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K inks in a non-linear m assive sigm a m odel
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W e describe the kink solitary waves ofa m assive non-linear sigm a m odelwith an S
2
sphere as

thetargetm anifold.O ursolutionsform a m odulispaceofnon-relativisticsolitary wavesin thelong

wavelength lim itofferrom agnetic linearspin chains.

PACS num bers:11.10. Lm ,11.27.+ d

I. T H E M A SSIV E N O N -LIN EA R S
2
-SIG M A

M O D EL

In this letter we shall concentrate on the 1D non-

linearS2-sigm a m odel:(a)The space-tim eisthe (1+ 1)-

dim ensionalR1;1 M inkowskispace. x�;� = 0;1 (x0 �

t;x1 � x) denotes a pointin R
1;1. W e choose the m et-

ricin the form g�� = diag(1;� 1)and thed’Alem bertian

reads: 2 = @
2

@t2
� @

2

@x2
. (b) The target (internal) space

is the S
2-sphere. This is in contrast with the original

G ell-M ann/L�evy m odelwhere the targetspace isS3 [1].

Three scalar �elds � = (� a),a = 1;2;3,de�ne a m ap

� :R 1;1 ! S
2 ifthey are constrained to the surface in

R
3:

�
2
1(x

�)+ �
2
2(x

�)+ �
2
3(x

�)= R
2 (1)

The action

S =

Z

dtdx

(
1

2
g
��

3X

a= 1

@�a

@x�

@�a

@x�

)

(2)

seem s to be sim ple but together with the constraint

(1)governsthe com plicated non-lineardynam icsoftwo

G oldstonebosonswith coupling constant 1

R
.In onespa-

tialdim ension,however,G oldstoneparticlesdo notexist

[2]. The infrared asym ptotics ofthe (1)-(2) system in-

ducesa potentialenergy density thatwechooseas:

V (�1;�2)=
�2

2
�
2
1(t;x)+


2

2
�
2
2(t;x) (3)

giving m asses� and 
 to the m asslessexcitations.

W ith no lossofgenerality,weassum ethat:�2 � 
2 >

0,and we de�ne the non-dim ensionalparam eter: �2 =


2

�2
,0 < �2 � 1,m easuring the ratio between particle

m asses. W e also re-scale the space-tim e coordinates to

address non-dim ensionalvariables: x� ! x
�

�
. Solving

the constraintthe action reads

S =
1

2

Z

dtdx

(
2X

�= 1

@��

@x�

@��

@x�
� �

2
1 � �

2
�
2
2

+

P 2

�= 1
(��@

���)
P 2

�= 1
(��@���)

R 2 � �21 � �22

)

(4)

Despite the potentialenergy density being quadratic,

therearetwohom ogeneousm inim aoftheaction (vacua):

the North and South Poles: �A = (0;0;R);�
�A =

(0;0;� R).Thus,the discretesym m etry ofthe action(4)

Z2� Z2 � Z2 generated by �a ! � �a,a = 1;2;3isspon-

taneously broken to Z2 � Z2 (generated by �� ! � ��,

� = 1;2). If the two m asses were equal, this unbro-

ken sym m etry would becom e the SO (2) rotation group

around the North-South Poleaxis.

II. T O P O LO G IC A L K IN K S

Using sphericalcoordinates,�1 = R cos’ sin�,�2 =

R sin’ sin�,�3 = R cos�,in thechartS2� f�Ag ofS2 the

energy ofstatic con�gurations: �(t;x) = �(x) 2 [0;�),

’(t;x)= ’(x)2 [0;2�),E =
R
dxE(�(x);’(x)),and the

potentialenergy density read:

E =

Z

dx

(
R 2

2

"�
d�

dx

� 2

+ sin2 �

�
d’

dx

� 2
#

+ V (�;’)

)

V (�(x);’(x))=
R 2

2
sin2 �(x)(�2 + (1� �

2)cos2 ’(x))

(5)

The con�guration space of the system C =�
M aps(R;S2)=E < + 1

	
isform ed by fourdisconnected

sectorsaccording to the tendency ofevery �nite energy

con�guration towardseitherthe North orSouth Poleat

the extrem esofthe spatialline x = � 1 .

Solutionsforwhich the tem poraldependence isofthe

form

�(t;x)= �

�
x � vt
p
1� v2

�

;’(t;x)= ’

�
x � vt
p
1� v2

�

for som e velocity v, are solitary or traveling waves.

Lorentz invariance provides allthe solitary waves from

the staticsolutionsofthe �eld equations

d2�

dx2
�
sin2�

2

�
d’

dx

� 2

=
sin2�

2

�
cos2 ’ + �

2 sin2 ’
�
(6)

d

dx

�

sin2 �
d’

dx

�

=
1� �2

2
sin2 � sin2’ (7)

O n the orbits’K 1
(x)= � �

2
(halfm eridians)the sys-

tem (6)-(7)becom esthe O DE ofthe pendulum and the

http://es.arxiv.org/abs/0808.3052v1
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separatrix trajectoriesbetween bounded and unbounded

m otion;

�
d2�

dx2
+
�2

2
sin2� = 0) �K 1

(x)= 2arctane� �(x� x0)

are the solitary wavesorkinks(attheircenterofm ass)

of�nite energy:E K 1
= 2R 2�,interpolating between the

North A and South �A Poles.Thus,thesekinksbelong to

a di�erentsectorin con�guration space than the vacua,

an evidentfactin Cartesian coordinates;seeFigures1-2

[10]:

�K 1(x)=

�

0;
1

cosh[�(x � x0)]
;� tanh[�(x � x0)]

�

Φ1

Φ2

Φ3
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Figure 1: a) K 1 and K 2 (�
2
=

1

2
)kink orbits. b)K 1 (blue)

and K 2 (red)kink energy densities

Figure2:a)K 1 kinks.b)Perspectivefrom onecom ponentof

the boundary ofthe target sphere � the spatialline in�nite

cylinder: S
2
� R. The m eridian ’K 1

= �

2
, ’K 1

= � �

2
is

plotted asorthogonalto the spatialline.

Thehalf-m eridians’K 2
(x)= 0 or’K 2

(x)= � arealso

good trialorbitsin thesensethatthey providenew kinks

of�nite energy E K 2
= 2R 2

�
d2�

dx2
+
1

2
sin2� = 0 ) �K 2

(x)= 2arctane� (x� x0)

via �niteaction solutionsofanotherpendulum equation.

These solitary waveslive in the sam e sectorofthe con-

�guration spaceasthepreviousonesand look sim ilarin

Cartesian coordinates;seeFigures1-3:

�K 2(x)=

�
1

cosh(x � x0)
;0;� tanh(x � x0)

�

Atthe � = 1 lim it,allthe halfm eridians�K �
(x)= ’ 2

[0;2�)aregood trialorbitsand thereisa one-param etric

fam ily ofsolitary waves:�K ’
(x)= 2arctane� (x� x0),

�K ’ (x)=

�
cos’

cosh(x � x0)
;

sin’

cosh(x � x0)
;� tanh(x � x0)

�

degenerated in energy:E K ’
= 2R 2,8’.

Figure3:a)K 2 kinks.b)Perspectivefrom onecom ponentof

the boundary ofthe in�nite cylinder: S
2
� R. The m eridian

’K 2
= 0,’K 2

= �,isplotted aligned with the spatialline.

III. T H E N O N -LIN EA R M A SSIV E SIG M A

M O D EL IN ELLIP T IC C O O R D IN A T ES O N T H E

SP H ER E

W ecould now try to search form orekinkseven in the

case�2 < 1ofdistinctm assesby usingRajaram an’strial

orbitm ethod [3],butinstead weshallpro�tfrom thefact

thatthe O DE system (6)-(7)is integrable using elliptic

coordinatesin theS2 sphere.In S2 we�x thetwo points:

F1 � (�f;�),F2 � (�f;0),�f 2 [0;�
2
). The distance

between them is:d = 2f = 2R�f < �R,seeFigure4.
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�����

A
�

A

Figure 4: Fociand antipodalfociof the elliptic system of

coordinateson the sphere.

G iven a point� 2 S
2,letusconsiderthe distancesr1 2

[0;�R]and r2 2 [0;�R]from �toF 1 and F2.Theelliptic

coordinatesof� arehalfthesum and halfthedi�erence

ofr1 and r2:� � (u = r1+ r2
2

;v = r1� r2
2

).Theform ulae

�1(t;x)=
R

sf
susv; �2(t;x)=

R

cf
cucv

�3(t;x)= � R

r

1�
su2 sv2

sf
2

�
cu2 cv2

cf
2

allow one to passfrom elliptic to Cartesian coordinates.

Here,a sim pli�ed notation isused:su = sin
u(t;x)

R
,cu =

cos
u(t;x)

R
,sv = sin

v(t;x)

R
,sf= sin�f,etc.Thedi�erential

arc-length in S2 in thissystem ofcoordinatesis

ds
2
S2
=
1

2
�
su2 � sv2

su2 � sf
2
� du

2 +
1

2
�
su2 � sv2

sf
2
� sv2

� dv
2

Choosingthefociin such away thatcf
2
= �2,theenergy

density ofoursystem in elliptic coordinatesreads:

E[u;v] =
1

2

"
su2 � sv2

su2 � sf
2

�
du

dx

� 2

+
su2 � sv2

sf
2
� sv2

�
dv

dx

� 2
#

�
f(u)+ g(v)

su2 � sv2
(8)
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f(u(x))= R
2

2
su2(su2 � sf

2
),g(v(x))= R

2

2
sv2(sf

2
� sv2).

The m echanical analogy dem ands that we think of

E as the Lagrangian, x as the tim e, U [u(x);v(x)] =

� V [u(x);v(x)]as the m echanicalpotentialenergy,and

the target m anifold S
2 as the con�guration space. The

structure ofE[u;v]is such that we are dealing with a

Type ILiouvillem odel[4]on the sphere,i.e.,a dynam i-

calsystem which isHam ilton-Jacobiseparablein elliptic

coordinates. The kink orbits (�nite action trajectories)

and thekink pro�les(\tim e" schedulesofthesetrajecto-

ries)are given in the Ham ilton-Jacobifram ework [5]-[6]

via the quadratures:(pu =
@E

@ _u
,pv =

@E

@ _v
)

Z
sg(pu)du

q

2(su2 � sf
2
)f(u)

�

Z
sg(pv)dv

q

2(sf
2
� sv2)g(v)

= R
2

2

Z
sg(pu)su

2 du
q

2(su2 � sf
2
)f(u)

�

Z
sg(pv)sv

2 dv
q

2(sf
2
� sv2)g(v)

= x + 
1

IV . N O N -T O P O LO G IC A L K IN K S

In this way we �nd a fam ily ofnon-topologicalkink

(NTK ) orbits by integrating the �rst quadrature (they

start and end either at the North or the South Pole,

they livein thevacua sectorsofthecon�guration space)

param etrized by theintegration constantC = eR
2

2 sf

2

:

C =

2

6
4

�
�
�tan

u� f

2R
tan

u+ f

2R

�
�
�

1

2 cf

jtan u

2R
j

3

7
5

sgpu 2

6
4

jtan v

2R
j

�
�
�tan

v� f

2R
tan

v+ f

2R

�
�
�

1

2 cf

3

7
5

sgpv

The kink pro�lesofthese non-topologicalsolitary waves

given by the integration ofthe second quadrature

e
2(x+ 
1)cf =

�
�
�tan

u� f

2R
tan

u+ f

2R

�
�
�
sgpu

�
�
�tan

v� f

2R
tan

v+ f

2R

�
�
�
sgpv

depend on one integration constant,
1,which sets the

centerofeach kink,seeFigures5 and 6.

Figure 5: a) A K 
2
(j
2j< 1 )NTK kink. b) Perpendicular

crosssection ofthe �eld variation.

TheHam ilton-Jacobim ethod also providestheenergy

ofthe NTK .The Ham ilton characteristic function (the

F2

A

A
�
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����
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Figure 6:a)SeveralNTK kink orbits.b)NTK energy densi-

tiesforthree di�erentvaluesof
2:1)
2 = � 3,highestpeak

on the left (blue) 2) 
2 = 0,sym m etricalpeaks (green) 3)


2 = 10 highestpeak on the right(red).

solution ofthe Ham ilton-Jacobistationary equation)for

zero m echanicalenergy is:

F (u)+ G (v)= (� 1)sgpu R cos
u

R
+ (� 1)sgpv R cos

v

R

From this function we com pute the energy ofthe NTK

kinks:

E K (
2) = 2R jG (0)� G (f)j+ 2R jF (f)� F (� � f)j

AlltheNTK kinkshavethesam eenergy and satisfy the

kink m asssum rule:

E K (
2) = 2R 2(1+ �)= EK 2
+ E K 1

K 1 and K 2 aresingularkinksthatariseatthe
2 ! j1 j

lim it ofthe NTK kink m odulispace. Their orbits lie

on the boundary ofthe elliptic rectangle and the v = 0

axis,seeFigure7.TheK 1 kink orbitisthe straightline

vK 1
(x)= 0.The K 2 kink orbit,however,isa three-step

trajectory:the u = f,u = � � f,and v = � f edgesof

the rectangle.

O bserve that all the NTK orbits starting from the

North Pole A (South Pole �A) m eet at one of the an-

tipodalfoci �F1-�F2 (fociF1-F2),which arethusconjugate

pointsto the Poles.According to the M orseindex theo-

rem ,thesekinksareunstable,see[7],[8].TheK 2 orbits

also crossthefociand only thekinksoftypeK 1 aresta-

ble.

-f 0 f

f

Π-f

KA-F-A

KA A
���

KAA

v

u

F1 F2

F2
�����

F1
�����

A
�

A

Figure 7: Singular (red and green) and generic (blue) kink

orbitsin the elliptic rectangle.
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V . SO LITA R Y SP IN W AV ES

The W ess-Zum ino action

SW Z = R
2

Z

dtdx

3X

a= 1

A a[�(t;x)]
@�a

@t
(t;x)

producesthe Euler-Lagrangeequation:

@A a

@t
=

3X

b= 1

�
�Ab

��a
�
�Aa

��b

�

�
@�b

@t
=

3X

b= 1

3X

c= 1

"abcB c[�]�
@�b

@t

W echoosethenon-nullcom ponentsofthe\vectorpoten-

tial" in the North and South hem ispheres ofthe target

spacein the form (using "�� = � "��,"12 = 1):

A
�

� [�(t;x)]= �

2X

�= 1

"��
��(t;x)

2R(�3(t;x)� R)
;� = 1;2

A \m agnetic m onopole �eld" arisesin the targetspace:

B a[�(t;x)] =
�a (t;x)

R 3 . The com bined Euler-Lagrange

equationsforSW Z + S are:

1

R

3X

b= 1

3X

c= 1

"abc�c(t;x)
@�b

@t
(t;x)+ 2�a(t;x)+

�V

��a
(t;x)= 0

(9)

Atthe long wavelength lim it! < < 1

R
,system (9)be-

com estheLandau-Lifhsitzequationsforferrom agnetism

with a dispersion relation:!2(k)= R 2(k2 + 1)(k2 + �2).

The connection between the sem i-classical (high-spin)

lim it ofthe Heisenberg m odelwith the quantum non-

linear sigm a m odel is well established [9]. Thus, our

kinks,which arealso static�niteenergy solutionsof(9),

aresolitary spin wavesin thelow-energy regim eofquan-

tum ferrom agnets,although the sym m etry iscontracted

from Lorentzian to G alilean.

V I. C O N C LU SIO N S

In thisletterwehavereached thefollowingconclusions

aboutthekink m anifold ofthe1D m assivenon-linearS2-

sigm a m odel:

1.Ifthem assesofthepseudo-G oldstoneparticlesare

equal,thereexista S1-fam ily (�xed thekink center

ofm ass)oftopologicalkinksdegenerated in energy

living on allthe half-m eridians of the S
2-sphere.

W hen them assesdi�er,only two pairsoftopologi-

calkinkssurvive,each pairofkinkshaving distinct

energy.

2.Even ifthe m asses ofthe pseudo-G oldstone par-

ticles are di�erent,we have shown that there ex-

ista one-param etricfam ily (for�xed CM )ofnon-

topologicalkinks degenerated in energy by using

elliptic coordinateson the S2-sphere.

3.It is also shown that there is a curiouskink m ass

sum rulebetween thenon-topologicaland topolog-

icalkinksand thatonly oneofthetopologicalkink

pairsisform ed by stablekinks.

4.Finally,wehavenoticed by addingaW ess-Zum ino-

type term to the action thatourkinksaresolitary

spin waves in the long wavelength lim it offerro-

m agneticm aterials.
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