SHARP BOUNDS FOR THE DEVIATION OF A FUNCTION
FROM THE CHORD GENERATED BY ITS EXTREMITIES AND
APPLICATIONS

S.S. DRAGOMIR

ABSTRACT. Sharp bounds for the deviation of a real-valued function f defined
on a compact interval [a, b] to the chord generated by its end points (a, f (a))
and (b, f (b)) under various assumptions for f and f’ including absolute conti-
nuity, convexity, bounded variation, monotonicity etc., are given. Some appli-
cations for weighted means and f-divergence measures in Information Theory
are also provided.

1. INTRODUCTION

Consider a function f : [a,b] — R and assume that it is bounded on [a,b]. The
chord that connects its end points A = (a, f (a)) and B = (b, f (b)) has the equation

Ay [ob] = R, dp (6) = 7 17 (@) (b~ 1) + () (¢ )]

We introduce the error in approximating the value of the function f (t) by dy (t)
with t € [a,b] by @ (t),i.e., Dy (¢) is defined by:

(1) By ()= Lo fla) 4 S F (B - ().

a b—a
The main aim of this paper is to provide sharp upper bounds for the absolute value
of the difference ®; (¢) in each point ¢ € [a,b] and under various assumptions on
the function f or its derivative f’.

In Section 2, we recall some results in the case that f is bounded below by m
and above by M and in the case when f is convex on [a,b] .

In Section 3, the case when f is of bounded variation and in particular Lip-
schitzian or monotonic nondecreasing is analyzed, while in Section 4 the case of
absolutely continuous functions is investigated.

Sections 5, 6 and 7 provide sharp bounds for |®¢ (¢)|,¢t € [a,b] when f’ is of
bounded variation, Lipschitzian or absolutely continuous.

In Section 8 some applications in estimating the weighted mean generated by f,
namely

(1.2) My (p,z) = 3 pif (w2).
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where p; > 1, 3" p;=1land m <z; < M,i€ {1,...,n} for a function f defined
on an interval containing m and M are also given.
Finally, applications for the f-divergence functional

(1.3) It (p,q) = gqif (Z) :

where p = (p1,...,pn), 4= (q1,-.-,qn) are positive sequences, that was introduces
by Csiszar in [4], as a generalised measure of information, a “distance function” on
the set of probability distributions P™ are also provided.

2. PRELIMINARY RESULTS

The following simple result, which provides a sharp upper bound for the case
of bounded functions, has been stated in [7] as an intermediate result needed to
obtain a Griiss type inequality.

Theorem 1. If f : [a,b] — R is a bounded function with —co < m < f(t) < M <
oo for any t € [a,b], then

(2.1) B (1)) < M —m.

The multiplicative constant 1 in front of M — m cannot be replaced by a smaller
quantity.

Proof. For the sake of completeness, we present a short proof.

Since f is bounded, we have m(b—1t) < (b—1t) f(a) < (b—t) M, m(t —a) <
(t—a)f(d) < (t—a)M and —(b—a)M < —(b—a) f(t) < —(b—a)m, which
gives, by addition and division with b — a that

(M —m) < (b—1t) f(a)+(t—a)f(b)
b—a
for each t € [a, b], i.e., the desired inequality (2.1) holds.
Now, assume that there exists a constant C' > 0 such that |® (¢)| < C (M —m)

for any f as in the statement of the theorem. Then, for t = ‘JTHZ we should have

(2.2) f(“);f(b)—f(a;bﬂgcm—m).
If f:[a,b] > R, f(t) =t — “£2|, then f (a) = f (b) = 552, f(2f2) =0, M = 252
and m = 0 and the inequality (2.2) becomes bTa <C- b2 , which implies that

Cc>1.1

The case of convex functions has been considered in [8] in order to prove another
Griss type inequality. The sharpness of the constant has not been analyzed in the
earlier paper.

Theorem 2. If [ : [a,b] — R is a convex function on [a,b], then

3 o<a,m <UD (o)) < Lo a) [12.0) - 7L (@)

for any t € [a,b].
If the lateral derivatives f! (b) and f! (a) are finite, then the second inequality
and the constant i are sharp.
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Proof. For the sake of completeness, we present a complete proof of (2.3) below.
Since f is convex, then

t—a b—t
) @)=

for any ¢ € [a,b], i.e., D (t) > 0 for any ¢ € [a, b].
If either f7 (b) or f! (a) are infinite, then the last part of (2.3) is obvious.
Suppose that f’ (b) and f, (a) are finite. Then, by the convexity of f we have
F@)—f®) > f_()(t—0) for any t € (a,b). If we multiply this inequality with
t—a >0, we deduce

24)  (t—a)fO)—(t=a)fO)ZfLB)({E=b)(t—a), tE(ab).
Similarly, we get
(2.5) b—t)f(t)=(b—1)f(a) = fi(a)(t—a)(b—1), L€ (aD).
Adding (2.4) to (2.5) and dividing by b — a, we deduce

)

s - OO 0T), CDEZa 1) py ),

for any ¢ € (a,b), which proves the second inequality for ¢t € (a,b).
If t = a or t = b, the inequality also holds.
Now, assume that (2.3) holds with D and E greater than zero, i.e.,

o0 <0 O g ) g )] < BO-a) [ 0) - £} (@)

for any t € [a,b]. If we choose t = %H’, then we get

(2.6) J@+7®) (““’) <Ipe-ao[ 0 -1 ()]

(b_t)Zi_((f_a)b -

2 2 )4
< E(b—a)[fL(b) = f} ()]
Consider f : [a,b] — R, f(t) = |t — Lb’- Then f is convex, f(a) = f (b) = 53¢,

f(EE) =0, (b)) =1, f, (a) = -1 a2nd by (2.6) we deduce ’

>
|
IS

Db—-a)<2E(b-a),

[\)

1

2

which implies that D > 1 and E > %. 1

3. THE CASE WHEN f IS OF BOUNDED VARIATION
We start with the following representation result:

Lemma 1. If f : [a,b] — R is bounded on [a,b] and Q : [a,b]2 — R is defined by
t—b if a<s<t

(3.1) Qt,s) =
t—a if t<s<b,

then we have the representation

b
(32) b (0= [ Quad (), telab,

where the integral in (3.2) is taken in the sense of Riemann-Stieltjes.
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Proof. We have:

/;Q(t,s)df(s)=/at(t—b)df(s)+/tb(t_a)df(s)

(t—b)/:df(S)+(t—a)/tbdf(8)

= (L= B)F(0) ~ F(@)] + (t—a) [f () — £ (1)
— (b—a) @, (1

and the identity is proved. i

The following estimation result holds.

Theorem 3. If f: [a,b] — R is of bounded variation, then

(33) @f(t)lé(;j__;)\:/( (f,:)\b/

ERA =YL
S E)E)T o) s (o))
if p>1, %—F%:l;
AAGEEIAGEAGIE

The first inequality in (3.3) is sharp. The constant % 1s best possible in the first
and third branches.

Proof. We use the fact that for p : [o, 3] — R continuous and v : [, 8] — R of
bounded variation the Riemann-Stieltjes integral f p(t) dv (t) exists and

[ o)< s w0 \ﬁ/ w).
Then, by the identity (3.2), we have
00 < o e-n [ Wi [ @
gbia[w )| [ 9]+~ ) /tbdf(S)]
<bia[(b—t)i/(f)+(t—a)\?(f)]7

and the first inequality in (3.3) is proved.
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Now, by the Holder inequality, we have

max (o~ 1.0~} [V () + V)]

t 1 t q b q] a
(b—t)\/(f)+(t—a)\b/(f) < o=+t —a) [(v (f)) + (y (f)) ]

o=t i-ama{V(.V (N},

which produces the last part of (3.3).
For t = 1 (a+1b), (3.3) becomes

‘f(aer)_f(a)Jrf(b)‘S;\i/(f)_

2 2

Assume that there exists a constant A > 0 such that

(3.4) ‘f<“;b)f(a);f(b)‘§z4\/(f)-

If in this inequality we choose f : [a,b] — R, f(¢t) = |t - %H”, then we deduce
b*Ta < A(b—a), which implies that A > % ]

Corollary 1. If f : [a,b] — R is L1— Lipschitzian on [a,t] and Ly— Lipschitzian on
[t,b], L1, Lo > 0, then

(35) @< CEEZD ) <

<= (b—a) (L1 + L)

=

for any t € [a,b].
In particular, if f is L—Lipschitzian on [a,b], then

2(b—1t) (t — a)

(36) 2y (1) < 2000

Lg%(bfa)L.

The constants i, 2 and % are best possible.

The proof is obvious by Theorem 3 on taking into account that any L—Lipschitzian
function is of bounded variation and \/Z (f) < (b—a) L. The sharpness of the con-
stants follows by choosing the function f : [a,b] — R, f(t) = |t - “TH” which is
Lipschitzian with L = 1.
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Corollary 2. If f : [a,b] — R is monotonic nondecreasing on [a,b], then

(fit)V“*—fWN+(Z:“)Vw»—fw1

B.7) @ (#)]

IN

a a

|1 @) = 1@l

1 _atb
1 2
[2 +‘ b—a

(=) + (22)) W = £ @ + 17 ) - £ @1
+

if p>1,

IN

LIF ()~ (@) + § | () - L],

The first inequality and the constant % in the first branch of the second inequality
are sharp.

The inequality is obvious from (3.3). For t = %*b, we get in (3.7)

(3.8) ‘f(a;b>_ﬂa);f(b)’§

1
S0 = (@),

In (3.8), the constant % is sharp since for the monotonic nondecreasing function
fila,b] = R

0 if te€ [a,2F];

F(t)=
1 if te (%520],

we obtain in both sides of (3.8) the same quantity .

4. THE CASE WHEN f 1S ABSOLUTELY CONTINUOUS

Now, if f : [a,b] — R is absolutely continuous, then f is differentiable almost

everywhere and f;} f'(s)ds = f(b) — f(a), where the integral is taken in the
Lebesgue sense, and we can state the following representation result.

Lemma 2. If f : [a,b] — R is absolutely continuous, then

1 b
(1) B ()= [ Qo) (s)ds, telai,
where the integral is in the Lebesque sense and @ has been defined in (3.1).

The proof is similar to the proof of Lemma 1 and the details are omitted.
We define the Lebesgue p—norms as follows:

ess sup |g(t)] if s= o0,
tefa,f]

||9||[a,5],s = X
B8 s s,
(fa lg (t)] dt) if s € [l,00).

The following estimation holds:
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Theorem 4. If f is absolutely continuous, then

(4.2)
b—t t—
< (228) 1+ (522) 17 s
EEE N oo € Loo [l

@ (t)

<
B g i F € Lplab] p> 1 E4d=1
D | e i F' € Loo [, 1)
+ 1
_ _\B8 .
ERET N e F € Lalatl a> 1 G451

where the second part should be seen as all four possible combinations.

Proof. The first inequality holds from the representation (4.1) on taking the mod-
ulus and applying its properties.
By the integral Holder inequality, we have

(t —a)ess sup |f' (s)] if f'€ Ly a,b]

t s€la,t]
el (rera)’ e,
p>1, s+, =1

=

and

(b—t)ess sup |f' (s)] if f'€ Ly a,b]
s€(t,b]

b
/tlf’(s)ldsﬁ (f I (s |pds)% if f’eL b,

[a,
1_q
p>1, +5_

which provides the second part of (4.2). 1

Remark 1. Some particular inequalities of interest are as follows. If f' € Lo [a,b],
then

h— _
@ el < EEEZ D 1]

2(b—1)(t —a) 1
S = a0 < 5 0= a) 1 g p),00 -

for any t € [a,b]. The first inequality in (4.3) and the constants 2 and 5 are best
possible.

Iff’ELp[a,b],p>1,%+%:1, then

(1 @mms[w_?%faq;Kffﬁéwmmm+(jjgéwmw{
(=2 (=) (2]

IN

for any t € [a,b].
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In particular, for p = q =2, we have

b—t)(t—a b—t t—a
@ o</ CAE )[Jhw-wmwg+ hm'UWWJ

b—t)(t—a),
< ﬁ”f”[a,b]Q

for any t € [a,b].

5. THE CASE WHEN [’ IS OF BOUNDED VARIATION

The following representation of the error ®; can be stated:

Lemma 3. If f : [a,b] — R is absolutely continuous on [a,b] and such that the de-
rivative f' is Riemann integrable on [a,b] , then we have the following representation
in terms of the Riemann-Stieltjes integral:

1 b
(1) B0 = [ Ks)d (), telab),
where the kernel K : [a,b]> — R is given by

(t—a)(b—s) if t<s<b.

Proof. Since f’ is Riemann integrable on [a, b] , it follows that the Riemann-Stieltjes
integrals f (s —a)df' (s) and ftb (b — s)df’ (s) exist for each t € [a,b]. Now, inte-
grating by parts in the Riemann-Stieltjes integral, we have:

b t b
/1«@@#') w—w/ﬁs—w#%> @—w/‘@—@ﬂ%@

=w—w[@—a /f @} t—@[b—s !t‘/f ]
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=b=t[t—a)f ()= (f @)= fla)]+E—a)[=(b—=1)f &)+ ()= f ()
=t—=a)[f ()= fOI == ) - f(a)] = (b—a)Ps(t)
for any t € [a, b], which provides the desired representation (5.1). I
Remark 2. If we define Ay : (a,b) — R,
As(t) = f(bl)):f(t) _ f(ti:i:(a)’
then by the above identity (5.1), we have the representation

1 b b
(5.3) Ag(t) = (t—a)(b—t)/a K (t,s)df’ (s) :/a R(t,s)df' (s), te (a,b),
where the new kernel R : (a,b)*> — R is defined by
{ = if a<s<t

= if t<s<b.

R(t,s):=

We notice that, for f(s) := fasg(z) dz, the last equality in (5.3) produces the
following identity'

(5.4) b_t dz——/ dz—/ Rt 5)dg (s),

which has been obtamed by P. Cerone in [3] (see eq. (2.12)).
Notice that, in (5.4), the function g can be Riemann integrable and not only
absolutely continuous as assumed in [3].

Theorem 5. Assume that f : [a,b] — R is absolutely continuous on [a,b]. If f" is
of bounded variation on [a,b], then

b b
(5.5 @01 < D (< Lo a V()

where \/Z (f") denotes the total variation of f' on [a,b].
The inequalities are sharp and the constant i is best possible.

Proof. Tt is well known that, if p : [«, 5] — R is continuous and v : [a, 8] — R is of
bounded variation, then the Riemann-Stieltjes integral | f p(s)dv (s) exists and
B
< sup [p(s)|\/ (v)

B
/ p(s)dv (s)
« s€la,f]

Now, utilising the representation (5.1) and the above property, we have

(56) 27 (0] = 7

t b
<b—t>/ (s—a)df’(s)Jr(t—a)/t (t—s)df (s)

/at (s — a)df' (s) /tb(ts)df/(S)

1
gb_a[a»t) +(t=a)

t b
Sb l —t\a/ sup (s—a) t—a\/ sup t—s)]

s€la,t] t se[t b)
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t b b
- -a0-d [\/ 7 +V (f’)] = Al g,

a

The last part of (5.5) is obvious by the fact that (t —a) (b —1t) <
[a,b].

For the sharpness of the inequalities in (5.5), assume that there exists F,G > 0
such that

b b
@y () < F- LD a-a)\ (),
+b

b—a
with f as in the assumption of the theorem. Then, for ¢ = %37, we get
b b
f(a)+ f(b) a+b 1 / /

(5.7) o (3 SZF(b*a)\a/(f)éG(b*a)\a/(f)-
Consider the function f : [a,b] — R, f(¢t) = |t — %b| . This function is absolutely
continuous, f’(t) = sgn (t — “E2), t € [a,b]\ {%E2} and \/Z (f") = 2. Thus, (5.7)
becomes

b— 1

“ <-F((b-a)<2G(b-a),
2 2

which implies that > 1 and G > i. 1

6. THE CASE WHEN [’ IS LIPSCHITZIAN

The case when the derivative is a Lipschitzian function provides better accuracy
in approximating the function f by the straight line ds as follows:

Theorem 6. Assume that f : [a,b] — R is absolutely continuous on [a,b]. If [ is
K1 —Lipschitzian on [a,t] and Ky— Lipschitzian on [t,b] (t € [a,b]), then

I T e R S TR T %

< é (b= a) (K1 — K2)t + Ksb— Kua], te[ab].
In particular, if f' is K—Lipschitzian on [a,b], then
(6.2) |Df(2)] < %(b—t) (t—a)K < %(b—a)2K, t € [a,b].

The constants % and % are best possible.

Proof. We utilize the fact that for an L—Lipschitzian function, p : [o, 3] — R
and a Riemann integrable function v : [a, ] — R, the Riemann-Stieltjes integral

ffp (s) dv (s) exists and

/fp<s>dv<s> SL/j p(s)] ds.

Then we have

(6.3) / (s — a)df’ (s)
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and

b b
(6.4) /t (t— s)df (s) SKQ-/t (t—s)ds=%K2(b—t)2.

Now, on making use of the inequality (5.6) we have, by (6.3) and (6.4), that

IN

b—a |2 2

1 (t—a)(b—1)
=5 g Lt + L (b)),

1 (1)) < [%bt)(ta>2-K1+1<ta><bt>2-K2

which produces the first inequality in (6.1). The other inequalities are obvious.
To prove the sharpness of the constants in (6.2), let us assume that there exist
H, K > 0 so that

(6.5) @, ()| <HOb-t)(t—a)L<K(b—a)’L

for any t € [a,b] and f an L—Lipschitzian function on [a,b]. For ¢t = %t we get
from (6.5) that

(6.6) f(a)+f<b)—f<a+b>’<1HL(b—a)2§LK(b—a)2.

Consider f : [a,b] = R, f(t
with the constant L = 1 an

(t — “T'*‘b)2 . Then f'(t) =1t — “T“’ is Lipschitzian
.6) becomes

Q.
~ |
lor i

7. THE CASE WHEN f’ 1S ABSOLUTELY CONTINUOUS

The following representation result also holds.

Lemma 4. If f : [a,b] — R is differentiable and the derivative f' is absolutely
continuous, then

b
(7.1) By (0) =y [ K65 (5)ds

for any t € [a,b], where the integral in (7.1) is considered in the Lebesgue sense.

The proof is similar to the one in Lemma 3 on integrating by parts in the
Lebesgue integral f;K (t,s) f” (s)ds. The details are omitted.

Theorem 7. If f is as in Lemma 4, then

(2 @ (1)) < C=DZ0)
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where
T

a)l/q .
73) K@) =1 S gy Fp>1 Ei=,
"€ Lyla,b];

Lt = a) | jgsoe i F” € Looa,0];
15" .0
(b /8 .

L B e > B+ =1,
f" € Lala,b];

Loty o " E Loo[a,b];

and the definition of K should be seen as all 9 possible combinations.

Proof. We have, by (5.6) that

I A ek

[-arsa

b
b (t—a) /t (t—s) f" (s)ds

|

for any t € [a,b].
Utilising Holder’s inequality, we have

(7.5) / (s —a) [ (s) ds

sup (s —a) [1|f" (s)|ds;
s€la,t]
t /p .
= <f (s_aqu) (f 7 (s |pd8) if p>1, 1+1=1,
f/l e L [ b]
ess sup | (s)] f, (s —a)ds if € Loo [0,
s€la,t]
t=a) Ilf" a1
a)tti/a .
N iy B p>1, S+ 1 =1,
1 f/l 6 L [ ]
5(75—602 1 Moo I F" € Loo [a,];
and, similarly,
(b= ) 1" Ny
b b_p)it1/8 _
(7'6) / (b - 5) fN (8) ds| < ((5_7_)1)1/,6 HfHH[tb if a>1, é_t,_ % =1,
! f/l E L [ b]’
1 .
5 (b—1t)° 1f" i p,00 i f" € Loo [a, 0],

for any t € [a,b].

Finally, on making use of (7.4) — (7.6), we deduce the desired inequality (7.2). i
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Remark 3. The inequalities in (7.2) have some instances of interest that are useful
in applications. For example, in terms of the sup-norm we have:

h— _
@0 e <y CEIEED gt 0 1
1
oA

(b= ) (t=a) " gpyoes t € la:B],

where f"” € Lo la,b]. The constant % s best possible in both inequalities. The

function f(t) = (t “T'H’)Z produces an equality in (7.7) for t = “T'H’.
If we assume that « = p, B = q in (7.2), then we also have:

—_

[

b—t)(t—a ai e a e
(7. ¢funs(;+nbiw = 1, 001

b—1t)(t—a)
T @) (b-a)
forp>1, % + % =1, f" € L,[a,b], since, by Hélder’s inequality, we have

(=) 1 Ny + O =N N1
1/q 1/p
< [t =+ =07 [0 W+ 1]

1
= (b= )" 1" liapy.p -
In the case that p = q = 2, we get the following inequality for the Euclidean norm
1" Napp,2 :

|| [t,b],p

1/p ”f/I”[ab],pv te [aab]a

r9) oy < Y2 L T
< ? : W 1 Nap2s t € lasb].

It is an open question whether or not the constant ? is best possible in (7.9).
Finally, from (7.2) we also have:

@10) ey o)< CEE Dy < @) 1
for any t € [a,b].

8. APPLICATIONS FOR WEIGHTED MEANS

For a function f : [a,b] — R, x = (21,...,2,) € [a,b]" and p = (p1,...,pn) a
probability sequence, ie., p; > 0,4 € {1,...,n} and >~ p; = 1, we define the
mean:

(8.1) My (p;x) := sz‘f(%‘)-

If f(t)=t,t € [a,b], then

My (p;x) = A(p;x) = Y pii,
1=1

which is the arithmetic mean of x with the weights p.



14 S.S. DRAGOMIR
The main aim of the present section is to provide sharp bounds for the error in
approximating My (p;x) in terms of the simpler quantity

(8:2) f(a)-%(r:x)_kf(b).%.

The following proposition contains some results of this type.

Proposition 1. Let f : [a,b] — R be a bounded function on [a,b], x = (z1,...,2,) €
[a,b]" and p a probability sequence. Define the error functional Ef (p;x) by:
b—Apix) Ap;x) —

(83) & (pix)i=f(a)- Ty o 4 (D) T~ My (pix).
(i) If —co<m < f(t) <M < oo for any t € [a,b], then
(8.4) € (Psx)| < M —m.

The inequality is sharp.
(ii) If f : [a,b] = R s of bounded variation on [a,b], then

n b
%4-21%‘ ]\/(f)-

The constant & is best possible in (8.5).
(i) If f : [a,b] = R is L—Lipschitzian on [a,b], then

a+b

(8.5) €7 (p3%)] < ==

2
—a

n

56 1& @< S =) ()

A

%UJ_A(WX)] [A(p;x) —a] <

All the inequalities in (8.6) are sharp.

IN

L(b—a).

N —

Proof. Let us prove only the inequality (8.6). The other inequalities follow likewise.
Applying the inequality (3.6) for ¢t = x;, i € {1,...,n}, we have

(8.7) 'f (2;) — fla)(b—m;) + f(b) (v — a) 2L

< — -
b—a *b—a(b zi) (@i —a),

for any i € {1,...,n}. Multiplying (8.7) with p;, summing over ¢ from 1 to n and
utilising the generalised triangle inequality > . || > [>°1 | a;|, we deduce the
first inequality in (8.6).

Further, we use the following Cebysev inequality:

(8.8) Zpiaiﬂi < Zpiai Zpiﬂi,
i=1 i=1 i=1
provided that p; > 0, Z?:l p; =1 and (ai)i:ﬁa (ﬂz)z:ﬁ

(a; — ) (B; = B;) <0 foranyi,je{l,....,n}.
Then we have from (8.8)

S pib—ai)(wi—a) <> pi(b—x) Y pilwi—a)
i=1 i=1 i=1

— [b— A(p:x)] [A (p:x) — a]

and the second inequality in (8.6) is proved. The last part is obvious.

are asynchronous, i.e.,
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The sharpness of the inequality follows from the case n = 1. The details are
omitted. I

If f:]a,b] — R is a convex function, then the following result is known in the
literature as the (discrete) Lah-Ribarié inequality:

(69 > pf @) < o (@b — A+ £ ()[4 (sx) — al}.

For a generalisation to positive linear functional that incorporates both the original
Lah-Ribari¢ integral inequality and the discrete version of it due to Beesack and
Pecaric [2], see [12, p. 98].

In terms of the error functional £ (p;x), we then have £ (p;x) > 0, when f
is convex and p,x are as above. Now, on utilising Theorem 2, we can state the
following reverse of the Lah-Ribari¢ inequality (8.9).

Proposition 2. If f : [a,b] — R is convex on [a,b] and the lateral derivatives

fL(b), fi (a) are finite, then

I e = e WA
ACENAD

I - A )] (A (pix) —

HOSIACET AR

The inequalities are sharp and i is best possible.

IA

The following results in terms of the derivative of a function f can be stated as
well.

Proposition 3. Assume that f : [a,b] — R is absolutely continuous on [a,b] .
(i) If f' is of bounded variation on [a,b], then

(8.11) & (psx) < & — ;) (z; — a)
1 : 1 b
< bfa\/(f’) [A(pix) —al[b—A(pix) < 7 (0-a)\/ (/).

All inequalities in (8.11) are sharp. The constant i is best possible.
(i) If f' is K—Lipschitzian on [a,b] (K > 0), then

(12) 1€ )] S 5K Y pi - ) (5 - a)

< LK Al [A () —a] < £ (b a)* K.

| =

The constants % and % are best possible.

The proof is obvious by Theorem 5 and Theorem 6 and the details are omitted.
The above results can be useful in providing various inequalities between means.
For instance, if we denote by G (p,x) the geometric mean []}_, 2", then for the
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convex function f(t) = —Int, we have for 0 <m < x; < M < 00,14 € {1,...,n}
that:
gf (p, X) = IDG (p7 X) —ln |:m MXlA—(Sy,;X) . MA(Jlt)l:,—c)T;”l:| = hl |: M_A(p,G):)(p; X)A(p,x)_m ’
m~ M=m . M M-m
M
M
= 1 _
Vin=m(5)
[ is L—Lipschitzian with the constant L = || f'|| o (n 2 = L and
M —m mM’ v mM

Also, f"is K —Lipschitzian with the constant K = ||f”|[ (, a = 4.

Applying Proposition 1, we get

G(p' ) 1 ~ T; — miM M
0<1 ’ <|= i|——2—{|In — |,
=0 |:m1\4;1A(er;X) . MA(pIi>mm N 2 + ;p M -m B m
while from Propositions 2 — 3 we get
G (p;x) }
|:mMMA—(5{ : . MA(lef )m
2
< mi — —
_mm{m(M—m) mM’ 2m2} sz %) (@i —m)

. 2 11
Smln{m(M_m),mM72m2}'[M—A(P;X)] (A (pix)

Smin{Mm (M —m)? (Mm)Q}'

om  4mM ' 8m?

Remark 4. All the results in this section can be stated for positive linear functionals
defined on linear spaces of functions. Applications for Lebesgue integrals in the
general setting of measurable spaces can be provided as well. However, for the sake
of brevity, we do not state them here.

9. APPLICATIONS FOR f-DIVERGENCES

Given a convex function f : [0,00) — R, the f-divergence functional

(9.1) I; (pq) = i_ilqif ({;) ,

where p = (p1,...,pn), 9 = (q1,-...,qn) are positive sequences was introduces by
Csiszar in [4], as a generalised measure of information, a “distance function” on the
set of probability distributions P". As in [4], we interpret undefined expressions by

(9.2) f(0)= tli%lJrf (t), of <8) -
o (2) - g (2) e 7O

The following results were essentially given by Csiszar and Korner [5]:



(i)
(i)

(9.3)

(9.4)
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If fis convex, then Iy (p,q) is jointly convex in p and g;
For every p,q € R”, we have

I; (p,q) > Z%f (;W) :

j=19
If f is strictly convex, equality holds in (9.3) iff
p1_ P2 = Pn
Qg o
If [ is normalised, i.e., f (1) =0, then for every p,q € R} with > ;| p; =
Z?:l qi, we have the inequality

If (p,q) > 0.

In particular, if p,q € P", then (9.4) holds. This is the well-known positive
property of the f-divergence.

We now give some examples of divergence measures in Information Theory which
are particular cases of f—divergences.

(1)

Kullback-Leibler distance ([10]). The Kullback-Leibler distance D (-,-)

is defined by
D(p,q):= ) pilog <z) :
If we choose f (t) = tlnt, t > O,Zztilen obviously
If(p,a) =D (p.q).

Variational distance (I;—distance). The variational distance V (-,-) is
defined by

V(p,a) =Y Ipi—al.
i=1
If we choose f (t) = |t — 1|, t € [0,00), then we have
If(p,a) =V (p;q).

Hellinger discrimination ([1]). The Hellinger discrimination is defined
by /2h2 (-,-), where h? (-,-) is given by

n

W (p.a) = 5 > (VI VaD)

i=1

It is obvious that if f (t) = 1 (VI — 1)2, then

Iy (p,q) = h* (p,q).

Triangular discrimination ([14]). We define triangular discrimination
between p and q by

S Ipi *Qi|2
Ap,g) =)y ———.
— Pitdi

It is obvious that if f (t) = (t;rll)z, t € (0,00), then

It (p,a) =A(p,q).
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Note that \/A (p,q) is known in the literature as the Le Cam distance.
(5) x?—distance. We define the y%—distance (chi-square distance) by

n

2 ,_ (pi — qz')2
X2 (p,q) = Ziqi :

i=1
It is clear that if f (t) = (t — 1), ¢ € [0,00), then

It (p,@) = x*(p,q).
(6) Rényi’s divergences ([13]). For o € R\ {0,1}, consider

n
po (Pa) =D pfig ™"
i=1

It is obvious that if f (t) =t* (¢t € (0,00)), then

Iy (p,a) = p, (P, Q) -

Rényi’s divergences R, (p,q) := ﬁ In[p, (p,q)] have been introduced
for all real orders a # 0, @ # 1 (and continuously extended for o = 0 and
a =1) in [11], where the reader may find many inequalities valid for these
divergences, without, as well as with, some restrictions for p and q.

For other examples of divergence measures, see the paper [9] and the books [11]
and [15], where further references are given.
Now, for 0 < r <1 < R < 0o we consider the expression

1
—— [(R=1)f () + (1= 1) f (R)]

and are interested to compare it with the f-divergence Iy (p,q) which can be ex-
tended for larger classes than convex functions with the same definition (9.1) and
the same conventions as those from (9.2).

Proposition 4. Let f : [r, R] — R be a bounded function on the interval [r, R] with
0<r<1<R<oo. Assume that p,q € P™ are such that

(9.5) r <P <R for eachi € {1,...,n}

qi

and define the error functional

o (P, aqim, R) := Rl_r (R=1)f(r)+ A —=r)f(R)]—-1f(p,a).
(i) If —-co<m < f(t) <M < o0 for anyt € [r,R], then
(9.6) |07 (p,q;r, R)| < M —m.

The inequality is sharp.
(ii) If f : [r,R] = R is of bounded variation on [r, R], then

1 1 n R
§+R—rz \/(f)

i=1

_rtR
2

(9.7) 167 (p,q;r, R)| < i - g

The constant L is best possible in (8.5).
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(iii) If f: [r, R] = R is L—Lipschitzian on [r, R], then
2L

(9.8) 65 (P, B)| < 75— [(R-1)(1-7)=x*(p,q)]
2L 1
S, B-1A-r) < L(R-7),

where the K. Pearson x*-divergence is obtained from (9.1) for the convex
function f(t) = (1—1t)*, t € R and given by the equivalent expressions:

2 7
(9.9) Xz(pq):zzn:q,(pj_1> :iwziﬁ_l.
j=1 J q; = q; el

Proof. The proof follows in a similar manner with the one from Proposition 1 on
choosing a = r,b = R,p; = q; and z; = % with ¢ € {1,...,n} and the details are
omitted. 1

In the case of convex functions we have
Proposition 5. If f : [r,R] — R is convex on [r, R] and the lateral derivatives

L (R), fi (r) are finite, then

(9.10) (0<)df (p,qir, R) < fL B~ fi () [

(R—1)(1—=7)=x*(p,q)]

R—r
/- (R) = f (r)
S?;(R_U(l—r)
< T R-D) LB - L),

provided that p,q € P™ are such that (9.5) holds.
The inequalities are sharp and i is best possible.

We notice that the result from Proposition 5 has been firstly obtained by the
author in the paper [6].
Finally, we can state:

Proposition 6. Assume that f : [r, R] — R is absolutely continuous on [r, R] and
that p,q € P™ are such that (9.5) holds.

(i) If f' is of bounded variation on [r, R], then

R
(9.11) 107 (p,a;r, R)| < Rl_r VU (R=1)1=7) =X (.q)]
) ' R 1 R
SR—T’( 1—T\/ Z —T)\/(f)-

All inequalities in (9.11) are sharp. The constant i is best possible.
(i) If f' is K—Lipschitzian on [r, R] (K > 0), then

(9.12) 0 (P, a5, R)| < *K [(R=1)(1=7)=x*(p,q)]
1

(R—r)’ K.

| /\

SK(R=1)(1-7) <

0|

The constants % and % are best possible.
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