A FRAMEWORK FOR PROVING HILBERT’S DOUBLE
INTEGRAL INEQUALITY AND RELATED RESULTS

T.C. PEACHEY

ABSTRACT. The classical Hilbert and Hardy integral inequalities are derived
within a functional analytic framework. That framework is further used to
generate a new inequality, sharper than Hilbert’s.

1. INTRODUCTION

The inequality of our title is the following celebrated result.

Theorem 1. Suppose p > 1, ¢ = (;f%l)? feLy(0,00) and g € Ly (0,00). Then
[T (@) g) ™

1.1 = dady < .

(1.1) | R vy < 171, Lol

ﬁn(%)

The above inequality is the integral analogue of Hilbert’s double series theorem. It
was first proved by Schur [7] for the case p = 2, and as given here by Hardy [2].

We are also concerned with the integral version of Hardy’s inequality.

Theorem 2. Suppose p > 1, f € L,(0,00), F (x) = fom f(t)dt. Then

(12) [ E @I, < 2510,

In [3], Hardy, Littlewood and Polya show how these two inequalities are implied by
their Theorem 319. The relevant part of that theorem is:

Theorem 3. Suppose p > 1,q = 1%’ that K (x,y) is non-negative and homoge-
neous of degree -1, and that

/ K(x,l)af%dx z/ K(l,y)yiédy = C.
0 0

Then
(1.3

)
/OOO/OOOK(x,y)f(x)g(y)dwdy < C(/OooIf(x)de)p

0 q
([Tlowray)
0
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and

(1.4 [ a (/Ommx,y)f(x)da:)ps e [T @pras

The aim of this paper is to show how results essentially equivalent to this theorem
may be derived in a natural way from considerations of a certain inner product
space.

The classical results above have been greatly generalized in recent decades [1], [6].
The approach presented here may not be capable of proving such generalizations.
It does, however, seem conducive to generating some novel results. For example,
an inequality that implies (1.1), but that is sharper, will be derived.

2. FRAMEWORK FOR THE PROOFS

The general functions considered in this work are assumed to be real-valued and
measurable on a domain (0,00). For two such functions, u and v, we define the
convolution

(2.1) uxv(z) = /Ooou(f)v(t)dt.

t
(The integral here is Lebesgue, as are all the following ones.) It has long been real-
ized, [1], that in terms of this convolution, (1.4) is essentially [lg = fIl, < [lgll |1, -
The convolution (2.1) satisfies the commutative property
(2.2) uxv(z) =vx*u(r)

in the sense that, when one side exists, so does the other, and the two sides agree.
Likewise, for the associative property

(2.3) [ux (vxw)] () =[(ux*xv)*w](z),
which will be considered in more detail later.

We also employ an inner product

(2.4) (u,v) = /000 u(z)v(x) d—x

x
This can be related to the convolution (2.1) by

(2.5) (u,v) = [(Ru) *v] (1),
using the operator R, defined by

(2.6) Ru(z) = u (1) .

x
We will also have occasion to use the operator M, defined for a > 0 by

(2.7) Myu (z) = u(ax) .
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Associated with the inner product (2.4) is the norm

(28) b= | [ |u<x>ﬁdﬂ’l“.

T

Further, v € £, means that }f u }f, < oo. Note the unusual notation. This is used
to avoid confusion with the more common norm | f|| which lacks the 1 factor in
the integrand. The following relations are simply proved:

(2.9) i Ruffp = fukp

and

(2.10) f Maulty = Hulfy .
3. RESULTS

This section establishes some relations connecting the definitions of Section 2.

Theorem 4. Ifp >1,q= p%l, u € Ly, v € Ly, then ux v (x) exists for all x > 0
and

(3.1) luxv ()] <futp ot

Proof. By Holder’s inequality

L@ = f G
[/0C>0 ’u (%) péit]P [/000 PIGIK (it}q

f RMyu gy J o g
= frullp 4ot

where the last step uses (2.9) and (2.10) . Existence of u * v (z) and (3.1) follow. I

IN

Next, we consider a Hélder type inequality for the inner product and a partial
converse.

Theorem 5. Suppose p > 1, and g = p%' Then

(3.2) [{w, )| < 4wty v lfy,
(1) if (Ju|,|v]) KUY vlty for allv e £y, then fulf, < U.

Proof. Part (i) can be deduced from the previous theorem using (2.5) . Alternatively,

defining ¢ (z) = xiiu(x) and ¢ (x) = T (), then ffuftp = |9l . f v 4q = 1Yl
and

| u@e@ S = [Tow@van
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Then both (i) and (ii) follow from similar results for ¢ and % in conventional
Lebesgue spaces. See [3], Theorem 191 for a statement of the required theory. I

We are now in a position to prove a result equivalent to the first part of Theo-
rem 3. This shows that, for the inner product (2.4), the operator (Ru) * is adjoint
to u * .

Theorem 6. Suppose that p > 1, q = %, uwe€ Ly, veik, andk € £1. Then
(k * u,v) exists with

(3.3) (k xu,v) = (k, (Ru) *v) = (u, (Rk) *v)
and

(3.4) [(kxu, o) < kg ffulty ffokq-

Proof. Consider
o dx [ x dt
el o) = [ @IS [ e () wen g

o0 de [ x\ | ds
= [ ren [wer (I

oo ds [~ s dx
- /0 |k(s)|?/0 ](Ru)(;)]lv(w)\;

= (Ik[ [Rul x[ol).

However, by (2.9), Ru € £, so by Theorem 4 with u replaced by Ru,

|[Rul = [v] < Jf Rulip fvhtqg =Hullp vl
using (2.9) again. Thus
(k[ Jul s o) < (RL A u ity o )
= fufpdolte (K1)
= fkfifudp oy < oo

This shows the existence of (k * u,v) and gives (3.4) . Now, Fubini’s theorem allows
us to repeat the argument above, changing the order of integration, but with ||,
|u|, and |v| replaced by k, u and v respectively. This gives (k * u,v) = (k, (Ru) % v) ,
the first part of (3.3). The remaining part can be shown by changing the order of
integration without the change of variable. i

Theorem 7. Ifp>1,uc i, and k € L1, then kxu € £, and

(3.5) Fhxuty < Kk fuky .

Proof. Introduce q = p%l. Theorem 6 ensures that for all v € £,

(k[ Jul s Jol) < H R Ao u b ff o drg -

Then, Theorem 5 Part (ii) with |u| replaced by |k| * |u| gives |k| * |u| € £,,, with
K1kl * [ul My < } kMol wlfp . The required results follow. I
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4. APPLICATIONS

In Theorem 6, if we replace u (z) by xv f () and v (z) by x%g (x), then }f u }f,
1

= |Ifll, and v ftqg = |lgll, - If we also replace k (z) by (;—_:1), we have

o) i 1

zr dx 14 1
k = _— = P —]_ P d
ten= [ E5T =[S e-nThas
which is B (l, 1- l) or 7rcosec<£> . Further,
P P P
(4.1) (k * u,v) :/ / F@)g(y) dzdy.
o Jo Tty

Then (3.4) becomes the Hilbert inequality (1.1).

To obtain the Hardy inequality we use Theorem 7. There we substitute xr f(x)
for u (), as before. In addition, we take k (z) to be

(4.2) h, (z) = T (p)xr *(z— 1" for x> 1,
. 0for0 <z <1,

where p is any positive constant. Note that k € £, in fact,

hklh = /1 F(lmx%—ﬂ—l (z— 1" 'da
_ 1 LY 1 =y
= T, T
1 1
- w2 (1)
r(i-3)
T pri-1)
Moreover,
o x =l pN R o1 dt 1,
k:*u(x):/o m(;—l) (?) tpf(t)7:xp HIvf (x),
where
@) =g [ @0

the Riemann-Liouville fractional integral of order p. Then Theorem 7 gives the
following result.

Theorem 8. Ifp>1, >0 and f € L, (0,00), then

Hx‘”]"f (x)Hp < F(l_p)

. (u+1 %> 1/l -
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This is a generalization of Theorem 1.2, due to Knopp [4]; the case u = 1 is the
original Hardy inequality.
Alternatively, substituting u (z) = P f (z) and

@)= T Wb Q=)™ for 0<z<l,
0 for x>1,

gives a theorem involving the Weyl fractional integral

P =g [T f

namely,
Theorem 9. Ifp>1, 1 >0 and f € L, (0,00), then
r(3)
P

JE (o), < ————~||z*f (2)]|, .
[ f()llp_r(u+1) f @),

P

This is also a well-known result. See [3], Theorem 329.

5. EXTENSIONS

We begin with sufficient conditions for the relation (2.3).
Theorem 10. Ifp > 1, w € £, and u,v € £, then
(5.1) [(u*v) *w](x) =[ux*x(v+w)(z)
for almost all x > 0 and

(5-2) fux(rw) iy <frulh o fwlky.

Proof. By Theorem 7, v*w € £,. Then another application of that theorem, with
k and u replaced by u and v * w respectively, gives

fus(vsw) ffy <fulfy Foswlh
which cannot exceed f u j1 ffv i fw i, < oc.
This proves (5.2) and ensures the existence of [u * (v * w)] (x) for almost all x > 0.

For those z,
o T\ |dt [ t ds
/0 ae 7/0 ”<s>"w<8>'s < oo

Fubini’s theorem now permits the second step in

wreol@ = [Tu(5)F[To(8)ue
= [T [Tu(f)e(
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giving (5.1). I

Versions of the index laws for fractional integration can be deduced from The-
orem 10. Let p > 1, u, v > 0. Replace w (z) by l‘%f(l‘) so f € L,. Replace v by
hy as defined in (4.2) and replace u (x) by 27#h, (z). Then u* v (x) = hyy, (x).
Theorem 10 then gives:

Theorem 11. Ifp > 1, f € L, then
aThTVIVIMf (2) = 2 FTVIVTR f (2) € Ly,

If, instead, we swap the definitions of u and v, then we obtain
Theorem 12. Under the conditions of Theorem 11:
pTRPT PV Vet f (x) = o PV TV f ().
This is a version of the “second index law” due to Love [5]. Use of the adjoints
(Ru) % and (Rv) * give similar results for the Weyl fractional integral.

Returning to more general considerations, we have

Theorem 13. Supposep > 1, ¢ = p%l, u€ Ly, veidy and ki, ke € Ly. Then

(5.3) ((k1 * ko) x u,v) = (ko * u, (Rk1) * v)
and
(5.4) [((k1* ko) xu,v)| <Yhkoxulty f (RE1)*v iy .

Proof. By Theorem 10, (kq % ka) * u = k1 * (ko * u) in L.
So

(5.5) ((ky % ko) xu,v) = (k1 * (ko % u),v).
Since, by Theorem 7, ko * u € £,, Theorem 6 applies to the right hand side and
this yields (5.3) .
By (2.9), Rk; € L; so that (Rk;*v) € L, again using Theorem 7. Hence,
by Theorem 5

[{((k1 % k2) xu,v)| = |{ka*u,(Rky)*v)|

< fhoxudy i (Rk) * 0 fg,

which completes the proof. I

As an application of this result, take k; (z) = x%e’w, ko (x) = r ae”
x%f () and v (z) = x%g (). Then

(Rkr) # v (z) = 2 /OOO e tglt)dt =2 3G (1> ,
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where G is the (one-sided) Laplace transform of g. Similarly, kyxu (z) =277 F (1),
F being the Laplace transform of f. In addition,

1
xTr

T+1
say. So the left side of (5.3) is (k * u,v) which we have seen in (4.1) is equal to
Hilbert’s double integral.

ki x ko (x) = k (z)

The right side of (5.3) is
(kg * u, (Rky) % v) = / A F (1> e <1> da
x x) x

0
F(s)G(s)ds.
0

Thus, in this case (5.3) gives
Theorem 14. For f € L,, g € L; where p > 1 and 1% + % =1,

(5.6) /000/000 f(j)_fy(y) dxdy = /OOOF(S)G(S) ds,

where F' and G are the Laplace transforms of f and g.

Further, since Jf ks s u }f, = [|2' =% F (2) ||, and }f (Rky) % v Jiy = [|2'77G (2) |14,
then (5.4) gives the following.
Theorem 15. Under the conditions of Theorem 1}

[ D80 g < i

This inequality implies Hilbert’s. For
Hmlf%F(x)H = fhkoxuly
P
< Mk dru

= r(Z)in,
[o-tc@] < (5 ) ol
Q) renl)

To show that (5.7) is a sharper inequality than (1.1), consider the case f (z) =
g(x)=e" p=q=2 Then F(z) = G (z) = 77 and
|t @], = | te @], =1
P q

(5.7)

p

and similarly

(5.7) implies (1.1) .
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while

1

11l = llglly =277 7

The right side of (5.7) is thus equal to 1 while that of (1.1) is 7.

Note that (5.6) can be obtained directly by changing the order of integration on

the right side, using Hilbert’s inequality to justify the process. However, we can
find no mention of formula (5.6) in the literature.
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