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This work deals with the construction of networks of topological defects in m odels described

by a single com plex scalar �eld. W e take advantage ofthe deform ation procedure recently used

to describe kinklike defects in order to build networks oftopologicaldefects,which appear from

com plex �eld m odelswith potentialsthatengendera �nitenum berofisolated m inim a,both in the

case where the m inim a present discrete sym m etry,and in the non sym m etric case. W e show that

thepresenceofsym m etry guideusto theconstruction ofregularnetworks,whilethenon sym m etric

case gives rise to irregular networks which spread throughout the com plex �eld space. W e also

discussbifurcation,a phenom enon thatappearin thenon sym m etriccase,butiswashed outby the

deform ation procedure used in the presentwork.

PACS num bers:11.10.Lm ,11.27.+ d

I. IN T R O D U C T IO N

Defect structures have appeared in high energy physics alm ost �fty years ago,with som e ofthe pioneer results

collected in Refs.[1,2,3,4].Along the years,the subjecthasgrown in im portance,accom panied with an increasing

num ber of investigations on kinks in one spatialdim ension, vortices in two dim ensions and m onopoles in three

dim ensions,am ong othertopologicaldefects{ see,e.g.[5]foran extensivediscussion ofsom eofthe m ostim portant

resultsin the area.

The classicalsolutionswhich representthe defectstructurescan be oftopologicalornon topologicalnature,and

here we willdealwith perhaps the sim plest topologicalstructures,which appear in m odels ofscalar �elds. To be

speci�c,wewillconsiderm odelsofthe W ess-Zum ino type,described by a singlecom plex scalar�eld in the presence

ofdiscrete sym m etry and in the m ore generalcase which engenders no speci�c sym m etry. Som e ofthe m odels

have been studied before in [6,7]{ see also [8]for related issues { with particular attention to the presence and

stability ofkinklike defects and junctions,and in [9],where the kink orbits are written in term s ofrealalgebraic

curvesand theequationsofm otion areshown to befully expressed in term sof�rstorderdi�erentialequationsofthe

Bogom ol’nyi-Prasad-Som m er�eld (BPS)type [4].

The kinklike structureshave been used in m any di�erentcontexts,in (1;1)and in higherspace-tim e dim ensions,

in particularin the form ofjunctions and networksofdefects [7,10,11,12]. In (3;1)dim ensions they are usually

nam ed dom ain walls,which can �nd applicationsin severaldistinctscenarios,in particularasseedsfortheform ation

ofstructuresin the early Universe.In thiscontext,although the standard scenario seem sto show thatthe presence

ofdom ain wallshaslittleto contributeto thecosm icevolution,ithasbeen suggested thatdom ain wallsm ay perhaps

be used asa sourceforthe dark energy necessary to feed the currentcosm icacceleration [13].

Another line ofresearch has recently appeared in gravity in higher dim ensions [14,15],with the hope to solve

the hierarchy and other problem s in high energy physics. In (4;1)dim ensions,the braneworld m odelwith warped

geom etry involving a singleextra dim ension ofin�niteextentsuggested in [15]hasstrongly im pacted thesubject.In

this braneworld scenario,the inclusion ofscalar�elds m ay contribute to sm oothen the brane [16],to give rise to a

diversity ofsituationsofcurrentinterest,asonecan see,forinstance,in the recentinvestigations[17].

Thepresentstudy isa continuation ofa form erwork [18].Herewewillfocusm ainly on thedeform ation procedure

introduced in [19],and extended to otherscenariosin [20,21].Thoseinvestigationshaveled usto �nd a peculiarand

very interesting featureofthedeform ation procedurethereim plem ented.Theissueisthatitissom etim espossibleto

deform a given m odeldescribed by a potentialcontaining som e m inim a,to getto anotherm odel,with the potential

giving riseto a di�erentsetofm inim a,which m ay increaseperiodically.Thisfeaturestrongly suggeststhepossibility

ofusing the deform ation procedureto build latticesofm inim a in the two-dim ensional�eld space.

An interesting property ofthedeform ation procedureisthatitalsoconstructsthekinklikesolution ofthedeform ed

m odelin term softhe kink solution ofthe originalm odel.Thus,in the latticeofm inim a wecan then nesta network

of defects very naturally, that is, as internalfeature of the deform ation itself. This is the idea underlying this

paper,in which we apply the deform ation procedure to investigatethe generation ofnetworksofkinklike defectsfor

the deform ed m odels,which are expanded networks. Although it is possible to start with the m ore generalcase,

considering m odelswith an arbitrary setofm inim a,we shall�rstly dealwith the case involving N m inim a in a Z N

sym m etricarrangem ent.W eshallconsiderthesym m etricN = 2,N = 3and N = 4casesexplicitly,and laterwerelax

http://es.arxiv.org/abs/0805.1086v3
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theconstrainttodealwith threeand fourm inim a in thenon sym m etriccase.Them ain reason forthisisthatwewant

to keep the m otivation setforward in ourform erwork [18],where we have investigated the construction ofregular

networks.M oreover,asa pedagogicalconcern webelievethatthisroutem akesthe problem easierto understand.

The idea ofconstructing networksofdefectsisnotnew,butthe novelty here relieson the use ofthe deform ation

procedure asa sim ple and naturalway to generate networks. The m echanism ispowerfuland suggestive,and fully

m otivatesthe presentwork.To m ake itshort,direct,we havedecided to considerm odelsofthe W ess-Zum ino type,

driven by a single com plex scalar�eld.These m odelsare popular,ofgreatim portance and easy to m anipulate,and

so they very m uch help usto highlightthe idea to be explored below.

W e startthe investigation in Section II,where we introduce the sym m etric m odelsand perform the deform ation

procedure on generalgrounds. In Section III we illustrate the procedure with som e applications,considering two

im portantcases,which engenderthree and fourm inim a,form ing an equilateraltriangle and a square,respectively.

There we show how the deform ed m odels tile the plane replicating the sets of m inim a in the entire �eld plane.

W e then consider other possibilities in Section IV,and there we dealwith m ore generalm odels which three and

four m inim a,engendering no sym m etry anym ore. W e use the deform ation procedure to get to m any distinct and

interesting patterns. The m ore generalcase allowsfora new phenom enon,bifurcation,and so in Section V we deal

with bifurcation,which concernsthe possibility ofthe system to allow fortwo orm ore distinctconnectionsbetween

two given m inim a. Thisisrelated to the m arginalstability curve,and hasto do with the energy balance involving

distinctorbitsin �eld space,asalready investigated in [7].W eend thepaperin Section VI,whereweintroducesom e

com m entsand conclusions.

II. D EFO R M A T IO N O F W ESS-ZU M IN O M O D ELS

In thisSection westartwith abriefsum m ary ofthebosonicsectorofthestandard W ess-Zum inom odelengendering

the D N sym m etry. W e then propose a sim ple butvery interesting way to deform the m odel,to generate an in�nite

fam ily ofnew W ess-Zum ino likem odelswith theirdefectsolutions.

A . T he generalcase

Let�(x;t)= �1(x;t)+ i�2(x;t) be a com plex scalar�eld,written in term softhe two realpartners�1(x;t)and

�2(x;t) in (1;1)spacetim e dim ensions. The dynam icsofthe bosonic sectorofW ess-Zum ino m odelsisgoverned by

the Lagrangedensity

L =
1

2
@��@

�
� � V (�;�) (1)

wherethebarstandsforcom plexconjugation.W erefertothesesystem sasW ess-Zum ino,orLandau-G inzburg,m odels

ifthepotentialenergy density isdeterm ined from an holom orphicsuperpotentialW (�)such thatthepotentialenergy

density ofthe scalar�eld theory reads

V (�;�)=
1

2
W

0(�)W 0(�) (2)

The interestofthese m odelsliesin the factthatallofthem adm ita supersym m etric version with N = 2 extended

supersym m etry. It is also im portant to stress that there is a U (1) am biguity in the election ofthe superpotential:

W �(�)= e� i�W (�),where ei� 2 U (1),producesthe sam edynam ics.

W e shall�rstly consider polynom ials ofdegree N + 1 in � with realcoe�cients as superpotentials,in this case

W (�)= W (�)isthe sam e function ofthe conjugate com plex �eld. The vacua m anifold,the setofzerosofV (�;�),

isgiven by the criticalpointsofthe superpotential,the N rootsofthe polynom ialW 0(�)

�
(j)(x)= v

(j)
; W

0(v(j))= 0; j= 1;2;� � � ;N (3)

The BPS statickinkssatisfy the system of�rst-orderordinary di�erentialequations

d�

dx
= W 0

�(�);
d�

dx
= W

0
�(�) (4)

W e usethese expressionsto show thatthe �eld pro�lesand orbitsshould obey

dx =
d�

W 0
�(�)

=
d�

W 0
�(�)

; W
0
�(�)d� � W 0

�(�)d� = 0 (5)
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Equation (5)(right)m eansthatd(W � � W �)= 0 such that

Im W �(�(x))= constant (6)

forthe �eld orbits.Theseorbitsarekink orbitsifthey connecttwo vacua

Im W � (kj)(v
(k))= Im W � (kj)(v

(j))= constant (7)

Thiscriterion sets�(kj) by requiring that
�
W (v(k))� W (v(j)

�
e� i�

(kj)

)be real,or

�
(kj) = arctan

"
Im

�
W (v(k))� W (v(j))

�

Re
�
W (v(k))� W (v(j))

�

#

m od�; �
(jk) = �

(kj) + � (8)

Integration of(5)(left)gives

x � x0 =
1

2

Z �
d�

W 0
�

+
d�

W 0
�

�

(9)

Interpretation ofthe m eaning ofthisintegralisreached from the identity between di�erentialone-form s

W
0
�(�)d� + W 0

�(�)d� = 2jW 0(�)j
2
dx ) d(W � + W �)= 2jW 0(�)j

2
dx ) ReW � =

Z

jW 0(�)j
2
dx = s (10)

The kink pro�lesare then obtained by inverting these relationsbetween the realpartofthe superpotentialand the

\length" s on the kink orbits(6){ see,e.g.Ref.[9].

The energy ofthe staticcon�gurationscan be written �a la Bogom ol’nyiin the form

E =
1

2

Z

dx

�
�
�
�
d�

dx
� W 0

�(�)

�
�
�
�

2

+
1

2

�
�
�
�

Z

d(W � + W �)

�
�
�
� (11)

which showsthatthe solutionsofthe �rst-orderequations(4)forthe kink phases�(kj) (8)haveenergiesgiven by

M (kj)=

�
�
�ReW � (kj)(v

(k))� ReW � (kj)(v
(j))

�
�
�=

�
�
�W (v(k))� W (v(j))

�
�
�

B . Sym m etric W ess-Zum ino m odels

The choiceofthe holom orphicsuperpotentialin the form

W (�)= �(x;t)�
�N + 1(x;t)

N + 1
; N 2 N (12)

leadsto the potentialenergy density

V (�;�)=
1

2

�
1� �

N (x;t)
� �
1� �

N (x;t)
�

(13)

Thedynam icsisinvariantwith respecttothedihedralgroup D N = Z2� ZN ,thesym m etry group ofaregularpolygon

ofN sides. In ourcase,the Z2 sub-group isgenerated by the transform ation � ! � and the elem ents ofZN are:

� ! ei
2�
N
(n� 1)� ;n = 1;2;� � � ;N .Becausethe vacuum m anifold isthe setofthe N th rootsofthe unity

�
(k)(x;t)= v

(k) = exp(2�i(k� 1)=N ); k = 1;2;:::;N (14)

the D N sym m etry isspontaneously broken to the com plex conjugation Z2 sub-group atevery vacuum state.

The BPS statickinkssatisfy the system of�rst-orderordinary di�erentialequations

d�

dx
= e

i�(1� �
N (x));

d�

dx
= e

� i�(1� �
N (x)) (15)

Theseequationscan also be written as

dx =
e� i� d�

1� ��N
=

ei� d�

1� �N
; e

� i�(1� �
N )d� � e

i�(1� �
N )d� = 0 (16)
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Thus,the realalgebraiccurveswhich solve(16)(right)

Im

�

e
� i�

�

�(x)�
�N + 1(x)

N + 1

��

= constant (17)

arethe orbitsofthe solutions.K ink orbitspassthrough two m inim a ofthe potential,so wehave

Im

�

e
� i�

�

v
(k)

�
(v(k))N + 1

N + 1

��

=
N

(N + 1)
sin(

2�

N
(k � 1)� �)= constant (18)

and

Im W � (kj)(v
(k))= Im W � (kj)(v

(j)) ,

�
�(kj) = � arcsin

�
cos

�
�

N
(k + j� 2)

��
; k > j

�(kj) = arcsin
�
cos

�
�

N
(k+ j� 2)

��
; k < j

(19)

where�(jk) = �(kj) + �.

Integration of(16)(left)gives

x � x0 =
1

2

Z �
d�

ei�(1� �N (x))
+

d�

e� i�(1� �N (x))

�

(20)

Thisintegralcan bewritten in term softhelocalparam eter ds

dx
=
�
�e� i�(1� �N (x))

�
�2 in orderto im plicitly obtain the

kink pro�les

Re
�
e
� i�(1� �

N (x))
�
=

Z
�
�e� i�(1� �

N (x))
�
�2 dx = s (21)

The kink energiesare

M (kj)=
2N

N + 1

�
�
�sin

�
�

N
(k � j)

��
�
� (22)

In [6]itwasshown thatthissuperpotentialin theN = 2 supersym m etricLandau-G inzburg action isan integrable

deform ation ofthe N = 2 supersym m etric m inim alA N seriesofconform alm odels. Itwasalso suggested in [6]the

connection with the solitons ofthe a�ne Toda A N �eld theories { see Ref.[8]for details { which can be directly

envisaged in the aboveexpression (22).

C . T he deform ation procedure

W enow turn attention to thedeform ation procedure,which willallow usto obtain new W ess-Zum ino likem odels.

According to Refs.[19,20],we willexpressthe deform ed system in term sofa new com plex �eld �(x;t)= �1(x;t)+

i�2(x;t);related to the originalone by m eansofthe (a priori)holom orphicfunction f(�)such that

� = f(�)= f1(�1;�2)+ if2(�1;�2) (23)

Thisfunction hasto obey

@f1

@�1
=

@f2

@�2
;

@f1

@�2
= �

@f2

@�1
(24)

The �rst-orderequationsbecom e

d�

dx
= e

i� W
0(f(�))

f0(�)
;

d�

dx
= e

� i� W
0(f(�))

f0(�)
(25)

that we choose to understand as determ ining the absolute energy m inim a associated to the \deform ed" Lagrange

density

LD =
1

2
@��@

�
� �

V (f(�);f(�))

f0(�)f0(�)
(26)
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The dynam icsgoverned by L and LD aredi�erent,butwecan de�ne V(�;��)and W (�)by

V(�;��)=
V (f(�);f(�))

jf0(�)j
2

=
1

2

W 0(f(�))

f0(�)

W 0(f(�))

f0(�)
=
1

2
W 0(�)W 0(�) (27)

such thatthe \deform ed" �rst-orderequations(25)are

d�

dx
= e

i�
W 0(�);

d��

dx
= e

� i�
W

0(�) (28)

The BPS kink solutionsforthissystem are obtained from the solutionsof(15)by sim ply taking the inverse ofthe

deform ation function: �K (x) = f� 1(�K (x)). Thus,we can m ake the following relation between the deform ed and

originalequations:if�K (x)isa kinklike solution ofthe originalm odel,wehavethat

Im W (�K (x))= constant; ReW (�K (x))= s (29)

and so we getthat�K (x)= f� 1(�K (x))iskinklikesolution ofthe deform ed m odel,obeying

Im W (f� 1(�K (x)))= constant; ReW (f� 1(�K (x)))= � (30)

where� isde�ned by

� =

Z

jW
0
�
f
� 1(�K (x))

�
j
2
dx (31)

Alternatively,onecould understand (25)asthe �rst-orderequationsofthe originalm odelwritten in the form

L =
1

2
f
0(�)f0(�)@��@

�
� � V (f(�);f(�)) (32)

This interpretation m eans that the originalsystem in the new variables appears as a nonlinear sigm a m odelwith

targetspacea non-com pactRiem annian m anifold with m etric

G ��(�;�)= 0 = G
� �
(�;�); G

��
(�;�)= f

0(�)f0(�)= G
��
(�;�) (33)

The m eritofourapproach is thatwe infer the kink solutionsofone com plicated butinteresting �eld theoretical

m odelfrom thewell-known kinksoftheassociated sim plesystem .Theotherpointofview,in which onedeform sthe

m etric ratherthan the potentialenergy density,issom etim esalso interesting.Despite dealing with the sam e m odel,

the use ofappropriate coordinates in �eld space m ay lead to separation ofvariables in the �rst-order equations,

som etim esreducing itsintegration to quadratures;seee.g.,[22].

Inspired by form erinvestigationson the deform ation procedure,weselectthe deform ation function asbeing equal

to the new superpotential,that is,we choose f(�) = W (�). This choice constrains the function f(�) to obey the

equation

f
0(�)f0(�)=

q

2V (f(�);f(�)) (34)

A function f satisfying thiscondition assurestherelation (27)to beful�lled and presentstheadvantageofproviding

a potentialforthe new m odelwhich iswellde�ned (�nite)atthe criticalpointsoff(�);i.e.the zerosoff0(�).Asa

bonus,the procedureleadsto a very sim ple expression forthe deform ed superpotential.

III. D EFO R M A T IO N O F SY M M ET R IC W ESS-ZU M IN O M O D ELS

Toclarify thegeneralconsiderations,letusnow illustratetheaboveresultswith explicitexam ples.W ewillconsider

the casesN = 2,N = 3,and N = 4:ThecaseN = 2 issim pler,and itisvery sim ilarto the deform ation used in the

�rstworkin [20]togettothesine-G ordon m odel.ThecasesN = 3and N = 4areharder.Thedeform ation procedure

leadstotheform ation ofjunctionsofkinkorbitsfrom theoriginalW ess-Zum inokinks.Sincetheoriginalnon deform ed

m odelsengendersetsofm inim a which depictequilateraltrianglesand squares,respectively,thedeform ation willthen

naturally tile the plane,with networksofdefectorbitswhich we nam eexpanded kink networks.

W ewillsolve(34)fortheW ess-Zum ino m odelwith solutionsoff0(�)2 = (� 1)N (1� fN (�));and forN = 3;4 these

solutionsarem erom orphicfunctions.Theissuehereisthatthedeform ation function f(�)failsto beholom orphicin

a discrete(in�nite)setofpoints,�,and thisinducesthepotentialenergy density to acquirea countably in�nitesetof

poles(them etricin thetargetspacein thesecond approachaboveacquiresacountablyin�nitesetofzeros).Analogous

physicalsystem saredescribed by the ellipticCalogero-M oserm odels(theelliptic topsin thesecond fram ework);see

e.g.,Ref.[23].Thelossofholom orphicity can beavoided by restricting thenew �eld to takevaluesaway from theset

�,the latticeofpolesoff(�).W e shallthen takeC=� asthe �-�eld space.
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A . T he case N = 2

In thiscase,wede�nethe�eld � asa function ofthenew �eld � in theform � = f(�).W ith this,wecan usef(�)

to rewrite

W (�)= � �
1

3
�
3; V (�;�)=

1

2
(1� �

2)(1� �2) (35)

as

W (f)= f(�)�
1

3
f
3(�); V (f)=

1

2
(1� f

2(�))(1� f2(�)) (36)

The deform ation function f(�)isthe new superpotentialifwe im pose

f
0(�)f0(�)=

q

(1� f2(�))(1� f2(�)) (37)

The particularchoicef(�)= sin(�)com plieswith (37)and leadsto the deform ed system de�ned by

W (�)= cos(�); V(�;�)= cos(�)cos(�) (38)

which isthe com plex sine-G ordon m odel.Here the �rst-orderequationsare

d�

dx
= e

i� cos(�(x));
d�

dx
= e

� i� cos(�(x)) (39)

The solutionsfor� = 0;� aregiven by

�
K � (x)= � gd(x)+ 2n� = � arcsin(tanh(x))+ 2n� (40)

where gd standsforthe G uderm annian function [24],and n isan integer.Here the kinksare analytic solutionsand

the superpotentialisholom orphic.

B . T he case N = 3

In the N = 3 case,wehave

W (�)= � �
1

4
�
4
; V (�;�)=

1

2
(1� �

3)(1� �
3) (41)

and putting � = f(�),werewritethisform ula in the form

W (f)= f(�)�
1

4
f
4(�); V (f)=

1

2
(1� f

3(�))(1� f3(�)) (42)

Asstated in (34),the deform ation function m ustthen satisfy

f
0(�)f0(�)=

q

(1� f3(�))(1� f3(�)) (43)

W e choosein particularthe holom orphicsolution of(43)which satis�esthe separated equations

f
0(�)2 = f(�)3 � 1; f0(�)2 = f(�)3 � 1 (44)

The solution of(44),henceforth a solution of(43),isthe equianharm oniccaseofthe W eierstrassP function

W (�)= f(�)= 4
1

3 P (4�
1

3 �;0;1) (45)

Recallthatthe W eierstrassP function { see[24]{ isde�ned asthe solution ofthe O DE

(P 0(z))2 = 4P 3(z)� g2P (z)� g3 (46)
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The W eierstrassP (z;g2;g3)elliptic function and itsderivative thatsolve the di�erentialequation above are doubly

periodicfunctionsde�ned asthe series

P (z) =
1

z2
+
X

m ;n

�
1

(z� 2m !1 � 2n!2)
2
�

1

(2m !1 + 2n!2)
2

�

(47a)

P 0(z) =
� 2

z3
� 2

X

m ;n

1

(z� 2m !1 � 2n!2)
3

(47b)

with m ;n 2 Z and m 2 + n2 6= 0:Therefore,the deform ation function is,up to a factor,the W eierstrassP function

with invariants g2 = 0 and g3 = 1,and we denote it by P01(z). This function is m erom orphic,with an in�nite

num berofpolescongruentto theirreduciblepoleofordertwo in thefundam entalperiod parallelogram (FPP).Thus,

we suppose that the �-�eld takes values away from the set ofpoints �3 in order to m ake the new superpotential

holom orphicin the N = 3 case.

A briefrem inderofthe essentialpropertiesofP01 and P
0
01 isthe following:

1. P01(4
� 1

3 �) is a single-valued doubly periodic function with prim itive periods: 2!1 and 2!3. De�ning !2 =

4
1

3 �3(1=3)=4�,the prim itive half-periodsare

!1 = !2

 
1

2
� i

p
3

2

!

; !3 = !2

 
1

2
+ i

p
3

2

!

(48)

Theseperiodsdeterm inethe FPP.Note thatonly two ofthe halfperiodsareirreducible:!2 = !1 + !3.

2.P01(4
� 1

3 �)hasonly onepole ofordertwo at� = 0 in the FPP.

3.The valuesofP01(4
� 1

3 �)atthe half-periodsare

P01(4
� 1

3 !1)= 4�
1

3 ; P01(4
� 1

3 !2)= � 4�
1

3

 
1

2
+ i

p
3

2

!

; P01(4
� 1

3 !3)= � 4�
1

3

 
1

2
� i

p
3

2

!

(49)

4.The zerosofthe derivativeP 0
01(4

� 1

3 �)in the FPP areatthe half-periodsofP01

P 0
01(4

� 1

3 !1)= P 0
01(4

� 1

3 !2)= P 0
01(4

� 1

3 !3)= 0 (50)

and the origin isa third-orderpoleofP 0
01(z).

-5

0

5
-5

0

5

-5

0

5

-4
-2

0

2

4-4

-2

0

2

4

-4
-2

0

2

4

Figure 1:(Coloronline)The sym m etric case N = 3.3D graphicsofthe potentialV(�;�)(leftpanel),and of� V(�;�)neara

pointin the lattice �3 (rightpanel).Note thatin the rightpanelthe zerosare now m axim a.

W ith these ingredientswewritethe deform ed potential

V(�;�)=
1

2

q

(1� 4P 3
01
(4�

1

3 �))(1� 4P 3
01
(4�

1

3 �))=
1

2
P 0
01(4

� 1

3 �)P01
0(4�

1

3 �) (51)

which isdepicted in Fig.1.
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The new potentialisdoubly periodic with an structureinherited from the \half-periods" ofP .The setofzerosof

the potentialin the FPP (see Fig.2)hasthreeelem ents

�
(1) = !1 = !2

 
1

2
� i

p
3

2

!

; �
(2) = !3 = !2

 
1

2
+ i

p
3

2

!

; �
(3) = !2 = 4

1

3

�3(1
3
)

4�
(52)

The setofallthe zerosofV form a lattice(see Fig.3)which tile the entire con�guration plane

�
(1)

(m ;n)
= !2

�

m + n +
1

2
+
p
3i(m � n �

1

2
)

�

(53a)

�
(2)

(m ;n)
= !2

�

m + n +
1

2
+
p
3i(m � n +

1

2
)

�

(53b)

�
(3)

(m ;n)
= !2

�

m + n + 1+
p
3i(m � n)

�

(53c)

The valuesofthe superpotentialatthe m inim a are

W �(�
(1)

(m ;n)
)= e

� i� ; W �(�
(2)

(m ;n)
)= ie

� i(�� �

6
); W �(�

(3)

(m ;n)
)= � ie� i(�+

�

6
) (54)

Ω3

Ω1

Ω2

Figure 2:(Coloronline)The sym m etric case N = 3:Zeros(red)ofV and points(yellow)ofthe set�3,and kink orbits(blue)

connecting the zerosofthe potential(rightpanel).

In sum ,the potentialobtained from the deform ation procedure has the sam e zeros in the FPP as the original

m odel. Besides,one pole arisesatthe origin due to the m erom orphic structure ofP 0
01;see Fig.2 and 3. However,

thisstructure isin�nitely repeated in the deform ed m odel,according to the two periods!1 and !3 determ ining the

m odularparam eter� = !3=!1 = � 1=2+ i
p
3=2 oftheRiem ann Surfaceofgenus1 associated with thisP -W eierstrass

function.Asan aside,wenotethatthem odularparam etere� = 1=2+ i
p
3=2 givesthesam eRiem ann surfacebecause

e� = (a� + b)=(c� + d)where

�
a b

c d

�

=

�
1 1

0 1

�

isan elem entofthe m odulargroup SL(2;Z).

Contrarily to the deform ation function chosen in the case N = 2,forN = 3 the W eierstrassP function isnotan

entire function,thatis,itisnotholom orphicin the whole com plex plane C.� = 
 m n = 2m !1 + 2n!2 (m ;n 2 Z)is

the lattice ofpointsofP and P 0 which areaccordingly m erom orphicfunctions.Thus,wesuppose thatthe new �eld

take values in the space C=�3 to avoid the loss ofholom orphicity. This point ofview is very close to consider the

genus1 Riem ann surface C=�� ofm odulus� = !3=!2 m inusthe origin (the FPP with the edgesidenti�ed pairwise

m inusthe origin)asthe �-�eld space. K eeping,however,the in�nite copiesofthisspace contained in C=�3 givesa

richerkink structure.
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B .1. N etw ork ofP -kink orbits

W eshallcom paretheP -kink orbitswith theorbitsoftheoriginalN = 3 polynom ialW ess-Zum ino m odel.If�K (x)

isa N = 3 solution of(17)and (20)then �K (x)= 4
1

3 P
� 1
01
(4�

1

3 �K (x))solves

Im e
� i� 4

1

3 P01(4
� 1

3 �
K (x))= constant; Ree� i� 4

1

3 P01(4
� 1

3 �
K (x))= � (55)

where

� =

Z �
�
�P

0
01(4

� 1

3 �
K (x))

�
�
�
2

dx (56)

-2Ω2 -Ω2 Ω2 2Ω2 3Ω2

- 3 Ω2

3 Ω2

Figure 3:(Coloronline)Thesym m etric case N = 3:Lattice ofzeros(red)ofV(�;�)and points(yellow)oftheset�3,and the

network ofkink orbits(blue)in the lattice ofm inim a (rightpanel).

Becauseofthe relations

W (�(k))� W (�(j))=
3

4

�

W (�(k))� W (�(j))

�

=
3

4

�

e
i2�

3
(k� 1)� e

i2�
3
(j� 1)

�

(57)

the sam evaluesof� asin the non deform ed case,

�
(kj) = arctan

�
sin2�

3
(k� 1)� sin2�

3
(j� 1)

cos2�
3
(k� 1)� cos2�

3
(j� 1)

�

(58)

givethe deform ed kink orbits.

Therearethreetypes,which weshow below.

Type (13),non deform ed

The condition Im W �(�
(3))= Im W �(�

(1))is satis�ed only for�(31) = �=6 (for antikinks)and �(13) = 7�=6 (for

kinks). W hat is called kink and what is antikink is a m atter ofconvention. O ur convention is that kink/antikink

orbitsrun clock/anticlockwisein the (W ;W )plane.The orbitsobey

�
3
p
3

8
� ReW �

6
(�K )�

3
p
3

8
; Im W �

6
(�K )= �

3

8
with ReW �

6
(�(1))=

3
p
3

8
; ReW �

6
(�(3))= �

3
p
3

8

and

�
3
p
3

8
� ReW 7�

6

(�K )�
3
p
3

8
; Im W 7�

6

(�K )=
3

8
with ReW 7�

6

(�(1))= �
3
p
3

8
; ReW 7�

6

(�(3))=
3
p
3

8

Type (13),deform ed

As m entioned above,the condition Im W �(�
(3)

(m ;n)
) = Im W �(�

(1)

(m 0;n0)
) is again satis�ed only for �(31) = �=6 and

�(13) = 7�=6.The orbitsobey

�

p
3

2
� ReW �

6
(�K )�

p
3

2
; Im W �

6
(�K )= �

1

2
with ReW �

6
(�

(3)

(m ;n)
)= �

p
3

2
; ReW �

6
(�

(1)

(m 0;n0)
)=

p
3

2
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and

�

p
3

2
� ReW 7�

6

(�K )�

p
3

2
; Im W 7�

6

(�K )=
1

2
with ReW 7�

6

(�
(1)

(m 0;n0)
)= �

p
3

2
; ReW 7�

6

(�
(3)

(m ;n)
)=

p
3

2

The nearestneighbortype (1)and type (3)m inim a areconnected by the orbitfollowing the sequence

�
(1)

(m ;n)
$ �

(3)

(m ;n)
$ �

(1)

(m + 1;n)
$ �

(3)

(m + 1;n)
$ �

(1)

(m + 2;n)

See Fig.3.

Theothertwo cases(23)and (12)follow sim ilarly.Herewejustadd thatforthe case(23),(m ;n)and (m 0;n0)are

restricted to link nearestneighbortype (3)and type (2)m inim a along the orbit.Thesequenceis

�
(2)

(m ;n)
$ �

(3)

(m ;n)
$ �

(2)

(m ;n+ 1)
$ �

(3)

(m ;n+ 1)
$ �

(2)

(m ;n+ 2)

Also,forthe case(12)we havethat(m ;n)and (m 0;n0)m ustbe chosen according to the following sequence

�
(1)

(m ;n)
$ �

(2)

(m ;n+ 1)
$ �

(1)

(m + 1;n+ 1)
$ �

(2)

(m + 1;n+ 2)
$ �

(1)

(m + 2;n+ 2)

in orderto connectnearestneighborm inim a oftype(1)and (2).

W e end the case N = 3 collecting the corresponding energies. W e have that the defect energies for the original

non deform ed W ess-Zum ino m odelare given by M = 3
p
3=4,forkinksand anti-kinksforallthe three sectors,with

(kj) = (12);(23);and(13). For the deform ed m odel,the energies ofthe P -defects are given by M =
p
3;for the

sam ecases.

C . T he case N = 4

In the N = 4 casewedealwith

W (�)= � �
1

5
�
5
; V (�;�)=

1

2
(1� �

4)(1� �
4) (59)

Thus,putting � = f(�),wehave

W (f)= f(�)�
1

5
f
5(�); V =

1

2
(1� f

4(�))(1� f4(�)) (60)

The specialdeform ation function m ustsatisfy

f
0(�)f0(�)=

q

(1� f4(�))(1� f4(�)) (61)

Arguing likein (43),wechoosethe holom orphicsolution thatsatis�esthe separated equations

f
0(�)2 = 1� f(�)4 ; f0(�)2 = 1� f(�)4 (62)

The solution of(62),henceforth a solution of(61),is the elliptic sine ofparam eter k2 = � 1,the G auss’s sinus

lem niscaticus

W (�)= f(�)= sn(�;� 1) (63)

Asthe derivativeofthe Jacobielliptic sineissnu0= cnu dnu,the identities

cn2(�;� 1)= 1� sn2(�;� 1); dn
2
(�;� 1)= 1+ sn2(�;� 1) (64)

show the solution of(61)very directly.

The deform ed potentialreads

V(�;�)=
1

2

q

(1� sn4(�;� 1))(1� sn4(�;� 1))=
1

2
jcn(�;� 1)j2jdn(�;� 1)j2 (65)

which isdepicted in Fig.4.The superpotentialisgiven by W �(�)= e� i� sn(�;� 1)
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-4
-2

0
2

4
-4

-2

0

2

4

-4
-2

0
2

4

-2

0

2
-2

0

2

-2

0

2

Figure4:(Coloronline)Thesym m etriccaseN = 4:3D graphicsofthepotentialV(�;�)(leftpanel)and of� V(�;�)nearfour

pointsofthe set�4 (rightpanel).Note thatin the rightpanelthe zerosare now m axim a.

The new potentialisdoubly periodic with its structure inherited from the \quarter-periods" K (� 1)= !1=4 and

iK (2) = !2=4 ofthe twelve Jacobielliptic functions; see Fig.5. Here K (� 1) � 1:31103 is the com plete elliptic

integralofthe �rst type, a quarter ofthe length ofthe lem niscate curve in �eld space: (�2
1 + �22)

2 = �21 � �22:

K (2)� 1:31103� i1:31103 isthe com plem entary com plete elliptic integralofK (� 1).

The setofzerosofthe potentialin the FPP are �(1) = !1=4;�
(2) = i!1=4;�

(3) = � !1=4;�
(4) = � i!1=4;whereas

thesetofallthezerosofV form a quadrangularlatticein thewholecon�guration space.They aregiven by,explicitly

�
(1)

(m ;n)
=

!1

4
(2(2m + n)+ 1+ i2n); �

(2)

(m ;n)
=
!1

4
(2(2m + n)+ i(2n + 1)) (66a)

�
(3)

(m ;n)
=

!1

4
(2(2m + n)� 1+ i2n); �

(4)

(m ;n)
=
!1

4
(2(2m + n)+ i(2n � 1)) (66b)

because

cn(�
(k)

(m ;n)
;� 1)� dn(�

(k)

(m ;n)
;� 1)= 0; k = 1;2;3;4 (67)

Thus,

W �(�
(1))= e

� i�
; W �(�

(2))= ie
� i�

; W �(�
(3))= � e� i� ; W �(�

(4))= � ie� i� (68)

sincesn[� K (� 1);� 1]= � 1 and sn[� iK (� 1);� 1]= � i.

Them odularparam eteroftheassociated genus1 Riem ann surfaceis� = iK [2]=K [� 1]= 1+ i.IdenticalRiem ann

surface isassociated to the lem niscatic case,g2 = 1,g3 = 0,ofthe W eierstrassP function. Like in the form ercase,

however,the Jacobielliptic sine isnotan entire function,and so we restrictthe new �eld to live in C=�4 (where �4
isthe setofpolesoff(�)in thiscase)in orderto m akethe superpotentialholom orphic.

C .1. N etw ork ofsn-kink orbits

W eshallcom parethesn-kink orbitswith theorbitsoftheoriginalN = 4polynom ialW ess-Zum inom odel.If�K (x)

isa solution of(29)then �K (x)= sn� 1(�K (x);� 1)solves

Im e
� i�sn(�K (x);� 1)= constant; Ree� i�sn(�K (x);� 1)= � (69)

where

� =

Z
�
�cn[�K (x);� 1]� dn[�K (x);� 1]

�
�2 dx (70)

The sam evaluesof� asin the non deform ed casegivethe kink orbits

W (�(k))� W (�(j))=
4

5

�

W (�(k))� W (�(j))

�

=
4

5

�

e
i�
2
(k� 1)� e

i�
2
(j� 1)

�

(71)
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selects

�
(kj) = arctan

�
sin�

2
(k � 1)� sin�

2
(j� 1)

cos�
2
(k � 1)� cos�

2
(j� 1)

�

; m od� (72)

asthe anglesforboth the originaland deform ed kink orbits.

Therearefourtypes,which weshow below.

Type (12)/(34),non deform ed

In thiscasewehaveIm W �(�
(1))= Im W �(�

(2))and Im W �(�
(3))= Im W �(�

(4))only for� = 3�=4(kinks)or� = 7�=4

(antikinks).Thekink orbitsobey

�
2
p
2

5
� ReW 3�

4

(�K )�
2
p
2

5
; Im W 3�

4

(�K )= �
2
p
2

5
with

ReW 3�
4

(�(1))= � 2
p
2

5
; ReW 3�

4

(�(2))= 2
p
2

5

or

ReW 3�
4

(�(3))= 2
p
2

5
; ReW 3�

4

(�(4))= � 2
p
2

5

whereasforthe antikinks

�
2
p
2

5
� ReW 7�

4

(�K )�
2
p
2

5
; Im W 7�

4

(�K )=
2
p
2

5
with

ReW 7�
4

(�(1))= 2
p
2

5
; ReW 7�

4

(�(2))= � 2
p
2

5

or

ReW 7�

4

(�(3))= � 2
p
2

5
; ReW 7�

4

(�(4))= 2
p
2

5

Type (12)/(34),deform ed

HerewehaveIm W �(�
(1)

(m ;n)
)= Im W �(�

(2)

(m 0;n0)
)and Im W �(�

(3)

(m ;n)
)= Im W �(�

(4)

(m 0;n0)
)only for� = 3�=4 (kinks)or

� = 7�=4 (antikinks).The kink/antikink orbitsobey

�

p
2

2
� ReW 3�

4

(�K )�

p
2

2
; Im W 3�

4

(�K )= �

p
2

2
with

ReW 3�
4

(�
(1)

(m ;n)
)= �

p
2

2
; ReW 3�

4

(�
(2)

(m 0;n0)
)=

p
2

2

or

ReW 3�
4

(�
(3)

(m 0;n0)
)=

p
2

2
; ReW 3�

4

(�
(4)

(m ;n)
)= �

p
2

2

and

�

p
2

2
� ReW 7�

4

(�K )�

p
2

2
; Im W 7�

4

(�K )=

p
2

2
with

ReW 7�
4

(�
(1)

(m ;n)
)=

p
2

2
; ReW 7�

4

(�
(2)

(m 0;n0)
)= �

p
2

2

or

ReW 7�
4

(�
(3)

(m 0;n0)
)= �

p
2

2
; ReW 7�

4

(�
(4)

(m ;n)
)=

p
2

2

where (m ;n) and (m 0;n0)are restricted to link nearestneighbortype (1)with type (2)and type (3) with type (4)

m inim a along the orbit.Thesequencesare

�
(1)

(m ;n)
$ �

(2)

(m ;n)
$ �

(1)

(m � 1;n+ 1)
$ �

(2)

(m � 1;n+ 1)
$ �

(1)

(m � 2;n+ 2)

and

�
(3)

(m ;n)
$ �

(4)

(m ;n)
$ �

(3)

(m � 1;n+ 1)
$ �

(4)

(m � 1;n+ 1)
$ �

(3)

(m � 2;n+ 2)

See Fig.6.

The otherthree cases,(13),(14)=(23),and (24)follow sim ilarly. Here we justadd thatin the case (13)we have

that(m ;n)and (m 0;n0)arerestricted to link nearestneighbortype (1)and type (3)m inim a along the orbit,and so

they m ustbe chosen according to the following sequence

�
(3)

(m ;n)
$ �

(1)

(m ;n)
$ �

(3)

(m + 1;n)
$ �

(1)

(m + 1;n)
$ �

(3)

(m + 2;n)

In the case (14)/(23)we have that(m ;n)and (m 0;n0)are restricted to link nearestneighbortype (1)and type (2)

m inim a respectively with type(4)and type(3)m inim a along the orbit.Therefore,the sequencesare

�
(1)

(m ;n)
$ �

(4)

(m ;n)
$ �

(1)

(m ;n+ 1)
$ �

(4)

(m ;n+ 1)
$ �

(1)

(m ;n+ 2)
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-K K

-iK

iK

Figure 5:(Coloronline)The sym m etric case N = 4:Zeros(red)ofV and points(yellow)ofthe set�4,and the two (blue and

black)possible orbitsconnecting the zerosofthe potential.

-3K -K K 3K

-3iK

-iK

iK

3iK

Figure 6:(Coloronline)Thesym m etric case N = 4:Lattice ofzeros(red)ofV(�;�)and points(yellow)oftheset�4,and the

networksofkink orbits(blue and black)in the lattice (rightpanel).

and

�
(2)

(m ;n)
$ �

(3)

(m ;n)
$ �

(2)

(m ;n+ 1)
$ �

(3)

(m ;n+ 1)
$ �

(1)

(m ;n+ 2)

In thecase(24)wehavethat(m ;n)and (m 0;n0)arerestricted to link nearestneighbortype(2)and type(4)m inim a

along the orbit.Thus,they m ustbe chosen according to the following sequence

�
(4)

(m ;n)
$ �

(2)

(m ;n)
$ �

(4)

(m � 2;n+ 1)
$ �

(2)

(m � 2;n+ 1)

W e end the N = 4 casecollecting the energiesofthe defectstructures.Forthe non deform ed kinksweget

M (13)= M (24)=
8

5
; M (12)= M (34)=

4
p
2

5
; M (14)= M (23)=

4
p
2

5
(73)

whereasthe energiesofthe deform ed sn-kinksread

M (13)= M (24)= 2; M (12)= M (34)=
p
2; M (14)= M (23)=

p
2 (74)

with M (kj)= M (jk)and M (kj)= M (jk).

IV . D EFO R M A T IO N O F A B R A H A M -T O W N SEN D M O D ELS

Letusnow m oveon to thecasewheretheoriginalm odelengendersno speci�csym m etry.Thisstudy isinspired on

Ref.[7],in which Abraham and Townsendconsidersom einterestingsituations,guided bym oregeneralsuperpotentials,

which develop no speci�c sym m etry. Sim ilar potentialswere also considered in [6],but there the investigation was

m ainly on thesym m etriccase.In [7],however,thefocuswason thenon sym m etriccase,asa basicm odelunderlying

thestudy ofintersecting extended objectsin supersym m etric�eld theories{ seealso [25],which dealswith theforces

between soliton statesin the sam em odel.
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Theabsenceofsym m etry m akestheinvestigation harderto follow,butitisstillofcurrentinterestsinceitleadsto

m oregeneralpossibilities,bringing som enew e�ectsinto thegam eand allowing forthepresenceofirregularnetwork

ofdefects. W e follow asin the form ersection,and below we considerm odelswhich develop three and fourm inim a

with no speci�csym m etry anym ore,using e�3 and e�4 asthesetofpolesoff(�)asbefore,butnow in theasym m etric

cases,with N = 3 and N = 4,respectively.

A . Irregular netw ork ofP -kink orbits

Letusstartwith thesim plestcase,in which oneconsidersa classofm odelsthatengendersthreem inim a.Herewe

dealwith the superpotential

W (�)= �� �
1

2
�
2 �

1

3
��

3 +
1

4
�
4 (75)

where� = �1+ i�2 isa com plex coupling constantwhich param etrizesthefam ily ofm odels.In thiscase,thepotential

isgiven by

V (�)=
1

2
j� � �j2j1� �

2j2 (76)

Thischoiceleadsto the following setofm inim a:two realm inim a which are �xed to be atv1 = � 1 and v2 = 1;and

a com plex m inim um atv3 = �,which m ay m ovein the com plex plane fordi�erentchoicesofthe com plex param eter

�:This is the m ost generalcase with three arbitrary m inim a in the com plex plane,since one can always choose

the straightline joining two vacua asthe abscissa axis,crossing the perpendicularordinate axisthrough the m iddle

pointbetween the vacua,setting the distance between them to be 2 by an scaletransform ation.The valuesthatthe

superpotentialW �(�)= e� i�W (�)takesnow atthe vacua are

W �(� 1)=

�

�
1

4
�
2

3
�

�

e
� i� ; W �(�)=

1

12
�
2(6� �

2)e� i� (77)

From these expressionsweobtain

W �(1)� W �(� 1)=
4

3
� e

� i�
; W �(� 1)� W �(�)=

1

12
(� � 3)(� � 1)3 e� i� (78)

Therefore,the anglesofthe kink orbitsare(m od �)

�
(12) = arctan

�
Im �

Re�

�

; �
(13) = arctan

�
Im ((� � 3)(� + 1)3)

Re((� � 3)(� + 1)3)

�

; �
(23) = arctan

�
Im ((� + 3)(� � 1)3)

Re((� + 3)(� � 1)3)

�

and now the kink energiesaregiven by

M (12)=
4

3
(�21 + �

2

2)
1=2

;
M (23)= 1

12

�
((�1 + 3)2 + �22)((�1 � 1)2 + �22)

3
�1=2

M (31)= 1

12

�
((�21 � 3)2 + �22)((�

2
1 + 1)2 + �22)

3
�1=2 (79)

with M (kj)= M (jk). Note thatthe three m assesM (12)= M (13)= M (23)= (4=3)
p
3 for� = � i

p
3,a value of

theparam eterforwhich thevacua lieattheverticesofan equilateraltriangle,leading usback to thesym m etriccase

which engendersthe Z3 sym m etry.

W e now go to the deform ation procedure,changing � ! f(�);with f(�)= W (�):In the presentcase,we getthat

f(�)should obey

f
0(�)f0(�)=

q

2V (f(�);f(�)) (80)

and thisnow gives,in the specially sim ple casewhich wehavealready considered in the form ersection,

f
0(�)2 = � � f � �f

2 + f
3 (81)

Thisisagain the W eierstrassequation,and ifwede�ne z = 4�
1

3 � and f = 4
1

3  + �=3 we�nd

 
0(z)2 = 4 3 � g2 � g3 (82)
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whereg2 = 4
1

3 (1+ �2=3)and g3 = � (2�=3)(1� �2=9).The solution forf(�)isthen given by

f(�)=
1

3
� + 4

1

3 P (4�
1

3 �;g2(�);g3(�)) (83)

Thehalf-periods!1 and !3 oftheW eierstrassP function areobtained from theinvariantsg2 and g3 by m eansofthe

equation

g2 = 60
X

(m ;n)


� 4
m n ; g3 = 140

X

(m ;n)


� 6
m n (84)

where 
m n = 2m !3 + 2n!1;with m ;n 2 Z. W e also have � = g 3
2 � 27g23 = 4(�2 � 1)2 and e1 = � 4

1

3 (1 + �=3);

e2 = 4
1

3 (1� �=3);and e3 = 4
1

3 2�=3 are respectively the discrim inantand rootsofthe cubic equation which appears

from the righthand sideof(82).

Itisinteresting to notethatthem odularparam eter�(�)= !3(�)=!1(�)ofthegenus1 Riem ann surfaceassociated

to thisP -function dependson �.Thus,variationsof� correspond to m otionsin the Riem ann surfacem odulispace.

The deform ed m odelisgoverned by the potential

V(�)=
1

2
jP 0(4�

1

3 �;g2(�));g3(�)j
2 (85)

It has zeros in the FPP at P 0(!1) = P 0(!3) = P 0(!1 + !3) = 0. Thus,the vacua ofthe deform ed m odelare the

constant�eld con�gurations

�
(1)

(m ;n)
= 4

1

3 (!1 + 
m n); �
(2)

(m ;n)
= 4

1

3 (!1 + !3 + 
m n); �
(3)

(m ;n)
= 4

1

3 (!3 + 
m n) (86)

The valuesofthe superpotential

W 
(�)=

�
�

3
+ 4

1

3 P (4�
1

3 �;g2(�);g3(�))

�

e
� i
 (87)

atthese vacua are

W 
(�
(1)

(m ;n)
)=

�
�

3
+ 2

2

3 Pg2g3(!1)

�

e
� i
 =

�
�

3
+ 2

2

3 e1

�

e
� i
 = � e� i


W 
(�
(2)

(m ;n)
)=

�
�

3
+ 2

2

3 Pg2g3(!2)

�

e
� i
 =

�
�

3
+ 2

2

3 e2

�

e
� i
 = e

� i


W 
(�
(3)

(m ;n)
)=

�
�

3
+ 2

2

3 Pg2g3(!3)

�

e
� i
 =

�
�

3
+ 2

2

3 e3

�

e
� i
 = �e

� i


Thereforethe anglesofthe deform ed kink orbitsare(m od �)



(12) = 0; 


(13) = arctan

�
Im �

Re(� + 1)

�

; 

(23) = arctan

�
Im �

Re(� � 1)

�

(89)

and the kink m assesbecom e

M (12)= 2; M (13)=
�
(�1 + 1)2 + �

2

2

�1

2 ; M (23)=
�
(�1 � 1)2 + �

2

2

�1

2 (90)

Note that for � = � i
p
3 the three m asses are equal,M (12) = M (13) = M (23) = 2,corresponding to a regular

triangularlattice ofm inim a.The sequencesofm inim a connected by the kink orbitsin these fam iliesare

�
(2)

(m ;n)
$ �

(1)

(m ;n)
$ �

(2)

(m � 1;n+ 1)
$ �

(1)

(m � 1;n+ 1)

�
(3)

(m ;n)
$ �

(1)

(m ;n� 1)
$ �

(3)

(m ;n� 1)
$ �

(1)

(m ;n� 2)

�
(3)

(m ;n)
$ �

(2)

(m ;n)
$ �

(3)

(m + 1;n)
$ �

(2)

(m + 1;n)

In Fig.7 and 8 we plotthe potential,m inim a and network ofkink orbits,respectively,forthe speci�c valueofthe

com plex param eter� = 1+ i. Com parison ofthese �gureswith �gures2 and 3 showsto whatextentthe com plex

param eterinducesirregularity when itdi�ersfrom � i
p
3.
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Figure 7:(Coloronline)The case ofthree asym m etric m inim a.3D plotofthe deform ed potential� V(�;��)for� = 1+ inear

a pointofthe set e�3.

Ω

Ω'

Ω + Ω'

Figure 8:(Coloronline)The case ofthree asym m etric m inim a.Plotsofthe zeros(red)ofthe potentialand points(yellow)of

the set e�3,and the networksofkink orbits(blue)connecting the zerosfor� = 1+ i(rightpanel).

B . Irregular netw ork ofsn-kink orbits

W e considernow the superpotential

W (�)= � ���+
1

2
(�+ �)�2+

1

3
(��� 1)�3�

1

4
(�+ �)�4+

1

5
�
5 (92)

where� and � aretwo com plex coupling param eterswhich controlthe m odel.W ith thispolynom ialof�fth-orderW

wegetthe potential

V (�;��)=
1

2
j1+ �j

2
j1� �j

2
j� � �j

2
j� � �j

2 (93)

displaying thefourm inim a v1 = � 1;v2 = �;v3 = 1;and v4 = �.W enoticethattwo ofthem inim a areagain �xed at

the values� 1,butthisdoesnotrestrictgenerality ofthe procedureforthe sam ereasonsasbefore.

Again,wechoosethe deform ation f(�)= W (�)determ ined from the specially sim plecase

f
0(�)2 = (f + 1)(f � 1)(f � �)(f � �) (94)

This equation can be written as the elliptic sine equation y0 =
p
(1� y2)(1� k2y2) if we follow the usual

procedure [26], in which we write the product (f2 � 1)(f � �)(f � �) as the product of the two factors�
A + (f � �� )

2 + A � (f � �+ )
2
�
and

�
B + (f � �� )

2 + B � (f � �+ )
2
�
;where

A � =
1

2

 

1�
1+ ��

p
(1� �2)(1� �2)

!

; B � =
1

2

 

1�
1

2

2� �2 � �2
p
(1� �2)(1� �2)

!

; �� =
1+ �� �

p
(1� �2)(1� �2)

� + �

(95)
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W e then m akethe hom ographicsubstitution p = (f � �� )=(f � �+ )to obtain

dy

d�
=
p
(1� y2)(1� k2y2) ) y(�)= sn(�;k2) (96)

wherey =
p
� A + =A � p, = (�� � �+ )

p
� A + B � �,and k

2 = A � B + =A + B � .Therefore,we �nally �nd that

f(�)=
�+ � ��

p
� A � =A + sn( ;k2)

1�
p
� A � =A + sn( ;k2)

(97)

isthe new superpotentialfrom which wecan constructthe potentialofthe m odi�ed m odelin the form

V(�;��)=
1

2

�
�
�
�

(�+ � �� )
2
p
A � B � cn( ;k

2)dn( ;k2)

(
p
� A � =A + sn( ;k

2)� 1)2

�
�
�
� (98)

Theaboveinvestigation isvery general,and thepresenceofthetwo com plex param eters� and � m aketheillustra-

tionsawkward.Forthisreason,weshallrestrictourselvesto thesim plercasewhere� = � � and only a singlecom plex

param eterisfree.Thus,

W (�)= �
2
� �

1

3
(1+ �

2)�3 +
1

5
�
5 ; V (�;��)=

1

2
j1� �

2j2j�2 � �
2j2 (99)

are respectively the superpotentialand potentialofthe originalm odel. The four m inim a ofV are at the points

v1 = � v3 = � 1,v2 = � v4 = � � in the �-com plex plane.

From the valuesofthe superpotentialatthe m inim a

W �(� 1)= �
2

3
(�2 �

1

5
)e� i� ; W �(� �)= �

2

3
�
3(1�

�2

5
)e� i� (100)

weobtain

W �(1)� W �(� 1) =
4

3
(�2 �

1

5
)e� i� ; W �(� 1)� W �(� �)= �

2

3

�
�5 � 1

5
� �

2(� � 1)

�

e
� i� (101a)

W �(�)� W �(� �) =
4

3
�
3(1�

�2

5
)e� i� ; W �(� 1)� W �(� �)= �

2

3

�
�5 + 1

5
� �

2(� + 1)

�

e
� i� (101b)

The anglesofthe kink orbitsare(m od �)

�
(13) = arctan

�
Im (1� 5�2)

Re(1� 5�2)

�

; �
(12) = �

(34) = arctan

�
Im (�2 � 1� 5�2(� � 1))

Re(�2 � 1� 5�2(� � 1))

�

(102a)

�
(24) = arctan

�
Im (�3(�2 � 5))

Re(�3(�2 � 5))

�

; �
(23) = �

(14) = arctan

�
Im (�2 + 1� 5�2(� + 1))

Re(�2 + 1� 5�2(� + 1))

�

(102b)

The corresponding energiesaregiven by

M (13) =
4

3
j1=5� �

2j; M (12)= M (34)=
2

3
j1=5+ (� � 1)�2 � �

5
=5j (103a)

M (24) =
4

3
j(�2=5� 1)�3j; M (23)= M (41)=

2

3
j1=5� (� + 1)�2 + �

5
=5j (103b)

plusM (kj)= M (jk).Note thatfor� = i;M (13)= M (24)= 8

5
,M (12)= M (34)= M (23)= M (14)= 4

5

p
2 and we

recoverthe caseofa regularsquare.

W e now deform the m odel,choosing f(�)= W (�).Asbefore,we considerthe specially sim ple case,which gives

f
0(�)2 = (1+ f)(1� f)(� + f)(� � f)= �

2 � (1+ �
2)f(�)2 + f(�)4 (104)

W e com pare this with the elliptic Jacobisine equation to �nd f(�)= � sn(�;�2)asthe solution ofequation (104).

Thus,the deform ed superpotentialand potentialaregiven by

W 
(�)= � sn(�;�2)e� i
 ; V(�;��)=
1

2
j�j2 jcn(�;�2)j2jdn(�;�2)j2 (105)
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The zerosofthe potentialform the lattice ofvacua atthe constantvaluesofthe �eld

�
(1)

(m ;n)
= �

1

4
(!1 + !2)+ 
m n ; �

(2)

(m ;n)
= �

1

4
!1 + 
m n (106a)

�
(3)

(m ;n)
=

1

4
(!1 + !2)+ 
m n ; �

(4)

(m ;n)
=
1

4
!1 + 
m n (106b)

wherethe periodicity isdeterm ined by the quarterperiodsofthe Jacobielliptic sine


m n = n!1 +
1

2
m !2 ; !1 = 4K (�2); !2 = 4iK (1� �

2) (107)

From the valuesofthe superpotentialatthe m inim a

W 
(�
(3)

(m ;n)
)= e

� i
 = � W 
(�
(1)

(m ;n)
); W 
(�

(4)

(m ;n)
)= � e

� i
 = � W 
(�
(2)

(m ;n)
) (108)

wederive

W 
(�
(3)

(m ;n)
)� W 
(�

(1)

(m 0;n0)
) = 2e� i
 ; W 
(�

(4)

(m ;n)
)� W 
(�

(2)

(m 0;n0)
)= 2� e� i
 (109a)

W 
(�
(2)

(m ;n)
)� W 
(�

(1)

(m 0;n0)
) = (1� �)e� i
 = W 
(�

(3)

(m ;n)
)� W 
(�

(4)

(m 0;n0)
) (109b)

W 
(�
(3)

(m ;n)
)� W 
(�

(2)

(m 0;n0)
) = (1+ �)e� i
 = W 
(�

(4)

(m ;n)
)� W 
(�

(1)

(m 0;n0)
) (109c)

The orbitanglesand the energiesofthe deform ed kinksaregiven by



(13) = 0; M (13)= 2; 


(12) = 

(34) = arctan

�
Im (1� �)

Re(1� �)

�

; M (12)= M (34)= j1� �j



(24) = arctan

�
Im �

Re�

�

; M (24)= 2j�j; 

(23) = 


(14) = arctan

�
Im (1+ �)

Re(1+ �)

�

; M (41)= M (23)= j1+ �j

with 
(kj) = 
(jk) + � and M (kj)= M (jk):The vacua connected by the kink orbitsareorganized according to the

following sequences

�
(1)

(m ;n)
, �

(3)

(m ;n)
, �

(1)

(m + 2;n+ 1)
, �

(3)

(m + 2;n+ 1)

�
(2)

(m ;n)
, �

(4)

(m ;n)
, �

(2)

(m ;n+ 1)
, �

(4)

(m ;n+ 1)

�
(1)

(m ;n)
, �

(2)

(m ;n)
, �

(1)

(m + 1;n)
, �

(2)

(m + 1;n)

�
(3)

(m ;n)
, �

(4)

(m ;n)
, �

(3)

(m + 1;n)
, �

(4)

(m + 1;n)

�
(1)

(m ;n)
, �

(4)

(m ;n)
, �

(1)

(m + 1;n+ 1)
, �

(4)

(m + 1;n+ 1)

�
(2)

(m ;n)
, �

(3)

(m ;n)
, �

(2)

(m + 1;n+ 1)
, �

(3)

(m + 1;n+ 1)

To illustrate the investigations,in Fig.9 and 10 we plotthe potential,m inim a,pointsin the set e�,and orbitsof

the kinklikecon�gurations.

V . B IFU R C A T IO N

Allthem odelswhich wehavebeen studying sofarpresentan interestingfeature,which wenow explore.Itconcerns

thefactthatthey havethreeorfourm inim a.Thus,ifwechoosetwo m inim a arbitrarily,itm ay bepossiblethatthey

are connected with two orm ore distinctorbits.W hen thishappensto be the case,we say thatthe system develops

a bifurcation,since one can go from a given vacua to anotherone,following two orm ore distinctkink orbits. This

possibility isdirectly related to the balance ofkink energiesproviding an upper bound for the fusion oftwo ofthe

kinks in a single kink ofa third type. Such a process is energetically possible { and the outgoing kink stable { if,

given e.g.three m inim a k;j;l,theenergy ofthe (kj)kink islowerthan the sum ofthe othertwo kink m asses

M (kj)< M (kl)+ M (lj) (112)
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Figure 9:(Coloronline)The case offourasym m etric m inim a.3D plotofthe deform ed potential� V(�;��)nearfourpointsof

the set e�4 for� = 1+ i.

Figure 10:(Coloronline)The case offourasym m etric m inim a.Plotsofthe zeros(red)ofthe potentialand points(yellow)of

the set e�4,and networksofkink orbits(blue)connecting the zerosfor� = 1+ i(rightpanel).

Allthekink m assesdepend on theN � 2 com plex param eters,indicating thearbitrary positionsofN � 2 vacua,since

the othertwo m inim a are �xed atthe � 1 pointsin the �-com plex plane. A bifurcation occurswhen the inequality

becom esequality,since we can go from k to j following the directk ! j path,orthen visiting lthrough the path

k ! l! j with the sam e energetic cost. In the case N = 3 itisshown in [7],in the search forintersecting dom ain

walls,thatthispossibility indeed happens{ see also Ref.[25].In the generic case N ;there isa sub-m anifold ofreal

dim ension 2N � 5 ofthe param eterspace characterized by the equation M (kj)= M (kl)+ M (lj). W e shallreferto

thissub-m anifold asthe m arginalstability variety because som e irreducible com ponentofitisa boundary between

two regions ofthe (N � 2)-dim ensionalcom plex param eter space;one region where M (kj)< M (kl)+ M (lj) (the

(kj)kink isstableand cannotdecay to (kl)and (lj)kinks),and theotherregion whereM (kj)> M (kl)+ M (lj)(the

(kj)kink isunstable decaying to the (kl)-(lj)kink com bination). In fact,thingsare slightly m ore com plicated and

a bifurcation occurs atthe m arginalstability variety,with the kink orbit going to in�nity beyond this point,with

M (kj)becom ing divergent,breaking thedirectconnectivity between the vacua k and j:

Since the energy in the topologicalsectoris controlled by W ;we im m ediately see thatbifurcation appearsifand

only ifatleastthreem inim agetsaligned in W space,thatis,i� jW (k)� W (j)j= jW (k)� W (l)j+ jW (l)� W (j)j,with

W (l)in between W (k)and W (j).Thisisthegeneralcondition forbifurcation,and below weuseitto investigatethe

m odelsintroduced in the form ersection.

A . T he case ofthree m inim a

Here we consider the case ofthree m inim a, with the m odelbeing described by the com plex param eter �:W e

notice thatbifurcation cannotappearin m odelswhich engenderthe Z3 sym m etry,since the sym m etry im pliesthat

M (12)= M (23)= M (31),henceforth M (12)< M (23)+ M (31),etc.In theAbraham -Townsend m odel,them arginal

stability curveischaracterized by the alignm entofthe three m inim a in the (W ;W )plane,i.e.,itisthe curvein this
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planeforwhich �(12)(�)= �(23)(�)= �(13)(�) m od�,or,

Im ((� � 3)(� + 1)3)

Re((� � 3)(� + 1)3)
=
Im �

Re�
=
Im ((� + 3)(� � 1)3)

Re((� + 3)(� � 1)3)
(113)

Theseidentitieshold if

(� � ��)(3+ ���(�2 + ��2 + ��� � 6))= 0 (114)

which is the algebraic equation that characterizes the m arginalstability curve. W e note that the curve has two

irreduciblecom ponents.

O necom ponentistherealaxisin the�-plane:�2 = 0:Forrealvaluesoftheparam eterithappensthatallthethree

m inim a are aligned in the realaxisofthe com plex �-plane,and the system cannotdevelop bifurcation. In the two

very specialcaseswith �1 = � 1;we have only two m inim a,and so only one kink orbitrem ainsin the system . For

�1 < � 1;thereexistonly two kink orbits,which we label(31)and 12,becausethe vacuum v1 sitson the realaxisin

between v3 and v2.For� 1< �1 < 1;thereexistthetwo kink orbits(13)and (32),and for�1 > 1;thereexistthetwo

kink orbits(12)and (23)forsim ilarreasons.

Thingsarem oreinteresting forthe otheralgebraically irreduciblecom ponent.The quarticcurve

3� 6�21 � 6�22 + 2�21�
2

2 + 3�41 � �
4

2 = (�22 + 3� �
2

1 + 2

q

�4
1
� 3�2

1
+ 3)(�22 + 3� �

2

1 � 2

q

�4
1
� 3�2

1
+ 3)= 0 (115)

which allow for each one ofthe three possibilities,M (12)= M (23)+ M (31),or M (23)= M (31)+ M (12),or yet

M (31)= M (12)+ M (23),depending on thespeci�cvalueofthecom plex param eter�,isthetrueboundary between

regionsin the � planewherethereexistthreeortwo kinksand thephenom enon ofbifurcation takesplace.Thiscase

isfully studied in [7],and below in Fig.11 weplotthe curvesofm arginalstability in the com plex � plane.

Figure 11: (Color online)The curvesofm arginalstability in the case ofthree m inim a. The setof(red)pointsillustratesthe

positionsofthe m inim a and the kink orbitsfordistinctvaluesofthe param eter� in the related regions.

The condition foralignm entin the deform ed m odelin the W plane
(12) = 
(13) = 
(23) is

0 =
Im �

Re(� + 1)
=

Im �

Re(� � 1)
(116)

There is only one com ponent,�2 = 0;but we have already seen that in this case there is no bifurcation anym ore.

In fact on the realaxis the kink m asses are M (12) = 2,M (13) = j�1 + 1j,and M (13) = j�1 � 1j,such that:

M (13)= M (12)+ M (23)if�1 > 1,M (12)= M (13)+ M (23)if� 1 < �1 < 1,and M (23)= M (12)+ M (13)if

�1 < 1.If�2 6= 0 them assofoneofthedeform ed kinksisalwayslighterthan thesum ofthem assesoftheothertwo

kinksbecause ofthe triangle inequality,the sum ofthe lengthsoftwo sidesofa triangle isgreaterthan the length

ofthe third side. Thus,we notice thatthe deform ation procedure wash outthe m arginalstability curve,leaving no

room for bifurcation in the deform ed m odels which we are dealing with in this work. In Fig.12 we illustrate the

N = 3 casewith severaldistinctpossibilitiesforthe com plex param eter�.
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Figure 12: (Color online)The bifurcation curvesand som e related illustrations with (green)pointsin the �rstcolum n repre-

senting distinctvaluesofthe com plex param eter� in the case ofthree m inim a. The broken (red)lines in the second colum n

indicate how the orbitgoesto in�nity,leading to divergentcontributionswhich should be discarded.

B . T he case offour m inim a

Letusnow considerthe case offourm inim a,with the m odelbeing driven by the two com plex param eters� and

�. The generalcase isvery com plicate,so we m ove to the sim plercase in which we use � = � �;leading to a single

com plex param eter�.

The condition foralignm entofallthe m inim a in the W plane now is
(12) = 
(13) = 
(23) = 
(24); m od� (note

thatbecause the vacua in the pairs(v1;v3)= (1;� 1)and (v2;v4)= (� �;�)arealwaysaligned in the W -plane,there

cannotbe alignm entsofthreenon vanishing vacua).The identitiesbetween kink angleshold if

Im [1� 5�2 + �3(5� �2)]

Re[1� 5�2 + �3(5� �2)]
=
Im [�3(5� �2)]

Re[�3(5� �2)]
=
Im [1� 5�2]

Re[1� 5�2]
=
Im [1� 5�2 � �3(5� �2)]

Re[1� 5�2 � �3(5� �2)]
(117)

which issatis�ed if

(� � ��)
�
5(�2 + ��2)� �

4 � ��4 + ���
�
5(�2 + ��2 + ���)� 26

��
= 0 (118)

O neirreduciblecom ponentisagain theabscissa axis�2 = 0:Thesystem doesnotsupportbifurcation sinceallthe

m inim a are now in the realaxis ofthe com plex �-plane. There are three specialvalues: �1 = � 1 and �1 = 0;for

�1 = � 1;there existonly two m inim a and one kink orbit(12)and for�1 = 0 there existthree m inim a,with the two
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distinctkink orbits(12)and (23):O therpossiblevaluesare:for�1 < � 1;thereexistfourm inim a,butonly thethree

kink orbits(21),(13),and (34);for� 1 < �1 < 0;there existfourm inim a,butonly the three kink orbits(12),(24),

and (41);for0 < �1 < 1;thereexistfourm inim a,butonly thethreekink orbits(14),(42),and (23);for�1 > 1;there

existfourm inim a,butonly the threekink orbits(41),(13),and (32).

The otheralgebraically irreduciblecom ponentisgiven by

15�21 � 5�22 � 30�41 � 26�42 � 40�21�
2

2 + 15�61 � 5�62 + 25�41�
2

2 + 5�21�
4

2 = 0 (119)

In Fig.13 we plotthe m arginalstability curveswhich follow from the aboveexpression,and we illustratehow the

m inim a behavein thecom plex � plane.Thetwo m inim a � 1 and any otherpairofasym m etrically positioned m inim a

on the curvesintroducestwo distinctkink orbitpossibilities,and so itillustratesthe bifurcation phenom enon once

again.

Figure 13: (Color online) The curves ofm arginalstability in the case offour m inim a,for � = � �. The set of(red) points

illustratesthe positionsofthe m inim a and the kink orbitsfordistinctvaluesofthe param eter� in the related regions.

Itisinteresting to notice thatthe condition foralignm entin the deform ed m odelin the W plane,leadsto �2 = 0

again. Butwe have already seen thatin thiscase there isno bifurcation anym ore.Thus,once again we notice that

thedeform ation procedurewash outthem arginalstability curve,leaving no room forbifurcation also in thiscase.In

Fig.14 weillustrate the caseN = 4 with severaldistinctpossibilities,driven by the com plex param eter�:

V I. FIN A L C O M M EN T S

In thisworkwehave�rstlydealtwith thestandard W ess-Zum inom odeldriven byacom plexscalar�eld engendering

discrete ZN sym m etry. The m odelis de�ned in term s ofa superpotential,a holom orphic function ofthe com plex

�eld which containsN m inim a,thevacua m anifold which representsa setofpointswith thevery sam eZ N sym m etry

ofthe m odel. The m inim a determ ine severaltopologicalsectors,which can be represented by algebraic curvesand

solved by �rst-orderdi�erentialequationsofthe BPS type,asshown in Ref.[9].

The m ain idea ofthis work concernsthe deform ation procedure developed in [19,20],which wasused to deform

the m odelin a way such thatthe setofN m inim a could be replicated in the entire con�guration space,the plane

described by the com plex �eld. In thisway,the algebraic orbitsin �eld (target)space ofthe originalW ess-Zum ino

m odelare also replicated in the entire plane,naturally leading to a network ofdefects,a spread network ofkinklike

orbitsin �eld space.Aswehaveseen,theidea wasim plem ented very e�ciently,and wehaveillustrated theprocedure

with threeinteresting cases,involving the Z2,Z3 and Z4 sym m etries,with thesetsofm inim a form ing an equilateral

triangleand a squarein the lasttwo cases,respectively.

W e havethen investigated the m oregeneralcase,with m odelsengendering N non sym m etricm inim a,with N = 3

and N = 4.The caseN = 3 isdriven by a single com plex param eter�;and we haveillustrated the resultswith two

distinctvaluesof�;showing how itm odi�esthe regularstructurethatwehaveobtained in the sym m etriccase.The

case N = 4 ism ore com plicated,since itiscontrolled by two com plex param eters,� and �. W e have then m ade an

interesting sim pli�cation,reducing the m odelto a singlecom plex param eter,with � = � �.In thiscase,wehavealso

illustrated the resultswith two distinctvaluesofthe param eter,to show how itchangesthe regularstructure ofthe

sym m etric case. In the non sym m etric case,we have also exam ined bifurcation and the m arginalstability curve for
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Figure 14: (Color online)The bifurcation curvesand som e related illustrations with (green)pointsin the �rstcolum n repre-

senting distinctvaluesofthe com plex param eter� in the case offourm inim a.

both n = 3;and n = 4;in thelastcaseafterintroducing thesim pli�cation which leadsto m odelsdescribed by a single

com plex param eter.In both cases,the com plex param etergivesrise to a diversity ofvery nice possibilities,butthe

deform ation washesoutbifurcation from the deform ed m odels.

The presentinvestigation posesseveralissues,one ofthem concerning the N = 5 and N = 6 cases,which follows

thenaturalcourseofthiswork.In theasym m etriccaseoffourm inim a,wecould alsoconsiderotherrelationsbetween

thetwoparam eters� and �.Anotherissueconcernsthetiling oftheplanewith regularpolygons,which isconstrained

to appear with regular hexagons,squares and equilateraltriangles,in this order ofdecreasing e�ciency. It would

be interesting to search for possible connection am ong these regulartilings,the respective basic polygons,and the

deform ation procedure. Itis also interesting to considerthe issue studied in Ref.[25],in which one dealswith the

problem ofm arginalstability in term sofforcesbetween soliton statesin thecaseofthreem inim a.A naturalextension

to the case offourm inim a seem sdesirable,and could also include investigationson how the forcesbetween solitons

would behaveunderthe deform ation procedureused in the presentwork.

Anotherroute ofinterestisrelated to a topologicalchange in the �eld plane itself:ifwe letthe �eldsto live in a
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genus0 orgenus1 Riem ann surface,thatis,ifweconsiderthetargetspaceto be the two-sphereS2 orthe two-torus

T
2 = S

1� S1;instead oftheplaneR2;wecould beabletotilethesurfaceS2 orT2 with otherpatterns,nesting distinct

networksofdefects.Thislastcasem ay possibly lead usto an issueofcurrentinterest:thecon
ictbetween geom etry

and topology,related to the geom etric featuresofthe tiling with regularpolygonsand the topologicalpropertiesof

the con�guration space itself. Itseem splausible thatthe m odularparam eterofthe targetspace T2 isforced to be

our� = !3=!1 and the sphere S2 isrestricted to a 2:1 em bedding ofthisT2(!)in CP
1
. These and otherissuesare

now underconsideration,and wehope to reporton them in the nearfuture.
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