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ABSTRACT. The problem of nonuniform exponential dichotomy of linear dif-
ferential systems in Banach spaces is discussed. It is established a connection
between the admissibility of a pair of certain function spaces which are trans-
lations invariant, on one hand, and the nonuniform exponential dichotomy
of differential systems, on the other. Also, Some results due to Hartman,
Massera, Schiffer and Coppel are generalized as well.

1. INTRODUCTION

In the last few decades, much significant development on the classical ideas of J.
Daleckij and M. Krein [4] and J. L. Massera and J. J. Schéffer [10, 11] on exponential
dichotomy and other asymptotic properties concerning the solutions of differential
equations has been witnessed. This is due to the many different applications in the
theory of partial differential equations, probability theory, mathematical physics,
and other areas, and also to the development of new techniques. One important
technique is given in the paper ” Die stabilititsfrage bei differentialgeighungen” [17],
where Perron gave a characterization of the exponential stability of the solutions
to the linear differential equations

fl—f =A(t)z, te€[0,+0), zeR”,

where A(t) is a matrix bounded continuous function, in terms of the existence of
bounded solutions of the equations %2 = A(t)z + f(t), where f is a continuous
bounded function on R,. It played an important role in the early development of
the qualitative theory of differential systems. After the seminal researches of O.
Perron, relevant results concerning the extension of Perron’s problem in the more
general framework of infinite-dimensional Banach spaces were obtained by M. G.
Krein, J. L. Daleckij, R. Bellman, J. L. Massera and J. J. Schéffer, P. Hartman,
W.A. Coppel.

Firstly, J. L. Massera and J. J. Schéffer have obtained in [10] results for the
behavior of solutions of the homogenous differential equations imitating a non-
uniform exponential dichotomy, and later, this case has been studied by M. Reghis
[19], V. A. Pliss [15], P. Preda [16, 17] and others.

The aim of this paper is to give sufficient conditions for exponential dichotomy of
differential systems in the more general case when the coefficients of the differential
systems are not necessarily integral bounded, as can be seen in the first section
below. Also some well-known results given by J.L. Massera and J.J. Schéffer in [10]

are extended.
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2. PRELIMINARIES

We begin by recalling some standard notations and definitions.

Let X be a Banach space and B(X) the Banach algebra of all bounded, linear
operators acting on X and Ry = [0,00) with R} =R, \ {0}.

Also, we denote by M(R,,X) the space of all Bochner measurable functions
from R4 to X and by:

LL R, X)=¢fe MRy, X): /||f(t))\|dt < 00, for each compact KinRy 5 ;
K

DR X) = {1 € M(EX) s [I1F0IPde <o, wherep € 1, 50)
R
LRy, X) = {f € M(Ry, X) : ess sup |[f(1)]] < 00};
teR
and
t+1
MP(Ry, X)=< fe MRy, X): sup / [|f(s)|[Pds < oo p where, p € [1,00).
¢

teER L

We note that LP(Ry, X), L= (R4, X), MP(R,, X) are Banach spaces endowed
with the respectively norms:

P

I W ACIR
R

1 flloc = ess sup [[f(2)]],
teR L

and

t+1 P

1l = sup / 1£(s)|Pds

In order to simplify the notations we put L? := LP(Ry, X), L*>® := L*°(R;, X),
MP = MP(R,, X), for all p € [1,00) and L = L1 (R, X).

For the operator valued function A : Ry — M(X), that is locally Bochner
integrable on Ry we consider the homogeneous differential system:

(4) a'(t) = A(t)(t),
and the associated inhomogeneous differential system:
(4, f) al(t) = A(t)x(t) + f(1),

where f : Ry — X is locally integrable on R,. It is well-known that the system
(A) is said to have integral bounded coefficients if the operator valued function

t— A(t) is in MM(Ry, B(X)) (i.e. sup [/ || A(u)]||du < o).
t>0

t
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In what follows we will denote by U the unique solution of the Cauchy Problem:
U'(t) = AU (t);

U0) =1,

where I denotes the identity on X. It is known (see for instance [4]) that for each
t € Ry, the operator U(¢) is an invertible operator with:

U'=Ht) = U () Ab);

U-1(0) = I.

We also suppose that Xo = {z € X : U(-)x € L*°} is a closed linear subspace of
X and that there exists X; a complement of Xy. In the hypothesis we denote by
Py, P, the projectors on X, respectively on Xj.

Definition 1. The differential system (A) is said to be non-uniformly exponentially
dichotomic if there exists a positive function N : Ry — R’ and a positive constant
v such that the following conditions hold:

(ET) IU(#) Prz|| < N(to)e™ " "||U (to) Prel|
1 o
(E3) 1U(#) Pox]| > INON U (to) o],

forallt >ty >0 and allx € X
We note that if Xy = X then the condition (ET) from the definition above is

equivalent with:
(E") IU(OU (to)]| < N(to)e ")

for all ¢ > tg > 0, and the system (A), which satisfies (E™), will be called non-
uniformly exponentially stable.

Remark 1. The system (A) is non-uniformly exponentially stable if and only if
there exist two strictly positive constants N,v such that the following statement
holds:

|U)] < Ne ™, for allt > 0.
For p € [1,00] we will denote by
25, peE(l,00)
q= 00, p=1
1, P =00

Definition 2. The pair (LP, L) is said to be admissible to (A) if for each f € LP,
there exists a solution x € L of the inhomogeneous system (A, f).

For more convenience we will recall the following known result (see for instance

[11]):

Theorem 1. If the pair (L?, L) is admissible to (A) then there exists a positive
constant K such that for each f € LP, there exists a unique solution x € L* for
the equation (A, f), with £(0) € X1 and ||z||cc < K| f|lp-

In what follows, we will denote by ¢y, the characteristic function (indicator)
of the interval [a, b].
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3. NON-UNIFORM DICcHOTOMY
Now we can state the main result of our paper:

Theorem 2. If there exists p € (1,00] such that the pair (LP, L>°) is admissible to
(A), then there exists a function N : Ry — R and a constant v > 0 such that the
following statements hold:
1
(@) [U®)P] < N(to)e =) U (to) Pra|
(it) |U(t)Paz|| = N7 (t)e” =10 T ||U (to) Poce]
forallt >ty >0, and all x € X.
Proof. Let 0 <ty < t; and x € X with Pix # 0.
Also, we set
t
@[to,tl](T)
z(t)=U)Pixz | ——5———dr
o U()P izl
Then x € L* and:
U(t)Plx
"(t) = A(t —_—
2(0) =0 € X;.
So there exists a positive constant K such that:
‘P[to,tl 1
(3.1) |U(t) Pr]| d < K(t; —tg)?, forall t >0
o U(T)Prz|
Putting t; =t in the above relatlon (3.1) we can deduce that

t dr
< K(t—to)
v [U(T)Piz]| 0

3 =

(3-2) 1U () Prz|

forall t >ty > 0.
Denoting by o(t fto T Bl T)Plz\l and using the relation (3.2) we obtain that:

(3:3) plt) < K(t—t0)7¢ (1)
for all £ > ty > 0, which implies that

1
K
for all t > ty > 0, so we have that:

(3.4) (t—to)7 <

T =

—q 4 H 1
3.5 oto+1)eF ek 07 < () < K(t — TETRE—,

for all t > tg + 1.
However,

[0 Pz < [U(t0) Pralel 14001 < 7 (t) Pyl ™ NN,
for all 7 € [to, to + 1], which implies that

t+1
(3.6) Plto +1) > U (te) Pr]| ~te™ fro ™ I14lIdu
and thus
(3.7) WUt Pz < e K (t — to) b 0—t0)T eJig ™ 1A 1740y Py

for all t > tg + 1.
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Denoting by u :=t —tp > 1 and v = 5%, we observe that

1
, 1
supure """ =M >0
u>1

and from (3.7) we obtain

to+1 1
(38) ||U( )Ple < eKKMef N HA(U)Hdue—l/(t—to)q HU(t())Pl.T”,
for all t > tg + 1.
If t € [to, to + 1], then we have:
1 1
||U( )Pll’H < ||U(t0)P1£UH€ v(t— to)q v(t—to) 9 fto+ [|A(w)||du

1
< Jig T A@lldu gy —v(t—to)

So we have that
|U(t)Pz| < max{KMe?”, V}eftOH HA(u)Hdue—u(t—to)%
forall t >ty > 0.
If we denote by:
(3.9) N(to) = max{KMe?, e} - el 1A@ldu

we deduce that
(3.10) |U(#)Pra|| < N(to)e (=" |\U(t0)P1x||

for all t > to > 0.
In the case when Pz # 0 we will denote by

> Pt (T)
y(t) = U(t)PQ:r/ — =T,
¢ U() Pz
which is a solution of the differential system

Y (0) = AU ~ P10 (O pry With 9(0) € X and y € L.

Then
P 1 e, — 1)
(3.11) U (t) PgacH/ 0(r Pga:Hd < K(t1 — to)
for all t > 0.
If t =g in (3.11), then we can observe that
b dT 1
3.12 UtPQCL‘/ ——— < K(t; —t)»
(312) [Pl [ )
for all £ < t1. This implies that
i+l dr)
3.13 Uls P:EH/ 77K(t+1 s)
(3.13) [ s () Porl

for all s <t +1.
Denoting by

B t+1 dr)
0= | e

5
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it follows that .
P(s) < —K(t+1—s)7y(s)

and hence
1 (t+1—7)"% >
K o=

¢
i —%(t +1- T)_%dT >In zé?),

From this it follows that

for all 7 € [0,t + 1)

and so

for all s < t.

H
=

2 a 1 q q 1
(3.14) (t) < p(s)eFe  ®IH=DT < Rt 41— 5)p ——————eke R (HI=9)0
1U () Po|

for all s <t¢.
However, for 7 € [t,t + 1] we have that:
U (7)Poz|| < U () o]l IACI,

which implies that
e [T 1A |ldu

V(t) > s
|U(t) Paz||
and using (3.14) we obtain
1 41 1 1 q q F
3.15 —e jt | A(u)lldu <K(t+1-—s 576?67?(,54,173)(1
G150 Pal = B =) G P
and hence
q g % 1 1 _rt
(316) ||U(s)Paxfle” F ek (F17 (i 41— 5) ve~ [T A < 17 (4) Py
for all s < t.
If we denote by
. pud —1 . ER N 1 !
a—lgf;e u P—igfl(upe )= T =3

1
supure— V¥
u>1

from (3.16) we obtain that
1
e2v K Ml 1A@W) | du
for all £ > s > 0. This implies that:

"= U (5) Pyz|| < ||U(t) o],

1
"I |U () Poa|

3.17 < [|U(t)P:
(347 max{e K M, e} - i 140lde = 10 Pzl
which is equivalent to (3.9) and s := t( with:
1
|U(t) Pox|| = No© =10)||U (o) Poa],

for all £ >ty > 0 and all x € X. Thus the proof is completed. |

As a consequence we can remark that:

Corollary 1. If the pair (L%, L) is admissible to (A), then the system (A) is
non-uniformly exponentially dichotomic.
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We note that if Xo = X then by Theorem 2, the result given in [10, Theorem
5.1, page 534] can be obtained as a particular case. Also, in the case when the

coefficients of (A) are integrally bounded (i.e. sup f:“ |A(u)||du < o), then the
>0

function N from Theorem 2 is bounded and this can be found as a particular case
of the result from [10, Theorem 5.3, page 539].
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