ANOTHER GRUSS TYPE INEQUALITY FOR SEQUENCES OF
VECTORS IN NORMED LINEAR SPACES AND APPLICATIONS

S.S. DRAGOMIR

ABSTRACT. A discrete inequality of Griiss type in normed linear sapces and
applications for the Fourier transform, Mellin transform of sequences, for poly-
nomials with coefficients in normed spaces and for vector valued Lipschitzian
mappings, are given.

1. INTRODUCTION

In 1935, G. Griiss [9] proved the following integral inequality which gives an
approximation of the integral of the product in terms of the product of the integrals
as follows

b1a/ff<w>g<w>dw—bla/:me‘bIa/abW)dx

1
< Z((I)_d))(r_’y)v
where f, g : [a,b] — R are integrable on [a,b] and satisfy the condition

(1.2) p< fr) <P, y<g(x)<T

(1.1)

for each = € [a,b], where ¢, ®,~,T" are given real constants.

Moreover, the constant % is sharp in the sense that it cannot be replaced by a
smaller one.

For a simple proof of (1.1) as well as for some other integral inequalities of Griiss
type, see Chapter X of the recent book [11] and the papers [1]-[8] and [10].

In 1950, M. Biernacki, H. Pidek and C. Ryll-Nardjewski [11, Chapter X] estab-
lished the following discrete version of Griiss’ inequality:

Theorem 1. Let a = (a1,...,a,), b= (b1,...,b,) be two n—tuples of real numbers
such that r < a; < R and s <b; < S fori=1,...,n. Then one has

(1.3) iiaibi—iiai-;ibi g%{g} (1—711 [ZD(R—T)(S—S),

where [x] denotes the integer part of x, x € R.

A weighted version of the discrete Griiss inequality was proved by J. E. Pecarié
in 1979 [11, Chapter X]:
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Theorem 2. Let a and b be two monotonic n—tuples and p a positive one. Then

1 & Ly Ly
1.4 — @iy — —= %P ibi
(1.4) Pn;pa Pn;pa P”;p
Pkkarl
< an — a1 [bp — by 1§rl?§a7)z(—l [ P? ,

where Py, := """ | p;, and Pyy1 = Py — Pyi.

In 1981, A. Lupas, [11, Chapter X] proved some similar results for the first
difference of a as follows.

Theorem 3. Let a,b be two monotonic n—tuples in the same sense and p a positive
n-tuple. Then

2
. : 1 Z” 2 1 Z" :
(1.5) i \Aail, ain 186\ B2 ) P (Pn »_12pi>

" i=1
1 & ) 1 & 1 & b
Fn;piai (A Fn;piai . E;pz i

IN

2
1 & ey
< 1§1}1Sa§71|Aai|1S1}1§a§71|Ab¢\ Fnzll pi — (PTL;ZI%‘ ;
1= 1=

where Aa; := a;41 — a; is the forward first difference. If there exist the numbers
a,ay,r,r1 (rry > 0) such that a, = a + kr and by, = a1 + kr1, then equality holds
in (1.5).

In the recent paper [6], the authors obtained the following related result

Theorem 4. Let (X, |||) be a normed linear space over K, K = R,C, z; € X,
a; €Kandp; >0 (i=1,..,n) such that y ;_ p; = 1.
Then we have the inequality

n n n
E Dit;iTq — E pic; E Dix;
i=1 i=1 i=1

n n 2
.2 .
< dnax |Rag] max A 2P (Z llp’)
<

(1.6)

i=1
The inequality (1.6) is sharp in the sense that the constant ¢ =1 in the right hand
side cannot be replaced by a smaller one.

In this paper we point out another inequality of Griiss type and apply it in
approximating the discrete Fourier transform, the Mellin transform of sequences,
for polynomials with coefficients in normed linear spaces and for vector valued
Lipschitzian mappings.

2. AN INEQUALITY OF GRUSS TYPE

The following result holds.
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Theorem 5. Let (X || ||) be a normed linear space over K, K=R,C, z; € X, «;
eKandp, >0 (i= ,n) (n>2) such that Y., p; = 1. Then we have the
inequality

(2.1)

n n
iOGL; — Zpiai sz'ffi
i=1 i=1
n—1 % n—1 %
< Y G-i, (me) (zmknq) ,
k=1

1<j<i<n k=1
where p > 1, %—&-%:1
The constant ¢ = 1 in the right hand side of (2.1) is sharp in the sense that it
cannot be replaced by a smaller one.

Proof. Tt is well known that the following idcntity holds in normed linear spaces [6]

n n n
Zpiail‘i - Zpioéi Zpil“i = 35 Z pip; (@i — o) (@i — x;)
i=1 i=1 i=1

i,5=1

= Z pipj (i — aj) (¥ — x5) .

1<j<i<n

We observe that for ¢ > j, we can write
i—1
—a; = ZAak, Ty — T = ZAxk
k=j
and by the generalized triangle 1nequahty we get

n n n
E pioiZi — E pic E pit;
i=1 i=1 i=1

(2.2)

< ) pip ZAak ZAzk
1<j<i<n
i—1 i—1
< D pip Y 1Aak] Y [[Az =: A.
1<j<i<n k=j k=j

Using Holder’s discrete inequality, we can state that

i—1 (it »
D 1Aax < (i —5)7 | Y Al
k=j k=j

and

Q=

=

i—1 i—1
DolAwy] < (@ =5)7 [ D 1Az

k=j k=j
where p,q > 1 and % + % =1, and then

S
Q=

i—1 i—1
@23) A< S ppii-3) | Slaal | [ 1Aw
k=j k=j

1<j<i<n
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i—1 n—1
[Ackl” < |Aa|”
k=j k=1

and
1—1 n—1
S AT <> (1A,
k=j k=1

for all 1 < j < i < n, then by (2.3) and (2.2), we get the desired inequality (2.1).
To prove the sharpness of the constant, let us assume that (2.1) holds with a
constant ¢ > 0. That is,

(2.4)

n n n
D piiwi— > pici Y piti
=1 =1 =1
1 1
n—1 P n—1 q
C e S G- hem (zmw) (znmw) |
k=1

1<j<i<n k=1

Choose n = 2. Then

2 2 2
§ Pio;x; — E pic; E Dix;
i=1 i=1 i=1

2
1
= |3 > viwj (i — ay) (@ — ;)

ij=1

- > pipi (e — o) (@i — )

1<j<i<2

= Pip2 \041 - 042| Hffl - $2H
and

S - e, (z |Aak|p) (z nmnq)
k=1

1<j<i<2 k=1

= DPip2 |Ol1 - 042| ||$1 - 1‘2” .
Therefore, from (2.4), we obtain
pip2 a1 — ol |21 — 22| < epipa Jar — ol |21 — 2|

for all oy # g, 1 # x2, and then ¢ > 1, which proves the sharpness of the
constant. fi

Remark 1. A coarser upper bound, which can be more useful may be obtained by
applying Cauchy-Schwartz’s inequality:

Yo Gi—hpipi < | Y. pipj > pips (i)

1<j<i<n 1<j<i<n 1<j<i<n

N
W=
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and taking into account that

> pipj =

n
pipi — > Dibj
1<j<i<n 1 i=j

5
QZ)

DN | =

1
5 l_pz

and

S opipii—j)? = %Zpipj(i—j)z

1<j<i<n ij=1

n n n 2
= Dopi) i’pi- (Z ipz')
=1 =1 i=1

[ n n 2
| i=1 i=1
Thus, from (2.1), we can state the inequality

(2.5)

n n
i Qg — E Di § DiTq
i=1 i=1

L [zn:pz (1- pi)} Zn:iQpi - (Zn: ipz')

n—1 % n—1 q
X<Z|Aak|p> <Z|Amk||q> .
k=1

k=1

The following corollary holds.

Corollary 1. With the above assumptions, we have

(2.6) 1 1
n2 -1 n—1 » [/n—1 q
<~ (Z |Aakp> (Z ||A$k||q>
k=1 k=1

IR AT

i=1

The constant % 1s the best possible.
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Proof. The proof follows by (2.1), putting p; = + and taking into account that

> i)

1<j<in
= > 2=+ > B-PNtt+ D> (n—j)
1<5<2 1<5<3 1<j<n
= 2-2-(1+2)+3-3—-(1+2+3)+...+n-n—(1+2+..4+n)
= 4224+ . 402 -1-(14+2)-(1+24+3)—...—(1+2+...+n)
kE+1) 1 n(n2—1)
_ kQ ( k2 k e S
I LB W B

and the Corollary is thus proved. I

Remark 2. If in (2.1) and (2.6) we assume that p = q = 2, then we get the
inequalities:

(2.7) i Lq — Zpiai Zpiiﬂi
i=1 i=1
1 1
n—1 2 /n—1 2
. 2 2
SN S Y P N DofFely
1<i<j<n k=1 k=1
and
(2.8) Z T — — Zal Zwl
n2 1 n—1 % n—1 %
- 2 2
< S (Sanr) (Sianr)
k=1 k=1
respectively.

3. APPLICATIONS FOR THE DISCRETE FOURIER TRANSFORM

Let (X,]|-]|) be a normed linear space over K, K = C,R, and z = (21, ..., x,) be
a sequence of vectors in X.
For a given w € R, define the discrete Fourier transform

(3.1) Fuw (T) (m) == Zxk exp (2wimk), m=1,...,n
k=1

The following approximation result for the Fourier transform (3.1) holds.
Theorem 6. Let (X, ||-||) and T € X™ be as above. Then we have the inequality

_ sin (wmn) I
2 - 1 —
(3.2) Fuw (T) (M) Sin (wm) exp [(n + 1) mi] x - I;xk
1
< % (n—1)" |51n wm) (Z Aa:qu) ,
wherep>1,% %zlandme{l n},w#%w,kGZ.
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Proof. Using the inequality (2.6), we can state that

(3.3)

n n 1 n

E akzk_g ak'*g T
n

k=1 k=1 k=1

1

n2_1 n—1 r /n—1 q
< (mep) (ankq
k=1 k=1

forall ap €K, zp € X, k=1,...,n.
Now, choose in (3.3), ar = exp (2wimk) to obtain

(3.4) ‘

Fuw (Z) (m) — Z exp (2wimk) x % Z xg
k=1 k=1

2 1 n—1 % n—1 %
< n 5 (Z lexp (2wim (k + 1)) — exp (2wimk)|p> (Z ||A5r:k|q> ,
k=1

k=1

for all m € {1,...,n}.

However,
n r 1 —1
Z exp (2wimk) = exp (2wim) X exp ( wzmn) ]
P | exp (2wim) — 1

— exp (2wim) x [cos (2wmn) + isin (2wmn) — 1]

| cos (2wm) + isin (2wm) — 1

= exp (2wim) x

[—2sin? (wmn) + 2isin (wmn) cos (wmn)}

—2sin? (wm) + 2i sin (wm) cos (wm)

exp (2wim) x sin (wmn) [sin (wmn) — i cos (wmn)
= ex
P sin (wm) | sin(wm) — i cos (wm)

exp (2wim) x sin (wmn) [cos (wmn) + i sin (wmn)
= exp (2w

P sin (wm) | cos(wm) —+ isin (wm)

_ 31%1 (wmn) % exp (2wim) exp (Z%umn)

sin (wm) | exp (iwm)
_ sin(wmn) , ) )
= ————= X exp [2wim + iwmn — iwm]

sin (wm)

sin (wmn) )
= —F 1 .

sin (wm) x exp [(n + 1) mi]

We observe that

exp (2wim (k + 1)) — exp (2wimk)
= cos(2wm (k+ 1))+ isin 2wm (k + 1)) — cos (2wmk) — isin (2wmk)
= cos(2wm (k4 1)) — cos (2wmk) + i [sin (2wm (k + 1)) — sin (2wmk)]
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_ {2wm(k+1)+2wmk} _ [2wm(k+1)—2wmk]

—2sin sin
2 2
2um (k+ 1)+ 2wmk| . [2wm(k+1) — 2wmk
5 sin 5

= —2sin((2k 4+ 1) wm) sin (wm) + 2i cos ((2k + 1) wm) sin (wm)
2 sin (wm) [cos [(2k + 1) mw] + isin [(2k + 1) mw]]
= 2isin (wm)exp [(2k + 1) mwi] ,

+1i2 cos [

and then
lexp (2wim (k + 1)) — exp (2wimk)| = 2 |sin (wm)|
Then, by (3.3), we deduce the desired inequality (3.2). I

The following particular case can be useful in practice.

Corollary 2. Under the above assumptions, we have

sin (wmn)

(3.5) F (&) (m) — exp [(n + 1) mi] x % S a

k=1

sin (wm)

< ADEZDT 0 ) (Z ||Axk2> :
k=1

forallme {1,...,n}, w# %7‘(‘, keZ.

N

4. APPLICATIONS FOR THE DISCRETE MELLIN TRANSFORM

Let (X,]|-]|) be a normed linear space over K, K = C,R, and Z = (21, ..., 2,) be
a sequence of vectors in X.
Define the Mellin transform

(4.1) M (@) (m) = k" lap, m=1,..n;
k=1
of the sequence T € X™.
The following approximation result for the Mellin transform (4.1) holds.

Theorem 7. Let X and T be as above. Then we have the inequality

(4.2)

M) (m) = Spa () x>
k=1

< (S ) (s

k=1 k=1

where Sy, (n), m € R, n € N is the m—powers sum of the first n natural numbers,
i.e.,

(4.3) S (n) = k™
k=1
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Proof. Using the inequality (3.3), we can state that

n n n

DL DY) St

k=1 k=1 k=1

— % n—1 é
-1 <Z [ (k+1)™! kmlr> (Z ||A1‘k||q>
k=1 k=1

and the inequality (4.2) is obtained. I

Consider the following particular values of the Mellin transform

) = Z kxy,
k=1
and
i’ Z k2azk

The following corollary holds.

Corollary 3. Let X and T be as specified above. Then we have the inequalitz’es:

(4.4) 1(@)7”;12:% Gt ) <Z IIAxkq>
k=1
and
(4.5 N
[Z (2% - 1) ] (Z ||Axk|Q>
k=1

1,1 _
where p > 1, 5+§_1

Remark 3. If we assume that p = (p1, ..., pn) is a probability distribution, i.e., pp >
0 (k=1,...n) and >}_, pr =1, then, by (4.4) and (4.5), we get the inequalities

1
n n+1 n? — 1 )?
(4.6) > kpk— 5| S ( <Z Pr+1 — Pk|q>
k=1
and
- (n+1)(2n+1)
(4.7) S k- nthntl)
k=1 6
n?—1 |5 !
< 5 [Z 2k —1) ] <Z|pk+1 pk|> :
k=1

which can be applied for the estimation of the 1 and 2-moments of a guessing map-
ping as in the paper [4]. We omit the details.



10 S.S. DRAGOMIR

5. APPLICATIONS FOR POLYNOMIALS

Let (X, |||]) be a normed linear space over K, K = C,R, and ¢ = (co, ...

sequence of vectors in X.
Define the polynomial P : C — X with the coefficients ¢ by

P(z)=co+zc1+ ...+ 2", 2€C, ¢, #0.

The following approximation result for the polynomial P holds.

Theorem 8. Let X,c and P be as above. Then we have the inequality:

L L e H
1 P —
(5-1) H (2) z—1 x n+1
n(n+1) L »
< 2ty ZnAcknq
for all z € C, |z|7é1andp>1,%+%:1.

Proof. Using the inequality (3.3), we can state that

n n 1 n
(5.2) szck—sz X 1 ch
k=0 k=0 " k=0
n (n + 1) n—1 % n—1 %
< T (Z ‘Zk+1 7 Zk|p> <Z ACk||q)
k=0 k=0
n—1 % n—1 %
1
= % <Z|Z|pk |Z_1|p> (Z ||Ac;€||q>
k=0 k=0
n—1 % n—1 %
1
= %‘Z_” (lepk> (Z ”ACkHQ>
k=0
n(n+1) |2|P™ — q
- 2Dy (B ZnAckn
and, as

n+1 -1

n
E K=" 21,
P z—1

we obtain the desired result (5.1). I

The following result for the complex roots of the unity also holds:

,Cn) be a

Theorem 9. Let zj, := cos( kn ) + zsm( ) k € {0,....,n} be the complex

n+1
(n+ 1) —roots of the unity. Then we have the inequality

nits (n+1) . b n—1 . G
(53) 1P ()] < 0 sin [2 <n+1>} (; Ak )

for allk € {1,...,n}.
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Proof. We have, from (5.2), that

2t -1 1<
A4 P —
(54) (2) 2 — 1 xn+1ch
k=0
. 1 . 1
n (n + 1) n— & P n— q
< 2y () (Siaar)
k=1 k=0
Now, as 2yt = 1, |zx| = 1, we get, by (5.4), that
1
141 n—1 q
n e (n+1)
(55) 1Pl < D oy (Z |Ack||q> .
k=0

‘We observe that

zp—1 = Cos(nk:1>+ism<nk+ﬂ1>_1
= —2sin? (2(:11)) + 2isin [2(:1 1)] o {2(:1 1)}
- = (g ) o e o [

, for all k € {1,...,n},

and then
|Zk — 1‘ =2

|z )

and the theorem is proved. I

6. APPLICATIONS FOR LIPSCHITZIAN MAPPINGS

Let (X,]|-]|) be as above and F': X — Y a mapping defined on the normed linear
space X with values in the normed linear space Y which satisfies the Lipschitz
condition

(6.1) IF(2) — F(y)| < Lz —y| for all 2,y € X,

where | - | denotes the norm of Y.
The following theorem holds.

Theorem 10. Let F: X — Y be as above and z; € X, p; >0 (i =1,....,n) and
Z?:l p; = 1. Then we have the inequality:

n n n n—1 %
S F (a1) - F (zp> LS pli gl (z nmkup) |
=1 =1 k=1

ij=1
1,1 __
where p > 1, p+q—1.

(6.2)

Proof. As F is Lipschitzian, we have (6.1) for all z,y € X. Choose z = Y| piz;
andy=ux; (j=1,...,n) to get

forall j € {1,...,n}.

(6.3) <L

n
E piZi —Zj
i=1
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If we multiply (6.3) by p; > 0 and sum over j from 1 to n, we obtain

(6.4) ZP;’ F (ZZ&%) — F(z;)] < LZP;‘ Zpiﬂ% -
J=1 =1 J=1 =1

Using the generalized triangle inequality, we have

(65) ij F <Zpll‘l> —F(xj) Z F (Zpl.’l)z> —ijF (.’EJ) .

By the generalized triangle inequality in normed linear space X we also have
n n n n
(6.6) Do | Dopwi— || = D ps | opi i)
j=1 i=1 j=1 i=1
n
> pipj llwi —

i,j=1

2 Y pipjllwi—as) =C.

1<i<j<n

IA

As in Theorem 5, we have, for ¢ < j that

j-1 -1
D Azgf < (1A
k=1 k=1

and then, by Holder’s inequality for sums, we have

s =5l =

J—1
(6.7) C < 2 > pip Y llAw
k=1

1<i<j<n

1
j-1 b
2 ) pipi (G- (Z ||A$k||p>
k=i

<
1<i<j<n
1
n—1 P )
< o(S1anr) ¥ wno-o?
k=1 1<i<j<n

n—1 % n .
(z Aw) S o i — i1
k=1

i,j=1
and the inequality (6.2) is proved. I

The following corollary is a natural consequence of the above results.

Corollary 4. Let X be a normed linear space and x; € X (i=1,...,n), p; >
0 (i=1,...n) with >\, p; = 1. Then we have

n n L n—1 %
> pixi|| <Y pipjli— jle (Z ||A35k||p> ;
i=1 k=1

4,j=1

(6.8) 0< Zpi [l —
i=1

wherep>1and%+%:l.
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