ON INTEGRAL VERSION OF ALZER’S INEQUALITY AND
MARTINS’ INEQUALITY
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ABSTRACT. Let ¢ > b > a and r be real numbers, and let f be a positive, twice
differentiable function and satisfy f/(t) > 0 and (In f(¢))”” > 0 on (a,+00).
Then

b
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SUPzg(a,c] f(w) cia f: fT(x) dz
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c—aJa exp (cia [ In f(x) d:):)
This solves a recently open problem of B.-N. Guo and F. Qi.

»
) < 1 for all real 7,

according as 7 2 0.

1. INTRODUCTION

It was shown in [1, 2, 8, 13, 17] that let n be a positive integer, then for r > 0,

n+1 1/r ]
n+1 ( Z /nJrl > < "“/(n—i—l)! (1)

We call the left-hand side of ( ) H. Alzer’s 1nequahty [1], and the right-hand side
of (1) J. S. Martins’ inequality [8]. In [3, 14] Alzer’s inequality is extended to all
real r. In [5] it was proved that Martins’ inequality is reversed for r < 0.

F. Qi and B.-N. Guo [10, 11] presented an integral version of inequality (1) as
follows: Let b > a > 0 and § > 0, then for » > 0,
1/r
b eherae N e o)
< < .
b+6 b+§7a fab+6 2 da [(b+ 0)bH0 Jqa]1/(b+6-a)
We note that the inequality (4) can be written for > 0 as
b Ly(a,b I(a,b
o Lilab) _ Iab) 5
b+d  L.(a,b+96)  I(a,b+9)

where L,.(a,b) and I(a,b) are respectively the generalized logarithmic mean and the
exponential mean of two positive numbers a, b, defined in [6, 15, 16] by, for a = b

by L,(a,b) = a and for a # b by

br+1 o ar+1 1/r
Ly(a,b) = ((r—kl)(b—a)) , r#F—1,0;
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b—a
L_i(a,b) = b —Ina L(a,b);
bb 1/(b—a)
Lo(a,b) = - (aa) = I(a,b).

L(a,b) is the logarithmic mean of two positive numbers a,b. When a # b, L,(a,b)
is a strictly increasing function of r. In particular,

lim L,(a,b) = min{a,b}, 1iIJP L,(a,b) = max{a, b}.
r—+4o00

r——00

In [4], it was indirectly shown that the function r — L,(a,b)/L,(a,b+ §) is strictly
decreasing with r € (—oo, +00). This yields that

1/r
b ] fab z" dx /
s < n T for all real r, (4)
+ b+o—a fa ardz

1 fb+6 o dr > 10+ o)+ Jqe] 1 /Go—a) according as r =2 0. (5)
bto—a

1 r b/ all/(b—a)
< o f, 2" de ) _ /e
+

n [7], B.-N. Guo and F. Qi ask under which conditions the inequality

SUD (a0 (%) ( = f: fr(z)dx >1/r exp (ﬁ f In f(x) da:)
< 1 b+6 < b+6
SWaela,pta) (@) \ gk [P0 fr(z) da exp (5 Ju " n /() do)

(6)
holds for b > a >0, § > 0 and r > 0.
V. Mascioni [9] found the sufficient conditions on the function f, and proved the
right-hand inequality of (6) for » > 0. Motivated by the paper of Mascioni [9], we
establish the following

Theorem. Let ¢ > b > a and r be real numbers, and let f be a positive, twice
differentiable function and satisfy f'(t) > 0 and (In f(¢))” > 0 on (a,+00). Then

1 br
SUDyclq T —
Pe[,b]f << ff

SUPgela,c] f a f f?"
<blafab fr(z) dx) exp( f In f(z )
S e
c—a a (

() d L7 In f(a) do)

c—

1/r
> < 1 for all real r, (7)

according asr 2 0. (8)

exp

Both bounds in (7) are best possible.

2. LEMMAS

Lemma 1. Let the function f be a positive and twice differentiable on (a,+00),
where a is a given real number, and let

= [ f@)da

G(t) = BT

t>a.
Then we have

(2) If f'(t) > 0 and (In f(t))” > 0, then the function G is strictly decreasing on
(a,+00).
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(i) If f'(t) < 0 and (In f(t))” <0, then the function G is strictly increasing on
(a,+00).
Proof. Easy calculation reveals that
[(t—a)fOPC®) _ (t—a)f*@®) s
f H(t),
FO+E—a)ft)  ft)+(t—a)f(t)
[f(t) + (t—a)f'®OPH'(t) _ ~(

B0 0 B G
(t—a)f3(t) [ ) f)
—[(t = a)(In(f(£))" + (In f(2))'].
If (In f(¢)) > (<)0 and (In(f(t))" > (<)0 for t > a, then H'(t) < (>)0 for t >
a, and then, H(t) < (>)H( ) =0 and G'(t) < (>)0 for ¢ > a. The proof is
complete. O

Lemma 2 ([12]). If F(t) is a strictly increasing (decreasing) integrable function
on an interval I C R, then the arithmetic mean G(r,s) of function F(t),

1 s
g(T,s):{S_r/rf(t)dt, r# S,
F(r),

r=s,

is also strictly increasing (decreasing) with both r and s on I.

3. PROOF OF THEOREM

For r = 0, (7) can be interpreted as

OGS (ﬁ f; In f(z) dx)
f(c) = exp (Cia [n f(x) da:) <t )
Define for t > a,
exp (i fat In f(x) dz)

P(t) =

f(t)

A simple computation yields

(1= 0P et = (= ) (0~ [ 1) do = (¢~ @)in £ 2 Q)
Q1) = ~(t— ) [(n F(B) + (¢~ a)(n(£(1))"] < 0.

Hence, we have Q(t) < Q(a) = 0 and P’(t) < 0 for ¢ > a. This means the left-hand
inequality of (9) holds for ¢ > b > a. By Lemma 2, the right-hand inequality of (9)
holds clearly.

For r #£ 0, (7) is equivalent to

" (b) ffT:c
f’c

Define for t > a,

@ § 1, according as r 2 0. (10)

ﬁ fat fr(z)dz

“O=""rw
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It is easy to see that
(Inf7(t)); =20 and (In(f"(¢)); % 0, according as r = 0. (11)

decreases
increases
(a,+00) according as r = 0. This produces the left-hand inequality of (10). By
Lemma 2, the right-hand inequality of (10) holds clearly.

Both bounds in (7) are best possible because of

(Z,la I f (@) dm> Y Suppern (@)

By Lemma 1, the function ¢ — G, (t) strictly with respect to t €

lim c = )
r——+o00 cia fa fr(.’b) dz supmé[a,c] f(.I)
b o yr
i (Zle 7@\ intucian )
im e = =1
r——00 —a fa fr(x) dx 1nfz€[a,6] f(x)
The inequality (8) is equivalent to
b A
L f,f fr(z)de  exp (ﬁ S, In f7(x) dx)
T < for r # 0. (12)
e [, [r(@)de exp (Cia [ fr(x) dx)
Define for t > a,
t T
Fr(t): ﬁfaf (I)dx .
exp (ﬁ fat In fr(z) dx)

It is easy to see from the proof of Theorem 1 of [9] that if f'(¢) > 0 and (In f(¢))” >
0, then the function F} is strictly increasing on (a, +00); If f/(¢t) < 0 and (In f(¢))"” <
0, then the function F} is strictly decreasing on (a,+00). Applying this result,

. increases
strictly decreases
with respect to ¢t € (a,+00) according as r 2 0. This produces (12). The proof is
complete.

together with (11), we obviously imply the function ¢t — F.(t)
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