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Wireless Energy Harvesting Using Signals from
Multiple Fading Channels

Yunfei Chen, Senior Member, IEEE, Nan Zhao, Senior Member, IEEE, and Mohamed-Slim Alouini, Fellow, IEEE

Abstract—In this paper, we study the average, the probability
density function and the cumulative distribution function of the
harvested power. In the study, the signals are transmitted from
multiple sources. The channels are assumed to be either Rician
fading or Gamma-shadowed Rician fading. The received signals
are then harvested by using either a single harvester for simul-
taneous transmissions or multiple harvesters for transmissions
at different frequencies, antennas or time slots. Both linear and
nonlinear models for the energy harvester at the receiver are
examined. Numerical results are presented to show that, when a
large amount of harvested power is required, a single harvester
or the linear range of a practical nonlinear harvester are more
efficient, to avoid power outage. Further, the power transfer
strategy can be optimized for fixed total power. Specifically, for
Rayleigh fading, the optimal strategy is to put the total power
at the source with the best channel condition and switch off
all other sources, while for general Rician fading, the optimum
magnitudes and phases of the transmitting waveforms depend on
the channel parameters.

Index Terms—Cumulative distribution function, energy har-
vesting, fading channels, nonlinear distortion, probability density
function, shadowing.

I. INTRODUCTION

As a promising solution to the energy shortage problem
in portable devices, wireless energy harvesting allows for
sustained operation. In wireless energy harvesting, the portable
device is equipped with an energy harvester and thus, it
can collect energy from either dedicated or ambient sources
to replenish its energy supply. For example, in [1], energy
harvesting from ambient radio frequency signals in several
commonly used frequency bands was investigated. The amount
of power available from such ambient sources is often at
the scale of milli-watts or micro-watts [2]. Also, in [3],
signals transmitted by peer nodes in the same network were
used as ambient sources for energy harvesting at the idle
nodes. The ambient energy harvesting depends heavily on the
radio environment where the harvester operates and when it
operates. Although one may perform scheduling or take other
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measures for best performance [4] - [6], there is still great
uncertainty in the amount of ambient energy. For applications
that require regular power supply, such as mobile services, this
uncertainty is not desirable. In these applications, dedicated
sources can be used. For example, in [7], a power beacon
was proposed that constantly broadcasts wireless power in
a cellular network for harvesting. These power beacons are
deployed in conjunction with base stations to provide power
coverage and signal coverage in the network. In [8], a hybrid
access point was proposed where the access point broadcasts
wireless power in the downlink followed by data transmission
using the harvested energy in the upper link in a time-division
duplex manner. In [9], simultaneous wireless information and
power transfer was proposed, where the wireless signal is
either switched in the time domain or split in the power domain
to provide signal transmission and power transfer using the
same wireless carrier.

All these works have provided very useful solutions to the
energy supply problem of portable devices. However, an im-
portant issue that has been largely ignored in these works is the
amount of harvested energy available to the portable device for
operation and its modeling. Firstly, most wireless signals suffer
from fading and/or shadowing during the transmission [10].
This makes the received signal random. This randomness will
affect the amount of the harvested energy. Such randomness
was investigated in [11] in terms of battery recharging time,
but with limited discussion. Secondly, the received energy
will only become usable when it is converted by an energy
harvester. Hence, the harvester characteristics will determine
the amount of the harvested energy. Most existing works
assumed a linear input-output relationship for the energy har-
vester [4] - [9]. However, practical harvesters have nonlinear
relationships. For example, based on two practical harvesters
in [12] and [13], reference [14] proposed a logarithmic input-
output relationship. Also, using [12] and other references [15]
- [18], a rational input-output relationship was proposed in
[19]. In both the logarithmic and rational relationships, the
output saturates when the input increases, while in the linear
relationship, the output does not. Finally, a single source with
a single energy harvester may not be enough for energy supply.
Therefore, multiple sources and/or multiple harvesters can
be used. For example, two rectifiers operating at different
frequencies can be used [18]. Multiple antennas can also be
used to harvest more energy from either multiple sources or a
single source [20]. As well, one can use one energy harvester
to harvest energies from multiple sources, such as co-channel
interference [21], [22]. The number of energy sources and the
number of energy harvesters will determine the amount of the



harvested energy. None of these issues have been thoroughly
investigated in the literature.

In this paper, we will fill this gap in the literature by
providing a comprehensive framework on the analysis and the
modeling of the amount of harvested power at the portable
device. In the analysis, we consider the case when the wireless
signal suffers from Rician fading as well as the case when the
wireless signal suffers from both Rician fading and Gamma
shadowing. The first case occurs in applications when power
transfer is performed in a short distance such that shadowing
can be ignored, while the second case occurs in applications
when power transfer is performed in longer distances such that
the shadowing effect needs to be included. Both linear energy
harvester (LEH) and nonlinear energy harvester (NLEH) are
studied. The average, the probability density function (PDF)
and the cumulative distribution function (CDF) of the har-
vested power are derived. Based on this derivation, the power
outage probability is calculated. Also, optimal power transfer
strategies that maximize the average harvested power are dis-
cussed. Numerical results are presented to show that different
power transfer strategies should be used for different channel
conditions and different harvesters in order to maximize the
average harvested power. Our results also show that the power
outage probability depends on the number of sources, the
channel condition and the harvester characteristics, giving us
guidelines on how to choose these parameters to meet the
outage requirement. The main contributions of this work can
be summarized as follows:

o« We study the effect of Rician fading and/or Gamma
shadowing on the amount of harvested power. In the
study, we provide a comprehensive analytical framework
by deriving the average, the PDF and the CDF of the
harvested power for the case when multiple sources or
multiple harvesters are used. These results have not been
obtained in the literature.

o We examine the effect of the harvester characteristics on
the amount of the harvested power. To the best of the
authors’ knowledge, this is the first time that the input-
output relationship of practical energy harvesters is taken
into account in the modeling of harvested power.

« We provide useful guidance on the design of wireless en-
ergy harvesting systems by examining the power outage
requirement for communications and the optimal power
transfer strategies for energy harvesting.

The rest of the paper is organized as follows. In Section II,
the system model used in the analysis is introduced. Section III
studies the case when the wireless signal suffers from fading.
Section IV studies the case when the wireless signal suffers
from both fading and shadowing. In Section V, applications of
the results obtained in Sections III and IV are discussed using
the probability of power outage and the power transfer strategy.
Numerical examples are presented in Section VI. Finally, some
concluding remarks are made in Section VIL.

II. SYSTEM MODEL

Consider a wireless energy harvesting system where there
are I energy sources and [ is the total number of sources

with I > 1. Each source transmits an energy signal with a
complex amplitude of z; = w;e?¥i, where i = 1,2,--- 1
is the source index, j = v/—1, w; is the magnitude and 1;
is the phase of the transmitted waveform, respectively. Note
that for energy transfer w; and v; could be any values, while
for information transmission with modulation they are discrete
values determined by the constellation. These signals suffer
from either Rician fading or Gamma-shadowed Rician fading
in the channels. The faded/shadowed signals are received and
then harvested by either a single harvester for simultaneous
transmissions or multiple harvesters for transmissions over
different frequencies, antennas or time slots.

A. Harvested Power

If all the sources transmit signals simultaneously in the
same frequency band, only a single harvester is required to
harvest the energy. The received signal at this harvester can
be expressed as

I
y=> zihi+n )
=1

where h; is the fading coefficient from the i-th source to
the energy harvester and n is the additive white Gaussian
noise (AWGN). The channel gains h; in the simultaneous
transmissions are different because the signals are from dif-
ferent sources. In our paper, we assume Rician fading such
that h; is a circularly symmetric complex Gaussian random
variable with mean s; = ¢;e/% and variance Qaf and its real
and imaginary parts are independent of each other, ¢; is the
magnitude of the mean, ¢; is the phase of the mean, and
n is a complex Gaussian random variable with mean zero
and variance 232%as well as independent real and imaginary
parts. This is the case when the harvester harvests energy from
simultaneous transmissions, such as two-way relaying or non-
orthogonal multiple access, or from co-channel interference
[21], [22]. This is also the case when the power beacons
proposed in [7] are deployed in several locations to provide
power coverage for the whole network such that one portable
device may be served by several power beacons or when
distributed antenna systems are adopted, similar to [23] but
for power transfer.

Using (1), the received power or the input power of the
energy harvester is given by

I
P, =y =Y wihi +nf )
=1

and the harvested power is given by

Py = f(Py) 3)

where f(xz) is the input-output relationship of the energy
harvester to be discussed later. In this case, only one energy
harvester is required to collect energies from multiple sources.

On the other hand, if these sources operate in different
frequency bands, on different antennas or during different time
slots, I energy harvesters, or one harvester for I times, are



required to collect all these energies. The received signal at
the i-th energy harvester can be given by

yi = xzihi +n; “)

where n; is the AWGN at the ¢-th energy harvester as
a complex Gaussian random variable with mean zero and
variance Qﬁz, and all the other symbols are defined as be-
fore. This is, for example, the case when rectennas tuned at
different frequencies [18] or multiple antennas [20] are used to
increase the amount of harvested energy, or when the energy
is accumulated from transmissions in different time slots.

Using (4), the received or input power of the i-th energy
harvester can be obtained as

P; = |yil* = |wihi +ni? (5)

and the total harvested power after combining all output power
of the I energy harvesters is

I
P,=Y" fi(P) 6)
=1

where f;(x) is the input-output relationship of the i-th energy
harvester. Note that, in practice, to transfer a fixed amount of
energy, we can choose to send it at the full power and collect
it using a single energy harvester, or we can choose to split
it into several smaller signals and collect them using multiple
harvesters. The purpose of this paper is to derive the statistical
models of the output power P, in different cases to provide
theories for these design issues. Before doing this, we need to
discuss the input-output relationship of the energy harvester.

B. Energy Harvester Models

In most existing works on energy harvesting, the LEH
model has been used. In this case, one has the input-output
relationship of the energy harvester as [4] - [9]

f(x) =nx (7

where 7 is the conversion efficiency of the energy harvester
and x is the input power.

An important assumption here is that the conversion effi-
ciency is a constant that is independent of the input power.
However, many measurement data have revealed that the
conversion efficiency actually depends on the input power.
Consequently, the relationship between the input power and
the output power is nonlinear. For example, in reference [19],
after examining dozens of practical energy harvesters, the
conversion efficiency of the energy harveszter was given as a
function of the input power n(z) = %, where
Do, P1,P2,90,q1,q2,qs are constants determined by curve-
fitting in [19]. Thus, for these energy harvesters [12], [15]
- [18], the input-output relationship will be [19]

F(@) = n(a)e = P2 + pra? + pox
@323 + @+ qr+qo

®)

From (8), unlike the linear model where the output power
increases linearly with the input power, the output power of the
nonlinear model actually approaches an upper limit of ps /g3
when the input power increases, due to the nonlinear distortion
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Figure 1. Comparison of measurement, the proposed model (9) and the

existing model [19].

or saturation. In another independent work [14], using two
measurement data in [12] and [1%1], the authors also proposed a
nonlinear model as f(x) = 1+“7“(f:3 " , where ) = Tleab
and a, b and M are constants determined by curve-fitting in
[14]. This model also captures the nonlinear characteristics
of the energy harvester. However, these two models are not
mathematically tractable for the derivations of the average,
the PDF and the CDF of P, that are of interest in this paper.
Thus, we propose a simpler nonlinear model as a modification
to the model in (8) by

f(m):aa:—&-b_é ©)

xr—+c c

where a, b, ¢ are constants determined by standard curve-
fitting, similar to [19] and [14]. Compared with the linear
model in (7), the proposed model in (9) can describe the
nonlinear distortion or saturation, similar to those in [14] and
[19]. Compared with the nonlinear models in [14] and [19],
the proposed model in (9) is more mathematically tractable for
the derivation of the average, PDF and CDF of the harvested
power, as will be shown later. Thus, it is simpler. Also, (7)
can be derived from (8) by removing the higher order terms
in the numerator and denominator, when x is very small. This
is the case in energy harvesting, as the input power is usually
quite small. Also, the term of % is added to make the output
power zero when the input power is zero.

Fig. 1 compares the measurement data with the proposed
model in (9) and the nonlinear model in [19]. The upper part of
the figure uses the data from [12, Fig. 19], while the lower part
of the figure uses data from [15, Fig. 5]. The fitted parameters
of the proposed model are a = 2.463, b = 1.635, ¢ = 0.826
for [12] with a root mean squared error (RMSE) of 0.009737
and a = 0.3929, b = 0.01675 and ¢ = 0.04401 for [15] with
a RMSE of 0.0003993. The fitted parameters of the nonlinear
model in [19] are py = 0.1328, p; = 0.08107, py = 0.3493,
qs = 0.03764, g2 = 0.8472, ¢; = 0.7269 and go = 0.5604 for
[12] with a RMSE of 0.01731 and ps = 1.137, p1 = —0.5553,
po = 0.1115, g3 = 0.4175, g2 = 0.8971, ¢z = 2.079 and
qo = 0.5249 for [12] with a RMSE of 0.000788. The fitting



errors of the proposed (9) and the nonlinear model in [19]
are comparable. For example, [19] has a RMSE of 0.000788,
while (9) has a RMSE of 0.0003993, for [15]. In the following,
we will use (9) and denote it as the NLEH model. Although
the LEH model is an ideal model, we will still consider it
in the following for two reasons. Firstly, the LEH model is a
simple model that can provide a good approximation to the
linear range of a practical nonlinear harvester. Secondly, most
existing works on wireless energy harvesting have assumed
the LEH model. By deriving results for the LEH model, it is
easier for these existing works to gain insights.

III. FADING SIGNALS

In this section, we derive the average, the PDF and the CDF
of the harvested power for the case when the wireless signals
suffer from Rician fading only.

A. Single Harvester

In this case, multiple sources are harvested by a single
energy harvester. Thus, the output power for the LEH model
becomes

Psr1 =nPk, (10)
and the output power for the NLEH model becomes
aP,+b b
P = —-. 11
SN1= L T 11

From (1), the received signal y is a complex Gaussian random
variable with

I
p=Elyy =) wsi
=1

I

20% = E{ly — pl’} =2 |zi[a + 28
=1

12)

Thus, P, = |y|? is a non-central chi-square random variable
[24]. Using (10) and the PDF and CDF of P,, the PDF and
CDF of the output power for the LEH model can be derived
via the variable transformation y = nx as

1 nlul +y ‘ |
fpsia(y) = 202¢ (\‘;”2) (13)
oo (M
FPSLl(y) =1 Ql ( P \/770'> (14)

respectively, where Iy(+) is the zero-th order modified Bessel
function of the first type [25] and Q1 (-,-) is the first-order
Marcum Q function [10].

Also, using (11), the PDF and CDF of the output power
for the NLEH model can be derived using the variable

transformation y = % — % as
1 lelPHey/(a—2—y) cy ]
TramW) = 55e 27 “(vm&—yﬁ
ac—b
T (15)
(a—2—y)?
V€Y
Fpgy,(y) =1-Ca M, —— (16)

7 \Jla=2—y)o

respectively.
Finally, the average output power for the LEH model can
be calculated as

I I
E{Psi1} =[] Y _wisil® +2) _ |xil*ef + 257

i=1 i=1

a7

by using the moments of a non-central chi-square random
variable |y|? [24]. For the NLEH model, the average output
power can be calculated as

ar+b b 2 4o

B{Psw} =5z [ (=00 Iy

r+c c
where we have used the PDF of P,,. To obtain a closed-form
expression, first, the approximation to the Bessel functions
proposed in [26] is used as

flul

)dz (18)

Z n0+l) 0 (E)Zl
Il + 1)2I( 0—l+1) 2

where T'() is the Gamma function [25] and 2ny is the order
of a Chebyshev polynomial used to approximate the Bessel
function [26]. It was reported in [26] that this approximation
is very accurate for small values of x, which is the case for the
wireless signal received by the energy harvester. For example,
for Iy(x), the error is less than 4% when 0 < x < 12 and
no = 20 [26, Fig. 2]. We use ng = 20 in the following.
Then, using (19) in (18) and solving the integral using [27,
eq. (3.383.10)], one has

2
b b—ac _1w?, .

19)

E{PSNl}%G/—*—f— 252 e 202 T 252
n9 F(n0+l) 1-21 C|N|2 ; c
I'-l, —) (2
ZF(Z+1) (nofl+1)(4cr4) ( 1’202)(0)

=0

for the NLEH model, where I'(-,-) is the upper incomplete
Gamma function [25]. Next, we study the case when multiple
harvesters are used.

B. Multiple Harvesters

In this case, I energy harvesters, or one energy harvester
for I times, are used to collect energies. If the LEH model is
used, the harvested power is given by

I
= ZmR
i—1

where 7; is the conversion efficiency of the i-th energy
harvester, and if the NLEH model is used,

I
P =3[ -]

i=1

Prrra 2D

(22)

where a;, b; and c; are the constants for the i-th energy
harvester.
From (4), y; is a complex Gaussian random variable with

Hi = E{yz} = Z;$;
207 = E{ly; — i} = 2|zi|*af + 26

Thus, P; = |y;|? in (21) and (22) is a non-central chi-square
random variable.

(23)



Using the linearity of expectation and the moments of
the non-central chi-square random variables P;, the average
harvested power for the LEH model can be derived as

I

E{Pyra} =Y milwil?[sil* + 2nilai*af + 28],
=1

(24)

Similarly, the average harvested power for the NLEH model
can be derived by using (19) and [27, eq. (3.383.10)] as

ng I Fn0+l) 1— 21(51|N1| )

I
40
Blpu=Y o - 2+ 353 L
=1
bi — a;C; %g ‘ +2 = C;
r o o2 l o 2
207 ° (-l 507) *

where all the symbols are defined as before. Next, we derive
the PDF and CDF.
For (21), the output power can be rewritten as

I
=2 _moit
i=1

where ¢; is a non-central chi-square random variable with
v; = 2 degrees of freedom and non-centrality parameter
§; = ml 157 Thus, Pyz, is a sum of weighted non-central
chi- square random variables. The exact PDF of Pp;r; has
been derived in [28]. However, its form is not mathemat-
ically convenient, as it requires the calculation of a series
whose converging rate needs to be controlled by choosing
two parameters heuristically, in addition to the complicated
coefficients of the series that need to be determined. Thus,
we look for mathematically convenient approximations to the
distribution of Ppr;. One such approximation was proposed
in [29], where a non-central chi-square distribution was used
to approximate the sum Pj;r;. This approximation is still
relatively complicated, as the CDF of a non-central chi-square
random variable does not have a closed-form expression except
for some special cases. A simpler alternative is moment-
matching. To use this method, the mean and variance of P11
can be derived from (21) using moments of a non-central chi-
square random variable as

Prrra (26)

= E{Pyr1} —Zm [v; + 04]
I
= E{(Pur —m)*} =Y (m:07)?[2v; + 48] 27)
i=1

where v; and §; are the degree of freedom and the non-
centrality parameter of t;, respectively, as given before. By
matching them to the mean and variance of a Gamma distri-
bution, one has the Gamma approximation as

1

FPana(y) & ———————yF T (28)
e O3E T (karra)
1 Yy
F ~—~(k _— 29
Parza (Y) F(kﬂlLl)’y( ML1, 9ML1) (29)

m,2
where kMLl = mf;

m
and eMLl = mf from k'MLlej\/[Ll =ma
and kML19]2\4L1 = My, and

v(+,-) is the lower incomplete
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Figure 2. Comparison of different approximations to the CDF of Ppsr1 in
(26).

Gamma function [25]. Also, one can match them to the
mean and variance of a Gaussian distribution for the Gaussian
approximation.

Fig. 2 compares different approximations to the CDF of
Pyrra in (26). In this figure, we set z; = 1, 207 = s; =
0.13 mW, 82 = —40 dBm, and n = 0.3. One sees that
the Gamma distribution provides the highest overall accuracy.
Since it also has a simpler CDF, in the following, we will use
the Gamma approximation in (28) and (29) for Pyr.

For the output power of the NLEH model in (22), we also
use moment-matching approximations. In this case, one can
obtain the mean and variance from (22) as

I
r=E{Puni1}= Z T1i
i=1

i

202
i

bi bl — a;C; — ‘M|2+
:Z[(ai - ;) + ?6 207
i 1

K2

i I'(no + Dng 32 (ci“mz)lf(—l C 1
2 T+ DI (no L 507
ro=E{(Pyn1 —71:)°}
I .
b, b — ae)? el

=3~ 2 gy Bt

i=1 g 3 Ci
no F(n() + l)n(1)72l Ci|ui‘2 .
2 L+ 1) (no — 1 + 1)( 4o JeG+LL af)} (30)

where we have used (19), [27, eq. (3.383.10)] and [27, eq.
(3.383.5)] in the derivation, and ¥(-,-,-) is the confluent
hypergeometric function [27]. We have found by trying several
distributions that the Rician distribution gives a good approx-
imation in this case. The Rician approximations to the PDF
and CDF of Pj;n7 can be derived as

Y +’U

Y 202, YUR
fPMN1 (y) ~ 0'1236 : IO( 0—%{ ) 31
FPMNl( )Nl_Ql(UR Y ) (32)

OR OR
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Comparison of different approximations to the CDF of Pysn1 in

where vp and oR satlsfy the moment—matchlng equatlons of

T = UR\fL1 ) and 7y = 20} +vF — MRLQ( vaR );
and they can be solved to give vg = , [ro + 17 — %

and op = with 79 being determined lgy the

\FLl( o)’

. rotr? 4(1+ro)
equation 72 = TLi(=ro)’

2

and L;(-) is the Laguerre

polynomial [27].

Fig. 3 compares different approximations to the CDF of
the output power in (22). In the comparison, we set xz; = 1,
20(22 =s; = 0.1i mW, 2 = —40 dBm, and a = 2.463,
b = 1.635, ¢ = 0.826 for the NLEH. One sees that the
Rician approximation has the highest accuracy. Thus, in the
following, we will use the Rician approximation for the output
power of the NLEH model in (31) and (32).

C. Special Case of Rayleigh Fading

In this case, one has s; =0 fori =1,2,---
simplify some expressions.

Specifically, for the single harvester, the output power of
the LEH model has

,I. This will

I
n(2) |zi*af + 267

E{Psp1} = (33)
i=1
— 1 ) Y 2
fPSLl (y) - 2770,26 n (34)
Fro,(y) = 1—¢ 7. (35)
The output power of the NLEH model has

b b—ac - c

E{PSNl} = a-— E + 952 €202 [ EZ( 902 )] (36)
1 sy, c—b
= P orla=c—y 37
fPle (y) 202 € (a — % — y)2 (37)
— cy

Fpey,(y) = 1—e >0 (38)

where Fi(-) is the exponential integral [25].

For the multiple harvesters, the output power of the LEH
model has

Ij I
E{PMLl}:QZ7)i|mi|2a? +2 Zmﬁ2

(39
=1 =1
I I Y
fPyn(y Z H We it (40)
i=1 j=1,j#1 77]
I omi0? o
FPMLl(y):Z . [1 —€ 2%‘%](41)

. 2mi07 — 2n;07

where we have used the result on the sum of exponential
random variables [30]. The output power of the NLEH model
has

E{Pyn1}= Z e e e?! Bi(— o 2)](42)
fP]\/INl y 27_(_/ l_l[(bi(jv)e_jvydv (43)
1 [ . eI

Fry (y)=5— [ m[[laﬁi(av) dv (44)
respectively, where we have used the characteristic
function method to derive the distribution of
a sum of random variables and  ¢;(jv) =
ciai—b; jv(a,:—c o2 ciai—b;

Gore TR (G (k-

1, jv(a; — b—)) is derived by using the Taylor series expansion
of the exponentlal function and the definition of lower
incomplete Gamma function.

IV. SHADOWED FADING SIGNALS

In this case, the wireless signals experience both fading and
shadowing. This is the case when the power transfer distance
is large such that the shadowing effect cannot be ignored, as
the effects of fading and shadowing depend on the distance
between the transmitter and the receiver [31]. A widely
used model for shadowing is the lognormal distribution [10].
However, this model often leads to mathematical intractability
due to the logarithm operation in the exponent. An alternative
shadowing model that is mathematically more tractable is
the Gamma distribution [32]. This model can lead to the
generalized K distribution for the composite Gamma-Gamma
channels [33]. We assume the Gamma model for shadowing
in this paper. Then, the average fading power a? follows a
Gamma distribution with PDF

foz(z) = #679%

45
' INURA )

where k; and 6; are the shape and scale parameters of aZ,
respectively.

A. Single Harvester

The results when the wireless signal only suffers from
Rician fading have been derived in Section III. When the
signals experience both Rician fading and Gamma shadowing,
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Figure 4. Comparison of different approximations to the CDF of 2 in (12).

we only need to average out the fading power in those
expressions. To do this, the distribution of 2 is required. From
(12), it is a weighted sum of I Gamma random variables. The
exact distribution of o can be derived by using the results in
[34]. However, this expression is complicated. Thus, we resort
to approximations. Fig. 4 compares different approximations to
the distribution of o2 using moment-matching. In the figure,
we set 7; = 1, k; = 2, a? = 0.05i mW, 6; = o?/k; and
(3% = —40 dBm. One sees that the Gamma approximation has
the highest accuracy. Thus, we use the Gamma approximation
in the following as

¢
8

2(z) ~ 4
fo2() T (46)

I

2, and dy = >, |zil?kib; + B°
and dy = 1 |ai|*k; 93 are the mean and variance of o2,
respectively.

Using (46), the PDF and CDF for the output power of the
LEH model can be derived as

di
where k, = > 0, =

no nr(no_’_l) 1— 21("/“‘«‘ )

~ 21
JPsps (y) ; elgar(ko)FQ(l + 1) (no -1+ 1)
2 20—1
(M@ )oK

/ SPspa(t

where we have used the approximation in (19) followed by
[27, eq. (3.471.9)], and K}_o;—1(+) is the (k— 20 —1)-th order
modified Bessel function of the second type.

Similarly, the PDF and CDF for the NLEH model can be

2n|pl® + 2y

g ) (47)

k‘672l71(

Fpg,,(y (48)

derived as
l
Foon (@) no_(ac — b)T(ng + )nd~ 21(%
P X -
o L= R T(ky)D2(1+ 1)T(ng — 1 + 1)
D T e
(%90) 7 Kp,—2( %)(49)

FPSN2 (y (50)

-/ " Fpena ()it

The average harvested power for the LEH model can be
derived from (17) as

I I
E{Pspa}y =l wisi® + 23 Jwif?kibi + 267, (51)
=1 =1

The average harvested power for the NLEH model can be
derived as
) T'(n +l 1-21 ‘ ‘ l
E{PSNQ} ~ Z - ( 0 ) ( 4 )
= O5°T(ko)T2(L+ DT (no — L+ 1)

R R e
0

T +c c 2

2|pu|? + 22

Ky, —o1—1( 7

)da. (52)

B. Multiple Harvesters

When multiple harvesters are used, we need to find the dis-
tribution of o2 first. Since o7 = |z;|?a? + 3%, we approximate
it as a Gamma distribution with PDF

1 _a
fo2(2) ™ e e (53)
7 L'(pi)a;
% ki0;,48%)2 |k, 07 .
where p; = (el kib:t57)" ‘lxﬁ%fegﬁ ) and q; = 7\xlT21L¢91¥62' Using (24),

the average harvested power for the LEH model can be derived
as

I
E{Pyray=t1="Y_[nilwil*|sil>+2n;|ai*ki0;+26%n,] (54)

i=1

by averaging (24) over o2. Also, the average harvested power
for the NLEH model can be derived as

I
E{Pyn2} =e€1~ Zeu =
i=1
ZZ n0+l 1 2l(|ﬂi|2/4>l
r2(1+1)0 o*l+1) (pi)a}”

=1 1=0

a;x+b; b |pil® +
/0 aa L

T+ c; C; 2

p;—2l—1
2

lwil® + @

K, _91-1(2
pi—21 1( 2qu

)dt. (55)

The derivations of the exact PDF and CDF are challenging
for both the LEH and NLEH models. We use moment-
matching approximations. The means of Py;ro and P2 are
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power with both fading and shadowing.

given in (54) and (55), respectively. We need their variances
too. They can be derived as

to = B{(Pur2 —t1)*} =

I
Z[4T]3|l‘7,|2|51|2k10, + 47]21612912 + 4771]%‘9142] (56)
=1
€y = E{(PMN2 — 61)2} ~

I(no + Dng~ > (|ual*/4)"
Z Z r2(l+ 1)I‘(n00— L+ 1) (p;)gt

a4+ b b |,ui|2+x pi—21—1
A [7 - ; - eli]2xl(Tqi) 2
B2y ar. (57)

Fig. 5 shows different approximations to the output power
of the LEH and NLEH models when both Rician fading and
Gamma shadowing occur. In the figure, we set z; = 1, k; = 2,
a? = 0.05i mW, 0; = a?/k; and B> = —40 dBm. For the
LEH model, the Gamma approximation has the highest accu-
racy, while for the NLEH model, the Rician approximation
has the highest accuracy. Thus, we can approximate the PDF
and CDF of Py;r- as

1

~ kvpo—1,— 500

N —m——————= e MLz 58

.fPML2 (y) F(kMLQ)Gﬁ/J}ILL; (58)
Y(karre, g2=)

FPML2 (y) ~ F(kNIL;3L2 (59)

where k1o = g, Orro = % and ¢; and ¢- are given in (54)
and (56), respectively. Similarly, the PDF and CDF of P2
can be approximated as

Yy s V)

v
fPMNz (y) ~ = € 2782 IO<y 21\/1N2) (60)
OMN2 OMN2
v
FPMN2 (y) ~1— Ql( il L (61)

b
OMN2 OMN2

where the parameters of vy;n2 and ojprn2 can be calculated
in a way similar to those in (31) and (32), except that r; and
ro are replaced by e; and ey respectively.

C. Special Case of Rayleigh Fading

In Rayleigh fading, some expressions in the previous two
subsections can be simplified by setting s; = 0. Specifically,
for the single harvester using the LEH model, one has

I
E{Psro} = 2> _ |ai*ki6; + 5] (62)
i=1
1 kg1
fPsis(y) = ?(2&) 7 Ky, —1(2 2y9 ) (63)
8y 2 T(ks) n NYo
IRV 1 %
Fpg,(y) = NS ['(2ke = ) Kok, —1( nea)

Loy, —o(

2 2 2
n%)*‘f(zkg—z(\/n%)bkgq( %)}(64)

where the first equation is obtained by letting s; = 0 in (51),
the second equation is obtained by letting 1 = 0, solving the
integral using [27, eq. (3.471.9)] and using the transformation
y = nx, while the last equation is obtained by integrating the
second equation from O to y and solving the integration using
[27, eq. (6.561.4)], and L, (-) is the modified Struve function
of the v-th order [27].

For the single harvester using the NLEH model, one has

b b— 2 2
B{Psyah ==+ (5 S et (4 5) (69
1 cy kg —1
fPsz\rz(y): o+l (2( b )) 2
0,2 T(ky) <\ @~ c Y
cy ac—1b
K, —1(2 66
ol 29(@—%—11))(@—%—1/)2 (©0
k. —L1
V2meyds,” 2
FPSN2 (y) = Y F(2k0 - )
\/a— ? - yf(kg)
2c 2cy
Kok Lop, _
[ 2k o 1( 90.((1—% )) 2k & 2( gg(a_%_y))
2cy 2cy
+K ok, 6o(at ))szdq( fo(a—b ))](67)

where the first equation is obtained by letting © = 0 in (52)
and solving the integral using [27, eq. (6.565.7)], S_k x—1(-)
is the Lommel function [27], and the second equation and the
third equation are obtained in a similar way to those in (63)
and (64).

For the case when multiple harvesters are used, one has the



results for the LEH model as
I

E{Pur2} =) [2milws*kib; + 26%n,] (68)

fron)=3; [ Totoeoa @
7‘7"”/

FPZWLQ( / H ¢Z j’U (70)

where the first equation is obtained by setting s; = 0
in (54), the characteristic function is derived as ¢;(jv) =
1

e 2ivn0; . .
WW_E7 ki—1 (W) by using the definition and

[27, eq. (6.643.62)] and W_x, x;-1(-) is the Whittaker func-
tion. o

Similarly, for multiple harvesters, the results for the NLEH
model are given by

I

Ny by biaic 26
E{PMN2}—;[C% . e ( 9¢)

2¢;

S_k, k71(\/ 96 )l (71)

FPun(¥) = 5 / Hasz (ju)e 7"V dv (72)

1 —jvy

Fryna(y) = 5 / [0 a0 73)

T =1

where the first equation is obtained by setting p; = 0 in (55)
and solvmg the 1ntegral usmg [27 6.565.7], and ¢;(jv) =

Ju(a
“Ky,-1(2y/55 )de. The

i— ) —ajc

G Jy € i “(z/2)" T
0, 2 T(k;)
analytical expressions for the NLEH model are generally
more complicated than those for the LEH model. They can
be further simplified for some special cases. For example, one
has f(x) = a;jcb % =a-— IZ + bljfc When the input power
z is very small, using the Taylor series expansmn of 7 +1
and ignoring the higher order terms, one has +— ~ 1 — .
One can derive f(z) ~ 2zbz. Thus, the express1ons for the
NLEH model can be snnphﬁed by letting n = “% % in those
for the LEH model, when the input power is very small. Since
these results are quite straightforward, they are not presented
here to make the paper compact. From the system design’s
point of view, the NLEH model is similar to the LEH model
or the practical harvester has a linear range around = = 0,
with an equivalent conversion efficiency of n = L_b

Note that the above results include the noise power 232 in
the harvested power. In most literature on energy harvesting
(see [36] and references citing it), the noise as a source of
energy is not considered. This is because these references
have assumed that the noise is negligible, such as equation
(13) in [36]. Without this assumption, the noise energy can
be harvested in the same way as the transmitted energy.
Physically, the noise cannot be removed from the transmitted
energy and hence will be harvested along with the transmitted
energy from the received signal. Mathematically, if the square

of the received signal is ergodic, its statistical average can
be approximated by its temporal average. Since its statistical
average includes the noise variance and its temporal average is
actually the power, the harvested power will include the noise
variance. Our results are general enough to include [36] as a
special case when 232 equals 0 or is small.

V. OUTAGE AND POWER TRANSFER STRATEGY
A. Outage Probability

The first application of the preceding results is the calcula-
tion of the probability of power outage. For energy harvesting
communications, since the harvested power is a random vari-
able, it is possible that the available power may drop below
the required power, causing a power outage. This probability is
defined as Pr{P, < Ty}, where P, is the harvested power in
(3) or (6) and Ty is the required transmission power. Thus, we
can use the CDF derived in the previous two sections directly
to calculate the power outage probability.

Also, using the expression of outage and the CDF derived,
useful insights for practical system designs can be obtained.
For example, from (14) and (16), when a single harvester
is used for Rician faded signals, the outage decreases when
o increases. Thus, from (12), one must increase I, |:1:Z|2 or
a? in the system to reduce outage. Also, increasing 7 for
LEH and (ac —b)/c? for NLEH can reduce the outage. From
(29), when multiple linear harvesters are used for Rician faded
signals, the outage decreases when m; increases. Thus, from
(27), one can increase I, 1;, o2, |z;|? or |s;|? to reduce the
outage. Similarly, from (59), when multiple linear harvesters
are used for Gamma-shadowed Rician fading signals, the
outage decreases when t; increases. Thus, the outage of the
system can be reduced by increasing I, n;, |x; 2 2 k;, or
0; from (54).

[}

B. Power Transfer Strategy

The second application of our results is to find the optimal
power transfer strategy that maximizes the average harvested
power, subject to the constraint that the total transferred
power is fixed for all sources. Mathematically, the optimization
problem is given by

T
,Zry = max {E{P,}}, wherez ||
B i=1
This can only be solved for the LEH model and the NLEH
model with Rayleigh fading. For the NLEH model with
general Rician fading, exhaustive search has to be performed
to find the optimum values.

1) LEH model with single harvester: For the LEH model
using a single harvester, when there is only Rician fading,
one has the average harvested power in (17), which can be
rewritten as

(&1, = P. (74)

I -1
E{PSLl}—n[Z(e + 202 )w; +QZZ
=1 j=1

wiw;€i€; cos(W; + ¢y — v — ;) + 287 (75)



where w;, ¥;, € and ¢; are the magnitude and phase of the
transmitting waveform, the magnitude and phase of the line-
of-sight in Rician channels, respectively. Since cos() < 1, the
optimum values of 1; satisfies cos(v; + ¢; — ¢; — ¢;) = 1,

or ¢; = —¢; for i = 1,2,--- , 1. In this case, one has
I I i-1
J = U[Z(E$ + 20512)0012 + 2 Z Zwiquej —+ 262]
i=1 i=1 j=1
= pwAw? +25? (76)
where w = [wl Wy -+ wl], Al] = €€ when ¢ ;é j and

A;; = € +2a? when i = j. Since A is a real symmetric
matrix, and the constraint Zle |z;|* = P is equivalent to
wBw? =1, where B is a real diagonal matrix with 5 on the
diagonal lines, according to [35], the optimum values of w;
are the eigenvector corresponding to the largest eigenvalue of
B lA.

Theorem 5.1: For the LEH model using a single harvester
in Rician fading, the maximum average harvested power is
N(Amaz + 26%), where A\jnq. is the largest eigenvalue of
B~'A. The optimum phases of the waveforms are 1); = —a;,
and the optimum magnitudes of the waveforms are w = Vvmax,
where vimax 1S the eigenvector corresponding to the largest
eigenvalue of B~ A.

In the special case when there is only Rayleigh fading, s; =
0. The average harvested power using a single harvester with
Rayleigh fading only is derived from (75) as E{Psr1} =
N[>, (2a2)w2+24%]. Thus, the maximum average harvested
power is given by 2nPa? 4 23%, where 1= . max I{Qaf}

and which is achieved by letting w? = P when i = i and
w? = 0 when i # i. Thus, in Rayleigh fading channels, the
best power transfer strategy is always to transmit the full power
at the source with the best channel condition and switch off
all other sources.

In the case when both Rician (or Rayleigh) fading and
Gamma shadowing occur, similar results can be obtained,
except that a? should be replaced by k;0; in the matrix A.

2) LEH model with multiple harvesters: For the LEH
model using multiple harvesters, when there is only Rician
fading, the average harvester power is given by (24) to give

I I
E{Pyr1} = Z ni(€ + 207 )w? + 2 Zmﬂ?
i=1 i=1
I
= wAw” +23 ;8 (77)
i=1
where A is a diagonal matrix with the i-th element on the
diagonal line given by A(i,i) = 1;(€? + 2a2). Since B~!
is also a diagonal matrix with P on the diagonal line, the

index of the largest elgenvalue of B™1A is actually given by
max {771(6 + 2a?)}. The eigenvector corresponding

i=1,2,-
to the largest eigenvalue is [0 0 --- VP --.
i-th element is the only non-zero element.

Theorem 5.2: For the LEH model using multiple har-
vesters in Rician fading channels, the maximum average

harvested power is ng(eg + 204%)]3 + 2Zf:1 n:3%, where

l_

0], where the

max {771( + 2a?)}. The optimum magnitudes of

1=1,2,-
the Waveforms are wl- = P, when i = %, and w? = 0, when
1 7. The phases of the waveforms do not affect the harvested
power.

In the special case of Rayleigh fading, one has from
(77) E{Pypr1} = 230 miocdw? + 2321 ;8% Thus, the
maximum average harvested power is given by 2nZPa2 +
2 2521 niB
achieved by letting w? =
i i

When there are both Rician fading and Gamma shadowing,
similar results apply, except that a? are replaced by k;0; in
A.

3) NLEH model with single harvester: When the NLEH
model is used with a single harvester in Rayleigh fading
channels, the average harvested power is given by (36). Denote
g(x) = ze*[—Ei(—x)]. It can be shown that g(z) is a mono-
tonically increasing function of x. Thus, the maximization
of the average harvested power in (36) is equivalent to the
maximization of 202. Since one has (12), which is again a
quadratic form of w;, one sees that the results for the LEH
model in Rayleigh fading can be applied here.

Theorem 5.3: For the NLEH model using a single harvester
in Rayleigh fading channels the maximum average harvested
power is given by a — 2 + %= ‘“e% [~ Ei(—55z)], where
26% = 2P + 2p3* and 3 = . max I{2a§}. The optimum

PR

i:

,max | {2n;02} and which is

P when i = i and w?

2 where 1 =

= 0 when

magnitudes are w? = P when i = and w? = 0 when i # 7.

The case with general Rician fading cannot be solved and
its optimum values have to be found using exhaustive search.

4) NLEH model with multiple harvesters: When the NLEH
model is used with multiple harvesters in Rayleigh fading
channels, the average harvested power is given by (42). We can
use the Lagrange multiplier to find the optimum solution. First,
the function g(x) can be curve-fitted as g(z) ~ %
for 0 < = < 30. Then, one needs to maximize the objective
function

0 98¢; +0.12(w?2a2 +-23?)
¢;+0.86(w?2a?+22)

—a; C’L

(78)

where )\ is the Lagrange multiplier and we have used the
approximate g(z) and the expression of 202 in (42). Using
(78), the optimum values can be derived as

2 \/1.2@?02'(0461' - bz)/)\() — C; — 17252

w; = 79
i 1.7202 79)
; 1.2a2¢;(aze;—b;)
. o i=1 1.72a2 2 .
with A9 = ( ST 7252 ). Again, for the general

1. 72(1
case of Rician fading, thelr optlmum values have to be found

by exhaustive search. Some numerical examples will be shown
in the next section.
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VI. NUMERICAL RESULTS AND DISCUSSION

In this section, some numerical examples are given to show
the power outage probability under different conditions and the
optimal power transfer strategy for specific system settings.

Figs. 6 and 7 show the outage probability vs. T when there
is only Rician fading. In these figures, z; = 1, K = |28a|22 =1
is the Rician K factor of the i-th channel, af = 0.05i1mW,

2 = —40 dBm, n = 0.3 for the LEH model and a = 2.463,
b = 1.635, ¢ = 0.826 for the NLEH model. Several observa-
tions can be made from Fig. 6. Firstly, for the LEH model,
the use of a single harvester has a smaller outage probability
than the use of multiple harvesters when Ty > —12 dBm,
indicating that one should use a single harvester when the
required transmission power is large. This is explained as
follows. Comparing (2) with (5), one sees that the input
powers of multiple harvesters only contain the squared terms
of the input power of a single harvester. This can also be
seen by comparing E{Psy1} and E{Pyr1} and assuming
negligible noise. Thus, a single harvester harvests more power

Outage probability

—¥— LEH, Single harvester
—>*— LEH, Multiple harvesters

NLEH, Single harvester
—-—- NLEH, Multiple harvesters

10
-20 -18 -16 -14 -12 -10 -8 -6 -4 -2 0

Threshold output power (dBm)

Figure 8. Outage probability vs. Ty for I = 2 and K = 1 when there are
both Rician fading and Gamma shadowing.

to give a smaller outage. Similarly, for the NLEH model,
when Ty > —8 dBm, it is better to use a single harvester.
Secondly, comparing LEH and NLEH models, the LEH model
has a smaller outage probability when Ty > —6 dBm and a
larger outage when Ty < —6 dBm, for a single harvester. For
multiple harvesters, the LEH model always has a larger outage
probability. This implies that the NLEH model has advantage
for multiple harvesters or for smaller transmission power. This
is because the NLEH model suffers from nonlinear saturation
when the input power is too large so that it is advantageous
to split the total power into several smaller signals or use a
smaller transmission power. Fig. 7 shows the outage at I = 6.
One sees that the outage probability has decreased in all cases,
because more sources lead to more harvested power. Also,
for multiple harvesters, the curve for the LEH model crosses
with the curve for the NLEH model when Ty = 0 dBm.
When the threshold is large and increases, the NLEH model
cannot provide enough harvested power and hence, its outage
approaches the limit of 100% outage in a much faster rate than
the LEH model. Consequently, the two curves cross.

Fig. 8 shows the outage probability vs. T when both
Rician fading and Gamma shadowing occur. In this figure,

z =1, K = ‘23;‘; = 1 is the Rician K factor of the
i-th channel, o? = 0.05i mW, k; = 2, 6; = o?/ki,
B2 = —40 dBm, ng = 20, n = 0.3 for the LEH model

and ¢ = 2.463, b = 1.635, ¢ = 0.826 for the NLEH
model. Similar observations can be made. These results give
very useful design guidelines for wireless power transfer. For
example, if the required transmission power of the portable
device is large, one should use a single harvester or a practical
nonlinear energy harvester with a linear range as large as
possible. Otherwise, one should use multiple harvesters or
the nonlinear range of the practical energy harvesters. Also,
simulation results for outage above 1076 (outage below 1076
requires an excessively long time and hence is not simulated)
are shown using the circle markers in Figs. 6 - 8. One sees
that the simulation matches well with the analysis in most
cases. When the threshold is smaller than -12 dBm, there is



a noticeable difference between simulation and analysis for
multiple harvesters in Fig. 8. This agrees with the observations
from Fig. 5. Practical values of the required transmission
power are often larger than -12 dBm so that this will not
cause problems.

Table I shows the maximum average harvested power in
mW followed by the optimum magnitudes for (wq) when two
sources transmit and (w7, wy) when three sources transmit, ob-
tained by exhaustive search. We set k; = 2, af = 0.05¢ mW,
0, = a?/k;, B2 = —40 dBm, n = 0.3, a = 2.463, b = 1.635,
¢ = 0.826 in the search.

One sees from Table I that the average harvested power
increases with I, as expected, as more sources lead to more
harvested power. Also, shadowing slightly reduces the average
harvested power, except for LEH, as we set af = k;0; in the
search. Also, the maximum average harvested power using
a single harvester is always larger than that using multiple
harvesters, as the input power of a single harvester is larger
than the sum of those of multiple harvesters. It can be shown
that these values are the same as those predicted by the
theorems derived above, when available.

VII. CONCLUSION

In this paper, we have analyzed the power harvested from
multiple wireless signals experiencing either Rician fading or
Gamma-shadowed Rician fading. Both the LEH and NLEH
models have been studied. The analytical expressions for the
average harvested power, the PDF and CDF have been derived.
Using these expressions, the power outage probability has
been calculated and the optimal power transfer strategy has
been discussed. Numerical results have shown that, when the
required transmission power of the harvesting device is large,
it is favorable to use the linear range of a practical nonlinear
harvester or a single harvester. Also, for Rayleigh fading
channels, the optimal power strategy is to put the total power
in the source with the best channel condition and switch off
all other sources, while for general Rician fading channels, the
optimal strategy can be obtained by choosing the magnitude
and the phase of the transmitting waveform based on the
channel parameters.
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