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A bstract

In thispaperwestudythestructureofthem anifold ofsolitarywavesin som edeform ationsofSO (2)

sym m etric two-com ponentscalar�eld theoreticalm odels in two-dim ensionalM inkowskispace. The

deform ation ischosen in orderto m ake the analogousm echanicalsystem Ham ilton-Jacobiseparable

in polarcoordinatesand displaysa singularity attheorigin oftheinternalplane.Theexistenceofthe

singularity confersinteresting and intriguing propertiesto the solitary wavesorkink solutions.

1 Introduction

Solitary wavesareattheheartofastonishingphenom enain diversephysicalsystem sthatcan bem odeled

by non-linearequations.Forinstance,they describethe behaviorofinterfacesin m agnetic m aterials[1]

and in ferroelectric crystals [2]in Condensed M atter. Solitary waves have biotechnicaland biom edical

applications [3]and also seed the form ation ofstructuresin Cosm ology [4]. In severaldisguises,kinks,

topological defects, dom ain walls, m em branes, solitary waves arise in m any branches of Theoretical

Physics [5,6]. For this reason,the search for solitary waves in som e types ofPDE is an active topic

in non-linearscience.Am ong these equationswe�nd the non-linearK lein-G ordon equation,extensively

cited in the physicalliterature [7,8].Thisequation,generalized to N -realscalar�elds,readsasfollows:

@2�a

@t2
�
@2�a

@x2
+

@U

@�a
= 0 a = 1;2;:::;N ; (1)

where U (�1;:::;�N )isa potentialfunction ofthe scalar�elds�a,whereas
@U
@�a

are non-linearfunctions

ofthe�elds.PDE (1)can beunderstood astheEuler-Lagrangeequationsassociated with thefunctional

action

S =

Z

d
2
x

"
1

2

NX

a= 1

@��
a
@
�
�
a
� U (�1;:::;�N )

#

governing the dynam ics ofa (1+ 1) dim ensionalscalar �eld theory. In this fram ework,a solitary wave

is a localized non-singular solution ofthe non-linear �eld equation (1) whose energy density,as wellas

beinglocalized,hasspace-tim e dependence ofthe form :"(t;x)= "(x� vt),where vissom e velocity vector

according to Rajaram an [8]. Use ofLorentz invariance allows us to investigate the existence ofsom e

kindsofsolitary wavesby reducing PDE (1)to thefollowing O DE:

@2�a

@x2
=

@U

@�a
a = 1;2;:::;N : (2)
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Therefore,thesearch forsolitary wavesorkinks,�niteenergy solutionsto thestatic�eld equations(2),is

tantam ountto solving a analogousm echanicalproblem fora unit-m asspointparticle m oving in a plane

with coordinates� = (�1;�2)underthe inuence ofa potential� U (�),ifthe variable x playsthe r̂ole

of\tim e" [8].

Thesine-G ordon and �4 m odels,profusely dealtwith in theliterature,arethebasicexam plesof(1),

respectively governed by the PDE equations:

@2�

@t2
�
@2�

@x2
+ sin� = 0

@2�

@t2
�
@2�

@x2
+ 2�(1� �

2)= 0 :

The corresponding potentialterm s are U (�)= 1� cos� and U (�)= 1

2
(�2 � 1)2 and for both system s

solitary or traveling wave solutions exist: the wellknown sine-G ordon soliton and �(�)4
2
kink. The

peculiar non-dispersive character ofthese non-linear waves is related to the structure ofthe set M of

zeroesofthe potentialU (�).M isa discrete setwith m ore than one elem ent.The �eld pro�le ofthese

solitary wavesconnectstwo elem entsofM asym ptotically.Forinstance,thekink �K (x)= � tanhx in the

�4 m odelinterpolatesbetween thetwo zeroes�� = � 1 ofU (�):�K (x = � 1 )= � 1,�K (x = 1 )= � 1.

O bviously,the greater the num berofelem ents in M ,the richer the solitary wave variety. Thus,other

m odelshave been considered in the literature in the search forthese kindsofnon-linearwaves,such as

the �6 m odelwith potentialU (�)= 1

2
�2(�2 � 1)2,the �8 m odelwith U (�)= 1

2
(�2 � 1)2(�2 � a2)2 in

the one-com ponentscalar�eld theory fram ework [9]and,m ore recently,polynom ialinteractionsofany

orderbuiltfrom Chebyshev polynom ials[10].

Anotherway ofobtaining a richerstructure in the setM ,and hence in the solitary wave m anifold,

is to increase the dim ension ofthe internalspace, i.e,by considering theories with m ore scalar �eld

com ponents.Thisisan im portantqualitative step,asnoted by Rajaram an [8]:Thisalready bringsusto

the stage where no generalm ethodsare available forobtaining alllocalized static solutions,given the �eld

equations.However,som e solutions,butby no m eansall,can be obtained fora classofsuch Lagrangians

using a little trialand error.

Straightforward generalization ofthe�4 and �8 m odelsto two-com ponentscalar�eld theory leadsto

thepotentialenergy densities:

v
(A )(�1;�2) = (�21 + �

2
2 � 1)2 (3)

v
(B )(�1;�2) = (�21 + �

2
2 � 1)2(�21 + �

2
2 � a

2)2 : (4)

The action functionalis invariant under SO (2) rotations in the �1 � �2 internalplane. The zeroes of

v(A ) and v(B ),however,are not invariant under the SO (2) action and the orbits,M ,are continuous

m anifolds in these cases: M (A ) = SR = 1
1

,M (B ) = SR = 1
1

[ SR = a
1

,respectively. G oldstone bosons arise

in the process ofquanti�cation in this situation. Colem an proved in [11]that there are no G oldstone

bosonsin a sensiblescalar�eld theory on theline.Theinfrared asym ptoticbehaviorofquantum theory

would requirethem odi�cation ofthepotentialsv(A ) and v(B ) in such a way thattheirm anifold ofzeroes

becom esa discreteset.Thus,thee�ectofquantum uctuationsisto add perturbationsto thepotentials

(3)and (4)

U (�1;�2)= v
(A ;B )(�1;�2)+ w(�1;�2)

such that the SO (2) sym m etry is explicitly broken down into discrete subgroups -acting on the new

discretesetsofzeroes-whereastheU (�1;�2)potentialenergy density rem ainsa non-negativeexpression.

There are som e m odels in the literature that m atch these features. The beststudied is the M STB

m odel,with potentialenergy density:

UM STB(�1;�2)= v
(A )(�1;�2)+ �

2
�
2
2 ;

where � isa non-dim ensionalparam eter.Itwas�rstproposed by M ontonen [12]and Sarker,Trullinger

and Bishop [13].Rajaram an and W einberg [14]discovered two kindsofkinksby the trialorbitm ethod;
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theTK 1 (one-topologicalkinks)-tracing a straightlinetrajectory in the analogousm echanicalsystem -

and theTK 2 (two-com ponenttopologicalkinks)-running through sem i-elliptic orbitsin them echanical

system .Theseenquirieswerefollowed by num ericalanalysis[15,16]and with thism ethod Subbaswam y

and Trullinger found the existence ofa whole fam ily oftwo-com ponent non-topologicalkinks,which

were nam ed as NTK .M oreover,they discovered an unexpected fact: the NTK energy is equalto the

addition ofthe TK 1 and TK 2 energies. Thisrelation is known as the kink m ass\sum rule". In 1985,

Ito explained allofthese issuesanalytically.Thecrux ofthe m atteristhe separability oftheHam ilton-

Jacobiequation using elliptic coordinates in the analogous m echanicalsystem [17,18,19,20]. Unlike

m odels with only one scalar �eld,system s with two or m ore scalar �elds have analogous m echanical

system sthatare generically non-integrable. The analogousm echanicalsystem ofthe M STB m odelisa

com pletely integrableTypeILiouvillem odel-separablein ellipticcoordinates-and allthesolitary waves

can befound analytically .O therm odelsexhibiting sim ilarpropertieshavebeen addressed in References

[21,22,23].Thegeneralization ofthiskind ofm odelto three-com ponentscalar�eld theory isstudied in

[24,25,26].

Thegoalofthiswork isto identify thevariety ofsolitary wave orkink solutionsin a broad fam ily of

m odelsarising from perturbationsoftheSO (2)sym m etrictwo-com ponentscalar�eld �4 and �8 m odels

(3)and (4). The strategy willbe to dealwith analogousm echanicalsystem sofLiouville Type II,i. e.,

with Ham ilton-Jacobiequationsseparable in polarcoordinates. These deform ationsnecessarily involve

a singularity attheorigin ofthecon�guration spacein them echanicalsystem ,equivalently,attheorigin

ofthe internalplane in the �eld theoreticalm odel. Strictly speaking,the perturbation does not exist

asa properfunction when �1 = �2 = 0 because the lim itofw(�1;�2)when both �1 and �2 are zero is

either 0 or 1 ,depending on the path followed to reach w(0;0). This m athem aticalpathology confers

new and intriguing propertiesto solitary wave solutions. For exam ple,certain kink pro�lesconnecting

identicalvacuum pointsin internalspaceasym ptotically cannotbedeform ed into each othereven though

they belong to thesam etopologicalsectorin thecon�guration space.Trajectoriesm oving away from the

origin involve in�nite energy and som e kink solutionsbehave asstringspinned atone pointin internal

space. Nevertheless,we shallshow that in the four m odels that we discussed here there is a plethora

ofkink orsolitary wave solutions,including topologicaland non-topologicalkinks,one-param etric kink

fam ilies,and singularsolutions.

Theorganization ofthe paperisasfollows:In Section x2 we shalldescribethem odelsto bestudied

from a generic point ofview. W e shalldiscuss the generalproperties ofthese m odels and state three

interesting results.In Sectionsx3,x4,x5 and x6 weshalldealwith theparticularm odelsthatcorrespond

to two perturbationsof(3)and (4). Applying the procedure explained in Section x2,we shalldescribe

in detailthe solitary wave solutionsarising in these system sand unveiltheirhidden structure.

2 G eneralities

In them odelsthatwe shallstudy,the(non-dim ensional)scalar�elds,

~�(x0;x1)= (�1(x0;x1);�2(x0;x1)):R
1;1

! R
2

are m aps from (1+ 1)-dim ensionalM inkowskian space-tim e R1;1 to the R2 internalspace. The action

functional

S =

Z

d
2
x

"
1

2

2X

a= 1

@��
a
@
�
�
a
� U (�1;�2)

#

(5)

isinvariantunderthe Poincar�e transform ationsacting on R
1;1,whereasthe rem aining sym m etry trans-

form ations ofour m odels belong to the subgroup ofSO (2) rotations in the internalplane R2 that do

not change U (�1;�2). O ur convention for the m etric tensor com ponents in M inkowskispace R
1;1 is
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g00 = � g11 = 1,g12 = g21 = 0 and only non-dim ensionalparam eterswillbe considered throughoutthe

paper.

A \point" in thecon�guration spaceofthesystem isa con�guration ofthe�eld of�niteenergy;i.e.,

a pictureofthe�eld ata �xed tim e such thattheenergy E ,theintegraloverthe realline oftheenergy

density,

E [~�]=

Z 1

� 1

dxE[~�] ; E[~�]=
1

2

�
d�1

dx

� 2

+
1

2

�
d�2

dx

� 2

+ U (�1;�2) (6)

is�nite.Thus,thecon�guration space isthe setofcontinuousm apsfrom R to R 2 of�niteenergy:

C =

n
~�(x)2 M aps(R;R2)=E < 1

o

:

In orderto belong to C,each con�guration m ustcom ply with the asym ptotic conditions

lim
x! � 1

~� 2 M lim
x! � 1

d~�

dx
= 0 ; (7)

whereM isthesetofzeroes(m inim a)ofthe potentialterm U (~�).

W e shallanalyze four di�erentm odels,deform ing the �4 and �8 potentialenergy densities (3)and

(4)by two classesofperturbations:

w
(1)(�1;�2) =

�2�22

(�2
1
+ �2

2
)2

(8)

w
(2)(�1;�2) =

�2

2(�2
1
+ �2

2
)

 

1�
�1

p
�2
1
+ �2

2

!

; (9)

where� isa non-dim ensionalcoupling constantofthe system .Thus,we considerfourdistinctpotential

energy densitiesU (�1;�2)labelled asfollows:

U
(IJ)(�1;�2)= v

(I)(�1;�2)+ w
(J)(�1;�2) ; (10)

whereI = A;B and J = 1;2.

An im portantrem ark should bem adehere:both w (1) and w (2) aresingularattheorigin.Thelim itof

w (2)(�1;�2)when �1 ! 0,�2 ! 0 isalwaysin�nite,independently ofthepath chosen in R 2 to approach

the origin. lim (�1;�2)! (0;0)w
(1)(�1;�2) is,however,�nite,zero,ifthe origin is approached through the

abscissa axis�2 = 0,butitisequalto in�nity forany otherapproaching path. Therefore,�eld pro�les

passing through the origin have in�nite energy and are excluded from the con�guration space in allof

fourcases,except�eld con�gurationssuch thatalltheirderivativesalong the�2 axisattheorigin vanish

when the perturbation chosen isw (1).

The invariance ofthe system ofO DE (2) under spatialtranslations, x ! x � x0 and reections

x ! � x m akes it convenient to abbreviate the notation: �x = (� 1)�(x � x0),x0 2 R,� = 0;1. In this

m anner,we shalldescribe a whole fam ily ofkinksand anti-kinkswith theircenterslocated atarbitrary

pointson the line,becausethese sym m etry transform ationsbring solutionsinto solutions.

The use ofpolar coordinates in the internalspace R2 is suggested by the SO (2) invariance ofv(A )

and v(B ) aswellasby the choice ofperturbationsw (1) and w (2). Thissystem ofcoordinatesisde�ned

by the di�eom orphism

� : R
+ � S1 �! R

2

(R 0;’0) �! (�01;�
0
2)

�
��(�1)= R cos’

��(�2)= R sin’

0 � R = +

q

�2
1
+ �2

2
� 1 ; 0� ’ = arctan

�2

�1
< 2� :
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By using polarcoordinates,v(A ),v(B ),w (1) and v(2) becom e:

f
(A )(R)= �

�
v
(A ) = (R 2

� 1)2 ; f
(B )(R)= �

�
v
(B ) = (R 2

� 1)2(R 2
� a)2 ;

1

R 2
g
(1)(’)= �

�
w
(1) =

�2

R 2
sin2’ ;

1

R 2
g
(2)(’)= �

�
w
(2) =

�2

R 2
sin2

’

2
:

Thus,the �rst sum m and in (10) is a function f(I)(R) that depends only on the radialvariable. The

second sum m and in (10) is the product ofa function g(J)(’) depending only on the angular variable

tim esthesquareofthe inverse ofR:

�
�(U (IJ))= f

(I)(R)+
1

R 2
g
(J)(’) : (11)

W e shallrefer to this class ofsystem s as Type II Liouville m odels after the type oftheir analogous

integrable m echanicalsystem s[27]. W e see the reason forthe inevitability ofthe singularity atR = 0:

the factor 1

R 2 in the second sum m and ofU (IJ)(R;’).In w (1),however,the singularity isnotseen ifthe

origin isreached through the paths’ = � and ’ = 0.In the othercase,w(2),only passing through the

origin via ’ = 0 killsthesingularity,butthereisno continuousway outand the\particle" would becom e

entrapped by thesingularity.

Thegeneralstructureofthe setM ofzeroesofthe potentialenergy density iseasy to unveil:��(U )

vanishesifand only ifthetwo sum m andson the righthand sideofform ula (11)are zero.Thus,

�
�
M = f(R i;’j)2 R

+
� S

1
=f

(I)(R i)= 0 ; g(J)(’j)= 0 ; i= 1;:::;M ; j= 1;:::;N g

and the M � N points(R i;’j)2 ��M lie on the knotsofa lattice where the lathsare the two sets of

perpendicularstraightlines:

rR = fR = R i;i= 1;:::;M g and r’ = f’ = ’j;j= 1;:::;N g :

These linesare separatrix curves1: there are no bounded trajectories crossing these boundaries. In the

�eld theoreticalcontext,static solutionsare also enclosed in these dom ains.

Using polarcoordinates,the energy functionalreads:

�
�
E =

Z "
1

2

�
dR

dx

� 2

+
1

2
R
2

�
d’

dx

� 2

+ f(R)+
1

R 2
g(’)

#

: (12)

O ne can think ofthis functionalin (12) either as the static energy ofthe scalar �eld or,alternatively,

as the action functionalfor a particle ofunit m ass and (R;’) position coordinates m oving under the

inuenceofa potential� ��U (R;’)= �
�
f(R)+ 1

R 2g(’)
�
with evolution param eterx.Thus,them otion

equationsofthisanalogousm echanicalsystem are theO DE system :

d2R

dx2
=
df(R)

dR
; R

2d
2’

dx2
+
dR

dx

d’

dx
=
dg(’)

d’
: (13)

Lorentzinvarianceguaranteesthat�niteaction solutionsof(13)aretraveling wavesofthescalar�eld

theory with theircenterofm asslocated atthe origin;Lorentz and translation transform ationsprovide

allthe solitary wave solutionsofthe system obtained from the static onesby applying the appropriate

transform ations.

To solve the O DE (13),we take advantage ofthe existence oftwo independent�rst-integrals in the

m echanicalsystem ,nam ely:

I1 =
1

2

�
dR

dx

� 2

+
1

2
R
2

�
d’

dx

�2

� f(R)�
1

R 2
g(’) ; I2 =

1

2
R
4

�
d’

dx

� 2

� g(’) : (14)

1
Technically,these curvesare envelopesofseparatrix trajectoriesofthe analogousdynam icalsystem .
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I1 and I2 arerespectively theenergy and thegeneralized angularm om entum in theanalogousm echanical

system . W ritten in polar coordinates,the asym ptotic conditions (7) guaranteeing �nite energy in the

�eld theory m odelread:

lim
x! � 1

(R(x);’(x))= (R i� ;’j� )2 �
�
M ; lim

x! � 1

dR

dx
(x)= 0 ; lim

x! � 1

d’

dx
(x)= 0 : (15)

Thus,I1(x = � 1 )= 0 and I2(x = � 1 )= 0;because I1 and I2 are invariantsofthe m echanicalsystem

they vanish forevery pointx 2 R.Therefore,solitary wave solutionsofscalar�eld theory arein one-to-

one correspondence (m odulo Lorentz boosts)with the trajectories ofthe m echanicalanalogous system

such thatI1 = 0,I2 = 0,i.e.,trajectoriessolving the following �rst-orderO DE system :

dR

dx
= (� 1)�

p
2f(R) ;

d’

dx
= (� 1)�

1

R 2

p
2g(’) ; �;� = 0;1 : (16)

W enow statethe�rstresultconcerning thestructureofthesolitary wavevariety in TypeIILiouville

m odels:

Proposition 1.-Thereexistkink orsolitary wave solutionswhoseorbitslieon theseparatrix straight

lines. K ink orbits are oftwo kinds: 1) those connecting two elem ents (R i;’j) and (R i+ 1;’j) ofM

through a straightsegm ent(R(x);’j)(angularraysin theCartesian internalplane)and 2)thosejoining

the vacuum points(R i;’j)and (R i;’j+ 1)through the straightline (R i;’(x))(circleson the Cartesian

internalplane).

The proofiseasy: note thatthe vanishing ofthe �rstintegrals I1 = 0;I2 = 0 along the kink orbits

and the assum ption ofthe existence ofsolutionswhose orbitisR = R i or’ = ’j on the polarinternal

plane,R iand ’j being respectively rootsofthefunctionsf(R)and g(’),arecom patibleconditions.W e

distinguish two possiblecases:

� IfR = Ri,

I1 =
1

2
R
2
i

�
d’

dx

�2

�
1

R 2
i

g(’)= 0 =
1

R 2
i

I2

holdsand theproblem of�nding thetim e-scheduleorkink form factorissolved by thequadrature:

G [’]=

Z
d’

p
2g(’)

; ’
K (x)= G

� 1

�
�x

R 2
i

�

:

� If’ = ’j,the two invariantsbecom e

I1 =
1

2

�
dR

dx

� 2

� f(R)= 0 ; I2 =
1

2
g(’j)= 0 :

The vanishing ofI2 turnsinto a identity butthe �rst-orderequation annihilating I1 providesthe

kink form factorby m eansofthequadrature:

F [R]=

Z
dR

p
2f(R)

; R
K (x)= F

� 1(�x) :

To obtain allthe separatrix orbits-those forwhich I1 = 0 and I2 = 0,in Type IILiouville m odels-

itis convenient to apply the Ham ilton-Jacobiprocedure because the HJ equation isseparable in polar

coordinatesand allthetrajectoriescan befound by quadratures.Thegeneralized m om enta arepR = dR

dx

and p’ = R 2d’

dx
,whereasthem echanicalHam iltonian (orHam iltonian energy density in the�eld theory)

is:

H = hR +
1

R 2
h’ ; hR =

1

2
p
2
R � f(R) ; h’ =

1

2
p
2
’ � g(’) :

6



The ansatz ofseparation ofvariablesJ = JR (R)+ J’(’)� i1x forthe Ham ilton principalfunction

J convertsthe PDE Ham ilton-Jacobiequation

@J

@x
+ H

�
@J

@R
;
@J

@’
;R;’

�

= 0

into the O DE system :

1

2

�
dJR

dR

� 2

� f(R)�
i2

R 2
= i1 ;

1

2

�
dJ’

d’

� 2

� g(’)= � i2 ; i1;i2 2 R : (17)

Therefore,the Ham ilton characteristic function isgiven by thequadratures

JR (R)= sign(pR )
p
2

Z

dR

r

f(R)+ i1 +
i2

R 2
; J’(’)= sign(p’)

p
2

Z

d’
p
g(’)� i2 ;

and thekink solutionscom ply with theequations:

� \O rbit" equation:@J
@i2

�
�
�
i1= 0= i2

= 1,

sign(pR )

Z
dR

R 2
p
2f(R)

� sign(p’)

Z
d’

p
2g(’)

= 1 (18)

� \Tim e schedule":@J
@i1

�
�
�
i1= 0= i2

= 2,

sign(pR )

Z
dR

p
2f(R)

= x + 2 : (19)

To unveil how the special orbits R = R i and ’ = ’j are hidden in the fam ily of trajectories

param etrized by 1 and 2,itisusefultoshow explicitly theconnection between thesystem sofequations

(16)and (18)-(19).To ful�lthisgoal,wederive from (16)three identities:

Z
dR

p
2f(R)

= �x (20)

Z
dR

(� 1)�R 2
p
2f(R)

=

Z
dx

R 2(x)
+ c (21)

Z
d’

(� 1)�
p
2g(’)

=

Z
dx

R 2(x)
+ d (22)

Itis clear that(20)is equalto (19),whereassubtracting (22)from (21)one obtains(18)if1 = c� d

and sign(p’)= (� 1)�. The straightline orbitsarise when j1j= 1 . In thislim it,the (18)-(19)system

m akessenseonly if(a)’(x)= ’j istheorbit,g(’j)= 0,and thetim eschedule(kink form factororkink

pro�le)isobtained by integrating (19);(b)R(x)= R i isthe orbit,f(R i)= 0,and the tim e schedule is

obtained by integrating (22). Thus,the specialstraightline orbitsare atthe boundary ofthe fam ily of

kink trajectories.

Because the kink energy is the action ofthe associated separatrix trajectory in the analogous m e-

chanicalsystem {jJR j+ jJ’jcom puted along the kink path{ we state:

Proposition 2.- The energy associated to a kink or solitary wave solution in the Type II Liouville

m odelsis:

E[�(x)]=

�
�
�
�
�

Z

�r(�
��)

dR
p
2f(R)

�
�
�
�
�
+

�
�
�
�
�

Z

�’ (�
��)

d’
p
2g(’)

�
�
�
�
�

:
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Here,�R and �’ are the projectors onto the R-and ’-axes in the polar cylinderR+ � S
1;application

ofthese projectorsto the x-param etrized kink pathsallowsusto trade the path integration along com -

plicated curves by the sum ofintegrations along straight R(x) = R i and ’(x) = ’j lines. This is the

rationale underlying the kink energy sum rules:allthe kinksorcom binationsofkinkshaving the sam e

projectionsto thepolaraxescarry the sam eenergy.

To close this Section on generalities, we briey describe how the analogous m echanicalsystem is

related to supersym m etry.In supersym m etricclassicalm echanicsalltheinteractionsarederived from a

superpotentialW (�1;�2)[28,29],related to the m echanicalpotentialenergy through the equation:

U (�1;�2)=
1

2

�
@W

@�1

�2

+
1

2

�
@W

@�2

� 2

: (23)

This is no m ore than the Ham ilton-Jacobiequation for i1 = 0 ofa m echanicalsystem with ipped

potentialenergy V (�1;�2) = � U (�1;�2) (precisely as in the analogous m echanicalsystem ),and the

superpotentialistantam ountto theHam ilton characteristic function.Them echanicalaction reads:

E =
1

2

Z

dx

�
d�1

dx

d�1

dx
+
d�2

dx

d�2

dx
+
@W

@�1

@W

@�1
+
@W

@�2

@W

@�2

�

and thiscan bearranged a0la Bogom olny [30]:

E =
1

2

Z

dx

"�
d�1

dx
�
@W

@�1

� 2

+

�
d�2

dx
�
@W

@�2

� 2
#

+

Z �

d�1
@W

@�1
+ d�2

@W

@�1

�

:

Thus,theBogom olny bound E B =
�
�
R
dW

�
�isattained bysolutionsofthe�rst-orderdi�erentialequations:

d�1

dx
=
@W

@�1
;

d�2

dx
=
@W

@�2
: (24)

Becausea �rst-orderO DE system such as(24)iseasierto solvethan second-orderm otion equations,

it is im portant to know when the PDE equation (23) is solvable. Ham ilton-Jacobiseparable system s

adm ita com plete solution ofsuch an equation and forTypeIILiouville system sthe situation is:

Proposition 3.TypeIILiouville m odelsadm itfoursuperpotentials.

Proof.In polarcoordinates(23)reads:

1

2

"�
@W

@R

� 2

+
1

R 2

�
@W

@’

� 2
#

= f(R)+
1

R 2
g(’) : (25)

Searching forsolutionsof(25)such that

@2W

@R@’
= 0 ; (26)

we plug the expression W (R;’)= F (R)+ G (’) into the previousform ula to �nd that F and G m ust

satisfy thedi�erentialequations:

dF

dR
= (� 1)�

p
2f(R) ;

dG

d’
= (� 1)�

p
2g(’) ;

with �;� = 0;1.Thus,thefoursuperpotentials,thecom pletesolution oftheHJ equation form echanical

energy equalto zero,are thequadratures:

W (R;’)= (� 1)�
Z

dR
p
2f(R)+ (� 1)�

Z

d’
p
2g(’) :

8



Theassociated �rst-orderequationsare ourold friends

dR

dx
=
dF

dR
= (� 1)�

p
2f(R) ;

d’

dx
=

1

R 2

dG

d’
= (� 1)�

p
2g(’)

R 2
: (27)

Note that there is the need ofintroducing a m etric factor in polar coordinates,which we have shown

to beequivalentto equations(18)-(19),obtained through theHam ilton-Jacobim ethod.Itisworthwhile

m entioning that a globalchange ofsign in the superpotentialtrades the kink �K (x) for the antikink

solutions�K (� x).

A bonusoftheuseoftheconceptofsuperpotentialsisthatthetwo invariantsofTypeIIm odelscan

bewritten in Cartesian coordinatesin the uni�ed way:

I1 =
1

2

�
d�1

dx

� 2

+
1

2

�
d�2

dx

� 2

�
1

2

�
dW

d�1

� 2

�
1

2

�
dW

d�2

� 2

I2 =
1

2

�

�2
d�1

dx
� �1

d�2

dx

� 2

�
1

2

�

�2
dW

d�1
� �1

dW

d�2

� 2

:

The vanishing conditions I1 = 0,I2 = 0,required for the kink or solitary wave trajectories, are

guaranteed by two,ratherthan one,system sof�rst-orderO DE equations:

� O neexpected,equivalentto the O DE system (24):

d�1

dx
=
@W

@�1
;

d�2

dx
=
@W

@�2
:

� A new one,unexpected and awkward:

d�1

dx
=

�21 � �22

�2
1
+ �2

2

@W

@�1
+

2�1�2

�2
1
+ �2

2

@W

@�2
= F1(�1;�2)

d�2

dx
=

2�1�2

�2
1
+ �2

2

@W

@�1
�
�2
1
� �2

2

�2
1
+ �2

2

@W

@�2
= F2(�1;�2) : (28)

System (28),however,can bewritten asthegradientow equationsofa new superpotential ~W (�):

d�1

dx
=
@ ~W

@�1
;

d�2

dx
=
@ ~W

@�2
:

Thereason isthat @F1
@�2

�
@F2
@�1

= 0,and G reen’stheorem can be applied because theType IIseparability

condition (26)in Cartesian coordinatesreads:

� �1�2

�
@2W

@�1@�1
�

@2W

@�2@�2

�

+ (�1�1 � �2�2)
@2W

@�1@�2
+ �1

@W

@�2
� �2

@W

@�1
= 0 ;

i.e.,preciselytheconditionsnecessaryforthecurlofthevector�eld ~F (�1;�2)= F1(�1;�2)~e1+ F2(�1;�2)~e2

being zero.

3 T he A 1 M odel

W e shall�rstchoose v(A ) and w (1) to build the potentialenergy density:

U
(A 1)(�1;�2)= (�21 + �

2
2 � 1)2 +

�2�2
2

(�2
1
+ �2

2
)2

;

9



-1

0

1
-1

0

1

-2
-1.5
-1

-0.5
0

-1

0

1

-1 0 1

0
0.5
11.5

-2

-1.5

-1

-0.5

0
-1 0 1

Figure1:Potentialenergy � U (A 1)(�1;�2)in the analogousm echanicalsystem ofM odelA1:a)Globalperspective

and b)Section showing the singularity and the �2 = 0 path.

depicted in Figure1.Thesecond sum m and in thepotentialenergy density U (A 1)(�1;�2)spoilstheSO (2)

sym m etry preserved by the �rstsum m and. The m anifold M ofzeroesofU (A 1)(�1;�2)isa discrete set

oftwo elem ents:

M = fA + = (1;0);A � = (� 1;0)g :

Thesym m etry group ofthism odelisthevierergroup G = Z2� Z2 generated by thereections�1 ! � �1

and �2 ! � �2 in the internalplane. This sym m etry is spontaneously broken to the Z2 subgroup

generated by �2 ! � �2 through the choice ofone ofthe two zeroes,because M is the orbit ofthe

otherZ2 subgroup,in thiscase generated by �1 ! � �1.Them odulispace ofzeroes,thequotientspace
�M = M =G = e,however,containsonly oneelem entA = fA + ;A � g.

Thepartialdi�erential�eld equationsare:

@2�1

@t2
�
@2�1

@x2
= 4�1

�

1� �
2
1 � �

2
2 +

�2�2
2

(�2
1
+ �2

2
)3

�

@2�1

@t2
�
@2�1

@x2
= �2

�

4� 4�21 � 4�22 �
2�2

(�2
1
+ �2

2
)2
+

4�2�22

(�2
1
+ �2

2
)3

�

:

In the search for solitary waves, however, we follow the generalprocedure described in the previous

Section becausethe analogousm echanicalsystem isa TypeIILiouville m odelwith:

f(R)= (R 2
� 1)2 ; g(’)= �

2sin2’ : (29)

Back in Cartesian coordinates,the superpotential,obtained from the solution ofthe Ham ilton-Jacobi

equations,reads:

W [�1;�2]=
p
2

(

(� 1)�
q

�2
1
+ �2

2

�
1

3
(�21 + �

2
2)� 1

�

� (� 1)�
��1

p
�2
1
+ �2

2

)

:

There are no �nite action trajectories leaving the area bounded by the circle C 1 � �2
1
+ �2

2
= 1 of

unitradius.Also,�niteaction trajectoriesdo notcrosstheradialray r1 � �2 = 0;forthisreason wecall

these curvesseparatrix curves2.

3.1 Solitary w aves in the boundary ofthe kink m odulispace

From Proposition 1 we know thatthere existsingularsolitary waveswhose orbitsare C1 orR 1.W e use

Rajaram an’strialorbitm ethod in orderto identify the form factorofthese solitary wave solutions.

2
D o not confuse with separatrix trajectories, those arising for a particular choice ofthe param eters ofthe Ham ilton

principalfunction lying atthefrontierbetween periodicand unbounded m otion.Separatrix curvesarethem selvesseparatrix

trajectoriesin thissense,butvery specialonesform ing the envelop ofthe whole m anifold ofthese criticalm otions.
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� K 1A A
�

1 : Plugging the orbitC1 � �2
1
+ �2

2
= 1 into the �eld equations the following solitary wave

solutionsarefound:
~�
K 1

A A
�

1 (x)= tanh
p
2��x~e1 � sech

p
2��x~e2 : (30)

W ereferto them asK 1A A
�

1 using thenotation established in Reference[23];thesubscriptstandsforthe

num beroflum psthatthe solitary wave iscom posed of-see Figure 2-whereasthe superscriptspeci�es

theelem entsofM thatareconnected by thekink orbitin a genericway.A can beeitherA + orA � and

by A � wem ean thecom plem entary pointin M .In thecasedepicted in Figure2,thespatialdependence

connectsthepointsA + and A � .Thedensityenergyand theenergyofthesekinksolutionsarerespectively

E
K 1

A A
�

1 (x)= 2�2sech2
p
2��x ; E (K 1A A

�

1 )= jW (A � ;0)� W (A + ;0)j= 2
p
2� :

In Figure 2 the m ain featuresofthe solution are depicted forthe choice ofplussign in (30)and �x = x:

(a) the kink form factor shows that both �eld com ponents have non-zero pro�les. (b)The kink orbits

in theinternalplaneconnectthepointsin M .(c)Theenergy density islocalized around onepointand

weinterpretthesesolutionsasbasicsolitary waves.From a physicalpointofview they areseen asbasic

traveling particles.
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Figure 2:Solitary wavesK 1A A1 :a)Kink form factor,b)Kink Orbitsand c)Energy Density.

� K 2A A
�

1 :Next,the�1-axisR 1 � �2 = 0 istried in the O DE system (24).Thesolution

~�
K 2

A A
�

1 (x)= tanh
p
2�x~e1

corresponds to solitary waves going from A � to A + as �x varies from � 1 to + 1 . Note that these

kinks pass through the origin in the internalplane,a very dangerous point. O ne could surm ise that

the singularity at this point endows in�nity energy to these solutions. W e notice,however,that these

solutionsfollow the path �2 = 0,where the lim itofw (1)(�1;�2)iszero,and these kinksdo notfeelthe

singularity.In fact,the kink energy density

E
K 2

A A
�

1 (x)= 2sech4
p
2�x

E (K 2A A
�

1 )=

�
�
�
�W (A � ;�2 = 0)� lim

"! 0�
W (";�2 = 0)

�
�
�
�+

�
�
�
�lim
"! 0+

W (";�2 = 0)� W (A + ;�2 = 0)

�
�
�
�=

4
p
2

3

iscentered around onepointin a m oreconcentrated way thattheprevioussolutions-whereastheenergy

itselfisdi�erent-and K 2A A
�

1 kinksbelong to anotherclassofbasicparticlesin them odel.W eem phasize

thefollowing subtlepoint:becauseW (�1;�2)isa regularfunction allalong theK 1A A
�

1 kink orbitStoke’s

theorem can beapplied and E [K 1A A
�

1 ]dependsonly on thevalueofW atthestarting and ending points

A � . The K 2A A
�

1
kink orbit,however,hits the origin com ing through the �2 = 0 axis. The gradient

ofW is unde�ned in the neighborhood ofthe origin along this path and carefulapplication ofStoke’s

theorem givesthe form ula forE [K 2A A
�

1
]written above. Note thatE [K 1A A

�

1
]� E [K 2A A

�

1
]if� � 2

3
and

E [K 1A A
�

1
]< E [K 2A A

�

1
]if� < 2

3
. Figure 3 showsthe m ain featuresofone ofthese solitary waves,form

factor,orbitand energy density.
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In order to gain a deeper understanding of the physicalconsequences of passing the kink pro�le

through theorigin ,weshallanalyzethestability ofK 2A A
�

1 kinksin som edetail.Thesecond-ordersm all

uctuation orHessian operatoraround thesekinksisthediagonalm atrix di�erentialoperator

H [K 2A A
�

1 ]=

�
H 11 H 12

H 21 H 22

�

=

 
� d2

dx2
� 4+ 12sinh

2
p
2x

cosh
2
p
2x

0

0 � d2

dx2
� 4+ 4sinh

2
p
2x

cosh
2
p
2x
+ 2�2 cosh

4
p
2x

sinh
4
p
2x

!

:

The entry H 11 rules the behavior ofthe tangent perturbations to the kink orbit. H 11 is an ordinary

Schr�odinger operator ofPosch-Teller type with �0 = 0 as the lowest eigenvalue. The associated eigen-

function (orzero m ode)describesa perturbation thatisa translation ofthekink center,seeFigure3(d).

H 22 regulates the orthogonaluctuationsto the �2 = 0 orbit. Here,the potentialisa positive de�nite

in�nitebarrierwith thesingularity at �x = 0 � ~�K 2
A A

�

1 (0)= ~0.Thism eansthatuctuationspushing the

kink pro�leaway from theorigin costin�niteenergy,seeFigure3(d).Therefore,thekink pro�lesofthis

kind ofsolitary wavesbehave asstringspinned atthe origin ofthe internalplane. In sum ,because the

spectrum oftheHessian operatorisnon-negativethesesolutionsarestable.M oreover,K 1A A
�

1 and K 2A A
�

1

kinks join the sam e vacuum points asym ptotically and in m odels withoutthis kind ofsingularity they

would livein thesam etopologicalsectorofthecon�guration space.In thepresentsystem ,however,they

belong to di�erent sectors ofC because they cannot be hom otopically deform ed into each other under

therestriction of�nite energy.
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Figure 3: Solitary waves K 2
A A

1 : a) Kink form factor,b) Kink Orbits,c) Energy Density and d) PotentialW ell

and Barrier in the two diagonalm atrix elem entsofthe Hessian operator.

3.2 Solitary w aves in the bulk ofthe kink m odulispace

In this m odel,the Ham ilton-Jacobiform ulae (18) and (19),or equivalently,the Bogom olny �rst-order

O DE system (27),becom e :

(� 1)�
Z

dR

R 2(R 2 � 1)
� (� 1)�

Z
d’

� sin’
=

p
2 (31)

Z
dR

R 2 � 1
=

p
2�x : (32)

Integration of(31)givesthe kink orbits:

log

0

@

�
�
�
�
R K (x)+ 1

R K (x)� 1

�
�
�
�

(� 1)
�

2

� e
�

1

R K (x)

1

A � log

�
�
�
�tan

’K (x)

2

�
�
�
�

(� 1)
�

�

=
p
21 : (33)

Thekink form factor(kink pro�le)in theR-variable isobtained by integrating (32):

R
K (x)= tanh

�p
2j�xj

�

: (34)

Plugging thissolution into (31),the kink pro�lefortheangularvariable isfound:
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’
K (x)= 2arctan

h

exp

�p
2�(�x + 1)� �cotan�x

�i

: (35)

� KA A3 (�
1
;

+

1
):In Cartesian coordinates,thesesolutions-m adeoutoftwo independentpieces-read:

~�
K 3A O

(x)= �
K 3A O

1 (x)~e1 + �
K 3A O

2 (x)~e2 = � tanh
p
2j�xjtanh

h

�(
p
2(�x + 1)� cotanh

p
2�x)

i

~e1

+ (� 1)� tanh
p
2j�xjsech

h

�(
p
2(�x + 1)� cotanh

p
2�x)

i

~e2 ;

starting asym ptotically from one ofthe m inim a denoted asA and and passing through the origin when

�x = 0.Thispointisreached by each m em berofthisfam ily ofsolutionsin such a way that:

lim
�x! 0�

d�1

d�x
=
p
2 ; lim

�x! 0�

dn�2

d�xn
= 0 ; n = 0;1;2;::: :

This point is crucial,because every solution ofthis type can be continuously glued with any solution

leaving theorigin with thesam etangency propertiesand ending attheotherpointofthevacuum orbit.

Thewholesolution on thereallineisthusa kink avoiding thesingularity,in thesam eway astheK 2A A1
kink does.In sum ,thereisa two-param etricfam ily ofkinksbecausewecan freely chooseHJ trajectories

with di�erentintegration constants�
1
and +

1
in di�erentregions: �x < 0 or �x > 0.

A specialm em berofthisfam ily isthe case when �1 = � 1 :

~�
K A A

2
(1;� 1 )(x)=

8
><

>:

� tanh
p
2j�xjtanh[�(

p
2(�x + 1)� cotanh

p
2�x)]~e1+

+ (� 1)� tanh
p
2j�xjsech[�(

p
2(�x + 1)� cotanh

p
2�x)]~e2

if �x � 0

tanh
p
2�x if �x > 0

;

(36)

which isform ed by gluingakinkin thebulkdeterm ined by a�nitevalueof�
1
attheleftoftheorigin with

a kink in theboundary attherightoftheorigin.Notethatforthiskind ofsolution theHam ilton-Jacobi

procedureworksindependently on the leftand righthalf-linesand thisisthereason forthe dependence

on �
1
and +

1
.In Figure4 wedepictthekink �eld pro�lesforan (�

1
;� 1 )orbitwith �x = 0 and � = 0.

Severalkink orbitsarealso drawn to show thatthepeculiarity ofchoosing +
1
= � 1 changestheending

point:thesekink orbitslink thepointA ofthevacuum orbitwith itselfby m eansofa trajectory crossing

theorigin.
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Figure 4:Solitary wave fam ily K A A

2 (�
1
;� 1 ):a)Kink form factor and b)Orbitsfor the values�

1
= 0;� 1;� 2.

M oreover,a M athem atica plotoftheenergy density forseveralvaluesof
�
1
(seeFigure5)showsthat

these solutions are indeed a non-linear superposition ofthe basic solitary waves discussed above: one

K 1A A1 kink plusoneK 2A A1 kink.O bserve,however,thatthesolutionsparam etrized by �
1
arecom posed

ofoneK 1A A
1

and one-halfK 2A A
1

kinkswhereasthechoiceof+
1
= � 1 continuously gluestherem aining

one-halfK 2A A
1

kink.Thisjusti�esthenom enclatureK A A
2

(�
1
;� 1 )forthiskink fam ily.If�

1
ispositive,

these solutionsbehave astwo separate lum pswhereasif�
1
isnegative the two lum pssiton top ofeach

other.
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Figure5:Energy density ofthe K A A

2 (1;� 1 )solitary waves for decreasing valuesof�
1
.

The energy ofthese solutions is evaluated using expression (6) to �nd: E [K A A
2

(�
1
;� 1 )]= 4

p
2

3
+

2
p
2�.Thefollowing kink energy sum rule

E [K A A
2 (

�
1
;� 1 )]= E [K 1A A1 ]+ E [K 2A A1 ]

holds,showing the com posite characterofthese solitary wavesbuiltfrom two basic kinks.

Fully generalsolutionshave theform :

~�
K A A

�

3
(

+

1
;

�

1
)(x)=

(

�
K A O

3

1
(�x;�

1
)~e1 + �

K A O

3

2
(�x;�

1
)~e2 if�x � 0

�
K A O

3

1
(�x;

+

1
)~e1 � �

K A O

3

2
(�x;

+

1
)~e2 if�x > 0

:

Theirenergy density isthesum oftwo K 1A A1 and oneK 2A A1 lum ps,and isthereforea com positeofthree

basic kinks:

E [K A A �

3 ]= 2E [K 1A A
�

1 ]+ E [K 2A A
�

1 ]= 4
p
2� +

4
p
2

3
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Figure 6:SeveralK A A

3 (+
1
;

�
1
)kink orbits

A shortrem arkon stability:K A A
2

(�
1
;� 1 )solitarywavesarenon-topologicalwhereastheK A A

3
(�

1
;

+

1
))

fam ily isform ed by topologicalkinks.Both types,however,arestable because,passing through theori-

gin,they cannot decay to lighter kinks with the sam e asym ptotic behavior for identicalreasons that

forbid the decay oftheK 2A A1 to the K 1A A1 kink.

4 T he B 1 M odel

In this section we study the deform ation induced on the potentialv(B )(�1;�2) (4) by w (1)(�1;�2) (8).

Thedynam icsisgoverned by the action functional(5),with potentialenergy density:

U
(B 1)(�1;�2)= (�21 + �

2
2 � 1)2(�21 + �

2
2 � a

2)2 +
�2�2

2

(�2
1
+ �2

2
)2

:

Thus,as in the A1 m odel,by adding the w (1) perturbation the sym m etry under the SO (2) group is

explicitly broken to thediscretesubgroup G = Z2 � Z2 generated by reectionsofthe�elds:�1 ! � �1,

�2 ! � �2.

Forthesakeofsim plicity wesetthevalueofa to be:a = 2.O thernon-nullvaluesofthisparam eter

yield thesam equalitativebehaviorofthesystem with only analyticdi�erencesin thespeci�cexpressions.
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The setofzeroesofv(B )(�1;�2)isa continuous m anifold with two connected com ponents: the disjoint

union oftwo circlesofradius1 and 2,S1r= 1[ S
1
r= 2.Thew

1 perturbation,however,forcesthesetofzeroes

ofU (B 1) to bethe discrete setoffourpoints:

M = fB
� = (� 2;0); A � = (� 1;0); A + = (1;0); B + = (2;0)g :

Thevacuum orbitistheunion oftwo G -orbits:M = fA � ;A + g[ fB � ;B + g.Them odulispaceofvacua
�M = M =G = A [ B ,however,isthe union ofonly two elem ents:A = fA � ;A + g,B = fB � ;B + g.

The�eld equationsare:

@2�1

@t2
�
@2�1

@x2
= 4�1

�

(1� �
2
1 � �

2
2)(4� �

2
1 � �

2
2)(5� 2�21 � 2�22)+

�2�22

(�2
1
+ �2

2
)3

�

@2�2

@t2
�
@2�2

@x2
= 4�2

�

(1� �
2
1 � �

2
2)(4� �

2
1 � �

2
2)(5� 2�21 � 2�22)�

�2

2(�2
1
+ �2

2
)2
+

�2�2
2

(�2
1
+ �2

2
)3

�

:

Theanalogousm echanicalsystem istheTypeIILiouville system forwhich:

f(R)= (1� R
2)2(4� R

2)2 ; g(’)= �
2sin2’ :

Back in Cartesian coordinates,the superpotentials,obtained from the solution ofthe Ham ilton-Jacobi

equation,read:

W [�1;�2]=
p
2

(

(� 1)�
q

�2
1
+ �2

2

�
1

5
(�21 + �

2
2)
2
�
1+ a2

3
(�21 + �

2
2)+ a

2

�

� (� 1)�
��1

p
�2
1
+ �2

2

)

:

Thereare no �nite action trajectoriestrespassing the circle:C 2 � �21 + �22 = 4.Also,C1 � �21 + �22 = 1,

and R 1 � �2 = 0 are notcrossed by any �nite-action trajectories.Thus,C 1,C2,and R 1 form the setof

separatrix curvesoftheB 1 m odel.

4.1 Solitary w aves at the boundary ofthe m odulispace

From Proposition 1 in section x2,the existence ofsingular solitary waves with C2,C1,and R 1 orbits

follows.Useofthe Rajaram anstrialorbitm ethod ise�ective.

� K 1A A
�

1 .Substituting �21 + �22 = 1 into (27)we obtain the following solitary wave solutions:

~�
K 1

A A
�

1 (x)= tanh
p
2��x~e1 � sech

p
2��x~e2 ;

joining the pointsA + and A � ,see Figure 7. They are basic lum psorparticlesofthe B 1 m odel-recall

thatexactly the sam esolutionsare also solutionsofm odelA1-and theirenergy density isconcentrated

around a pointin therealline,seeFigure7c.Speci�cally,we�nd thattheenergy density and theenergy

ofthese kinksisexactly thesam e asin m odelA1:

E
K 1A A

�

1 (x)= 2�2sech2
p
2��x ; E [K 1A A

�

1 ]= jW (A � ;0)� W (A + ;0)j= 2
p
2� :

� KB B
�

1 .Analogously,wechoose �21 + �22 = 4 asthe trialorbitand plug thisexpression into (27),to

obtain:
~�
K B B

�

1 (x)= 2tanh
��x

2
p
2
~e1 + 2sech

��x

2
p
2
~e2 :
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Figure 7:Solitary waves K 1A A
�

1 :a)Factor Form ,b)Orbitand c)Energy Density.

Thesesolitary wavessharesim ilarfeatureswith theK A A �

1 kinks,although in thiscasetheasym ptotically

linked points are B + and B � . Even though the totalam ount ofenergy carried out by the K B B �

1 and

K 1A A
�

1 kinksisthe sam e,the energy density islessconcentrated in the K B B �

1 kinks:

E
K 1

B B
�

1 (x)=
�2

2
sech2

��x

2
p
2

; E [K 1B B
�

1 ]= jW (B � ;0)� W (B + ;0)j= 2
p
2� ;

see Figure 8.They describedi�erentbasic particles,living in di�erenttopologicalsectors.
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Figure 8:Solitary wavesK B B
�

1 :a)Factor Form ,b)Orbitand c)Energy Density.

O n the�2 = 0 axisthereare two di�erentkindsofsingularsolitary waves.

� KA B
1

: The �rstkind includestwo kink orbits,the closed intervals [B � ;A � ]-@ = 1-and [A + ;B + ]

-@ = 0-. The corresponding kinksconnect pointsin di�erentelem ents A and B ofthe vacuum m oduli

space.W edenotethiskind ofsolitary wavesolutionsasK A B
1

kinksand theirpro�lesorform factorsare

easily found to be:

~�
K A B

1 (x)= 2cos

�
2

3
arctane6

p
2�x +

2�

3
@

�

~e1 ; @ = 0;1

Theenergy density and totalenergy ofthese solutionsis:

E
K A B

1 (x)= 32sech26
p
2�x sin2

�
2

3
arctane6

p
2�x +

2�

3
@

�

E [K A B
1 ]= jW (A � ;0)� W (B � ;0)j=

22
p
2

15
:

Theenergy density isagain localized around a pointand these solutionsare also basic solitary wavesor

lum psoftheB 1 m odel,see Figure 9.

� K 2A A
�

1 :Theorbitofthesecond kind ofsolitary waveson the�2 axisisthe[A � ;A + ]interval.The

kink pro�leofthese kinksconnectsthese pointsin the vacuum orbitand isalso easy to determ ine:

~�
K 2

A A
�

1 (x)= 2cos

�
2

3
arctane6

p
2�x +

4�

3

�

~e1 :
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Figure 9:Solitary waves K A B

1 :a)Form Factor b)Orbitand c)Energy Density.

Despite being analytically di�erent,the behavior ofthese kinks is com pletely analogous to that ofthe

bizarreK 2A A
�

1 solitary wavesoftheA1 m odel.Theenergy density and totalenergy ofthese kinksare:

E
K 2

A A
�

1 (x)= 32sech26
p
2�x sin2

�
2

3
arctane6

p
2�x +

4�

3

�

E [K 2A A
�

1 ]=

�
�
�
�W (A � ;�2 = 0)� lim

"! 0�
W (";�2 = 0)

�
�
�
�+

�
�
�
�lim
"! 0+

W (";�2 = 0)� W (A + ;�2 = 0)

�
�
�
�=

76
p
2

15
;

see Figure 3 to �nd qualitative plotsoftheirproperties.

4.2 Solitary w aves in the bulk ofthe m odulispace

TheHam ilton-Jacobiorbit(18)and tim e schedule(19)are in thiscase thequadratures:

(� 1)�
Z

dR

R 2(1� R 2)(4� R 2)
� (� 1)�

Z
d’

� sin’
=

p
21

Z
dR

(1� R 2)(4� R 2)
=

p
2�x :

Integration ofthese equationsprovidestheanalytic expressionsforkink orbitsand form factors:

(� 1)�

"
� 1

4R
+
1

6
log

(R � 2)
1

8(R + 1)

(R + 2)
1

8(R � 1)

#

�
(� 1)�

�
logtan

’

2
=

p
21 (37)

1

12
log

(R � 2)(R + 1)2

(R + 2)(R � 1)2
=

p
2�x : (38)

Solitary wave solutionsonly arise from equations (37)and (38)if1 � R � 2 or0 � R � 1. Letus

denote � = arctane 6
p
2�x + 2�

3
@ in the �rstrange,�= arctane 6

p
2�x + 4�

3
in the second range,and letus

de�nethefunctions:


1(x)=
cos2�

3
+ 1

2

cos2�
3
� 1

2

; 
2(x)=

1(x)� 1


1(x)+ 1
=
1

2
sec

2�

3
; �(x)= tan

�

3
: (39)

� KA B
2

(1):If1� R � 2,the solutionsin Cartesian coordinatesare:

~�
K A B

2
(1)(x)= �

K A B

2
(1)

1
(x)~e1 + �

K A B

2
(1)

2
(x)~e2

~�
K A B

2
(1)(x) =

1


2(�x)

"
2

1+ e� 2
p
2�1 e�

�

2

 2(�x)


�

3

1
(�x)�

�

12(�x)
� 1

#

~e1

+ (� 1)�
2e

p
2�1 e

�

4

 2(�x)


�

6

1
(�x)�

�

24(�x)


2(�x)

�

e2
p
2�1 e

�

2

 2(�x)+ 


�

3

1
(�x)�

�

12(�x)

�~e2 ; � = 0;1 :
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Thekink orbitsbelonging to thesetwo one-param etricfam iliesconnecteitherA � to B + if@ = 0,orA +

to B � if@ = 0,and arecon�ned insidetheannulusbounded by thecirclesC 1 and C2,seeFigure10.The

energy density ofeach m em berofthese kink fam iliesislocalized around two distinctpoints,see Figure

10.Forsu�ciently negative,valuesof 1 thetwo lum psarecom posed ofoneK 1A A
�

1 and oneK A B
1 basic

kinks. In the opposite regim e,forsu�ciently positive values of 1,two lum psarise again,close to one

K B B �

1 and oneK A B
1 basic kinks.Note thatthebasic kinksappearattheboundary ofthe m odulispace

when either1 = � 1 or1 = 1 . Interm ediate tuning of1 continuously shiftsfrom one con�guration

to the other,see Figure 11.Thesefeaturesaresynthesized in the notation K A B
2 (1).
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Figure 10:Solitary wave fam ily K A B

2 (1):a)form factor and b)Orbitsfor values 1 = 0;� 1;� 2.
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Figure 11:Energy Density ofthe solitary wave fam ily K A B

2 (1)for increasing valuesof1.

� KA A3 (+
1
;

�
1
): Inside the C1,0 < R < 1,there are kink solutions com pletely analogous to the

K A A
3 (

+

1
;

�
1
)solitary wavesofthe A1 m odel,see Figure 6.Thekink pro�leshave theform :

~�
K A A

�

3
(

+

1
;

�

1
)(x)=

(

�
K A O

3

1
(�x;�

1
)~e1 + �

K A O

3

2
(�x;�

1
)~e2 if�x � 0

�
K A O

3

1
(�x;

+

1
)~e1 � �

K A O

3

2
(�x;

+

1
)~e2 if�x > 0

;

where

~�
K A O

2
(1)(x) =

1


2(�x)

"
2

1+ e� 2
p
2�1 e�

�

2

 2(�x)


�

3

1
(�x)�

�

12(�x)
� 1

#

~e1

+ (� 1)�
2e

p
2�1 e

�

4

 2(�x)


�

6

1
(�x)�

�

24(�x)


2(�x)

�

e2
p
2�1 e

�

2

 2(�x)+ 


�

3

1
(�x)�

�

12(�x)

�~e2 ; � = 0;1 ;

and �= arctane 6
p
2�x + 4�

3
in the0 < R < 1 range.

In particular,thelim iting caseK A A
3 (

+

1
;� 1 )givesa solitary wave identicalto theK A A

2 (1)kink of

theA1m odel.Toobtain thekinkpro�leonereplaces�
K A O

3

1
(�x;�

1
)~e1+ �

K A O

3

2
(�x;�

1
)~e2 by ~�

K 2A A
�

1 (1)(x)=

2cos�~e 1 on the left (�x < 0). W e recallthatthese solutions connect a pointin A with itselfthrough a

trajectory thatcrossesthe origin,see Figure 4.

In sum ,the structure ofthe solitary wave variety in the B1 m odelis as follows: There exist four

kinds ofbasic lum ps associated with the K 1A A
�

1 ,K 2A A
�

1 ,K B B
1

and K A B
1

kinks,which display di�erent

distributionsofone-point localized energy densities. The K A A
3 (+

1
;

�
1
)),K A A

2 (1),and K A B
2 (1)kinks,
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however,are com posite solitary waves.The K A A
3
(+

1
;

�
1
)kinksare com binationsoftwo K 1A A

�

1 and one

K 2A A
�

1 basic lum ps;the K A A
2

(1) are form ed by one K 1A A
�

1 and one K 2A A
�

1 basic lum ps,the K A B
2

(1)

kinksexhibitan orbitdependentstructurethatvariesbetween thelim iting com bination form ed by either

theK 1A A
�

1 and K A B
1 kinksortheK 1B B

�

1 and K A B
1 kinks.Therefore,thefollowing kink energy sum rules

hold:

E [K A A
3 ]= 2E [K 1A A1 ]+ E [K 2A A1 ]= 4

p
2� +

76

15

p
2

E [K A A
2 ]= E [K 1A A1 ]+ E [K 2A A1 ]= 2

p
2� +

76

15

p
2

E [K A B
2 ]= E [K A B

1 ]+ E [K B B
1 ]= E [K A B

1 ]+ E [K 1A A1 ]= 2
p
2� +

22

15

p
2 :

W ith respectto stability,allthekinksinsidetheC1 circlebehaveliketheircousinsin theA1 m odel.All

thekinksin the 1 � R � 2 annulusarestable.

5 T he A 2 m odel

In thisSection we analyze thedeform ation induced on thepotentialv(A )(�1;�2)(3)by w
(2)(�1;�2)(9).

Theaction functional(5)with potentialenergy

UA 2(�1;�2)= (�21 + �
2
2 � 1)2 +

�2

2(�2
1
+ �2

2
)

 

1�
�1

p
�2
1
+ �2

2

!

(40)

governsthe dynam ics.Thisdeform ation explicitly breakstheSO (2)sym m etry to thediscrete group Z2

generated by thereection �2 ! � �2.ThesetM ofzeroesofU (�1;�2)hasonly oneelem ent:

M = fA = (1;0)g :

In thism odel,the second orderpartialdi�erentialequations

@2�1

@t2
�
@2�1

@x2
= 4�1(1� �

2
1 � �

2
2)+

�2

2

�22 � 2�21 + 2�1
p
�2
1
+ �2

2

(�2
1
+ �2

2
)
5

2

@2�1

@t2
�
@2�1

@x2
= 4�2(1� �

2
1 � �

2
2)+

�2

2

"
2�2

(�2
1
+ �2

2
)2
�

3�1�2

(�2
1
+ �2

2
)
5

2

#

are the �eld equations. The asym ptotic conditions (7) guaranteeing �nite energy com pelthe solitary

wave solutionsto link the only m inim um A with itself. The generalresultsin Section x. 2 ensure that

theC1 � �2
1
+ �2

2
= 1 circleand ther1 � �2 = 0 [ �1 > 0 abscissa halfaxisareseparatrix curves.Unlike

the A1 and B1 m odels(see Section x. 3 and x. 4)the singularity atthe origin isofdi�erentnature in

thiscase. W e know from previousSections thatthere existsa path �2 = 0 along which the singularity

isnotfeltin eitherm odelA1 orB1.Thepotentialenergy U A 2(�1;�2),however,reduceson theabscissa

axisto:

U
A 2(�1;0)= (�21 � 1)2 +

�2

2�2
1

(1� sign(�1))

and thesingularity isalwaysfeltin the�1 < 0 negative half-axis.Thereisno escape to kink orbitsthat

enterthrough the positive abscissa half-axis,and �nite energy solitary wavesare pushed away from the

origin.

Nevertheless,there are kink orbitson the C1 � �2
1
+ �2

2
= 1 circle.
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� KA A
1
:Plugging thiscurve into (27)we obtain

~�
K A A

1 (x)=

�

2tanh2
��x
p
2
� 1

�

~e1 + 2sech
��x
p
2
tanh

��x
p
2
~e2 ;

a solitary waveconnecting thepointA with itselfwhen x variesfrom � 1 to 1 ,seeFigure12(a,b).The

energy density

E
K A A

1 (x)= 2�2sech2
��x
p
2

; E [K A A
1 ]= 4

p
2�

islocalized atonepointso thatthe K A A
1

isa basic lum p,see Figure 12(c).
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Figure 12:Solitary wavesK A A

1 :a)Factor Form ,b)Orbitand c)Energy Density.

Again we are dealing with a m echanicalanalogoussystem ofLiouville TypeIIsuch that:

f(R)= (R 2
� 1)2 ; g(’)= �

2sin2
’

2
:

In Cartesian coordinatesthe superpotentialsread:

8
>>>><

>>>>:

W + (�1;�2)= (� 1)�
p
2
p
�2
1
+ �2

2

�
�2
1
+ �2

2

3
� 1

�

� 2�(� 1)�

s

1+

r
�2
1

�2
1
+ �2

2

; �2 > 0

W � (�1;�2)= (� 1)�
p
2
p
�2
1
+ �2

2

�
�2
1
+ �2

2

3
� 1

�

+ 2�(� 1)�

s

1+

r
�2
1

�2
1
+ �2

2

; �2 < 0

and werealize thatthekink energy isa topologicalbound

E [K A A
1 ]=

�
�W + (A)� W

� (A)
�
�= 4

p
2�

giving the winding num berofthe kink orbitaround the origin. Thisfactensuresstability forthe K A A
1

kink.

The Ham ilton-Jacobitheory yields the rem aining solutions con�ned inside the unit circle C 1. In

thism odel,theHam ilton-Jacobiform ulae(18)and (19)or,equivalently,theBogom olny �rst-orderO DE

system (27)becom e:

(� 1)�
Z

dR

R 2(R 2 � 1)
� (� 1)�

Z
d’

2
p
� sin

’

2

=
p
21 (41)

Z
dR

R 2 � 1
=

p
2�x : (42)

Integration of(41)givesthe kink orbits:

log

0

@

�
�
�
�
R K (x)+ 1

R K (x)� 1

�
�
�
�

(� 1)
�

2

� e
�

1

R K (x)

1

A � log

�
�
�
�tan

’K (x)

4

�
�
�
�

(� 1)
�

�

=
p
21 : (43)
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Thekink form factor(kink pro�le)in theR-variable isobtained by integrating (42):

R
K (x)= tanh

�p
2j�xj

�

: (44)

Plugging thissolution into (41)thekink pro�leforthe angularvariable isfound:

’
K (x)= 4arctan

h

exp

�p
2�(�x + 1)� �cotan

p
2�x

�i

: (45)

Back in Cartesian coordinates,we obtain:

~�(x) = tanh
p
2j�xj

n

1� 2sech

h
�

2

�

1 �
p
2�x + cotanh

p
2�x

�io

~e1 +

+ 2tanh
p
2j�xjtanh

�

1 �
p
2�x + cotanh

p
2�x

�

sech

�

1 �
p
2�x + cotanh

p
2�x

�

~e2 :

Som e orbitsforthese solutionsare depicted in Figure 13.Here,we notice thatallsolutionsofthiskind

head towardsthe origin;thus,they cannotberegarded as�nite-energy solutions.
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Figure 13:Trajectories ofsolutionscon�ned in the unitcircle C1.

In sum ,in m odelA2 there exists only one basic solitary wave, the K A A
1 kink,and no com posite

solitary wavesarise.

6 T he B 2 M odel

Finally,in thislastsection westudythedeform ation w (2)(9)induced on v(B )(4).Therefore,thepotential

term

UB2(�1;�2)= (�21 + �
2
2 � 1)2(�21 + �

2
2 � a

2)2 +
�2

2(�2
1
+ �2

2
)

 

1�
�1

p
�2
1
+ �2

2

!

(46)

enters the functionalaction (5). W e set the a = 2 value bearing in m ind that m odels of B2 type

characterized by other non-nullvalues ofthe param eter a show a very sim ilar behavior. As in the A2

m odel,the second sum m and on the right hand side of(46) explicitly breaks the SO (2) sym m etry of

the unperturbed system (4) to the discrete group Z2 generated by the �2 ! � �2 reection. The non-

deform ed m anifold ofzeroesM �= 0 = S1r= 1[ S
1
r= 2,thedisjointunion oftwo circles,becom esthediscrete

setoftwo elem ents:

M = fA = (1;0); B = (2;0)g :

TheEuler-Lagrange equationsform the system ofsecond-orderPDEs:

@2�1

@t2
�
@2�1

@x2
= 4�1(1� �

2
1 � �

2
2)(4� �
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Solitary wavesaresolutionsoftheseequationscom plying with theasym ptotic conditions(7).Thus,the

kink m ustconnectapoint,eitherA orB ,with itselform ustlink A with B .Thegeneralresultsin section

x. 2 ensure that the separatrix curves in this m odelwillbe the C1 � �21 + �22 = 1,C2 � �21 + �22 = 4

circles,and the r1 � �2 = 0 [ �1 > 0 abscissa half-axis. The nature ofthe singularity arising in the

(46)potentialisidenticalto thesingularity oftheA2 m odel,seesection x.5.Each solution thatcrosses

through theorigin cannotberegarded ashaving �nite energy.

Theanalogousm echanicalsystem isa Liouville TypeIIsystem such that:

f(R)= (R 2
� 1)2(R 2

� 4)2 ; g(’)= �
2sin2

’

2
:

Accordingly,in Cartesian coordinatesthesuperpotentialsread:
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Bearing thisin m ind we now describethe solitary wave orkink variety ofthe m odel:

6.1 Solitary w aves at the boundary ofthe m odulispace

� KA A1 : Proposition 1 in section x. 2 guarantees the existence ofsolitary waves with orbitsrunning on

theunitcircleC1 � �21+ �22 = 1.Integration ofthe�rst-orderequations(27)forcon�gurationsliving on

C1 providesthe solitary wave solutions:

~�
K A A

1 (x)=

�

2tanh2
��x
p
2
� 1

�

~e1 + 2sech
��x
p
2
tanh

��x
p
2
~e2 :

Thesesolitary wavesare non-topological-butstable-kinksidenticalto the K A A
1

kinksofthe A2 m odel,

encircling the origin in a orbitthatstarts and endsatA,see Figure 14(a,b). They are ofcourse basic

lum psbecausetheirenergy density

E
K A A

1 (x)= 2�2sech2
��x
p
2

; E [K A A
1 ]=

�
�W + (A)� W

� (A)
�
�= 4

p
2�

islocalized around a point,see Figure 14(c),and theirtotalenergy isa topologicalbound proportional

to the winding num berofthekink orbitaround the origin.
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Figure 14:Solitary waves K A A

1 :a)Form factor,b)Orbit,and c)Energy Density.

� KB B
1

: By the sam e token there are solitary waves whose orbit is the C2 � �2
1
+ �2

2
= 4 circle.

Plugging this trialorbit into the �rst-order equations we obtian via one quadrature the solitary wave

solutions:
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These non-topologicalkinks have orbits departing from and arriving at the sam e point B ,see Figure

15(a,b).Theirenergy density

E
K B B

1 (x)=
�2

2
sech2

��x

4
p
2

; E [K B B
1 ]=

�
�W

+ (B )� W
� (B )

�
�= 4

p
2�

isagain localized ata point,butthe energy distribution isdi�erentfrom the energy distribution ofthe

K A A
1 kinks.Thus,theK B B

1 kinks,besidesbelonging to a di�erenttopologicalsectorofthecon�guration

space,arebasiclum psorparticlesdi�erentfrom K A A
1 kinks,seeFigure15(c).M oreover,K B B

1 kinksare

also stable because theirenergy isgiven by thewinding num berofthe kink orbitaround theorigin.
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Figure 15:Solitary waves K B B

1 :a)Form Factor,b)Orbit,and c)Energy Density.

� KA B1 : In this m odelthere also exist kink orbits on the separatrix curve r1 � �2 = 0 [ �1 > 0.

These kink orbitsconnectthe pointsA and B . Plugging the abscissa half-axis asa trialorbitinto the

�rst-orderequations(27),thefollowing solitary wavesarefound:
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2

3
arctane6

p
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~e1 :

Thesekinkscorrespond to a third kind ofbasiclum p orparticle in theB2 m odel.Theirenergy density
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15

isconcentrated around a pointin a di�erentfashion to theenergy densitiesoftheiso-energeticK A A
1 and

K B B
1 kinks,see Figure 16. E [K A B

1 isan absolute m inim um ofthe energy in the CA B topologicalsector

and thesekinksare stable.
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Figure 16:Solitary waves K A B

1 :a)Form Factor,b)Orbit,and c)Energy Density.

6.2 Solitary w aves in the bulk ofthe m odulispace

� KA B2 (1):Finally,byapplyingtheHam ilton-Jacobiprocedurewe�nd thegenericsolitary wavesolutions

in the bulk ofthe kink m odulispace. There are solutions con�ned inside the unitcircle C 1 thatgo to

23



theorigin.They are identicalto the in�niteenergy solutionsoftheA2 m odeland m ustbediscarded as

solitary waves.

There are,however,genuine solitary wave solutionscon�ned inside the annulusdelim ited by the C 1

and C2 circles.Thesekinkorbitsconnectthetwopointsin M ,A and B .In thiscase,theHam ilton-Jacobi

orbits(18)and tim e schedules(19)are provided by the quadratures:
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Integration oftheseequationsprovidesthefollowing analyticexpressionsforkink orbitsand form factors:
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if1 < R < 2.If0 < R < 1,the orbitsabove passthrough theorigin and have in�niteenergy.

In Cartesian coordinates,these solitary wave solutionsare:
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wherewe have m ade useofthe notation de�ned in (39),see also Figure 17.
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Figure 17:Solitary wave fam ily K A A

2 (1):a)Form factor,and b)Orbitsfor severalvalues of1.

The distribution ofthe energy density reveals that solitary waves ofthis type are com posite. For

su�ciently positive valuesofthe orbitparam eter 1 we �nd a com bination ofone K 1A B1 and one K A A
1

lum p.Thisstructureturnsinto a com bination ofoneK 1B B1 and oneK A B
1 lum psforsu�ciently negative

valuesof1,seeFigure18.Forinterm ediatevaluesof1 thetwo basickinksareentangled.In any case,

forevery m em berofthisfam ily thefollowing kink energy ruleholds:

E [K A B
2 (1)]= E [K A A

1 ]+ E [K A B
1 ]= E [K B B

1 ]+ E [K A B
1 ]= 4

p
2� +

22
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2 (1)solitary waves for decreasing valuesof1.
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