A NOTE ON BESSEL’S INEQUALITY

S.S. DRAGOMIR

ABSTRACT. A monotonicity property of Bessel’s inequality in inner product
spaces is given.

1. INTRODUCTION

Let X be a linear space over the real or complex number field K. A mapping
(,1) : X x X — Kis said to be a positive hermitian form if the following conditions
are satisfied:

(i) (x4 By,z) = a(x,2) + B (y,z) for all x,y,z € X and «, 3 € K;
(ii) (y,z) = (z,y) for all z,y € X;

(ii) (z,2z) >0 for all z € X.

If ||z|| := (z,x)% , ¢ € X denotes the semi-norm associated to this form and
(€i);c; is an orthornormal family of vectors in X, i.e., (e;,e;) = di; (i,5 € I), then
one has the following inequality [15]:

(1.1) Izl > > [(z,e:)]* forallx € X,
i€l

which is well known in the literature as Bessel’s inequality.
Indeed, for every finite part H of I, one has:

2
0 < x—Z(m,ei)ei = x—Z(%ei)ei,x—Z(m,ej)ej
i€H icH jeH
2 2 2
= 2l =D lze)l = D (we)l + Y (,ei) (e, 2) 8y
ieH jE€H ijEH
2 2
= lzl® =Y Iz, )l
icH

for all x € X, which proves the assertion.
The main aim of this paper is to improve this result as follows.

2. RESULTS

The following theorem holds.

Theorem 1. Let X be a linear space and (-,-)y,(-,-); two hermitian forms on
X such that ||-||, is greater than or equal to ||-||;, i.e., ||z|ly > ||z[|; for all z €
X. Assume that (e;);c; is an orthornormal family in (X;(-,-)y) and (f;);c; is an
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orthornormal family in (X; (-,-),) such that for any i € I there exists a finite K C J
so that

(F) eizz:ajfj, OéjGK(jEK),
jEK
then one has the inequality:
2 2 2 2
(2.1) l2l15 =Y 1@ eyl = [l =Y [, f7),]” >0,
iel jeJ
forallx € X.
In order to prove this fact, we require the following lemma.

Lemma 1. Let X be a linear space endowed with a positive hermitian form (-,-)
and (gr),_15; be an orthornormal family in (X;(-,-)). Then

n
z =Y egr
k=1

forall\peKande e X (k=1,....n).

2 n
(2.2) > [l = |z, i) > 0,
k=1

Woa??

Proof. We will prove this fact by induction over “n”.
Suppose n = 1. Then we must prove that

lz = Mgil|* > [|=]* = |(z, 91", @ € X, M €K
A simple computation shows that the above inequality is equivalent with
Aif® = 2Re (2, Mg1) + [(z.91)° >0, 2 € X, \ €K
Since Re (x, A\1g1) < |(z, A191)|, one has

Ml =2 M (=, 90)] + (2, 91)
([M] = [(2, 91)))* 2 0

for all Ay € K and =z € X, which proves the statement.
Now, assume that (2.2) is valid for “(n — 1)”. Then we have:

n
T =Y Agh
k=1

Mil* = 2Re (2, \igr) + (2, 91)|

VARV

2

n—1 n—1
= (:E - )\ngn) - Z )\kgk 2 ||£C - )\ngn”2 - Z ‘((E - )\ngn»gk)|2
k=1 k=1
n—1 n—1
2 2 2 2 2
= o= Aagal® =D 1@, 90)|* = ll2ll” = [(z,90)]" = Y (2, 91)]
k=1 k=1

n
2 2
(e (7] o
k=1

forall \; e K,z € X (k=1,...,n), and the proof of the lemma is complete. I
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Proof. (Theorem) Let H be a finite part of I. Since ||-||, is greater than ||-[|;, we

have:

Z |(:L‘, ei)2 ?

i€H

2
[l =

2

T — Z (x,ei), €

i€H 2
2

> |z — g (x,ei)yeil| , v€X.
icH 1

Since, by (F), we may state that for any ¢ € H there exists a finite K C J with

ei=> (i fi) I

we have

T — Z (x,€i), €

i€eH

for all x € X.
Applying the above lemma for
conclude that

r=Y N f]

jEK

where

2
2 H33||1 -

JEK
2
=Y (we)y > (e fi)y f
icH JjeK 1
2
xr — Z (Z (x,ei)Q eiafj) fj
jeEK \i€eH 1 1

() ()15 (gk)k:ﬁ = (fj)jeK’ we can

Z ‘(x,fj)1|2, re X,

JEK

Aj: <Z(x)ei)26i7fj> ek (]GK)
1

icH
Consequently, we have:

Izl5 = > (2, ),

i€H

> [} -

> e} = 3 | £,

jed

Z|xfa

JEK

for all x € X and H a finite part of I, from where results (2.1).

The proof is thus completed. |

Corollary 1. Let ||-||,, ||, : X — R4 be as above. Then for all z,y € X, we have

the inequality:

(2.3) [

2 2 2
(@, 9)o = [l lylly

- |(xay)1‘2 2 07

which is an improvement of the well known Cauchy-Scwartz inequality.

Proof. If ||ly|l, = 0, then (2.3) holds with equality.

It ||y||z 7é 0, (i: 172)7 then for {61} = {m}’ {fl} =

theorem yields that
20 112
[l]l3 llylly — |(=

7y)2|

{L}, the above
llylly

2
o Nl liyly = I, ),

2
191l

lyll;
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and since ||y||, > [ly||; , the inequality (2.3) is obtained.

Remark 1. For a different proof of (2.3), see also [5].

Now, we will give some natural applications of the above theorem.

3. APPLICATIONS

(1) Let (X;(+,-)) be an inner product space and (e;),.; an orthornormal family
in X. Assume that A : X — X is a linear operator such that ||Az| < ||z]|
for all x € X and (Ae;, Ae;) = §;; for all 4,j € I. Then one has the

inequality
lz]* = > (@, e)|* > [ Az|* = ) |(Aw, Ae;)[* > 0
i€l icl
for all x € X.

The proof follows by the hermitian forms (z,y), = (z,y) and (z,y); =
(Az, Ay) for z,y € X and for the family (f;),c; = (€i);e; -

(2) If A: X — X is such that ||Az| > |jz| for all z € X, then, with the
previous assumptions, we also have

2 2 2 2
0< [l =D (e ” < [|Ax|® = [(Ax, Aey)|?,
i€l icl
forall z € X.
(3) Suppose that A : X — X is a symmetric positive definite operator with

(Az,z) > ||z|? for all z € X. If (€i);cr is an orthornormal family in X
such that (Ae;, Ae;) = 0,5 for all i, j € I, then one has the inequality

2 2 2
0< [lz* = l(w,e)” < (Az,2) = Y |(Ax,e) [,
iel iel
for all x € X.

The proof follows from the above theorem for the choices (z,v), = (Az,y)
and (z,y), = (z,9), z,y € X. We omit the details.

For other inequalities in inner product spaces, see the papers [1]-[14] and [7]-[6]

where further references are given.
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