ /(7/2+2/m) &~ 124. This makes the
Brown-Ravenhall model applicable to all existing elements. Note that this
is not the case for another relativistic model often discussed in the literature,
the Chandrasekhar operator, where the kinetic energy of the n'* particle is
given by v/—A, + m? (which coincides, in fact, with A, D, A, on the range
of A,,), but the electrostatic potentials are unprojected (see Herbst [13]). It
was also proved in [9] that for subcritical charges the essential spectrum of
the one-particle atomic Brown-Ravenhall operator is [m, c0) with m being
the mass of the particle, and that the singular continuous spectrum is empty.

Further results include the lower bounds by Tix [27, 28] (see also Burenkov
and Evans []) in the atomic case, the proof that the eigenvalues of the
Brown-Ravenhall operator are strictly bigger than those of the one—particle
Dirac operator by Griesemer et al. [I1], the proof of stability of one-electron
molecules by Balinsky and Evans [3], and the proof of stability of matter by
Hoever and Siedentop [14].

The essential spectrum of multiparticle atomic Hamiltonians was charac-
terized in the articles of Jakubafla—Amundsen [16, [17], and in our joint work
with S. Vugalter [21] in terms of two—cluster decompositions (HVZ theorem).
It is also proved in [21] that neutral atoms and positively charged atomic ions
have infinitely many bound states.

In the recent preprint by JakubaBa—Amundsen [I5] the essential spectrum
was characterized in presence of constant magnetic field. In the articles of
Cassanas and Siedentop [7] the leading term of the asymptotics of the ground
state energy of the multiparticle atomic Brown—Ravenhall operator for large
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atomic charges is found under the assumption that the ratio of the atomic
charge and the speed of light is constant.

1.2 Outline of the Model and Main Results

Considering particles with different masses and interaction potentials, we will
take into account that some of the particles of the system can be identical.
As usual in quantum mechanics, this will require the restriction of the con-
figuration space of the system to the subspace of functions which transform
according to some proper representation of the group generated by transposi-
tions of identical particles. The most physically motivated is the assumption
that the wave—functions describing the state of the system should be anti-
symmetric with respect to such transpositions, since the Brown—Ravenhall
operators describe particles with spin 1/2, thus fermions. On the other hand,
if the interaction potentials have some rotation—reflection symmetry, it is very
fruitful to consider the reductions to different irreducible representations of
the symmetry group separately. Note that the spectrum of the whole oper-
ator is then the union of the spectra of all such reduced operators.

There are two main new results obtained in this dissertation. Flirst, in
Theorem we characterize the essential spectrum of Brown-Ravenhall
operators reduced to some irreducible representations of rotation-reflection
and permutation symmetry groups in terms of two—cluster decompositions.
An analogous result is well-known in the theory of multiparticle Schrodinger
operators under the name “Hunzicker—van Winter—Zhislin theorem”. The
closest resemblance is the formulation of the HVZ theorem given in the book
of Jorgens and Weidmann [18].

Historically the first proof of what is now known as the HVZ theorem for
Schrodinger operators was obtained by Zhislin [30]. This result was since then
generalized in many ways (see, e. g., [§] and references therein). For mul-
tiparticle Chandrasekhar operators the HVZ theorem was proved by Lewis,
Siedentop and Vugalter [19]. The HVZ theorem for atomic Brown-Ravenhall
operators in the Born-Oppenheimer approximation was obtained in the ar-
ticles of JakubaBa—Amundsen [16, [17] and our joint work with S. Vugalter
[21]. In the recent preprint of Matte and Stockmeyer [20] the HVZ theo-
rem is proved for a wide class of models which are obtained by projecting of
multiparticle Dirac operators to subspaces dependent on the external elec-
tromagnetic field.

Our second main result is Theorem [.2.1] We prove that for Brown-
Ravenhall operators (reduced to any irreducible representations of rotation—
reflection and permutation symmetry groups) the eigenfunctions correspond-
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ing to the eigenvalues below the essential spectrum decay exponentially. We
also prove that the exponent characterizing the decay grows at least linearly
with the distance between the eigenvalue and the essential spectrum. The as-
sumptions of Theorem are not as general as those of Theorem [3.1.1], see
Section4.1] The main difference is that the interparticle interaction potential
is assumed to be nonnegative.

Note that the eigenvalues for which we prove the decay of eigenfunctions
can be embedded in the essential spectrum of the whole operator, still being
below the essential spectrum of a reduction to some irreducible representa-
tion of the symmetry group. Existence of such eigenvalues for some specific
models including atoms and molecules in the Born-Oppenheimer approxi-
mation can be obtained along the same lines as in the proof of Theorem 2
of [21], where it is proved that atoms and positive ions have infinitely many
eigenvalues below the essential spectrum.

The exponential decay of eigenfunctions has important implications for
bound-state and scattering problems for multiparticle systems. There are
many results on the decay of eigenfunctions of multiparticle Schrédinger op-
erators, including anisotropic estimates and lower bounds, see e. g. [5] and
references therein. A very detailed analysis of the non—isotropic exponen-
tial decay of eigenfunctions of Schrodinger operators in terms of a metric in
configuration space is presented in the book of Agmon [2]. It is proved by
Carmona and Simon [5] that the upper bound of [2] is exact at least for the
ground state. Another very simple proof of the exponential decay, based on
the approach of Agmon [2] can be found in [12], Lemma 6.2.

As for relativistic operators, Carmona, Masters and Simon [6] have proved
the exponential decay and gave lower bounds for eigenfunctions of a wide
class of models including one—particle Chandrasekhar operators. Exponential
decay of eigenfunctions of some projected multiparticle Dirac operators is
proved in [20].

Let us mention some features of Brown—Ravenhall Hamiltonians which
make their analysis more complicated in comparison to Schrodinger opera-
tors. First, the operators we are considering are nonlocal due to the presence
of the spectral projector AY. Many times we will need to estimate the com-
mutators of this projector with operators of multiplication by some functions.
In order to obtain the desired estimates we will apply the method of [21],
considering such commutators as singular integral operators. It also turns
out that the separation of the center of mass motion, unlike for multipar-
ticle Schrodinger operators, does not allow to decompose the multiparticle
Brown—Ravenhall operator without external field as

H=A®I+I1® B,
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where A would describe the free motion of the center of mass and B would
be the internal Hamiltonian of the system (see e. g. [I8], [8]). This makes
many questions more thorny, especially in presence of rotation—reflection
symmetries. For example, it is not obvious that the spectrum of the free
cluster is a semiaxis, what we prove in Proposition|3.6.1. For the same reason
we refrain to characterize the spectral structure of the internal Hamiltonian,
since it will now depend on the momentum of the center of mass.

Note that the proof of the HVZ theorem for a system of particles described
by the Chandrasekhar operator reduced to some nontrivial irreducible repre-
sentation of the rotation—reflection symmetry group was till now not known
(see the article of Lewis, Siedentop and Vugalter [19] for the proof without
reductions). Such a proof can now be obtained as a simplified modification
of the proof of Theorem (3.1.1]

Finally, we sketch the class of potentials for which our results are ap-
plicable. Whereas the exact assumptions are given in Sections and
let us consider the case of purely electrostatic interactions. To satisfy the
hypothesis of Theorem |3.1.1] it would suffice that the interaction potentials
have the following properties:

e The operators describing the system and its subsystems are semibonded
from below after multiplication of all potentials by 1 + & with some
e >0;

e All the interaction potentials decay at infinity in the L., sense;

e The absolute value of each potential can be dominated by a sum of
finite number of Coulomb “bumps”C/| - —x¢| and a sufficiently big
constant.

To satisfy the hypothesis of Theorem it is enough to add the assumption
e The interaction potentials U,;, n < 7 =1,..., N are non-negative.

As for semiboundedness from below, it appears that attractive Coulombic
singularities are only allowed up to some critical coupling constant dependent
on the masses of the particles (and thus represent the borderline case), see
[9]. It follows from the result of [3] that the Brown-Ravenhall operator is
semibounded from below if the external field has a finite number of Coulombic
wells of subcritical magnitude and the interparticle interaction potentials are
non-negative.
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1.3 Structure of the Dissertation

In Part [2| we will formulate the explicit assumptions on the interaction po-
tentials, which will allow us to define the Brown—Ravenhall operator via a
semibounded from below quadratic form. We also introduce the necessary
reductions to the subspaces corresponding to irreducible representations of
rotation—reflection and permutation symmetry groups.

In Part [3] we analyse the structure of the essential spectrum of multi-
particle Brown-Ravenhall operators. The main result of this part is Theo-
rem [3.1.1] In Section we represent the orthogonal projector A,, on the
positive spectral subspace of the Dirac operator as a singular integral oper-
ator. Section [3.3] contains useful tools for establishing the boundedness of
integral operators. We will apply these tools to estimate some commutators
of A,, with operators of multiplication by smooth functions in Section |3.4
In Sections |3.5 we give the proof of Theorem [3.1.1]

In Part |4 we prove that the eigenfunctions of multiparticle Brown—Raven-
hall operators corresponding to the eigenvalues below the essential spectrum
decay exponentially. Before we formulate the main result in Theorem
we will need to make some assumptions on the interaction potentials which
are more restrictive than those of Part 3 This is done in Section 4.1l Theo-
rem 4.2.1]is proved in Sections 4.34.6]

Part [5] contains two appendices. In Appendix [A] we overview some prop-
erties of modified Bessel functions which we often use throughout the text.
Appendix [B| contains the proof of Lemma [3.5.2]



Part 2

Model

2.1 Assumptions and Definitions

Before we introduce our assumptions on the interaction potentials, let us
consider possible decompositions of the system into two clusters. Let Z =
(Z1, Zs) be a decomposition of the index set I := {1,..., N} into two disjoint
subsets:

I =7,UZy, Zi1NZy=0.

For n =1,..., N we will say that the n'" particle belongs to the cluster j if
n e Zj. Let
N; =#Z;, j=1,2 (2.1.1)

be the number of particles in each cluster. We will write n#j if the particles
with numbers n and j belong to different clusters. Let

HZ,I = Z (Dn + Vn) + Z Unj, (212)

nezy n,j€Z
n<j
HZ’Q = Z Dn + Z Unj. (213)
neZs n,jGZZ
n<y

We omit Hy; if Z; = @, j = 1,2. Let us introduce the operators correspond-
ing to noninteracting clusters, with the second cluster transferred far away
from the sources of the external field:

ﬁZ,j = AZ,jHZ,jAZ,ja in ~6Z,j = ® AnLQ<R3,C4), ] = 172, (214)

nEZj

Azj =[] A

TLGZJ‘

where

We make the following assumptions:
Assumption 2.1.1 There exists C' > 0 such that for any Z and j = 1,2
[(Hzio.0)| < Cllellmre[$llm,  for any o0 € nngUZ(RS,W)
(2.1.5)
For Coulomb interaction potentials follows from Kato’s inequality.
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Assumption 2.1.2 There exist C; > 0 and Cy € R such that for any Z

(Hz0,9) > C1(Y_ Dyth,00) — Col|y|?,

neZ; (2.1.6)
forany Yve ® A Hl/z(R3 ch, j=1,2

nez;

Remark 2.1.3 Note that for p € ®@ A, HY?(R3,C*) the metric

nez;

(" Dawr )2 = || 3 1Dl

nEZ]- nEZj

is equivalent to the norm of ¢ in ® HY?*(R3 C*), since
nEZj

AuDyAy = M| Dy|Ay = Apr/—A + m2A,. (2.1.7)

An equivalent formulation of Assumption is that the operator 77{2,]- is
semibounded from below even if we multiply all the interaction potentials by
1+e¢ with € > 0 small enough. This is only slightly more restrictive than the
semiboundedness of Hy ;.

Assumption 2.1.4 For any R > 0 there exists a finite constant Cr = 0
such that

i </|ng }Vn(x)}de) " Z (/|X|<R j(X)‘zdx> ) <Cr (218)

n=1 n<j

This means that the interaction potentials are locally square integrable.

Assumption 2.1.5 For any ¢ > 0 there exists R > 0 big enough such that
foralln=1,....N

Vil gnorydll < el|[Dal V26|, for all o € HY2®R,CY,  (2.1.9)

and for alln <j=1,...,N

U T 5m1n{ D, |2 1/2 }
1Unj e —s; 1> my |l < 1] ol (2.1.10)
forall e Hl/Q(Rﬁ, C').
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By Remark this assumption is weaker then the decay of L., norms of
the interaction potentials at infinity.
It follows from and Remark that for any Z there exists a
constant C' > 0 such that for any ¢ € S% A, H'Y2(R3,CY)
nez;

10132 < C((Hzg, ) + [91%), §=1,2 (2.1.11)

Hence by Assumptions and [2.1.2) the quadratic forms of operators
(2.1.4) (and, in particular, Hy) are semibounded from below and closed

on ® A,HY%(R3 C*). Thus these operators are well-defined in the form
nezZ;j
sense.

Some particles of the system (say, k" and ['") can be identical (in which
case my, = my, Vi =V}, and Uy; = Uj; for all j). Then the operator Hy can
be reduced to the subspace of functions which transform in a certain way
under permutations of identical particles. The most physically motivated
assumption is that any transposition of two identical particles should change
the sign of the wave function 1) € $y describing the system. This is the
Pauli principle applied to the identical fermions (the model describes spin
1/2 particles, thus fermions).

Let IT be the subgroup of the symmetric group Sy generated by trans-
positions of identical particles. We denote the number of elements of I by
hr. Let E be some irreducible representation of II with dimension dg and
character £g. For ¢ € Hy let

PEy = Z_i S En(myme, (2.1.12)

mell

where 7 is the operator of permutation:

(m) (X1, 8155 XN, 58) = @/J(Xrlu), Sr=1(1)5 - - - s Xg=1(N); 37r*1(N))'

Here si,...,sy are the spinor coordinates of the particles. The operator
PE defined in is the projector to the subspace of functions in §y
which transform according to the representation E of II. Since any 7 € II
commutes with Hy, PF reduces Hy. Let HE be the corresponding reduced
selfadjoint operator in

9% = PPoy.

For a decomposition Z = (Z;,Z3) let HjZ be the group generated by
transpositions of identical particles inside Z;, 7 = 1,2. For any irreducible
representation F; of H]-Z with dimension dg, and character g, the projection
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to the space of functions in §)z; transforming according to £ under the
action of I17 is given by

dg, N
hjjz > u(mmp, W€ Hzy,

z
J 7r€Hj

PEiyy .=

where hpz is the cardinality of HjZ . Projectors P¥i reduce operators 7:22,]'.
J

We introduce the reduced operators ﬁ?j in

9, =P%%,;, j=12

Given an irreducible representation E of IT and a decomposition Z = (Z;, Z3),
we have

INC @ (97095, (2.1.13)

E1,E2)

where F o are some irreducible representations of 1Z 5. We write

(Ey, Ey) 'Z< E

if the corresponding term cannot be omitted on the r. h.s. of without
violation of the inclusion.

Apart from permutations of identical particles the operator H% can have
some rotation—reflection symmetries. Let + be an orthogonal transform in
R?: the rotation around the axis directed along a unit vector n, through an
angle ¢, possibly combined with the reflection x +— —x. The corresponding
unitary operator O, acts on the functions ¢ € HV as (see [26], Chapter 2)

N
(Ot xx) = [[ 7™ S0,y ).
n=1

Here S,, = —%an A v, is the spin operator acting on the spinor coordinates
of the n'* particle. The compact group of orthogonal transformations v such
that O, commutes with V,, and U,,; for all n, j = 1,..., N (and thus with
HE) we denote by I'. Further, we decompose $% into the orthogonal sum

9k = @ ohr (2.1.14)

aEA

where ﬁ%’E consists of functions which transform under O, according to
some irreducible representation D, of I, and A is the set indexing all such
irreducible representations. The decomposition (2.1.14) reduces HY. We
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denote the selfadjoint restrictions of H% to ﬁﬁ‘“E by ‘H N“’E. For any fixed
irreducible representation D with dimension dp and character (p the or-
thogonal projector in $Hy onto the subspace of functions which transform
according to D is

PD = dD/FCD—(’Y)O'yd,u('y)a

where g is the invariant probability measure on I
For j = 1,2 let D; be some irreducible representations of I' with dimen-

sions dp, and characters (p,. The corresponding projectors in £z ; are given
by

PP = dy, / (o, (10 (),
I

where O, ; is the restriction of O, to $z;:

(O%jw)(xmv co >Xan) = H eiwwnvlsnw(’yilxnu cee a”)/ilanj )

nEZj

Given representations D; and E;, projector PP PFi = PFi PPi reduces Hy;.
We denote the reduced operators in

D;,E; | D: pE.:
Oz " = PPz,

~D,; E;
by H,7 ™.
We write (D1, E1; Do, Es) ? (D, E) if the corresponding term cannot be
omitted on the r.h.s. of
oy c @ (97 @975™)
(D1,En)
(D2,E2)

without violation of the inclusion.
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Part 3

Essential Spectrum of
Multiparticle Brown—Ravenhall
Operators

3.1 Characterization of the Essential Spec-
trum

We now formulate the main theorem of this part of the dissertation, which

is an analogue of the HVZ theorem for Schrodinger operators. We use the
notation introduced in Section 2,11

Theorem 3.1.1 Suppose Assumptions [2.1.1), [2.1.2, [2.1.4], and [2.1.9 hold
true. For N € N let D be some irreducible representation of I', and E some
irreducible representation of 11, such that PP P¥ £ 0. Let

»;(Z,D;, E;) := infa(ﬁ?}?’Ej). (3.1.1)

For Zy # & let
»(Z,D,E)

inf Z,D.,E Z.Ds,B)), Z,# 0
(DLEl;Dlzr,lEz);(D,E){%l( D1, By +55(Z, Do, Ba)}, 2049, (31.9)

%2<ZvD>E)> Z1= 9.

Let
#(D,E) =min{3(Z,D,E): Z = (Z1,25), Z, #+ @}. (3.1.3)
Then
JQSS(H%E) = [%(D, E), oo)

Remark 3.1.2 We only need Assumption |2.1.4 for the operators ﬁggE’

which appear in (3.1.1), (3.1.2).

3.2 Projector to the Positive Spectral Sub-
space as an Integral Operator

In this section we calculate the integral kernel of the orthogonal projector
A, to the positive spectral subspace of the free Dirac operator with mass
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m > 0 (see (1.1.1)). Note that for n =1,..., N we write A,, instead of A,,, .

Lemma 3.2.1 Let f € C}(R3 C*). Then for m >0

o) = T oty [ S - ) sy

222 <5Kl(m|x—y|) +z’a-(x—
Ar? o x =y x —

Y iy (mix y|))f<y>dy.
(3.2.1)

Here K, and K; are modified Bessel functions. We recall some of their
properties in Appendix [A]

Proof. We start with the operator 2A,,, — 1, which is the multiplication by
the matrix valued function 2 REF™ i1 t1e momentum space (see (L.1.1)).

TpP 2

It can be factorized as A - B with

A= (a-p+fm)(jp]* +m?), B:=(pP+m?) ™"

In the coordinate representation B : Ly(R3, C?) — H3(R3, C*) is a bounded
integral operator. Its kernel is given by the convergent integral

B 1 P (x=y) p
(x,y) = (27)3 /]R3 (\p\2+m2)3/2 p

1 [~ psin(px—yl) 1
= — dp = — K, —-y|).
om? J,  |x —yl(p? +m2)3/2 P 972 o(m|x yD

In the configuration space A is the differential operator (—ic-V+pm)(—A+
m?) mapping H3(R3, C*) onto Ly(R3, C*). Thus with the help of (5.1.2)) for
any f € C}(R3 C*) we get

(2An —1)f)(x)

= (—io- V + Bm)(—A + m2)2%2 /Rg Ko(mlx —yl) f(y)dy

~ (ia- v gy [ XY (3.2.2)
2% Jps X =l

272 Jgs ‘Y|
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The term with 3 defines a function from Ly(R?, C*), because |- |7 K;(]-]) €
Li(R3). We rewrite the gradient term on the r.h.s. of (3.2.2)) as

K1(m|Y|)
x5 3 . Tf(X—Y)dY

“om (/Rs\BE / ) = IT;\M Vy(fx—y))dy.

The second integral on the r.h.s. of (3.2.3) can be estimated as

e T 5.

o2 4 4 (324
3.2.4

where the r.h.s. of (3.2.4)) tends to zero as ¢ — 0. For the first integral on
the r. h.s. of (3.2.3)) the integration by parts gives

— i - Vy
(3.2.3)

im K, (mly])
2 Jos VU

o am K, (mly])

imIK;(me) / y
+— a- —f(x—y)dy.
2m%e 9B |yl ( )

We can rewrite the last integral on the r.h.s. of as the sum of two
integrals, using the Taylor expansion f(x—y) = f(x)—V f(z)-y with z lying
on the segment connecting x and y. The integral containing f(x) vanishes,
because the function y|y|™' is odd. The integral with V f(z)y is different
from zero only for x in the compact region

0= {x‘x € R?, dist {x, supp [} < ¢e}.

For x € © we have

M) [ (o 1) 05003y « PEL ),
(3.2.6)

Hence by (5.1.1) the last term on the r.h.s. of (3.2.5) converges to zero
in the Lynorm. Together with (3.2.2) — (3.2.5) and (5.1.2)) this proves
Lemma [3.2.1] e
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3.3 Boundedness of Integral Operators

It is clear from that for any m > 0 and any s > 0 the operator A,, is
bounded in the Sobolev space H*(R?, C*). This fact is much less evident from
the formula . On the other hand, it is easy to calculate the integral
kernels for products and commutators of A,, with multiplication operators
once the integral kernel of A,, is known.

In order to be able to extract the information on the boundedness of
(singular) integral operators with given integral kernels we will need the
following two theorems:

Theorem 3.3.1 (Stein [24], Chapter 2, Section 3.2) Let K : R" — C
be measurable such that for some B > 0

|K(x)| < BJx|™", x+#0, (3.3.1)
|[VK(x)| < B|x| ™", (3.3.2)
and
/ K(x)d"x =0, forall 0< R; < Ry < 0. (3.3.3)
R1<|X|<R2

Forge L,(R"), 1 <p< oo, let

T.(g)(x) = /| A KW, >0 (3:34)

Then
79[, < Apllglly (3.3.5)

with A, independent of g and €.
Remark 3.3.2 Inequality (3.3.5) shows that the operator T = hIJrrloTE exists
as a bounded operator in L,(R™) and its norm satisfies ||T||, < A,.

The second theorem is known as Schur’s test:

Theorem 3.3.3 Let Q; and Qs be two spaces with measures. Let A(-,-) be
a measurable (matriz) function on Qy x Qo satisfying

= s [ Ay)lix <o, Qui=sup [ [Apy)ldy < oo
YGQQ Ql erl Q2
(3.3.6)
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Then the integral operator

(A¢)(x) = / Alx, y)i(y)dy (33.7)

Qo

is bounded from La(€s) to La(Q) and || Al < v/Q1Qs.
We will only use Theorem in the case ; = Oy = R3 with Lebesgue

measure.
Note that in the case of convolution (i. e. for A(x,y) = A(x —y),
0, = Q, = R?) Theorem reduces to Young’s inequality for convolution
with L;—function (see e. g. [22]).
For a 4 x 4 measurable matrix function A on R?® x R® we define the
corresponding integral operator by

(Ag)(x) := lim A(x,y)g(y)dy, g€ Ca(R? CH. (3.3.8)

e=H0 Jx—y|>e

We will only work with such A that makes sense and extends to
a bounded operator in Ly(R3 C*) either by Theorem in which case
A(x,y) has to depend only on (x —y), or by Theorem m

In particular, according to the definition given above and , the
integral kernel of (A,, —1/2) is

Kkmrzgg%ééingwx—ﬂ)
m? <5Kl(mlx—yl) L e (x—y)

4m? Ix -yl Ix —y|?

(3.3.9)

Ko(m]x — y\))

The boundedness follows from Theorem and since KC(x,y) de-
pends only on (x —y).

Note that the function rapidly decays together with the derivative
if |x —y| becomes big. Namely, if for r > 0 we let

G(r) == sup !lC(X,y)H— sup |VXIC(X,y)|, (3.3.10)

|x—y|>r |x—y|>r

then by (5.1.2]) and the first asymptotic in ((5.1.1]) for any R > 0 there exists
C(R) > 0 such that

G(r) < C(R)r*%e™™, forall r>R. (3.3.11)
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3.4 Commutator Estimates

3.4.1 One Particle Commutator Estimate

Lemma 3.4.1 Let x be a bounded twice—differentiable function on R® with
bounded derivatives. Then for m > 0 the commutator [x,An] is a bounded
operator from Ly(R3, C*) to H(R3,C*). There exists C(m) > 0 such that

1 Al 00y coy < COm IV + 100 (3A)
Here [|0°x |1 = max |Ofx(z)].
k,lé%l,Z,B}

Proof. Let us first prove that [x, A,,] is a bounded operator in Ly(R3, C*).
For f € C}(R3,C*) formula (3.2.1]) implies

(D6 Al ) ()

_m? Ki(mx—yl) o (x—y) .o

- dn? RS( Ix —y]| * Ix — y|? Ko(m| yD)

x (x(x) = x(y)) f(y)dy

+;_Zslirfo s Hm(mk—ﬂ)w@ —x(y)) f(y)dy.

(3.4.2)

Estimating |x(x) — x(y)| by [x — y|[|Vx|| ..., using the density of
C3(R3,C?) in Ly(R?, C*) and applying Young’s inequality for the convolution
with a kernel from L;(R?), we arrive at

” X Am] HLQ(R3,(C4)—>L2(R3,(C4)
2

<||VXHLOC4m—7T2/ (Kl(m|x|)+3K0(m|x\)+6M>dx (3.4.3)

- mlx|
< OVl

To complete the proof it remains to show that
IV D Al £l ygs.cn < CO VXL + 10X o) 1l zacrs o).

The differentiation of the first term on the r.h.s. of (3.4.2) according to
(5.1.2) gives absolutely convergent integrals with Lo,—norms bounded by
IVxllz. |l f]l by Young’s inequality. The differentiation of the second integral
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on the r.h.s. of (3.4.2) in the j** component of x gives for f € C}(R?, C*)
(cf. (5.1.2))

im (memu—w)_mawx—wmfmeumu—yD
|x—y|>e

272 e—+0 x —y3 x—y|t
da- (x—y)(z; —y;))Ki(mlx—y
x —yl
im a- (x—y)Ki(m|x —yl)
+ — lim v (x dv.
27T25—>+0 Ix—y|>e ‘X _ y|3 JX( )f(y) y
(3.4.4)
The term

Cim? [ o (x—y)(r; - y) Ko(mlx —y|)
272 Jps Ix —yl4

is bounded by C||Vx|lz. |l fll-
The Taylor expansion of x gives

1

X(x) = x(¥) = (T& — Y&)Okx(x) — 5(9% — i) (T — yz)ﬁsz(ny)- (3.4.5)

Here zy, is some point on the line segment connecting x and y and summa-
tions in k£ and [ from 1 to 3 are assumed. Substituting (3.4.5)) into (3.4.4) we

arrive at

imox(x) lim /lxy>5 (aj o (x—y)(z; — yﬂ)

272 e—+0 |x - y|2

L EKa(mlx — y]) (o~ )

f(y)dy
x =y )
imd;x(x) .. a-(x—y)Ki(m|x —yl) (3.4.6)
lim f(y)dy
o2 oo xy|>e x — y[? (v)
_m (Q,_40"(X—Y)(ﬁj—yj)>K1(m|X—Y|)
472 Jpa N [x —y[? [x —y[?

X (zx — yi) (20 — y) X (2xy ) f (y)dy.

According to Theorem (see (p.1.1)) for the asymptotics of Bessel
functions) the Ly—norms of the first two integrals in (3.4.6) are bounded by
Cl fllLy(es.ce)- For the last term in (3.4.6) Theorem [3.3.3] gives the bound

Cm P X Lo 1 F | £agrs e -

This completes the proof of Lemma |3.4.1,
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Remark 3.4.2 Since we only deal with a finite number of particles with
positive masses, we will not trace the m-dependence of the constant in (3.4.1))
any longer.

3.4.2 Multiparticle Commutator Estimate

Lemma 3.4.3 For anyd, k € N there exists C > 0 such that for any bounded
differentiable function x on R? with bounded gradient and v € H'/?(R?, CF)

Iullmaace < CUx e + 19X o) el magace. — (3:47)

Proof of Lemma We can choose the norm in H'Y2?(R¢, CF) as (see
[1], Theorem 7.48)

u( )|*

u(x
||u||H1/2(Rd<ck3 ||u||L2Rd<ck / | Y| dxdy.

Then

) , Ix(x)u(x) = x(y)uly)|”
HXUHH1/2(Rd,<ck) = HXUHLQ(Rd,Ck) + x — y| dxdy

< IXNE Nl

2 2 2 2
+// X[ ux) —u@)]” | [xC) = xW w1 s (3.4.8)
x = y]7 x =y Y
x(x
< I+ s, [ DI X e
yERd
The supremum on the r. h.s. of (3.4.8) can be estimated as
2 2
sup/|X(X) Xd(ifl)‘ dx < sup/ ‘X(X) ng” dx
yeRd x —y| yeR? Jx—y|<1 x -yl (3.4.9)

2
o
s / 0 =X ooty oy + i),
|x—y|>1 |X__}4

yERd

where |[S?1| is the area of (d — 1)-dimensional unit sphere. Substituting

(13.4.9) into (3.4.8)) we obtain (3.4.7). e

Lemma 3.4.4 For any bounded twice differentiable function x on R3N with
bounded derivatives the operator [x, AN] is bounded in H'/?(R3N, C4N), and
for any ¥ € HY2(R3N C*") we have

106 AN e < CUVX N Eae + 107 ze) (X 2oe + IV X2 ) 1911272
(3.4.10)
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with C depending only on N and the masses of the particles.

Proof. Successively commuting y with A,, n = 1,..., N (see (1.1.3))) we
obtain

N n—1 N
XaAN ZHAk X5 n] H Ala (3411)
n=1 k=1 l=n+1

where the empty products should be replaced by identity operators. By
(T.1.1) the operators A, are bounded in H'/2 for any n = 1,..., N. This,

together with (3.4.11) and Lemmata and implies ((3.4.10)). o

3.5 Lower Bound of the Essential Spectrum
In this section we prove that

inf oo (HY") > 2(D, E). (3.5.1)

3.5.1 Partition of Unity

Lemma 3.5.1 There ezists a set of nonnegative functions {xz} indezxed by
possible 2—cluster decompositions Z = (Zy, Z3) satisfying

1. xz € C®(R¥N) for all Z;
2. xz(kX) =xz(X) forall |X| =1, k > 1, Zy # @
3. ) xy(X) =1, for all X € R*; (3.5.2)
Z
A There exists C' > 0 such that for any X € supp xz (3.5.3)
' min{]xj —Xy,| X € Zy, Xy € Zo; |Xy| 1%, € Zg} > OX[;

Xz(vX1, ., YXN) = Xz(X1,...,Xy) for any orthogonal

5.
transformation ~y;

6. Xz s invariant under permutations of variables preserving Z .

Proof of Lemma [3.5.1. The proof is essentially based on the modification
of the argument given in [23], Lemma 2.4.

1. We first prove that for any X = (x1,...,xy) € R3* with |X]| = 1 there
exists a 2—cluster decomposition Z = (Z;, Z3) such that

min{]xj —Xp| 1 X € Zy, X, € Zo; |Xp| 1 %y, € Zg} > N73/2, (3.5.4)
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Indeed, let k be such that |x;| > |x;| for all j = 1,...,N. Then, since
|X| =1,
x| > N7z, (3.5.5)

Choose Cartesian coordinates in R3 with the first axis passing through the
origin and xy, so that x; = (|xk|, 0, 0). Consider N regions

Ry = {xeR®:z' <|x4|/N},
R, = {X eR?:z' € ((I — 1)|xu|/N, Uxx|/N] }, l=2,...,N.
At least one of these regions does not contain x; with j # k. Let [y be the

maximal index of such regions. Let Z3 be the set of indices n such that
X, € lUl Ry. Z, is nonempty since X € Zy. Setting Z; := I \ Zy we observe
>lo

that
min {|x; — X,| : X; € Z1, X, € Zo; [Xp| : X0 € Zo} > |x4|/N,
which together with (3.5.5)) implies (3.5.4).

2. Choose 7 € C*°(R4, [0, 1]) so that

Let

2|xx| 2|x; — Xy
n(2IX] 77<—_> 77(—_ , L2 F D,
i) o= O g X|Nere g XN
(3.5.6)
Functions (3.5.6) satisfy conditions 1, 2, 4 (with C' = N=%/2/2), 5, and 6 of
Lemma Moreover, by the first part of the proof

d (2(X) =21, forall XeRW
Z

Hence all the conditions are satisfied by the functions

vz =Y (Zcz)

1/2
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Let
Xz(X) == xz(X/R), (3.5.7)
where the functions yz are defined in Lemma . The derivatives of %
decay as R tends to infinity:

IVXZllee S CR™Y, |0°X 5]l < CR™2. (3.5.8)

To simplify the notation we omit the superscript R further on.

3.5.2 Cluster Decomposition and Lower Bound

We now estimate from below the quadratic form of Hk'” on a function 1

N
from H5F NAN © HY?(R? C*), which is the form domain of H5"”
n=1

(HEE, ) = (fj Du+ Vi) +2Um)2x2w

n=1 n<g

- ;( ( é(Dn + Vo) + Z Unj) Xz, Xz¢)-

n<j

Here we have used (3.5.2)) and the relation

S Do VAl = Yo (xzf Y Valzg)) + DY Va(RE)9)

(3.5.9)
N

which holds for any f,g € ® H'Y?(R3,C*). The last term on the r.h.s. of
n=1

(13.5.9) is equal to zero due to (3.5.2). Thus
HyPow) = 30 (M + Haz2) A, AV xz)

Z:(Zl,Zg)
+ (Hz1 + Hz2)[xz, AN, AN X 20)
+ (M + Hzo)x 20 [z AN ) (35.10)
(30 Vi 0) + (Y Ui, 0) )

neZs n;j
n#j

By (2.1.9), (2.1.10), (3.5.3), (3.5.7), and (2.1.11]) the terms at the last line of
(3.5.10) can be estimated as

O Vi, ) + O Unjxz, ) = —ea(R) ((Hy P, ) + [[0))) (3.5.11)

nezs n;]
n#J
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with €;(R) — 0 as R — oo. The terms at the second and third lines of
(3.5.10) can also be estimated as

(Hz1 + Hz2)xz, AV, AV x20) + (Hz1 + Hz2)x 20, [xz, AV])
> e B((HEE,0) + [IP). ea(R) — 0,

according to (2.1.5), (3.4.7), (3.4.10)), (3.5.8), and (2.1.11). For Z, # @& we
estimate the terms at the first line of (3.5.10)) in the following way (recall the

definitions (3.1.1)—(3.1.3)):
(Hz1 + Hzo) AV x 210, AN x 20)
— > (Hz1 PP PP 4 Hy s PP2PEYAN y b ANy 100

(D17E1§D27E2)'Z<(D7E)

> > ((>a(Z, Dy, E) PP PP
(Dl,El;DQ,Ez);(D,E)

+ %Q(Za D27 EQ)PDQPEQ)ANXZ’w7 ANXZ¢>

> (D, E)(AY x 20, AN x z1)

= %(D7 E)<X2Z¢a ¢> + %(D, E)([ANa XZ]wv XZ¢>
(3.5.12)

By (3.4.7), (3.4.10), (3.5.8), and (2.1.11]) the last term on the r. h.s. of (3.5.12)

can be estimated as

(D, YAV Xz, xz9) = —es(R) (Y70, 0) + [01P), es(R) — 0.

(3.5.13)
Substituting the estimates (3.5.11)) — (3.5.13)) into (3.5.10) we obtain

(HNF,0) > (D, E)( Y x50, ¢) + (HY P AN X (1,00, ANX(1.0) )
Z:(Zl,Zg)
Zo#D

— ea(R) (R P, ) + [[¢]%),  ea(R) — 0.

R—o0

(3.5.14)

3.5.3 Estimate Inside of the Compact Region

It remains to estimate from below the quadratic form of HJ?,’E on AN x(1.0)%.
Note that according to Lemma|3.5.1and (3.5.7)) supp x(1,¢) C [~ R, R]*. To
simplify the notation let

X0 ‘= X(1,2)-



26 Part 3. Essential Spectrum of Brown—-Ravenhall Operators

Lemma 3.5.2 For M > 0 let
Wy = {p e RN : [pi| < M,i=1,...,3N}, Wy := RN\ Wy,

There exists a finite set Qu C Lo(R3Y) such that for any f € Ly(R3N) with
suppf C [—R, R]?", fLQu holds

. 1 .
(R PNC R P PRECSE

The proof of Lemma is analogous to the proof of Theorem 7 of [29)
and is given in Appendix

It follows from (2.1.6)) that for any M > 0

(A xot, AV xov) > ZD T, A x00, AN xot) — Coll ot

n=1

(3.5.15)

Here I3 is the operator of multiplication by the characteristic function of
M

WM in momentum space.
We choose
M :=8(x(D,E) + C5)C;" (3.5.16)

and assume henceforth that f := yg is orthogonal to the set ()5, defined in
Lemma 3.5.2] Since in momentum space the operator D,, acts on functions

from A, Ly(R?, C*) as multiplication by \/[p[2 + m2, by construction of Wy,

we have

N
Y Dl AVxot, ANxop) = M| Iy, AV x| (3.5.17)

n=1

Inequalities (3.5.15]) and ((3.5.17]) imply
(HN "AY X0, ANxoh) = C1M || I, AN xot||* — Collxot||?
2
> CM (I, xovll = || i, [A xol][) = Callxov |

1
> OM (G, 0¥ 2 = 1B, AV xol|*) = Collxol? B518)
> 4(#(D, E) + Cy) || I, xo|”
— 8(5¢(D, E) + Co) [[IAY, xal¥||” = Callxots]|*.
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At the last step we have used (3.5.16)). The second term on the r.h.s. of
(3.5.18) can be estimated analogously to (3.5.13)) as

—8(D, B)+Co) [[[AY, xolv|* = —e5 (R) (KR "0, )+ [41?), es(R) — 0.

For the first term on the r. h.s. of (3.5.18)) Lemma implies
A I, xovlI* = o |1 (3.5.19)

M

As a consequence of (3.5.18) — (3.5.19)), we have

(HY " A xov, AN xov) = 3¢(D, E)||xo¥||* — 5(R) (M ", ¥) + [[4])?),
65(R) — 0.

R—o0

(3.5.20)

3.5.4 Completion of the Proof

By (3.5.14), (3.5.20)), and
(HNF, ) = 3(D, B)|[¢)1* — e6(R) ((Hy P, ) + [9[1°),  es(R) — 0.

R—o0

for any 1 in the form domain of Hﬁ’E orthogonal to the finite set of functions
(cardinality of this set depends on R). This implies the discreteness of the
spectrum of He” below (D, E) and thus (3.5.1)).

3.6 Spectrum of the Free Cluster

In this section we characterize the spectrum of the cluster 2 which does not
interact with the external field.

Proposition 3.6.1 For any irreducible representations Dy, Fs of rotation—

reflection and permutation groups the spectrum of 7?{222’]52 is

0(Hz5"™) = 0uws(Hz5"™) = [2(Z. D2, Es), 00),
with some s5(Z, Dy, Fy) € R.

Proof. Let us introduce the new coordinates in the configuration space R3"2,
in the same manner as it is done in [19]. Let M := }_ _, m, be the total
mass of the particles constituting the cluster. We introduce

neEZs (361)
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The Jacobian of this variable change is one. Here y is the coordinate of the
center of mass, whereby yi, Kk =1,..., Ny — 1 are the internal coordinates of
the cluster. Accordingly,

1 el
an = YO - M Z mnkJrlyk?
k=1
| M (3.6.2)
an+1ZYO+Yl_MZmnk+1Yka l:]'?“'?NQ_]"
k=1
The momentum operators in the new coordinates are
m No—1
P, = —iVx, = =P = Y (=iVy,),
oM T (3.6.3)
Pn, = _va”k — n]l\;k P + (_ivyk71)7 k = 2, . ,NQ,

where P is the total momentum of the cluster:

P:= ) —iVy, = —iVy,

ness

Let Fy be the partial Forurier transform on 56%’2"92 defined by

1 —i
(FOf)(P7YI>--'aYN2—1) = W/Rsf(}%}% cee >YN2—1)@ Pyod}’o-

By (1) and (E13) we have
ﬁlz)EEQ = fJIKZ,QﬁlZDE’EQ/A\ZQJ’EO;

where in the new coordinates

No—1
Hgfz’Ez = Z (an *Pn + 6nmn) + Z Unlnk <Yk> + Z Unknl (Yk - YZ)v
neZs k=2 1<k<I<N2—1
(3.6.4)
Aza =[] An, (3.6.5)
ness
2 2y/pp+m]

pn are given by (3.6.3), and P should now be interpreted as multiplication
by the vector—function. The operators ([3.6.4)) and ([3.6.5|) obviously commute
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with 8 := |P|. The operator F, "BF, (unlike F, 'PF) is well-defined in
5312)722’& since it commutes with P”? an P¥2 in §7,. This implies that HD2 B2

commutes with JF; "By,
Let w := P/P € 5% We decompose the Hilbert space ﬁle,ZZ’EZ into the

direct integral

b7 = [ enlym iy (3.6.6)

0
The fibre space ﬁDQ 2% can be considered as a subspace of Ly(R3N23 x

52, C*") with the inner product

(f. g = / () @)y - dyny 2o,
R3(N2 1)><32

For f € 53 E2 the corresponding element of 5’)D2 28 45 given by
fm = f0f||P|:m-
We have -
I = [ sl (3.6.7)

in compliance with ( . The form domain of HD2 SR
¥ = A‘13 L, PP2 P2 12 (RN 52,(C4N2),

where A?2 is given by (13.6.5| - with the only difference that we should replace
P by wP in (3.6.3). The operators on fibres of the direct integral (3.6.6) are

R = A}%HD? NG

where HZQQ E2% is given by the r.h.s. of ( with P replaced by W in

- We thus have

5" = / &M,y Pprdap. (3.6.8)
0
The spectrum of HD2 2 can be represented as
o(Hy D2 2y = ess U D2 B2y (3.6.9)
PR+

where the essential union is taken with respect to the Lebesgue measure in
R, . The bottom of the spectrum of HD2 F28 45 given by

D2 B2, B
#(P) := inf Tai ~_ b9

St W’”f (3.6.10)
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Lemma 3.6.2 Function (3.6.10)) s continuous on R .
Proof of Lemma [3.6.2. Let us fix f € R, and ¢ > 0. We will prove that
|1(B + p) — w(P)| < € if |p| is small enough. Choose 1) € DF such that
' (Hzs™ P, 0).
[l

(3.6.11)

N ™

- u(&m] <
Let
¢ = AJLPy € DFP,
We have
No
¢—v =AD" — AL 0 => [[AFPQAR? - AR [[AF¢. (3612
k=1 i<k >k

Let F be the unitary Fourier transform in Ly(R3™2=1) x §2 C*™) defined by

(f&)(w, qi,--- 7qN2—1)

Ny—1

_ =i > AkYk
= (27T)3(1 N2)/2 / g(wa Yi,--.- 7yN2—1)€ k=1 dyl e dyNQ—l-
R3(Na—1)
We can rewrite (3.6.12)) as
N2
—1 N n n >
¢—v=F "> T[AEPQAR - AT [[AF Fu, (3.6.13)
k=1 i<k i>k
where K?, n € Z, are the operators of multiplication by the symbols
AP =+ 3.6.14
AN - E T S04
" Na—1
~ ni
Pn, = W‘B - Ak,
M ,; (3.6.15)

~ mn
pnk = W’“wiﬁ+qk_1, k?ZQ,...,NQ.

The matrix—functions (3.6.14)) are uniformly continuous in 9B. Thus by
(13.6.13))

N2
||¢ - ¢||H1/2(R3(N2—1)><527(C4N2) < CZ ||A?i€+p — A£||Lm||¢||Hl/2 ‘p‘—_jo O
k=1

(3.6.16)
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We write

(H5" %0, 0y, = (HD5 %0, 0), + (H5 % (6 — ¥), ¥).
+ (Mz5™%0,(6 = ) + (HZ5™ PP = 75 )0, ).

The second and third terms on the r. h.s. of (3.6.17)) tend to zero as |p| — 0
according to (3.6.16)) and (2.1.5). The last term also tends to zero for small
Ip|, since the symbol of the difference is

f(HD2 B2 Ptp Hl;,zéEm%)]:—l = Z %an - wp.

neZs

(3.6.17)

From (3.6.16) and (3.6.17) follows that

<H§2 Ba, ‘I?z/) ¥, - <ﬁZ§,E2,m+p¢7 0,
[ 0|3 o]

if |p| is small enough. Hence by (3.6.11]) and (3.6.18)) for any £ > 0
(B +p) — n(P)| <e

< % (3.6.18)

for |p| small enough. e

Now we prove that p is semibounded from below and tends to infinity
as |B| — oo. This, together with and Lemma [3.6.2] implies that the
spectrum of HD2 £ is purely essential and is concentrated on a semi-axis.
Proposition 1| will be thus proved.

Accordlng to - for 7 =2 and - we have
(Hp3%0,0) = CL> /=Dy + m2,9) — Call ]|,

ne (3.6.19)
for any 1 € PPPP ® A, HY*R3 CY).

neZs

Since all the operators corresponding to the quadratic forms involved in

(3.6.19) commute with F; "By, it follows from (3.6.8)) that for almost all B
the inequality

(5P P 0, 0), > CUY VBE+ maFU, Fo). — Calll} (3.6.20)

neZs

holds for every ¢» € ®¥, where P, are defined in (3.6.15). Thus p is semi-
bounded from below. Since by (3.6.15))

P=| > b,

ness
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there exists n € Z5 such that

B

51> T
|pn| = N2

and hence

S VR mie
Ny

neZs

Thus the r. h.s. of (3.6.20)) tends to infinity as g — occ. e

3.7 Absence of Gaps

We are now ready to finish the proof of Theorem by proving that
[5(D, E),00) C o(HY"). (3.7.1)

Let us first fix a decomposition Z on which the minimum is attained in
(3.1.3)).

Following the general strategy of [I8], we will prove that for any irre-
ducible representations (Dy, Ey; Do, E5) p (D, E) any

A 2 %1(Z7 DlaEl) + %2(Z7 D27E2)

belongs to J(H][\),’E). This will imply (3.7.1) according to the definition

BI2). Let
A=A = %1(Z, Dy, El) Z %2(Z> D, Ez)- (3-7-2)

We will use the notation and results of Section 3.6 The following lemma is
a slight modification of Theorem 8.11 of [I§] and is proved along the same
lines:

Lemma 3.7.1 Let A be a selfadjoint operator in a Hilbert space $ and U(7y)
be a continuous representation of a compact group I' by unitary operators
in ) such that U(y) Dom A C Dom A and U(vy)A = AU(y) for any v € T.
Then for any irreducible (matriz) representation D of T' the corresponding
subspace PP§) reduces A. For every A € o(AP) where AP is the reduced
operator and every € > 0 there exists a D—generating subspace G of Dom A
such that
|Au — Au|| < el|ul|, for allu e G.

Remark 3.7.2 Recall that a subspace G of $) is called D—generating if the
operator U(7)|G is unitary in G for ally € T' and there exists an orthonormal

base in G such that for every v € T' the operator U(v)|G is represented by
the matriz D(v).
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Proof of Lemma [3.7.1, Let r be the dimension of the representation
D:vy— (le(y));kzl. Let us introduce in $ the bounded operators Py, by

Py, :—T/Dzk(v)U(v)du(v), Lk=1,...,r
T

where p is the invariant probability measure on I'. It is shown in the proof
of Theorem 8.11 of [I8] that P; are orthogonal projections onto mutually
orthogonal subspaces of $ and that

PP =>"n. (3.7.3)
=1

In fact, Py is the projection on the subspace of function which belong to the
["" row of the representation D. Moreover, P}, is a partial isometry between
P and Py$. Since A € o(AP), there exists a vector ug € Dom AP such
that

| AP 1o — Mol < €lfuo-

It follows from that there exists [ € {1,...,r} such that || Pyue|| = r~'.
We can thus define u; := Pyuo/|| Pyuo|| and then uy := Py, for k=1,...,r.
The subspace G spanned by {uy};_, satisfies the statement of the lemma.

Let
rj=dim(D; ® E;), j=1,2. (3.7.4)

Since s (Z, Dy, Ey) belongs to the spectrum of 7’_2127711,151 (see definition (3.1.1))),
by Lemma we can choose a sequence of (D1 ® E7)—generating subspaces
{Gy}2, of Dom(H?fl’El) such that for all ¢ € N

1HZE" 6 = 30(Z. D1 By, < a7 1940z, for all ¢, € Gy (3.7.5)

Analogously, for any B > 0 we can find a sequence {qu}gil of (Dy ® Es)—

generating subspaces of Dom ﬁlz)’é’EQ’q; such that
1257 P0f — B, <o P forall f €GF (3.7.6)

Moreover, we can choose an orthonormal base {@/J:fl 21 in GZ’IB in such a

way that for every ¢ € N and [ = 1,...,ry t,; belongs to the I row of
the representation (D, ® E) and satisfies (8.7.6). By Proposition [3.6.1]
Lemma [3.6.2 and (3.7.2)) we can choose Py in such a way that

1(Po) = A1 (3.7.7)
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We choose R, > ¢ so that (2.1.9) and (2.1.10]) hold true for all n,j =
1,...,N, n<j with

ei=q (N + 1) N, PO (Cy + M| +2) (3.7.8)

where N, are the numbers of elements in Z; 5, and (' o are the constants in

(2.1.6) for j = 2, and so that for some orthonormal base {¢, 1}, of G
QRS k=1 q

H (1 - H I{|Xj\<Rq})¢q,k

JEZ1

Vo
MmS TR
Lo®3N1,c4My T Adyriry

(3.7.9)

where dg is the dimension of E, r o are defined in , and the constant
vy > 0 depending only on E, F;, E5 will be specified later in the proof of
Lemma

By Assumption [2.1.4] and Lemma [3.6.2] we can choose a sequence of
positive numbers {J,}22, tending to zero in such a way that

|(PB) — M| < g forall P e [Po, Bo + &, (3.7.10)
1
ﬁ(mo +04)%0,Cr, < ¢, (3.7.11)

where Cp, is the constant in (2.1.8), and

1 4 2
55 (Bo +8,)%6, - 57 R} <

378 < Toai e (3.7.12)

Let us choose a function f, € Lo(Ry) with supp f; C [Bo, Po +9,] so that

Po+dq )
/ | fo(B)| PP = 1. (3.7.13)
Let
wq,l(yO, R 7yN2—1)
: T (3.7.14)
= (27T)% / /elmwqu(sn>¢:fl<w7 Yi,. .. ,yNQ_l)‘Bzdwd‘,B,
Po S2

where {yo,...,¥n,—1} and {x,},cz, are related by (3.6.1) and (3.6.2). Tt

follows from (3.7.13)) and the choice of @/J:fl that
|’¢q,lH5§Z,2 = 17 [ = 1,...,N2, (3715)

and that 1, belongs to the " row of (Dy ® E5). Clearly the linear subspace

G, spanned by {1,,};2; is a (D2 ® Ey)-generating subspace of Dom ﬁ?“zEQ
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Lemma 3.7.3 For any n € Zy and ) € G, with |[¢|| = 1 the one-particle
density

2
Pyn(Xn) 1= / ‘@/J(an» . ,an2)‘ (dxp, - - danQ)/an
R3N2—3
satisfies
1
[Pyl Lo (r3) < 2—7T2(‘130 +04)%0,

Proof. By (3.7.14))

prn||Loo(R3 < 2m) [Pyl £y sy

m0+5q m0+5q ( n %
—1p(yo rn —UPWY0
27T /RS /RsNQ /0 /32/ / f <m)

?ﬂm*( Wy ¥Yiyoe o YNo— 1) z&Bwyof “B),lqus( W, Y1, 7yN2—1)§B2%2
x di A dw dB dyo dy - - - dyn,

~3/2

(3.7.16)

dp,

where r,, 1= x,, — yo, see (3.6.2). Integrating the r.h.s. of (3.7.16)) in y, we

obtain (27)35(p + Pw — P&) from all the factors involving y,. Estimating
the absolute value of the integral by the integral of absolute value and taking
into account that [d(p +...)dp =1 we get

Oy Y AR Y N AT

X W:}B(W,}’b T >YN271>‘ W;ﬁ(&a}’la T ?yszl)‘mQ%Q
~ 1
X dw dB dwdPdy, - - dyn,—1 < W‘W(mo +84)"0,
(3.7.17)

where at the last step we have used Schwarz inequality and ||| = 1. The
formal calculation — is justified by the fact that the integral
over R*V2 can be considered as a limit of integrals over expanding finite
volumes, since ¢ € Lo(R3?). o

Corollary 3.7.4 For any W € Ly(R3), n € Zy, and ¢ € éq with ||¥] =1
we have

2 1
|W(xn)¢(xn1, o ,an2)| dXp, - dXpy, < 2—7T2(‘~]30 +6,)% 04| W12

R3N2
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Let Fj, be the subspace of §y spanned by the functions

qu,k,l(xla . ,XN) = ¢q7k(X]’ j € Zl) X qu(Xn tn e Zg),
]{3:17...,7"1, lzl,...,T’Q,

(3.7.18)
where {¢g}iL, and {1y}, are orthonormal bases of G, and Gy, respec-
tively. We obviously have ||kl gsv cavy = 1.
Lemma 3.7.5 For any q € N F,, C DomHy. For any ¢ € F,

(= Nll < 5g7'r sl

Proof. It is enough to show that the functions (3.7.18)) belong to Dom H
and satisfy

H(HN — )\)Soq’k?l||L2(R3N7C4N) < 5¢7 L (3.7.19)
Indeed, by triangle and Cauchy inequalities for
T1 T2
0= g (3.7.20)
k=1 1=1

we have

[(Hy =Nl <D0 leul|(Hy = Negn|

k=1 1=1
1/2 1/2

< S}:ZPH(HN —= Negri|r " llell-
The operator domain of H can be characterized as the set of functions
N
¢ from the form domain ® A, HY?(R? C*) on which the sesquilinear form

n=1

(HnNE, ) is a bounded linear functional in $. Functions (3.7.18)) belong to
N
® A, H'?(R3 C*) by construction. By (I.1.2)), (2.1.2), and (2.1.3) we have
n=1

Hy =Hz1+Hzao+ AN( > Vat ) Unj) AN, (3.7.21)
neEZs n;]
n#j

The sesquilinear forms ((Hz1 + Hzz2)@qki, ) are bounded linear function-
als over Ly(R*N,C*"), since ¢, € Dom(H7,™) and ¢g € Dom Hz5"™.

Moreover, by (3.7.5))

| (Hzs = 54(2, D1, B | = || (REE™ = 51(2, D1, B

—1
‘Sq ;
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and by (3.7.6), (3.7.7), (3.7.10), (3.7.14), and
[(Hzz — M)egrll = | (HZ5™ = M| < 207" (3.7.22)

In view of (3.7.21)—(3.7.22) and (3.7.2)), to prove that ¢, ; € DomHy and
that (3.7.19)) holds true it is enough to obtain that

(Zwgeo

n€Zs n<j
n#j

To do this, we first note that by (2.1.9)), (2.1.10)), and Cauchy inequality

H ( > Vilixusrg + Y Unjf{|xn—xj|>Rq}> Py

<2¢7 L (3.7.23)

neZs n<j
n#tj
1
1 2
e+ 1) S [1DalFvg| < (V) +1)N; ( > H|Dn|%¢quH2) :
nes nezs

(3.7.24)

By (2.1.6), (3.7.15), and (3.7.22),

S DYl < € (125 = M| + o+ 0l
neZs (3725)

< 01_1(02 + M|+ 2(1_1)-
Thus by (3.7.24)), (3.7.25) and (3.7.8]) for ¢ > 1 we obtain

H( > Vil(us iy + D :Unjl{xn_xj|>3q})<pq,k,l <q (3.7.26)
neZs n;j
n#j

Now the scalar functions

Vig(x) := [Va() | Ixi<ryy (%) and Unjg(x) = |Unj (%) | Ix<r,} (X)

(3.7.27)
are square integrable by (12.1.8)). By Corollary forn € Z,
1
|’Vn,q90q,k,lH2 = HVn,qwq,ZH2 < ﬁéq@% + 5q>2HVn,qH%Q(R3) (3-7-28)

and for n < j, n#j

2 1
||Unj,1190q,l~c,l||2 < sup HUnj,q(' - Z)q/Jq,lH < géq((‘po + 6q)2l|Unj,q||%2(R3)'
zc€R3 27
(3.7.29)
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Hence by (3.7.27), (3.7.28), (3.7.29), [@.1.8), and (3.7.11)

-1

H < > Valgsai<ry + ) Unjf{xnxn@q})%,ki S (3.7.30)
ness n;]
nr)

It remains to add (3.7.26)) and (3.7.30)) to obtain (3.7.23), finishing the proof

of the lemma. e
The subspace F}, spanned by the functions (3.7.18)) is D ® Ey ® Dy ® Ey—
generating. Since (Dy, Ey; Do, E») —Z< (D, E), F, contains some nontrivial

D-generating subspace. Hence the subspace K, := PPF, is not equal to {0}
and is contained in F7,.

Lemma 3.7.6 There exists a constant C'g > 0 such that for every q € N

IPPo|l = Cillell, forall ¢€F, (3.7.31)
Proof. Projector (2.1.12)) can be written as
d — d
E_ OB E
S D DR TICLE L D DR IOl (3.7.32)
mellf xI1¥ mEM\(TT¥ xI1)

We will denote the first term in (3.7.32)) by QF, and the second by RX. Then
IPE@l* = (0, PEPy) = (9, Q%) + {p, R"¢). (3.7.33)
Relation (D, Ey; Dy, Es) p (D, E)) implies that the representation E|I1# x 112

k :
is unitarily equivalent to a sum @ n; E®, where n; > 0 are multiplicities of
i=0

the irreducible representations E® of the group 117 x 114 with ) = E, @ F,.
For the corresponding characters this gives

k
Ep(m) = Znif(i)(w), for all 7€ 117 x I1Z.
i=0

Hence
k
E Z
Q - ViPia
i=0

where v; > 0 and P, is the projector corresponding to the representation E®).
By construction, Py = ¢ for any ¢ € Fj, hence P,p = 0 for i = 1,..., k.
Thus for any ¢ € F,

(. Q%) = wllel?, o >0. (3.7.34)
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We will now estimate the second term on the r.h.s. of (3.7.33)). For any

n € Zy and any ¢ € G, with ||¢)| = 1 by Corollary and (3.7.12) we

have
2

%
4,2.2°
16dyrirs

For any functions (3.7.18) and any 7 € II inequality (3.7.9) implies that

1 I, 1< roy 117 < (3.7.35)

Y
(ot T, 70| < CTT Loy 1<y |@akals 70y 171D 1agramy + p—
jez ET1T2

Now if m € IT\ (IIf x I1%), then there exists jo € Z; such that 7j, € Zs.

Hence by ([3.7.35))

0
<H [{Ixj-|<Rq}|90q,k,l\>W\%,ETD < <190q,k,l|a[{lxj0\<Rq}7r’SOq,%,T|> < M
JEZL E
Thus
Yo z A
, | L =, e IT\ (117 x II3). 3.7.36
|<90q,k,l 7T90q,k,l>‘ Qd%ﬁrz m \ (I 5) ( )

Any ¢ € F, can be written as (3.7.20). By (3.7.36) and Cauchy inequality
for any m € 11\ (IT7 x 11%)

140
[te.m)] < 3 leullem|(ears meaz0] < 5 Il (3.7.37)
kLK,

Since the number of elements of I\ (I1# x I1%) does not exceed dy; and for
any ‘ﬁ‘E(W)‘ < dg as a trace of unitary matrix of dimension dg, (3.7.37)
implies that

(0, RP0)| < wollll?/2.
By (3.7.33)) and ([3.7.34]) we conclude that (3.7.31)) holds with Cx = \/11/2.
[ ]

Lemmata|3.7.5and [3.7.6| imply that L, := P K, is a nontrivial subspace
of Dom Hu” and for every f = PPy € L,

IHEZ =N 7| < ||(Hy—=Ne|| < 5a7'rir ol < 5¢7ririCYIfl, g€ N.

This implies that A € U(Hﬁ’E), and thus finishes the proof of Theorem m
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Part 4
Exponential Decay of
Eigenfunctions

4.1 Modified Assumptions

In this part we will prove that the eigenvalues of multiparticle Brown—
Ravenhall operators decay exponentially if the corresponding eigenvalue is
below the essential spectrum, which is characterized in Theorem [3.1.1]

Let {€;}7L, be a collection of uniformly C"'-regular domains with bounded

N
boundaries. For n =1,..., N and €2 = x ; let us introduce the spaces
j=1

HE(Q,C") = (

TgiLQ(Qj’CKL))®HS(QTHC4)®( é\é L2<Qj,(c4)). (4.1.1)

J Jj=n+1

We make the following assumptions, which are more restrictive than those
of Section 2.1}

Assumption 4.1.1 There exists C' > 0 such that for anyn=1,...,N

(Vo 0)| < Cllplprellvoll e, for any o, € HY2(RN CY), (4.1.2)
and for anyn < j=1,...,N

|<UnJ‘P>¢>‘ < CHQDHHV?H%Z}HHU% fOT any gO,'QZ) € Hl/Q(R3N7C4N)‘
(4.1.3)

For Coulomb interaction potentials (4.1.2)) and (4.1.3) follow from Kato’s
inequality.

Assumption 4.1.2 The interparticle interaction potentials are nonnegative:
Upj =20, forall n<j=1,...,N. (4.1.4)

This assumption together with Assumption below restrict our result to
the systems of particles with purely repulsive interaction in external field.
Important examples of such systems are molecules with fixed positions of
nuclei (Born-Oppenheimer approximation).
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Assumption 4.1.3 There exists C > 0 such that for anyn=1,..., N and
any 1 € HY(R3N C*™)

Ul < C poin [[3]] . (4.1.5)

It is not surprising to have the minimum on the r.h.s. of , since Up;
only depends on the difference x,, —x;. Note that can be applied even
if ¢ is only known to belong either to H}(R*N,C*") or to H}(R*,C'").
For Coulomb interaction potentials Assumption follows from Hardy’s
inequality.

Assumption 4.1.4 There exist C7 > 0 and Cy € R such that for any Z

(Hz,0) > C1( Y Dyth,00) — Col| %,

neZ; (4.1.6)
forany Y e ® AnHl/Q(R?’,C‘l), j=1,2.

nEZ]'

An equivalent formulation of Assumption is that the operator ﬁZ’j is
semibounded from below even if we multiply all the interaction potentials by
1+ ¢ with € > 0 small enough. This is only slightly more restrictive than the
semiboundedness of H ;.

Assumption 4.1.5 For any R > 0 there exists a finite constant Cr = 0
such that

This means that the interaction potentials are locally square integrable.

Assumption 4.1.6 The external field potentials decay at infinity in the Lo, —
norm:

lim ess sup|V,(x)| =0, n=1,...,N. (4.1.8)

R—oo x|>R

Assumption 4.1.7 For any € > 0 there exists R > 0 big enough such that
foralln<j=1,....N

Ui (ol < & gnin 6] e, for all & € HY2RY,€),
(4.1.9)
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4.2 Exponential Decay
The main result of Part [4]is the following theorem.

Theorem 4.2.1 For N € N let D be some irreducible representation of T,
and E some zrreduczble re resentatwn of I1, such that PP P¥ # 0. Suppose
that Assumptwns hold true. Let ¢ be an eigenfunction ofH
corresponding to an ezgenvalue A below the essential spectrum, i.e.

Hy 6 = Ao, (4.2.1)
A< x(D,E). (4.2.2)

Then there exists S > 0 independent of A and ¢ such that for

s = min{ﬁ, (%(D,E) — )\)S}

/ Xl |o(X) [*dX < oc. (4.2.3)
R3N
Note that as an eigenfunction ¢ belongs to the form domain of H]L\),’E, which

N
is PPPP ® A,HY*(R® CY) c H/?R3¥N, C*).
n=1

4.3 Proof of Theorem 4.2.1]

Some constants in the proof can depend on the masses of the particles. Since
we only deal with a finite number of particles with positive masses, such
dependence will not be indicated explicitly.

Lemma 4.3.1 Suppose that for some a > 0
/ 2ol |p(X)|"dX < 00, n=1,...,N. (4.3.1)
R3N

Then [#.2.3) hold with s = N~'/?q.

Proof of Lemma [4.3.7].
N N
QJAE max |Xp
21X ¢ pax Il <Y YNshal = N g2abeal, (4.3.2)
n=1 n=1

Thus 1) implies (4 after summation in n. e
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It remains to prove that (4.3.1) holds for some suitable a > 0. Without
loss of generality we will consider the case n = 1.
Let p € C*([0, 00),[0,00)) be given by

3

2 — %, z€[0,1),
p(z) = (4.3.3)
1
-3, ZE [1,00)
For € > 0 let ( )
p(]x1]
f(X):= f(x1) i = —————. 4.3.4
)= fl) = LS (434
Since ¢ € Ly(R*N,C*Y), for n = 1 ([£.3.1)) is equivalent to
Heaf(ﬁHLg(R3N’(C4N) g C (435)

with C independent of e. Note that for any € > 0 e%/ is a twice differentiable
function with bounded derivatives. Hence multiplication by €%/ is a bounded
operator in the Sobolev spaces H*(R? C*) with s € [0, 2].

Lemma 4.3.2 For any ag € [0,1) there exists C(ag) > 0 such that for any
a € [0,a0] and ¢ € Ly(R3,C*)

A1, €1 o g ey < Clao)alle vl (43.6)

and
Heiaf[Alv eaf]w”Hl(Rs,(m) < O(ao)anH (437)

Lemma is proved in Section [4.4]

Lemma 4.3.3 For any ag € [0, 1) there exists C(ag) > 0 such that for any
a € [0,a0] and ¢ € Lo(R3,C*)

le= Aye || < Clao) |9 (4.3.8)
Proof of Lemma [4.3.3
e A = Ay + e [A, e,

and (4.3.7)) implies the statement of the lemma. e
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Lemma 4.3.4 Let By be the ball of radius R > 0 in R? centred at the origin.
For any a € [0,1/2) there exist C(R) > 0 and C(a, R) > 0 such that for any
v e H(R?CY)

1A 2 (g o) < CORNWGH 1728, + Cla, R) e ]|y o). (4.3.9)

We prove Lemma [4.3.4] in Section 1.5

In order to be able to apply Lemma we will only consider a € [0,1/2).
We can thus fix ay € [1/2,1) and no longer trace the dependence of the
constants in Lemmata [4.3.2| and 4.3.3| on this parameter.

Let us fix a cluster decomposition

Zy = ({2,...,N},{1}). (4.3.10)
Then

Me ¢ = PPPPN e ¢ = > (PP PP @ PP2)A e . (4.3.11)

(DlvEl;D271) = (DaE)
Zo

Hence by (B.11), (-1:2), and (313

(Are™ ¢, (7'720,1 + ﬁzo,z)Aleafﬁb)

> (Ae™ ¢, Z (541(Zo, D1, En)
(D1,E13D2) < (D,E) (4.3.12)

Zg
+ 36(Zy, D2, 1)) (PP PP @ PP?)Aje™ ¢)
> %(D, E)||Ae™ ).

Let us introduce

Ay = x(D, E){e ¢, [, A1), (4.3.13)
Ay = (el o, (i(pﬁvnw i.UanrDl) Ay, e*]6),(4.3.14)
Ay = (Ae™ ¢, [Dn:;f]@, o (4.3.15)
Ay = — (Ao Aretd g, (v1+§:U1j)¢>. (4.3.16)

Jj=2
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Then by (4.3.12)) (recall the definitions (2.1.2)), (2.1.3), (2.1.4), and (1.1.2))

#(D, E)||e ¢||? = (Are™ ¢, 32(D, E)Are™ ¢) + A,
< (Me b, (Haon + Hzoo)Me™ o) + Ay

N N
= (e, (3(Du+ Vi) + Y Unit Dy )e0) + Ay + 4g
n=2 N 1<n<JN ;
= (Mo, e (S (Dt Vi) + 3 U+ D)o} + > A (43.17)
n=2 1<n<yj =1

4
= (Me g, eTHY T ) + Z A= AAe )P+ > A

=1

4
< AleglI” + ) Al
=1

Thus 4
(5D, B) = A)[[e¥¢l> <> A, (4.3.18)
1=1
and it remains to estimate A;,...,A;. This will be done in the next 4
lemmata.

Lemma 4.3.5 There exist a positive constant Cy such that
|A1| < Challe™ o). (4.3.19)
Proof. By and Lemmawe have
A4l < (D, B) |l 1| [e*f, AdJo ]| < Calse(D, Bl ], (43.20)
°

Lemma 4.3.6 There exist a positive constant Cy such that
| As| < Caalle™ g%, (4.3.21)

Proof. Since A; commutes with ijﬁ(Dn + Vo) + Zinq Unjr ¢ = M1,
and A [Aq, e®]A; = 0, we have

N N
(Are¥ p, (Z )+ > U,U) Ay, ep) = 0. (4.3.22)

n=2 1<n<y
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According to Lemma |4.3.2
(4166, Da[Ar,e!]6)] < el || Dil A, e]6]| < Calle/ o] (4.3.23)
By (4.3.14) and (4.3.22)) this implies (4.3.21]). o

Lemma 4.3.7 There exist a positive constant C3 such that
| As| < Csalle™ o). (4.3.24)

Proof. We have [Dy, e%] = [~ia- V,e¥] = —ia- (Ve) = —ia-a(V f)e.
Now ([4.3.24]) follows from (4.3.15) since [|Vf|.. =1. @

Lemma 4.3.8 There exist Cy > 0 and Cy(a) > 0 such that
As < Caalle” 9| + Co(a) |31/ (4.3.25)

We give a proof of Lemma in Section
Substituting the estimates (4.3.19), (4.3.21)), (4.3.24)), and (4.3.25) into

(4.3.18]), we conclude that

4

(D, B) = A= a > C1) e/ 6] < Co(@)ll6 3 (4:3.26)

=1

Now if )
a < min {% (;q)l(%(p,E) - A)},

then the expression in brackets on the l.h.s. of (4.3.26) is positive, and
(4.3.26)) implies (4.3.5) with a finite C' independent of €. Theorem is

proved.

4.4 Proof of Lemma [4.3.2

To prove ([4.3.6)) it is enough to show that [A;, e%/]e=%/ is a bounded operator
from Ly(R?,C*) to H'(R3, C*) satisfying

|[Aq, e < Clag)a, a€[0,1). (4.4.1)

—af
]6 “ HLQ(R37C4)_>H1(R3,(C4)

The integral kernel of [Ay,e*]e™ = [(A; — 1/2),e*]e™f is given by (see
[3.3.9))

(A1, e*]e) (x,y) = K(x, y)(1 — 216D (4.4.2)
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and its gradient in x is
(V[A1, e¥]e™ ) (x,y) = (V1K) (x,y) (1 — 20U CI=F0D)
+aK(x,y)(1 = VTN (T f)(x) — ak(x,y)(V f) ().
We rewrite
1 —etUG=IO) — _q(Vf)(y) (x —y) + Ri(x,y) + Ra(x,y),  (4.4.4)

where

(4.4.3)

Ri(x,y) :=1+a(f(x)— f(y)) — et )=F¥)) (4.4.5)
and
Ry(x,y) = a((VAY) - (x—y) + f(y) — f(x)). (4.4.6)
Since
le* —1—2] < (e—2)2* for |z| <1
and

IVAlL. <1 (4.4.7)
(uniformly in €) we have

|Ri(x,y)] < (e —2)a®(f(x) = f(¥))

’< (e —2)a*|x —y|?, for [x —y| < a:.

(4.4.8)
On the other hand, since a < ag < 1, for |x —y| > a~2 the functions

|’C(X7 Y)Rl (Xa y) ‘ and ’VXIC(X, y)Rl (X7 Y) |
are integrable in x or y with the integrals bounded by C(ag)a, as follows
from (3.3.10), (3.3.11)), and (4.4.7). Since f € C?*(R3), by the Taylor formula
we have
FE) = f(y) = (VHE) - x—y) +{(Df)(ex+ (1= y) (x —y). (x = y))zs,
where D f is the Hess matrix (i. e. the matrix of the second partial derivatives
of f) and ¢ € [0, 1]. Hence

[Ra(x. )| = al{(Df) (§x+ (1= &)y) (x—¥). (x =)

<alDfllr.lx -yl
(4.4.9)
where ||Df||.. is bounded uniformly in € by (4.3.4]) and (4.3.3). Substituting

(4.4.4) into (4.4.2)) and (4.4.3), and using the estimates (4.4.8]) — (4.4.9) we
obtain (4.4.1)) by Theorems|3.3.1| and [3.3.3]

The proof of (4.3.7)) is completely analogous since the integral kernel of
e Ay, e = e [(A — 1/2), €]

1s
K(x,y)(edV®=1) _ 1)
(compare with (4.4.2)).
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4.5 Proof of Lemma 4.3.4

Let n € C(R3,(0,1]) with

Oa X € BQR7
n(x) = X
1, x€R®\ By

Since A; is a bounded operator in H'/2(R3 C*), by Lemma we have

ALY 12 p.cty < ||AL (1 — ZZJHHW(BR oty T I8l e (s o)
S ORIV rrr2Bypcoy + AU 1 (B c1)-
By (3.3.10) we can estimate the second term on the r.h.s. of (4.5.1) as

2
>dx

(4.5.1)

A1 F (300

_ / (\ | xeymyemas| +| [ vy

Bgr ly|>2R ly|>2R

7rR3 feué)R (‘ /|y|>2R X, ¥)n W(Y)d}"Q
+ ( /|y|>2R VK (x, Y)U(YW(Y)CZY‘ )

4 2
< —nR3(/ (sup |K(x,y)| + s VLK (x,y })Iw(Y)\dy)
ly[>2R

3 x€EBRr

7Tli’g’</|yl>2RG(|y! - 1’1’)\7vb(3')|dy>2
< ([ ami-ma) ([ iyl mu)Pay).

Since a < 1/2 and f(x) < |x|, we conclude from ([3.3.11)) that there exists
C(a, R) such that

| wqu

1Al a1 ey < Cla, R) €7 9l| yqmo o),

and (4.3.9) follows by (4.5.1]).

4.6 Proof of Lemma 4.3.8

For j =2,..., N we have
<A1€af/\1€af¢7 Urj¢) = <U1jeaf¢7eaf¢>

+ <U1j€_af[A17€af]A1@af¢’ e ¢ + (U], 76, ¢ ). (4.6.1)



4.6 Proof of Lemma 49

The first term on the r.h.s. of (4.6.1) is nonnegative by (4.1.4)). Applying
(4.1.5)), Lemma {4.3.2) and Schwarz inequality we can estimate the last two

terms by Calle®/ ¢||>. Hence by (4.3.16))
A4 < C’aHe“fgzﬁHQ + |<A1€afA1€af¢, ‘/I(b>‘ (462)

and it remains to estimate the last term on the r.h.s. of (4.6.2]).
Let x1 € C*°(R?,[0,1]) be a function supported in R* \ By such that it
is equal to 1 on R3\ By. For R>1andn=1,...,N let

XH,R(X) = Xn,R(Xn) = X1 (Xn/R) (463)
We have
(AT Me® o, Vig)| < (e Are™ Mye™ &, x1 rVie™ )] (46.4)
+ (1 - x1.r)A e Are™ ¢, Vig)|. a
By Lemma [4.3.3]
e A Are® p|| < C|le® 9. (4.6.5)
Since x1 g is supported outside Bg, by (4.1.8]) we have
I aVie ol < (Rl =(R) — 0 (1.6

According to (4.1.2) there exists C' > 0 such that

(1 = x1,r) A Are® ¢, Vig)| < C|(1 - Xl,R)AleafA1€af¢HHll/2||¢||H11/2-
(4.6.7)
Since (1 — x1,r) is a smooth function supported in {|x1| < QR}, by Lem-
mata [3.4.3 and 4.3.4l we have

H(l — Xl,R)AleafAleaf(b”H%/Q < C(R)HAleafAleaf(b”Hll/Q(
< OB 1eT ]

BQRXR3N_3,(C4N)
RsN—37@4N) + C(aa R) ||e_afAleaf¢||L2(R3N,C4N)'
(4.6.8)

(Bsr %

By Lemma the second term on the r.h.s. of (4.6.8)) can be estimated
by C(a, R)||¢||. Applying Lemma to the first term we obtain

O(R) ||eafAleaf¢||H11/2(BGR><R3N—3,C4N)

< Cla B)IAe 0l s cons o

< C((l, R) ||€af¢”Hll/Q(BlsRXRSN—?s,(CzLN) + C(a’a R) ||6_af¢||L2(R3N7(C4N)
<C

(@ B g1/2gsn v -

(4.6.9)
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Thus by (4.6.7) — (4.6.9)

(1= x1.R) A e Ae ¢, Vi) < Cla, R)|| ¢l 32 (4.6.10)

Estimating the r. h.s. of (4.6.4) according to (4.6.5)), (4.6.6), and (4.6.10) and

substituting the result into (4.6.2) we obtain
Ay < Calle”g|* + Ce(R)[[e oI + Cla, R)||6ll5/2- (4.6.11)

Choosing R so that ¢(R) < a we arrive at (4.3.2F]). Lemma [1.3.§8]is proved.
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Part 5
Appendices

A Some Properties of Modified Bessel Func-
tions

The modified Bessel (McDonald) functions are related to the Hankel func-
tions by the formula

K,(z) = gei”(”+1)/2H£1)(iz).

These functions are positive and decaying for z € (0,00). Their asymptotics
are (see [10] 8.446, 8.447.3, 8.451.6)

K,(2) = \/gez (1 + O(%)) Z = 1003 (5.1.1)

Ko(z) = —logz(140(1)), Ki(z) = %(1 +0(1)), z— 40,

The derivatives of these functions are (see [10] 8.486.12, 8.486.18)

Ki(2) = —K1(2), Kl(2) = —Ko(2) — %Kl(z’), ce(0,00).  (5.1.2)

B Proof of Lemma [3.5.2

Let f € Ly(R3N), supp f C [-R, R]*N. Then
3N
f(X) = Z CkHQOki(l‘i%
kezZEN =1
where . .
x
——sin (7k(5+ =) ), @€ [-R.R],
ou(z) = \/ESIH(W <2+2R>) x €| ]
0, r ¢ [—R, R],

and ¢y are the Fourier coefficients of f|_g g~ .
For the Fourier transform of f we have

Fe) =Y a] e ), (5.2.1)

keZiN =1
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where
221 Rke'z*=1) gin (EZ]{ - pR)
D = 2.2
Spk(p) 7_‘_2]{:2 N 4p2R2 (5 )
et T68RN M
L:= —+ 1. (5.2.3)
T

Assume that f is orthogonal to the linear span of L3 functions

3N
{ngkz(‘rl)v k:ze[O,L—l]ﬂZ, Z:1,3N}
=1

Then the summation in (5.2.1)) can be restricted to

3N j—1
kel Jy, 7= {kezZP k< L}n{keZNk > L}
Jj=1 I=1

Obviously || fl|? ganvy = X lckl?. On the other hand,
ke :_SUNl’Yj
J=

R 3N 3N
1l < 32| D] Teon ()

j=1 kev; i=1

3N M 3N 1/2
= ( > (oo ae) / or, () ew (p)dps | | / (Pki(pi)(;pk;(pi)dpi>
j=1 “k M i=1 /R

i#]

La({lpj|<M})

J=1 k=1 ki=1 kj k=L
1<j 1>]
Since 3
2V2MR
k;, k; >L > , (5.2.4)
T
we can estimate
M —_—
/ o1, () (p)dp‘
M
M 1

d
m TR — Ap? R?||m2kf? — 4p® R?| P

2 2 64RM
< STRK;K, - 2M - — - _ o

21.2 21.12 31 "
7rk:j 7rk;j Wk?]kj




B Some Properties of Modified Bessel Functions

Applying Schwarz inequality, we arrive at

> sy )s st ian) / Pk (p)w, (p)dp
kyj k=L _
6A4RM & <
< 7'['3 Z|C(k1 ..... k; ..... ]CgN)|2 ° ij 2
k=L kj=L
GARM
(L —1) Z |C(k1 ..... K., k3N)|
K.=L
Therefore
3N 12
A 64RM )
HfHLz(WM) < Z(m2|ck| )
Jj=1 key;

192RNM . - -
S m”fHLz(R?‘N) = §||fHL2(]R3N)-

23
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