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An Adaptive Finite Element Method for Laser Surface Hardening of Steel

Problem

Nupur Gupta *, Neela Nataraj **

the date of receipt and acceptance should be inserted later

Abstract The main focus of this article is on the development of an adaptive finite element method for the
laser surface hardening of steel, which is an optimal control problem governed by a dynamical system consisting
of a semi-linear parabolic equation and an ordinary differential equation. A posteriori error estimators are being
calculated, for the variable representing temperature and austenite, using residual method when a continuous
piecewise linear discretization has been used for the finite element approximation of space variables and a
discontinuous Galerkin method has been used for time and control discretizations. The estimators are used in
the implementation and numerical results are obtained.

Keywords: Laser surface hardening of steel problem, Adaptive finite element method, Residual type estima-

tors, a posteriort error estimates.

1 Introduction

In this paper, we develop a posteriori error estimates for the the approximation of the variables representing
temperature and austenite in the optimal control problem describing the laser surface hardening of steel. The
purpose of surface hardening is to increase the hardness of the boundary layer of a workpiece by rapid heating
and subsequent quenching (see Figure 1). The hardening effect is achieved as the heat treatment leads to a
change in micro-structure. A few applications include cutting tools, wheels, driving axles, gears, etc.

The mathematical model for the laser surface hardening of steel has been studied in [13] and [17]. For an
extensive survey on mathematical models for laser material treatments, we refer to [26]. In this article, we
follow the Leblond-Devaux model [13] which is described below:

Let 2 C RQ, denoting the workpiece, be a convex, bounded domain with piecewise Lipschitz continuous
boundary 92, Q = 2 x I and ¥ = 92 x I, where I = (0,T), T' < oo. The evolution of volume fraction of
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Fig. 1: Laser Hardening Process

austenite a(t) for a given temperature evolution 6(t) is described by the following initial value problem:

dha = [+(0,a) = %[aeq(fn —ds Q (1.1)

a(0) =0 in £, (1.2)

where aeq(0(t)), denoted as aeq(6) for notational convenience, is the equilibrium volume fraction of austenite
and 7 depends only on temperature. The term [aeq(f) — a]+ = (aeq(0) — a)H(aeq(0) — a), where H is the

Heaviside function

1 s>1
H(s) =
0 s<0,
(aeq(0) — a) + |aeq(0) — a
2 .
Neglecting the mechanical effects and using the Fourier law of heat conduction, the temperature evolution

denotes the non-negative part of aeq(0) — a, that is, [aeq(0) — a]+ =

can be obtained by solving the non-linear energy balance equation given by

pcp0i — KAQ = —pLay +ou  in Q, (1.3)
0(0) =6y in £2, (1.4)
vOn=0 onlX, (1.5)

where the density p, the heat capacity cp, the thermal conductivity K and the latent heat L are assumed to
be positive constants. The term u(t)a(x,t) describes the volumetric heat source due to laser radiation, wu(t)
being the time dependent control variable. Since the main cooling effect is the self cooling of the workpiece,
homogeneous Neumann conditions are assumed on the boundary. Also, 6y denotes the initial temperature.
To maintain the quality of the workpiece surface, it is important to avoid the melting of surface. In the
case of laser hardening, it is a quite delicate problem to obtain parameters that avoid melting but nevertheless
lead to the right amount of hardening. Mathematically, this corresponds to an optimal control problem in

which we minimize the cost functional defined by:

J _ B 2 B2 [T 2 Bs [T 2

0,a,u) == [ |a(T) — aq|"dz + = [0 — O] dads + = lu|ds (1.6)
2 Ja 2Jo Jo 2 Jo

subject to the state equations (1.1) — (1.5) in the set of admissible controls U,g,



where Uyq = {u € U : |lullz2(;y < M} is a closed, bounded and convex subset of U = L%(I), denoting
the admissible intensities of the laser, (1,82 and (3 being positive constants and ay being the given desired
fraction of the austenite. The second term in (1.6) is a penalizing term that penalizes the temperature above
the melting temperature 0y,.

The authors of [1] and [17], have regularised the right hand side function in (1.1) and have established
results on existence, regularity and stability. This approach seems to be common in all subsequent literature
not only for existence results but also for numerical approximations. In [14], the existence of the solution of
the original problem has been established. Laser and induction hardening has been used to explain the model
and then a finite volume method has been used for the space discretization in [18]. In [19], the optimal control
problem is analyzed and error estimates for proper orthogonal decomposition Galerkin method for the state
system are derived. Also a penalized problem has been considered for the purpose of numerical simulations.
A finite element scheme combined with a nonlinear conjugate gradient method has been used to solve the
optimal control problem and a finite element method has been used for the purpose of space discretization
in [31]. In [15] (respectively, [16]), a priori error estimates are developed for a finite element scheme in which
the space discretization is done using conformal finite elements (respectively, discontinuous Galerkin method),
whereas the time and control discretizations are based on a discontinuous Galerkin method.

Adaptive Finite Element Methods (AFEMSs) are amongst one of the important means to boost the accuracy
and efficiency of the finite element discretization. It ensures higher density of nodes in certain areas of computa-
tional domain, where it is more difficult to approximate the solution. Estimates obtained are called a posterior:
error estimates as they depend on the approximate solution and data given, and the refinement/coarsening
of meshes is done based on the estimate for the discretization error. A posteriori error estimation for finite
element methods for two point elliptic boundary value problems began with the pioneering work of Babuska
and Rheinboldt [2]. The use of adaptive technique based on a posteriori error estimation is well accepted in the
context of finite element discretization of partial differential equations, see Bank [3], Becker and Rannacher
[4], [7], [8], Eriksson and Johnson [10], [11], Verfurth [30].

Two approaches, namely the residual and dual weighted residual (DWR) methods based a posteriori error
estimates have been studied for elliptic, parabolic, non-linear and optimal control problems in literature. While
residual based methods are useful in estimating error in L? or energy based norms involving local residuals of
the computed solution, DWR method is useful in estimating the error bounds not only in energy norm and
L? norm but also on some quantity of physical interest, like, point value error, point value derivative error,
mean normal flux etc. (see [7], [8] and [29]).

For a posteriori error estimates for elliptic equations using residual (resp. DWR) method, see [2], [3] and
[30] (resp. [4], [7], [8]), just to mention a few. AFEM for linear parabolic problems are also studied in [10],
[11] using residual type estimators and in [4] using DWR type estimators, and the references cited therein.
In [27], a priori and a posteriori estimates using DWR method have been developed for the optimal control
problem governed by parabolic equations, where laser surface hardening of steel problem is considered as one
of the applications. Energy type error estimation for the error in the control, state and adjoint variables using
residual method are developed in [21], [23] and [24] in the context of distributed optimal control problems
governed by elliptic equation subject to pointwise control constraints. These techniques are also been applied
to optimal control problem governed by linear parabolic differential equations, see [22] and [25].

In this article we will discuss residual AFEM for the laser surface hardening of steel. In [15] and [16], a
priori error estimates are developed for the same problem and non-uniform meshes (more refined near the
heated zone and coarse far from the operational area) are used in implementations. Even though it has been

observed that non-uniform meshes are helpful in yielding the desired numerical results which justify theoretical



estimates, practically, they are quite expensive as the mesh used for the approximation, chosen a priori, is
independent of the approximate solution of the problem. To overcome this, in this article, residual based a
posteriori estimates has been developed and the refinement of the triangulation near the heating zone is done
based on these indicators.

The outline of this article is as follows. Section 1 is introductory in nature. In Section 2, the regularized
laser surface hardening of steel problem and its weak formulation are stated. Section 3 gives details of the space,
time and control discretizations. In Section 4, a posteriori error estimates corresponding to residual approach
is developed. In Section 5, adaptive refinement algorithm is described and the results of implementations are

presented.

2 The Regularized Laser Surface Hardening of Steel Problem

For theoretical, as well as computational reasons, the term [aeq —a]+ in (1.1) is regularized and the regularized

laser surface hardening problem is given by:

uenelil?ad J(Oe, ae, ue) subject to (2.1)
Otae = fe(Oe,ae) = @(aeq(&) — ae)He(aeq(fe) —ae)  in Q, (2.2)

ac(0) =0 in £, (2.3)

pcpdibe — K A O = —pLdiae + aue  in Q, (2.4)

0c(0) =69  in £2, (2.5)

%f; =0 onX, (2.6)

where He € CP1(R) is a monotone approximation of the Heaviside function satisfying He () = 0 for = < 0.

We now make the following assumptions [19]:

(A1) aeq(z) € (0,1) for all z € R and [[aeql/c1(r) < Ca;

(A2) 0<z <7(x) <7 forallz€Rand ||7[|c1(r) < er;

(A3) 6p € Hl(.Q)7 0o < 0, a.e. in §2, where the constant 6, > 0 denotes the melting temperature of steel;
(A1) a € L¥(Q);

(A5) we L3(I

(AG)

Remark 2.1 Now onwards, since the finite element approximation of the regularized problem will be considered
in the sequel, for the sake of notational simplicity (fe,ae,ue) and fe will be replaced by (0,a,u) and f
respectively, throughout the paper.

Let V = HY(2) and H = L?(£2), and (-, -)(resp. (v)1,2) and || - ||(vesp. || - ||I1,2) denote the inner product
and norm in L?(£2)(resp. L?(I, L*(£2))). The inner product and norm in L?(I) are denoted by (-, “)r2(r) and

-l 12(1), respectively. The weak formulation of the regularized version of laser surface hardening of steel



problem (2.1)-(2.6) is given by:

min J(0,a,u) subject to (2.7)
u€Uqq

(Ora,w) = (f(0,a),w) Ywé€ H, ae.inl, (2.8)

a(0) =0, (2.9)

pep(0:0,v) + K(v0, vv) = —pL(0ta,v) + (au,v) Vv €V, ae. in 1, (2.10)

0(0) = 0o, (2.11)

where (0(t),a(t)) € V x H. The following theorem ([31], Theorem 2.1) ensures the existence of a unique
solution of the system (2.8)-(2.11).

Theorem 2.1 [31] Suppose that (A1)-(A6) are satisfied. Then, the system (2.8)-(2.11) has a unique solution
(0,a) € H"' x Wh°(I; L (2)),
where HYY = L2(I; HY(2)) 0 HY(I; L2(R2)). Moreover, a satisfies
0<a< ae in@Q.

For existence of the solution of the of the original laser surface hardening of steel problem, we refer to ([14],
Theorem 3.2).

Remark 2.2 [31] Using Theorem 2.1, (A1)-(A2) and the definition of the regularized Heaviside function He,

there exists a constant cy > 0 independent of ¢ and a such that

maX('lf(97 a)HL“’(Q)7 ||fa(97 a)HL"O(Q)7 Hf9(07 a)HL“’(Q)) < Cf
for (0,a) € L*(Q) x L>(Q) which satisfy (2.8) - (2.11).
The existence of the optimal control is guaranteed by the following Theorem ([31], Theorem 2.3).

Theorem 2.2 Suppose that (A1)-(A6) hold true. Then the optimal control problem (2.7)-(2.11) has at least

one (global) solution.

Let u* € Uyq be a solution of (2.7)-(2.11) and (6*,a") be the solution of the corresponding state system. In

the following lemma, we state the existence and uniqueness result of the corresponding adjoint system.

Lemma 2.1 [31] Let (A1)-(A6) hold true and (6*,a*,u*) € X XY X Uyq be a solution to (2.7)-(2.11). Then
there exists a unique solution (z*,\*) € HY x HY (I, L*(£2)) of the corresponding adjoint system defined by:

—(, N + (¥, fa(07,a")(pLz" = A*)) =0 Vo € H, ae inl, (2.12)

A(T) = Br(a™(T) = aq), (2.13)

—pep(9,0027) + K(V, 727) + (6, fo(07, ") (pLz" — 7)) = Ba(¢, [0" — Om]+) (2.14)
Vo eV, ae. inl,

25(T) = 0. (2.15)

Moreover, z* satisfies the following variational inequality

<ﬁ3(u* —ug) +/ azdx, p— u*) >0 Vp€Uyy. (2.16)
2 L2(I)



3 Discretizations

In this section, we describe a temporal discretization using a discontinuous Galerkin finite element method and
a space discretization using continuous piecewise polynomials. The control is being discretized using piecewise

constants in each discrete interval I, n =1,2,--- N.
Time Discretization

In order to discretize (2.7)-(2.11) in time, we consider the following partition of I:
O=to<t1 <...<tny="T.

Set It = [to, t1], In = (tn—1,tn], kn =tn —tp—1, for n =2,..., N and k = ax ky,. We define the spaces
_n_

q .

Xi={¢:1—-V; ¢lr, => t! 1, €V}, €N, (3.1)
j=0
q .

Vi={¢:1—H; ¢lr, = ;t’ 1 € H}, geN. (3.2)
j=0

For a function v in XZ or Y,f, we use the following notations:

vn = v(tn), vf = t_gm_i_ov(t) and [v]n, = v} — vn.

Then the dG(q) discretization of (2.7)-(2.11) reads as:

min J(0g,ax,ur)  subject to (3.3)
up€UqGq
N N-1
> @rag,w)r,.0 + Y (arln, wi) + (af g, wg) = (F(0r, ar), w) 1,0, (3.4)
n=1 n=1
ax(0) = 0, (3.5)
N N-1
pep Y (010k,v)1,,0 + K(V0k, v0) 1.0+ pcp > (0kln, vi) + pep(63 0, v0 )
n=1 n=1
= —pL(f (6, ar),v)1,0 + (Qup, v) 1,0 + pep(f0,vg ), (3.6)
0x(0) = 0n0 (3.7)

for all (v, w) € X,Z X Y,f and 60y, ¢ is suitable approximation of 6.
The adjoint system corresponding to (3.3)-(3.7) obtained from Karush-Kuhn-Tucker (KKT) conditions is
defined by: find (27, A;) € X} x V)7 such that

N N—-1
= @ 0N 12— D, (Pn, [Niln) = = (¥, fa 0k, ak) (pL2 — AQ)) 1.2, (3.8)
n=1 n=1
Ao(T) = Br(ai(T) — ag), (3.9)
N N-—1
—pep > (,0t2) 1.0 + K(Vh, Vzi) 1,0 — pep Y (6n, [2]n) = — (@, fo (0, ar)(pLzk, — Np))1.0
n=1 n=1
+062(9, [0 — Om]+) 1,02, (3.10)

25(T) = 0, (3.11)



for all (¢, ¢) € XZ X qu . Moreover, zj, satisfies the following variational inequality

<,63uz +/ azpdr, p— uZ) >0 VpeUy- (3.12)
Q L3(I)

Space Discretization

We describe a space discretization for (3.3)-(3.7) using a continuous Galerkin finite element method. Let
75, be an admissible regular triangulation of {2 into triangles/quadrilaterals K. Let the discretization parame-

ter h be defined as h = Ir{naq)g hi, where hy is the diameter of K. Let the finite element space V}, C V consist
€7h

of globally continuous functions which when restricted to K € 7}, are piecewise polynomials.

q .
Let X{, ={¢:1—Vi; ¢lr, =Y _vit! v €Vi}, g€N. (3.13)
j=0

Then the space-time discretization of (3.3)-(3.7) reads as:

min  J(Ogp, aph, urn) subject to (3.14)
Ukh€EUad
N N-1
Z(atakmw)ln,() + Z ([an]n, wi ) + (aﬁh,mwé) = (f(Orh, arn), w) 1,0, (3.15)
n=1 n=1
akh(O) = 07 (316)
N N-1
pep > (0eOkn,v) 1,0 + K(V0kn, Vo) 1,0+ pep > (Bknln,vi) + pep(O, 0500 )
n=1 n=1
= —pL(f(On, arn),v) 1,0 + (Qugn,v)1.0 + pep(fo, vy ), (3.17)
Orn(0) = On0, (3.18)

for all (v,w) € Xllc]h X Xlgh and (Opg,apk) € Xlgh X XghA

Remark 3.3 Although, for the computational ease, the finite element space Xgh has been used to discretize
the variables 6 and a, where approximation is done using continuous functions, the variable a can also be

approximated using discontinuous polynomials.

The adjoint system corresponding to (3.14)-(3.18) is defined by: find (25, Ags) € X[, x X}, such that

N N-1
= (W, 0N 1.2 — Y (n, Ninln) = =@, fa(Ons akn) (PL2kn — Nen))1.025 (3.19)
n=1 n=1
Ain(T) = Bi(agn(T) — aq), (3:20)
N
—pep > (,0t2) 1,0 + K(V), Vain) 1,0
n=1
N-1
—pep Y (n, [zknln) = —(8, fo(Okn, akn) (Lzin — Mon)) 1,2 (3.21)
n=1
+B2(9; [Okn — Oml+) 1.0 (3:22)
zn(T) = 0, (3:23)

for all (¢, ¢) € Xlgh X XIZh' Here, zj;, satisfies the following variational inequality

<ﬂguzh +/ azppdz, p— UZh) >0 Vp€Uy. (3.24)
2 L2(1)



Complete discretization

In order to completely discretize the problem (2.7)-(2.11), we choose a discontinuous Galerkin piecewise
constant approximation of the control variable, u. Let U; be the finite dimensional subspace of U defined
by

Uy = {vg € L*(I) : vgl1, = a constant} VYn=1,2,--- N.

Let Ugqq = UgNUqyq and o = o(h, k, d) be the discretization parameter. The completely discretized problem

reads as:

min  J(0o, a5, uq) subject to (3.25)

Us €U, ad

N

> (Orac,w)r, .0+ Y (acln, wi) + (af g, wy) = (f(05,a0),w)1,0, (3.26)

n=1 =
a0 (0) = 0, (3.27)

N—-1

pCp Z(@tamv)[mg + K(Vbo,70)1,0 + pcp Z [Oo]n,vit) + pcp(HIO,vS') (3.28)

n=1
7pL f(907a0)7v)l,ﬁ + (auU7U)I,Q7+pCp(6O7USF)7
05 (0) = 00, (3.29)

for all (v,w) € X}, x X}, and where (05,a5) € X}, x X},
The adjoint system corresponding to (3.25)-(3.29) is defined by: find (z5,A5) € X, x X{, such that

N N-—1

= 00510 = > (n, Noln) = —(&, fa(63,a5) (pLz5 — A5))1,02,(3.30)
n=1 n=1

Aon = Bi(az(T) — ag), (3.31)
N N-—1

—pcp Z(d% Ozg)1,,0 +K(Vo,Vza)1,0 — pep Z (fn, [25]n) = —(, fo(05,a5) (pLzs — A5)) 1,0

n=1 n=1

+ B2(e,[05 — Om]+)1,0, (3.32)

ziN =0, (3.33)

for all (¢, ¢) € XZh X Xgh. Moreover, z}; satisfies the variational inequality,

<ﬂ3u§ +/ azpdz,p — uz) >0 VpeUgqa- (3.34)
2 12(1)

4 A Posteriori Error Estimates

In this section, a posteriori error estimates using residual method is developed for the purpose of adaptive
refinement. A use of AFEM helps in obtaining meshes which are solution and data dependent.

Residual methods are important, when estimating errors in global norms are crucial. We have used residual
method to calculate the a posteriori error estimates for the temperature 6, austenite a and control u, in
L>®(I,L?(£2)) and L*(I) norm, respectively. These estimates are then used in the next section for the purpose

of numerical experiments. The following results would be necessary for developing the estimates.



— Average interpolation Operator [20], [22] : The average interpolation operator 7, : V. — V}, satisfies

the following error estimates: for v € H'(£2),

o — vl gy <C Y. R olgm gy, v€ HME'), 1=0,1, <m <2 (4.1)
K'eTy,

KNK'#

— Trace Inequality [20], [22]: For Vv € Hl(K)7

_1 1
Iollaqon) < © (ki ol + ol ) (12)
— Space-time interpolation operator [20], [22]: Let ¢; € X}/, be the interpolant of ¢ defined by

¢I|f2><]n :ﬂ-h,nﬂ-nd) n= 1727"'7N7 (43)

where ), ,, is the average interpolation operator satisfying (4.1) and mn : C(I,V) — Py(In) is the

L2-pr0jecti0n operator, satisfying
1 1
16— mndllr, i < CkET 107 1, . (4.4)

Then,

¢ —o1ll1,.x <o —mndll1, .k + lTnd — o1, K

< C(k%+1||55+1¢||1n,1( + h%(H(bHL?(ImHz(K)))- (4.5)

Now, we state and prove Theorems 4.4 and 4.5 in which the a posteriori estimates for the laser surface
hardening problem are derived. The development of a posteriori estimates for the optimal control problem
governed by a non linear system considered is quite technical and the ideas for the proof is motivated by a

posteriori estimates for optimal control problems governed by linear parabolic problems [22].
Theorem 4.3 let (0,a,u) and (0o, a0, us) be respectively the solutions of (2.7)-(2.11) and (3.25)-(3.29) with
(2,A) and (2o, Ao) as the corresponding adjoint solutions. Then, we have
N
2 2 2
lu—uollz2(ry < C(HISX|0¢| >0 > lzo + Bsuclizar, k) + 2o — 2u, HI,Q) Vk < ke where € > 0(4.6)

n=1TeTy,

where (zu, , Au, ) is the adjoint solution of (2.7)-(2.11) for control us and k is represented by o = (h, k,d).
Proof: From mean value theorem for v € (0,1), we have

7 (u+ v(u — uo))(u — ug)?
7 () (u =) + 5 (u+ v(u — ue)) (u — us)?® — 5 (u)(u — uo)?
7" () (u = ug)? = 15" (u+ v(u—uo))(u — uo)? — " (u)(u — us)?.  (4.7)

(7' () = §' (uo)) (u — uo) =

IN

Function j” is defined by

3" (u)(p1,p2) = B3(p1,p2) — (pLz — X, fo,0(6,a)8060 + f,4 (6, a)600a + fa.a(9, a)dada + f4,0(0,a)006a)(4.8)



10

where (66, da) is the solution of the problem, see [19]

pep(0:60,v) + K(V0,Vv) = —pL(dda,v) + (adu, v),

36(0) =0,
(Otda, w) = (f9(0,a)00 + fa(0,a)da,w),
0a(0) = 0.

Using assumptions (A1)-(A2) and by (4.8), we obtain that j is C? in L?(§2). Therefore, there exists ¢ > 0
such that,

. 2 20 2 : 2
15" (4 v(u = o)) (= o)™ = " (u) (u = o) < S llu—vollzzry i flu—uolzam) <e
From [14], we have uy, — u in L?(I), therefore there exists ¢ > 0 such that
|lw— ug||2L2(I) <e Vk<ke.

Using (4.9) in (4.7), we obtain

() — 5 (o)) (1 — 10) < 57 () — ) — 2

il = o 2. (4.9)

From second order optimality condition there exists § > 0 (see [Thoerem 3.8,Lemma 4.6, [9]]) such that,
3" (W) (u = ug)? = lu — uoli2(ry. (4.10)
Using (4.10) in (4.9), (2.16) and (3.34), we obtain

2l = o221y < 7' () — ) — 5 (o) (1 — )
< Jo (ue)(u = ue) — 5 (ue) (u — us) + jo (uo) (u — uo)
= (/Q a(zo — zu, )dx,u — Us )1 + (/Q azodx + B3uq,u — ug)J.

Using Cauchy-Schwartz and Young’s inequality with Young’s constant as 6/4, we obtain

N

1 2 2 2

= ol < 0 myxial = 5 oo + Buuolar, s + oo — 0o l0) Vb < ke
n=1TeTy,

Theorem 4.4 For a fived control us € Ugq g4, let (Ou,,au,) and (0c,as) be respectively the solutions of
(2.8)-(2.11) and (3.26)-(3.29) with (zu,, Au,) and (2o, As) as the corresponding adjoint solutions. Then,

N
2wy — 2oll? + [Aus — Aol? < C(Z D> Wik + 10, feaHQ),

j=1n=1KeT,

where

Mo = hicllrz(@, )17, s

rz(z,t) = —(pcpOizo + B2[00 — Om]+ + KAzs + Pcp[zall—zfl — f9(0o,a0)(pLzs — Ao))
15 n i = k(100 = Oml+ 117, 1 + 14207, x + IpL2e = Aoll7, x);

n%,n,K = h%(HIC[VZU]‘HH%Q(ImLZ(aK))7 ni,n,K = HZUH%“}@

M2 n i = knlllzoln-117, & M6n.x = knllpLze — XollF, K

2 2 2 2 2 2
MK = H)‘U”Ivans,n,K = HZU”In,Krng,n,K = knl[[Aoln—1%-

(4.11)
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Proof: Consider the auxiliary problem defined by: for given g € L2(I, L?(£2)), find ¢ such that

pepdis — KAG + pLfg(Ouyau, )b = g in Q, (4.12)
vén=0 on X, (4.13)
$(0) =0 in £, (4.14)

where 7¢.n denotes the outward normal derivative to 8§2. Then the solution to (4.12)-(4.14) satisfies (see

[12):

9l Lo (r;22(2)) < Cllgllre, 9llL2m(2) < Clglr,a. (4.15)
¢l L2 (r;m2(2)) < Clglle, 10:dlr,0 < Cllgll,g- (4.16)
Substitute g = z5 — 24, in (4.12) and consider
, T
o = 2uclifia = [ (o = zuspepits = KAG + pLfo(Ou,,)0) ds
- Z/ ( pep(@ulzo — 7002 8) + K(T (20 — 2us), 79)
N
+ (Lo (Ouc 1)z = 20.),0) s = pep D ([t ). (4.17)

n=1

Adding and subtracting the terms (82[06 —0m]+, @), (fo(0o, ac)(pLzo—As), }), (fo(Ou, ,au, ) Au, , P), pcp([z‘fllin—l7 ®)

on the right hand side of (4.17) and using (2.12)-(2.15), we obtain

N

o — 2l =3 [ / (—pcp@tza,d») — (Ballor — Ol 8) + K (V0. 70)

n=1 In

+ (fo(0o, a0)(pLzo — Ao), &) + B2([00 — Om]+ — [Bu, — Om]+, @)
~ (e EZE=L )k (B2 1) - (O 00D — fo 00D )

+ (Lo (Ou 002 = folOr,20))30,9) )| (418)
Adding (3.32), with ¢ replaced by ¢, to the right hand side of (4.18) and then, adding and subtracting
(pep [Za]" 17¢[) we have
N
2o = 2u, 7.0 = Z {/ < — pcp(Btzo, ¢ — 1) — (B2[00 — Om]+, ¢ — b1) + K(V 20, V(0 — ¢1))
n=1 n

+ (fG(egvaU)(pLZU - )‘0)7¢ - ¢I) + (pL(f9(9U07auo) - f9(‘9<77a0))2<77¢)

4 Ba([00 — Ol — Ouy — Omls ) — (pep D=L 6 61) 4 (fo(Os ao) e — Fo(Oun s @y Vs )
[Zd]nfl
kn

kn

+pc}0( ) (¢I)n—1 - ¢I + ¢ - ¢n—1)) d3:|
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Integrating the 37¢ term on the right hand side by parts and grouping the terms, we obtain
2
2o — Zua||1 2

B30 [/I (= trertrzo + Kzo = foBr.a3)(pLi0 ~ 2o) + pep 22 4 3ol 06 -

n—= 1KETh

b1 K

+ K:([VZU]H7¢ - ¢1)L2(6K) + /62([90 - 0m]+ - [aua - 9m]+7¢)K + (f0(907a0))‘0' - f0(9u67aug)>\ug7¢)](

(Lo Oy au,) — fo(O0ra0)) 20, )5 + pep( Z "]” L (b)no1 — b1+ — dno1)k ) ]
=N"+To+ T3+ TJs+ Ts + Ts, say,

Let rz(z,t) = —(pcpdizo + KAzs — fo(0s,a0)(pLze — Ao) + pcp[zal]cin_1 + B2[00 — Om]+). Then
n

Z Z/ (rz(z,t), mnd — &) de—&—z Z/ rz(z,t), ¢ — o) K ds

n=1KecT;, n=1KecT;,
Using Cauchy-Schwarz’s inequality and (4.1), we obtain
Z > / r2(,t), T — ¢r)Kds < CZ 7 bikllre (@, )5, k6l L2 (1, ;12 (1))
n=1KeT, n=1KeT),
Use Cauchy-Schwarz’s inequality and definition of the L2-projection operator to obtain

N
Z 3 / ra(@,8), 6 — mad)ds < C S S kallllfe — Ol 11 + 1A% 1,k

n=1KeT, n=1KeT,
+ lpLzo — Aol 1, 5)0: 91, K »

Using (4.21) and (4.22) in (4.20), we obtain
D <C Z > (hKHTz )1, &0l L2 (1,12 (k) + kn([[[00 — Om] 41,k + 14201,k
n=1KeT,

+ |lpLzo — )\UHITL,K)”atd)”ImK)'

Using Cauchy-Schwarz’s inequality, (4.1) and (4.2), we obtain

J2 < C( Z > ¥ «lIK[Vzo]. n||L2(1n,L2(aK))||¢||L2(1n,H2(K)))
n—= 1KETh

Consider,

N
Z Z / (Ba(100 — Omly — [0 — Oml ), de<02 S 160 — u 11, i I, i
n=1KeT,

n=1KeT,

Using Remark 2.2 and Cauchy-Schwarz’s inequality, we obtain

(4.19)

(4.20)

(4.21)

(4.22)

N
> S [, (0000020 = 000 s o< 3 o el

n=1KeTy,

Repeating similar calculations as for the term J4, we obtain

Z > / (PL(fo(Ouy s au, ) — f0(907ao))za7¢Kd3<C<Z > ||zUan,KH¢Hzn,K)

n=1KeT,, n=1 KTy
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Also, we have

(pcp([zlflli’z—l7 (¢I)n—1 - ¢I + ¢ - ¢n—1)K) ds

n=1KeT, "
N 1
<o(X X bhltolotl (10, + 10l i ) )
n=1KeT,
Now consider the auxiliary problem: for G' € L?(I, L*(£2)), find ¢» € H' (I, L?(£2)) such that
0t — fa(Ouy,au,)p =G in Q, (4'23)
$(0) =0 in 0. (4.24)

(4.23)-(4.24) has a unique solution and we have (see [12]):

1Vl (r;n2(2)) < ClGl1,e, 10910 < CIG1,q- (4.25)

Let G = Ao — Ay, in (4.23) to obtain
5 T
e = Mol = [ O = N 05 = (B0, )0)ds
0

Z[/( (Ao Aua)¢)f(fa(ea,aa)(Aa—Aug),¢))ds

—(Aoln-1, %-1)] : (4.26)

Adding (3.30), with % replaced by %7, to the right hand side of the (4.26), we obtain

Ao = A, ll70 = Z > [/ <m 2,1),% — 1)k — ((fa(Ouy au,) = fa(0o,a0)) Ao, 1) K

n=1KeT,
— (pL(fa(b5,a0) = fa(Ou,,au,)) 20, V) Kk — (PLfa(Ouy, au, ) (20 — 2u, ), V) K

Bolnot ()t + 40—y — )i ) ]
= .77+Js + Jo + J1o0 + J11, say (4.27)

+ (=

where 7y (z,t) = —0tAo + fa(Oo,a0)(pLze — As) — [)\a]n 1

(4.5) and proceeding in a similar way as (4.21) and (4. 22) we obtain

. Using Remark 2.2, Cauchy Schwarz inequality,

j? == Z Z / ’r‘/\ Z, t ’(/) 1/)[)}( dS < C<Z Z anpLZg —)\gH[mKHaﬂ/)H]mK) (4.28)

n= lKeTh n=1 KTy

Js = Z > / (fa(Oug s auy) = fa(0a,a0)) e, 1) de<02 > Polln,. gl k. (4.29)

n=1KeT, n=1KeT,

Similarly,

N
Jo<CY > ol k¥l x (4.30)

n=1 KGTh
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and
N
Ji0<CY > 2o = zug 1, x 1Vl & - (4.31)
n=1KeT,
N 1
T < C(Z S kR IDolnot i (I0brlr, 1 + Hatzpnfn,m). (4.32)
n=1KeTy,

Now adding (4.19) and (4.27), using estimates for J; to J11 and then using (4.15)-(4.16) with g = zu, — 2o,
(4.25) with G = Au, — Ao and Young’s inequality, with Young’s constants chosen appropriately, we obtain

9
2 2 2 2
oo = zuc 0+ e = ol 0 < O o msc + 100 = Ou ). (4.33)
=1

where 7; p, j,4 = 1,- - -, 11 are defined in (4.11). This completes the proof. O

Theorem 4.5 For a fived control us € Ugq g4, let (Ou,,au,) and (0c,as) be respectively the solutions of
(2.8)-(2.11) and (3.26)-(3.29). Then,

N 13
2 2 2 2
18us — 0012 + 0w, —as|2<C S 3 (znj,n,K+na,n,K),

n=1KeT; \j=10

where
Mok = Piclro@ )7, x»
ro(z,t) = pcpdibs — aus + pLf(0s,a0) — KAOs + pep [0,;’71",
Tiinx = knllpLf(0s,a0) — KAOs |7, K (4.34)
Mom i = h%(HIC[VHU]'n||2L2(In,L2(6K))7 Mz i = knll0onl %,

Nan i = kil f (0, a0)l7, & + knlllac]y |-

Proof: Consider the problem: for a given g € L?(I, L?(£2)), find v € H'(£2) such that

—pepdiv — KAv + pLFv = g1 in Q, (4.35)
dvn=0 onlX (4.36)
v(T)=0 1in £, (4.37)

where
_ f(aumaua) — f((gm ao)
F= 0o — Ou,
f9(907a<7) Hozauf

whenever 65 # 0y,

Moreover, we have (see [12]):

2, lzzmrv @) < Clailine, (4.38)
1,2 < Cllgllr,0- (4.39)

vl oo (1;22(02)) < Cllgnl

lvllLr (r;m2(0)) < Clloilne, 10wl

Put g1 = 05 — Oy, in (4.35) and consider

o

T
105 — Ou, 7.0 = / (05 — Ou, , —pcpdrv — KAv + pLFv)ds
0

N
= 7;1 /In <(PCp3t(t9a —0Ou,),v) + K(V (05 — Ou,), V)

— (pL(f(bu, , au, ) — f(05,a0)),v) + pcp(%7 vn)) ds. (4.40)
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Replacing v by vy in (3.29) and adding to the right hand side of (4.40), we obtain

r 0w =3 3 ], (w0185 = a4 5L 60.00) Kb 0 01)

n=1KeT,

0(7 n
+ K(00m,0)10k) + 0o (G2 00 = (o)) ) s

Letting rg(z,t) = pcpdibs — aug + pLf (0o, as) — KAOs + pcpw];IJ and adding, subtracting (pcp [elg]" ,U—7)
to the right hand side of the above equation, we obtain "
106 — Ou, 17,0 = Z > / ( rg(2,1),v —v1) Kk + K(V0o.0,v) 125K
n=1KeT,
= peoB2 (o) 0 = o1 vy )
n
= J1+ J2+ T3, say (4.41)

Using Cauchy-Schwarz inequality, (4.1), (4.38)-(4.39) with g1 = 65 — 6
(4.21) and (4.22), we obtain

and proceeding in a similar way as

o

N

<> ¥ (h%a\m(x,t)ni,x+kn||po<ea,aa>fmeani,K)neafeuc,nm
n=1KeT,

Repeating the same steps used in the calculation of the term J2 in Theorem 4.3, we obtain

N
DIP> (h;auc [0 ] 1|2 In,Lz<aK>>)|\eafeuc,nfn,K
n=1KeT,

Also,
N 1
T3 <CY > killbolnllr, &ll0s = Ou, |5, k-
n=1KeT,
Using the estimates for J; to J3 in (4.41) and Young’s inequality, we obtain
13 N
2 2 2
107 = w0 < € 3030 3 e+l ~ Ouc o) (142)
i=10n=1KeT,

where 7; 5, i, % = 10,11,12, 13 are defined by (4.34). Choosing Young’s constant in (4.42) such that Cpuz < 1,

we have
13 N
2 2
100 — bu, 3.0 < c( YT m,n,K). (4.43)
i=10n=1KeT,

Now we proceed to estimate ||au, — as||-

Consider the problem: given g € L2(Q)7 find w such that

—Ow =FMw+ Gy inQ, (4.44)
w(T) =0, (4.45)
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where
f(907a0) _ f(eua,aua)
F = o — G,
fa(Os,ac) Qu, = Qg -

whenever ay, # ao

Moreover, we have:

lwll Lo (r;z2(2)) < ClIG1l1,2, 10wl 0 < C|Gil,o- (4.46)

Substitute G1 = a¢ — ay

obtain

in (4.44), use Cauchy-Schwarz’s inequality, Young’s inequality, (4.4) and (4.46) to

o

T
lao — au, |30 = / (do — Quy, — 0w — Frw)ds

<(8t((a‘7 - aua)?w)K - (Fl(aU - au(,)7w)[( + ([aa]n’wn)) ds

n=1KeT; "’ In fon
- lao]
-> >/ ((@arf(ea,aaw 2ln L~ wp)
n=1KeT, "’ In
[aa]n
+ ( ,(wi)n —w+wp —wn) |ds
kn
N
<c % (kil\f(t‘)maa)l\znx+knll[aa]5|\§<) + puallaw, — aoll? 0,
n=1KeT,
N
2 2
<o(X Y o il - aolio)
n=1KeT,

Choose Young’s constant such that C'ug < 1 to obtain

N
2 2
Haua _aUH < CZ Z Na,n, K> (4'47)
n=1 KETh

where ng,mK is defined in (4.34). Adding (4.43) and (4.47), we obtain the required result. This completes the
proof. O

Remark 4.4 The a posteriori error estimates obtained in Theorem 4.4 can be divided into errors due to space

and time discretizations, that is,
2 2 2
16" (ug) = 05117, + 12" (ug) = 2517, + lla* (ug) — agll7,0 + 1N (ug) = Ao 1.

< np + Nk,

where 7, and 7, are the errors occurred due to space and time discretizations and are given by

N N
m=c( X XY st X Y o).

i=2,5,6,9,11,13 n=1 K€T}, n=1KeT;,

N

i=1,3,4,7,8,10,12n=1 K€T;,

Remark 4.5 Note that a cg(1)dg(0) space-time discretization yields us the a posteriori error estimates. Higher
order polynomial approximation help to obtain better estimates in Theorems 4.3 and 4.4, provided we have

higher regularity assumptions on the solution.
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5 Numerical Experiments

In this section, the AFEM algorithm using residual method is presented. We use the error estimates obtained in
Theorem 4.4 and Theorem 4.5 for the adaptive refinement. A cg(1)dg(0) approximation has been used for space
and time discretizations in the implementation. The control variable is discretized using piece wise constants.
The parameters in (2.11) used are given by [31] pcp = 4.910m¢3K7 k= ().64cm+K and pL = 627'90’rn+K' The

regularized monotone function He is chosen as

1 s>¢
He(s) = 10(£)6 —24(2)5 +15(2)* 0<s<e
0 5<0

where € = 0.15. The initial temperature 6y and the melting temperature 6,, are chosen as 20 and 1800,

respectively. Pointwise data for aeq(0) and 7(0) are given by

0 730 | 830 | 840 | 930
aeq(6) | 0 | 0.91 1 1
7@ | 1 [ 02 [018] 005

2
The shape function a(z,y,t) is given by a(z,y,t) = i%éemp(— 2(355;”5) )

exp(kiy), where D = 0.47em, ky =
60/cm, A = 0.3cm and v = lem/s. Nonlinear conjugate gradient method has been used for implementation
and the tolerance is chosen as 107" .

To start with the adaptivity procedure first the problem is solved on the initial triangulation given by Figure

2. Table 1 shows the convergence of solution as the mesh refinement is performed using aposteriori estimates.

“solution-1.gnuplot”

280 ! ! ! ! 1

Fig. 2: Initial approximate triangulation

Figure 3 shows the development of meshes over adaptive loop. It depicts that the triangulation gets more
and more refined near the zone of heating, which is the boundary area. Figure 4 shows that increment in the
mesh size causes the decrease in the error. Figure 5 depicts the austenite value at the final step on the final
adaptive mesh using residual type estimator. Figure 6 shows temperature 6 on the final mesh. Figure 7 shows
the control at the final time 7" = 5.25.
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Fig. 5: The volume fraction of the austenite at time t =T
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Fig. 6: The temperature at time ¢t =T
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Fig. 7: Control
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Ny nh/J

81 0.00022
143 | 0.00019
463 | 0.00007

Table 1: Error in space for fixed time partition 100

Conclusion

An adaptive finite element method has helped in obtaining the mesh which depends on approximate solution

and data. It has been shown that the mesh obtained using residual type a posteriori error estimate has helped

in getting a approximate solution to the laser surface hardening of steel problem.
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