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ABSTRACT. In this paper, the monotonicity and logarithmically convexity of

. —at_—ft .
the function % are obtained, where ¢ € R and « and ( are real

numbers such that o # 3, («, 8) # (0,1) and (e, 8) # (1,0).

1. INTRODUCTION

For real numbers o and 8 with a # 3, (o, 8) # (0,1) and (o, 8) # (1,0) and for
teR, let
—at -3t
ey
Gap(t) =9 1—e! 1)
0 —a, t=0.

In order to obtain the best bounds in Gautschi-Kershaw’s inequalities, it was
proved in [9] that the function g, g(t) is logarithmically convex in (0, 00) and loga-
rithmically concave in (—00,0) if 83—« > 1 and is logarithmically concave in (0, 00)
and logarithmically convex in (—00,0) if 0 < 8 — a < 1.

When ones study the logarithmically completely monotonic property of some
functions involving Euler’s gamma I' function, the psi function v and the polygamma
functions 1 for i € N, the elementary function da.,3(t) is encountered now and
then. The so-called logarithmically completely monotonic function on an interval
I C R is a positive function f which has derivatives of all orders on I and whose
logarithm In f satisfies 0 < (—1)*[In f(x)]*) < oo for k € N on I. The set of the
logarithmically completely monotonic functions on I is denoted by L[I]. For more
information on the class L[], please refer to [1, 2, 3, 5, 6, 7, 8, 9] and the references
therein.

The first aim of this paper is to research the monotonicity of the function g, (t).
The first main result of ours is the following Theorem 1 or Corollary 1.

Theorem 1. The following conclusions present the monotonic properties of go, g(t).
(1) The function qqa,g(t) is increasing in (0,00) if either 1 > a+ 3 > 2a+1 or
1<a+p<2a<a+F+1 holds.
(2) The function qqu,g(t) is decreasing in (0,00) if either 1 > a+ 3 > 28+1 or
1<a+pB<28<a+pB+1 is valid.
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(3) The function gq g(t) is increasing in (—oo,0) if either 2a > a+ [+ 1> 2
ora+ [ <20 <a++1<2 validates.
(4) The function qq,p5(t) is decreasing in (—00,0) if either 260 > a+ 5 +1>2
ora+ [ <2a<a+pf+1<2 sounds.
(5) The function qu,p(t) is increasing in (—oo,00) if and only if one of the
following conditions holds:
(a) a=p+1>1,
(b) a>p+1>1,
(c) f=a+1<1,
() a<f<a+1<1,
) p+1<a+f<2a<a+p+1
(6) The function gq,p(t) is decreasing in (—oo,00) if and only if one of the
following conditions holds:
(a) f=a+1>1,
(¢) B<a<pB+1<1,
d) 1>a=0+1,
() 1>a>p+1,
f) a+1<a+p<286<a+p+1.

Remark 1. The (o, §)-domain where the function g, g(t) is monotonic in Theorem 1
can be described respectively by Figure 1 to Figure 6 below.

b=1—«a

ﬂ::a—l

FIGURE 1. (o, 3)-domain where the function g, g(t) is increasing
in (0,00) in Theorem 1
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FIGURE 2. (o, #)-domain where the function ¢, g(t) is decreasing
in (0,00) in Theorem 1

Remark 2. Note that the («, §)-domain where the function g, 5(t) is increasing (or
decreasing) in (0, 0co) (or in (—00, 0)) is an union where the function ¢, g(t) increases
(or decreases) in either (0, 00) (or (—o0,0)) or (—oo, 00). Therefore, Theorem 1 can
be restated as the following Corollary 1.

Corollary 1. The following conclusions describe the monotonic properties of g s(t).

(1) The function qqp(t) is increasing in (—oo,00) if and only if (a,B) €
{(@.f) :a>p20a211U{(,f) : a <f <0tU{(e,) : @ <

(2) The function qa(t) is decreasing in (—oo,00) if and only if («a, ()
{(pB): 8>a =021 U{(x,f): 8 <a<0}U{(a,p):p
o — 170 S Q@ S 1}\ (170)3(071)}

IA M

(3) The function qa,(t) is increasing in (0,00) if and only if (o, B) € {(a, B) :
0> 0> 008 a>1-B0<8 < }Ul(@p):atl<ps<
l—a,a<0}U{(a,B):8-1<a<p<0}\{(1,0)}.

(4) The function qqa,5(t) is decreasing in (0,00) if and only if (o, B) € {(«, B) :
B>1-a,3>a>0}U{(a,3): 8>a>3}{(a,8): B<a<0}U{(a,B):
B<a-1,0<a<l}U{(e,0):1<a<1-p6}\{(1,0),(0,1)}.

(5) The function qq,g(t) is increasing in (—o0,0) if and only if (o, B) € {(«, B) :
l—a<f<aa>1}U{(e,f):a<f<l,a<0}U{(a,): <<

1-—a,0<a< 23\ {(1,0),(0,1)}.
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FIGURE 3. («,3)-domain where the function g, g(t) is increasing
in (—00,0) in Theorem 1

(6) The function qq g(t) is decreasing in (—o0,0) if and only if (o, B) € {(«, B) :
1-<a<f,f>21}U{(e,f): <a<3}U{(e,f):<1—a,53<a<

11\ {(1,0), (0, 1)}

Remark 3. The corresponding («, 5)-domains where the function ¢, g(t) is mono-
tonic in Corollary 1 can be described respectively by Figure 5 to Figure 10 below.

The second aim of this paper is to reconsider the logarithmically convexity of
the function g, 5(t) by a very simpler approach than that in [9]. The second main
result of ours is the following Theorem 2.

Theorem 2. The function g, g(t) in (—oo, 00) is logarithmically convez if B—a > 1
and logarithmically concave if 0 < 8 —a < 1.

Remark 4. Theorem 2 shows that the logarithmically convexity and logarithmically
concavity in the interval (—oo,0) of g, g(t) presented in [9] and mentioned at the
beginning of this paper are wrong. However, this does not affect the correctness of
the main results established in [9], since the wrong properties about g, g(t) in the
interval (—o0,0) are unuseful there luckily.

Remark 5. Recall that a r-times differentiable function f(x) > 0 is said to be r-log-
convex (or r-log-concave) on an interval I with » > 2 if and only if [In f(z)]") exists
and [In f(2)]) > 0 (or [In f(x)]") < 0) on I. In [4], the following conclusions are
obtained: If 1 > 8 —a > 0, then ¢, g(t) is 3-log-convex in (0, co) and 3-log-concave
in (—o0,0); if 8 —a > 1, then g4 g(t) is 3-log-concave in (0, 00) and 3-log-convex in
(—00,0).



MONOTONICITY AND LOGARITHMIC CONVEXITY FOR A CLASS OF FUNCTIONS 5

g

A

5 “1\\\\\\\ 3 =°°1°“"_ o

FIGURE 4. (o, #)-domain where the function ¢, g(t) is decreasing
in (—00,0) in Theorem 1

2. PROOFS OF THEOREMS
Proof of Theorem 1. It is clear that the function g, g(t) can be rewritten as

sinh U5 (1—a—p)t , t
Xp = Pa,s .

sinh % 2 2

dop(t) = ; 2)

If « =+ 1, then g, 5(t) = —e~ Pt is increasing for 8 > 0 and decreasing for
B <0in (—o0,00). If « = 8 — 1, then o 5(t) = e " is decreasing for a > 0 and
increasing for v < 0 in (—o0, 00).

For |oo — 3] # 1, direct differentiation shows

sinh((8 — a)t
oty = T jaoieg ),
where
©a,5(t) = (B — a)coth((f — a)t) — cotht —a — 3 +1 (3)

and
P p(t) = (mlht>2 - [mnh(’iﬁ_fa)t)r

B tl{ (snfht)g - Lmﬁf& ”Zlmf}- @
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FIGURE 5. (o, #)-domain where the function g4 g(t) is increasing
in (—o00,00) in Theorem 1 and Corollary 1

Since ¢, 5(t) = ¢, 5(—t) and the function = > 0 is decreasing in (0, 0)
and increasing in (—o0,0), then ¢ 5(t) > 0 for |a — ] > 1 and ¢, 5(t) < 0 for
0 <|a—p] <1in (—o00,00). This means that the function ¢, g(t) is increasing
for | — 8] > 1 and decreasing for 0 < | — 3] < 1 in (—o0,00). It is not difficult
to obtain limy o o g(t) =2 —a— f —|a— |, im0 pap(t) =1 —a — F and
limy oo pap(t) = la— 8| —a— 3.

1.If 8 >a+1,then §—a >0, |a— 0] > 1, lim_._o vas(t) = 2(1 — 3) and
limy—, 00 pa,6(t) = —2a. Further, if o > 0, then ¢, 5(t) < 0 and pl, 4(t) < 0 in
(—00,00), and then p, 5(t) and g, g(t) are decreasing in (—oo, 00). Therefore, for
B> a+1>1, the function ¢, g(t) is decreasing in (—oo, 00).

If 3> a+1and 8 <1, then limi—, oo ¥a,5(t) > 0, a,5(t) > 0 and pl, 5(t) >0
in (—o00,00), and then p, g(t) and gq g(t) are increasing in (—oo, c0). Hence, for
1> 3> a+1, the function ¢, g(t) is increasing in (—oo, 00).

If 6> a+1and a+ 8 <1, then lim; g pa 5(t) > 0, @ a(t) > 0 and p’aﬁ(t) >0
in (0,00), and then p, () and gq g(t) are increasing in (0,00). Consequently, for
2a+1 < a+ 3 <1, the function g, g(t) is increasing in (0, c0).

If 3>a+1and a+ B > 1, then limy—.0 a,5(t) <0, @a,s(t) <0 and pl, 45(t) <0
in (—o00,0), and then p, 5(t) and gq g(t) are decreasing in (—oo,0). Therefore, for
26 > a+ [+ 1> 2, the function ¢, g(t) is decreasing in (—o0, 0).

2. fa< f<a+1,then —a >0 and |oa — 3] < 1. Further, if @ < 0, then
Pa,5(t) > 0and p, 4(t) > 0in (—o0,00), and then pa g(t) and ga,5(t) are increasing
in (—o0,00). Accordingly, for o < < a+ 1 < 1, the function g, g(t) is increasing
in (—o0,0).
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FIGURE 6. (o, 3)-domain where the function g, () is decreasing
in (—o00,00) in Theorem 1 and Corollary 1

Ifa<f <a+1land § > 1, then limy_,_o @ag(t) < 0, gap(t) < 0 and
Pop(t) < 0in (—o0,00), and then p, g(t) and ga,5(t) are decreasing in (—oo, 00).
Therefore, for a +1 < a+ 5 < 26 < a+ [+ 1, the function g, g(t) is decreasing
in (—o0,00).

fa<f@<a+land a+ 8 <1, then limy_opag(t) > 0, pap(t) > 0 and
Do 5(t) > 0 in (—00,0), and then p, 5(t) and gq,5(t) are increasing in (—00,0). As
a result, for a + 8 < 26 < a+ 8+ 1 < 2, the function ¢, g(f) is increasing in
(—00,0).

fa<fB<a+land a+ g > 1, then limy_opas(t) < 0, paps(t) < 0 and
P4 5(t) < 0in (0,00), and then p, 5(t) and ga,g(t) are decreasing in (0,00). Con-
sequently, for 1 < o+ < 20 < a+ [+ 1, the function g, g(t) is decreasing in
(0,00).

3.Ifa>p0+1,then f—a<0,|a—pF] > 1, lim__o pas(t) =2(1 —«) and
limy o0 o g(t) = —26. Further, if 8 > 0, then ¢, () < 0 and p’aﬁ(t) > 0 in
(—00,00), and then p, g(t) and gq g(t) are increasing in (—oo, c0). Therefore, for
a > [+ 1> 1, the function ¢, g(t) is increasing in (—oo, 00).
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FIGURE 7. (o, 3)-domain where the function g, g(t) is increasing
in (0,00) in Theorem 1

If a>pB+1and a <1, then lim;—, o a,5(t) > 0, pa,s(t) > 0 and p;, 5(t) <0
in (—00,0), and then p, g(t) and ¢, g(t) are decreasing in (—oo,o0). Hence, for
1> a > [+ 1, the function g, g(t) is decreasing in (—oo, 00).

Ifa>p+1and a+p <1, then limy—.0 a,5(t) > 0, ¢a,5(t) > 0 and pl, 45(t) <0
in (0,00), and then p, 5(t) and ¢q,g(t) are decreasing in (0,00). Accordingly, for
1> a+ 5> 2841, the function ¢, g(t) is decreasing in (0, 00).

Ifa>pB+1and a+f > 1, then limi o a,5(t) <0, pa,p(t) <0and p, 45(t) >0
in (—00,0), and then p, g(t) and ¢, g(t) are increasing in (—o0,0). Hence, for
2a > a+ B+ 1 > 2, the function g, (t) is increasing in (—o0,0).

4. Iff<a< f+1, then 8 —a < 0and |a— G| < 1. Further, if 8 < 0, then
¢a,5(t) > 0and p, 5(t) < 0in (—oc0, 00), and then p, g(t) and gq,5(t) are decreasing
in (—o00,00). Therefore, for § < o < 41 < 1, the function g, g(t) is decreasing
in (—o00,00).

If 8 <a<pf+1and o > 1, then limy._ pa(t) < 0, paps(t) < 0 and
Po.p(t) > 0 in (—00,00), and then p, s(t) and gq5(t) are increasing in (—oo, 0o).
Accordingly, for 8+ 1 < a+ 3 < 2a < a+ 3+ 1, the function g, g(t) is increasing
in (—o0,00).

Ifpg<a<f+1and a+f <1, then limy_¢pag(t) > 0, @aps(t) > 0 and
Pop(t) < 0in (—00,0), and then p, s(t) and ga,p(t) are decreasing in (—o0,0).
Consequently, for a + 3 < 2a < a+ 8+ 1 < 2, the function g, g(t) is decreasing in
(—00,0).

Ifp<a<fB+1and a+f > 1, then limy_gpaa(t) < 0, paps(t) < 0 and
Do 5(t) > 0in (0,00), and then p, 5(t) and ga p(t) are increasing in (0,00). As a
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FIGURE 8. (o, #)-domain where the function ¢, g(t) is decreasing
in (0,00) in Theorem 1

result, for 1 < a+ 0 < 2o < a+ G+ 1, the function g, g(t) is increasing in (0, c0).
The proof of Theorem 1 is complete. O

Proof of Theorem 2. For B > «, the functions g, g(t) and p, g(t), related by (2),
are positive. Taking logarithm of p, g(t) and differentiating yields

Inp, g(t) = Insinh((8 — a)t) — Insinht + (1 — o — B)t,
[Inpa,s(t)) = (8 — a)coth((B — a)t) — cotht —a — B+ 1= pq 5(t),
where ¢, g(t) is defined by (3).
By the same argument as in the proof of Theorem 1 on page 5, it is easy to
see that ¢, 5(t) = [Inpa,p(t)]" > 0 for B —a > 1 and ¢, 5(t) = [pa,s(t)]” < 0 for
0 < f—a<1in (—oo0,00). This means that the function p, g(t) = ga,5(2t) is

logarithmically convex for f — « > 1 and logarithmically concave for 0 < f—a < 1
in the whole axis (—o00,00). The proof of Theorem 2 is complete. [
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FIGURE 10. (a, §)-domain where the function ¢, g(t) is decreasing

in (—00,0) in Theorem 1
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