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Quantum trigonom etric C alogero-Sutherland m odel and
Treducible characters for the exogotional algdora E g

J.Femandez Nunez ,W .Garc a Fuertes,A M . Perelom ov¥

A bstract

W e express the H am iltonian of the quantum trigonom etric C alogero-Sutherland m odel
for the Lie algebra Eg and coupling constant = 1 by using the fundam ental ir-
reduchble characters of the algebra as dynam ical independent variables. Then, we
com pute the second order characters of the algebra and som e higher order characters.

1 Introduction. B asic notations

Integrable systam sare in portant because they can be considered as 0-th order perturbative
aproxin ations to non-integrable system s. By integrability we m ean here integrability in
the sense of Liouville, that is, the existence of a com plete set of m utually com m uting
Integrals of m otion. During the three last decades of the past century, a plethora of
highly nontrivial (classical and quantum ) m echanical iIntegrable system s were discovered,
see [1, 2] for com prehensive review s. Am ong these, the C alogero-Sutherland m odels form a
distinguished class. The rst analysis ofa systam of this kind was perform ed by C alogero
[3]1who studied, from the quantum standpoint, the dynam ics on the in nite line of a set
of particles interacting pairw ise by rational plus quadratic potentials, and found that the
problem was exactly solvable. Soon afterwards, Sutherland [4] arrived to sim ilar results
for the quantum problem on the circle, this tin e w ith trigonom etric interaction; and later
M oser [5] proved, in termm s of Lax pairs, that the classical counterparts of these m odels
also enpyed integrability.

The identi cation of the general scope of these discoveries cam e w ith the work of
O Ishanetsky and Perelom ov [6], who realized that it is possible to associate m odels of
this kind to all the root systam s of the sin ple Lie algebras, and that all these m odels are
Integrable, both in the classical and the quantum fram ew ork, for Interactions of the type
rational (or inversesquare), q ¢ ; rational+ quadratic, g 2 + ! °q’; trigonom etric, sin 2 as
hyperbolic, sihh 2 g;and them ost general, given by the W eierstrass elliptic function P (q).

N ow adays, there is a w despread interest in this kind of integrable system s, and m any
m athem atical and physical applications for them have been found, see for instance [7]. In
Physics, wem ention, am ong others, the rem arkable connection established [8]between the
di erent C alogero-Sutherland m odels and the properties of the equations describing the
physics of disordered w ires (the DM PK equation); the results are in good agreem ent w ith
the experin ental observations.
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A s the Ham iltonian H of these systeam s is invariant under the W eyl group of the
underlying Lie algebra, the m ain point of our approach is to express H in a suitable set
of independent variables m aking clear that nvariance, lndeed the fundam ental characters
z of Eg. The use of such kind of variables has been quite usefill to solve the Schrodinger
equation for the m odels associated to som e other algebras, as those of type A [9],D4,E¢
and E-[10].

A Ythough in our previous papers an In portant part of them was devoted to the com —
putation of the full set of quadratic C lebsch-G ordan serdes follow ing a strategy explained
and applied In these papers, in this ocassion we w illm ake use extensively of the com puter
algebra system LiE \specialised In com putations involving L ie groups and their represen—
tations" [11], by m eans of which it is easy to do these and other com putations needed to

reach them ain goal: to nd the Ham iltonian H for = 1 In temn s of the zvariables in
Eg.
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Figure 1. The D ynkin diagram for the Lie algebra Es.

In order to x the notation, we m ention here only a few very basic facts about the
exceptionall e algebra E g . M oredetails can be found in them onographies, see for instance
[12,13]. The Dynkin diagram of Eg, see Figure 1, encodes the euclidean relations A 45 =
( i; 4) among the sin ple roots, which are

(i1 = 25 i= 1;:::;8
(17 w2) = 1; i=1;2 (1)
(45 1) = 1; i= 3j:::57

(17 35) = 0; In all other cases:

Thematrix A = (A4y) is the Cartarbm atrix of the algebra and its inverse A 1 gives
the eight fundam entalweights by ; = ?;lz-\jil 5,1= 1;:::;8. The characters of the
basic fundam ental representations R | willbe denoted by z;. They are the independent
variables in term s of which we want to express the H am iltonian because of its invariance
under the W eylgroup W of the algebra Eg.

The organization of the paper is as ollows. Section 2 is a brief rem inder of the
m ain properties of the C alogero-Sutherland m odels associated to root system s and it is
explained how to nd the Ham iltonian in the variables m entioned above. Section 3 gives
the coe cients of the Ham iltonian in these vardables and nally in the appendices we

include som e explicit results for the characters of Eg.

2 Review of the theory

In thissection,we review brie y the generaltheory ofthequantum trigonom etric C alogero—
Sutherland m odel related to a root system R associated to a sin ple Lie algebra L of rank



r,and later w ill study explicity the E g case. For C alogero-Sutherland system s other than
trigonom etric see [6]; see also [14]. For the other Lie algebras of the E =serie, see [10].

T he trigonom etric Calogero-Sutherland m odel related to the root system R of rank
r is the quantum system in an Euclidean space R* de ned by the standard Ham iltonian

operator
1 Xt 5 X
H = — s+ (
2 J
=1 2R *

L)sin % ( ;9); (2)
where g = (qj) s the Cartesian coordinate system provided by the canonicalbasis of R*
and pj = i@y ;R * is the set of the positive roots of L , and the coupling constants
are such that = if § j= J j W e w ill restrict ourselves to the case of sin ply—-laced
root system s (as the E —serdes is), for which the C alogero-Sutherland m odel depends only
on one coupling constant

To nd the stationary states, it isnecessary to solve the Schrod inger eigenvalue problem
H = E . The following inportant facts about this fam ily of quantum m echanical
systam s were established in [6].

(@)T he ground state energy and (non-nom alized) wave function of these integrable
system s are

o) = sin ( ;q9); (3)
2R *

P
while the excited states are indexed by the highest weights = mi; ;2P" whereP*
is the cone of dom inant weights) of the irreducible representations of L, that is, by the
r-tuple of nonnegative integersm = (m1;:::;m ) (the quantum num bers), and the wave

functions , and the energy levels Ey ( ) satisfy
H o = Ex() 4
En () = 2( + ;T )i (4)
P
with Dbeing theW eylvector = (1=2) or+ Ofthealgebra.
(b)It is natural to ook for the solutions [ in the form
n @@= @ 5 @) (5)

w =" () i (6)
w here is the linear di erential operator
er 5 X
= 3 Gy cot( ;a)( ;@q); (7)
j=1 2R *
and the elgenvalues ", ( ) are the energies over the ground level, ie.,
" ()=En () Eo()=2(; +2 ) (8)



Taking into account that ( 4; )= A j}i , it is possible to give a m ore explicit expression
for the eigenvalues ", ( ):

Xr Xt
()= 2 Ajimjmk+4 Ajimj: 9)
Jk=1 jk=1
. . . : 1 P 1
Wewillwrite "5( ) for the fundam entalweigth 5, ie., "5( )= 2@A 5t 2 kAjk ) for
the quantum num bers (O;::';(i);'”;O)
(c)In the case = 0 the wave functions (6) are (proportional to) the m onom ial sym —
m etric functions X
M (q) = i my 2 pt (10)
w2W

W being theW eylgroup of L . And thewave functions in thecase = 1 are (proportional
to) the characters of the irreducible representations

w2W (detw )e2i(w (+ )

, ; 2P% (11)
Joy (detw )it A

@)=
Both M and are sum s over the orbit fw g of underW , and consequently, W —
nvariant; as wave functions, they represent superpositions of plane waves.

Due to the W eyl symm etry of the Ham iltonian, the wave functions , (q) are W —
nvariant, and the best way to solve the eigenvalue problem (6) is to use the set of in—
dependent W —invariant variables z, = . (@), In tem s of which the wave functions |,
are polynom ials. Unfortunately, the expression of these characters zy in tem s of the
gvariables is com plicated and m akes the direct change of variables z = z(g) very cum —
bersom e. W e are thus forced to follow a m uch m ore convenient, indirect route, which has
proven to be very usefull for other root system s, [101].

First of all, we need the expression of the operator In term s of z-ardiables. To this
goal, the starting point is to w rite in its general form

X X
= au(z)8, @, + bi(z)+ ( 1bj(z) G; (12)
jk j
with as = axy. Now, if we take into account the fact that, as pointed above, bj(z) =
1zj = "5(1)z4, the full expression for the coe cients b ;(z) appearing in ! is com pletely
determ ined by the C artan m atrix of the algebra; explicitly
X
bi(z) = 2(Aj§ + 2 Aé )zZ5; J= 171251 (13)
k6 j

On the other hand, in order to nd the coe cients a § we note that 1(zjzk) =
2a5 (z)+ by(z)z + b (2)z5; as the product character zjz, is the character of the tensor
productR , R of representations, know ing the full set of quadratic C lebsch-6G ordan
series we w illbe able to determ ine the a—coe cients. T he C lebsch-G ordan serdes yield the
formulas X

Z92Zx = N (z) (14)
20 5



for the products of fiindam entalcharacters zz, ,with Q 4 P " being the set ofdom inant
weights in the frreducible representation of highest weight j+ ,and N 5 isthemul-
tiplicity of the irreducible representation R in that serdes; in particular, N . 5 = 1.
Consequently we obtain the coe cients a by applying ! to the two m em bers of (14).
T he required C lebsch-G ordan series w ill be obtained using the system LiE [111].

3 The Calogero-Sutherland H am iltonian in Eg for =1

The coe cientsb j(z) In the expression of Lare easily obtained from (13) (for the inverse
Cartan matrix A ' see, for nstance, [12,13]or [11]):

bi(z)= 1922z1; p(z)= 2882z,; 3(z)= 39223; by(z) = 600z4;

bs(z)= 480z5; bx(z)= 3602z6; by(z)= 2402z7; Iz(z) = 1202zg:

W e can now follow the lines indicated above to cbtain the a—coe cients. Recallthatwe
need only to look for the operator !, where only the coe cientsb j appear. The best way
to obtaln the a’s is to start from the outer regions of the D ynkin diagram in such a way
that the com putation of each a only requires the know ledge of the ones already obtained
asexplained in [10]. T he ordered list of the 28 independent coe cientsa 4 (z) In 1 (12)is

agg(z)= 4L+ Tzy+ z7+ 1625 z2)

aig(z)= 8( 16z 4z, 10z 2525 + 271 zg)

ajp(z)=4( 31+ 3z + 22% 4z, z3 5zg+ 927 6z 10z zg 1925)

arg(z)= 4( 31+ z3+ 8z + 326 1lz;+ 1925+ 1321283 3z72g+ 312%)

arg(z) = 43221+ 8z 4+ 7z3+ 1526+ 202y 25275+ 2527 zg 32 2zg)

aw7(z)=40C1+ 31z1+ 24z Tz3+ 4z 9z7+ 42127+ 628 382123 T2zr78
1927 zg 3lz§)

agg(z)= 431 z1+ 202+ T2z3+ 425 4zg+ 51lz9+ 1221 27+ 628 62128+ 72y 2Zg
4dzg 78+ 1927 zg 312§)

ar;(z)= 431+ 6z + Tzi+ 62y 1dzz3+ 225 3z 2227 377 34zg 122175+
8zp2zg+ zgzg 10z72zg+ 4z§+ 6zlz§+ 1525’)

ap(z)= 4( 31 6z + 2577 24z 5737y 1873+ 525 2925 3lz7+ 1375 29+
192+ 132129+ 7T2zp 29+ 1927 25 + 625)

asg(z)= 4( 7z + 252%+ 2825+ Tz12p 182z3+ 5z5+ 10z 2027+ 132127 +
Tzpzg 4z3zg 202772 2525)



azy(z) 4( 3lzl+zf 10z, + 72120+ 1323 925 15z + 2027+ 2127 6227+
25zg+ Tz12g 10zpzg+ 62325+ 1475 zg + 2027 zg 25z§+ 242125)

ag(z) = 4(3321+zf 182zp+ 7212, 1523 92z5 152z 62z1 26+ 1827+ 1921 27+
62227+182§ Tzg 21z129 102,28+ 62328 42528+ 5627 2zg 7z§+6zlz§ 1825’)

az(z)= 431 421+13zf+322+82122 425 2723+ 24 925+ 192+ 427 26+
162127+ 3227+ 92% 30zg 15z zg + 92%28 162,23 62328 1llzgzg 30z72zg+
10zZ 6z 7+ 102)

aiz(z)= 431+ 3627 272% 18z, + 1621 2o+ 2223 Tz123+ 324 1825 9zg+
92126+ 2227 362127+ 62529 92% 12zg + 1327 zg + 192%28+ 92,29 132325+
4zgzg 202725 1825+ 1ldz;zZ 10z3)

asg(z)= 4( 31 12z 132%+ 6zp+ 7z12o+ 2023+ 524 9z5+ 6525+ 112 74
4277 122127+ 625 27 112% 2279+ 2425723+ 62323 DHzgzg+ 252625 422728 +
5OZ§ 6zlz§+ llzg)

agi(z)= 4( 8z 82% 8zp 4+ z12p+ 223+ 524 9z5+ 30z 4927+ Tz 27+
82,27 822y 9Z$+ 2275+ 3321 zg + 132%28+ 247573 19z32zg+ 32523 9z zg
40z7 zg + 1121 z7 zg + 7z§ 31212§+ 7zzz§+ 1927z§ 223)

asy(z)= 4( 31 5z 6zf+222 242122+SZ§ 1923+ 72123 1624+ 2625 302z
T2z12¢ 11lz7+ 1421 27 142z z9 8Z3Z7+2OZ%+3128 212128"'182%28"’72228"’6212228+

2 2 2 2 3
273728+ Szszg 1lzezg+ 662728+ 1327 2728+ 3625+ z1 25+ Tzp25 192725 462z3)

ag(z)=403B1 zz 31z 82% 20z3 Tz 23+ 1624 31lzs5+ 2526+ 1821 zg+ 925 2z
11z 34z12z7 192zy2z7 5z32z7 13252z 222% 57zg + Tz 28 + 62528+ 227y Zg
671 2y23 62325+ 82525+ 242525 522723 2421 272 12z§+ l3zlz§+ l7z2z§+ 2225’)

ais(z)=4( 1921+13zf+22+62122+825 1523+ 72123 1624 21z 82z 2zs
43276+ 1121 26+ 5zp 26+ 2027 1921 z9 192227+52327+132627+202§+3228+2128
192%28 S5zp27g+ 6212528+ 132323 8zg52zg+ 442528 + 322728 521272 252§+
122125+ lZzzz§ 1927z§+ 925’)

anxpz(z)= 4( 367 122%+24zf 13z, 3z12p 523 34z123 10zy2z3+ 197
625+ 42125+ 51zg 172126+ 52025 2927 372127+ 122%27+ 11zp2z7 Tz32z7+
Z6 Z7 292% 20zg + 43271 zg 112%28+52228+ 14z 228 2328 162525+ 1225 74
60z7 23 4212723 7z§ 13212§ 9zzz§+ 2623)

agg(z)= 4( 31+ Tz + 1277+ 627+ 252, 6712, 825 24z3 197323 6zpz3+
22274 3725 427125+ T2+ 142126 5252 13z7+6zf27 152,27 1lz32z7+ 92z 29
22%+1528 172128"'262%28"'182228 621 2,23 44z328+ 62425 202528+ 1675 zg
32z72g+ 1021 z7 zg + 40z§ 21zlz§ 52225 2027z§ 1223)



as7(z)=4( 31 1lz 627+ 6z)+ 13212+ 825+ 1823 122123 6223 527
3lzs+ 62125+ 21z 10212 8zp2¢ 227 312129 62%27 202y z7 + 182327 +
1025 2z7 + 62527 + 29z$+ 41 zg + 182z zg + 2528 82712023 2323 4z428+ 17252

2 2 2 2
23zgzg 102zyz52g+ 512728+ 2521 2728 6222728+ 1027 29+ 3225 Tz1z5 172525

62323 2426z§+ 2127z§ 36z§+ 62125 lOzg)

agg(z)= 431 8z 32%+ 42% 7y 3z1 22+ 723 152123+ 32523+ 1824 1725
321254+ 41l zg+ 3271 2 6z§+ 19z, 62127 3sz7+ 172527+ 102327+ 2527 2627+
182§+ 5z z% 45 zg 5Z%ZS+ 9228+ 212228+ S5z328+ 22423 92525 + 357 78
6227728+ 3212728 + T2y 2728 + 52328 12z§+ l4zlz§+ 62%25 ZZZZ§ 1223z§

226z§ 5927z§+ 212§ 1221z§+ 1423)

as(z)= 431 27z 51272+ 770 422z,+ 43z 2y 722z, 16273+ 4223 87123 273+
3224 43z5+ 1721 25+ 7926+ 2521 26 925 26+ 1223 26+ 227 4021 z7 182527 1875 z7
521 23 27+ 29 23 27 52527+llz§ l3zlz§ 57 zg+ 6421 zg 7zf28 2275 7g+ 24 21 75 Zg
7Z§ZS+42328 6712323+ 142423 48z5zg+ 427528+ 62125628 552729 1921 7723+
6252729 75278 1dzZ+ 207122+ 62722+ 182527 1827372+ 202522 582725+ 20z3)

azs(z)= 431+ 102z + 1825+ 7zf+ 27y 5712 7zfzz+ 122% 31z z1 23
7523 302zq4 23z5+ 172125+ 12225 54z T3z125 92r26 4237 122g+ 42 77 +
2921 z7 + 182%27+ 22527 5z zp2z7 3lzzzy+ Tzs2z7 2427627+ 112% zlz§+ 54 zg +
202y zg 202%28 Tzp28 4717 7Zg 72528+ 132323 6212328+ 142429 T2z52g+
692523 6212528+ 332728+ 27212728+ 622272 2328 77z§ 182125+ 6zfz§+
4zzz§+ 623z§+ 82625 7227z§+ zg’ 122123+ 2023)

aw(z)= 4(71z7n 462% 212% 9z, 13z 2z, + 72522 1225+ 55z3 + 362 z3 +
2523 2o 102124 2625+ 11z 25+ 42025 Tz5+ 62126 202526+ 423726 4zg+
2277 821 2Zy 182f27 332527+ 5212227+ 92527+ 1925 27 + 222% 9zlz$+ 28 zg
3221284'202%28 442228+16212228+7Z§ZS+412328+6212328 14274 zg+ 425 29 +
22628 1277 2629+ 542725+ 1921 2725+ 1425 27 25 + 92%28+ 5z§+39212§ 182%z§+
zzz§+ 24232% 8z6z§+ 1627z§ 26z§+ 22125+ lOZg)

ass(z)= 431 =z 1727 17z 28z, 6z 23+ 1227 79+ 225+ 4273+ 147 73
82z z3 7z§+ 2324+ 2124 402z 147125+ 2225+ 41z 721 26+ 4zfz6+ 525 zg
273 Zg + 3z§+ 11z7 52z 29 302%27 22252727+ 6212027+ 212327 82527 T2z527+
202% 7zlz$ 6128+262128+142528+92528 11zy2z8 32z12p28 122 2328+ 72428
132525+ 392525 + 3212628 282723+ 18212728 625272 z§28 4z§+ 9zlz§+
5zfz§+ 32223 823z§+ 9z6z§ 5027z§+ 6z§ 16zlz§+ 2023)

agr(z)= 4152z + 3627+ 21z} + 25z, 1lzz, Tziz, 1625+ Tz325 6223
4971 z3 + 7z§+ 3lzg 142124+ 325+ 222125+ 225+ 1726 21 Zg 3zfz6+ 32, zg
823 zg + 42% 11z7 9z 27+ 82%27+ 292927 6212027 122427 Tz527 132627
512§+ 11z z§+ 2525+ 221 zg + 2zf28 192%28+ 437, 73 + 771 Zp Zg + 2528 33z32zg +
4571 z32g+ S52zp2323 252423+ 282523+ 4212523 352523 2221 262g + 5Zp 76 Zg
108 z7 zg+ 51 21 z7 zg 5ZfZ7ZS+16222728+10232728 92627284'52%28 52§ 392125

82% zg 32z2z§+ 6271 zzz§+ 3323z§+ 192525 1826z§+ 71z zg 11z 27z§+ 22§+



3 3 3 4
92125+ Szpzg + 192725 8zg)

a56(z)=4(l421+7zf 7zf+622 152122+6Zfzz 72125 8z3+ z12z3 5zp 23
7z§+824+142124+2lz5 621 25+ 72 Zs 33z6+502126+14zf26 25275z 212376+
1525 zg 3zg+ 2927  Tz12z7+ 72527 712227 82327 32427+ 1lz52z7 642527
971 26 27 + 382% zlz§ 6zzz§+ 92%’ 292z 592z zg + 142f28+ 62%28+ 27y 78 +
19212228+82528+52328+212328 5zp27328 3lzpzg 26252+ 5212528 7426 2
1621 2628 7202628+ 7102728 7227 27 2g 62%2728 302y 2728+ 11232728 172627 2+
792%28+6lz§+l8212§ l8zfz§ 24zzz§ 21222§+623z§+8z5z§+21z6z§+4927z§+

192y 7722 1725+ 192323+ 72525 2827275 18zF)

ass(z)=4( 25z 627 13z z,+ 13z 2p+ 8272z 625 8z1 75+ 21z3+ 157 73
72523 212223+7z§+2624+7zlz4+725+l3zlz5+102225+1623Z5+46z6+412126
7zfz6 262927 42712026+ 72326 52524 252% 18z 3621 27 6sz7+112227+
1921 2 29 6Z§Z7+ 212327 5z 2327+ 122427 22527+ 522527 821 26 27 362%
1lzlz%+122223 1823 27 zg 92128+52528+132328 275 zg+ 971 75 Zg 62%2228
52%28 202328 212328 Zp2Z3Zg+ 22428 2lz5zg+ 1521 2528+ 262625 1327 26 Zg
1525 2523 9127 zg 3212728+112527284'24222728 623 27 2zg + 452z 27 Zg 642%28
1622 + 452328 192222 17zp7% + 2125725 + T2z32z8 222522 + 172627 10z, 72
5le7z§+ 1425 52123 zzz§+ 1827z§+ 14z§)

az(z)= 432z 6Zf 6zf+ 252y 467z 7o + 122% Z5 22§+ 821 z% 17 z3 +
32123+7sz3 14 7, z3 7z§+424 T7z124 152zp 24+ 2425+ 52125 22525+ 32325
3z¢ + 1321 zg 17zfz6+ 3lzp 26+ 421226 + 1423 26 + 52526 + 725 13z 72129
142227+9212227+6Z§Z7 22327+ 5212327 122427+ 252527 21zg2z7 1321 2627+
7z§ 6zlz§+9zzz§ 39 zg 262128+232528 262328 17z zg 212228+6252228
212528+ Tz32g+ 2627 2328+ zp 2328+ 282428 62528+ 6212528+ 72628+ 4921 Zg 23
14z, 7523+ 292725 821 2723 222%2728 31222728+12232728+10262728+232328+
6Z§ 52212§ + 322%z§+ ZZZZg + 4zlzzz§ 102325 2025z§ 4z6z§ 5227z§+
107y 2722 + 325+ 152323 + Tzp 25 + 10z3)

agz(z)=4( 3121+7zf 22% 8szl 35z,+ 1121 2 6zfzz+2025 zlz§+ 82§+
8z3+ l9zlz3+24sz3+ 14 7z, z3+ 821 73 23 82% 3924 22271274 242y 274+ 1225+ 821 25
8zfz5+372225+1523z5 17z¢ 702z12¢ 2922 152712576 18232z 1824 25+ 32526+
l5z§+6627 521 29 lOsz7 342227+16212227+82527+312327 521 23 27+ 425 23 27
75 27+ 421 25 27+ 41 26 27 22126Z7+5222627+6z$ 4zfz$+l7zzz$+923z$ 9z6z§+
47 zg+ 81z zg 142528+282328+432228 621 2 Zg 212%2228 232528+6212528
20 z3 zg 42212328+13222328+6Z§ZS+252428 1221 z4 zg+ 24 75 zg+ 29 21 25 2g+ Zp Zs5 Zg+
162523 2621 Zg Zg 22%2628 823 zg zg + 4262528 60z zg + 10221 z7 zg 142%2728+
V71292728 + 21222728+ 44232729+ 10252723 41 zg 27 zg 712%28 2212328 74z§+
637y 22+ 82775 122 22+ 552722 + 37y 2028 TzizE Slzzzi+ 2475 2377 27475 +
17z5z§ 4Oz6z§ 8zlz6z§ 11427z§+592127z§+62227z§+20232§+212§ 86zlzg+

182273 247,z 122375 2zszg+ Tlzyzg+ 3625 12z zf 20z3)

ass(z) = 4(31+521+1BZf 6zf+321l 27y 92122-1-22%4-42; 2823+ 1221 z3
162%23+ 22573+ 421 2y 23 + 10z§ 1924+ 162124 122524 T25+ 2271 25 42%25



202y z5+ 423 Z5 lOzg 66z¢ 721 26 92%26 62p2¢ 212226+ 402326+ 2425 2526+
512§+4zlz§+5327+102127+62527 62327+162227 921 2 29 82527 362327+
12212327+ 2202327+ 2427+ 132527 2212527 532527 32126Z7+6222627+l32$+
521z§+ 3zfz§+ 18222§ 823z§ 7z6z§ 9z§’+ 41zg 392 zg + 52%28+ 72328+
1229 2zg + 1121 zp 2g 1OZ%ZZZS+ 3212528 92329 + 3212328 + 92y 2328 + 32%28
14z423 6212428 242529+ 10212529 3222528 3lzgzg 25271 228 62%2628+
29222628+12232628+122528+622728 20212728+182%2728+12222728 271 25 27 Zg

2 2 2 2 2.2 2
29232728 DSzszyzg OSTzgz72g+ 212528 212528 18z5+ 292125 26z7z5 8zpzg+
zlzzz§+3223z§ 62123z§+1224z§+1025z§+94z6z§ 2427z§+232127z§ 102227z§+
2.2 3 3 2.3 3 3 3 3 4 4 5
4z52z5 55zg+ Tzyzg+ 3z7 25+ 9225+ 62325+ 132625 64z7z3+ 2025 1221 zg+ 152z3)

ass(z)=4( 1623+ 4022+ 6327+ T2} 1lzp+ 382120 72z] 2o+ 2325+ 12721 25 2723
792123+72523 Zp 73+ 621 Zp Z3 152§+24 4621 24 8zpz4+ 202324+ 2825+ 6821 zg
182%25 52zp25 3212225+ 2923 25 52% 4z 6621 zg 292%26 48 7y zg+ 23 71 7y Zg
52%26+ 92326 4272326+ 102525 302526+ 15z§+4zlz§+ 42 7 212127+262f27+
242%27 102y z7+ 5821 z zy 52%2227 17Z§Z7+l52327 30212327 Zp 2327+ 3424 27

162527+ 672627 122 2627+ 425 26 29 162% 452123+ 52fz§+ 2522z$+ 923z§

9z6z$ l8z$+2328+612128 242%28 262%28+622228 47, 75 Zg 42%2228 152528
7212528 232323 1721 23 2Zg 62%2328+ Zp 73 Zg + 62%28+ 2524 zg+ 621 24 2g+ 12 25 zg+
4371 z5 28 + 2252528 Zg2g 13271 26 Zg + 202%2628 92y 2628 24237628+ 42528

1092z zg+ 5421 z7zg 41 zf 77 2g+ 1625 27 28 221 Zp Z7 Zg+ 23 27 Zg+ 1525 27 29 16 25 27 Zg

129Z$28 5212328 3025 4lzlz§ 6zfz§+6zfz§+37zzz§ zlzzz§+9z§z§ 1123z§+
6zlz3z§ 26z4z§+ 1525z§ 38z6z§ 322126z§ 7827z§+492127z§ 32227z§+202§z§+

17z§’ 42123 62%25’ 40zzz§+ 202323 226z§+ 129z7z§’+ 24z§ 12212;1 20z§)

ags(z) = 4(25zf+25zf+132122 282%22 82322 222% 2zlz§ 24273 522z z3+
20zp z3+ 1521 zp z3 + 92523 2z§+ 49274 + 4271 24 + 92%24 6zp2z4 182324 4525+
31z 25 52225+ 22025 1lzyzp25+ 42325 24z4zs+ 922+ 38z 2126+ 1227 26
1 5 1
32%26+12212226+9z§z6+23z6+132123z6+32223z6 352426+ 592526+ 421 25 Z¢
32% 14zlz§+522z§ 11z 262127+292%Z7+l9ZfZ7+282227+3212227 132%2227
2225274-5212%27 2023 z7 332123Z7+52223274-52%274-382427 1021 2427 242527+
1521 25 294+ 25 25 27 326 27 42%2627+31222627 52%27 422§+3zlz$+4zfz§+282223
4zlzzz$+423z§ 92523 102623 312§+9zlz$ 5zg 112z zg 42%28 122f28+
4 2 2 2 3

6z zg+ 142zy23 4z12zp2zg+ 3272223 22528 Z1Z528+ 12528 39z32zg+ 4027 232
312%2328+26222328+721222328+192528 T1zg2g+ 1521 2428 21zp 2429 42725 2zg
132 z5 zg 72;%25284'52225284'13232528 13z¢ 2 502z 75 zg 162%2628 42 75 7¢ Zg
721 2p 26 Zg+ 5023 zg zg+ 19 25 zg Zg + 72528 2227 zg+ 5321 27 zg 302%2728 6232728+
44z, 7723 5212327 Zg 725 77 Zg 53232728 + 21232728 + 192427283 522572728 +
43276 z72g 1021 26 27 28 372%28+ 17212328+ 2222328+ 129z§ 4Zle§ lefz§+
7zfz§ 7zzz§+3221222§ 132%zzz§+22§z§+1123z§+62123z§+122223z§ 2524z§+
2825z§+ 7zlz5z§ 282625+ l6zlz6z§+32226z§+ 10327z§ 3Ozlz7z§+ 242%27z§+
2 2 2,2 3 3 2.3 3 3 3
53zpz72z5 14zzzyzg 14z7z5 37z3+ 49z z5 232725 8zpzg+ Tzizpzg+ 38z32z5+

287573 + 122525 + 312725 21z 7725 5273+ 3zyz¢ 9zp 75 + 1273)

agq(z) = 4(31+l621+1SZf zf+52f+7zf+522+262122 52%22+325 302125
523 11z3 212z z3 452%23 352%23 247573 102z zp 23 + 352§+ 352125+ 2324 +



352124+302524+152224+5212224 3023 24 152§+36z5+132125+32525+4zfz5
52, zg 19212225+3Z§Z5 162325 6212325+ Zp 23 Zs 1224z5+3lz§+2zlz§ 11z +
202126+512526+162fz6 32y 26+ 3421 Z) Zg 7zfzzz6+192526+2212526 12 23 zg
9712326+ 52y 2326 + 22526 247476 42792426 132526+ 221 2526+ 320 Zs5 Zg 225
22212g+ 22225 423zg+ 222+ 11z 352129 4ZfZ7+ 32%27 32%27+ 1525 z7 +
1621 Z 29 112%2227 152527+ 4zlz§Z7+ 32327+ Tz327 21212327+ 92%2327
11292327+ 321 22 23 27 32§Z7+ 31z42z7 17212427 9222427+ 132527+ 3427 25 27
42%2527+222225z7+9232527 726 27 26212627+zf2627 17226 27 721 22 26 27
925 zg 27 + 42%27 l8z$ 28 71 z% 52%2%+ 22%2$+ 122223 271 zzz§+ 35232%
92123z§+ 92425 1825z§+ 926z§+ 921262§ 282§ 152zg 3677 zg 332%28+
302%28+ 162523 23212528 + 372%2228 32%2228 222528+ 18212528 52528
15232z 372 23 273 45222328+521222328+4Z§Z3ZS+38Z§ZS+732428 41 71 74 g +
42%2428+9222428 8232428 3225 2zg 282%2528 T2y 2528 27271 Zp Zs Zg+ 1823 25 zg +
122§ZS+4Z628+13212628 282%2628 42%2628+18222628+1921222628 32%2628+
82z32Zg23 + 821232628 0242528 4252 2Zg+ 42528 4212528 332728 6212728
452%2728+ 3ZfZ7ZS+ 50z, 2728 4121252728 92%222728 13252728+ 46 73 77 zg +
921232728+ 82y 232728+ 4242728+ 11252729 621252725 49252728+ 521 2627 28 +
62y g 27 Zg 852%28+96zlz$28+32%2328+26222$28 9z6z$28 9z$28 422§+252125+

112272 4470 22+ 62} 22+ 372525 5lzy zp 25+ 428 25 25+ 1122 25 3823 22+ 897 73 7%
242%23z§+ l2z§z§ 48z4z§+ 162124z§ 6325z§+ 22125z§ 112225z§ 222625
5712675 + 1422 26 25 + 252625 + Az3 222 + 22275 Alzgzi+ Thzy 7978 1827 7 72
54222725 21222725 132327z§+ 212527z§ 42627z§+ 942%2% l7zlz§z§+ 752§
64zlz§+ 322523 44zzz§+ 26zlzzz§+ 4z§zg+ 62323 824z§+ l4z5z§+ 34z6z§+

4717623 + 952725 64712775 zpz9zg + 975z + Tzg + 8z1z5 8zizg + 127575 +

162z3z5 4zgzg 42z7z5 32z5+ 16z z5 + 10z§)

A ppendix A : List of the characters of Eg of second order.

O nce the operator ! is known, we can apply the m ethods describbed in [10] to soke in
a recursive way the elgenvalue problem 1 n = "m (1) , to nd the characters [ (z)
(11). In [10]we descrbe also how the Ham iltonian can be used to com pute the C lebsch—-
G ordan series for the E -algebras. In this appendix we give the com plete list of the second
order characters of E g, and subsequently (App. B ) som e higher order characters.

2

opppoo02 = L Tz Zgt Zg
— 2 2
20000000 = Z]_+ Zl Z3 Z6+ Z7+ Zg Z1 28 28

- 2
00000002 = L+ 21 Ze+ 27+ 25 Z1Zg+ 2723 Z§

01000001 = 23 Zet Zg Z1Zg+ ZpZg
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10000010 = Z1+ Zp+ Zg+ Z1 Zy Zp Zg Z7 Zg

oooppaa= 1 71 72 Zs 2z 7z Zgt ZZgt ZeZgt 73

0000000 = T3t Tt T+ 25+ zg+ 221275 ZeZet 2723+ 73 7z 74
1000000 = 1 Tt ZZat 73 Zst Zg Tz Zgt ZZgt 7

0;0;1;0;0;0;0;1: V) Z1 Zyp Z6+ Z3Zg+ 2728

— 2 2
01000020~ Z1t 29+ 22 Z3t+ Zs+ 2177+ ZpZ7+ 2278 2328  ZeZg 717

_ 2 2 2 3
10000100 = 21+ 212 27 Z1Z7 227 29 28 Z1 Zgt ZgZg 227 28 2gt 71 Zg+ Zg
— 2 2 2 2
02000000~ 22t 2y Z4 Ze Z1Zet Zg ZyZgt Z3Zgt ZeZgt Z7Z8 Zgt Z1 Zg

2 2 2
10100000 = Z1+ 27+ 2123 24 2126t Z7+ 271 27+ Z7+ Zg 2yZg 2p2Zgt+ Z3zZg+t
2728 Zj

_ 2
00004001 = 1+ 21 z4 25 ZizZet+ 2z7+ zZy 27+ 25+ 228 ZpZgt Z52Zg ZegzZgt
277 Zg zg zg’

— 2
00000140 = Z1 zit zZ3+ Zg+ 21 Zg Z1 27+ Zg Z7 Zg 271 28 Zp Z2g + Z3 Zg
Zs Zg + Zg Zg Z7 Zg Z1 Z7 2§ Zg + 27 Zg + Zg

2 2
00100000 = 22t Z122+ 24+ 26+ 2126 29 Z1Z7+ Zp27+ 2327 27 Zgt Z]Zg+t
Zp Zg Z1 Zp Zg Z3 Zg Zg Z8 279 27g + Zg Z1 Zg + Z7 Zg
— 2
01000100 = Zp Z1 Zp Z3 Ze T 22 Zg Zp Z7 Z3 Z7 Zg 27+ Zgt Z] Zg Z3 Zg +

Zs Zg Zg Zg + Z7 Zg + Zé Z1 Zé + Zp Zé Zg

10000000 = Z1+ Zp+ Zs + 27 Zs Z1 Zg ZpZe + 2127+ ZpZy7+ Zg+ Z1 Zg + Zp Zg

2628+z728+zlz728+z§ zlzg zzzg zg

— 2 3
01400000 = Z] zZ] Z1Zp+ 22123+ Zp 23 Z4 Z1 25 Ze + Z1 Z¢ + Z7 Z1 Z7
sz7 ZpZ7+ 2327+ ZgZ7+ 25 277 Zg+ zfzS Zp Zg+ 73 28+ Zg Zg + Z1 Z7 Zg z§+Zle§

- 2, .3 2
oppapp0a = L z+zi+zi+ 212y 22123 ZpZ3+ 24 Zs+ Zg 27+ 2727 2327

278+ 71 Zg Zf Zg+ ZpZg Z3Zg+ ZaZg ZsZgt ZgZg Z7Zg Z12Z7Zg+ Zg Z1 Zg Z7 Zé + Zg

2
00000000 = 2122+ 23+ Z12Z5+ Zg+ 2327+ 2527 + 271 78 Z1 28 + 23 2g Z4 78 +
7528 Z1Z¢28 + 2728+ 212728+ 2328+ 22% zzzg z6z§+ 227z§ zé

— 2 2
00000200 = 21 + z] Z3 Zy + Zsg 2 Zg Z1 Zg + Zg Zp Z7 Z3 Z7 Z5 Z7 Zg Z7
zlz§+ 2z 71 Zg zfzS Zp 28 2Z¢Zg+ Z1Z62Zg+ 22728 21 Z7Zg zlz§+ 23z§+
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z6z§+ z7z§ z§+ zlzg

_ 2 2
00100100 = Z1 zy ZZ+ Z3+ Zg Zs + 226 Zp Zg + Z3 Zg Z7 Z1 Zp Z7 Zg Z7
32+ 2128 2328+ ZaZg ZsZg+ Z1Z¢Zg 22728 212728+ ZpZyZg+ zfz§+ zzzg

z3 zg Z7 z§+ 22§ Z zg
= 71+ 22 + Z2 + 2+ z7+ 2 +
01002000 = At 2Zy+ 2zZ; Z3 Zat ZpZs  Zg Z1Z¢ Z3Z6 Zgt Z7 Z1 27
Z]2_Z7+ Zp Zy 2327+ Zg Z7+ Z%+ Z]_Z%-l' Zg+ Z1 28+ ZpZg Z1ZpZ2g3+ ZsZgt ZgZg Z1 Zg Zg +
27728+ 21 27 Zg zg Z6 zg Z7 zg Z1 zg

— 52 2
10010000 — 21 Z3+ Z1 Z4 + Zs Z1 Zs Zp Zs Zet+ 21 Zet ZpZg+ Zg Z7 Z5 Z7
z% 27129 2328 22628+ Z1Z¢628 2728 2712728 ZpZ7 78 z% zg 71 zg + 2z zg +

ZgZ§+ Z7Z§+ Z]_Zé3

00200000 = Z1+ 2212_-1' Zf+ Zp+ Z1 2y Zp Z3+ Z% Zy Z1Za+ Zs+ Z1Z5 27 Zg 212_26

2226+Z3Z6+Z7+32127+22%274—2227 2327+Z5Z7+z§+zlz$+228+22128 Z%ZS zfzS

7120 Zg Z3 28+ 221 2328 Z4 Zg+ Z5 Zg 2 Zg Zg+ 327 Zg+ zg 3271 zé ) z§+ z3 zg 2z§+ Z7 zg
2 2

7327+ Z4 Z7 zlz$ 278 22128+Zf28 Zp 28+ 2712028+ 2328 2212328 ZpZ3Zg+

227428 22528+ 325278+ Z1 2628 32728 Z1272Zg+ 252728 73 Z7 Zg 4z§+ 22125

2 2 2 2 2 2 2 2 3 3 4
Z] Zg + 225 2325 ZsZgt 2Zgzg 32Z72Z§ Z1Z7Zgt+ Zg  Z7Zgt+ 27Zg

00001100~ Z1Zp 212y Zg 232+ Z5Zgt Z9+ Z1 27+ 2327 Z4Z7 ZsZy  Zg Zy
2126Z7+22§+212$+Z§+28+Z]2_28+212228+Z328 Z4 Zg Z5 Zg + Z1 Z5 Zg  Z] Zg Zg +

32728+ 212728 ZpZ72Zg+ 232728 ZgZ7Zg+ 3 Z% Zg+ Z1 Zé Z% Zg V4 Z§+ Z5 Zé Zg Z7 Zg

2
0000000 = 221t 2122+ Zs+ 2125+ 2325 + Zg Zp Zg 71 Z2 Zg Zg Z7 Z1 Z7 +

22027+ 212227 2327+ ZaZ7+ Z5Z7+ Zg 27+ Z1 Zg Z7 22% zlz$+zzz$

3
Z3+ 22y Zg +
7122 28+ 25 Z8 + Zg Z8  Zp Zg Z8 32728+sz728+4222728 73 27 Zg + Zg Z7 Zg 22528

zlzzzg 2525 z6z§+z7z§ zlz7z§ zzz§+z7z§

_ 2
01010000 — 2123 Zgt ZpZ4 Z3Zs Zet Z]Z¢ Z3Zgt Z7t 2127 ZpZ7 Z1Z2Z7
Zg Z7+ 71 Z6 Z7+ z% zzz$+ 278 22p7g Z1Zp7Zg+ 2328 Za 78+ 2528 212528 2ZgZg
71 Z6 Zg+ Zp Zg Zg+ 32728 222728 Zg Z7 Zg+ z% zg+ 2z§+ 2525 z6z§+ 2277 zg z§+ 2223 zg

00010100 = zf+ zf+ Z12Zp 22123 ZpZ3 Z1Z4+ 2125 Z3Zs+ Zq Zg + 22% Z7 +

3 2 2 2.2 2 3 2

Z] 27+ 21 23 Z7 221 23 Z7 Zp 23 Z7 Z4Z7+ 23+ 2127+ 27 23 Z3z27t+ z27+ Z1 Zg Z] Zg
7120Z8 ZaZg+t Z1Z47Zg Z12Z52Zg ZgZg Z1ZgZs+ Z3Z¢Zg+ 327 2Zg+ Z1 27 Zg 2212_ Z7 Zg
Zp Z7 Zg 2527284'32%28 2212328+ZZ§ Zleg zfzg zzz§+zlzzz§+23z§+z4z§

7o 75+ Ze 75+ 712625 + 2925 2712928 2875 273+ z6z5 327975 zg+ 7125+ zg

2 2 2 2 2
00002000 = Z5+ 22225+ 25+ 2126+ 2726 22326 Z4Z 2275 Z1Z5 2177
sz7+212227+22327+Z4Z7+2125Z7+4z627+2212627 22% zlz$+23z$+z6z§
z? 71 Zg ZfZS+22228 71202+ 22328+ Z42g+ 22528 21 Z5 28+ 426 Zg + 71 Z6 Zg

Zp Z¢ Zg 23 Zg Z8 2528 47 zg 252728+ Zp 2728+ 3232728+ 426 27 28 42%28 z§+
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2 2 2 2 2 2 2. 2.2 3 3 3 3 3 .5
Z] Zg+ Zp 2§ ZaZy 2Z¢Z§ Z1ZeZgt ZyZ7Zgt 2525+ 325 Zpzg 2325 22625+ 42725 zZg

— 2
00110000 = 25+ 22Z3+ 24t 2324 227p75 712025+ Zg+ Z1Z6+ ZpZg+ 71 Zp Zg +
Z3 Zg + Z4 Zg Zs Zg + Zg + Z7 Zg Z7 + Zp Zy ZS Z7 + Z4 Z7 Zs Z7 + Zg Z7 Z1 Zg Z7 Z% +
Zp Z% Zg Z% 278 Z% Zg 227378+ 712578 ZgZg Z1 ZgZg+ Z% Ze 28+ Zp Zg Zg 23 Zg Zg

47928 21222728 2232728+ 252728 3Zg Z7Z8 22328+z§z§ 24z§+25z§ 26z§

zlz6z§+ 27z§+ z$z§+ 3z§+ 23z§+ 327z§ zg

000A1000 = 2122F zf Zy  Zp Z3+ z§+ Zp Za+ Z1 Z5+ zf Zs  Z3Z5+ Z4 Z5 Z1 Ze+ zf26
Zp Ze+ 71 Zp Zg+ Z3Z¢ 271 23 Z¢ Zp 23 Zg+ 2Z4 Zg 2Z5Z6+z§ 71 Z7 sz7 Zp Z7+ 23 27+
Z]1 Zg Z7+ Z1 Zs Z7 Zg Z7 Z1 Zg Z7 + Z% Zg Z7 27 Z% Z% Z% V4 Z$+ Z3 Z% Zg Z% Z1 Z?
222284-2528 Zp 73 28+ Za Zg 71 Z4 28 Zs 28+ Z1 Zs Zg+ Zp Z5 Zg 23 Z5 Zg 2 Zg Zg+ Z1 Zg Zg
252628+ 275 7628 732628  Zs Zg Zg + 2528 7728 212728 22ZpZ72Z8 + Z1Zp2Z7Zg +

732728 ZaZ728+ Zs5Z728 222728+ z?zS ZZ§+Zle§ zlzzzg zlz5z§+ 226z§

22 3 3 3

2zlzgz§+3zlz7z§ 2227z§ 2627z§+2z7z8+2228+26z8+zlz728+z§ zlzgl 272531

00020000 — Z4 Z1 Zg + Z§+ Z]2_Z5+ Z]3_Z5 Zp Zs + Z3 Zg 271 23 75 Zp Z3 Zs +
Z4 Z5 z?) Zs 271 Zg 2526 z§z6+23z6+324z6+2124z6 z5z6+325+22125+23zg+
Z7+ 2127 32427 212427+ 252527 Zp 2527 2232527 32627 371 Z6 Z7 252627+
2326Z7+ng7+3z§+2212$ 22423 226z$ zlz6z§+32?+212§+z§+228+22128
Adz7428+ Zp 2428+ 221 2528 ZpZsZg 223 Zs Zg 2528 Tz628 3212628 + 21 Zp Z6 Zg +
274 7¢ Zg 2252628+3zg28+zlzg28+82728+4zlz728 Zp 2728 47242728+ Z5 27 Zg
71252728 922728 371262728 + 1OZ§ZS+ 2212$28 zzz$28 2z6z§28+ 42328+
425 22225+ 24z§+ 25z§ 22125z§+ zzz5z§ 326z§+ zlzgz§+ 2226z§+ z§z§+
7Z7Z§ 22227z§ 42627z§+ 32%25 3z§ zlz§+ 224z§ z5z§+ 4z6z§+ zlz6z§

3 3 2.3 4 4 4 4 5 6
52725 712725 2z7z5 4zg+ zp2z5+ 22625 4272Z5+ zg+ Zg

A ppendix B : List of other characters.

— 2 3
00000003 = 21+ Zo+ 26 2 2128 22728 Zg+ Zg

_ 2 2
10000002 — Z1 Z] + Z3+ Zg Z1 27 Zp Zg Z7 28 + Z1 Zg

— 2 2 2 2 3
20000001 = 21 2p 73+ 25 Zgt+ Zgt 27 Zgt Z2p 28 Z3Zg ZgZgt £Z7Zg+ 25 21 Zg Zg

2 2 2
00000002 = 21 Zz3 + Zg Zg Z7 Z7 + 2gt+ Z1 23 + ZpZg Z6 28 T+ Z72Zg + Zg
Z1 Zg + zy Zg Zg

2 2 2
01000002 = Z1t 27+ 27+ 2127 Zp Z7 Zp Zg Z3 Zg Zg Zg 21 2g + Zp Zg

2
10000010 = 2122 Zs5 Z1 Zg zg Z2] 28+ ZpZg+ 2328+ 2 %6 Zg Z7 28+ Z1 Z7 Zg

2 2 2 2 3
Z5 + 7125 225  Z7Z5t Zg
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_ 2 2
12000004 = 21 27 Zy+ Z3 2123+ Zg  Zs+ 276+ 2126 27 2127 27Zg

Zp Zg + Z1 Zp Zg Zs Zg + Zg Zg 277 Zg Z1 Z7 28 + Z]_Z§+ Zg

20000010 — Z] + Zf+ Z] Zp + ZS Z4 + Zs Zg+ 27+ Z1 27 + Z]2_Z7 Z3 Z7 Zg Z7 +

z$+228 712028 2328+ Z52g 2ZgZg+ 22728 71 Z7 Zg zlz§+zzz§ zg

3,0#3,0&0#3,0:2%4' zf+ 712y 22123+ Za Zs Z1Ze+ Z1Z7+ ZpZ7 Zg+ 271 Zg

zf28+ Zp Zg 23 Zg + z§ 2zlz§

2 2
00000102 = 21t Zp+ Zg + Zg Z7 + Zp Zy Zg Z7 27g Z1 28 + 27 Zg Z3 Zg

7578 ZeZs 22723 212728+ ZgZi + Z3

_ 2 2 2 .3
001000002 = Z5 23 ZatZs Zg 2327+ 22y Z1Zp23 ZgZgt 2Z7Zg+ 2325+ Z725 Zg

010000 = Z1Zp+ 2123 Za+ Zs Ze Z12Z¢ ZpZg+ 22Zg+ 71 7g+ Z]2_ Zg + Zp Zg +
7528+ 22728 + 221 2728 + Zp Z7 Zg 23z§ 26z§ zg zlzg
— 2 2
10000100 = Zp Z1Zp 2Zs Z12Z5 Zg Z1Z¢t Z7 ZyZ7t Z3Z7+ ZgZ7t Zg Z] Zgt
2 2 2 2 2 3 3 4
Z1 2p 28t 2328 2528t Zg 28t 21 Zg 28 Zp Z7 28 2728 Zg 21 Zgt Zg Zg 2277 Zg 2gt 71 Zgt Zg
— 2 2 2 2 2
00000004 = Zp Zst+ Z7+ 2127+ 29+ L7128t Zp 28+ LZg 28t Z7 28 Zg Z1 Zg
327z§ z§+ zé
2

2
00000021 = 21 2] Zp 212y 2127 2227 ZgZyp Z1Zgt Z72Zg ZpZgt ZsZg

2628+212728+z$28+z§+22125+zzz§ z6z§+227z§+z§ zlzg zé

- 2 2
1;0;0;0;0;0;0;3—224' Z12p+ Z3+ Zgt Z1Zgt Z7+ 2127+ Zp2Z7+ 27 Z1Zg ZyZgt ZzZgt

Z6 78 + 77 Z 271272 7, 72 2722+zz3
6 Z8 8 127 Zg 2 Zg 3 123

10000020 — Z] + 212_ Z3+ 21 Zg+ ZpZg+ 221 27+ 2527 Z3 27+ Zg Z7 + Z]_Z% Zp Zg +

Z1 Zp Zg Zs5 28 + Zg Zg Z1 Zg Z8 Z1 27 Z8 Zp Z7 Zg Z% Zg Zg Z1 Zg Z% Z§+ Z3 Z§+
7672 2277% 73+ 7175+ 7g
= 22 Z3ZZ+ZZZ+Z+ZZ V4 Z1 Z ZZZ+ZZ+ZZ
20000002 = ] Z1Z 123+ Zs+ Z1Z6 27 Z1Z7 Z]Z7+ Z3Z7+ Zg 27

Z% Z] Zg + Z%Zg Z]1 Zp Zg + Zg Zg Zg Zg Z7Z2g + Z1 Z7 28 + Z§+ Z]_Z§+ Z%Zg-i— 2225

2325 z6z§+327z§+ zg zlzg zg

- 2 3
02000001 = Z] + 221 + z]+ Zp+ 71 Zp Z1 Z3 Zp Z3 + Zg + Z1 Zg 71 Zg Zp Zg +

22127+2fz7+z227+2128 zf28 212228+2528 7478 2 Z¢ Zg 212628+z§ 22125

zfzg zzz§+ 23z§+ z6z§+ 27z§ z§+ zlzg
=72+ z} 2 2 + 2 + +
10100001 = Z1 Z1 Zy Z1 Zyp Z1 Z2 Z3 Z1 23 Z1 Zs5 Zg Z1 Zg Zp Zg
212_ Z7 Zp Z7 Z3 Z7 Z6 27+ 2271 Zg + 71 Zp Zg Z3 Zg + Z1 Z3 Zg Z4 Zg + Zsg Zg Z] Zg 28 +

2728+2212728+2328+z§ zlzg zfz§+23z§ ZS

11000000 — Z1 Z%+ Z1Zp + Z3+ ZpZ3 + Zg Zs + Zg + 21 Zg t Zp Zg 271 Z7
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2 2 2 2
21 Z7+ 212227+ 2327 Zs5Z7 21 Z5 278 71 Zg ziZgt+ 21228 ZyZgt Z3Zg Z1Z3Zgt
ZaZg ZsZg+ 22728+ Z1Z628 22728 2712778 z§+ zlz§+ zfzg 23z§ 27z§+ 2z§’

2 3 2
21000000 = Z1 227 Z+27Zx+ 2123 2223 Z1Z5+ Zg+ 22126 Z7 272127
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2 47 48 2327 28T 46 49 28 7 48T 4g 2l 4g 148 41487 4228 142487 £ 22 28
Z1 23 Zg 322 Z3 Zg Z1 Z4 Z§+ Z5 Zg Z1 25 Z§+ Zp Z5 Z§+ Zg Zg Z1 Zg Zg Zf Zg Zg Zo Zg Z§+
23z6z§+ z§z§+ 227z§+ zlz7z§+ sz7Z§+ 2227Z§ 2212227z§ 22327z§ 2527z§

2 2.2 3 3 2.3 3.3 3 3 2.3 3 3
dzgzyzg+ 32525 25+ 22125 32725 2723+ Zo2Z5 2712725+ 2525 Z3Z5+ 271 23 Z3

z6z§+22126z§ 27z§ 22127z§ 22227z§+z§z§ 22123+zfz§+23z§+z6z§ 27z§+zlz§

— 52 3 2 2 3 2
0,011,000 = Z1 + Z1 Z1 Zp Z1 Zp Z + Z + )

2zlz§ zzz§ 7124 2ZpZ4+ Z3Z4 Z1 Zs zfz5+z§Z5+zlz3Z5 24Z5+z§ 271 Zg

Z3 + ZfZ3+ Zp Z23 + Z1 Zp Z3 Z%

22%26 zfz6 225 Zg 2212226+zfzzz6 75723 Z¢ Z4 Zg Z1 Z5 Z6 zg zzzg+32127+
3sz7+sz7+22227+212227 23z7+zf2327 2527 712427 Z5Z7+ Zp 2527 2271 Zg Z7
22%2627+zg27+z$+4212$+22523+22223 Z3Z$ z6z$+z§+zlz§+32128 zfzS+
27 Zg zfzzzég 2528 2123284'2212328 2523284'4222328 z§28+2212428+232428

Z1 Z5 28 2] Zp Zs5 Zg + Zg Zg + Z1 Zg Zg + ZfZng-‘r 27p 26 28+ 71 Zp Zg Zg + 223 Zg Zg+ Za Zg Zg
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2252628+22528+212528+2728+4212728 252728 2527284'5222728 Z1 Zp Z7 Zg

2 2 2
252728 2232728+t 21 2327 Zg+ 224 Z7 Zgt Z5 Z7 Zgt 226 Z7 Zg+ Z1 Zg Z7 Zg 21 Z5 Zgt+ Zp 27 Zg
Z6 z§ Zg z? zg 472z zg zf zg Z5 z§+ 271 Zp z§+ zf Z5 zg z% zg Z3 zg 271 23 zg Z 73 z§+
7473+ 7525 Ze 75+ 471 2625+ 7P 2678 70767 7326275 4Az72F 8z 777+ zi 2928

2122272§ 32327z§+2527z§ 22627z§ 6z$z§ 225 22123+zfz§ zlzzz§+z§z§

7373 7475 7675 717675 27775 717773+ 7273+ 225+ 2721 24+ 7325+ 4z zi+ 75 7§

00200100 = zf+ zf+ 471 25 + 52fzz+ 22%22+ z§+ zlz§+ ZS 71 Z3 + zf23+

zf23 32,23 271273 22523 Zle§ 71 Z4 2Zp Zg 212224+22324+22125+zfz5+

32225+2212225+Z§Z5 27325+ Z1 23 Zs 2425+z§+2126+42f26+2zfz6 27y Zg

321 2 Zg 252226 2526 3zlz3z6+2526 Z4 Zg 71 Z4 Zg+ Z1 Z5 Zg zg 3212§ zfzg

zzzg+23zg zlz7+sz7+22527+sz7 2227+42122274—3252227-}—2527 321 23 27
22%2327 3252327 21202327+ Z4 Z7+ 227 24 27+ Zp Z4 Z7 2527+sz527 73 25 Z7+ Zg Z7+

2 2 3,2 2 2
4271 2627+ 227 26 27+ ZpZg 27+ 2122 Z6 Z7 2232627 227127+ 2725 22Zp25 2Z1Z3Z7+
2425 25z§+ z6z§ zlzg’ 222§ 71 Zg 52%28 zfzs+ zf28+ 27y Zg 32%2228
22%2228+22528 2212528+252528+2228+3212328 32%2328+321222328 252328
22%28+ Z4 Zg+ 221 Z4 Zg zf2428 Zp 7478+ 2232428 3212528+ 22575728 71 Zp Zs Zg +
276 Zg+ 421 Zg Zg 42%2628 22%2628 Zp Zg Zg 252628 232628+42123z628+212528
z728 5212728 42%2728 Zp 2728 + 221 Zp Z7 Zg + 22%2728 321232728+ 324 27 Zg

2752728 21252728+ 4252728+ 21 26 2728 + 22 Zg Z7 Zg 22%28 4zlz$28 Z%Z%ZS

2 3 2 2 2,2 4.2 2 2 2,2 2
3zp2528 Z728 zg5 3z125+ 4zizg zZ7z5 2225 4712225 712525 + 22323
5le3z§+ 32%23z§+ 32223z§ z§z§+ z4z§ 225z§+ zlz5z§ 22252§ 4zlz6z§+

2 2 2 2 2 2 2,2 3 2.3 3,3 3
227 2625 32725+ 212725+ 22p 2725 23272y 22525+ 62125 2zZ]Zz+ z7Z3 ZpzZg+t

3

2212223 zgzg’ 24z§+2528 z6z§+227z§+22127z§+2227z§+ZZ§ 2zlz§+27z;1 zg

— 2 3 2 2 2 3

01200000 = 21 + 2z V4 Z1 Zp z2] 2t Z5 Z3 271 73 Z1 23 Z] Z3 Z] Zp 23 +
271 Z%'F Zp Z% Z4a Z1Z4 ZpZs4 Z1Z0%Z4 2324+ Z1Z5+ 22075+ 21 ZpZ5 71 Z3 Z5+ Za Zs
226 3212 zfz6+ 75 Zg z§z6+ 7123 Zg + Z5 Zg + Z1 Zs Zg + zg zzz§+ sz7 Zp Z7
Z1 Zp 27 + z% z7 22327 212327 zf 7327 Zp 2327+ zg Z7 22427+ 2527+ ZpZs5 27

32627 212627+ ZpZ6Z7+ Z3Z6Z7 23Z$+ 27+ 22123+ ZpZg + Z1 2228 271 232Zg +
Z% Z3 Zg + Z% Zg+ Z1 Zs zg t+ Z% Z5 28+ Zp 2528 Z3Z5Z8 ZgZg 21 Zp Zg Zgt Z3 Zg 28 Zs Zg Zg
2528+ 47728+ 212728+ 2202728 + 21 Zp 27 Zg + 252728+ 71 23 Z7 Zg + 22%28+ 222328

zfz§+22223+2212225 z§z§+22123z§+24z§+25z§ zlz5z§+326z§ 22226z§

27z§+zlz7z§+22227z§+2327z§+z627z§ 323 zlzg zlzzzg 2523 327z§ zzz§+zg

02000101 = Z1 Zf Z1 Zp Zf Zp Zf Zy + Zg Z; Z3 + Z1 Z3 Zf z3+ 22y 73 +
2212223+z§ zlz§ Z4+22124+Z%Z4+22224+2324+Z%Z5 71 Zp Zs 2525 27325+
Z4 Z5 z6+zfz6+32226+3212226+323z6+z4z6 z5z6+zlz5z6+225+27 71 Z7
32%27 2527 Zp 27 21 Zp Z7 252227 Z§Z7+22223Z7+22427+212427 7527 ZpZs Z7+
z6z7+zzz6z7+23z6z7+zgz7 z% 3212$ 22%2% zzz§+23z§ z5z$ z6z$ z? zlz$+
278 2128+zf28 32z, zg 2212228+zf2228 2528 473 7g 32%2328 222328+2528
Z4Zg+Z528+Z%Z5ZS 3232528 52728 21 Z6Zg 252628 2226284-212226284-2526284-
3232628 Z4 7628 275 Zg Zg + 22528 21262528 Z7 28 2712728+ 252728 32,2728 +
Z1 Zp 27 Zg Z% Z7 Zg 323 Z7 Zg 321 Z3 Z7 Zg Zp 23 Z7 Zg + Zg Z7 Zg Zy 2728 + Z1 Z5 Z7 Zg
3262728+ 221 26 2728 2o Zg Z7 Z8 42328 2123284' zfz§28+ ZZZ§ZS+ ZZ§+ 22%2§+
3zzz§+2zlzzz§+ZZfzzz§ 2325 3222325+z§z§ zlz4z§+325z§ 2zlz5z§+2225z§
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2 2 2 2 2 2 2,2 2 2 2
27575+ 321 2625 2272625 3ZpZgZgt 2Z3ZgZg+ Zg Zg+ Zyzgt+ 3z 2725+ 227 Z7 25 +

4222725 21222725 3232725 2627z§ zg zlzg’ zfz§’+3zzz§ 2212223+z§z§+

2

23z§+2212323 z5z§+zlz6z§+327z§ 3zlz7z§ zg zlzg 22223+23z§+26z§+zlzg

_ 2 3 2 3 2
0RP0AR00 = 21+t Z1 T Zp + 3z12p+ 227 2p + 25 + 223  ZoZ3 t Z1Z2Z3  Z1 Z4
3

22224+z5+22125+zf25+2225+2525 73 Zs 24z5+z§+z6+2126+22526+2126
3202 2212227 Z32Z¢ Z12Z32Z¢ Z2Z3Z¢ Za Zg 22% 22125 zzzg z7 + Z1 27 +

22%27+ 2327+ 32,27+ 3212227 212327+ 2527 712427+ 221 25 Z7+ Zp Z5 27+ 226 27+

2 2

71 26 Z7 + 23 Zg Z7 z§+ zlz§+ zfz7 + 2227 Z3Z$+ 271 Zg Z%ZS zf28+ 47z, zg

71 Zp Zg 22% Zp Zg + z% Zs 71 zg Zg  Z3 Zg zf 73 28 + Zp 23 Zg + z% Zg  Z4aZg + 27275 2Zg
2 2 2
2] Z5Zg+ 2222528+ ZgZg 271 ZeZg 277 ZeZgt 2Z3Z6Zg Z7Zgt+ 2212728 3272728

Z]3_Z728+ 47,7728+ 21 Zp 2728 232728+ 21 23 Z7 Zg+ Z4 Z7 Zg+ 3 Zg Z7 Zg+ Z1 Zg Z7 Z8 Z%Zg

Z1 Z% Zg+ Zp Z% zg+ 2 Zg Z% Zg Zp Zg + Z% V4 Zg Z3 Zg + Z1 23 Zg Zp Z3 Zg Zs Zg 3z Zg

2 2., 2 2 2 2.2 3, 2.3 3 3 3 4 4
2732625+ 2725+ 2] Z9 2+ Zo 2725 2925 Z1Z3t Z7Z5 Z1ZoZgt Z3Zgt 22925 Zg  Zo Zg

_ 2 3 2 3 2 2 2.2 3
0RA00001 = 1 zp+zi+ 2] z7zp zZi2Zo+ 25+ 227025+ 2725 212, 2123

2

zf23+2223+212223 z§z3+z3 222§+zlz4+zfz4+zzz4+2212224 Zp 25 221 Zp Zs+

2 2 2 3 2
Z5 25+ 212325 ZaZst 25 Z1Z¢ 2Z7Z Z]Zet+ 2ZpZg+ 4Z1Zp 2+ 22 ZpZe+ 22326+
7123%2¢ 2737326 275%Z¢ 271 Z5Z¢ + 22§+ 22125 z7 + zf27 71 Zp Z7 zf2227+
2 2 2
Z5 27t 212527 Z327% 222327+ 2427+ Z1 2427+ Z52Z7 Zp2Z527 ZgZy Z1ZgZ7 Z] ZgZyt
Zp Zg 27+ 2527 Z6Z§+ Z1 Zg 213_28 227529 4212y 28+ 212_2228+ 213_2228+ Z%Zg Z]_Z%Zg
273279 ZpZ732g 271 Zp737Zg+ 252328 7478+ 212428 23Z42g+ 427528 Z1Zp Z5Zg +
2 2
zi2g 4ZsZg Z1ZeZgt+ 327 ZeZg ZpZeZg Z1ZpZeZg 2Z3ZgZg Z4aZeZg ZsZg Zg t
Z7 28 221 Z7 Zg Z% Z7 Zg 422 Z7 78 521 Zp Z7 Zg Z% Zp Z7 Zg 223 Z7 Zg + Zp 23 Z7 Zg
Z4 2728+ 3252728+ 21252728 OZg Z7 Zg 2212§28 2222$28+ 52§ 22125 32%2§+
222§+ 22122Z§+ 223Z§+ Z]_Z3Z§ 2223Z§ Z]_Z4Z§+ 2525 Z]_Z5Z§+ 2225Z§+ 4212625
zzz6z§ zgz§+ 627z§ 32127z§ sz7Z§+ 2227z§+ 212227z§+ 32327z§+ 2527z§+
3262725+ 22222+ 212222 Z0 21 zo+ 220234 22020+ 2320 22570+ 22620 71 26 Zo
6 47 28 7 48 147 4g 8 1 4g 148 2 48 3 48 5 48 6 48 1 46 28
27z§+ 22127z§+ 222723 32§+ 3212;31 zzzé1 23z§1 z6z§ 27z§+ zg zlzg

1000000 = A+ 22%+ 22f+ zf+ Zo+ 221 Zp+ 32%22+ zfzz+ z§+ zlzg 73 71 Z3
277273 2p2Z3 2712273 2523+ z§ Za 212074+ Zs+ Z1 Z5 + zfz5+ Zp Zs + 71 Zp Zs
Z3 25+ Z4 25 Zg Z1 Zgt Zf Zg + Zf Ze ZpZ¢ 27172326 ZpZ3Z¢+ Z1Z4Z6+ Zs5Z¢ Zo Zs Zg

2 2

zZe + ZpzZf + z§+ 32127+ 4sz7+ 32%27+ zf27+ 22y 274+ 3212227 + 22%2227+ 2527

227327 2212327 22%2327 Zp 73 Z7 212223Z7+Z§Z7 Z4 Z7+ Zp Z5 Z7+ 23 25 27 Zg Z7
321 26 Z7 252627 Zp Z6 Z7+ 21 Zp Z6 Z7 25 Z6 Z7 262)-27+3212$+22fz§+zfz§+222$+
21222§ 23z§ 212325 2525 221262§+212§+28+2128 2zf28+32228+2212228
252228 ZfZZZg+ZZ§Z§3 2212528 27378+ Z1 23 Zg 252328 32p2328+ 2271 2p 23 2g +
Z% Z3 Zg + Z% Zg Z4y Zg + Z]2_ Z4 28 Z3 Z4 Zg + Z5 z2g + 322 Zs5 Zg Z1 Zp Zs Zg 23 Zs Zg Zg 28
277 7¢ Zg 252628 3202628 + 7120 26 28 23 Z6 28  Za4 Zg Zg 32528+ 212528+ 77 2g +
271 27 Zg 32%2728 2232728+ 22y 77 Zg 25222728 73 27 Zg + Z1 23 Z7 Zg + Zp Z3 Z7 Zg

2752728 + 21252728 + Zg 2728 471262728  Zp Zg Z7 Z8 z$28+ 212328 22%2%28

7p72 75+ 7375 2+ 267578 Zi7g+ Zi 3z178 4zPzi 72 zi 6717570+ 228 7578 +
223z§+22123z§+ z4z§ zlz4z§ zlz5z§+ 26z§ zlzgzg 2226z§+ 23z6z§+zgz§ z7z§

2 2 2 2 2 2 2 2 2 22 3
3212725 4ziz72Z5 Zpzyzgt z12Zp2Z725+ 4232725+ DZgzyzy 22525+ 212525  zg+

7173+ 27723 275+ 2373+ 27126 25+ 3212925+ 71 25+ 25 25 7374 Zezg+ 2074 7175
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10000101 = (z1 22) + Zf Zp + Z1 Zg Z% Z§+ Z% Z3 271 Zp 73 + Zg Z3 Z% Z1 Zg +
Zp 24 271 Zs 22%25 Zp Z5+ 271 Zp Zs+ 22325 71 23 Z5+ Z4 Zs zg Zg Z12Z¢ Z1Z2Zg+
2526 32326+ 22526 + 21 Z5 Zg z§+zlz7+sz7 Zp Z7 3212227+212527 73 Z7
712327+ Zp2327 2527 3212527 ZpZsZy 22627 212627+ ZpZg 27+ zlz$ zzz§
Z1 Zp Z% Z3 Z% Z5 Z% Zg Z%-‘r Zg+ Z1 Zg Z]2_ Zg Zf Zg Zp Zg 2212_ Zp Zg + Z]3_ Zp Zg + Zg Zg +
212528 ZSZS+ 273279 212328+ 32523284' Zp 7328 271 Zp Z3 Zg 22§ZS+ Zp Z4 Zg
27528+ 321 2528 + 71 Zg Zg + 52%2628+ 32,2628 271202628 0232Z¢72g+ Z1 23 Zg Zg
Z4 Z6 Zg+ 275 Zg Zg 32528 212528+22728 329 2728+ 21 Zp Z7 Zg 252227284—232728

75 27 Zg+ Z1 Z5 27 Zg+ 321 Zg 27 Zg+ Zp Zg Z7 Zg + Z%Zg Z]_Z%Zg+ ZfZ%Zg 222328 232528+

72 zizi+ 227022 zpzi+ zzp25 2277 zpzi+ zzizi+ 22328 3z 737+ 2257375 +
225z§ 2225z§+ 4z6z§ 4zlz6z§ zfz6z§+ 22226Z§+ 23z6z§+ 27z§ zfng

2227Z§+ 212227Z§+ 223Z7Z§+ 22627Z§+ Z%Zg Z]_Z%Zé Z§)+ 212§+ 212223 Z§Z§)

22323 32623 27z§+ 212723 zlz§+zzz§

_ 2 3 2 2

10404000 = 21 3z 2z 22z12Zy z5+ z3+ 22123 Z12p23 2zZ3+ Zat 221 24
zlz5+zf25 Zp Zs+ Z3 Zs+ Z1 Z3 Zs 2425+z6+32126+22526+21326 75 Zg zfzzz6+
2 2 2 2 2 3
z526 32325 2212326 22 22Z1Z5+ ZpZ; 27 D5z 2Z7 627 Z7 Z]Z7 ZoZy 2212227
Z§Z7+212§Z7+22327+212327+222327+224Z7 75 Z7 + Z1 2527 Zp 25 Z7+ 22Zg 27 +
2126Z7+zfz627+222627 73 Zg Z7 2527 22% Sle$ 22%23 zzz§+23z$ z? zlzg
Zg 42128+22528+21328 2228+3212228+zf2228+212528+32328+zf2328+222328
Z§ZS+Z428 Zp 7478 25728 252528 Zp Z5 Zg+ 27232528+ 326 28+ 421 26 Zg+ 322 Zg Zg
7120 Z¢ 23 4237628 + 275 Zg Zg 22528 dz729 2212728+ 22%2728+ 321 25 27 Zg

zg 77 Zg+ 323 Z7 Zg+ 21 23 Z7 Zg+ 4 Zg Z7 Zg+ Z1 Zg Z7 Zg 22% zg+ 271 z% zg+ z%’ Zg z§+ 4z, z§+

2.2, 3,2 2 2 2 2.2 2 2 2 2 2 2
Z] Zg+ 2] 25+ 21 225 2Z] Zp 25 Z5 Zg+ z32Z5 3212325+ Zp Z3Z5 24 Z5 225 Zg+ 27 Zs Zg+

32625 6zlz6z§+22226z§+227z§+32127z§+2527z§ 22227z§ 26z7z§+22325+
z§+22125 22%23 22223+212223 223z§+z5z§ 226z§+27z§ zlz§+zzz§ 27z§1

12000040 = zf 22% zf Z1 Zo 22%22 z§+ zfz§+ z§+ 22%23+ 71 Zp Z3
2523 7124 2ZpZ4+ Z1 Zs 212225+2525+212325 2425+z§ 271 Zg 2526 32, zg
27127026 Zp73Z6 ZaZg 27526 21 Z5 Zg zg Z1 zg 22% Z7 22% Z7 221 Zp Z7
212_ Zo Z7 Zg Z7 Z1 Z5 27 Zp Zs 27 Z1 26 27 212_ Zg Z7+ Z1 Zp Zg Z7 Z5 Zg Z7 + Zg Z7 Zf Z%

2 2,2 2 2 2 2 2 3 4
Z1 2025 2527 212325+ 2427 ZsZ5+ Zgzi+ zyzZg 3z Zgt Z]Zgt Z; Zgt+ 2Zp Zg

277 75 Zg 232228 2528 22125284' 7328 + 321 23 Zg 22%2328+ 32 23 Zg z§28+
Za Zg+ 420 24 Zg+ Zp 24 Zg+ Z5 28 3271 Zg5 Zg+ 252528 Z] Zp Z5 Zg+ Z3 Zg Zg + Z§28+ 276 728+
42126284'2;%26284'22226284'321222628 22526284'22(2528 2127284'2%27284'222728

225 77 28+ 23 27 28+ 220 23 27 28+ 424 27 28+ 21 Zs 27 Zg+ 326 27 Zg+ 4 21 Zg Z7 Zg+ Zp Zg Z7 Zg

2 2 2,2 2 2 3 2 2 2,2 3,2
227528 21Z52Zg+ 272728 Zp27Zg ZgZ5Zg 22Z72Z3 Zg OZ1z5g+ 6z z5 + Z] Zg

32,25+ 3212075+ 228 2528 2370+ 232 3717375+ 287378 zizi+ 2747 71 74 7F
zlz5z§+4zlz6z§ zfz6z§ 223z6z§ 727z§ 32127z§+32527z§ 2327z§+2527z§

2762775 4727 7 7i7f 273+ 3mzi 2707 zizi+ zpzy zmzpzi+ 787 73z

22423 226z§ zlz6z§+27z§ 32127z§+2227z§+z$z§+4z§ zlz§+427z§+zlz§ zg

11000000 = zf zf+zlzz+zfzz+zfzz+z§+zlz§+22123+32523+2223 z§+
zfz4 ZpZ4 Z1Z27Z4 2324 Z17Z5 ZZfz5+zlzzz5+223z5+z4z5 z§+32126+32526+

27y 76 71 Zo Zg z§z6 273 %26+ 71 23 Zg+ Zp Z3 Zg Za Zg+ 2 Zs Zg z§+zlz7+sz7 zfz7+
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2227+2212227+2522Z7+Z§Z7+2327+3ZIZ3Z7+Z]2_2327 Zp 73 Z7 2527 2274 Z7
271 25 27+ 26 Z7+ 221 Zg Z7 252627 23Z6Z7+z§+3zlz§+zfz§+222§+26z§+z§+zlz§
71 28 2ZfZS+ZfZS 71 Zp Zg 32%2228 2528+32328 712328+ Zp 2328 21 Zp Z3 Z8
2528+2428+222428 325 zg zf2528 Zp Z5 Zg + 21 Zp Zs Zg + 273 Zs Zg 2528+3z628
471 zg Zg 252628 73 Zg Zg 21232628+242628+225z628+212528+22728 71 27 28
32%2728 232728 22y 77 Zg 421222728+2252728+2232728+22232728 71 Zs Z7 Zg
3262728+22262728+22328 2212328 222328 262328 z§28 z§+32125+zfz§
222z§+221zzz§+z§z§ 22123z§+2223z§ 24z§ 25z§+22125z§ zzz5z§ 3z6z§
zlz6z§+ Zfz6z§+ zzz6z§ 23z6z§+ 227z§+ 22%2725 2327z§ 32627z§+ 32%2%

7122 25+ 273 7175+ 2075 7575 7375+ 22575+ Z6 2o+ 27 25+ 7o 7y 7+ 75 75 zg 272574

_ 2
13000000 = 211 2]

2 3 2 2 2 2
2y 73+ 2723  ZpZ3+ 2523 227125 Zat Z1Zat 2724 2212374+ Zs 25275 Z3 Zs +
7123%5 + 2425 + 271 Zg + ZZfZ6+ zfz6 229 %Z¢ 27173 Z6 ZZfZZZ6+ z§z6 73 Zg

3212326 + Zp 232 Z5 Zg + Z1 Zs Zg zg 22125+zzz§+27+32127+2527+222z7+

2 2,2 3

+ zZo4+ 22125 + 32%22+ zfzz zZ12z;, ZyZ5+ Z12z,+ 22123 +

4z 7,27+ 22%2227 zlz§Z7+ 7327+ 221 2327 + 252327 2527 Z4Z7+ 21 24 Z7+ Zg 27 +
212627+zf2627 Zp 26 Z7 27273 Zg Z7 Z§Z7+22§+22125+zzz§+212223+2325+z623+
z$+ 278 271 7g 22%28 Zf28+ zf28+ Zp 28 + Z1 Zp Zg 22%2228 2528 zlz§ZS+
7328 + 421 23 Zg 32%2328+ 321 25 23 Zg Z§ZS+ 7127428 ZpZ4Z8 + 2528 3271 Z5 Zg +
2525284'2225284'4212628 22%2628 Zp Zg Zg+ 271 Zp Zg Zg 23 Z6 28+ 22728 321 Z7 Zg

32%2728+ 252728+ Zp 27 Zg + 21 Zp Z7 Zg 252728+ 4732728 221232728+ 32627 Zg

71 Z6 Z7 Zg 4zlz§+ZZfz§ zfzg zzzg 5212225+25222§+23z§ 32123z§+22223z§
71 Z5 zg Z6 z§+ 27 Zg zg 227 zg Z1 Z7 zg zf Z7 zg 275 27 zg Z3 Z7 zg Zg Z7 zg

2,2 3 3 3 3 3 3 3 4 4
z72§ zZgt 271275 2Zpz5+ 2217325 Z3Z5 + 2725 212725 + 271 Zg + Zp Zg

20000200 = 21 22% zf zg zlz§ z§+z3+2123+2223+z4+22124+22224+
7324 Zs 277 Zs zfz5 32,25 2212725 z§z5+ Z4 Z5 z§+ 2276+ 321 26+ 22 Zg

zf2226+22326+212326+2223z6+24z6+212526+z§+2fz§ 23z§ zg’ 321 29 42%27

22%27+212227 2527 zlz§Z7+223Z7+32123Z7+222327+Z4Z7+22124Z7 Zs5 Z7
321 25 27 sz5Z7+232527+3z627+4212627 71 Zp Zg Z7+ 23 Zg 27+ 2 Z5 Zg Z7 3zlz§
22%2% zfz$+zlzzz§+23z$+22123z$+z6z$+2126z$ zlz$ 27 4z12z8 4dzpzg+
71 Zp Zg + 252228 22528+ 212528+ 7428 32528 2212528 2Zp7Zs5Zg+ Z1 Zp Zs Zg +
73 Z5 Zg Z§ZS+ZZ628+3212628 252628+zfz628+2222628+221222628+252628+
3232628 271 23 Z¢ Z8 242628+325z628+22§28 2212§28 477 zg 8212728+252728
4222728+21222728+25222728 252728 Zp 232728 32527 2Zg+ 226 27 Zg+ 321 Ze Z7 Zg

22%28 4zlz$28+ zfz$28+ z6z$28 22§+ 22125+ ZZfzg 2222523 232523 2223z§
212425 225z§+3zlz5z§+26z§+zlz6z§ zfz6z§ 232625 2z§z§ 327z§+3zlz7z§+
22% Z7Z§ 27y 27z§ 221222725 22327z§ z$z§+ zlz$z§+ z§+ 4z, z§+ 22223

3, 52,3 3 3 3 3 3, 4 a 4 a 5
212023+ 2523+ 22525+ 2625 2212623+ Z72Z3+ 3212725+ Zg Z1Zg+ ZoZg  ZgZg Z1 Z3

2,@,0,@;1,@;1,@=2zf+ 3zf+ zf+ 71 Zp 2322 73 37123 sz3 Zp Z3+ 271 Zp 23 +
2523 71 Z4 22z4+212224+22125+32525+zf25 Z3Z5 2212325 Z4Zs Zg 3Z1Z6
2zf26 Zp Z6 21 Zp Z¢ Z3Z6 75 Zg 212526+zlz7+4sz7+22327+z227+2212227
zszZ7+z§Z7 7327 2212327 Z2pZ3Z7 Z4Z7 zlz4Z7+225Z7+4zlz527+zfz527+

Zp 2527 232527 32627 3212627 Z2Z627 21227627 Z3Z¢Z7+ Z1 Z% + Zf Z% + Zy Z% +

zﬁz% 24z§+225z§ 226z§+42128+32528 zf28+22228 252228+2528+212528
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27328 2123728 Zf Z3 Zg+ Zp Z3 Zg + Zg zg 324728 712478 Zf Z4 Zg  Zp 24 28+ Z3 Z4 Zg +
325 23+ 221 25 Zg 252528+ Zp 7578 232528 42Z¢zZg 52z Zg Zg 32%2628 232628
Zp Z6 Zg+ 71 Zp Zg Zg+ 4723 25 28+ 221 23 Zg Zg + Za Zg Zg 252628+3262528+212528+42728+
9212728+252728+5222728 221222728+25222728+2252728 2732728 Zp 73 Z7 Z8
4747728+ 6252728 221252728 ©ZZ72Z8 321 Z6 2728 22262728+7z$28+4zlz$28+
2757228+ 3235 29+ 522+ 7125 57772 227075+ 22p28 27797 + 220 25728 7y 75 78
23z§+ 4zlz3z§ 2223z§ 224z§+ 22124z§+ 225z§ 4zlz5z§+ 2225Z§ 4z6z§+
4zlzgz§+ 252625 32226z§+ 2326z§+ 1327z§ 22127z§+ 22227z§ 2212227z§
ZZ3Z7Z§ 42627z§+ 82%2§+ZZ§ 9zlz§+ ZZfzg zzz§+ 2232§+ 22425 225z§+
27575+ 3712675 6712775 2275 6zg+ 37275 zpzi+ ze75 62728 + 7175 + 78

3 2 2,2 3

3 4 5 2 2
+z]+ 3212+ 3272+ 2720+ 225+ 32125+ 27 25+ 25

20000000 = F T 2+ 7
2123 sz3 32%23 252223 Z§Z3+2212§+zzz§ zlz4+sz4 27974+ 2277 Zp Zg +
zlz5+zfz5+zzz5 zlzzz5+z§z5 7123%Z5 Z4 Z5 + Z1 Zg 22%26+2226+212226+
212_2226 Z§Z6+ 321 23 Zg Z4 Zg 271 75 Zg + Z]_Zg 22254' Z] Z7 + 212_Z7+ ZfZ7+ Z]4_Z7+
32227+4212227+22%2227+22527+212527 71 23 Z7 22%2327 222327+z§27+2527+
Zp 25 Z7+ Zg Z7+ Z1 Zg Z7 22%26z7+222627+23z627+2527 z$+22225+212223+26z$
z?+22128 zfzS zf28+32228 321 25 Zg 22%2228 2212528+252528 271 23 Zg
Z] Zp Z3 Zg Zg Z3 28+ 27 Z4 Zg 212_ Zy Zg + Zp 24 Zg + Z3 Zg Zg + Zs Zg 212_ Z5 Zg Z] Zp Zs5 Zg +
73 Z5 Zg+ Zg Zg 271 Z6 28 ZSZ6ZS+221232628+Z4Z6ZS+212528 Z728 21277278 2527284'
Zp 27 Zg 421 Zp 27 28 212_ Zp Z7 Zg Z3 27 Zg 221 Z3 Z7 Zg Zp Z3 2728+ Z4 27 Zg+ Z1 Zs Z7 Zg

Z] Zg Z7 Zg 3 Z% Zg V4] Z% Zg + Z% Z% Zg Zy Z% Zg Z3 Z% Zg Zg Z% Zg Z% Zg 2 Z1 Zg Zf Zg

42 2 2 2 2 22 2 2 2 2 2.2 2
Z] Zg 32y Z5 71 Zp Zg z] Zp Zg z5 Zg zZ3zg + 327 2325 + 2223 Z5 z5 23 Zs Zg
222525 226z§+ zlzgz§+ 2zfz6z§+ 222625 232625 22725 2222725 212227z§

Z3Z7Z§ zlz§+zfz§ zzz§+2212223+23z§+z6z§+227z§ zlz7z§+zlz§+zzz§

30000101 = zf zf+ Zo+ Z1 Zp 2125 zfz§+ 27123+ 32%23+ 71 Zp Z3 + 2523
z§+sz4 Zp Z4 Z3Z4+ Zg 32%25 ZfZ5+22225+223Z5+2212325 2425+z§+26+
32126+3zfz6 Z2 Zg 212226+z§z6 32325 227426+ 32526+ 21 Z5 Zg 325 zlzg
Z7 71 Z7 2327 zf27+2227+212227 z§z7+23z7+2212327+3sz327 z§z7+2427
712427 2527 Zp2527+ 32527+ 3212627 + 252627 2273 Zg Z7 22% zlz$+ 2325
25z$+26z§ z% zg 321 2g 32%28+2528+22228 271 Zp Zg 252228+232228 2528+
212528 23284'32328"'2222328 271 Zp 73 78 Z§ZS+22428+212428+2222428 2275 Zg
32y 75 Zg 3222528+2232528+7Z6ZS+212628+2252628"'ZfZ6ZS+ZZZZ6ZS+ZlZZZ6ZS
2732628 271 232Z6 28+ Z4 Zg Zg 22528 212528 Tz728 5212728 32%2728+232728
25222728 2527284-4232728 71232728+ Zp 232728+ 3242728 5Z52z728+ Z1 Z52Z7 Zg+
92zg 2728+ 21 26 27 Z8 + Zp Zg 27 Z8 82528 2212528 z2z§28+ 232328 225’28 5z§

zlz§+ZZfz§+zfz§ 5222§+Zlezz§ zfzzz§+zlz§z§ 32123z§+24z§ zlz4z§

325z§+ 4zlz5z§ 2225z§+ z6z§ zfz6z§+ 322262§ 2326z§ 1227z§+ zlz7z§+
zfng 4ZZZ7Z§ 2327z§+22627z§ 7z$z§+zlz$z§+52123 22323 z4z§+225z§
27675 3717675+ 32723+ 271 2775+ 72 23+ 525 7174+ 22528 zZezi+ Sz7275 717y Z8

30001000 = 21 zf+ zf+ zf Zp 271 Zp z§+ 2125 71 Z3 2zf23 271 29 73+
Z Z4 z5+32525+zfz5 27275+ 7212025 2325 2712325+ Z4Zs zg 2271 Zg 22%26
Z1 Zp Zg Z]2_ Zp Zg+ Z3 26+ Zp23Z¢ Zs5Zg Z1 Z7 2212_ Z7+ Zf 77 2027 3212327+ 21 ZS Z7
71 Z3 Z7 Z]1 Zg Z7 + Z1 Zg Z7 471 g Z7 Zp Zg Z7 + Z3 Zg Z7 Zf Z% Z1 Zp Z% Zg + Z1 zg +
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22%28 22728+ 2277 75 23 ZszZg+Z§Zg+2ZIZ§ZS 2328 2212328+222328+2528+
22428 712428+ 225272429 32Z52Zg+ Z1 Zs Zg 252528 2757528 2737578 + 2Zg Zg
71 Zg Zg 22%2628+ S52zp2z528 + 221 202628 + 32326 2Zg + 22528+ 521 2728 + 252728

Zp 77 28 + 23 Z7 Zg 2252728+22328+4zlz§28+ z§28 22§+3zlz§ 22525 zfzg

32225+21222§ z§z§+2212325 2223z§ 225z§ zlz5z§+z6z§+22126z§+2226z§

7925+ 212925+ 77 2725 T2zp2928 732925 22627275+ 2575 377+ 7375+ 7573 +

22625 22725 22127z§+ zlz§+ ZZzzél Z7Z§+ zg

— 2.3 2
00000008 = Zi+ 21+ 2o+ 2712y 22123 ZpZat Z4t Zst+ 271 Zs+ Zet Z1 Zgt+ Zp Zet Zg
z7 2127+ zf 794+ Zp 27 2327+ 22527  Zg Z7 22% z1 z% z% Zg 71 Zg 22% Zg+ 2 74 Zg

2 2 2 2 2
ZeZg 271Z6Zg 22728 4712728 2732728 6262728 2528 2§ 27225 3ZsZg 27 Zgt

2 2 22 3 3 3 3 3,4 4 4 5, 6
32725+ 3212725+ 62525+ 223+ 22y 25+ zpzg+ dzgzg+ 32725 zZg Z1Zg Dzyzg Zgt Zg
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