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ANOTHER CONSTRUCTION OF BV SOLUTIONS TO
RATE-INDEPENDENT SYSTEMS

MiInH N. MACH

Dipartimento di Matematica
Universita di Pisa
Largo Bruno Pontecorvo 5, 56127 Pisa, Italy

ABSTRACT. We study one kind of weak solutions to rate-independent systems, which is
constructed by using the local minimality in a small neighborhood of order € and then
taking the limit ¢ — 0. We show that the resulting solution satisfies both the weak local
stability and the new energy-dissipation balance, similarly to the BV solutions constructed
by vanishing viscosity introduced recently by Mielke, Rossi and Savaré.

1. INTRODUCTION

A rate-independent system is a specific case of quasistatic systems. It is time-dependent
but its behavior is slow enough that the inertial effects can be ignored and the systems
are affected only by external loadings. Some specific rate-independent systems were studied
by many authors including Francfort, Marigo, Larsen, Dal Maso and Lazzaroni on brittle
fractures [0, 8, 111 [6], Dal Maso, DeSimone and Solombrino on the Cam-Clay model [5], Dal
Maso, DeSimone, Mora, Morini on plasticity with softening [3] 4], Mielke on elasto-plasticity
[13), [14], Mielke, Theil and Levitas on shape-memory alloys [21], 22] 23], Miiller, Schmid and
Mielke on super-conductivity [24] 26], and Alberti and DeSimone on capillary drops [1]. We
refer to the surveys [16, 15 17, 18] by Mielke for the study in abstract setting as well as for
further references.

In this work, for simplicity we consider an evolution u : [0,7] — RY, subject to a force
defined by an energy functional & : [0,T] x R¢ — [0,400), which is of class C!, and a
dissipation function W(z) := |z|. Let an initial position zy € R? such that z, is a local
minimizer for the functional x — &(0,z) + |z — zo|. We say that u is a solution to the
rate-independent system (&, z) if u(0) = xy and the following inclusion holds true,

(1) 0 € (3] )(a(t)) + Va&(t, u(t)) for ae. t € (0,T).

In general, strong solutions to may not exist [27]. Hence, the question on defining some
weak solutions arises naturally.

A widely-used weak solution is energetic solution, which was first introduced by Mielke
and Theil [21] (see [22, 12, 10, 16] for further studies). A function u : [0,T] — R? is called
an energetic solution to the rate-independent system (&, xg), if it satisfies

(i) the initial condition u(0) = xy,
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2 MINH N. MACH

(ii) the global stability that for (t,x) € [0,T] x R,
(2) E(t,u(t)) <&t x) + |z —u(t)|,
(iii) and the energy-dissipation balance that for all 0 <t} <ty < T,

(3) E(ta,u(ty)) — &E(t1,ulty)) = /t 2 0 & (s,u(s)) ds — Diss(u; [ty, ta]).

Here we used the notion of dissipation

N
Diss(u(t); [t1,ta]) := sup {Z lu(si—1) —u(s)| | NeNt; <sp<sp < <sy< tg} .
i=1

Note that in the case that energy functional is not convex, the global minimality ([2)) makes
the energetic solutions jump sooner than they should, and hence fail to describe the related
physical phenomena (see Examples 2| below). Hence, some weak solutions based on local
minimality are of interests.

Recently, an elegant weak solution based on vanishing viscosity method was introduced by
Mielke, Rossi and Savaré [19,20]. Their idea is to add a small viscosity term to the dissipation
functional W. This results in a new dissipation functional ¥., e.g. W.(z) = |z| + €|z|?,
which has super-linear growth at infinity and which converges to ¥ as ¢ tends to zero in an
appropriate sense. They showed that the modified system (&, x) with | - | replaced by W,
admits a solution u.. The limit u of a subsequence u, as ¢ — 0, called BV solution, enjoys
the following properties

(i) the initial condition u(0) = xy,
(ii) the weak local stability that for all ¢ € [0,T]\J,

(4) V& (L ult))] <1,
(iii) and the new energy-dissipation balance that for all 0 < t; <ty < T,

(5) E(ta,u(ty)) — &E(t1,u(ty)) = /t 2 0 & (s,u(8)) ds — DisSpew(u; [t1, ta]).

Here we denote the jump set by
J:={t€]0,7] | u(-) is not continuous at ¢}

and the new dissipation by

Dissnew(u; [t 12]) = Diss(u;[tr,ta]) + Y (Anew(t, 2(t7), 2(1)) + Apew(t, z(t), 2(t7)))
= (Jult™) = u(®)] + [ut) —u(t)]),
teJ

where A0, (t; a,b) depends also on the energy functional &, and is defined by

it { [ ma{1 19260626l ds) 7 € AC(0.11:R).2(0) = a.2(1) =6}

The new energy-dissipation balance is a deeply insight observation, which contains the
information at the jump points. Indeed, it was shown in [20] if the BV solution « jumps
at time ¢, then there exists an absolutely continuous path « : [0,1] — R¢, which called an
optimal transition between u(t~) and u(t1), such that

(i) 7(0) = u(t™) and (1) = u(t"),
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(il) |V.&(t,7(s))| > 1 for all s € [0,1],

(ifi) and &(t,u(t7)) = E(tult?)) = [y Vot ()] - [/ (5)] ds.

An inconvenience of the BV solution constructed by vanishing viscosity is that it depends
on the choice of the viscosity, and the solution obtained by some viscosity does not have
expected behavior (see Examples [2)).

In this work, we shall study another weak solution which is constructed by the local
minimality in a small neighborhood. The idea is to consider the minimization problem
in a small neighborhood of order € and obtain a solution u., and then take ¢ — 0 to get a
limit u, which called BV solution constructed by epsilon-neighborhood method. The epsilon-
neighborhood approach was first suggested in [14, Section 6] for one dimensional case when
¢ is chosen proportional to the square root of the time-step and the weak local stability was
then obtained in [7].

Roughly speaking, this approach is a special case of vanishing viscosity approach when
viscosity term is chosen as follows

0 if [u| <1,
v = -
o{?) {—i—oo if |v| > 1.

However, ¥, does not quite satisfy the requirement to become a viscosity in vanishing vis-
cosity in [20, Section 2.3].

In this article, we shall show that the BV solutions constructed by epsilon-neighborhood
method u indeed satisfies both the weak local stability and the new energy-dissipation bal-
ance, similarly to the BV solutions introduced by Mielke, Rossi and Savaré [19] 20].

2. MAIN RESULTS

For simplicity, we shall consider the case when X = R? and ¥(z) = |z|. Moreover, we
assume that the energy functional &(¢,z) : [0,7] x R? — [0,00) is C', and satisfies the
following technical assumption: there exists A = A(&’) such that

(6) 10,6 (s,2)] < XE(s,z) for all (s,2) € [0,T] x R™.

Remark. The condition () was proposed in [18]. The condition (6] together with Gronwall’s
inequality imply that

(7) E(r,x) < &(s,x) e’\‘r_s|, |0,& (r, )| < A8 (s, x) sl
for any r, s in [0, 7.

Definition (Construction of discrete solution). Let ¢ > 0, 7 > 0 and let N € N satisfy
T € [TN,7(N +1)). We define a sequence {z="}Y by 25" = z, (initial position) and

;" € argmin{&(t;, x) + | — 27| | | — 257y < e} for every i € {1,..., N}
We define the discretized solution z=7(-) by interpolation
=7 (t) := a7, for every t € [t;_1,t;),i € {1,...,N}.
Our main result is as follows.

Theorem 1 (BV solutions constructed by epsilon-neighborhood method). Let & : [0,T] X
R? — [0, +00] be of class C' and satisfy (@ Let an initial datum zo € R? be such that g is
a local minimizer for the functional x — &(0,z) + |x — xo|. Then the following statements
hold true.
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(i) (Discrete solution) For any ¢ > 0 and T > 0, there exists a discretized solution
t— 257(-) as described above.
(ii) (Epsilon-neighborhood solution) For any e > 0 fized, there exists a subsequence 7, — 0
such that x=™ (-) converges pointwise to some limit x°(-). The function z*(-) satisfies
o (Epsilon local stability) If x=(-) is right-continuous at t, namely limy_+ 2°(t') = 2°(),
then x=(t) satisfies the epsilon local stability

(eps-LS) E(t,2°(t)) < &(t,x) + |x — 2°(t)] for all |z — 2°(¢)| < e.
o (Energy-dissipation inequalities) We have Ziss(x%;(0,T]) < C (independent of ¢),
& (-, x°(+)) € LY0,T) and for all0 < s <t <T,
t
—DiSSpew (x5 [8,1]) < E(t,2°(t)) — E(s,2°(s)) — / 0 & (r,x(r)) dr < —Piss(x®; [s, t]).

(iii) (BV solution constructed by epsilon-neighborhood) There exists a subsequence &, — 0
such that " converges pointwise to some BV function u. The function u satisfies
o (Weak local stability) If t — u(t) is continuous at t, then

|08 (t,u(t))] < 1.

o (New energy-dissipation balance) For all0 < s <t <T, one has

t
E(t,u(t)) — &E(s,u(s)) = / 0 & (ryu(r)) dr — Disspew(u; [s,]).
The proof of Theorem [1]is provided in the next sections.

An example. An explicit example is given below (a detail explanation can be found in
Appendix).

Ezample 2. Consider the case X = R, U(x) = |z|, 9 = 0 and the energy functional
Et,r) =2 —2* +032°+t(1 -2 —x, t €]0,2].

(i) The energetic solution constructed by time-discretization satisfies

V10 + /10 + 90¢ .
= 1
3

B(t) =0 if ¢ < é 2(1/6) € {0,/3/3} and z(¢)

The solution jumps at t = 1/6, from = = 0 to x = 4/5/3, but this jump is not
reasonable (see Fig. 1 below). The energetic solution satisfies the energy-dissipation
balance but it does not satisfies the new energy-dissipation balance.

(ii) The BV solution corresponding to the viscous dissipation W (z) = |z| + ex? is

z(t) = 0 for all ¢ € [0, 2].
(iii) The BV solution constructed by epsilon-neighborhood method satisfies

V10 4 /10 + 90¢ |
= 3 if ¢t >

z(t) =0 if t <1 and z(t) 1.

This solution jumps at ¢ = 1 which is reasonable (see Fig. 2 below). This solution sat-
isfies the new energy-dissipation balance but it does not satisfy the energy-dissipation
balance.
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Figure 2. Function &(t,z) + |z| with ¢ = 1 in Example [2]

3. EPSILON-NEIGHBORHOOD SOLUTION z°
We start by considering the discrete solution.
Lemma 3 (Discretized solution). For any given initial state xo, any ¢ > 0 and 7 > 0
and any partition 0 = tg < t1 < --- < ty < T of [0,T] such that t, —t,_1 = T and
T € [TN,7(N + 1)), there exists a sequence {x57}N, such that 57 = wo and for every
i=1,2,...,N, z;7 minimizes the functional

r— E(t,x)+ |7 —

over v € RY, |o — 27| <e.

Moreover, the functiont — x=7(t) defined by the interpolation x=7 (t) = x;”7} ift € [t;_1,t;),
i € {1,..., N} satisfies the following energy estimates.

(i) (Discrete bound) For anyn € {1,..., N} we have

E(ty, 157) < £(0,20) M and &(0,257) < &(0, xg) 2.
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(ii) (Integral bound) For all 0 < s < t < T, it holds that Ziss(x®7;[s,t]) < oo,
0E (257 (+)) € LY0,T) and

E(t,x*7(t)) — E(s,277(s)) < / 0 & (r,x®7(r)) dr — Piss(x®7; [s, t]).

Proof. Since x +— &(t,, x) + |x — x;”7,| is continuous, this functional has a minimizer z;” in
the compact set |z — x;";| < e. The energy estimates can be proved similarly for energetic
solution (see e.g. [16]). A detailed proof can be found in the Appendix. O

Lemma 4 (Epsilon-neighborhood solution). Given any initial data zo € R? such that
&(0,x9) < 0o and xqy is a local minimizer for the functional x — &(0,2) + |x — xo|. Let
2= be as in Lemma[d Then there exists a subsequence 7, — 0 such that 5™ (t) — z°(t)
for all t € [0,T]. Moreover, the epsilon-neighborhood solution x°(-) satisfies the following
properties:

(i) (Epsilon local stability) If x°(-) is right-continuous at t, namely limy_,+ x°(t') = 2°(t),
then x¢(t) satisfies the epsilon local stability

E(t,2°(t)) < &(t,x) + |x — 2°(t)] for all |z — 2°(¢)| < e.
(ii) (Energy-dissipation inequalities) We have Ziss(x%;]0,T]) < C (independent of €),
& (-, x¢(-)) € LY0,T) and for all0 < s <t < T,
t
—DiSSpew (x5 [5,1]) < E(t,2°(t)) — E(s,2°(s)) — / 0 & (r,x(r)) dr < —Piss(x®; [s, t]).

Proof. Step 1. Existence. By the Integral bound in Lemma [3, the fact that & is non-
negative, and condition (E1), we have
T
Diss(x=7;[0,T)) < &(0,20) — &E(T, 257 (T)) + / 0 & (r, 57 (1)) dr
0
N+1

t;
< &(0,x0) + Z/ AE(tiy, x57) eMr=ti=) dp,
i=1 Yti-1

Here we denote T' by ty41. Then, using the Discrete bound in Lemma 3 we get

T
Diss(x=7;]0,T]) < 5(0,x0)+/ AE(0,20) e dr
0

= &(0,10) .

Thus, {z=7(-)} has uniformly bounded variation and it is uniformly bounded. Therefore,
applying Helly’s selection principle [12] [1l, 25], we can find a subsequence 7,, — 0 and a BV
function z°(-) such that 2™ (t) — 2°(t) as n — oo for all t € [0, 7).

Step 2. A consequence of the right-continuity. Let us denote by {t! fi"o the par-
tition corresponding to 7, and assume that t € [t ,,t"). It is obvious that

Ty = a5 (t) — 2°(t)
as n — co. Now we show that if 2°(-) is right-continuous at ¢, then

;™ =25 (t]) — 27(t).

7
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Let ¢’ > t. Due to the Integral bound in Lemma |3 we have
B, 25 (H) — E(t 25 (1)) + Diss(z=™: [t / O (r, 25 (1)) dr < O — 1],

here the last inequality due to the continuity of 9,& and the fact that x=™ is bounded on
(0,7). For n large enough, we have t < ¢ < t'. Therefore,

|25 — 25| < Diss(a5T [, 1)),

(2

Moreover, when n — oo, we have
5™ (t) — 2°(t) and 5™ (t') — 2°(t).
Thus it follows from the above integral bound that

Et',x°(t)) — E(t,2°(t)) + limsup |2™ — ;77| < C|t' —t].
n—oo
Since this inequality holds for all ¢ > ¢, we can take ¢’ — ¢ and use the assumption z°(t*) =
x°(t) to obtain
limsup |;™ — z;77] < 0.

n—o0

87'77, E,Tn

Since we have already known that z;”} — z(t), we can conclude that z;™ — x(t).

Step 3. Stability. We show that for all ¢ € [0, T, if 2°(-) is right-continuous at ¢, then
E(t,x°(t)) < &(t,2z) + |z — a°(t)] for all |z — 2°(¢)] < e.
First, we prove the result for z € R? such that |z—x°(¢)| < &. Since lim,, o, 25™(t) = 2°(t),
we get
|z —25™(t)] < e
for n large enough. Using the notation in Step 2. Since ¢ € [t]' |,t}'), we get x°™(t) = ;7.

i—17 %4
From the definition of 2™ and condition |z — x;"}| < €, we obtain

EWE, w7 ™) + a7 — R < EW 2) + 2 — 2

1 ’L

Taking the limit as n — oo and using the fact that both x77} and 5™ converge to 2°(t)

(see Step 2), we obtain
(8) E(t,x°(t)) < &(t,2z) + |z — a°(t)] for all |z — 2°(t)] < e.

Now for any z such that |z — 2°(¢)| = ¢, we can choose a sequence z, converges to z such
that |z, — 2°(t)| < e. Applying for z,, we get

9) E(t,x°(t)) < E(t, zn) + |20 — 2°(1)].

Notice that the mappings z — &(t,z) and z — |z — 2°(t)| are continuous. Hence, we can
take the limit in (9) and get the result also for |z — 2°(t)] = e.

Step 4. Energy-dissipation inequalities.
By the Integral bound in Lemma , we have for all 0 < s <t < T,

E(t,x=™(t)) — E(s,25™(s)) < / 0 & (r,x™ (1)) dr — Diss(z™™; [s,t]).

Since =™ (r) — x°(r) for all r € [0, T], we have

E(t,x=™(t)) — E(s,25™(s)) — E(t, x2°(t)) — &(s,2°(s))
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and

/t & (rya=™ (1)) dr — /St 0& (ry (1)) dr

S

as n — 0o. Moreover, one has

liminf Ziss(z™™; [s,t]) > Diss(x®; [s,1]).

n—oo

Thus we can derive one energy-dissipation inequality
t
E(t,x°(t)) — &(s,2°(s)) < / 0 & (r,x°(r)) dr — Piss(x®; s, t]).
We shall use Lemma [5| to obtain the other energy-dissipation inequality,
t
E(t,x°(t)) — &(s,2°(s)) > / 0 & (1, 2°(1r)) dr — Disspew (%[5, 1]).
It is suffices to verify that |V, & (¢, 2°(t))| < 1 for a.e. t € (0,T). In fact, for every t € [0, 7]
such that z°(+) is right-continuous at ¢, we have proved in Step 3 the e-stability
E(t,x°(t)) < &(t,x) + |x — 2°(t)] for all |z — 2°(t)| < e.

This inequality implies that |V,&(¢,2°(¢))] < 1. On the other hand, since z°(-) is a BV
function, it is continuous except at most countably many points. Therefore, the desired
inequality follows from the following result. U

Lemma 5 (Lower bound of the new energy-dissipation balance). For any BV function
u : [0,T] — RE, for any energy functional & € CY([0,T] x RY) satisfying the constraint
V. E&(t,u(t))| <1 for a.e. t € (0,T), it holds that

E(ty,u(ty)) — &E(to, ulto)) > /t 1 0 & (s,u(8)) ds — DisSpew(u; [to, t1]).

This result is due to Mielke, Rossi and Savaré [20, Theorem 4.7]. For the reader conve-
nience, a proof of Lemma [5|is included in Appendix.

4. BV SOLUTION CONSTRUCTED BY EPSILON-NEIGHBORHOOD METHOD

Lemma 6 (Limit of epsilon-neighborhood solution). Let be given an initial datum zo € R?
such that &(0,x0) < 0o and xq is a local minimizer for the functional x — &(0,x) 4 |x — x|
Let 2¢ be as in Lemma [ Then there exists a subsequence €, — 0 and a BV function u
such that x*"(t) — wu(t) for all t € [0,T]. Moreover, the function u satisfies the following
properties

(1) (Local stability) If t — u(t) is continuous at t, then
(V. & (t,u(t))| < 1.
(ii) (New energy-dissipation balance) For all0 < s <t < T, one has

E(t,u(t)) — &(s,u(s)) = / 0& (ryu(r)) dr — Disspew(u; [s,1]).

Proof. Step 1. Existence. Since Ziss(x%;[0,T]) < C independent of £, by Helly’s selection
principle we can find a subsequence ¢,, — 0 and a BV function u such that z°"(t) — u(t) as
n — oo for all t € [0, T].
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Step 2. Stability. Let
A:={t e [0,T]|z(-) is right continuous at ¢ for all n > 1}.
Then [0, T]\ A is at most countable. Moreover, for ¢t € A, by Lemma 4| we have
E(t,a™(t)) < E(t, z) + |z —a™(t)| for all |z —z™(t)| < e,
for all n > 1. Therefore,
|V, &tz (t))| <1 for all n > 1.
Taking n — oo, we obtain
V. & (tu(t) <1
for all t € A.
Moreover, by continuity, we also get |V,& (¢, u(t))] < 1 provided w is continuous at ¢.

Step 3. New energy-dissipation balance. First, similarly to the proof of energy in-
equalities in Lemma {4, we have

—DiSSnew(U; [s,1]) < E(t,u(t)) — E(s,u(s)) — / 0 & (ryu(r)) dr < —Ziss(u; s, t]).

(More precisely, the second inequality is a consequence of the corresponding inequality of x*
in Lemma 4| and Fatou’s lemma, while the first inequality follows from Lemma )

Notice that if the solution ¢ — u(t) is continuous on [a,b] C [0,T], then Ziss(u;[a,b]) =
DiSSpew(u; [a,b]). Thus, we have immediately the energy-dissipation balance

b
&(b,u(b)) — &(a,u(a)) — / 0 & (ryu(r)) dr = —Ziss(u; [a, b)) = — Pisspew(u; [a, b]).
Therefore, it remains to consider jump points. More precisely, we need to show that if u
jumps at t € (0,7"), namely u(t™) # u(t™), then
E(t,u(t")) — E(t,u(t™)) = — Aty u(t), 0(t)) — At (), u(t™)).
This fact follows from Lemma [7] and [8 below. O

To prove the upper bound, we start by showing that the discretized solution 257 is “almost”
an optimal transition.

Lemma 7 (Approximate optimal transition). For the discretized solution x7, if we write
xj = a7 (t;), then

—ng(tl,flﬁl) : ([Bl - 33'1'71) = max{l, ’vxéa@“.il?z)‘} : ‘.TZ — .171;1'.

Consequently, if § > ¢+ |t — t;| and we denote by v : [a,b] — R? the linear curve connecting
xi_1 and x;, namely

v(s) =z +

b_ a(ﬂfi - xi—l)a

then
b
/max{l, (V.8 (t,v(s))|} - |0(s)|ds < E(t, xi—1) — E(t, ;) + g(0) - |x; — xiq

where g(0) — 0 as 6 — 0.
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Proof. Step 1. Recall that x; is a minimizer for

inf  h(z)= inf {E(t,2)+ |z — x|}

lz—zi_1]|<e lz—z;—1]|<e
Denote ¢ := |x; — x;_1|; then z; is also a minimizer for
inf  h(z).

|z—xi—1]=c
By Lagrange multiplier, there exists A € R such that

Step 2. Moreover, since the function hy(t) = h(x;—; + t(x; — ;1)) satisfies hy(t) > hy(1)
for all ¢ € [0, 1], we obtain

dh
0 Z |:—1:| = Vxéa(tz,xl) . (.731 — in_l) + |LL’Z — 'Ti—l"
dt |,_,

Thus either x; = x;_1, or |V, &(t;,z;)| > 1 and A < 0. Therefore, we can conclude that

Vxéa(twl'J . (IL‘Z — Ii—l) = — max{l, |Vméa(tz,xz)|} . |JZZ — [EZ‘_1|.

Step 3. Consequently, using [t — t;| < 6, |z,-1 — ;| < e < § and the fact that V,&(, ) is
continuous on compact sets, we obtain that

=V &(t, v(s)) - 0(s) = max{1, [Vo&(t, v(s))]} - 0(s) — g(0) [0(s)]

for every s € [a, b]. Therefore,
b
E(t,xir) —E(t,z;) = —/ V.E(t,v(s)) - 0(s)ds

> / max{1l, |V.&(t,v(s))|} - 0(s)ds — g(9) - |z; — zi—1].

Now we prove the new energy-dissipation upper bound.
Lemma 8 (Upper bound). Let u be the function as in Lemma|6 If u(t™) # u(t), then
Anew(ta U’(t_)a u(t)) < g(ta U(t_)) - (g{)(t U(t))

Proof. Let 0 < 7 < ¢ < § < 1. By the definition of the discretized solution z*7, for every
t € (0,T) we have
2T (t —9) = a7 (t;) and 27 (t) = 257 (tigg)
for tiati+k S [t - 2(5,t -+ 5]
We can construct an absolutely continuous function v : [0, 1] — R¢ by linearly interpolat-
ing the following (k + 3) points:

w(t™), ™7 (t —9) = 257 (t;), 257 (tix1), - -, 27 (tig) = 27 (1), u(t).
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More precisely, we define
20 = u(t™),
2 =257 (t —9) = a7 (t;),

2 = 257 (tiy1),

Zhp1 = 77 (tigr) = 257 (1),
Zk+2 — U(t),

and denote 7 := 1/(k + 2) and

s —gr

’U(S):Zj+ (Zj+1_zj) WhenSE[jT,(j+1)T]7 J=0,1,...;k+1L

By the definition of the new dissipation, we have
1
Bueultult ) u(®) < [ max(L V.8 (o))} 0()] ds
0

k+1

(G+1)r
_ 2/ max{1, [V.&(t v(s)|} - [o(s)| ds.
j=0 7JT
When 7 =0 and j =k + 1, we estimate
G+1)r (G+1)r
[ max{L 9@ o) < C [ i)l ds = Clasi - 5
g g
When j =1,2,...,k, using Lemma [7] we obtain
(G+1)r _
/ max{L, [V, &(t, o)} - [(s)| ds < &(t,a" (tuayr)) — E(1,27 (1))
J

+9(0) - |25 (tiry) — 257 (tis1)|

where g(0) — 0 as § — 0. Taking the sum over j = 0,1,...,k + 1 and using the bound
Diss(z=7;[0,T]) < C, we find that

Apew (b, ult™), u(t))

IN

/0 max{1,|V,&(t,v(s))|} - |0(s)|ds
< E(t,a"T(t—0)) — E(t, 277 (t)) + Cg(0)
+Cu(t™) — 27 (t — 0)| + C|z=7(t) — u(t)].

Taking the limit 7 — 0, then € — 0, then 6 — 0, we conclude that
Anew(tv U(ti), U(t>) < (ga(ta U(ti)) - g(t7 ’U,(t))
This finishes the proof. 0

5. APPENDIX: TECHNICAL PROOFS
5.1. Example [2]
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Part I. Energetic solution via time-discretization. Step 1. Fix a time step 7 > 0. To

find the discretized solution z7(t), it suffices to calculate x; := 27 (t;) where 0 =ty < -+ <

ty<landt;—t; g =7foralli=1,2,...,N. Here N € N satisfies 1 € [tN,7(N + 1)).
We have g = 0 and for all = 1,2,..., N, z; is a minimizer of the functional

reR+— g(tl,l') + |l’ — xi—ll'
Step 2. Let us fix t € (0,2] and consider the functional
F(z) =&, 2)+|z| =2 —2* +032° +t(1 —2°) — 2+ |z|, 2 € R.

It is straightforward to see that
e When t <1, F(x) has two local minimizers (see Fig. 1)

V10 4 /10 + 90¢
3 .

r=0and z =y(t) :=

Moreover,
1
F(y(t)) — F(0) = 243(10 + /10 + 90t)(8 — 18t — /10 + 90¢),

which is positive if ¢ < 1/6 and negative if ¢ > 1/6. Hence F has a unique global
minimizer x = 0if 0 < ¢ < 1/6, and then F' has a unique global minimizer at = = y(t)
if1/6 <t < 1.

e When ¢ > 1, F(z) has a unique local (also global) minimizer at x = y(t).

Step 3. By induction, we can show that if ¢;, < 1/6 < t;,41, then x; = 0 for alli = 1,2, ..., i,
and either x;,11 = y(ti;+1), or Tip+1 = 0 and ;12 = y(tiy+2)-

Next, we show that if ¢, 1 > 1/6 and x;_1 = y(t;_1) > 0, then x; = y(¢;). Recall that x; is
a global minimizer for the functional

r€Rw— Fi(z) :=Etz) + o — x| =2 —2* +032° +4;,(1 — 2?) — 2+ |2 — 24|

By using the triangle inequality —z + |x — x;_1| > —z;_; and the same analysis of F', we can
conclude that x; = y(t;).
Taking the limit as 7 — 0, we obtain the energetic solution

w(t) =0 if te[0,1/6), z(1/6) € {0,/5/3}, x(t) = y(t) if t € [1/6,2].

Step 4. Finally, we show that the energetic solution does not satisfies the new energy-
dissipation balance. It suffices to show that at the jump point ¢t = 1/6,

Et,x(th)) — &, x(t7)) > —Apew(t, z(t7), z(tT)).

In fact, a direct computation gives us at ¢t = 1/6,

Et,z(th)) — &t x(t7)) = &£(1/6,1/5/3) — £(1/6,0) 5/3.

On the other hand, at ¢ = 1/6 we have
2 185 5
—y— 4yt +18y° — 1] pdy = — \f
gy~ LY ’} T

V15/3
Apew(t, x(t7), z(tT)) :/0 max{l,
Et,z(t™) =&, z(t7)) > —Dpew(t, z(t7), z(tT)) at t = 1/6.

Thus,
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Part I1. BV solution constructed by the viscous dissipation V_(z) = |z| + ez?. We
construct the BV solution via vanishing viscosity with the viscous term ez? by the method
in [20].

Let us briefly recall the construction of the BV solution. Let ¢ > 0 and 7 > 0 and denote
e:=c¢/Tand let 0 =ty < --- < ty < T be a partition of [0, 7] satisfying t; — t;_y = 7

for every i € {1,..., N} and T'— ¢ty < 7. The discretized problem now becomes to find a

sequence {27} | such that 237 = 0 and z5"" is a global minimizer for the functional

v € R {E(ti,7) + |v — 275 +elr — 277, %}

for every i = 1,2, ..., N and e = ¢/7. Then use interpolation and pass to the pointwise limit
as T — 0,6 — 0,e = ¢/7 — 0o to obtain the BV solution.
Now coming back to our example, for ¢ € (0, 2], we consider the function

F(z) =&t z)+|z|+elzf =t+ (1 +e—t)2* —2* +032° — 2+ |z|, z € R.
If e is large enough (such that 1 +e —¢ > 1), one has

2
1 ) 3
F(x)2t+x2—x4+0.3x6:t+6x2+(\/g —\/Ex?’) >t = F(0).

Thus F has a unique global minimizer at x = 0. Therefore, the discretized sequence {z;°}
is identically equal to 0. Thus the BV solution is also identically equal to 0.

Part III. BV solution constructed by epsilon-neighborhood method. Step 1. Let
e >0 and 7 > 0 be small. Let us compute z; := x=7(¢;), where t; = i/N for i =0,1,..., N.
Here N € N such that 1 € [TN,7(N +1)).

By definition, 2o = 0 and z; is a minimizer for the functional

Fi(z) =&ty x) + v — 2| =2® —2* + 0325 + ,(1 —2%) — 2 + | — 24y

over x € [x;_1 —¢&,;_1 + €]

Step 2. In particular, if z;_; = 0, then z; is a minimizer for
Fi(z) =2 —2* 4+ 032° + t;(1 — 2°) — 2 + |2
over z € [—¢,¢€].
Recall that if ¢; < 1, then F;(x) has two local minimizer at x = 0
V10— JT0+ 905, 1\/100—(10+90ti) . 1=t
3 3\ 10+ 10+ 90¢; — 2

Therefore, if ¢ < /(1 —t;)/2, then z = 0 is the unique minimizer for F;(z) on = € [—¢,¢].
By induction, we can conclude that if ¢; < 1 — 22, then z; = 0.

x = y(t)

Step 3. We show that if ¢; € [1 — 2%, 1], then z; < y(¢;). By induction, we can assume that
xi—1 < y(ti—1). We assume by contradiction that z; > y(t;).

Since x;—1 < y(ti—1) < y(t;) < x; < @i +e, there exists a € (y(t;), z;) N[zim1 —€, i1 +€].
Then using the fact that the function z — 2* — 2* + 0.3 2% + ¢;(1 — %) is strictly increasing
on [y(t;),00) and the triangle inequality —z + |z — x;_1| > —x;_1 we have

Fi(z)) = o7 —2f +0320 +t;,(1 —27) — 2+ |z — 2441

i

> a?—a'+0.3a° + ti(1— a2) — 21 = Fi(a).
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This contradicts to the assumption that x; is a minimizer for Fj(x) over x € [x;_1—¢, x;_1+€].
Thus we must have x; < y(t;).

Step 4. Now assume that ¢; € (1,2] and 2,1 € [—y(t;—1),y(t;i—1)]. It is straightforward to
show that if z;_y = 0, then z; € {xe}; and if ;1 € (0, y(t;—1)], then x; = min{z;_1+¢,y(t;)}.
Then taking the limit as 7 — 0, we obtain that the epsilon-neighborhood solution z=(-)
satisfies x°(t) = 0 if t < 1 — 2¢? and 2°(t) = y(¢) for all ¢ € (1, 2].
Taking the limit € — 0, we obtain that the BV solution constructed by epsilon-neighborhood
method satisfies that z(t) = 0 if ¢t € (0,1) and x(t) = y(t) for t € (1,2).

Step 5. We show that the BV solution constructed by epsilon-neighborhood does not satisfy
the energy-dissipation balance. At the jump point ¢ = 1, one has

o) ()] = 222 > E(t,0(7) — Elt,2(0)) — —a _ V20

5.2. Proof of energy estimate in Lemma [3| Step 1. By the minimality of 257 at time
t,, we have

& (tn, ") + 37 —

(b 257)) = Bty 257) + / 0,6 (257 dt

From the assumption ([7)),
RE(t, 257 )) < ANE(ty_y, 257 ) M=) for all t € [t,_1,t,],
by Gronwall’s inequality we obtain
E(tn, 7)) < Eltn, 27)7) + 270, — 277
tn
= / AE (b1, T 2T1>€ (=t 1)dt+@(0<n 1,27 )
tn—1

é%tn_l’xsi:)<ek@n—in—ﬂ _ )_+_£% ne1, T n71)<_ é«tn_17xaz )eA@n—in,ﬂ‘

n—1 n—1

By induction,

E(ty,257) < 5(tn_1,$2’11)6’\(t”_t" )< E(tn_o, @ nT2>€A(tn71—tn72) eMin—tn—1)
< < E(0,mg) N Allamt) Mt tn1) — 20 1) e

Finally, by (7)) again,
E(0,2,7) < E(tn,27) M < E(0,30) €.

Step 2. Now we prove the integral bound. Assume that ¢,_; < s <t;, <ty <---<t; <
t < t;j+1, where {t,} is the partition corresponding to 7. We start by writing

(10)  &(t,z°7(t)) — E(s,277(s)) = E(t, a7 (t)) — E(t;, a7 (¢5)) + . ..
+E(tj,277(t5)) — E (1,257 (G-1)) + &, 277 (8:)) — E(s,277(s)).
By the minimality of xy := x=7({;) at time ¢;, we have

E(ty, vr) — E(tp—1,6—1) < E(ty, xp—1) — |Th—1 — 2| — E(tk—1, Ti—1)

tg
= / & (ryxp—1) dr — |xp_1 — Tkl

te—1
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Taking the sum for all k£ from i+ 1 to j and using 257 (r) = xx_; for all r € [tx_1, 1), we get
J J ty J
(A1) [Etrzn) = E(thr, ze1)] < > 0,8 (r,a™™(r)) dr — > g — w1 .
k=i+1 k=i+1 Y k-1 k=i+1

Moreover, since t;_; < s <t; and t; <t < ¢4, we have

1 T0) = ST = )~ 0,7
S tz;xz 1) |x1 1_371’ éa(suxifl)

(12) = / O & (r, =7 (r)) dr — |27 (s) — x;].
E(t, a7 (1) = €y, 27 (L) = E(t ;) = Et), ;)

(13) =l/aﬂnﬁwwm—m“@—%u
t;
From , , and , we get

E(t, o7 (1)) — &(s,257(s)) < / 0 & (r, 27 (1)) dr
- (ll“”(t) =gl Y — a4 |27 (s) — fil)

k=i+1

— /&: r, 257 (1)) dr — Diss(z°7; [s,1]).

5.3. Proof of Lemma [5l.

Proof. Since u is BV, the distributional derivative Du can be split into three parts: the
absolutely continuous part w.r.t. Lebesgue measure D%, the jump part D’u and the Cantor
part D°u. Now we denote u.,, = D+ Du, then applying the chain rule formula for & € C!
and u € BV (see [2]), we get

& (ty, u(tr)) = &(to, ulto))
/ 0 & (s, u(s d$+/ (V& (s,u(s)),u.,(s)) ds

[E(tut) - Etut )]+ Y [Etulth)) - Etu(t))]

tEJﬁ(t() tl) teJN(to,t1)

+6& (to, u(ty)) — & (to, ulto)) + &(ty, ultr)) = E(t, u(ty))

t1 t1
/ 0 & (s,u(s))ds — / |ul,(s)| ds
to to

Yo lEtu®) —Etu) = Y & u(tT)) = E(tult))]

teJN(to,t1) teJN(to,t1)

=& (to, u(tg)) — & (to, ulto))| — 1€ (tr, u(tr)) — &ty ulty))].

v
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Notice that

/tl\u'co(é’)lds = Ziss(uifto,th]) = Y fult) —u(t) = Y |ultt) —u(t)]

teJN(to,t1) teJN(to,t1)
(14) —lu(tg) — ulto)| = u(tr) — u(ty)]

Moreover, for every absolutely continuous curve v in AC([0, 1]; R¢) such that v(0) = u(t~),
v(1) = u(t) we have

&t ult)) — E(t ult)] = /vaé"(t,v(s))-@(s)ds

< /0 max{1, |V.&(t,v(s))|} - |0(s)|ds.

Therefore,
(15) &t u(t) = & ult™))] < Anew(t, u(t™), ult)).
Similarly,
(16) &, u(th)) = &, ult))] < Anew(t, ult), ut™)).

Thus it follows from , and
t1
E(tr,u(ty)) — &(to, ulty)) > / 0& (s, u(s))ds — Diss(u; [to, t1])
¢

Y ) —u®l+ Y Jult) —u(t?)

tEJE(to,tl) tGJG(to,tl)
Hu(to) — ulty)] + [u(ty) — u(ty)]

= Y Avwltut)u®) = D At ult), u(t))

teJN(to,t1) teJN(to,t1)

—Aew (o, ulto), ulty)) — Anew(tr, ulty ), ults))
= /t 0 & (s,u(s)) ds — Disspew(U; [to, t1]).

This ends the proof of Lemma O

Acknowledgments. I warmly thank Professor Giovanni Alberti for proposing to me the
problem and giving many helpful directions.
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