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Abstract

In this work we establish trace Hardy and trace Hardy-Sobolev-Maz’ya inequalities with best Hardy
constants, for domains satisfying suitable geometric assumptions such as mean convexity or convexity.
We then use them to produce fractional Hardy-Sobolev-Maz’ya inequalities with best Hardy constants
for various fractional Laplacians. In the case where the domain is the half space our results cover the full
range of the exponent s € (0, 1) of the fractional Laplacians. We answer in particular an open problem
raised by Frank and Seiringer [ES].
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1 Introduction and Main Results

The Hardy inequality in the upper half space asserts that

Je

where R} = {(z1,...,%y) : , > 0} denotes the upper half-space, and % is the best possible constant.

If Q@ C IR" and d(z) = dist(x,0) then there are two main directions towards establishing Hardy
inequalities. One direction is to find proper regularity assumptions on the boundary of 2 that imply the
existence of a positive constant Cg, such that

1 2
|Vu|dz > 1 /]Rn %dw, u € C3°(IRY), (1.1)
+ n

T
+

2
/Q\Vu]2dx > CQ/Q d‘zu(’w)dx , ue C(R).

In this direction we refer to [[A]], [KK]] and references therein.
A second direction aims at finding geometric assumptions on €2 that imply the Hardy inequality with
best constant %, that is

L[ Juf?
Vul?dx > = dx | u e CP(Q). (1.2)
/Q’ | 4 Jo d*(x) 0 (%)

The standard geometric assumption here is convexity of €2, see, e.g., [D1]], [D2], [BM]]. However inequality
(L2) remains true under the weaker assumption

— Ad(z) >0, reN. (1.3)

This is meant in the distributional sense. We refer to [BFT] where this condition arises in a natural way. In
fact condition (I.3) is equivalent to convexity in two space dimensions, but it is weaker than convexity for
n > 3, since any convex domain satisfies whereas there are nonconvex domains that satisfy [AK]].
We emphasize that there is no need for further regularity assumptions on €2. In case 92 is C2, condition
is recently shown to be equivalent to the mean convexity of 0€2, thatis (n — 1)H (z) = —Ad(z) > 0
for x € 092, see [LLL], [P].

If in addition to the domain €2 is a C? domain with finite inner radius then it has been established
that one can combine the Sobolev and the Hardy inequality, the latter with best constant. More precisely,
for n > 3 there exists a positive constant ¢ such that

n—2

1 |u|? < on >T
Vul?dz > - dr +c /un2d:n , ueC§e), 14
[ vupan= 5 [ 2 [ 1u F ) (14

see [FMT]. In [Gk]] Hardy-Sobolev-Maz’ya inequalities are established under a different geometric assump-
tion than (L3)), that allows infinite inner radius. Frank and Loss established in [FL] inequality (I.4) with a
constant ¢ independent of §2, when €2 is convex.



Recently, a lot of attention is attracted by the fractional Laplacian. For s € (0, 1) it is defined as follows

fz) = f(©)

(A f(x) = co PV. et (1.5)

where P.V. stands for the Cauchy principal value and
S22SF ( n—gZS )

- S)ﬂ'% (16)

Cn,s =

There are other ways for defining the fractional Laplacian, as for instance via the Fourier transform. We

note that the fractional Laplacian is a non local operator and this raises several technical difficulties. How-

ever, there is a way of studying various properties of the fractional Laplacian via the Dirichlet to Neumann

map. This has been recently studied by Caffarelli and Silvestre [CS]], and it will be central in this work. Let

us briefly recall the approach in [CS]], where by adding a new variable y, they relate the fractional Laplacian
to a local operator. For any function f one solves the following extension problem

div(y" >V yu(z,y)) = 0, IR"x(0,00), (1.7)

the natural energy of which is given by

+oo
N /0 / yl_%’v(w,y)“(%y)\2dxdy,

Then, up to a normalizing factor C' one establishes that

2o, (e,y) = C(-A) f(a).

ylifggr y

Our interest in this work is to study the fractional Laplacian defined in subsets of /R" and in particular
to establish Hardy and Hardy-Sobolev-Maz’ya inequalities there. There is a lot of interest in fractional
Laplacian in subsets of IR™ coming from various applications, as for instance censored stable processes and
killed stable processes [CSol, [BBC], [CKS1], [CKS2], Gamma convergence and phase transition problems
[ABS], (G], [SV1], [SV2], [PSV] and nonlinear PDE theory [CT], [T], [CC]. In [BD] it was conjectured
that the best Hardy constant in the case of the fractional Laplacian associated to a censored stable process is
the same for all convex domains. In [ES] it was posed the question establishing fractional Hardy-Sobolev-
Maz’ya inequalities for the half space.

Contrary to the case of the full space IR", there are several different fractional Laplacians that one can
define on a domain 2 ; IR™. In particular in the above mentioned references three different fractional
Laplacians appear. In all cases we will use the Dirichlet to Neumann map after identifying the proper
extension problem. Throughout this work we assume that the domain 2 is a uniformly Lipschitz domain;
for the precise definition see Section 2.

We start with the fractional Laplacian that appears in [CT], [T]], [CC]. The proper extension problem
in this case is to consider test functions in C5°(€2 x IR). At this point we recall that the inner radius of a
domain § is defined as R;y, := sup,cq d(x). We say that the domain € has finite inner radius whenever
R, < oo. Our first result concerns the extended problem and reads:

Theorem 1.1. (Trace Hardy & Trace Hardy-Sobolev-Maz’ya I)
Let% <s<1,n>2and QS IR" be a domain.
(i) If in addition § is such that
— Ad(x) >0, x e, (1.9)

then for all uw € C3°(Q x IR) there holds

+oo
/ / =2y, (g:y|da:dy>d/ d2s : (1.10)
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with _
M)

T EAR

(1.11)

(i) Suppose there exists a point xo € 0Q and r > 0 such that the part of the boundary 92 N B(xq, ) is C*
regular. Then

B —+00 125|157y 12dxd
ds 2 inf 0 fQ yug(m (‘]) u’ T4y .
u€C§® (X IR) O ziQS—(;g)d:E
In particular dg in (II0) is the best constant.
(iii) If Q is a uniformly Lipschitz domain with finite inner radius satisfying (L.9), and s € (%, 1), then there

exists a positive constant ¢ such that for all u € C§°(Q2 x IR) there holds

n—2s

+00 B 2 n n
/ / Y BV ulz, y) | Pdedy > d / u2(x’0)d:n—|—c< / Iu(x,o)l’f%dﬂ - (L2
0 Q o d**(z) Q

Actually, in the case of half space (2 = IR'} we establish a much stronger result covering the full range
s € (0,1). In particular we have

Theorem 1.2. (Half Space, Trace Hardy-Sobolev-Maz’ya 1)
Let0 < s<landn > 2.
(i) For all uw € C§°(IR"} x IR) there holds

o] _ 2 0
/ / YTV g yyulz, y) Pdady > d, / w00, (1.13)
o Jm Ry

2
Tn

with

g ra- s) 2 (3£22)

s 1= —5 (1.14)
A0
(ii) The constant dg in is sharp, that is
_ 157 [ v 72 | Vul?dady
ds = inf + )
uelCge (R < IR) flRi s dz
(iii) There exists a positive constant ¢ such that for all w € C§°(IR!} x IR) there holds
n—2s
o0 2 n
/ / y1_25|V(x7y)u(3:, y)|*dzdy > JS/ 4 (9;;0) dr +c / |u(z, 0)|#daz . (1.15)
0 i Ry Th R

We will apply Theorem to the fractional Laplacian that is defined as follows. Let 2 C IR" be a
bounded domain, and \; and ¢; be the Dirichlet eigenvalues and orthonormal eigenfunctions of the Lapla-
cian, i.e. —A¢; = \;¢; in Q, with ¢; = 0 on 9. Then, for f(x) = > ¢;¢;(x) we define

(=AY f(x) = ici)\f(bi(w), 0<s<1, (1.16)
i=1
in which case -
(=AFLDa= | £@) (A ) =3 X (1.17)
i=1

In the sequel we will refer to this fractional Laplacian as the spectral fractional Laplacian. We then have



Theorem 1.3. (Hardy & Hardy-Sobolev-Maz’ya for Spectral Fractional Laplacian)
Let% <s<1,n>2and Q) C IR" be a bounded domain.
(i) If in addition § is such that

— Ad(z) >0, e, (1.18)
then, for all f € C§°(Q2) there holds
s f(x)
(=A)*f, fa = ds A d%(w)dx, (1.19)

Wlth 2 2 (342
2%°12 ()

3-2 :
I (552)
(i) Suppose there exists a point xo € OQ and v > 0 such that the part of the boundary 9 N B(xq, ) is C*

regular. Then
W e (CAYLPa

T recE@ [, LWy

ds = (1.20)

(iii) If Q) is a Lipschitz domain satisfying (LI8) and s € (%, 1), then there exists a positive constant ¢ such
that for all f € C3°(Q2) there holds

n—2s

(=4 2 ds /dzs d$+€</g|f(:v)|"273$d:c> C (121)

We next consider the fractional Laplacian associated to the killed stable processes that appears in [BD]],
[BBCI, ISV1], [SV2], [PSV], which from now on we will call it Dirichlet fractional Laplacian. The proper
extension problem involves test functions u € C§°(IR™ x IR) such that u(z,0) = 0 in the complement of 2,
that is, for x € CS). For this fractional Laplacian, our assumption on the domain 2 is convexity instead of
(L3). The reason for this is that our method requires subharmonicity of the distance function in C2 which
is equivalent to the convexity of €2, see [AKI]. Our next result reads:

Theorem 1.4. (Trace Hardy & Trace Hardy-Sobolev-Maz’ya II)
Let% <s<1,n>2and QG IR" be a domain.
() If in addition ) is convex then, for all u € C§°(IR" x IR) such that u(x,0) = 0 for x € CSQ, there holds

+o00 2
1—2s 2 7 u®(z,0)
Y Viznuw(x,y)|“dedy > k‘s/ dx | (1.22)
/0 /n | (z,y) (z,y)| 0 d%(z)

2172T2(s + H)I(1 — s)
' (s)

(i) Suppose there exists a point xo € OQ and v > 0 such that the part of the boundary 9 N B(xq, ) is C*

regular. Then

with

Fy = (1.23)

- Lyt 28| Vul2ded
ks > inf fIR IS 0| | v,
u € CP(R™ x IR), dx
w(z,0) =0, o €O Jo P (2)
In particular k in is the best constant.
(iii) If Q is a uniformly Lipschitz and convex domain with finite inner radius and s € (%, 1), then there

exists a positive constant c, such that the following improvement holds true for all v € C§°(IR" x IR) with
u(z,0) = 0 for x € CQL:

n—2s

+o0 2 n n
/ / YV gy, y) Pdady > ks/ “ 2(5’ 0 dr +c (/ u(z, 0)‘ﬁdw> ;o (1.24)
0 n o d*(x) Q




Elementary manipulations show that

d, = 2sin? <7(28 Z DW) ks |

thus B B
ds > ks, for se€(0,1),

which implies in particular that the best constants of Theorems [I.1] and [[.4] are different.
We next apply Theorem[L4lto the Dirichlet fractional Laplacian. In this case, for f € C§°(£2) we extend
f in all of IR™ by setting f = 0 in C2 and use (1.3). In particular, the corresponding quadratic form is

2
(=2)pf, Hrn = C"/n/n |n+2z| dadg (1.25)

Cn.s ( ) — f(9)]?
2 </Q o \x—sw o g df”/ /m rx—sw?sd df)

with the constant ¢, 5 as given by (L.6). We then have:

Theorem 1.5. (Hardy & Hardy-Sobolev-Maz’ya for the Dirichlet Fractional Laplacian)
Let% <s<1,n>2and QG IR" be a domain.
()If in addition Q) is convex, then for all f € C3°(2) there holds

F2s+3) [ F)

(=2)pf [)pn =2 —— i d2s($)d3:. (1.26)
Equivalently, one has that
fEP /2 ()
// |ZE - |n+2s o —grres 0 = Fus |Gy 3T (1.27)
where ,
21—25 ”;F 1— F2 1
s i w2z I(1—s)I(s+ 3) ' (1.28)

SF( n-g2s )
(i) Suppose there exists a point xo € OQ and r > 0 such that the part of the boundary 92 N B(xq, 1) is C*

r2(s+3) . . .
regular. Then the Hardy constants @ in (L26) and k;, s in (L27) are optimal.
(iii) If 2 is a uniformly Lipschitz and convex domain with finite inner radius and s € (%, 1), then there exists
a positive constant c such that for all f € C§°(S2) there holds

(s +3) [ @ o\
—A)7 n > 2 d / n=2s(, . 1.29
(80 f ez — 2 [ E gy [ (o) ac) 129

Equivalently, one has that

n—2s

/ / @)~ JOF e > ko PP) gy o /\f Nomde ) (1.30)
n n |II: — £|n+25 - ’ d28(

The case where (2 is the half-space Q@ = IR} = {(x1,...,2,) : &, > 0} is of particular interest see

[BD], [BBCI, [FSI, [DI, [S]. In this case we obtain a stronger result that covers the full range s € (0, 1).
More precisely we have:



Theorem 1.6. (Half Space, Trace Hardy-Sobolev-Maz’ya & Fractional Hardy-Sobolev-Maz’ya II)
Let0 < s<1landn > 2.
() Then for all u € C§°(IR" x IR) with u(x,0) = 0, x € IR", there holds

+oo _ 2 0
/ / y' NV @ gyul@, ) Pdedy > ks/ ! (9;; )dx= (1.31)
0 n Ri Ty
where e .
P 2173 (s 4+ 5)I'(1 — s)
B 7l (s) ’
is the best constant in (L.31).

(ii) There exists a positive constant c, such that for all u € C§°(IR™ x IR) with u(z,0) = 0, z € IR", there
holds

n—2s

oo ~ [ u2(2,0) o\ T
/ / YV g yyule, y) Pdady > ks s—dv +c / [u(z, 0)] "2 d » (132)
0 n TIL»

Ty
;.

(i) As a consequence, there exists a positive constant ¢ such that for all f € C5°(IR'}) there holds

n—2s

// )|2dxd§>k / f2 dx—i—c(/ yf(x)y%dx> ' (1.33)
" " ’:L__ ’n+2s n,s 1 ) B

where k, s is given by ([.28)).
Or, equivalently, for all f € C§°(IR"}) there holds

n—2s

/n/n - ’n+21’2d dé >k / f2 +C</i|f(;p)|n2nzsd$> ' , (1.34)

n—1 P(S + %) 21-2s
Kps =T 2 —
sD(%52) [ V7

We note that the Hardy—Sobolev—Maz’ya inequality refers to the Dirichlet fractional Laplacian,
associated to the killed stable processes whereas inequality is associated to the censored stable pro-
cesses. The Hardy constants k,, s and k,, s appearing in (I.33)) and (IL.34)) respectively are optimal, as shown
in [BDJ]. The corresponding fractional Hardy inequality of with best constant, in the case of a convex
domain (2, that is,

[f(z) = fI? fx 00
/Q Q—\x—§]"+2s dxdé > / d:n fecse(Q),

has been established for s € (%, 1) in [LS]). The question of obtaining a Hardy—Sobolev—Maz’ya inequality
for the half space was raised in [FS|] and was answered positively in [S], [D], but only for the range s €
4.1).

For other type of trace Hardy inequalities we refer to [DDM] and [AEFV]. We finally note that fractional
Sobolev inequalities play an important role in many other directions, see e.g., [BBM], [CG], [MS]], [NI].

where

F(l—s)F(s%—%)—l} .



2 The Trace Hardy inequality I

In this section we will prove the trace Hardy inequality contained in Theorem [L.I. We first recall the
definition of a uniformly Lipschitz domain 2; see section 12 of [L]. We note that Stein calls such a domain
minimally smooth, see section 3.3 of [St]].

A domain {2 is called uniformly Lipschitz if there exist ¢ > 0, L > 0, and M € IN and a locally finite
countable cover {U; } of 992 with the following properties:
(i) If z € 09 then B(x,e) C U; for some 7.
(ii) Every point of IR"™ is contained in at most M U;’s.
(iii) For each i there exist local coordinates y = (v, ,) € IR"~! x IR and a Lipschitz function f : IR" ' —
IR, with Lipf < L such that

UinNQ=UnN{{, yn) € R ' R:y, > fH}.

Under the uniformly Lipschitz assumption on €2 the extension operator is defined in WP (), for all p > 1.
We also note that when {2 is a bounded domain the above definition reduces to €2 being Lipschitz.

In the sequel we set a = 1 — 2s. Since 0 < s < 1 we also have —1 < a < 1. We first establish the
following useful identity:

Lemma 2.1. Suppose that a € (—1,1) and let u € C§°(Q x IR) and ¢ € C?(2 x (0,00)) N C(Q x [0, 00))
is such that ¢(x,y) > 0in Q x [0,00), ¢(x,y) = 0in 02 x (0, 00),

‘ a¢y(x y)
o(z,y)

and for a.e. x € (Q, the following limit exists:

iHl a ¢y (337 y) >
yl_>0+ <y ¢($,y) '

We also require that the following integrals are finite

/+°° [ VO 2y /0+°° [ T 2,

We then have the identity:

“+o00 “+o0
/ /ya]Vu\zdwdy: — / lim < ¢y> (z,0) dw+/ / “UVu — u\ dzdy
0 Q Qy—0F o
“+o0
/ / dlvyivqbuzdzmiy. 2.1
0 Q ¢
Proof: Expanding the square and integrating by parts we compute for € > 0,
o a qu 2 /OO/ a < 2 |v¢|2 qu >
Vu— ——ul*dxdy = Vul® + u? — —2Vu? ) dad
/6 /Q Yy 5 |“dxdy Y ( [Vl 2 5 y
= / / ya|Vu|2dmdy + / / div(y VQS u?dady +/ % (z,e)dx .
5 Q

We then pass to limit € — 0 and the result follows easily.

| <V(z), ye(0,1), z€Q, 0<V(z) € L,.(Q),

0
We will use Lemma 2.1l with the following choice: ¢(x,y) = d~2(z)A (%) fory > 0,z € Q. The
function A solves the following boundary value problem
2
3+ 0)A" + (a+t3(2+a)A + %m =0, t>0, (2.2)



with
A(0) =1, t_l}ElOOA(t) =0. (2.3)
Equation can also be written in divergence form as

(ta(1+t2)Al)/+ (2 "za)a

t*A = 0. (24)
From now on we will use the following notation:
[~y in U,
whenever there exist positive constants ¢, co, such that
c19 < f < cag, m U .
We then have the following

Proposition 2.2. Suppose that a € (—1,1). The boundary value problem (2.2), (2.3)) has a positive decreas-
ing solution A with the following properties:
(i) There exists a positive constant dg such that

with 1 2 (4= 2 (342
i — (Lol () T2 (52) _ 2sT(1— )% (5)
2 (#2) 1 (52) L2 (52) T (1+35)
(ii) For all t > 0,
At) ~ 1+,
Alt) ~ =t 1+t 7
Moreover,
. tA() 2+a
lim = —
t—+oo A(t) 2
(iii) There holds:
d, :/ t“(1+t2)(A’)2dt—@/ t* A%dt, (2.5)
0 0

(iv) In case a € (—1,0], we have
tA(t) + gA(t) <0.

Moreover for a € (—1,0) and all t > 0 we have
tA'(t) + gA(t) ~ —A(t) .

Proof: We change variables in (Z2) by z = —t2 and define B(z) such that A(t) = B(—t?), whence
A, = —2tB, and Ay = —2B, + 4t?B,,. It then follows that B (z) satisfies the Gauss hypergeometric
equation

B= —
5 5 6 0, o0 < z <0,

whose general solution is given by

a 2+a 1+4+a 1—a 2—a 4—a 3—a
B =CiFh|-,—, ———; Cyz 2 F ; ;
(Z) 1 1<47 4 ) 2 7Z>—|— 2% 2 2( 4 ) 4 ) 2 7Z> 3

21— 2B + <1+a_3+az> B,_a(2+a)

9



see [AS], Section 15.5 as well as 15.1 for the definition and basic properties of the function F'. It follows
that

a 2+a 1+a 9 1a”’(1 a) 2—a 4—-a 3—a 9
A() 01F1<4 1 o t>—|—0t F 1 1 3 t (2.6)

Since F'(«, 3,7;0) = 1 for any «, 3, 7, the condition A(0) = 1 implies that C; = 1. We then have

ds = — lim t*A'(t)
t—0+

i (
— ol 492 F + (1 a)Cae T Ry — 20512 % FY)

t—0t

im(l—a)

= —(1—a)Coe =z . (2.7)

In the above calculation we have also used the fact that

of

d
F'(a, B,7;2) = T F(8,7;2) = 7F(a+1,5—|—1,7+1;z).

We next compute the behavior of A at infinity. To this end we will use the inversion formula, valid for any
a,B,vand |arg(—z)| < 7

F(o,B,7;2) = ?Egi?g:ji(—z)_“}? <a, l—v+4+ao, 1 -F+a; %)
P(YMa—=8), s 1
+ I‘(a)F(W—ﬁ)(_z) F(ﬁ, 1—v+8, 1—a+57;>-
‘We then calculate
e I (&) (L im0 T (352) T (4
Jim #5A(H) = &22(%§Q)+ he T (r22(ﬂ)iTa§2)

To make this limit equal to zero we choose

(U (4T (4 280 (1- 9T (H2)

s 12 (2+a)r(3%) o2 (3 2s)r(1+8) : 2.8)

At this point both constants C, Cs, in (2.6) have been identified. After some lengthy but straightforward
calculations we find that as ¢ — 400

Aty ~t™ 72| Aty ~t~ 72 . (2.9)

In addition we get
tA'(t) 2+4a
t—+o00 A(t) n 2

Using (2.4) and the above asymptotics, we easily conclude that the solution A is energetic, that is,

o o0
/ ta(1+t2)(A’)2dt+/ t*A%dt < 0o .
0 0
Multiplying (2.4) by A and integrating by parts in (0, co) we arrive at (2.3)

10



To prove the positivity and monotonicity of A we next change variables by:
B(s) = (1 + )T A(t), s=1/t.

It follows that B satisfies the equation

2
(14 5%)2B" + (2 — a)s(1 + s2)B' — %B =0, se(0,400),

with B(0) = 0 and B(4o00) = 1. A standard maximum principle argument shows that B is positive.
Consequently A is positive and the monotonicity of A follows easily.

The positivity and monotonicity of A in connection with the asymptotics of A yield easily part (ii) of
the Proposition.

Part (iv) follows easily from the monotonicity of A and part (ii).

O

Using the asymptotics of A(t), from the previous Proposition we easily obtain the following uniform

asymptotics for ¢

Lemma 2.3. Suppose a € (—1,1) and let ¢ be given by

$(z,y) =d 2(z)A <$> y>0, z€QCR",

where A solves (2.2), (2.3)).
(i) Then

d
p(x,y) ~ ———=, y>0, z€Q.

(d® +y?)*
Concerning the gradient of ¢, for a € (—1,0] we have

1
Vi@ y)~ ——=7, y>0, 2€Q,
‘ (,y)¢( y)‘ (d2—|—y2)% )
whereas for a € (0,1)
y—CL
Vand@y)| ~ ———50, y>0, z€9Q.
() (d2—|—y2)2T

(ii) If Q satisfies —Ad(x) > 0 for x € Q, then for a € (—1,0)

a

—div(y V) p ~ m(—dm) L y>0, zeQ,
y
whereas for a = 0,
—div(V)é ~ m(—dm) , y>0, zeQ.

We are now ready to give the proof of Theorem [L.1].
Proof of Theorem | Il part (i) and (ii): We assume that s € [%, 1) or equivalently a € (—1,0]. We will use
Lemma 2.1l with the test function ¢ given by

$(z,y) =d"2(x)A <$> y>0, r€QCIR",
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where A solves 2.2)), 2.3). Using Proposition 2.21and Lemma[2.3] we see that all hypotheses of Lemma[2.]
are satisfied. In particular, for ¢ = % we compute, for x € €2,

. by . o) I A1)
f— 1 a’d = — 1 ta — l -
Y0+ <y é o0+ \' daA@) ) T da(z) oo\ A(t)
ds
= . 2.10
dl—a(x) ( )
We also have
—div(y*Ve¢) = —y* 72 |+ 0)A" + (a+ 132 +a)) A+ (2+a)a Za)atA]
a1 —1-2 | 9 4, At
—y* 7 d7 72 |(—dAd) [ 2 A" + EA
_ a1 -1-2 | 2 4, At
=yl | (—aaa) (24 + Ta) |

therefore,

—div(y*Ve¢) >0, z€Q, y>0.
From Lemma[2.1] we get

+o0o +o0o
/ /y“|Vu|2d3:dy2 ds / T d +/ /y |\Vu — u| dzdy
0 0 dt=(
“+00 a
/ /Mu2dajdy, @.11)
0 Q ¢

from which the trace Hardy inequality follows directly. This relation will be used later on, in Sections [5l and
[6lto obtain the Sobolev term as well. B
We continue with the proof of the optimality of the Hardy constant d,. Let

OOfQ Y| Vu|>dzdy N[y

Jo s iSae Dl

Q[u] := 2.12)

We have that Q[u] > d,. Here we will show that there exists a sequence of functions u. such that
lim._,o Q[u.] = ds, and therefore d is the best constant.

We first assume for simplicity that the boundary of € is flat in a neighborhood V' of a point zy € 0f).
The neighborhood of the point z is assumed to contain a ball centered at xo with radius, say, 3d. Locally
around x the boundary is given by x,, = 0, whereas the interior of {2 corresponds to x,, > 0. We also write
x = (2/, ). Clearly, for x € 2 NV we have that d(x) = z,.

We next define two suitable cutoff functions. Let 1(2") € C5°(Bs), where Bs C 0Q C IR"! is the
ball centered at z with radius §. Also the nonnegative function h(z,) € C*°(IR") is such that h(z,) = 0
for z,, > 2§ and h(z,) = 1 for 0 < z,, < J. We will use the following test function:

/ ;%A v >
ue (2 2, y) = Mlen )il )x_g (z) v=c (2.13)
h(zn)P(a")an * A5, 0<y<e.
‘We have that 0
*“d dx,, dx'y®|Vug|?
Q] = LW [, BV V) 2.14)

26
0 dTn fB(g

12



Concerning the denominator we compute
J €
D] = [ 42’ / v (S )y + O(1)
Bs 0 Ln

400 2
= V2 (') dx' / A )dt+0 (1). (2.15)
B§ 6/6 t

We next calculate the numerator. At first we break NV into two pieces:

Nlu:| = /Oedy + /+OO dy =: Ni[ue] + Nofu.].

Using the specific form of u. and elementary estimates we calculate:

<_gA<i> - iA%i))z + A’2<i>]

In In In Tn

400 J ya
Mol = [ @i / dy / dn o
Bs

" " . —a A2
+/Bé\v¢ yd/ dy/dny A(n)+0()
= NQl[U5]+N22[u€]+O€( )

‘We note that as € — 0,

Nyglus] = / |V (z)|*da’ / Tn, / t* A2 (t)dtdz,
Bé /xn

= 0O.(1).
Concerning Noj [u.], changing variables by ¢ = o, we write:
2 +oo dy 2
Nofud] = [ (e / / [t“A o (LA + ) } dt
Bs y/d 2
400 dy 2
- V2 (2 da / / [t“ (1+t3)A? + at't*AA + t“A2] dt.

Bs y/o 4

Integrating by parts the term containing the factors AA’ and then using the equation satisfied by A (cf (2.4))
we get

+00 2
/ [t“(l + 1) A2 4 attTeAA + a—t“AZ] dt
y/6 4

+o0
= / [t“(l +12)A? - thz] dt + 1a751+‘%2(t)|t:g
u/5 4 2

= O+ BVAWA () + AWy,
whence,
+o00
Nop[ue] = — w2(:c’)dx’/ lta(l +tH A A (t)dt + O.(1).
Bs e/ t

It is not difficult to show that N;[u.] = O.(1), and therefore N[u.] = Naj[uc] + O(1). Using also 2.13)

13



we can form the quotient

— [, V2@ )da’ [I5° 110 (1+ ) A() A’ (8)dt + Oc(1)

lim Qus] = lim

e—0 e—0 f V2(2!)da’! f;/‘go A2 g4 +0.(1)
. =[5 R A A () dt
- +oo A2(t
e—0 /s t( )dt
— lm c(1402)A'(0)
o o—0 A(O’)
= d,, (2.16)

where we used L’Hopital’s rule and then part (i) of Proposition 2.2].

Let us now consider the general case. We assume that €2 is C'! in a neighborhood of a point Zg, which
we take to be the origin 0 € 9. Thus locally 92, is the graph of a function Z,, = v(Z’), with v(0) = 0 and
V~(0) = 0. We also assume that the interior of {2 corresponds to Z,, > v(Z'). Then the following change
of coordinates straightens the boundary in a neighborhood of the origin: z; = z;,¢ = 1,2,...,n — 1, and
Ty = T — Y(T'); see e.g. [E], Appendix C. We assume that inside the ball B(0, 39) (in the x-space) the
image of 02 is flat. We then consider the test function v, (Z,y) = u.(z,y). Clearly v.(Z,y) is zero away
from a neighborhood of the origin, say U, and elementary calculations show that

Vzve = Vyue — ua,xnvi"}'((i/)a
whence,
|Vzv: — Vaue| < |Vay(@)||Veue| = 0s(1)|Vaue|.

It then follows that
|vae| = |vmue|(1 + 06(1))'

On the other hand, for z € U and d(z) = dist(z, 02), we have that

d(@) = (T = (@) (1 + [Vay () )"? = za(1 + 05(1)).

We finally note that the Jacobian of the above transformation is one and therefore dx = dx. We then
compute

Qlve(7,y)] = Qluc(z,y)](1 + 05(1)),

where Qu.(z,y)] is given in (2.14). Since J can be taken as small as we like the result follows easily, using
the calculations from the flat case.
O

3 The Trace Hardy inequality II

In this section we will prove the trace Hardy inequality contained in Theorem [[.4. We first establish the
analogue of Lemma 2.1}

Lemma 3.1. Suppose that a € (—1,1) and let v € C{°(IR" x IR) such that u(-,0) € C{°(2). Let
¢ € C*(IR" x (0,00)) NC(IR™ x [0,00)) is such that ¢(x,y) > 0in IR" x [0,00), ¢(x,0) = 0inx € CNQ,

’ a¢y(( ))‘ <V(z), ye(0,1), ze€R", 0 < V(z) € Li,(IR").

Moreover for a.e. x € §Q, the following limit exists:

. a¢y(x7y)>
yl_l>r(1)l+ <y ¢($,y) '

14



We also require that the following integrals are finite

400 2

/ / y“—|vq§| u?dxdy,

0 noo ¢

We then have the identity:
+o0o

/ / Y| Vuldedy = — /lim
0 mn Qy—)0+

400 : a
_ / / Mzﬂdwdy.

0 n ¢

The proof of this Lemma is quite similar to the proof of Lemma[2.1]and we omit it.
This time we will choose the test function to be of the form

2 2\—4 g(d
W,y):{ (v +d)"1B(5),

2 2\—% d
where function B is the solution of the following boundary value problem

e [div(ytVe)|
———u dxdy .
/0 /n ¢ o

zeQ, y>0
reC, y>0

2
(1+122B" + (2 — a)t(1 + 12)B' — %B =0, te(—00,+00),
complemented with the conditions
B(—o00) =0, B(4o00) = 1.

We note that this can be written in divergence form as

a2 a
- Z(l +t)7172 B(t)

(1+3)72B(t)) 0,

We next collect some properties of B that will be used later on.

+o0
(y“%’) u?(x,0)dx +/0 / : Yy Vu —

Vo
¢

ul?dxdy

3.1)

(3.2)

(3.3)

(3.4)

(3.5)

Proposition 3.2. Suppose that a € (—1,1). The boundary value problem (3.3)), has a positive increas-

ing solution B with the following properties:
(i) There exists a positive constant ks such that

. 2\ 2=a o
tlgrnoo(l—kt ) 2 B'(t) =: ks,
where
o 2T2(3er(He) 2B (s 4 (1 — s)
nl'(52) T I'(s)

(ii) We have

B(t) ~ 1, t>0

B(t) ~ (1+t3)~ 2"  t<0,

B'(t) ~ (1+t*)" 2 teR.
(iii) There holds:

2

_ Fo0
o= /
(iv) In case a € (—1,0], we have
(1+2)B/(t) - gtB(t) >0, teR.
Moreover for a € (—1,0)

(1+3)B'(t) — gtB(t) ~(L+82)2, >0,

15

(3.6)



Proof: When a = 0 the ODE can be easily solved by a straightforward integration. For the general case we
first change variables by B(t) = (1 + t) f(t) to obtain

2—a)

1+ 2" +otf + 2 1 f=o.

We next change variables by g(z) = f(t), z = it, so that g satisfies the equation

(1—2%g" =22 +v(v+1)g =0, v= —g. (3.7)
The solution of this is given in [AS]], Section 8.1:
+ +
o(z) = g1—§VEZ) + C’Q_Q,,(z), Imz > 0, (3.8)
1 P(2) +C5 Qu(2), Imz < 0.
We also have that
B(t) = (1 +t*)"2g(it).
The conditions then at infinity become
lim ¢t Yg(it) =1, lim (—t)""g(it) = 0. (3.9)

t—+00 t——o00

To find the constants in (3.8]) we will satisfy the conditions at infinity (3.9) and we will match both g and ¢’
at z = 0. That is we will ask

g(4i0) = g(—1i0), g (+i0) = ¢'(—i0). (3.10)

We recall from [AS] Section 8.1 that for |z| > 1:

1 2 2 3 1 —v 1l—v 1-2v 1
P2 - Alz_”_1F<V+ v+2 243 >+A2z”F<—V v v )7

2 2 ' 2 22 27 2 7 2 T2
v+2 v+1 21/—|—3.1
A

Q.(z2) = Elz_”_1F<
where,

2l el (—y — 1) 2r 2T (v + 1) 2-v=1r3T(1 4 v)

A = , Qg = , By =
! I(—v) ? T(1+v) ! T +v)
From the asymptotics when t — 400, we easily conclude that
+_ i -
C7 = A, C; =0. (3.11)
We next see what happens near zero. For |z| < 1 we have that
vvr+1l1 , 1-v 2+v 3 ,
P, = BF|—% —, 5 BozF —;
I/(Z) 1 < 27 2 727Z>+ 22 < 2 ) 2 727Z>7
in 11 in 1-— 23

Qi(z) = Dtz I <—g, %7 5;22> + Dot s (VR ( 5 - %7 5;22> :

where the plus sign corresponds to Imz > 0 and the minus to Imz < 0. The value of the constants are given
by:
5 T2 5 o3 RN E 70(14 %)
1= ST Ao e oy P2= i v 1T ong Loy = A5
L(35HT (%) D(5T(%) (1 +5) L(%)
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An easy calculation shows that the matching condition (3.10) yields

C’;Fle%(”“)

= Cf—Bl + C;Fle%r(_u_l),

C{PQG%V = Cf_BQ—FC;Fge%(_V),
from which it follows that
Ct iz, [By B
+ _— _ 11 Fv|£ T
Cy = 5 €2 [Fz ZF1]
_ Cf _=,[By B
= — = —i—]. 3.12
Cy 5 e 2 T, zrl ( )

Thus all constants in (3.8)) have been computed (cf (3.11) and (3.12)), and therefore g(z) is now completely
known.
The asymptotics of g for |z| — 400, are

CiENZY + (CEAL + CFE )z 4 0|2 777Y),
CEAv2"™t — (v + 1)[CTAL + CFE 22+ O(|2"73),

9(z) =

where the plus sign corresponds to Imz > 0 and the minus to Imz < 0. We have that B(t) = (1 +
t2)" 2 g(it), whence we get

B(t) =i Cy By (=) +o((—t) 71, t — —o0.
Concerning the derivative, we have for z = it

B'(t) = —uvt(t® +1)" 2 g(2) +i(1 +t2)"24'(2).
Whence,

(v 4+ 1)V (CFAL + CF B 7272 4 o(t™272),  t — +o0,

20+ 1) Oy By ()22 £ o((—t)"272), t— —c0.

This completes the proof of part (ii) of the Proposition.
We next give the proof of part (i). From (3.6) and the asymptotics of B(t) for t — +oo, we compute

- (21/ + 1) .1—9 El Al . Bg . 1Bl
ky = ———= iy ) ft S | Y G ) 3.13
=72 ' AUE T, T T 313)
Using the explicit values of the constants we calculate:
By _ 27 a1 +y) A _ sin(mv) By _ 2sin(%) B _ 2 cos(Z)
Ay F(% + V)F(% +v) By wcos(mv) Ty T IR T
Plugging these in we conclude that (recall that v = —a/2 = s — 1/2)
L w4 (- v) | 2TAE0() 2B (s + HI(1 - s)
ks = = = . (3.14)

e

™ I'(3+v) ml(152) T I'(s)

To prove part (iii) we use part (i) and we integrate the ODE (3.3)).
By standard maximum principle arguments the solution B(¢) of (3.3)) subject to (3.4) is positive and
increasing. To prove part (iv) assuming that a € (—1,0), we set f(¢) = (1 + t2)~ % B(t) so that

(2-a)

1+ +2tf + 2 — /=0,

17



and a similar maximum principle argument shows that f(¢) is also increasing. Since,
) =1+ it [(1 + B — gtB] :
we conclude that “
(1+t2)B’—§tB>0, te R, a<0.

Using the asymptotics of B, B’ from part (ii) we conclude the proof of part (iv).
O
Using the asymptotics of B(t) from the previous Proposition, we easily obtain the following uniform
asymptotics for ¢

Lemma 3.3. Suppose a € (—1,1) and let ¢ be given by

@) TIBY), z€Q, y>0
P(z,y) = (y? +d?)~1B(-9), T€CQ, y>0,
where B solves (3.3), (34).
(i) Then
y 4 d2 reQ, y>0
Y=o (y? _|_d2) reCQ, y>0.

Concerning the gradient of ¢, for a € (—1,0] we have

a+2

y—l—d2_*, zeN, y>0
YUy + d?) T reCQ, y>0.

W¢xy\~{

whereas for a € (0,1)
Vé@y)l ~y (P +d)T,  zeR" y>0.

(i) If Q) satisfies —Ad(x) > 0 for x € Q, then for a € (—1,0)

. y?
—div(y*Vo)¢ ~ —————zr (~dAd), y >0, ze€Q,
d(d® +y )1;

whereas for a = 0,
. Y
—div(Ve)p ~ ————-(—dAd >0 €.
We are now ready to give the proof of Theorem [L.4]
Proof of Theorem[L4| part (i) and (ii): We assume that s € [%, 1) or equivalently a € (—1,0]. We will use
Lemma 3.1l with the test function ¢ given

2 2
P(z,y) = { (y2+d a

B@L ze, y>0
(y? +d*>)"1B

(—4) zelC, y>0,

>J>|® )P\D

Using Proposition [3.21and Lemma [3.3] we see that all hypotheses of Lemma [3.1] are satisfied. In particular
we compute

. agby(az,y) _ 1 : 2—a n/
- (V) e e 0)
ks
= 7(11—@(3:)’ xe. (3.15)
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We also have forx € Q and ¢t = g >0,

—div(y?Ve¢) = —yi(y>+d?)"i7! [(1 +12)2B" + (2 —a)t(1 + t*)B' — %23}
+y " (P + )T (—Ad) [(1 +1°)B' - gtB}
= Y+ )T A [(L+)B - 58] (3.16)
whereas for x € CQ2 and t = —g < 0, we have
—div(y*Ve) = —y*(y>+d*) 75! [(1 +t2)?B" + (2 - a)t(1 + t*)B’ — %23}

+y L (y? + d2) "5 (Ad) [(1 + B — gtB]
y (2 + d®)~ 571 (Ad) [(1 + B — gtB} . 3.17)
Therefore under our assumption on §2 it follows from Proposition [3.2] that
—div(y*Ve¢) > 0, relR", y>0.

We now use Lemma[3.1]to get

“+oo _ “+oo
/ / v | Vul2dedy > ks /dl — d +/ / Yy Vu — u]zdwdy
0 mn mn
+oo d a
/ / WTWquxdy , (3.18)
0 mn

from which the trace Hardy inequality follows directly. This relation will also be used later on, in Section
and [0l to obtain the Sobolev term as well.
We next prove the optimality of the Hardy constant. We will work as in section 2. Let

% [ v Vulrdzdy N[y

Jo e lar Dl

Qlu] == (3.19)

We will show that there exists a sequence of functions w. such that lim._,o Q[uc] < ks, and therefore ks is
the best constant.

We first assume that the boundary of €2 is flat in a neighborhood U of a point g € 9€2. The neighborhood
of the point x is assumed to contain a ball centered at xy with radius, say, 36. Locally around z( the
boundary is given by x,, = 0, whereas the interior of {2 corresponds to x,, > 0. We also write x = (2/, z,).
Clearly, for z € Q N U we have that d(x) = z),.

We next define three suitable cutoff functions. Let 1(z') € C§°(Bs), where Bs C 92 C IR" ! is the
ball centered at x( with radius §. Also the nonnegative function h(z,) € C°°(IR) is such that h(x,) = 0
for |z,| > 26 and h(z,) = 1 for |z,| < J. We also assume that h(zy,) is symmetric around x,, = 0. Finally
let x(y) € C§°(IR) be such that 0 < x(y) < 1,and x(y) = 1 near y = 0.

We will use the following test function:

uela!s ) = X)) +22) TEBEE), we RN y >0 (320
Using the asymptotics of B(t) we easily see that
-2 £
ug(x/, wn, 0) = h($n)¢($,)xn 2 2, xTr € Q
0, x € CQ.
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We then compute

+o0
D] = / (i / B2 (2) 2 da. (321)
IR"— 0
Concerning the numerator, a straightforward calculation shows that
a_ e x a €\2 a_ e x
V(" +an) T IBE ) = (-5+35) @ ) B
(;U?%, +y2)1_%+% B’2($_n)
yt y
It is then easy to show that
200N 7 ooy 29 2\-2+5-1p2/Tn
Mud= [ e [ [T e | (<5 5) 0 et
Rt rJo 2 2 Yy
(wn +9°)'75%5
+ = /1 B*(=*)| dydx, + O(1)

To estimate the double integral above, we first break the x,,—integral into two pieces: from minus infinity to
zero and from zero to infinity. We then change variables in both pieces by ¢ = x,,/y, thus going from the
(2, y) variables to (z,,t). After elementary calculations we arrive at

+oo
Nlue] = /Bnl V2 (2')da' /0 b2 (xy)x, e dy, -

+00 N1—24£ 2\ —1—-242
o (xn) | (L +t%) 7272 < a 5)2(1+t) PRI
— | |—————B*“(t e t)| dt + O
[ [0+ (5+3 F 0] dr+ 0
Forming the quotient we obtain
1+2)1-5+5 eN2 (1+¢2)"1-5+3

Q[ug]g/ ¥B2(t)+<—g+—> ( ) B2(t)| dt + o-(1)

o |t| 2 2 |t|®

We finally send € to zero to get

+oo o a2 “
lim Qu.] < / [(1+t2)1‘2B2(t)+Z(1+t2)_1_2B2(t)] dt

e—0 o
— (3.22)

the last equality follows from Proposition [3.2(iii).
The general case where 02 is not flat is treated in the same way as in section 2]

4 Some Weighted Hardy Inequalities

In this section we establish some new weighted Hardy inequalities that will play a crucial role in establishing
trace Hardy—Sobolev—Maz’ya inequalities.
We first prove the following:

Lemma 4.1. Let Q@ C IR™ be such that —Ad(z) > 0 for x € Q. If A, B, I are constants such that
A+1>0,B+1>0and 2T’ < A+ B+ 2 then for all v € C§°(IR"™ x IR) there holds

B+1)(B+A+2-2T%) [ yAdB
+o0 AdB+1 +o00 AdB—i-l
/ T (—Ad)|v|dxdy +/ /Qﬁlvwdxdy,

where T" = max(0,T).
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Proof: Integrating by parts in the z-variables we compute

~+o00 A B ~+o00 AVd VdB+l
(B+1) =
+ / / @ F|v|d:na€y / / TEr AT |v|dxdy

+o0 AdB+1 Ad) +o00 A B+2

+o0 AdB+1
/ / 5 Vd - V|v|dzdy. 4.2)

If I' < 0 the result follows easily. In the sequel we consider the case I' > 0. In the previous calculation
there is no boundary term due to our assumptions. To continue we will estimate the middle term in the right
hand side above. To this end we define the vector field F' by

A jB+3 A+1 3B+2
ydPTevd oyt > 43)

F(ﬂf,y) = <(d2+y2)r+1’ (d2—|—y2)r+1

‘We then have

+o0 +oo Foo
/ / divF|v|dzdy = —/ / F - V|v|dzdy < / / |F'||Vou|dzdy. (4.4)
0 Q 0 Q 0 Q

We note that because of our assumptions A+ 1 > 0 and B + 1 > 0, there are no boundary terms in .
Straightforward calculations show that

A B+3 A B+2
. = y*dPT(Ad) yid

and . AgB+2 AgB+1

|F| = —2 J . (4.6)

(@2 + y2)TH2 = (d® + )T
From (@.4)-{.6) we get
400 AdB+2
(B+A+2-2T) / / @7 FH\v\dwdy
400 AdB+3 400 AdB—i-l
/ / @7 F+1( Ad)vldzdy + / / (CCESE |Voldzdy.
Combining the above with we conclude the proof.
O

We will also need a version of the above Lemma in case where A + B + 2 = 2I". In this case we have:

Lemma 4.2. Suppose that Q2 C IR™ has finite inner radius and is such that —Ad(x) > 0 for x € Q. If A,
B are constants such that A+ 1> 0, B+ 1> 0, then for all v € C§°(IR" x IR) there holds

B+1 +oo AdBX2
A+B+3/ / @+ A+B+2 lv|dedy < 4.7

+oo AdB+1X +o00 AdB—i-lX
/ / d2 A+B+2 (—Ad)|v|dzdy  + / / d2 A+B+2 |Vo|dzdy ,

where X = X(())andX() (1-Int)"Lo<t<1.
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Proof: Integrating by parts in the z-variables we compute

AdBX2

“+oo
(B +1) / /
d2
/—I-OO/ AdB+1X2 Ad)

A+B+2

(d? 4+ 3?)

+0o0
Y oldudy +2 / /

+00
yvydxdy+(A+B+2/ / =
(d

oL

AdBX3
A+B+2 |U|d$dy

AdB+2 2
A+BTa |v|dxdy

v?)

A B+1X2
d |Vo|dzdy.

A+B+2

(4.8)

In the previous calculation there are no boundary terms due to our assumptions. To continue we will
estimate the middle term in the right hand side above. To this end we define the vector field F' by

yAdB+3XVd

F(:E,y) = ((d2 +y2)A+§+47

‘We then have

+o0 . +o0 . +o0 .
/ / divF|v|dzdy = —/ / F-V|v|dzdy < / / |F'||Vouldzdy.
0 Q 0 Q 0 Q

A+1 dB+2X
y ) 4.9)

(@ +y2) "2

(4.10)

We note that because of our assumptions A + 1 > 0 and B + 1 > 0, there are no boundary terms in (4.10).

Straightforward calculations show that

L A B+3
divE— ¥ A" X (Ad)

(@ +y2) "2

and
yAdB+2X

| |: A+B+3 —
2

(@ +y?)
From (4.10)—#.12) we get

+o00 AdB+2
[ s i

+o0 AdB+3X
<) |

Combining the above with (.8]) we conclude the proof.

+0o0
Ad)|v|dxdy + / /

AdB+2X2
Y e (4.11)
(d*+y?*) >
A jB+1
dBtlx
(d2y+ T (4.12)
y
AdB+1X
A+B+2 |vv|d$dy
O

Without imposing any geometric assumption on 2 we have the following result that will also be used

later on.

Lemma 4.3. Let Q) C IR". If A, B, T are constants suchthat A+1>0,B+1>0and2I' < A+ B+ 2,
then there exist positive constants c1 and cy such that for all v € C3°(IR™ x IR) there holds

+00 A B
y°d
/0 /ﬁ’”’dzdy

(4.13)

+o0 AdB+1 +o00 yAdB—i-l
<c1/ / Vv dwdy—i—cQ/ / ———|v|dxdy .
@y o Jo @ Tl
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Proof: Here we will use the fact that 9 is uniformly Lipschitz. Let {U;} be a covering of Q. = {z € Q :
dist(z,0€) < £} and let ¢; be a partition of unity subordinate to the covering {U; }. We then have

+o00 A B 400 yAdB
< —\0; .
/ /E I 1,|v|al:na€y Z/ /S @ +y2)1,|qzblv|da€

In each U; we straighten the boundary and use the equivalence of the distance function to the regularized
distance as well as to the difference x,, — f;(x") (see [St] section 3.2, or [L] section 12.2) and obtain

400 A B 400
|| ety < c | /)tz sielGildady

for some constant C' independent of . We next use Lemma [4.1] to estimate the right hand side of this, thus

obtaining
+o00 400 AtB +1
/ /}tg plaldsy <C Jo, gV Gty

—+o00 AtB+1 ~ ‘ ‘ AtB+1 ’ ~ H ‘
< C/ / Y 5.|Vi|dedy + C/ / A \Véi|6|dady
0 GESYN 0 ry (2 +y%)"

Hence, returning to our original variables we have that

+o00 AdB
/ / ﬁ’@”’dmdy

400 AdB—i-l ~+o00 AdB—i-l
<C/ RrEsT F¢,\Vv\dwdy+€/ / 7)‘V¢z"v‘dwdy

Summing over ¢ we get that

+o00 A B
y d
+oo : AdB—i-l 400 A B+1
<C’1/ / 1,|Vv|ala:dy+02/ / 1,|v|al:1:dy

The result then follows easily.
O
When working in the complement of {2 we have the following surprising result:

Lemma 4.4, Let Q) C IR". If A, B, T" are constants suchthat A+1>0,B+1>0and2l' < A+ B+2
then for all v € C5°(IR"™ x IR) there holds

4 +o00 yAdB
(A+1)(A+B+2-2T ) mﬁ]vldxdy < (4.14)

?)

N 400 A+2dB+1 A ’ ’ A +00 A+1dB ’ ’
2T / / d)|v|dzdy + +B+2/ / 7Vvdxdy,
ca (d* +y?) FH( ) ( ca ( y2)r

where Tt = max(0,T).

We note that no assumption on the sign of —Ad is required.
Proof: Integrating by parts in the y-variable we compute

400 A B ~+o00 A+2 B
(A+1) / |v|dxdy < QF/ |v|dzdy
CQ d2 F CQ d2 F+1

+o0 A+1 B
/ / |Vv|dxdy (4.15)
CQ
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If I' < 0O the result follows easily. In the sequel we consider the case I' > 0. In the previous calculation
there is no boundary term due to our assumptions. To continue we will estimate the first term in the right
hand side above. To this end we define the vector field F' by

ﬁ($ ).: yA+2dB+3Vd yA+3dB
Y- (@2 1+ 2T+ (@2 + y2)T+1

(4.16)
‘We then have

+o00 +oo o0
/ divF|v|dzdy = —/ / F - Vv|dzdy < / / |F'||Vv|dzdy. (4.17)
0 CcQ 0 cQ 0 CcQ

We note that because of our assumptions A + 1 > 0 and B + 1 > 0, there are no boundary terms in (4.17).
Straightforward calculations show that

A+2 1B+1 A+2 7B
o=y d (Ad) Y d
and A+2 B A+1,4B
. d d
Fl= Y L (4.19)

< .
(d2 + y2)F+1/2 - (d2 + yQ)F
Combining the above we conclude the proof. Again,we note that in all integrations by parts there are no
boundary terms due to our assumptions.
0
As a consequence of Lemmald.I] we have:

Lemma 4.5. Let Q C IR™ be such that —Ad(x) > 0, for x € Qand w € C{(IR" x IR). If A, B, T are
constants suchthat A+1 >0, B+1>0,and2I' < A+ B + 2, then,

(B’ (BA+2-200)? (+= 1 yhd®
4B+ A+ 2)2 / / (& + )" drdy = -
_ + +oo AB+1 —+o0 AB+2
e [ e s+ [ .

where Tt = max(0,T).

Proof: We apply Lemma@.Ilto v = w?. To conclude we use Young’s inequality in the last term of the right
hand side. We omit the details.
0
In the case where A + B + 2 = 2I' the L? analogue of Lemma.2]reads:

Lemma 4.6. Suppose that Q2 C IR™ has finite inner radius and is such that —Ad(x) > 0 for x € Q. If A,
B are constants such that A+1 >0, B+ 1> 0, then for all w € C§°(IR"™ x IR) there holds

B+1 +o00 AdBX2 2
< .
< 2(A+ B +3) > / / @+ A+B+2 dvdy < “.21)

B+1 400 AdB+1X +o00 AdB+2
20A+B+3) / / (@2 + *“*B“( Adjwdrdy  + / / 2) A5 [Vuldedy,

where X = X(d(x)) and X(t) = (1—-Int)"L,0<t < 1.

Proof: We apply Lemma2]to v = w?. To conclude we use Young’s inequality in the last term of the right
hand side. We omit the details.
0

In the case of half space a more delicate result is needed. More precisely we have:
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Lemma4.7. Letv € C°(IR" x IR). If0 < A < % B+1>0,and 2I' < A+ B + 2, then the following
inequality holds true:

+o00 —A B +o0 A 1+B
co/ /n ) F A|v|dazdy</ /n F|Vv|d:na€y, (4.22)

AB+1)(B+A+2—-2I'")
(A+B+2)(A+2B+2)—-2I't(B+1)

The same result holds true if we replace IR'} by IR" with |x,| in the place of xy,.

where

Co =

Proof: We will use polar coordinates, x,, = rcos#,y = rsinf. We first establish the following inequality
for the angular derivative.

™

A/ (sin0)"4(cos 0)B|v|d < (1—|—A+B)/ (sin 6)1+4 (cos 0) B |v|do
0

™

+ /2 (sin 0)4 (cos 0) B vg|db . (4.23)
0

We have
C;Z((sm 0)"(cos 0)B) = A(sin0)1(cos 0)* B — (1 + B)(sin )+ (cos §)
= A(sin0)A 1 (cos)® — (14 A + B)(sin )2+ (cos 9)P

therefore an integration by parts gives:

s s

A/z(siHH)A_l(COSH)B]v]dH < (1+A+B)/2(sin9)1+A(cos9)B\v\d9
0 0

s

+ /Q(SiHQ)A(COSH)H_B”Ug’dH.
0

Since A <  we also have that (sin ) =4 < (sin9)4~! and follows.
We next multiply @.23) by r4+5+12I" and then integrate over (0, 00) to conclude:

+o00 +o00 —A B +o0 +o00 1+A B
A/ / x2 — g vldendy < (1+ A+ B) / / En +1\v\da:ndy
+oo +o0 A 1+B
+ / / F]Vv]dxndy
+oo +oo
< (1+A+B) / / F|v|d:nnaiy

+o0 +o00 A 1+B
+ / / |Vv|d3:ndy (4.24)

We next estimate the first term in the right hand side by using Lemma[.T], that is,

(B+1)(B+A+2—2F+ /—l—oo /—l—oo /—l—oo /+OO A B+l
dndy < dand
B+A+2 22 +y r‘”‘ InY = F\VU\ Tndy -

A further integration in the other variables completes the proof.
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S Half Space, Trace Hardy & Trace Hardy—Sobolev—Maz’ya Inequalities

Here we will prove the trace Hardy and trace Hardy—Sobolev—Maz’ya inequalities appearing in Theorems
[[L2land [L.6. We start with the trace Hardy inequalities.

5.1 Half Space, Trace Hardy I & I1

In this subsection we will provide the proof of the trace Hardy inequalities appearing in Theorems [[.2] and

L6l

Proof of Theorem|[L.2] part (i) and (ii): The case where s € [%, 1) is contained in Theorem [L.1l. We next
consider the case s € (0, 3) or equivalently a € (0,1).

We will use the notation z = (2, z,,) € IR", with z,, > 0. We will use Lemma[2.1]with the test function

¢ given by
—a y n
¢(m,y):xn2A<E>, y>0, x,>0,2¢€ R},

where A solves (2.2)), (2.3)). Using Proposition 2.2]and Lemma[2.3| we see that all hypotheses of Lemma
are satisfied. In particular, for ¢ = % we compute, for x € IR",

. H a¢y(x’y)>_ Cis
ylii%1+ (y o(xz,y) ) xh @

—div(y*Ve¢) =0, y>0, ze€lR}.

We also have

From Lemma[2.1] we get

+o0 _ u? +o0
/ / Y| Vul*dedy > ds/ d +/ / Yy Vu — u]zdwdy (5.1
0 T ¥ Tn ¥

from which the trace Hardy inequality follows directly. This relation will be used later on, to obtain the
Sobolev term as well.

The optimality of d, follows by the same test functions given by as in the flat case of Theorem
[LIl The fact that a covers the full interval (—1, 1) does not affect the calculations leading to (2.16)).

]
Proof of Theorem[L6lpart (i): The case where s € [%, 1) is contained in Theorem [[.4. We next consider
the case s € (0, 3) or equivalently a € (0,1). We will use Lemma[3.1] with the test function ¢ given

$(z,y) = (v +w%;>-%B<%">, y>0, zn€ R.

Using Proposition [3.2] and Lemma [3.3] we see that all hypotheses of Lemma [3.1] are satisfied. In particular

we compute _
— lim <ya¢y(””’f‘/))> . T > 0.
Y

y—0t

An easy calculation shows that
—div(y*Ve¢) =0, reR", y>0.

We now use Lemma[3.1]to get

+00 _ too
/ / Y| Vul*dedy > ks/ d +/ / Yy Vu — u\ dxdy (5.2)
0 mn n ,:Un mn

from which the trace Hardy inequality follows directly. This relation will also be used later on, to obtain the
Sobolev term as well.

The optimality of k, follows by the same test functions given by as in the flat case of Theorem
[L4l The fact that a covers the full interval (—1, 1) does not affect the calculations leading to (3.22)).

O
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5.2 Half Space, Trace Hardy—Sobolev—-Maz’ya I & 11

Here we will give the proof of the trace Hardy—Sobolev—Maz’ya inequalities of Theorems [I.2]and [I.6. We
will first establish different trace Hardy—Sobolev—Maz’ya inequalities where only the Hardy term appears
in the trace, and which are of independent interest.

Theorem 5.1. Let 0 < s < 1 and n > 2. There exists a positive constant c such that for all u € C§° (IR} x
IR) there holds

n—2s
+oo _ 2 +o0 (n+1) nt1
/ / y1_28|V(x,y)u(:E,y)|2d:Edy > d, Y (326;0) dr+c / / |u($,y)|2”jéi dzxdy .
0 n R Th 0 n
5.3)
with 2 (342
- 2 (1 — s) Mo (2=

S T .
T2 (352) T (s)
Proof of Theorem[5.1l: From the proof of Theorem [I.2] we recall the inequality (3.1)), that is

+o0o _ u2( +o0
/ / Y| Vu|*dzdy > d d +/ / y*|Vu — —u|2d:1:dy , (5.5)
0 n R n

xn

where ¢ is given by
¢($,y):$n2A<—>, y>0, x,>0, zelR},

and A solves (2.2), 2.3).

The result will follow after establishing the following inequality:

n+a—1

400 400 2(n+1) (n+1)
/ / y*|Vu — u] dxdy > ¢ / / u|n a1 dzdy . (5.6)
0 n n

To this end we start with the inequality, see [M]], Theorem 1, section 2.1.6,

400 " +o0 2(n+1) %
[ ity ze( [ [ o) FRad ) e o <m),
0 n 0 n

with the choice u = ¢»Te=Tv. Hence we obtain

+00 2 +o0
/ / Y3 o | Vol dudy + ”*“/ / y3 p7ET |V g o] dardy

2n+a

+oo 2n+a 2(n+1) 2(n+1)
>c / / |prta—Ty| 2nta drdy . (5.7
0 n
+

Next we will control the second term of the LHS by the first term of the LHS. To this end we consider two
cases. Suppose first that s € [3,1) thatis a € (—1,0]. Using the asymptotics of Lemma 2.3 we get that

n+1
+a—1
a  _ntl yzx;{
y2 ¢n+a71 ‘V(b’ ~ (2+a)(2n+a) ?

(3 + y2) i)

27



whereas,

a 2n+a
a  _2nta yig}ﬁ”“*l
y2 ¢n+a71 ~ Gta)nta) (5.8)
(f]}'% + y2) 4(n+a—1)
The sought for estimate then is a consequence of Lemma with the choice: A = 5, B = nijil and
I'= % taking into account that
2— -1
A+B+2_2I‘:(a)#>0.
2(n+a—1)
We next consider the case a € (0, 1). Using again the asymptotics of Lemma [2.3]this time we have that
a n+1
y—§ 33;{“171

a n+41
y2 ¢t |Vo| ~

(24+a)(n+1) |, 2—a
(;U% +y2) 4(n+a—1) + 4

whereas, (5.8) remains the same. The sought for estimate now is a consequence of Lemma [4.7] with the

choice A= 3,B = n:‘_jil and ' = % taking into account that
2 — —1
A+ Bio—or= 20 =1
2(n+a—1)

Therefore for any a € (—1,1) we arrive at:

2n+a
oo a _2nta +oo 2nta  2(n+l) et D)
y? ¢n+a71 ’V'U’ >c ‘(anrafl 'U’ 2n+a dgjdy . (59)
0 n 0 R
i i

To continue we next set in (3.9) v = |w|»+e-T and apply Schwartz inequality in the LHS to conclude after
a simplification

n+a—1

too +o00 2n+1) ntl
/ / ya¢2|vw|2d$dy >c / / |¢w|n+a71dl’dy R (510)
0 il 0 ¥

which is equivalent to (3.6).

O
Proof of Theorem[L.2| part (iii): Our starting point now is the following weighted trace Sobolev inequal-
ity, see [M]], Theorem 1, section 2.1.6,

+oo
/ / Y2 |Vu|dedy > ¢ (/
0 n R

. 2n+a .
Again we set u = ¢nta-1v, to obtain the analogue of (5.7).

+oo a nta 2 +oo a _n
| e Tdedy + S [T ]yt S oldady
o Jmy nta—1Jo Jry

zc(/ﬂ

As in the proof of Theorem [5.1lwe control the second term of the LHS by the first term of the LHS to arrive

at
+oo a 2n+a
[ [ o |
0 n R

28

2n+a
2n

|u(x,0)|ziiad:c> . ueCP(R" x R).

n
+

2n+a
2n

2n+a _2n
’¢n+a71 (‘Tao)v(‘rao)‘QnJra dl’) ' G.1D)

T
+

2n+a

2n+a _2n 2n
|pn+a=T1(z,0)v(z,0)|2nta dx

T
+



2n+a
Again, we set v = |w| wra~1 and apply Schwartz inequality in the LHS to arrive at

2n+a

+00 t+o0 2(n+1) 2n n
(/ / ya¢2’Vw’2dxdy> (/ / |pw | nFa= 1dacdy> >c </ ’(wa)(w,())\mdx)
0 i " i

We next use (3.10) to conclude after a simplification

n+a—1

+OO n "
), v = ( / |<¢w><:s,o>|ﬁdm> ,
0 . n

which is equivalent to

n+a—1

+00 " n
/ / y*|Vu — @uﬁd:pdy >c / lu(z,0)] wTa=T dz;
0 n ¢ R

Combining this with inequality (5.I) we conclude the proof.
O
We next present a preliminary result which will play an important role towards establishing the Hardy—
Sobolev—-Maz’ya II of Theorem [1.6]

Theorem 5.2. Let 0 < s < 1 and n > 2. There exists a positive constant c, such that for all u €
C§e(IR"™ x IR) with u(x,0) = 0, x € IR", there holds

o0
/ / 1= 28|V(xy u(x,y | dzdy > ks /

where

n—2s

+oo 2(n+1) n+l
d +c / / u(z,y)| =2 dxdy ,

(5.12)

21-BT2(s + H)T(1 - 5)
7l(s) ’

ks =
is the best constant in (5.12)).

Proof: From the proof of Theorem [[.4] we recall the inequality (3.18)), that is

+o0 _ u? +oo
/ / Y| Vu|*dzdy > k‘s/ d +/ / Yy Vu — —u| dxdy , (5.13)
0 mn i (zn mn

where ¢ is given by

$(z,y) = (4 +wi>—%B<%">, y>0, z,€ R,

and B solves (3.3), (3.4).

Again, the result will follow after establishing the following inequality:

n+a—1

+oo t+oo 2(n+1) AT
/ / Yy Vu — —u\ dxdy > c(/ / |u|nFa= 1dwdy> . (5.14)

To this end we start with the inequality, see [M]], Theorem 1, section 2.1.6,

+00 a +oo 2(n+1) 22(24?11)
/ / y2|Vuldzdy > ¢ </ / |u(z,y)| 2nte da:dy) , u € C°(R" x IR) ,
0 n 0 n
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with the choice u = ¢»+e—Tv. Hence we obtain

+0oo a 2n+a 2 oo a _ntl
/ / Y3 W*‘L \Vo|dedy + _nta / / ywnﬁfl V| |v|dzdy
0 n n+a—1 n

+oo 2n+a 2(7L+1) %
> C / / ‘¢n+a lv 2n+ta d([’dy . (515)

Next we will control the second term of the LHS by the first term of the LHS. To this end we consider
various cases. Suppose first that s € [%, 1) thatis @ € (—1,0] and € IR’ . Using the asymptotics of
Lemma[3.3 we get that

a
a n+1 yE
y2¢n+a71|v¢| ~ SR
(x% +y )4(7L+a 1)"" 4
whereas,
2n+a yE
y2 ¢n+a 1 ~ a@nta) (5.16)

(w3 + y2) D

We now apply Lemma [4.1] with the choice: A = §, B =0andI' = _antl) “%gz taking into account

4(n+a—1)

that 5 )
A4Br2—or=2-d=l

2ln+a—1)

Thus we get for some positive constant ¢ that
+oo a 2n+a +oo a n+1
/ / y2zoprta=T1|Vu|dzdy > 0/ / y2orteaT1|Ve||v|dady . (5.17)
0 i 0 R?

We next consider the case a € (0,1), xz € IR"} . In this case

y_%

a n+1
y2 ¢n+a71 ‘V(b’ ~ a(n+1) ?
(z7 +9°)
whereas,
2n+a y%
y2 ¢n+a 1 ~ a@nta) (5.18)

(:1:2 _|_y )4(n+a 1)

We now use Lemma [.7] with the choice A = §, B = 0and I' = 2 + 4(&7::“%)

— @ < land A+ B+4+2—20 = 90D o We then conclude that (5.17) is valid for all

taking into account that

(a3+y?)2 2ntast)
€ (-1,1).
In a similar manner for all ¢ € (—1,1) and x € IR" we get that
(1—a)(n+1)
a n+1 y 2+ n+a—1
y2 (Zﬁn«%afl ’V(b‘ ~ (2—a)(2n+a) ?
(;U% + y2) 4(n+a—1)
whereas,
+(1 a)(2n+a)
a 2n+a y2 n4+a—1
yz ¢n+a71 ~ G—a)@nta) * (5.19)

(Z'% + y2) 4(n+a—1)

This time we use Lemmad. 4l with A = —§ + (=9tl) ‘B — gand T = &-2Cnta) , noticing that

n+a—1 4(n+a—1)
2 — —1
A+B+2_2F:w>0’
2(n+a—1)
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thus obtaining
t+00 a 2n+a +oo a n+1
| tetwdsdy = e [ [ yiortt v lojdsdy (5.20)
0 n 0 R™

Combining (5.17) and we obtain the following L' Hardy estimate on the whole IR™:

+oo a 2n+a +oo a n+1
/ / y2¢nte—1 |Voldedy > c/ / y2¢nta—1 |Vol||v|dxdy . (5.21)
0 n 0 R
Using this in (3.13) we get that
+oo a 2n+a +oo 2n+a 2(n+1) 22(711(11)
/ / y2 ¢pnta—1 |Voldedy > ¢ </ / |pnta—Toy| 2nta da:dy) ) (5.22)
0 Bn 0 n

To continue we next set in (3.22) v = |w|»+=T and apply Schwartz inequality in the LHS to conclude
after a simplification

n+a—1

+oo N ) +oo 2(n+1) n+1
/ / Yy o7 |Vw|*dady > ¢ < / / |¢w|"+a1dﬂcdy> : (5.23)
0 n 0 "

which is equivalent to (5.14). The result then follows.

g
We are now ready to establish the Proof of Theorem [L6] part (ii).
Proof of Theorem[L6|part (ii): Again we will use inequality (3.13)). This time the result will follow once we
will establish the following inequality:

+oo
/ / y*|Vu — @uﬁd:ﬂdy >c /
0 n ¢ R

$(z,y) = (1 +wi>—%3<%">, y>0, z,€ R,

n+a—1
n

lu(z, o>|nffldm> , (5.24)
n

with ¢ given by

and B solves (3.3), (3.4).

Our starting point is again the following weighted trace Sobolev inequality, see [M]], Theorem 1, section
2.1.6, valid for functions u € C§°(IR" x IR) with u(z,0) =0,z € IR":

2n+a
—+o00 n 2n
/ / Y2 |Vuldedy > ¢ / lu(z,0)] mta di
0 n R

2n+a .
We set u = ¢n+e=Tp to obtain

+oo a 2n+a 2 +00 a n+1
/ / y§ ¢n+;71 ‘Vrv‘dxdy + ni_‘_a / / y§¢n+;§71 ’V(b”rl)’dxdy
0 R" n+a—1 0 R"

Zc(/]R

2n+a
2n

|t (z,0)v(z, o>|ziiadx> : (5.25)
n
Combining this with (5.21)) we get that

2n+a
2n
2n

—+oc0o a 2n+a 2n+a _2n
/ / yﬁ(anrafl ‘V?}‘dﬂj‘dy >c / ’¢7l+a71 (x70)v(x70)’2n+a dux ' (526)
0 n R?
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2n+a
We set v = |w| wta~1 and apply Schwartz inequality in the LHS to arrive at

2n+a

e 2 2 : e 2(nt1) 3 o n
(/ / Yo | Vuwl dwdy) (/ / |pw| na=1 d;pdy) >c / |(pw)(z,0)| nta-1dz

We next use the Sobolev inequality (5.23)) to conclude after a simplification

n+a—1

+oo n "
/ / Y2 VulPdady > ¢ ( / r<¢w><w,0>\—nfaldx> ,
o Jme R?

which is equivalent to (3.24)) and the result follows.

6 The General Case, Trace Hardy—Sobolev—Maz’ya I & 11

6.1 Trace Hardy—Sobolev—Maz’ya I

Here we will give the proof of Theorem part (iii). We first establish the following Hardy—Sobolev—
Maz’ya where only the Hardy term appears in the trace term.

Theorem 6.1. Let % <s<l,n>2andf) ;Cé IR™ be a uniformly Lipschitz domain with finite inner radius
that in addition satisfies

— Ad(z) >0, reN. (6.1)
Then there exists a positive constant c such that for all u € C3°(2 x IR) there holds
n—2s
+o0 _ 2(2.0 +oo 2(n+1) T
[ [ Vet Pasdy = d. [ S8 an ([ [ jutel 5 doay
o Ja o d*(x) o Ja
(6.2)
with 2 (342
- (1 —s) I (==
dy == (2 5] ) 6.3)
P2 (55%) T (s)
Proof of Theorem|[6.1l: From the proof of Theorem [L.I] we recall the inequality (2.11)), that is
+00 _ “+oo
/ / Y| Vu|?dady > ds / I d +/ / Y| Vu — uy dxdy
0 Q
d a
/ / vy W) wldady (6.4)
where ¢ is given by
oley)=d3@A(S), >0, zeq, (6.5)
and A solves 2.2), 2.3)).
The result will follow after establishing the following inequality:
n+a—1
+00 +oo di a +o0 2(n+1) nt1
/ / y“|Vu—@u|2d:Edy—/ / Muzdwdy >c </ / |u(3:,y)|n+atll d:ndy)
o Ja ¢ o Ja ¢ 0o Ja 66

To this end we start with the inequality, see [M]], Theorem 1, section 2.1.6,

+oo a +oo 2(n+1) i)
/ / y2|Vuldzdy > ¢ </ / |u(z,y)| 2nt+a d:ndy) , ue C°(Q x R),
0 Q 0 Q
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with the choice u = ¢»+e—Tv. Hence we obtain

+oo a _2n+a 2n a too a _ntl
/ /y2¢n+a1\vv\da:dy+ _nta / /ywn*“l\V(ﬁHv\dwdy
0 Q n-+a— 1 0 Q
2n+a
+oo nta  2(nt1) 2(n+1)
>c </ / |prta—Ty| 2nta dmdy) . (6.7)
0 Q

Next we will control the second term of the LHS using Lemma[4.3]. To this end we recall that for a € (—1,0)
we have the following asymptotics from Lemma 2.3

a n+1

a  _n+tl y2dnte-T

y2 ¢n+a71 ‘V(b’ ~ (24a)(2n+a) ?
(d2 + y2) 4(n+a—1)

whereas,
2n+ § dtas1
a n+a y2 n+a

y2 ¢7l+a71 ~ Cra)nta) (6'8)

(d2 +y ) 4(n+a—1)
We then use Lemmal4.3] with the choice A = 5, B = n:‘_jil and I' = % taking into account that

2— -1

ArBr2oor= 00D,
2ln+a—1)

to obtain the estimate

+o0 +00
yzdn+a 1 yzdn+a 1
/ / (@ + (2+a)(2n+a) lv|dzdy < Cy / / @+ CraEnta |Vou|dxdy

“a(nta-1) 2 “4(nta—1)

2n+a

+o0 yzdnJra 1
+C'2/ / [CETIETEm) |v|dzdy .
d2

2 “4(nta—-1)

From this and (6.7)) we have that

2n+a
oo a 2n+a +oo a 2n+a +oo 2n+a 2(n+1) 2(n+1)
yE e [Voldedy + yEomat oldady > o gFar0] S dady
0 Q 0 Q 0 Q

To continue we next set v = |w|»+e-1 and apply Schwartz inequality in the LHS. After a simplification we
arrive at:

nt+a—1

+o0 +00 +oo 2(n+1) n+1
/ /y % V| d:z:dy—l—/ /y P*widedy > C (/ / |pw]|n+a= > (6.9)

To conclude the proof of the Theorem we need the following estimate:

+o0 +oo oo
c/ /ya¢2w2dazdy§/ /ya¢2|Vw|2d:Edy—/ /div(yav¢)¢w2d$dy. (6.10)
0 Q 0 Q 0 Q

It is here that we will use the fact that the domain §2 has finite inner radius. Using Lemma 4.6l with A = a,
B = 0 we obtain that

400 aX2 2 400 +o00 ad Ad > 5
—wdxdy < / / _|Vw|?dzdy— / / wodzdy ,
/ / d2—i—y 23 d2+y 23 (@ +y2) "
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which implies
e oo too o yad(Ad)
/ / 2+a wrdzdy < / / 2+a \Vw|?dzdy— / / 2+a wldxdy .
d2 +y?) al2 +y?) 2 (a2 +
Taking into account the asymptotics of ¢ this is equivalent to (6.10). We omit further details.

We are now ready to prove Theorem [LT] part (iii).
Proof of Theorem[L1 part (iii): Again we will use (6.4). The result then will follow once we establish:

“+00 +00 d av nta—1
/ /y Vu — —U’ dxdy / / div(y"Ve) wdzdy > c(/ lu(z,0)| e 1dx>

where ¢ is as in (6.3)). To this end we start with the inequality, see [M]], Theorem 1, section 2.1.6,

(6.11)

2n+a

+oo 2n
/ /y2|Vu|d:Edy>c</ |u(z,0)] 2n+ad$> , ue (2 x R),
with the choice u = ¢n+a “Ty. Hence we obtain

oo a  2n+ta 2n+a oo a _ntl
| [ uter o weldady + 2P0 [T [ y80nti 9 uldady
0 Q n-+a— 1 0 Q

2n+a

2n+a 2n 2n
>c </ \gbnﬂlfu]mdx) . (6.12)
Q

Next we will control the second term of the LHS exactly as we did in the proof of Theorem[6.1, to arrive at

2n+a

+oo a 2n+a +oo a 2n+a 2n 2n
/ / y2 prte—1 |Vo|dedy —I—/ / y2zprtet|v|dzdy > ¢ </ |¢n+a 1v (z 0)|2n+ad$>
0 Q 0 Q

To continue we next set v = |w|»+a~1 and apply Schwartz inequality in the LHS to get after elementary
manipulations that

+o0 2(n+1) +o0 +o0
</ /|¢w|n+ald:ﬂdy> [/ /y“¢2|Vw|2d:Edy+/ /y“¢2w2d:pdy}
0 Q 0 Q 0 Q

2n+a

> C(/ \(bw(x,O)]nf:ldx) o (6.13)
Q

At this point we use Theorem [6.1]and inequality (6.10) to conclude the result. We omit further details.

O

6.2 Trace Hardy—-Sobolev—Maz’ya II

Here we will give the proof of Theorem part (iii). We first establish the following Hardy—Sobolev—
Maz’ya where only the Hardy term appears in the trace term.

Theorem 6.2. Let % <s<1l,n>2andf) ; IR™ be a uniformly Lipschitz and convex domain with finite
inner radius. Then, there exists a positive constant ¢ such that for all u € C3°(IR" x IR) with u(z,0) =0
for x € CS) there holds

n—2s
+oo ~ 2 +oo 1) L
/ / y1_25|V(x7y)u(:p,y)|2dazdy > k‘s/ “ 2(836, 0 dr +c (/ / |“(33,Z/)|27(“+21 d:ndy) .
0 n o d*(z) 0 n

(6.14)

with

_ 2254 P(1 - s)

ks := T(s) (6.15)
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Proof of Theorem[6.2: From the proof of Theorem [[.4] we recall the inequality (3.18)), that is

+00 _ +oo
/0 /JR Y| Vul2dedy > ks /dl — d +/ / y*|Vu — u]2dwdy

+o00 a
/ / Mqﬂdzdy, (6.16)
0 n ¢
where ¢ is given by
[ @RI, e y>o
Pay) = { (2 +d)iB(-1),  weco, y>o0, (17

and B is the solution of the boundary value problem (3.3)) and (3.4). The result will follow after establishing
the following inequality:

n+a—1
+o00 \v4 400 di ayy +oo 2(n+1) n+1
/ / y“|Vu——¢u|2d:Edy—/ / Muzdajdy >c (/ / |u(z,y)|nta-1 d:ndy)
0 n ¢ 0 n ¢ 0 n
(6.18)
To this end we start with the inequality, see [M]], Theorem 1, section 2.1.6,
2n+a
+oo a +oo 2(n+1) 2(n+1)
| vivuldedy = ¢ ( [ Gy dzdy) . weCER X IR),
0 n 0 n
with the choice u = ¢n2fjf Ty. Hence we obtain
+oo a n+a 2 t+o0 a n
/ / y% prta1|Vo|dzdy + ﬂ/ / y3 pata1|Vo||v|dzdy
0 n n+a— 1 0 R"
2n+a
+oo 2n+a 2(n+1) 2(n+1)
>c </ / |prFa=To| 2nta dwdy) . (6.19)
0 7

Again we want to control the second term of the LHS. This time we split the integral into the integral over 2
and the integral over C{2. Concerning the integral over C{) we use the asymptotics of ¢ as given by Lemma
B3lfor a € (—1,0) to get that

a  (1—a)(n+1)
y 2+ n+a—1

a _ntl
y2 (Zﬁn«%afl ’V(b‘ ~ (2—a)(2n+a) ?
(d2 + y2)m

whereas
’ + (1—a)(2n+a)
2n+a y2 n4+a—1
yz ¢n+a 1 ~ T

(
(d2 + yQ)W

This time we use Lemmald.dlwith A = —§ + (=9tl) ‘B — gand T = 2-2Cnta) , noticing that

n+a—1 4(n+a—1)

2 — -1
A+B+2_2F:w>0’

2(n+a—1)

thus obtaining
+oo a 2n+a +oo a n+1
/ / y2gnta=1|Voldzdy > 6/ / y2gnta=1|Vol|lv|dzdy , (6.20)
0 cQ 0 cQ

where we also used the convexity of 2.
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On the other hand in 2 the asymptotics of ¢ are also given by Lemma[3.3]as follows:

a n+1 y%
y2 (ZﬁnJrafl ’V(Zﬁ‘ ~ a(@nta) s
(@ 4y i
whereas,
2n+a yE
y2 ¢n+a 1 ~ a(onia)
(d2 4+ Y )4(n+a 1)
We next use Lemma[4.3] with the choice A = §,B=0andI' = % + % taking into account that
2 — -1
A+B+2_2I‘:(a)#>0’
2ln+a—1)

to obtain the estimate

/+00/ %
—— |v|dxdy
(d2 + y2)4<£2+a+ 1))+
“+00 —+00
y2d y2d
< Cl/ / ~nta) ]Vv]dxdy—i—Cg/ / O |v|dxdy
d2 4(n+a 1)+ d2 4+ y )4(n+a71)+§

+o00 +o00 y2 d
< C’l/ / T |Vv|da:dy—|—02/ / i) —|v|dzdy .
(d? 4 y2)itnta=1) (d? 4 y2)a0nta- 1)"‘

Equivalently, this can be written as

+oo a n+1
c / / y3 67T |V g lvldudy

+o0 +oo 2n+a d
/ /y2¢"+a 1|Vv|d$dy—|—/ /y2 pr+a-1 ———|v|dzdy . (6.21)
(@ +y?)2

Using (6.20) and (6.21) in (6.19) we arrive at

oo a  _2nta oo a d 2nta_
| vie Veldedy + | / yi— R ol dedy
0 Rn 0 Q  (d®+y?)z
2n+a
t+oo 2n+a 2(n+1) 2(n+1)
>c </ / |prFa=To| 2nta dwdy) ) (6.22)
0 n

To continue we next set v = |w|»+e-1 and apply Schwartz inequality in the LHS. After a simplification we
arrive at:

nt+a—1
+00 “+oo a 2 12 “+oo (n+1) n+1
/ / Y% | Vw|*dady +/ 2d ¢ w?dzdy > ¢ </ / P== ) (6.23)
0 Rn 0 od?+1y? n

To conclude the proof of the Theorem it is enough to obtain the following estimate:

~+o00 yed 2¢2 +0oo oo
/ / wldzdy < / / Y2 ?| V| dady — / / div(y?V)pw?drdy . (6.24)

It is here that we will use the fact that the domain €2 has finite inner radius. Using Lemma [4.6] with
A = a, B = 0 we obtain that

+o0 R +oo +oo Y d Ad >
/ / Z;a wrdzdy < / / 2+a \Vw|?dzdy— / / 2+;" wldxdy
(@ +y*)= d2 +y3) (@ +y2)
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which implies

+o0 +oo Foo
w? w?
—w dxdy < / / Vwl|“dzdy — / / dxdy .
gl /d2+y 2 @t d2+y =

Taking into account the asymptotics of ¢ this is equivalent to (6.24). We omit further details.

([l
We are now ready to prove Theorem [L4] part (iii).
Proof of Theorem[L4 part (iii): Again we will use (6.16). The result then will follow once we establish:
+o00 +oo di av n+5 !
/ / y*|Vu — —u| dxdy — / / div(y"Ve) u?dxdy > c</ lu(z,0)] s 1d:13>
(6.25)

where ¢ is as in (6.17). To this end we start again with the inequality,

2n+a

+oo 2n
/ / y2 |Vu|dedy > ¢ </ lu(zx,0)] 2n+adw> ,

valid for u € C§°(IR" x IR) with u(z,0) =0, x € CS2. We apply this to u = anratal v. Hence we obtain

oo a n+ta 2 +oo a n
/ / yE §7ET |Vl dady + —2 2 / / yi $7EET |V g o] dady
0 R" n+a— 1 n
2n+a

n+a 2n
>c </ |<;5"+a+ 1v|2n+a d$> . (6.26)

Next we will control the second term of the LHS exactly as we did in the proof of Theorem[6.2], to arrive at

t+o0 +oo y 2 d 2n+a 2n+a 2n ZZ:G
s R O ey 2 [ 1675 o, 002 d
n § Q

To continue we next set v = |w| ArasT and apply Schwartz inequality in the LHS to get after elementary
manipulations that

400 2(n+1) +00 5 +00 ad2 5 o
</ / ‘¢w‘n+a1d1’dy> [/ / Yy o*|Vw| dwdy—i—/ / 2T qﬁ dxdy]
0 Q

2n+a

20(/ |¢w(w,0)|n+251dx> T 627
Q

At this point we use Theorem [6.2] and inequality (6.24)) to conclude the result. We omit further details.
O

7 The Fractional Laplacians

In this section we will apply the previous results to establish the proofs of Theorems [I3], as well as of
part (iii) of Theorem [L.6].
Proof of Theorem[L3]: Part (i) and (iii) follow from part (i) and (iii) of Theorem taking into account the
relation between the energy of the extended problem and the corresponding one of the fractional Laplacian,
see subsection [8.1]and in particular relation (8.3).

We next prove part (ii). We will use the optimality of the constant d, of Theorem [L.T], that is for each
€ > 0 there exists a u. € C§°(2 x IR) such that

o0 fQ Y25 |V, |2 dedy

u2(z,0 ’
Q dQE( ))d:E

ds +¢>
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and let f.(z) = u.(x,0). We will show that for some positive constant c,

(-8 ferf)o

ds +ce > (7.1)
f2(x)
Q d%é) dzx
To this end let 7. be the solution to the extended problem
div(y' Vi (z,y)) = 0, in Qx(0,00),
te(x,y) = 0, x € 00 x (0,00) ,
Ue(2,0) = fe(z).
The solution 7. minimizes the energy and therefore
400 +oo
/ / y' |V Pdzdy < / / y' | Ve [dedy .
0 Q 0 Q
On the other hand using (8.3)) we have
+o0o 3 . 21—281" 1—3s
/ /yl 2|V [ dady = #((_A)Sfmfe)ﬂv
o Ja I'(s)
and (Z.1)) follows easily with ¢ = #‘9&_8)
O

We next give the proof of Theorem
Proof of Theorem[L3l Part (i) and (iii) follow from part (i) and (iii) of Theorem taking into account the
relation between the energy of the extended problem and the corresponding one of the fractional Laplacian,
see subsection [8.2]and in particular relations (8.7)—(8.8)).

The proof of part (ii) is quite similar to the proof of part (ii) of Theorem [L3], the only difference being
that the extension problem is now on the whole /R". We omit the details.

O

Finally estimate of part (iii) of Theorem follows at once from part (i) of Theorem and

(8.7). Concerning estimate (1.34), it follows from (I.33) taking into account that for z € IR",

n—1

/ d¢ w2 () 1
R

n ’w_§’n+2s - 23F("J528) w_%s’

see, e.g., [BBC].

8 Appendix

8.1 Spectral Fractional Laplacian

Let Q C IR"™ be a bounded domain, and let \; and ¢; be the Dirichlet eigenvalues and eigenfunctions of
the Laplacian, i.e. —A¢; = \;¢; in Q, with ¢; = 0 on 92, normalized so that fQ qﬁgdaj = 1. Then, for
f(z) => cipi(x) we define

(A f =) X, 0<s<l. (8.1)
i=1
We also have o
(“A)'f, fla = /Q F (=AY fde = 2N (82)
=1
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To the function f(x) we associate the “extended” function u(x,y), z € Q,y > 0, given by

“+oo

u(x7y) = Zcz¢z y\/7

i=1
where T'(t) is the energetic solution of the ODE:

1-2
(t1—25T/(t))/ - t1_28T(t) =0, or T" + TST/ —T =0, t>0. (8.3)

The solution of this can be taken from [AS], Section 9.6 and is given by

218
I(s)

where K(t) denotes the modified Bessel function of second kind. The constant factor is chosen in such a
way that 7'(0) = 1. As a consequence we also have u(z,0) = f(x).

An easy calculation shows that div(y =2V (¢;(2)T(yv/A;)) = 0 from which it follows that div(y!=2*Vu) =
0. An integration by parts then shows that

T(t) = =——t°K,(t), (8.4)

+00
/ / vy | Vulldzdy = lim 7‘1_23/ w(x, T)uy(x, 7)dx — lim 7‘1_23/ w(z, T)uy(x, 7)dx
0 Q T—+00 Q 70 Q
_ : 1-2s / R T 1-2s ! 5.2
= LEeroot T(t)T'(t) — Lim t' 72T ()T (t)} Z; A2
217257 (1 — )
= —————((—-A)° . 8.5
Where we used (8.2) and the fact that
21 2SP(1 )
: 1-2s ! o 1-2s !
tlgrnoot T()T'(t) %1_1()%15 T()T'(t) = T (8.6)
To prove the above relation we show that
21 2SF( )
. 1—2s / _ R F 1—2s /
tliinoot T@T() =0, %I—%t TOT) = I'(s)

These two relations are a direct consequence of and the following properties of K(t) :

Ky(t) ~ 21(82’5_ t—0, Ks(t)rv\/;e_t, t — +o0,
CERM) = —Ka0) Ko(t) = K_.(0)

8.2 Dirichlet Fractional Laplacian

Let u(z,y) be the extended function as defined in (I7)—(L8). In this subsection we will show the following
two relations connecting the energy of the extended problem and the energy of the Dirichlet fractional
Laplacian:

+oo 19 9 n+28 )|2
—2s — =\ 2 J i
/0 /ny |Vul*dzdy 7T2F /n/n |$_ |n+2s Ty gintes dwds (8.7
400 21-25(1
/ / y1_2S|Vu|2d:Udy — —)(( ) 1, f)]Rn . (8.8)
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We will use the Fourier transform in the x-variables:

n

ﬁ(n,y>::<2w>-zL/’ne-dw"u<m,y>d$.

The equation div(y'~2*Vu(z,y)) = 0 or equivalently Ay u + gy, + Juy = 0 with u(z,0) = f(x), reads
as follows when taking the Fourier transform

1-—2s

— 0P+ (@)yy + (W)y =0,  a(n,0)= f(n),

and it is satisfied by @(n, y) = f(n)T(|n|y), where T satisfies (83) and is given by (84).
Concerning the energies we have:

“+o00
/ yt=2 / \Vu]2dxdy
0 n

+oo
|0t [l + jaf?) dndy
0 R™
oo 1-2 21 £12172 2
= [ [ (PRl + Tl } dndy
0 R"

</]Rn \n!zs!f\2dn> </000t1_23[T2(t)+T'2(t)]dt> |

where ¢ = |n|y. We next compute the last integral. Multiplying equation (8.3) by 7', integrating by parts
and employing (8.6), we get

T asppe 2 1-2s /( 2!7%T(1 — 5)
£ (T2 (1) + T2 (1)]dt = 25T ()T (¢ dt( il ./ (8.9)
0 I'(s)
We finally recall the following relation (see, e.g., [FLS||, Lemma 3.1)
25| 712 Cns feP
dn = —————=—dxd
223 IP n+2s )|2
= —————=—dxdf . 8.10
T2D( 1—s // I:v—£|"+2s ¢ ®10

Putting together the last three relations we conclude (8.7)).
Finally, taking into account (I.23)) we easily obtain (8.8).
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