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Abstract

Ostwald ripening is the coarsening phenomenon caused by the diffusion and solidification process which occurs in the
last stage of a first-order phase transformation. The force that drives the system towards equilibrium is the gradient of
the chemical potential that, according to the Gibbs-Thomson condition, on the interface, is proportional to its mean
curvature. A quantitative description of Ostwald ripening has been developed by the LSW theory. We extend the
work of Niethammer [14] which deals with kinetic undercooling in the quasi-static case to the parabolic setting with
temporally inhomogeneous driving forces on the solid-liquid interfaces. By means of a priori estimates, local and
global existence results for the parabolic Stefan problem, we derive a first order approximation for the dynamical
equations for the heat distribution and particle radii and then prove the convergence to a limiting description using a
mean-field equation.

Key words: Ostwald ripening, parabolic Stefan problem, kinetic undercooling, mean-field approximation.
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1. Introduction

1.1. The physical model

Ostwald ripening or coarsening [15] is a diffusion and solidification process occurring in the last stage of a first-
order phase transformation. Usually, any first-order phase transformation process results in a two phase mixture
with a dispersed (solid) second phase in a background (liquid) phase ([16, [17]). Initially the average size of the
dispersed particles is very small. Hence the interfacial energy of the system is very large and the mixture is thus
not in thermodynamical equilibrium. The force that drives the system towards equilibrium is the gradient of the
chemical potential. According to the Gibbs-Thomson condition, on the interface between the two phases, the value
of this driving force is proportional to the mean curvature of the interface. As a result, matter diffuses from regions
of high curvature to regions of low curvature. This leads to the growth of large particles at the expense of small ones
which eventually shrink to vanish. The outcome of this process, known as the Ostwald ripening is the increase of the
average particle size and the reduction of their number so that the mixture becomes coarser over time. A quantitative
description of this process was first developed by Lifschitz and Slyozov [11] and independently by Wagner [18] under
the assumption that the relative volume fraction of the dispersed phase is very small. The idea of the LSW theory is
to make use of the growth velocity of an isolated particle. The interaction between the particles is captured through
the average value of the background temperature field. This approach is thus called the mean field approximation.
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More specifically, the LSW theory produces an equation for n = n(R, t) the number density of the particles at time
t as a function of radius R. This function is shown to satisfy the following equation:
onR,t) 0

ot R

(VR.HN(R,1) =0 @

where V is the growth rate of a particle of radius R:

1 1 1
V(R,t) = RO (% - W) )
and R(t) is the average particle radius:
R(t) = M 3)
[n(R.tdR

Note that by definition, n(R, t)dR gives the number of particles at time t with radius in the range [R,R + dR]. Hence
fn(R, t) dR is the total number of particles present at time t. The system (1) — (3) is analyzed in [11}[18]. It is argued
that there exist infinitely many self-similar solutions, but only one is believed to describe the typical behavior of the
system for large times. This is given by:

ng(R,t) = %G (%) where G(+) is some scaling function. 4)
ts

Based on this, the following temporal laws are derived for the average radius and the total number of particles:

-1

ﬁ(t)z(ﬁ3(0)+gt)3 and N(t);(ﬁ3(0)+gt) . )

There have been many mathematical works concerning the above description. It is a nontrivial step to connect
statements (I) and (B) rigorously to the underlying diffusion and solidification process. The work [13] has given a
mathematical justification for (I)) and (2) by considering an isotropic approximation which allows the author to restrict
attention to the class of spheres with center locations fixed throughout the evolution. In [1, [2, [8] the authors obtained
precise expressions for the equations of the centers and the radii by taking also into account the geometry of the
distribution thus removing these restrictive hypotheses.

It is the purpose of the present work to contribute further to the overall theory by incorporating kinetic undercooling
and temporally inhomogeneous driving forces in the parabolic setting. Our results extend the work of [14] which deals
with the quasi-static case.

1.2. Mathematical formulation — free boundary value problem

Now we describe the mathematical set-up for the diffusion and solidification process. In the following, we consider
the growth of the solid phase of a substance in an undercooled liquid phase of the same substance. Assuming isotropic
growth, one possible model is the following Stefan problem for the temperature field 8 and the solid-liquid-interface
I [7,[20]:

Cod = KAO in Q
HY = -KVé:-n on T’ (6)
\Y = —M(9M0'k+ H(Q—GM)) on I

where the liquid and solid phases are denoted by Q; and Qs = R3\Q; and T = 9Q is the solid-liquid interface. Note
that these sets are all time dependent. In the above, K is the thermal diffusivity, C is the heat capacity, 8y, is the
melting temperature at a flat interface, H is the latent heat, o is the surface tension, M is a mobility coefficient, k
denotes the mean curvature of I' (which is positive for a ball), n is the outward normal to the solid phase, and V is
the normal velocity of the interface. The first interfacial condition on I', also known as the Stefan condition, ensures
local conservation of heat. The second condition, known as the kinetic undercooling, couples the geometry of the
interface with the evolution of the temperature in the liquid phase €. The curvature term forces the system to reduce
2



the surface area of the interface I'. But in the case of undercooled liquid, the second term gives a growing tendency
for the solid phase. In other words, these two terms compete against each other. The following equilibrium condition

Omok + H(@ — 6y) = 0 (7

formally derived by setting V = 0 or M = o is called the Gibbs-Thomson law on the interface. It predicts that the
melting temperature is reduced for small particles. It is this effect which provides the barrier for nucleation of solid
and thus allows for the existence of undercooled liquid phase. Since during Ostwald ripening interfacial velocities
are relatively small, the Gibbs-Thomson condition is often used as an approximation of the general growth law.
Nevertheless, even for small interfacial velocities, the kinetic term in the boundary condition has a strong regularizing
effect on small particles.

The above is one type of free boundary value problems. There are many mathematical works that tackle such
problems. A local existence result relevant to our present work is [3]. Furthermore, there are many results on the
Dirichlet problems in perforated domains. In order to derive the average equations that capture the behavior of the
solutions in large spatial scales, it is found out that the capacity of the holes is a crucial quantity. Most closely related
is the work [4] that considers Dirichlet problems in domains with holes in a similar setting. It proves that if the
capacity does not vanish, the type of the limit equation changes. In [5], a simpler Stefan problem with zero boundary
was studied in which the solid phase is not allowed to melt completely. This last mentioned work handles the case of
finite capacity and hence it does not get a mean-field model in the limit.

1.3. Motivation for the current work

The motivations of the current work are two folds. First we want to extend the work of [14] to the parabolic setting.
The cited work deals with Kinetic undercooling in the quasi-static case. The work [13] studies both the quasi-static
and parabolic case but without the effect of kinetic undercooling. Even though the strategy of attack follows closely to
[13}[14], due to the combined presence of the parabolicity and the kinetic undercooling, some additional terms appear
in the derivation of energy estimates and the construction of sub- and super-solutions. These terms require extra care
in the analysis. Thus we feel that it is worthwhile to investigate more rigorously this case.

In addition, we want to consider the effect of inhomogeneous driving forces both in the spatial and temporal
setting. Ideally, we would like to incorporate stochastic perturbations. Possible modification of (6) is the following:

Ca0 = KAG+E&(x 1) in Q
HY = -KVé4:n onT (8)
V = —M(@uok+H(@-0n))+2(x,t) onT

where £ and ¢ are stochastic driving forces. A choice often used is some white noise in time and/or space (even though
this is far from clear from a modeling point of view). However, a general theory of stochastic perturbation in moving
boundary value problems is still not available at present, in particular the incorporation of white noise term into the
free boundaries.

In order to understand the estimates involved, in the current paper, we restrict our attention to deterministic driving
forces which perturb in time the dynamics of the solid-liquid interface I". Specifically, we set £ = 0 and ¢ to be some
time dependent function which can take on different values on separate parts of I'. We believe the results obtained
here can lead to useful understanding to the ultimate, more general stochastic case.

2. Mean field approximation

To simplify the analysis, it is convenient to non-dimensionalize equation (g). Let

OuKH O — 06 Chwm K
t, v:i= , A:=——, and =
o? Om H B MHo

Then (B), together with some inhomogeneous driving force g(t) acting on the interface I' can be written as

H
y_)_yv t—
a

A0V = AV in Q
\Y = Vv.-n onT 9)
v+gt) =

k+BV onT
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We will construct an approximation of the solution by making use of the idea that in the vicinity of a particle
the solution should look approximately like the one for a single particle. Hence we first consider the single particle
problem when the particle is a ball B of radius R centered at the origin:

A6V = Av in R3\Bg
R = Vv-n on dBg
AR = —L+v+g(t) on 9Bg (10)
Myt = va(t).

Note that the mean-field value v (t) is imposed as a boundary condition at infinity.
In the elliptic (quasi-static) case A = 0, the solution of problem (I0) at any time t > 0 can be explicitly given by

R()(1 - R(t)veo (t) — R()g(L))

v(r, 1) = Voo (t) + G+ RO) (11)
and 1~ R(V..(t) - ROI()
RO = ~Re)@ + rO)) (12

We first mention that the positivity of 8 indeed has a profound effect on the dynamics of particles, in particular
near the time when the radius is about to vanish. When R <« 1, if 8 > 0 (I2) becomes:

.1 2t\?
R~ -— andhence R(f) ~ (C - —
RB ® ( ﬁ)
while for g = 0,
. 1
R~ - and hence R(t) ~ (C - 31)¢ .

Even though the solution forms (II) and (I2) are for the single particle case in the quasi-static situation, we expect
them to be still a good approximation with multiple particles if 1 < 1 and all the particles are far away from each
other. In this case, the overall solution v of (10) is roughly given by the linear combination of the individual solutions:

Ri(t)(1 - Ri(t)veo () — Ri(1)gi(t))
VO =0+ Z B+ ROy - Vi

where i is the index of the particle with center at y; and radius R;.

To complete the picture, we need to specify the quantity v..(t) and its dynamics. Note that it is a spatially constant
variable describing the heat distribution far away from the solid-liquid interfaces. This justifies the terminology mean-
field description. Due to the assumption of small volume fraction (to be prescribed later), the overall background
domain Q is very close to the region Q occupied by the liquid phase. Hence we have

1
19 Jo,

(13)

Voo V.

We now compute

. 1 . 1 . 1 . .
6tfv=fatv—f Rv:f —Av—f Rv:—f —Vv.n—f Rv:——f R—f Rv,
Q Q a0y oA a0 a0y A a0, A Jagy a0

so that 1 1
OV ~ ———— f R- — Rv.
‘ QA Joo, 191 oo,

Since A is small, the second term is negligible. Note that 9Q; = UidB(y;, Ri), by (I2) we then get

1 1 -RiVe — Rigi(t)
QI Z( Ri(B+Ri)

The purpose of the current work is to derive rigorously the solution formulae (I2), (I3) and (I4) from the free
boundary value problem (9) and give a limiting homogenized description for a large number of particles.
4
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3. Rescaling of the problem

In this section, we introduce the spatial rescaling of the Stefan problem (@) so as to derive a limiting homogenized
equation.

We consider the case that the solid phase Qs = Q\Q, consists of a collection of N disjoint balls, i.e.
N N
Q. = JBOiR) and T=[_JoBi.R). (15)
i=1 i=1
We further assume that the centers of the balls do not move and the spherical shapes are preserved during the evolution
(see Remark [3.7] for a discussion). Strictly speaking, there is no solution satisfying the above assumptions. As in
[13,14], we replace the second condition of (9) by the following integral condition:

1 .
Vi = V|aB- = Ia_BIf Vv(y,t) - nds (where ds is the area element and B; = B(y;, Ri).) (16)
! i 0B;
Since V; = R, ki := Klos, = Ri and g; := 9'55-’ the third condition of (@) is transformed into
i i
. 1
v = BRi(t) + R gi(t) on aB(yi, Ri(t)). a7)
1

Note that now v is constant on each of dB(y;, Ri(t)).

To model the facts that the volume occupied by the solid phase is very small compared to the vessel’s volume (i.e.
Vol(UiB;) < Wol(Q)) while the inter-particle distances are very large compared with the particle size, we apply the
same spatial rescaling as in [13} [14]. We use § and 62 to denote the typical length scales for the inter-particle distance
and the particle radii and consider the regime 0 < 6 < §. Now introduce the following change of variables

x=26% and u(x,t) =v(y,t); (18)
RI(t) := 2O and BI(t) := B(x:. 6°RY (1)) = B(yi. Ri(t))- (19)
Let further
1

N°(t) == {i : 1<i<NsuchthatRi(t) >0} and t :=sup{t:R(t)> 0}

be the index of particles at time t and the maximum existence time of BY. Define also the following domains:

@M=\ B0, 9= | (@O xt)andr :=ax(0,T), (20)
ieN?(t) te(0,T)

where T is some finite fixed time instant.

With the above scaling variables, we are working in the regime that the particles are separated from each other by
distances of at least of order O(5). Hence |N‘5(t)| =0 (6‘3). A simple such setting is to have the particles located on a
regular three dimensional lattice of lattice length ¢ although this is not absolutely necessary.

Now using the variables x and R?’s, upon choosing 6% = 5% (see the Remark right afterward), the system of
equations (9), adjoined with the Neumann condition on dQr = dQ x (0, T) leads to the following initial boundary
value problem (IBVP):

AU = &8Au, in QF,
1 ﬁ f ) )
u(x, t) +gi(t) = + Vu-nds, xedB)(t), te(0,t),
(x.t) +gi(t) R a0 RO Joercy i (D) (A
: 1
RO = —f Vu-nds, te(0,t),
O = L ®OR S .5
R = 0, t>t), (21)
Vu-n = 0, on dQr,

ux,0) = ug(x), in Q°(0),
RIO) = R, for ieN%(O).
5



The main purpose of this paper is to give a limiting description as 6 converges to zero. The following are some
remarks about scalings and assumptions used in the problem.

Remark 3.1.

1. As the size of the solid grains is assumed small compared with the mean distance between them, the direct
interactions between the particles are thus negligible and they behave as if they were isolated. Hence, we
assume that they stay spherical and their centers do not move in space. On the other hand, models incorporating
the non-spherical shape and the particle motion have been considered [1} [2 8] in which it is shown that these
additional features only constitute to higher order effects and hence they will not affect the mean field limit.

2. In this model we consider a large number of particles with small volume fraction. We assume that the centers
of the spherical particles are separated by the length scale 6, i.e. iig}_‘lxi — Xj| > c¢ for some fixed constant ¢ > 0.

Furthermore, the size of the particles is of the order 6% with a > 1 leading to the well-separatedness of the
particles.
The quantity 63 gives the order of the capacity of the balls in Q. In order to obtain the mean-field model in
the limit 6 — 0 it is necessary for the capacity to vanish. Hence we take a = 4. In this case the capacity is of
order ¢ and the volume fraction is of order &°.
The choice of a scaling A = ¢° will be clear from the energy type identities derived in Section

3. The initial data ug takes the following form:

. 4
oS (1 - RfUow — R%ygio) 0 Rfon(p( - xil) 22)
: (Rf0+ﬁ)|x—xi| 0

for some constant ugm. In the above, n is a smooth cut-off function such that p(r) = 1 for0 <r < % andn(r) =0
for r > 1. Furthermore, the initial radii RS, ’s satisfy

SupR{ <R < o0 (23)
i

4. The inhomogeneous driving forces satisfy:
supsug{|gi(t)|,|R?(t)gi(t)|} <M< (24)
1 t>

The above are sufficient to derive the a priori estimates. However, in order to have a limit equation in closed
form, we do need to make the assumption that each g; is a function of the radius R;. This is stated as follows:

there exists a function G € C!(R, x R,) and a function h € C*(R,) such that g;(t) = G(t, RO(t)) + h(t). (25)
See Remark[9.3|for further discussion.

The rest of the paper is organized as follows: In Section [4] local existence of a unique solution for the problem
(2I) is established under the assumption of regular initial data, while a priori estimates are presented in Section [5
Section [6] refers to the radii regularity; we first present an appropriate maximum principle and construct super- and
sub-solutions for our problem in order to derive a global regularity theorem for the heat distribution and the evolving
radii. After this, our approach follows quite closely to that of [I3]. More specifically, in Section [7] we construct a
first order approximation for the heat distribution, while the construction of a first order approximation for the radii is
analyzed in Section[8] Finally the derivation of the limit equations as 6 — 0 is presented in Section[9]

The overall strategy is briefly explained here. We extend the local in time solution to globally existing solution,
i.e. beyond the times when some balls disappear, by establishing a priori estimates using integral inequalities and
maximum principle. When both 2 and 3 are positive, as in the case of the parabolic problem with kinetic undercooling,
when deriving these estimates we need to control the appearing terms involving RfRf uniformly in 6 and globally in
time, even after some balls have vanished.

6



We estimate the growth and decay of the radii R(t)’s. First we analyze the one single particle case. The important
issue is to investigate the solution as R — 0" when § < 1. The main conclusion is that |RR| < C < oo and

RI|rQ+RR = —Z (these results state the regularizing effect of kinetic undercooling) and thus R € WP([0, T]) for any

1 < p < 2. The previous is established by constructing proper sub- and super-solutions. It is first done for the case
R < landR < 0. If R > O(1), we show that |R| is uniformly bounded. Moreover, we prove that once R(t) reaches
below some small value, R will become negative and will stay negative until the extinction time of R(t). We then
employ the previous analysis to prove a priori bounds for the multiple particle case. The extension of solution beyond
vanishing time follows by the energy estimates from Proposition [5.3and standard parabolic theory.
In order to derive the limiting equation for the dynamics of the mean field variable and radii as § — 0, we produce
a first order approximation for the heat distribution. In particular, we prove that far away from the particles, the heat
distribution u® is close to the mean field variable u’,. Further, we establish the main result of this paper in Theorem
[8.7 which gives the dynamics of the radii as 6 — 0: the radii satisfy the following dynamical equation in the weak
sense: L i RS s
5 - ULRY — giR;

1
o 2”0 O L o), 0<y <z
! RO(R? + ) 2

Finally, we discuss the limit of u’ and R¢’s as § — 0. In order to obtain an equation which is closed in the limit, we
do need to invoke the assumption (25) on the form of the inhomogeneous forces g;’s. We denote that this assumption
is useful for the definition of a white noise model.

4. Local in Time Existence and Uniqueness

We assume that for T > 0 the evolution of the radii R for any 1 < i < N is given in (0,T), and R?, g are
sufficiently smooth. We define first for any t € (0,T) the vectors R® := (R{,---,R}), R? := (R{,---,R}). By the
following Theorem, we prove the existence of a unique weak solution for the problem (2I) under the assumption of

- . T 1/2 )
regular initial data. We define as |||l := ([ [f(®)Pdt) " the L?-norm in (0, T) and let H(0,T) := {f € L2(0,T) :
fOT (||f||2 + ||ft||2)dt < +oo} be the usual Sobolev space in (0,T). For t fixed let Hl(Q‘s(t)) be the Sobolev space in
Q(t), while L=(0,T; L2(Q%)) := {g : Qf — R such that Hfm(t) lg(x, t)|2dxH < +oof and L2(0, T; HY(Q)) :=

T
{g : Q% — Rsuch that fo I|g(-,t)I|2H1(Qd(t» dt < +oo}.

L>(0,T)

Theorem 4.1. Let R? and g; be given such that for some T > 0 and 0 < ¢ < oo, they satisfy:

Sup([R/llom) + H% AR o, + IR eom) + gillom) < . (26)
Consider the problem
A = SfAu in Q2,
uix,t) = % +BRI(t) — gi(t), X € aBY(t), @
Vu-n = 0, on 0Qg,
u(x,0) = up(x), in Q°(0).

If up € HY(Q?(0)), then the above problem admits a unique weak solution u € L(0, T; L?(Q°)) n L2(0, T; HY(Q?)).

We first give some remark before the proof. Note that as %, % + ﬁRf are uniformly bounded it follows that

R? € H(0,T) forany 1 < i < N. In [12], B. Niethammer proved the analogous local existence result for the case
B =g = 0. Inour case, the proof follows the same steps, under the assumption that the terms R?, % + PR, RY,
0i, appearing at the phase boundary condition are uniformly bounded in (0,T) forany 1 < i < N. The first step is
to transform the time-dependent space domain of the problem into the initial space domain at t = 0 consisting of N

spheres of radii R?(0), 1 < i < N. This may be achieved if R?(t) and ﬁ are uniformly bounded for any i and any
7



te (0,T) (i.e. T is less than the first extinction time). The problem then is transformed for t fixed into an initial and
boundary value problem where the boundary value along the phase boundary is defined by R%(t) +BRI(t) — gi(t). Under

the assumption (26) it follows by standard parabolic theory that if R? € H(0,T) for any 1 < i < N then a unique
solution u exists.

Proof. We first transform the domain Q to a fixed domain by means of some diffeomorphism
(. R°) : Q°(0) - Q°(t),

and define
D(x, 1) 1= ¢(x, RU(1))., U(x,1) := u(D(x.1),t),

where @ is smooth in space if R?, 2 are uniformly bounded.

|’Rf

Differentiating in space we get Vu = D®~T V¥, and
0B ()t f Vu-n = [9B(0) ! f DO TV{-n,
aBI(t) 4B (0)

while taking the derivative in time the next equalities follow

\7'[ =Vu- 8t<l>,
oD = ;—FZ;R‘; +oeet %Rf\‘ = (Vrs9) - (BR°).

The function V solves
A/det(DOTDD)3;7 - 6°div( +/det(DOTDO)(DP' DD)~'V¥) = 1 y/det(DOT D®)DO™T V¥ - 4, in ©F,
1 .
U= 5 +BRY —gi, x € 0B(0),
1
Vi-n=0, onoQr,
¥(x,0) = Up(x), in Q°(0),

where Q2 := (Q\ U;B{(0)) x (0. T),
Forany t € (0, T) fixed we consider the solution w of the problem

div( /det(DOTD®)(DO' DD)~*Vw) = 0, in Q°(0),
1 . \
W= + BRI —gi, x€0B(0),
i
w-n=0, onoQ.

IfRY, L, L + BR?, g; are uniformly bounded for any 1 < i < N then w = w(x, R(t)), Vrsw are smooth. We note that

i’ R_Eia
OW = VgsW - R, thus d;w and 6;R? have the same regularity if the term Vgsw is smooth. Setting v := ¥ — w, then v
satisfies
8

5
A0V - ————div( y/det(DOT D®)(DD' D) 1Vv) = f, - Vv + f,,
Y /det(DOTDD) ( )= ?

v=0, xeaB(0),

where f, € (L2(L°°))3 and f, (including the term VgswdR?) is in L2(L*), as long as R? € H'(0,T), 1 < i < N. If

Ug € Hl(Q‘s(O)), then by standard theory for parabolic problems, [9], it follows that there exists a unique solution v

or equivalently as long as w is smooth, there exists unique ¥ = v +w € L*(L%(Q%);0,T) n L2(H}(Q°);0,T). But for

R?, % uniformly bounded for any i and any t € (0, T), the function @ is smooth, consequently using the definition

(X, t)l = U(@(x, 1), 1), it follows that u € L=(0, T; L%(Q%)) n L2(0, T; H{()). O
8



4.1. Weak Formulation of Solution

Let & = £(x, t) such that £ equals a constant on 9B for any i, and let (-,-)qs be the inner product in L%(Q°). For
simplicity we use the symbol R; in place of R?. Multiplying the parabolic equation of (2I) by & and integrating in Q°,
then by means of the boundary condition on dQ and of the fact that £ = ¢i(t) on B¢ for any i we arrive at

N
0 =(AU, &) s — (AU, ) w = (AU, E)qw + 63(VU, VE) o + 6° Z fa y Vu - néds
i=1 i

. (28)
=(AUy, &) + 65(VU, VE) s + 6° Z‘fWB_af Vu - nds.
T JoR)
We multiply the second equation of (2I) by &loes and integrate on 9B to get
f (Ut +gi(t) - )gds 55 419 Bf'a f Vu-nds =0 (29)
gt 0 Ri(Y) 1081 Jos '
Replacing in (28) the term ¢]ygs faBp Vu - nds by (29) leads to
P
AUy, &) + 68(Vu, V. a+— f ds + — -tf ds=0
(U, E)os +0°(VU, Vo Z Ré(t) 5290 | ¢
which gives the following weak formulation for any t smaller than the first extinction time:
. 64 N 4 N
Aug, &) + (YU, VE) s + — f uéds=— —gi(t) f &ds. (30)
e e ,3; B! ﬁzl: RO(t)

In order to extend the local in time solution to globally existing solution, in particular beyond the times when
some balls disappear, we would need a priori estimates. They will be established by means of integral inequalities
and maximum principle.

In the following, for simplicity, we omit the super-script ¢ if it is clear from the context. They will be recovered
in the later parts. In addition, we will use M or M(T, Q) to denote general constants that might depend on the time
interval [0, T] and the domain Q but not on 6.

5. Preliminary ldentities

In this section, we present some preliminary identities in line of energy type estimates. As the domain Q° = Q%(t)
is time dependent, we find it convenient to extend u to the whole domain Q > Q¢ by means of:

uly =ul,z. foralli.
The extended function is still denoted by u. Furthermore, we use introduce the notation f;(t) = R;()Ri(t).
Proposition 5.1. Let u be the solution of (2I). Then we have

N

27512 &
A | u)+ RA(t) + R¥(t) + 44n6%°B f2(r)dr

J 2 ELIREEON

12 N N N

= 1 [ uo)+ 5 R L 2 Z (0)+ 2422 B[Z ROMO- Y RO (61

i=1 i=1 i=1 i=1

N
-2 ZR%t)g 0+ ©0(0) + 14557 | t;Ri(r)mr)gi(r)dr.

9



Proof. We integrate (2I) on Q to get

ou
ﬂfut—/lf Ut=58 -—,
Q O\ s ON

Note that the part of 9Q° on solid-liquid interfaces, we use the outward normal to the B;’s. Hence

/l% L u- /IZ 4?”(54Ri)3 (Ri, —0i +,8Ri)t = - Z 4n6?RER;
/1% L u-— /147;612 Z R? (—2—% -G +Bﬁi] + 4ns™ Z RIRi = 0
i e 255 e )+ S5 880 - o
i [ 5 D o) T S G = o
Upon integrating in time from 0 to t and employing integration by parts, we obtain (3I). -

Remark 5.2. For conceptual understanding and to compare with known results, we simplify the above identity for
the case gj(t) = 0.

1. For the quasi-static problem 2 = 0 with 8 > 0 the following volume conservation condition is obtained:

N N
& ) R =6 ) RYO).
i=1 i=1

as in [13;[14].
2. For the parabolic case 4 > 0:
(@) If 8 =0, then setting A := ¢° in (3I), we obtain the result of [13]:

4 N 2 N 4 N 2 N
fg u(t) + §n;63Ri3(t) + gn;(leR?(t) = fg u(0) + §n;53R?(0) + éﬂ;(SlZRiZ(O).

(b) 1f 8> 0, then (3I) gives
2162 O, A2 O v [t
/lfgu(t)+ 3 ;Ri(t)+T;Ri(t)+/l4m5 ﬁ;fofi (r)dr ”
- - - 32

N N N N
=2 f u(0) + AZ’;‘SH PLIOE % DR + M”:f p (Z RE®Tit) - > RA(O)Fi(0) |-
Q i=1 i=1 i=1 i=1

Next we derive the identity for [|ufl 2(q).

10



Proposition 5.3. Let u be the solution of (2I). Then we have
A 2 8 ! 2 12 2 4rs"? )
Efu (t) + 6 f fqul (s)ds + 276 ZRi(t)+/l 2 ZR.(‘[)
12 12 (S)
+416'28 Zf (s)ds + 147528 Z = (S)
B ) ) . 77612
= Efu(0)+TZRi ZR.(0)+/1 B

47r5 27r6

D Rt

271’5 ﬂ ZRf (0)

ﬁ’ZR(O)f(O)+/l

—2r6%232 f Z%dswwﬂ f ZRifigi(s)ds

ZRZ(O)g.(O) +/l47r6122 f fi(s)gi(s) ds

ﬁZRf(t) 2

P (Dgit) + Pl

47r6

ZRza)f(t)g 0+ Y RO1060 + urs Y [ Fgds
i o

t
Mzng Z‘ Ri®3g2(t) - Az’rg Z Ri(0)3g?(0) — A275% fo Z Ri figf(s) ds.

Proof. Multiplying by u and integrating on Q?, we get

/lf Ul = 68f AUU
Qo 02
ou
/lfutu—/lf UgU —68f u—68f [Vul?
Q Q\Q8 Flo% on o

Using the boundary conditions in (21), it follows that

8 2 4775 3 1 i_ . 5.
2dtfu +6 fqu| i R; g.+,BR G gi + BR;

+47r6122Ri2R (i—g.wR):
i

NEe
Sl
5

12 -
u2+68fQ|Vu|2—/l4ﬂ§ ZR?( R g.+ER]( 9.+BR)
i |

+4n6'? )" (RiRi — RIRiG; + BRIRY) = 0

N~
Q.lQ_

2
tfﬂu2+68f|Vu|2+47r6122[—?' ﬁR?R?—R?Rigi)

4no*?
+ 1

Z (RiRi + Rg; — BRYR)) (Ri. -0 +,8Ri) =0

Expanding the above, and integrating in time from 0 to t together with integration by parts gives the stated identity. [
11



Remark 5.4. Again, we give the simplified form of the above in the case gi(t) = 0

1. 1=0,5=0. t
1
3p2 . 2 4e — 3R2/0)-
Z(s Ri(t)+2ﬂ6f0fQ|Vu| ds Za R2(0);
as in [14].
2.1>0,8=0.

;f u2(t) + = ffqu|2ds+2mS3ZR2(t)+ nélZZR(t)
-3 fg u2(O)+2m532i:Ri2(0)+%nélZZRi(O).

(in accordance to [[13]) where we have set 1 := °.

3.1=0,8>0.
63ZR2(t)+—ff|Vu|2ds+2ﬁf263f ds = 63ZR2(0)
as in [14].
4. 1>0,8>0.

gfuz(t)+68ftf|Vu|2(s)ds+2716122Ri2(t)+/l4ﬂ§12ZRi(t)
+416'28 f Zf (s)ds + 147528 f Z R((:;

12
- Efu2(0)+4%ZRi2(O)+/l4ﬂ§ ZRi(0)+/l4ﬂ§ ,BZRi(t)fi(t)
ﬁ 2RFO-

3(S)
—2r6%232 f Z = (S) (33)

Note that when both A and g are positive, as in the case of parabolic problem with kinetic undercooling, when
deriving the a priori estimates extra care is needed due to the terms involving f; = RiR; which appear on the right
hand sides of (32) and (33). Their estimates will be derived next using maximum principle. These will be used in
combination with the integral identities to derive estimates which are uniform in § and global in time, even after some
balls have vanished.

Solving for fot fﬂ [Vul?(s) ds in the estimate of Proposition we observe that if all quantities are smooth (to be

proved in our analysis) then
f f [Vu?(s)ds < c— +c6t - o f uA(t) < c(% +cot.

Since we expect that in the limit § — 0 the mean field solution is constant in space, then the right-hand side of the
previous inequality must tends to zero, hence we set 1 = §° as mentioned in Remark From now on in our proofs
we use the value A = &°. Recall also the form of the initial condition (22).

12



6. Regularity of the radii R;’s

6.1. Preliminaries
We first record the following lemma on the maximum principle suitable for our problem. It is the parabolic version
of Lemma 4.2 in [14].

Lemma 6.1. Let {Q(t)},., be a time dependent Lipschitz domain and J; {B;(t)},., be a finite collection of disjoint
balls such that |J; Bi(t) c Q(t) for all t > 0.
Let u be a function which is constant on each dB; and satisfy for all t > 0 the following statements

Ur—au > (<) 0 inQ(t)\ i Bi(t),
u-—cj f Vu-n > (<) 0 ondBj(t), foralli,
"o Vu-n > (<) 0 onoaQ(t),
where ¢; > 0 for all i. If u(x,0) > (<) 0, thenu > (<) 0 in Q(t)\ U; Bi(t) for t > 0.

The rigorous proof of the above can be produced following the steps in [14] and hence it is omitted. It can also be
intuitively understood. For example, if u > 0 att = 0, then by strong maximum principle, it cannot reach zero inside
the domain Q(t)\ U; Bi(t). By means of Hopf lemma, the boundary conditions also prevent the occurrence of zero on
0Q(t) and 9B;(t). Hence u will be strictly positive for all t > 0.

Equipped with the above result, we are ready to construct sub- and super-solutions which will be used to control
the growth and decay of the radii R?(t)’s. First we present an a priori bound using the maximum principle.

Lemma 6.2. There exist two constants My (T, Q) and M,(T, Q) such that for any solution u’ of (2I) with initial data

(22), we have

Mi(T, ) < W(x,t) < Ma(T, ) +ul, o + ZN: - o ot (34)
le
(In general, M; might be negative.) The above leads to that for some constant M > 0,
1. at any particle boundary: for x such that |x — x| = §°R;,
u <M+ i; (35)
9B; Rj

2. away from any of particle boundary: for x such that |x — xj| > % for all i,

luf < M. (36)

Proof. The proof of the lower bound in (34) is simply due to the fact that a negative constant with large magnitude
(—M) satisfies:
B

1
M) < -gi) + = + —— V(=M)-n
(M) < -0+ o+ s | TEM)
and hence is a sub-solution.
The proof of the upper bound in (34) is similar to [13, Lemma 17]. It turns out that the function V denoting the

right hand side of (34) is automatlcally a super-solution for large enough My(T, Q). The main reason is as follows.

e Foranyie No(t),

V| = My+uly,+ = —
_ ot &
o8 Ri < |xj - xi

|
(=2
(S
\Y
<
Y
+
|y
+
o
~
N
[ =2

0
+ —
0
ool Ri

4

0(1)
M2+umo+EI 263>M +O(1)+—

j#i

In the above, we have used the fact that N°(t) = O(6~2) and |xi - Xj| >coforanyi # j.
13



o Next we compute the gradient term: again for any i € N°(t),

ﬁ _
476*R2 Jsp vv-n 471'54R ?B |X X |
i Vob OB JEN’(I) J

— B T N
h 47r54R f, [|X—X|] 47r(54R2 B.V[;|X—XJ| "

B st g2 L O() B [¢ sp2 _ _ B 3
P -0 4nstR? + 4n6°R? = — 2 1 o5
47«54Ri2[ RZ| T TS ano'RE |62 TR YO0

\

i
Hence we always have (with M, chosen big enough and & being small):

1. B

VV -n.
R| 47T54Ri2

V>-gi+
(In principle, we also need to modify the boundary value of V so that it satisfies the Neumann boundary condition

on Q. This is similar to [13} Lemma 17]. Leth = Z

ieN?

and w be the solution of the following equation:
X — Xil

owy = Aw, inQr,
Vw-n = =Vh-n ondQr,
w(0,) = wp IinQ,

—AWp = th~n
oQ

Vwp-n = -Vh-n

fWoIO.
Q

By [13, Lemma 17], wo and w satisfy the estimates |[wo|l.. < M V& and |w]l., < M. Due to our kinetic undercooling
boundary condition, we will also need to estimate Vw. This can also be done in a way similar to [13} Lemma 20] so
that ||Vw||, < Mé” forany y < % Hence by choosing M, large enough, we have:

where wy solves:

1 B f —
V+w - =+ V(V +w)-n
( ) 8B. Rj 47T64Ri2 0B; ( )
so that the desired result is still true.) |
Now we proceed to construct sub- and super-solutions so as to control the growth and decay rates of the particle
radii.
6.2. Single Particle Scenario

We first consider the case of one single particle which forms the building block for the general multiple particle
scenario. In this case, problem (2I) is formulated in the following form:

sur = au, on{ixl > &R},
_ 1 _B . =
USROG T O M =ORON 0

4R

. 1
R = —— Vu-n.
47T(S4R2 ‘LBMR
14



The key is to investigate the solution as R — 0* in the regime § < 1. The main conclusion is that |RR| < C < oo
. : 1 L . .
and R“rg*RR = _E, Hence R € WLP([0,T]) for any 1 < p < 2. This will be established by constructing sub- and

super-solutions. It is first done for the case R < 1and R < 0. If R > O(1), we will show that |R| is uniformly bounded.

However, once R(t) reaches below some small value, R will become negative and will stay negative until the extinction
time of R(t).

6.2.1. Construction of Sub-solution (R < 0, R < 1)
Given R(t), then U(x, t) is a sub-solution if

sUr<al, on (X = 6*R@v).

B

1
U<Z—gt)+ ———
- R g( ) * 47(64R2(t) aB&AR

vU-n, on {ix=06'R@).

For any constant C, consider the function

1-RC -Rg) §R
UC,R(X) =C+ (R—-i-ﬂ) W (38)
By simple computations, Uc r satisfies the following properties:
UQR(X) > 0 for|x > 54R,
Ucr(X) = C for|x>6*RandR(C +g) <1,
1+BC—-Rg
4Ry — - TPYTRY
Ucr(6"R) R+p
1 B
Ucr(B*R) = Z-g+-—— VUcgr - N,
cr(0"R) R g+ 175 R e, CR
1
. 4 _ -
R“—Ty Ucr(6'R) = C+ 2
|I‘im Ucr(x) = C.
X|—00
Note that |UC,R| is uniformly bounded by some constant M(C, G) < co. Furthermore,
OUcr 5*R? R B .
— =1- >1] - = f > R.
ac RipN -1 Rip Rip 0 ! Xl = o* (39)

so that we can use the constant C to adjust the far-field value in order to ensure that at t = 0, Ucg is smaller than the
initial data.

Now let R = R(t) be given from the solution of (37) and C = C(t) be some time dependent function (to be
specified). Then AUcr = 0 and

Megro(®) "R o SR2 1.  &R2
m = RPN [(R +B)(L-2RC - 2Rg) —-R+R*C +R g] +l1- R C- R +ﬁ)|x|g
R §R2 . 54R2
= —|B—-R?*C -2RBC - 2R?’g - 2R 1- ——|C- ———0.
R p [P~ FC ~ 2RAC -~ 2R°g -~ 2Ras| + |1~ 2 +/3)|x|} R+AN°

Recall the assumptions that R <0andR < 1 and also on g. The above can be made negative by choosing C(t)
such that C(t) is much bigger that |Rg|. Thus Ucp is a sub-solution. So if C(0) is chosen small enough (possible with
negative value), we have ug > Uc(g)r() and hence u > Ucg for t > 0. This leads to

_ 1 B 1 L gl t|itCARe LS L
= 4ﬂ54R2£BJ4RVU n_ﬁ[u R+g Zﬂ[UC,R(R) R+g}_ﬁ[ R+ 5 +0 R}N BR.(4O)
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6.2.2. Construction of Super-solution (R < 0,R < 1)
Again let R(t) be taken from the solution of (37), then V(x, t) is a super-solution if

Vi = AV, on {ix 2 6*R(Y)), (41)
1 B 4
- V . = .
Vo2 R0t mm o Von o oon X =8'R()) (42)
Consider the function a(t) ( © o
sta(t 1 - RC(t) - Rg)5*R
V = 4
coro® =TT O TR N “
where a(t) and C(t) are to be determined. Note that AVc)rp = 0 and
8VC(t) R(Y) S*a 5R 2 2 5*R? } . 5*R? |
—r = —+ ——[B-R°C-2RBC - 2R°g—2RgB] +|1 - -
ot X RPN A0 - 2R = 2RI - R o | © T R A
5*a &R [ §4R? } : 5R? |
—+—+|1- - g.
x| BIx] (R+P)Ix] (R+p)Ix]

To make (@I) hold, we choose a(t) and C(t) such that

a+ g >0 or a(t)=ap— % >0, and C is much bigger than § (recall again (24)).

As R < 0, a convenient choice is

2 = RO RO,
B B
The condition (@2) is equivalent to .
a(t . 1
RO > po*s a(t)(—l)égR—z(t),

which is always true as long as a(t) > 0. Hence V is a super-solution. So if C(0) is chosen big enough, we have
Uo < Ve(o)Rro) and alsou < Ve re fort > 0.
Now considering the dynamics of R(t), we have

. 1 1 1 1 1
R = —f VU'nZ—U——S—V——+g
47T54R2 3Byug ﬁ R ﬂ R

_1fa 1+CB 1 1 ., R1+CP)+9RR +p)
- Glrr s Rl [0 TR
B i[ _@_1+R(1+Cﬁ)+gR(R+ﬁ)
- MR B (R+5)
1 R(O) R(t) R@+CB)+gR(R+p) 1
N B VRV <= 44
,BR[ YT B T R+5) ~ TR (44
Combining (@0) and (44), we finally have,
1 . 1-0Q)
—ﬁ—RSRS—B—R. (45)
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6.2.3. Construction for Big Radius.

This section considers the case when R is not small. The idea is to modify the previous construction of sub- and
super-solutions by a term with small L*-norm but large Laplacian value (see also [13| Lemma 18]).

Let (R, u) be the solution of (2I). In addition, we assume for some fixed constants &y, A1, A2 and B such that

0 < 0o;
A <R() < Ag; (46)
R is uniformly bounded by £.

For super-solution, we consider the following function:

— (1-RC -Rg)s*R 1 5
V. t) = —ZIX =X 47
crR(x,)=C+ REAN 2|X Xil“ + € (47)
where € > §. It holds that
Ncory
O AV
0 at AV R
5R §R%2 . 5*R2
= §{———[B—R?C - 2RBC — 2R?>g — 2RgB] + |1 — ]C— '}+3 48
{(R+ﬁ)2IXI[’B e N T ] MR GEY (48)
and
— 1 B —
V, > Q= 4+ —0— vV -n. 4
cR = R o n (49)

Under the assumption (@6), the right hand side of (48) is positive. Hence V is a super-solution. As before we obtain
that

I:.{Si_1_54_R(1+Cﬁ)+gR(R+,8) <M (50)
BR B R+
for some constant M independent of §.
For sub-solution, similarly, we consider
~ 3 (1-RC -Rg)§*R 1 2
Ucr(x,t) =C + RO + 2|x Xil© — €. (51)
Again by , UC,R will be a sub-solution. So we have
Ry~ |1 R RA+CAH+RR+A| (52)
BR B R+B
Hence we obtain _
IR| < M. (53)

6.3. Multi-particle case

Now we employ the above single particle analysis to prove a priori bounds for the multiple particle case. Consider
the initial data uo given by (22). By Theorem|[4.1] the solution exists locally in time. The key is to extend the solution
globally in time, beyond the vanishing times of some balls.

Let T be some fixed constant. By the uniform estimate , on the set K = {x DX =Xl > % for all i} (i.e. away
from each dBgg,), lulo<t<t is bounded uniformly by some fixed constant. Hence if 5;(0) and (:.*(0) are chosen
sufficiently small and large respectively, using and , we have UC?(O)’Ri(O) < Up < Vgr(om(o) and hence

Us-gro < U < Vegro foraslongas Ay < R < A, and R < 8. By , it follows that [R| < M. Now
given any finite time interval [0, T], choose A, = Ry + 2MT. Then the upper bounds are always true for time interval
[0, T] (independent of 6).
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If some R;j(t) ever reaches some small value A;, by , R; will be negative. Similarly choose C; and C; to be
sufficiently small and large such that Uc-) r,¢) and Ve .rie from @) and @ satisfy

UC;(t),Ri(t) < UC;(t),R.(t) (gu) and (Ux) val*(t),R.(t) < VCi*(t),Ri(t)

Now by , R will stay negative and hence Uc- ) r; and Ve .rir remain to be sub- and super-solutions up to the
vanishing moment t; of R;. Finally estimates (45) hold.
Let t* be the first vanishing time of some ball. We have

IRiRi| <M <o, and supsupRi(t) <M < oo (54)
ittt

hence R € WLP([0,t*]) forall 1 < p < 2.

With the above, the extension of solution beyond t* follows as in [13] pp. 158-159, 165]: by the energy estimates
of Proposition @ we have sup;_. [[Ull 2oy and [IVull 2(q,.) bounded independently of 5. Hence standard parabolic
theory leads to u(-,t) — u(-, t*) in L?(Q) as t —s t*. However, in general u(-,t*) does not belong to H(Q) so that
we cannot directly invoke the local in time existence result Theorem On the other hand, the H! condition is
only needed near each existing particles. Near the location where a ball has just vanished, a regular heat equation is
well-posed with L? initial data. A localization procedure is used to construct the solution starting from u(-, t*).

6.4. lteration Step

The purpose of this step is to improve the constant 1 —O(1) in the right-hand side of (@5). This is not necessary for
the later part from the point of view of estimates — all is needed is that R € W-P([0, T]), but we feel it is of independent
interest as it gives the limiting asymptotics of R(t) near its extinction time in the strong form.

From the form of the super-solution, we need to progressively reduce ag in (43). The expression for the super-

solution is simplified as
4

Vo(x, 1) = [%(R(O) —R()) + A + Bt.

for some A and B large enough (but independent of time and 6).
Let t; be such that R(t;) = @ then

5*R(0) . .
Vo(x, t1) = 25X + A+ Bt; > u(x,t;) (where u is the true solution).
Note that . 'RO)
1 0 6"R(O
Z+A+Bty+ —(R(t1) -R() > —— +A+Bt; forallt>t d > §*R(t).
AT 1J,m)('((l) ) > ogq TATBu foralltzt and x> (t)

Hence by the similar argument as before, the function
Vi(x,t) = L +A+Bt; + o (Rt1)) —RM))+A+B(t-t;) = L +2A+ Bt + o (R(t2) — R(1))
DR T VB A

is again a super-solution for t > t;. Now we have for t > t; that

- 1 1 ] 11 S RL)-RO) 1
R < B[Vl_§+g:|_ﬁ B+2A+Bt+W_§+g
= ﬁR—l(t)[—1+%+R(t)(2A+Bt+g).

To continue, let t, be the time such that R(t;) = @. Set

s 2 54
Vo(x,t) = = + = + 2A+ Bty + M(R(tz) -R{)+A+B(t-t) = E +3A+Bt+ M(R(tz) - R(t)).

1
B
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It is again a super-solution for t > t,. By induction, let

R(0)
n

4
Va(x,t) = g +(+1DA+Bt+ ’%(R(tn) —R(t)) where R(t,) =
Finally, let
VI (x.0) = inf Vo(x. 1), (55)
which stands as a super-solution for all t > 0, and therefore we obtain

R< = [-14 R
BRI 8

+R(Y) 2 +(n+1)A+Bt+ g(t))} for th<t<ty..

The above shows that 1
RR<—E as R— 0%

Combining all the previous analysis of sub- and super-solutions together with the energy estimates from Section
[B} we have the following regularity theorem for solution of (21).

Theorem 6.3. Let the initial data uj, RY) and the inhomogeneous driving forces g; satisfy the conditions (22),
and (24), then for any time T > 0 and § small enough:

1. there is a solution u of inL*® (O,T; LZ(Q)) NL? (O,T; Hl(Q)) satisfying:

1 T
sup ()], + —f (VU250 dt < M < o0 56
te[O,EI)'] ( ) LZ(Q) 6 0 ( ) LZ(Q) ( )

2. the radii R;’s satisfy sup; sup;. Ri(t) < co and sup; [IRillwzeqo,min, 1)y < M < oo forany 1 < p < 2 (where t; is
the vanishing moment for the i-th particle). Furthermore, we have that

. . 1
IRiRi| <M <o and limRiR; = 5 (57)

so that Ri(t) ~ A (t — t)Z ast — t;.

With the above regularity result for the heat distribution and evolving radii, our approach now follows quite closely
to that of [13]. The steps include: (i) construction of a first order approximation for the heat distribution (Section|7);
(i) construction of a first order approximation for the radii (Section [8); and (iii) derivation of the limit equations
as 6 — 0 (Section[8). We will still outline the main steps to keep the paper self-contained and to emphasize the
essential features, in particular the derivation of the limit equations. On the other hand, there are some differences in
the procedure which we will point out in appropriate places.

7. First Order Approximation

The goal here is to produce a good approximation for the heat distribution which are then used to derive the
limiting equation for the dynamics of the mean field variable and radii as 6 — 0. This is facilitated by the following
expression:

(58)

B 1 - Ri()ud,(t) - Ri()gi(t) | 6*Ri(t)
46‘”(3"(“2( R+ 5 X=Xl

Using the above, we will construct sub- and super-solutions to control the difference between the actual solution u’
and the approximation £°.
For this, we define:
W=7+W+2zZ+M§ (59)
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where the corrections w® and z° satisfy:

oWy = AW -85l (t) inQ (60)
Vw-n = -V{-n onoQ
w(0,) = wo()
and
(1-Ri@OULO -RGORO) s
67 = M_ézi : — inq (61)
: Ri(t) + 8 tIX—X||
z = _B Vz-n onoB’
4m5*R2(t) Jope
Vz.n = 0 ondoQ
2(0,)) = ()

which deal with various inhomogeneous terms of the equation. Their initial data are chosen as zo = 0 and wy = Ug—{p
so that all the boundary conditions are satisfied at t = 0. The M, is initially chosen so that u’ < up < ug.
The estimates for w® are summarized by the following lemma.

Lemma 7.1. If we choose the mean-field variable u®,(t) according to

Ri(t)
S (4 — 3 R0 () — R.(F\n. i 5 — 0
Q0 = 4m0* D (1= RUOULEO - RIOBO) ™5 Un(0) = o (62)
then forany 0 <y < % there exists a M, such that:
WllLe@ry and [[VW]lsqy < M, 67 (63)

The proof is omitted as it is exactly the same as [13, Lemma 20] using careful energy type estimates from parabolic
regularity theory. But for completeness we will indicate the origin of . This equation is to ensure that fQW =0
so that the behavior of u’ far away from the interfaces is indeed captured by the mean-field variable ul,. In addition,
technically speaking, the estimate for Vw is proved first which together with the zero mean condition then gives the
estimate for w.

With the above in mind, we integrate (60) and obtain:

d
Ozé—fw:f Aw—&')tuﬁo:f VW - n — 86,W°,.
dt Jo o0 00

Hence
s 0 0 1 - Ri(t)u,(t) — Ri(t)gi(t
6atugo — _W - _ £ :_f Z( I() oo() I( )gl())64Rl(t)V .n.
aq On a0 0N 05 Ri(t) +B X = Xil

As [, Vi - n = —4x, the above gives .

The estimates for z° are stated in the following lemma.
Lemma 7.2. In the following My denotes some generic finite constant independent of 4.

1. Lett{ be the vanishing time of BY. Then,

[2(t)l5e; < M1 [log(t) —t)| fort <t). (64)
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2. Let A’ = Q\ U; B(xi, 9).

s foor g [ g [ L e &

By Sobolev embedding theorem, the above gives

lzll 2 qary < My V6. (66)

Proof. The proof is similar to [13, Lemma 21], again using energy type estimate for parabolic equation, but in the
current case with the effect of kinetic undercooling in the parabolic setting, some additional terms appear in the
derivation of some energy identity. This leads to the need of estimates of the type (64).

Using h to denote the inhomogeneous term in (6I)) (without the & factor), we have:

0zt = AZ — 6h.

Multiplying the above equation by z and extending z from Q° to Q by z|B lead to

= Z|
54R; OBag;

6f uZ = f AZZ— 6 hz

(1) (1) (1)
0z 2

0| ziz-6 nZ = 71— — Vz|*=6 | hz
Q O\ (1) s ONn [0 Q
471612R3
5| znz-6 7izi = - ) 4n8°R%z(z -—f sz—éfhz
fae-s 3 (5 e = - SamtRinten- [ 1w -

, the above becomes:

B!
4768R222 4751?R3
5 — fvzza "--—6fh 67
fQZtHZ 557 + Q6| Z| Z 3 Zjzi N z (67)

:t f Lp, 40 ZRZ(t)z ) + f Vz? = ZRS(t)[ ]—5 f hz (68)

Integrating in time then gives

5L%z2(t)+%fotZRf(s)zf(s)dHfotfngﬁmfotfghz

0z
As z=p5"—
Sz=/6 an

or

(69)
468 O g (2 4ot [ 2 i [ 2 1, 4% @ g (2
=3 LR [5] -3 fo 2SRRI (5] (9ds+s fQ 270 -5 2RO (5) (0).
From the above, we see that the zj(t)’s appear in the right hand side which force us to consider their estimate.
As supco 1y sUP; Rit), [Ri(1)gi(t)] < oo we simplify equation (6I) as:
5* (Ai(t) + Bi)Ri(1))
0Zy = AZ - 62 x| (70)

for some uniformly bounded smooth function A; and B;. The desired sub- and super-solutions are given by

5*a(t)
[X = Xl

5a(t)

Zaub(t) = My +
sub() 1 |X—Xi|

and Zsuper(t) =-M; -
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where ai(t) = M, + M3 |Ri|. Mz, M, and M3 are large enough constants. (This is similar to the construction of the
super-solution V in 43).) Then (64) follows from:

£ a(s) t Mz + M3 [R(s)| t MzR; + M3 [Ri(S)Ri(S)|
zi(t < MT + —dSSMT+f—dS:MT+f ds
aol < T [ gSasemT s S T, R2(S)
< |\/|T+|v|ft L ds<MT+Mft ! ds < M;T + M |[log(t) — )|
= T ReTET T w9t o

By Theorem [6.3(2), we see that the right hand side of (69) is bounded by a finite constant. Then the same
computations of [13, Lemma 21, pp 172-173] can be applied. They first give

t
fzhiffwzﬁslvha?
1 6 Jo Ja
and then the higher order regularity:

sup ! f(z(t))2 ;- fT f [Vz? + L fo |Dzz|2 <M
el ey = = T
tef0.11 02 Jo 2 Jo Ja 6 Jo JIn

concluding the proof of (66).

(Note here that we do not need to any give special consideration for new initial data right after some balls have
vanished such as in [13, p 167]. This is because the summands in £° corresponding to the vanishing R;’s auto-
matically become zero.) O

Estimates (63) and (66) together with (58) and (59) give the following corollary which says that far away from the
particles, the heat distribution u’ is close to the mean field variable u?,.

Corollary 7.3. Forany0 <y < % there is a constant M,, such that

lu® ~ “go(t)||L2([o,T],Lw(Aé)) < M,s” (71)

8. Approximation of the Dynamics of R;(t)’s
The following is the main theorem of this paper which gives the dynamics of the radii as § — 0.

Theorem 8.1. Let ul, be given as in (62). Then for any ¢ € WL([0, T1), it holds that

:
‘ fo ¢[RiRi + B)Ri = (ULR; + GiRi = 1) dt| < C,6” liglyns - (72)

The above means that in the weak sense, the radii satisfy the following dynamical equation:

., _ 1-uRi-gRi
RETTRRAR) (73

The proof is the same as [13, Theorem 2.b]. As this is the key result, we present the steps here to illustrate the
main idea and estimates.

Proof. Define:

S*Ri(t) (Ix - Xi|)

gi(x.1) = X x| 5

where 7 is a smooth function such that n(s) = 1 for0 < s < % and n(s) = 0 for s > ‘—11 This function satisfies:

1
=1 — Vi -n = -R;
’ 47T64 53? lﬁl :
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and the identity,
i

iAU = — U—— UAY;.
fol Vi B? djlan fasﬁ on +Js;6 Vi

By the dynamics of R;(t), we have — d ( (t)) P f Vu - n from which we compute

d (1 1 1 oui 1 f 1 f
—[ZR3 = — Vu-n= — = -
dt(3 ') 275 Sy " 4n54fa“an 25" Jou VU Bt Jo, MR

_ Ui alﬁl oo() . B
=3 4ﬂ54f(u—uw(t))mﬁ. y 54f Wil st bAlﬁ. (as suy = Au)

u;i,(t) cw.
ot | et e [ - vt g [

1 : 1 1 .
= -R (Eu — i +BR; ) + UL ORI + — y Lé(u - u, )2y - W Lé gile (asuj = R U + BRi).

= —-Rjuj -

Hence 1 5
Ri(Ri +B)Ri — (U%Ri + GiRi = 1) = o fm(u ) N e fgﬁ Yilt. (74)
Now let ¢ be a test function on [0, T]. Then we have
T T o T
P _ (U — U (®))ayi Wil
fo ¢[Ri(Ri + B)Ri — (ULRi + giR; - 1)] dt = fo ¢[ A dt—¢ e, e dt.  (75)
The first term of the right hand side of (75) is estimated as,
T o
(u— UG (D) Ay 5 1 f
P AN < - — N | < 4 - .
L tp[ o 476t dt < llelleory Hu uw(t)”L"“(supp(Awi)) % 4r5* Jsupp(avs) 4l = G0l oy

For the second term, we compute,

foT"’ m%dt ) f;#[ f ‘((Uwi)t—uwit)] dt_
fo 4nst [f(*ﬂ)t f |X64R)i(|n(|xgxi|)] dt.

i an((S“I'Ri)(47r68Ri2). Hence we obtain

Notethatf(u://i)tz(f uz//i)
Qo‘ Qd t
T
l/’lut
f ¥ Qo 471'(54 at
Ui u(-, 0y T 90_58 i 2 T ﬂ un
f‘”‘f i ()f 4ns* fo 47r( ;T ﬁR)RRdt j; 47rf95|x—x-|dt

_ ugi u(, 0)i f <P58 20 2 2 _f
fo¢tf464dt ©(0) Tt ) an (RiRi — giR?R; + BRER?) dit Qalx—x.

By the fact that:

<M

 RRil oy IRillsgory

||u||L°°(L2(QA))’ H|X| LZ(Q‘S) H47T64

Lo (L@)

we finally have the conclusion:

)
fo ¢[Ri(Ri + B)Ri = (ULRi + GiRi — 1)] dt| < M, 6" llgllsao.ry - (76)
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9. Limit problemasé —» 0

This section discuss the limit of u® and R?’s as § — 0. With the estimates derived so far, in principle, all the
results of [13| [14] carry over. However, in order to obtain an equation which is closed in the limit, we do need to
invoke the assumption (25) on the form of the inhomogeneous forces g;’s. This will also motivate the incorporation
of white noise in the future work so that the machinery of stochastic analysis is applicable.

Since the estimates are the same as in [13] [14], we will omit the proof of the existence of a limit which is a
consequence of general compactness result. Instead, we will concentrate on the derivation of the limit equations. For

this, we introduce the empirical measure v € L (0, T;C°(0, KT]))* of the radii:

) _ T 1
(. ¢) = fo N2(t)

Then we have the following convergence result:

Z o(t, RIt)) dt for ¢ € L1([0, T]; C°[0, Kr1) 77)
ieNS(t)

where K1 = sup; 5 ”R?HL“’(O,T)'

Lemma 9.1. Given any T < co, there exist a v e L*(0,T;C°([0,Kr])" and u, € W-P(0,T) (1 < p < o) such that
for a subsequence of § — 0, the following hold:

v — v inthe weakx topology of L* (O, T;CO[0, KT])* (78)
W, — U, uniformlyin(0,T) (79)
W — U, inL2%0,T;HYQ)). (80)

Furthermore, there exists a family of probability measures {v(y},., C C°[0, K1]* and a non-negative function a €
L*=(0, T) such that

T *
v, @) = fo f ¢(t.R)dviy(R) e(t)dt for ¢ € L1(0,T;C°[0,Kr]) . (81)

5
In the above, a(t) = lims_q m—al represents the percentage of active particles in the system.

The proof of the above is some application of convergence of measures and LP spaces. The specific concept used is
that of Young measures. For details, see [13, Lemmas 7, 8] and [14, Lemma 5.1].

In order to have a closed equation in the limit, we state here again the assumption about the functional form for
the gi(t)’s:

there exists a function G € C1(R, x R,) and a function h € C(R,) such that g;(t) = G(t, Ri(t)) + h(t). @)
We will make some remarks about this assumption after presenting the main theorem which is stated as:

Theorem 9.2. The mean field variable u., and the distribution v satisfy:

Oile(t) = 4r fo ) (1 - Rus(t) - RG(t.R) - Rh(t))le dvy(R) a(t) (82)
and T
fo f {Bre(t. R) + V(& R)ree(t, R)} vy (R)a(t) dt + f @(0,R)dw(R) = 0 (83)
forall ¢ € C3°([0,T] x R,), where

1 - Ruw(t) — RG(t, R) — Rh(t)
B RR +p)

and vg is the limit of the empirical measure of the initial radii Rfo.

V(L,R) = (84)
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Proof. For (82), letn € C}(0,T). Then

T s T 3 5016 6 RY
fo n(® (u,), dt:fo n(0) [4”5 Z((l_Ri u%, - Rg)) Ré+ﬁ] a

For the left hand side of the above, we have

T T T T
[ o) o= [ nouot— - [ noud= [ aod

For the right hand side, we express it in terms of the empirical measure »°:

fo ' n(t) [4;«53 Z ((1 - Ru, - Rog;) %} dt=(*, o)

where ®°(t, R) = 47n(t) [1 —RuZ,(t) - R(G(t,R) + h(t))] RLJrﬁ By the strong convergence of ul, to u., and the form
of g;’s, we have that

.
(4, o) — fo n(t) f 47(1 - Ru. - RG(t.R) - Rh(t))%g dvy (R)a(t) dt

which gives (82).
For (83), consider for any ¢ € C5*([0, T], R.):

[ n(t)[i > Lo Ro)
0 |N| ieN dt o

The convergence of the second term is trivial. For the first term, we compute:

T 1 od T 1 T 1 :
| ”“)[N%la"’“’R?“” dt= | n(t)[NZa(t,Rf(t» s [ n(t)[NZ¢R<t,Rf(t))R? dt.

ieN ieN
The first term on the right becomes:

1 1)
dt + i Z #(0,R%) dt = 0.

ieN

i
[ o [ﬁ S st R?‘(t))} dt = (', ndud) — (v, n0ng.

ieN

For the second term, we compute:

T 1 .
jo‘ n(t) [N Z #r(t, Rf(t))Rf] dt

ieN

T 1 .
= fo n(t) [N Z dr(t, R (1)) (R? ~ V(R )

ieN

T 1 5 )
dt+ [ )| Y o= ROVERD)|

ieN

As ¢ has compact support, only the values of the radii which are bounded away from zero matter in the computation.
Hence a trivial modification of the proof of Theorem[8.1] in particular the steps (74) and (75) give

T 1 )
fo n(t) [N %} #r(t.RO®) (R - V(t,R? )] dt — 0.

Finally we have the converge:

T 1 _
fo n(t) [N ZN Pr(t, ROV (LR } dt — (v, n¢r)

which all together gives (83) completing the proof of the Theorem.
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Remark 9.3. Here we explain the need to impose the functional form (25) for the inhomogeneous forces. From the
derivation of the limit equations, we are forced to deal with summations in the form of

T
f cp(t)z F (t, Ri(t), {Rj(s)}j 0<s<ts gi(t)) dt for some nonlinear function F.
0 i

The dependence on {R;j(5)}; o<s<t is due to the mean-field u, (t) variable. In principle the above can all be expressed in
terms of some Young measures. But it is not clear if there is any meaningful equation we can obtain to describe these
Young measures. The limit equations will thus not be closed — the usual problem when dealing with weak convergence
in nonlinear equations. Imposing some probabilistic independence among the g; does not help immediately due to the
non-local dependence in time. A reasonable alternative is to consider white noise for the g;’s so that techniques from
If0’s calculus can be used to take advantage of the stochastic cancellation in time. Such an approach is used in many
works deriving continuum equations from particle systems with mean-field or long range interactions. This will be
investigated in some future works.
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